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An error in Proposition 5.11 was pointed out by professor Adrian Langer. In the
statement of the proposition, the variety Z must be projective. Therefore, Proposi-
tion 5.11 should have been stated as follows:

Proposition 5.11. Let X, A, Z and f be as in Definition 5.1, and Y be a normal
variety. Assume that f : X — Z can be factored into projective morphisms g :
X — Y withg,.Ox = Oy and h : Y — Z. Suppose that Z is projective.

(D) If (f, A) is F-split, then so is h.
(2) Assume that Y is smooth. If (g, A) and h are F-split, then so is (f, A).
(3) The converse of (2) holds if Ky ~Z h*Ky.

Furthermore, the proof of statements (2) and (3) of the proposition includes an
unclear part and an unsuitable part, so the proof should be modified as follows:

Proof of Proposition 5.11. Let e > 0 be an integer. Now we have the following
commutative diagram:
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The original article can be found online at https://doi.org/10.1007/s00229-018-1056-6.
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Here, 7 := (F © Y/ 7)x - We first show (1). The above diagram induces the commu-
tative diagram of Oy, -modules

Orye Fy), Ore

;l |=

8z¢xOxye — gze*Fﬁe/)Z*Oxe,

where the left vertical morphism is an isomorphism because of the flatness of (F)y.
Since the lower horizontal morphism splits, so does the upper one.

Next, we show (2) and (3). As explained in Observation 5.4, if (g, A) is F-split,
then there exists an effective Z,)-Weil divisor A’ > Aon X such that K y /Y + A is
Zp)-linearly trivial and that (g, A") is also F-split. Therefore, when we prove (2),
we may assume that A is a Zp)-Weil divisor and that (p® — 1)(Kx,y + A) ~ 0 for
every e > (O divisible enough. In this case, (p¢ —1)(Kx,z+A) ~ (p* —1)g* Ky, 7,

SO [,(X/Z A S g J\/(e) for a line bundle N(e) on Y¢, and [,&)/YA) & Oyge =

(e) Oye. By an argument similar to the above when we show (3), we may suppose
that forevery e > 0 divisible enough, £ X/, A= g@ ./\/l< ®) for aline bundle M, @

on Y¢, and ,C(X/Z,A) = Oxe = g(e) Opye. In summary, since we now prove (2) and
(3), we may assume that for every e > 0 divisible enough, Lg}) Y. = g(e)*/\/l(e)
and E&) 1z.0) = ¢©@* N© for line bundles M© and N'© on Y.

LetV CY be an open subset such that g is flat at every pointin Xy := g~ (V)
and codim(Y \ V) > 2. Letu : U — Xy be the open immersion of the regular
locus of Xy.Set g’ := gou : U — Y. We then have g’',Opy = Oy because of the
assumptions. Therefore, for every line bundle A on Y, we see that

H (U, (" N)ly) = HO(U, g"N) = HO(Y, ¢/ .g"N) = HO(Y, ) = H(X, g*N)

by the projection formula. In addition, by the flatness of Fy, we get g’ 7¢Oy, =
Oy,., and so HY (Uze, OUZe) ~ HO (Xze, OXze) by an argument similar to the
above. Hence, we have the following commutative diagram:

HO(Xze.0)7.0))
: 0
(X/Z. A)) H”(Xze, Ox,.)

;l (e -

HO(UZe,¢(U)/Z Al )
JAly)
10 (0, 255, 010°) Wy, O,

HO (X, £

Note that we are assuming that Egg 78y = g@*N for a line bundle A on
Y¢. Since the splitting of ‘b((;()/z A) is clearly equivalent to the surjectivity of
HO (Xze, (p((;()/Z!A)), we see that the F'-splitting of (f, A) and that of (f|y :

U — Z, Aly) are equivalent. By an argument similar to the above, we find that
the F-splitting of (g, A) and that of (g|y, Al|y) are also equivalent.
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Assume that we can choose V = Y and U = X, i.e. X and Y are regular
and g is flat. Let e > O be an integer. By the flatness of g, we have the following
commutative diagram:

ng*<F)(/e/)Z:>

8z Oy,. gzc*Fé/)Z Oye

[

OXZE jT(E)*OXye .

This implies that

tt
Hom (n(e) ,Oxzf) = gze Hom( Yz ,(’)vze) = gze ¢Y/Z

Applying the functor Hom(__, Ox,.) and the Grothendieck duality to the natural
morphism

T@f

Oxye > 19 0x,0 — Fily Oxe(T(p° = DAY,
we obtain the morphism

() (e)
”(e)*‘f’(;(/Y,A)@“’n(e) (e glf*d’ye/z

(e) (e) (e) (e)
¢(X/Z,A) FX/Z*E(X/Z,A) > *FY/Z EY/Z > UXze-
Note that

~ * ~ 1—p°
W) = Wxye A WX, = ng*a)ye/ng and gze*F)(,e/)Z [,g,e/)z x g *gye*ﬁg,e/)z.

We now prove the assertion. If (g, A) is F-split and & is F-split, then both
of ¢>((;)/y) A) and qb;e/)z split for every e > 0 divisible enough. Therefore,
¢E§()/Z A) also splits, i.e. (f, A) is F-split. Conversely, suppose that (f, A) is
F-split and that (p® — 1)Ky,z ~ O for an e > 0. Then, ng/)z = Oy, and
w e = Ox,.. Fix an e > 0 divisible enough. Since HO (Xze’d)(X/Z,A)) is
surjective, H° (Xze,n(e)*¢((;)/Y A)> is a nonzero morphism, and hence so is
HO (Xye, ¢((§()/Y’A)). This morphism is surjective because of HO(Xye, Oxye) =

HO(Ye, Oye) = k. Thus, qﬁ((f()/y A) splits, and so (g, A) is F-split. Note that the
F-splitting of h follows directly from (1). O
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