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Abstract. Let G be a transitive permutation group on a finite set of size at least 2. By
a well known theorem of Fein, Kantor and Schacher, G contains a derangement of prime
power order. In this paper, we study the finite primitive permutation groups with the extremal
property that the order of every derangement is an r-power, for some fixed prime r. First we
show that these groups are either almost simple or affine, and we determine all the almost
simple groups with this property. We also prove that an affine group G has this property if and
only if every two-point stabilizer is an r-group. Here the structure of G has been extensively
studied in work of Guralnick and Wiegand on the multiplicative structure of Galois field
extensions, and in later work of Fleischmann, Lempken and Tiep on r’-semiregular pairs.

1. Introduction

Let G be a transitive permutation group on a finite set Q2 of size at least 2. An
element x € G is a derangement if it acts fixed-point-freely on 2. An easy appli-
cation of the orbit-counting lemma shows that G contains derangements (this is
originally a classical theorem of Jordan [36]), and we will write A(G) for the set
of derangements in G. Note that if H is a point stabilizer, then x is a derangement
if and only if x® N H is empty, where x© denotes the conjugacy class of x in G,
so we have

A(G) =G\ | J H®. (1)

geG

The existence of derangements in transitive permutation groups has interesting
applications in number theory and topology (see Serre’s article [48], for example).

Various extensions of Jordan’s theorem on the existence of derangements have
been studied in recent years. For example, if 6(G) = |A(G)|/|G| denotes the
proportion of derangements in G, then a theorem of Cameron and Cohen [13]
states that 8(G) > |Q|~!, with equality if and only if G is sharply 2-transitive.
More recently, Fulman and Guralnick have established the existence of an absolute
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constant € > 0 such that §(G) > € for any simple transitive group G (see [21-24]).
This latter result confirms a conjecture of Boston et al. [4] and Shalev.

The study of derangements with special properties has been another major
theme in recent years. By a theorem of Fein et al. [18], A(G) contains an element
of prime power order (their proof requires the classification of finite simple groups),
and this result has important number-theoretic applications. For instance, it implies
that the relative Brauer group of any finite extension of global fields is infinite. In
most cases, A(G) contains an element of prime order, but there are some exceptions,
such as the 3-transitive action of the smallest Mathieu group M on 12 points. The
transitive permutation groups with this property are called elusive groups, and they
have been investigated by many authors; see [14,26,27], for example.

In this paper, we are interested in the permutation groups with the special
property that every derangement is an 7-element (that is, has order a power of r) for
some fixed prime r. One of our main motivations stems from a theorem of Isaacs
et al. [35], which describes the finite transitive groups in which every derangement
is an involution; by [35, Theorem A], such a group is either an elementary abelian
2-group, or a Frobenius group with kernel an elementary abelian 2-group. In [9],
this result is used to classify the finite groups whose irreducible characters vanish
only on involutions. It is natural to consider the analogous problem for odd primes,
and more generally for prime powers. As noted in [35], it is easy to see that such
a generalization will involve a wider range of examples. For instance, if p is an
odd prime then every derangement in the affine group ASL;(p) = SL(p):p? (of
degree p?) has order p (if p = 2, the derangements have order 2 or 4).

Our first result is a reduction theorem.

Theorem 1. Let G be a finite primitive permutation group such that every derange-
ment in G is an r-element for some fixed prime r. Then G is either almost simple
or dffine.

Our next result, Theorem 2 below, describes all the almost simple primitive
groups that arise in Theorem 1. Notice that in Table 1, we write Py for a maximal
parabolic subgroup of Ly (g) or L3(g), which can be defined as the stabilizer of a
1-dimensional subspace of the natural module (similarly, P; is the stabilizer of a
2-dimensional subspace). In addition, we define

E(G) = {Ix| : x € A(G)).

Theorem 2. Let G be a finite almost simple primitive permutation group with point
stabilizer H. Then every derangement in G is an r-element for some fixed prime r if
and only if (G, H, r) is one of the cases in Table 1. In particular, every derangement

has order r if and only if |E(G)| = 1.

Remark 3. Let us make a couple of comments on the cases arising in Table 1.

(i) Firstly, notice that the group G is recorded up to isomorphism. For example, the
case (G, H) = (Ae, (S3:S2) NAg) is listed as (L2(9), P1), (G, H) = (As, As)
appears as (Lo(4), P1), and we record (G, H) = (Ly(7), S4) as (L3(2), Py),
etc.
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Table 1. The cases (G, H, r) in Theorem 2

G H r  &(G) Conditions
L3(q) P, Py roor @+qg+1=03.q—r
roorr? q2+q—|—1=3r2
I'La(g) Ng Dag+1)) ror r = g — 1 Mersenne prime
I'L2(8)  Ng(P1),Ng(Disg) 3 39
PGLy(¢) Ng(Py) 2 2 1<i<e+1 g=2t — 1 Mersenne prime
L2(q) P, rori1<i<e g=2¢—1
P, Dog-1 ror r = q + 1 Fermat prime
Dag+1) ror r = g — 1 Mersenne prime
L2(8) P1,Dys 3 39
My Lo (11) 2 48

(i1) In the first two rows of the table we have G = L3(g) and H = P or P,. Here
g> +q + 1 € {r, 3r, 3r?}, which implies that either ¢ = 4, or g = p/ fora
prime p and f is a 3-power (see Lemma 2.9).

Now let us turn our attention to the affine groups that arise in Theorem 1. In order
to state Theorem 4 below, we need to introduce some additional terminology. Let
F be a field and let V be a finite dimensional vector space over F. Let H < GL(V)
be a finite group and let r be a prime. Recall that x € H is an r’-element if the
order of x is indivisible by r. Following Fleischmann et al. [19], the pair (H, V) is
said to be r'-semiregular if every nontrivial r’-element of H has no fixed points on
V\{0} (equivalently, no nontrivial r'-element of H has eigenvalue 1 on V).

Theorem 4. Let G = HV < AGL(V) be a finite affine primitive permutation
group with point stabilizer H = G and socle V = (Zp)k, where p is a prime and
k > 1. Then every derangement in G is an r-element for some fixed prime r if and
only if r = p and the pair (H, V) is r'-semiregular.

Let G = HV be an affine group as in Theorem 4 and notice that (H, V) is r'-
semiregular if and only if every two-point stabilizer in G is an r-group. As a special
case, observe that if G is a Frobenius group then every two-point stabilizer is trivial
and it is clear that every derangement in G has order r. Therefore, it is natural to
focus our attention on the non-Frobenius affine groups arising in Theorem 4, which
correspond to r'-semiregular pairs (H, V') such that r divides | H|. In this situation,
Guralnick and Wiegand [33, Section 4] obtain detailed information on the structure
of H, which they use to investigate the multiplicative structure of finite Galois field
extensions. Similar results were established in later work of Fleischmann et al. [19].
We refer the reader to the end of Sect. 5 for further details (see Propositions 5.4
and 5.5).

Transitive groups with the property in Theorem 1 arise naturally in several
different contexts. For instance, let us recall that the existence of a derangement of
prime power order in any finite transitive permutation group implies that the relative
Brauer group B(L/K) of any finite extension L /K of global fields is infinite. More
precisely, let L = K («) be a separable extension of K, let E be a Galois closure of
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L over K, and let €2 be the set of roots in E of the minimal polynomial of o over K.
Then the r-primary component B(L/K), is infinite if and only if the Galois group
Gal(E/K) contains a derangement of r-power order on 2 (see [18, Corollary 3]).
In this situation, it follows that the relative Brauer group B(L/K) has a unique
infinite primary component if and only if every derangement in Gal(E/K) is an
r-element for some fixed prime r.

In a different direction, our property arises in the study of permutation groups
with bounded movement. To see the connection, let G < Sym(£2) be a transitive
permutation group of degree n and set

m=max{|[l*\T'| : T € Q, xeG}eN,

where I'* = {y* : y € I'}. Following Praeger [47], we say that G has movement
m. If G is not a 2-group and n = |2mp/(p — 1)], where p > 5 is the least odd
prime dividing |G|, then p divides n and every derangement in G has order p (see
[34, Proposition 4.4]). Moreover, the structure of these groups is described in [34,
Theorem 1.2].

Some additional related results are established by Mann and Praeger in [43]. For
instance, [43, Proposition 2] states that if G is a transitive p-group, where p = 2
or 3, then every derangement in G has order p only if G has exponent p. It is still
not known whether or not the same conclusion holds for any prime p (see [43, p.
905]), although [34, Proposition 6.1] does show that the exponent of such a group
is bounded in terms of p only.

Remark 5. Let G = HV < AGL(V) be a finite affine primitive permutation group
as above, and assume that every derangement in G is an r-element for some fixed
prime r. Let P be a Sylow r-subgroup of G and set K = H N P. As explained in
Proposition 5.6, P is a transitive permutation group on P/K with £(G) = £(P),
so £(G) = {r}if and only if £(P) = {r}, and we will show that £(P) = {r} if and
only if P has exponent r (see Theorem 5.7).

There is also a connection between our property and 2-coverings of abstract
groups. First notice that Jordan’s theorem on the existence of derangements is
equivalent to the well known fact that no finite group G can be expressed as the
union of G-conjugates of a proper subgroup (see (1)). However, it may be possible
to express G as the union of the G-conjugates of two proper subgroups; if H and
K are proper subgroups such that

G:UHgUUKg,

geG geG

then G is said to be 2-coverable and the pair (H, K) is a 2-covering for G. This
notion has been widely studied in the context of finite simple groups. For instance,
Bubboloni [8] proves that A, is 2-coverable if and only if 5 < n < 8, and similarly
L, (g) is 2-coverable if and only if 2 < n < 4 (see [10]). We refer the reader to [11]
and [46] for further results in this direction. The connection between 2-coverable
groups and the property in Theorem 1 is transparent. Indeed, if G is a transitive
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permutation group with point stabilizer H, then every derangement in G is an r-
element (for some fixed prime r) if and only if (H, K) is a 2-covering for G, where
K is a Sylow r-subgroup of G.

Finally, some words on the organisation of this paper. In Sect. 2 we record
several preliminary results that we will need in the proofs of our main theorems.
The proof of Theorem 1 is given in Sect. 3, and the almost simple groups are handled
in Sect. 4, where we prove Theorem 2. Finally, in Sect. 5 we turn to affine groups
and we establish Theorem 4.

Notation Our group-theoretic notation is standard, and we adopt the notation of
Kleidman and Liebeck [38] for simple groups. For instance,

PSL,(q) = L (¢9) = La(q), PSU.(¢) =L, (¢) = Ua(q).

If G is a simple orthogonal group, then we write G = PQ(q), where € = +
(respectively —) if n is even and G has Witt defect O (respectively 1), and € = o
if n is odd (in the latter case, we also write G = ,(q)). Following [38], we
will sometimes refer to the type of a subgroup H, which provides an approximate
description of the group-theoretic structure of H.

For integers a and b, we use (a, b) to denote the greatest common divisor of a
and b. If p is a prime number, then we write a = a, - a,/, where a,, is the largest
power of p dividing a. Finally, if X is a finite set, then 7 (X) denotes the set of
prime divisors of | X]|.

2. Preliminaries

In this section we record several preliminary results that will be useful in the proofs
of our main theorems. Let H be a proper subgroup of a finite group G and set

Ay(G) =G\ | J H.
geG

Notice that if G is a transitive permutation group with point stabilizer H, then
A(G) = AgF(G) is the set of derangements in G (see (1)).
It will be convenient to define the following property:

Every element in Ay (G) is an r- element for some fixed prime r. (*)

Lemma 2.1. Let H be a proper subgroup of a finite group G. If (x) holds, then

(1) 7(G) =n(H) U {r}; and
(ii) Cg (x) is an r-group for every x € Ay (G).

Proof. If s € w(G)\w(H), then Ay (G) contains an s-element, so (i) follows. Now
consider (ii). Let x € Ay (G) and assume s # r is a prime divisor of [Cg(x)|. Let
y € Cg(x) with |y| = s and let z = xy = yx, so z° = x* and (x) < (z). Then
z € Ay (G), but this is incompatible with property (x). O
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Lemma 2.2. Let H be a proper subgroup of a finite group G, let N be a normal
subgroup of G suchthat G = N H, and let K be a proper subgroup of N containing
HNN.Then Ag(N) € Ap(G).

Proof. Let x € Ag(N) and assume that x ¢ Ay (G). Then x® € H for some
g€ G.Since g € G = NH, we may write g = nh forsomen € Nandh € H.

Then x¢ = (x")" € H which implies that x" € H""' = H. Since both x and
n are in N, we deduce that x” € H N N < K, contradicting the fact that x €
Ak (N). O

Remark 2.3. Recall that the prime graph (or Gruenberg—Kegel graph) of a finite
group G is the graph I'(G) with vertex set 7(G) and the property that two distinct
vertices p and ¢ are adjacent if and only if G contains an element of order pg. Now,
a transitive permutation group G with point stabilizer H has property (x) only if
one of the following holds:

(a) r is an isolated vertex in I'(G);
) 1(G) = (H).

The finite simple groups with a disconnected prime graph are recorded in [39,
Tables 1-3], and a similar analysis for almost simple groups is given in [41,42].
In particular, one could use these results to study the almost simple permutation
groups for which (a) holds. Similarly, if G is almost simple and (b) holds, then the
possibilities for G and H can be read off from [40, Corollary 5]. However, this is
not the approach that we will pursue in this paper.

The next result is a special case of [31, Lemma 3.3].

Lemma 2.4. Let G be a finite permutation group and let N be a transitive normal
subgroup of G such that G/N = (Ng) is cyclic. Then Ng N A(G) is empty if and
only if every element of Ng has a unique fixed point.

We will also need several number-theoretic lemmas. Given a positive integer
n we write n, for the largest power of 2 dividing n. In addition, recall that (a, b)
denotes the greatest common divisor of the positive integers a and b. The following
result is well known.

Lemma 2.5. Let g > 2 be an integer. For all integers n,m > 1 we have

n

(n,m) _ 1

(¢"—1,4" -1)=gq

(n,m) 1 if 2 <
(q"—l,q’”+1)=[q 1 rm s

2,9 — 1) otherwise

(n,m) ; —
n m N +1 ifmy=ns
@ +Lg"+1)= [(Z,q — 1) otherwise
Let ¢ = p/ be a prime power, let ¢ > 2 be an integer and let r be a prime
dividing ¢° — 1. We say that r is a primitive prime divisor (ppd for short) of ¢ — 1
if r does notdivide ¢* — 1 forall 1 < i < e. A classical theorem of Zsigmondy [53]
states that if e > 3 then ¢° — 1 has a primitive prime divisor unless (g, ¢) = (2, 6).
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Primitive prime divisors also exist when e = 2, provided ¢ is not a Mersenne prime.
Note that if 7 is a ppd of g¢ — 1 then r = 1 (mod e). Also note that if n is a positive
integer, then r divides ¢" — 1 if and only if e divides n. If a pdd of g¢ — 1 exists,
then we will write £, (g) to denote the largest pdd of g — 1. Note that £,(qg) > e.

Lemma 2.6. Let r, s be primes, and let m, n be positive integers. If r'™ 4+ 1 = s",
then one of the following holds:

(i) (r,s,m,n) =(2,3,3,2);
>ii) (r,n) = (2, 1), m is a 2-power and s = 2™ + 1 is a Fermat prime;
@iii) (s, m) = (2, 1), n is a prime and r = 2" — 1 is a Mersenne prime.

Proof. This is a straightforward application of Zsigmondy’s theorem [53]. For
completeness, we will give the details.

First assume thatm = 1, sor = s — 1 is a prime. If s is odd, then r is even, so
r = 2 and s = 3, which implies that » = 1 and s = 3. This case appears in (ii).
Now assume s = 2, so r = 2" — 1 is prime. It follows that » must also be a prime
and thus r is a Mersenne prime. This is (iii).

For the remainder, we may assume thatm > 2. Notice that P _] = g rm—1).
If m,r) = (3,2), then s = 23 + 1 = 3% and thus (s, n) = (3, 2) as in (i). Now
assume that (m, r) # (3, 2). By Zsigmondy’s theorem [53], the ppd £2,, (r) exists
and divides r2" — 1 = s"(*™ — 1), but not ™ — 1, hence s = £2,,(r) > 2m > 4.
Therefore s > 5 is an odd prime and »”* = s" — 1 is even, so r = 2. We now
consider three cases.

Ifn=1,thens =" + 1 = 2" + 1 is an odd prime, which implies that m is a
2-power as in case (ii). Next assume thatn = 2. Here 2" = s2—1=(s—D(s+1)
and thus s — 1 = 2% and s + 1 = 2 for some positive integers a and b. Then
20 —2¢ = (s 4+ 1) — (s — 1) = 2 and thus 2°~! = 2¢~1 4 1, which implies that
(a,b) = (1,2), sos = 3 and thus m = 3. Therefore, (r, s, m,n) = (2,3, 3,2) as
in case (i). Finally, let us assume that n > 3. Now 2" = s — | and Zsigmondy’s
theorem implies that the ppd €,(s) > n > 3 exists and divides 2", which is
absurd. O

Lemma 2.7. Let g be a prime power and let (a, €), (b,5) € N x {£1}, where
b>a>2and (a,e) # (2,—1). Let N = (¢° + 6)(qh + §). Then one of the
following holds:

(i) N has two distinct prime divisors that do not divide q2 —1;
(i) (a,€) = (2, 1), (b,8) = 4, —1) and ¢g* + 1 = (2, ¢ — 1)r® for some prime
r and positive integer e;
(iii) g =3, (a,e) = (2, 1) and (b, 8) = (3, 1);
(iv) g =2, (a,e) = 3, 1) and 2b 4§ is divisible by at most two distinct primes,
one of which is 3;

V)g=2,a=3and (b,5) = (6,—1).

Proof. There are four cases to consider, according to the possibilities for the pair
(€,6).

First assume that (¢, §) = (1, 1). Suppose that neither (a, ¢) nor (b, q) is equal
to (3, 2). Then the primitive prime divisors £»,(q) and £55(q) exist, and they both
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Table 2. The integers N in Lemma 2.8

N (€, 9)

q*-1/T,.q-e none

@° =1/ —-e)6,q—€ (—2)

@ =)/ 6,9 —€) (+,2), (+.3), (. 7). (=, 2), (=, 5)
G*-1)/5,qg— e none

G*-D/g-e@,q—© (—2), (=, 3)

@ -/, q—e (+.2). (+.3). (+.5). (=, 2), (=, 3)
@ —Dg+1/5,q—e none

divide N. Moreover, these primes are distinct since 2a < 2b, and neither of them
divides g% — 1 since 2b > 2a > 4.1f (a,q) = (3,2) thenb > 4, N = 3*(2* + 1)
and either (i) or (iv) holds. If (b, ¢) = (3, 2), thena = 2, N = 325 and (iii) holds.

Next suppose that (¢, 8) = (=1, —1), so a > 3. If neither (a, g) nor (b, gq) is
equal to (6, 2), then N is divisible by the distinct primes ¢,(g) and £;(q), neither
of which divide g> — 1. If (a, ¢) = (6, 2), then N = 3% - 7(2® — 1) is divisible by
7 and £, (2) > b > 7. Finally, suppose that (b, g) = (6,2),s0 N = 32. 724 —1)
and 3 < a < 5. Itis easy to check that (i) holds if a = 4 or 5, and that (v) holds if
a=3.

Now assume that (¢, §) = (1, —1). If (a, g) = (3, 2) then (i) or (iv) holds, so
we may assume that (a, q) # (3,2).If (b,q) = (6,2) then N = 32.702% + 1),
a € {2,4,5} and (i) holds. In each of the remaining cases, the primitive prime
divisors £2,(¢) and £5(g) exist, and they divide N, butnot g2 — 1. Clearly, if b # 2a
then these two primes are distinct and (i) holds, so let us assume that b = 2a, so
N = (g% + D)*(g® — 1). If (a, ¢) = (6,2) then (i) holds. If (a, g) # (6,2) and
a > 3 then we can take the primitive prime divisors £,(q) and £2,(g), so once
again (i) holds. Finally, if ¢ = 2 and b = 4 then N = (¢ — 1)(¢*> + 1)? and either
(1) or (ii) holds.

Finally, let us assume that (¢, §) = (—1, 1). Here we may assume that a > 3.
If (a,q) # (6,2) then take £,(g) and £2;(q), otherwise N = 32 .72 + 1) is
divisible by 7 and £75(2). In both cases, (i) holds. O

Lemma 2.8. Let g be a prime power and let N be one of the integers in Table 2,
where € = x1. Then N is a prime power if and only if (€, q) is one of the cases
recorded in the second column of the table.

Proof. This is entirely straightforward. For example, suppose that N = (g° —
1)/(6,q9 —1).Letd = (6, g — 1) and suppose that N = r¢ for some prime number
r and positive integer e. Then r = ¢5(q) and

G-DG*"+¢>+q>+q+1) =dr.

Since r does not divide ¢ — 1, we musthave g — 1 = d andthusg — 1 € {1, 2, 3, 6}.
If g =4then N =341 = 11 - 31 is not a prime power, but one checks that N is a
prime power if g € {2, 3, 7}. The other cases are very similar. O

We will also need the following result, which follows from a theorem of Nagell
[44].
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Lemma 2.9. Let ¢ = p/ be a prime power and let r be a prime.

(i) If e is a positive integer such that g*> + q + 1 = r°, then ¢ # 1 (mod 3) and
e=1
(ii) If e is a positive integer such that g* +q + 1 = 3r¢, then g = 1 (mod 3) and
e e{l,2}.
(iii) If g2 +q +1 = (3, g — 1)r® for some positive integer e, then either (q, r, €) =
4,7, 1), or f =3 for some integer a > 0.

Proof. Parts (i) and (ii) follow from [44]. For (iii), let d = (3, ¢ — 1) and write
f = 3%m with 3,m) = 1 and a > 0. We may assume that ¢ # 4. Seeking a
contradiction, suppose that m > 1. Notice that

+1
. p3” m _

Cdp¥m -1y’

Since g # 4, the ppd £3¢(p) exists and divides > +qg+1,s0r = £37(p). Let
s = L3a+1(p). Since f = 3%m is indivisible by 34+ it follows that (s,g—1) =1,
so s does not divide d(q — 1) and thus s divides r¢, sor = s. Butm > 1, so
3f > 3%*t! and thus r # s. This is a contradiction and the result follows. O

Remark 2.10. By a theorem of van der Waall [50], the Diophantine equation x> +
x 4+ 1 = 3y? has infinitely many integer solutions; the smallest nontrivial solution
is (x, y) = (313, 181). Here x and y are both primes, and another solution in the
primes is (x, y) = (2288805793, 1321442641).

3. A reduction theorem

The following theorem reduces the study of primitive permutation groups with
property (x) to almost simple and affine groups.

Theorem 3.1. Let G < Sym(2) be a primitive permutation group with point sta-
bilizer H. If (x) holds, then either

(1) G is almost simple; or
(i) G = HN is an affine group with socle N = (Z,)* for some integer k > 1.

Moreover; if (ii) holds and |H | is indivisible by r, then G is a Frobenius group with
kernel N and complement H.

Proof. Let N be a minimal normal subgroup of G,so N = S x $ x --- X S,
where S; = S for some simple group S and integer k > 1. Then G = HN and N
is transitive on 2. Let us assume that (x) holds.

First assume that H N N = 1, so N is regular and every nontrivial element in
N is a derangement. If N is abelian, then we are in case (ii). Moreover, if |H]| is
indivisible by 7, then N is a Sylow r-subgroup of G and thus A(G) € N. In this
situation, [12, Lemma 4.1] implies that G is a Frobenius group with kernel N and
complement H. Now, if N is nonabelian then S is a nonabelian simple group and
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thus | S| is divisible by at least three distinct primes, whence S (and thus N) contains
derangements of distinct prime orders, which is incompatible with property (x).

For the remainder, we may assume that H N N is nontrivial. It follows that
N = S*, where S is a nonabelian simple group and k > 1. If k = 1, then G is
almost simple and (i) holds. Therefore, we may assume that k > 2.

Let T < N be a maximal subgroup of N containing H N N. By Lemma 2.2,
we have A7(N) € Ag(G). Since k > 2, there exist integers i and j such that
1 <i<j<kandL:=3S; x§; £T.Byrelabelling the Sy, if necessary, we may
assume that L = S| x S2. Now L < N, so N = TL and thus

Ag(L) € Ar(N) € Ap(G) = A(G), @)

where K is a maximal subgroup of L containing L N 7. Therefore, every derange-
ment of L = S x > on the right cosets L/K is an r-element.

By [49, Lemma 1.3], there are essentially two possibilities for K; either K
is a diagonal subgroup of the form {(s, ¢(s)) : s € S} for some isomorphism
¢ : St = Sy, or K is a standard maximal subgroup, i.e., K = S x K3 or
K1 x Sz, where K; < §; is maximal. In the diagonal case, every element in L of
the form (s, 1) with 1 # s € S is a derangement on L/K. Clearly, this situation
cannot arise. Now assume K is a standard maximal subgroup. Without loss of
generality, we may assume that K = Kj x S, where K is maximal in Sj. Let
s € S| be a derangement on S;/K of prime power order, say p¢ for some prime
p and integer e > 1 (such an element exists by the main theorem of [18]). Since
|7 (S)| = 3, choose t € Sy of prime order different from p. Then (s,t) € L is a
derangement on L /K of non-prime power order, so once again we have reached a
contradiction. O

This completes the proof of Theorem 1.

4. Almost simple groups

In this section we prove Theorem 2. We fix the following notation. Let r be a prime
and let G < Sym(£2) be an almost simple primitive permutation group with socle
Gy and point stabilizer H. Set Hy = H N G and let M be a maximal subgroup
of G containing Hy. As before, let A(G) be the set of derangements in G, and let
E(G) be the set of orders of elements in A(G). By Lemma 2.2, we have

Am(Go) € Any(Go) € Ar(G) = A(G). 3

Recall that if X is a finite set, then 7 (X) denotes the set of prime divisors of | X]|.

Let us assume that (%) holds, so every derangement in G is an r-element, for
some fixed prime r. Clearly, every derangement of G on €2 is also an r-element.
Now, if s € w(Go)\7 (M) then every nontrivial s-element in G is a derangement,
so m(Go) = w(M) or w(M) U {r}. In particular, if we set mg := 7 (Go) \w (M),
then |mp| < 1.
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4.1. Sporadic groups

Proposition 4.1. Theorem 2 holds if G is a sporadic group or the Tits group.

Proof. First assume that Gy is not the Monster. The maximal subgroups of Gg are
available in GAP [25], and it is easy to identify the cases (Go, M) with |mg| < 1.
For the reader’s convenience, the cases that arise are listed in Table 3. We now
consider each of these cases in turn. With the aid of GAP [25], we can compute
the permutation character x = 199, noting that

Ap(Go) = {x € Go : x(x) =0}.

In this way, we deduce that property (%) holds if and only if (Go, M) =
M1, Lo (11)). Here 7 (M) = n(Gy), G = M1y, H = Ly(11) and £(G) = {4, 8}.
This case is recorded in Table 1.

Now assume G = M is the Monster. As noted in [6,45], there are 44 conju-
gacy classes of known maximal subgroups of M (these subgroups are conveniently
listed in [6, Table 1], together with L (41)). Moreover, it is known that any addi-
tional maximal subgroup of M is almost simple with socle L, (13), Uz(4), U3(8)
or 2B2(8). It is routine to check that |g| > 2 in each of these cases. |

4.2. Alternating groups

Proposition 4.2. Theorem 2 holds if Gy = A, is an alternating group.

Proof. If n < 12 then the result can be checked directly using GAP [25]; the only
cases (G, H) with property (x) are the following:

(Ag.3%:4), (As.D1o). (As.A4). (As. S3),
which are recorded in Table 1 as

L2(9), P1), (L2(4), D1o), (L2(4), P1), (L2(4), De)

respectively (see Remark 3). For the remainder, we may assume that n > 12.
Seeking a contradiction, let us assume that there is a fixed prime r such that every
derangement in G is an r-element.

Let s be a prime such that n/2 < s < n —2 and letx € G be an s-cycle (such
a prime exists by Bertrand’s postulate). Since Cg(x) is not an r-group, Lemma
2.1(i1) implies that x has fixed points and thus H contains s-cycles. By applying
a well known theorem of Jordan (see [52, Theorem 13.9]), we deduce that H is
either intransitive or imprimitive, and we can rule out the latter possibility since s
divides | H|. Therefore, H is the stabilizer of a k-set for some k with 1 < k < n/2.

Suppose n is even and let x; € Go be an element with cycles of length i
and n — i for i € {3,5,7}. Then at least two of the x; are derangements, so
we have reached a contradiction. Now assume » is odd. An n-cycle does not fix
a k-set, so n must be an r-power. Therefore, any element with cycles of length
(n —1)/2, (n — 1)/2 and 1 must fix a k-set (since its order is not an r-power),
sok = 1or (n — 1)/2. It follows that any element with cycles of length 2, 3 and
n — 5 is a derangement, and this final contradiction completes the proof of the
proposition. O
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Table 3. Maximal subgroups of sporadic simple groups, |7g| < 1

Go M 70
My Ag.23, S5 11
Lo(11) -
M2 My, Lo (11) -
Ag.22,2 x Ss 11
Moo A7,L3(4) 11
Lo(11) 7
Mp3 Mp) 23
My M3 _
Mp;.2 23
I L3(2).2, U3(3) 5
3.A6.22,21+4:A5,A4 x As, A5 X D10,522D12,A5 7
J3 L>(16).2 19
L, (19) 17
Coq 3.Suz.2 23
Cos, Co3, 2 1: Moy 13
Cop Mp3 -
McL, HS.2, Ug(2).2, 210:M>5,.2 23
Co3 Ma3 -
McL.2, HS 23
Fip) 2.Up(2), 219: My 13
Q7(3) 11
22 -
U3(5).2, L3(4).21, Sg 11
My 7
McL Mo —
U4(3), U3(5), L3(4).22, 2.Ag, 2*:A7 1
My 7
Suz Ga(4) 11
He Spy(4).2 7
22 L3(4).S3, 3.7 17
HN 2.HS.2,Ap» 19
O'N 1 31
Ru (22 x 2B, (8)):3 29
L,(29) 13
2F4(2) L,(25) -
L3(3).2 5
Ag.22,5%:4A, 13

4.3. Exceptional groups

Now let us assume that G is a simple exceptional group of Lie type over F;, where
g = p/ and p is a prime. For x € Gy, let M (x) be the set of maximal subgroups
of G containing x. We will write ®; for the ith cyclotomic polynomial evaluated
atg,soq" — 1= Hd‘n ®,. Recall that if e > 2 and ¢¢ — 1 has a primitive prime
divisor, then we use the notation £,(q) to denote the largest such divisor of g¢ — 1.
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Proposition 4.3. Theorem 2 holds if G is a simple exceptional group of Lie type.

Proof. Recall the notational set-up introduced at the beginning of Sect. 4: H is a
point stabilizer in G, and Hy = H N Gy. In view of (3), in order to show that (x)
does not hold we may assume that G = Gy. Seeking a contradiction, suppose that
every derangement in G is an r-element, for some fixed prime r. We will consider
each possibility for G in turn.

Case 1 G = 2B, (q), withg = 2%t andm > 1.

Let ®, = g + /2¢ + 1 and @ = g — \/2¢ + 1 (note that @} = ¢*> + 1).
By inspecting [2, Table II], [29, Table 6] and [30, Table 1], we see that G has two
cyclic maximal tori 7; = (x;), i = 1,2, of order ®, and @), respectively, such
that [Ng(7;)/ T;| = 4, (Jx1], |x2]) = 1 and M(x;) = {Ng(7;)}. Since no maximal
subgroup of G can contain conjugates of both x; and x, it follows that xiG NnH
is empty for some i = 1, 2. Therefore, x; € A(G) and thus |x;| is a power of r.
Let j =3 —i. Then |x/]| is indivisible by 7, so H contains a conjugate of x; and
thus H = Ng(T}) is the only possibility (up to conjugacy). Now G has a cyclic
maximal torus of order ¢ — 1, solet x € G be an element of order ¢ — 1 > 7. Since
| H| is indivisible by ¢ — 1, it follows that x € A(G). But r does not divide ¢ — 1,
so we have reached a contradiction.

Case 2 G = 2Gs(q), withg = 3?1 andm > 1.

This is very similar to the previous case. Here we take two cyclic maximal
tori T; = (x;),i = 1,2, of order &y = g + /3g + 1 and &} = g — /3¢ + 1,
respectively, such that [Ng(7;)/T;| = 6, (Jx1|, |x2]) = 1 and M(x;) = {Ng(T;)}.
Note that & d{ = 2 — g + 1. By arguing as in Case 1, we deduce that |x;| is
a power of r and H = Ng(T}) for some distinct i, j. Let x € G be an element
of order 9 (see part (2) in the main theorem of [51], for example). Since |H]| is
indivisible by 9, it follows that x is a derangement, but this is a contradiction since
r # 3.

Case 3 G = 2F4(q), withg = 2¥"*tland m > 1.

Again, we proceed as in Case 1. Here G has two cyclic maximal tori 7; = (x;),

i =1, 2, where

| T | =‘1>/12=q2+,/2q3+q+\/2q+1

T2 = @1, =q” — /24> + 9 —2q + 1

and [Ng(T;)/Ti| = 12, (Jxil, [x2]) = 1 and M(x;) = {Ng(T;)}. Note that
@), ®), = g* — ¢*> + 1. As in Case 1, we see that |x;| is a power of  and
H = N¢(T;) for some distinct i, j. Let x € G be an element of order £4(g). Since
|H| is indivisible by €4(q), it follows that x € A(G), but this is a contradiction
since r # £4(q).
Case 4 G = Eg(q).

Again, we can proceed as in the previous cases, working with cyclic maximal
tori T1, T» and an element x € G of order £24(g), where

ITil=bis=¢"—q¢" +¢" —¢*+¢° —q+1
T =®30=¢"+q¢"—¢°—¢* —¢*+q+1
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and [Ng(T;)/T;| = 30,i = 1,2. We omit the details (note that £24(q) € 7 (G)\
(NG (T7))).
Case5G = 3D4(q).

As indicated in [29, Table 6], G has a maximal torus 7 = (x) of order ®, =
g* — g% + 1 such that [Ng(T)/T| = 4 and M(x) = {Ng(T)}.

Suppose that x ¢ A(G). Then x® N H is non-empty, and without loss of
generality we may assume that x € H and thus H = Ng(7). If ¢ = 2 then
|H| =52 and |7 (G)\7(H)| = 2,sowemusthave g > 2. Lety; € G (i = 1,2)
be elements of order ¢; := {,,,(¢) = 5, where m; = 3 and my = 6. Since |H| is
indivisible by £1 and €5, it follows that y;, y» € A(G). But this is a contradiction
since €1, £, are distinct primes.

Now assume that x € A(G), so |x| = @y, is a power of r. If g = 2 then
r = 13 and H must contain elements of order 7, 8, 9, 14, 18, 21 and 28, but no
maximal subgroup of G has this property (see [15], for example). Therefore, g > 2.
Following [30, p. 698], let y € G be an element of order ®3 such that |Cg(y)|
divides CD% and

M(y) = {G2(q), PGL3(q), (P 0 SL3(¢)).2d, ®3.SL2(3)},

whered = (3, ®3). Now (®12, P3) = 1,50y ¢ A(G) and thus we may assume that
H € M(y). Let z € G be an element of order ®;®»Pg = (g2 — 1)(¢g> — g + 1).
Then |H| is indivisible by |z|, so z € A(G). But this is a contradiction since
(P12, PP Pg) = 1.
Case 6 G = 2E4(q).

Letd = (3, g + 1). As indicated in [29, Table 6] and [30, Table 1], G has two
cyclic maximal tori 7; = (x;),i = 1, 2, of order ®13/d and ®¢P12/d, respectively.
Then (|x1], |x2]) = 1 and

{®P6.°D4(q).3/d)} if g>2

_ 3 _
M) = {SUs(g") 3}, Mx2) = [{¢>6.3D4(2),F4(2),F122} if g =2.

No maximal subgroup of G contains both x; and x> (see [40, Table 10.5]), so
x; € A(G) for some i, and thus |x;| is a power of r.

First assume that ¢ = 2, so |x1| = 19, |xz| = 13 and thus r € {13, 19}. If
r = 13, then H contains a conjugate of x1, so H = SU3(8).3 is the only option, but
this is not possible since |7 (G)\w (H)| = 4. Similarly, if r = 19 then H € M(x»)
must contain elements of order 11, 13 and 17, but it is easy to check that this is not
the case.

Now assume that ¢ > 2. Let x € G be an element of order £19(q). Both
ISU3(g3).3] and | ®¢.3D4(q).3/d| areindivisibleby £19(g),sox € A(G).However,
this is not possible since £1¢(q) and |x;| are coprime.

Case7 G = Ga(g),q = 3.

We can use GAP [25] to rule out the cases ¢ < 5, so we may assume thatg > 7.

First assume that ¢ = 7. By inspecting [29, Table 6] and [30, Table 1], we
see that G has two cyclic maximal tori 7; = (x;), i = 1,2, of order ®¢ = 43 and
®3 = 57, respectively, with M (x;) = {SU3(7).2} and M (x3) = {SL3(7).2}. From
[40, Table 10.5], it follows that x; € A(G) for some i, so H contains a conjugate
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of x;, where j = 3 —i. Therefore, H = SL§(7).2 for some € = =+. As noted in
[37, Table A.7], G contains elements of order 72 + 7 = 56 and 7> + 7 + 1 = 57.
Now SU3(7).2 contains no element of order 57, and SL3(7).2 has no element of
order 56. Therefore, G always contains a derangement of non-prime power order,
which is a contradiction.

For the remainder, we may assume that ¢ > 7. We use the set-up in [17,
Section 5.7]. Choose a 4-tuple (ki, k2, k3, k) such that (k1, k) = 1, k; divides
®; fori € {1,2}, k3 = ©3/(3, ©3) and k¢ = Pg/(3, Pg). Note that the numbers
k1, ko, k3 and k¢ are pairwise coprime. Let y; € G be an element of order k¢, and
fix a regular semisimple element y; € G of order k. Similarly, fixz; € G,i =1, 2,
where |z1| = k3 and z; is a regular semisimple element of order k».

From [40, Table 10.5], it follows that either y; or z; is a derangement. Suppose
that y; € A(G). Then H contains a conjugate of z1, so [17, Lemma 5.27] implies
that H = SL3(g).2 is the only possibility. If H also contains a conjugate of z», then
H = G by [17, Corollary 5.28], a contradiction. Therefore zo € A(G), but once
again we reach a contradiction since (k, ks) = 1. An entirely similar argument
applies if z; € A(G).

Case 8 G € {E¢(q), E7(¢)}-

First assume that G = E7(g). Letd = (2,4 — 1). As in [17, Section 5.2], let
¥1, y2 € G be elements of order ® g and &>, P14/d = (q7 +1)/d, respectively, and
let z1, z2 € G be elements of order 9 and & dD7/d = (q7 — 1)/d, respectively.
From [17, Corollary 5.6], we deduce that y;, z; € A(G) for some i, j € {I,2}.
However, itis easy to check that (|y;|, |z|) = 1foralli, j,so thisis a contradiction.

The case G = Eg(q) is entirely similar, using [17, Corollary 5.11] and elements
Yi,zi € G with [y1| = ®g/d, |y2| = Py, |z1] = P3Pz and |z2| = P5 (Where
d=@3,qg—-1)).

Case 9 G = F4(q).

For g > 2, we can proceed as in Case 8, using the information in [17, Section
5.5]. The reader can check the details.

Now assume that ¢ = 2. By inspecting [29, Table 6] and [30, Table 1], we
see that G has two cyclic maximal tori 7; = (x;), i = 1,2, of order &1, = 13
and &g = 17, respectively, such that M(x|) = {3D4(2).3, 2F4(2), L4(3).27} and
M(xz) = {Spg(2)}. Therefore, r € {13, 17}.1fr = 13, then H contains a conjugate
of x2, so H = Spg(2). However, [15] indicates that G has an element of order 28,
but Spg(2) does not, so this case is ruled out. Therefore, r = 17 and H contains a
conjugate of x1, so H € M(x1). However, in each case one can check that H does
not contain an element of order 30, but G does. This final contradiction eliminates
the case G = F4(q).

This completes the proof of Proposition 4.3. O

4.4. Classical groups
In order to complete the proof of Theorem 2, we may assume that G is a classical

group over [F,. Due to the existence of certain exceptional isomorphisms involving
low-dimensional classical groups (see [38, Proposition 2.9.1], for example), and in
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Table 4. Finite simple classical groups

Go Conditions

Ln(q) nz=2, (nq)#272),2,3),2,4,2,5),29,3,2), 4,2
Un(q) nz=3, (nq)#@3.2)

PSp, () n > 4even, (n,q) # (4,2), (4,3)

PQJ (9) n=7

view of our earlier work in Sects. 4.1, 4.2 and 4.3, we may assume that G is one
of the groups listed in Table 4.

We will focus initially on the low-dimensional classical groups with socle L, (q)
and L5 (¢q), which require special attention. As before, if a primitive prime divisor of
q°¢ — 1 exists, then £,(q) denotes the largest such prime divisor (as noted in Sect. 2,
if e > 2, then £,(g) exists unless (g,e¢) = (2,6), or e = 2 and ¢ is a Mersenne
prime).

Lemma 4.4. Theorem 2 holds if G = La(q) and q is even.

Proof. Write g = 27 where f = 3 (since L(4) = A5, we may assume that
f = 3). The maximal subgroups of G were originally classified by Dickson [16]
(also see [5, Tables 8.1 and 8.2]); the possibilities for H are as follows:

(a) H= (Zz)fZZq_l = P is a maximal parabolic subgroup of G;
(b) H =Dy(g+1);
() H = La(qgo) with g = g, where e is a prime and go # 2.

The case f = 3 can be handled using GAP [25], and we find that (%) holds if and
only if (H, r, £(G)) is one of the following (recall that £(G) denotes the set of
orders of derangements in G):

(P1,3,{3,9), (D18, 7,{7}), (D14, 3,{3,9)).

For the remainder, we may assume that f > 4.

Note that a Sylow 2-subgroup of G is self-centralizing and elementary abelian.
In particular, if x € G then either |x| = 2, or |x| divides ¢ &= 1. Also note that G
contains elements of order ¢ & 1, and it has a unique class of involutions.

Casel H = P;.

We claim that (x) holds if and only if » = ¢ + 1 is a Fermat prime. To see this,
first observe that |G : H| = g + 1 and |H| = ¢g(q — 1) are relatively prime, so
any element x € G of order ¢ + 1 is a derangement. Therefore, if (x) holds then
q + 1 = r° for some e > 1, and thus Lemma 2.6 implies that f is a 2-power and
e =1 (sor = g + 1 is a Fermat prime).

For the converse, suppose that g + 1 is a Fermat prime. We need to show that
every derangement in G has order r = ¢ + 1. Let y € A(G), so |y| divides 2 or
q £ 1. Butg 4+ 1 = r is a prime, so either |y| € {2, r} or |y| divides ¢ — 1. Every
involution has fixed points since G has a unique class of involutions, so |y| > 2.
If |y| divides g — 1, then y belongs to a maximal torus that is G-conjugate to the
subgroup Zy, 1 < H. Again, this implies that y has fixed points. Therefore, |y| = r
is the only possibility and the result follows.
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Case2 H = D2(q:|:l)~

The case H = Dy, 1) is identical to the previous one, and the same conclusion
holds. A very similar argument also applies if H = Dy, 1. Here any element of
order ¢ — 1 is a derangement and by applying Lemma 2.6 we deduce that (x) holds
if and only if r = g — 1 is a Mersenne prime.
Case 3 H = L2(qo), where g = g, e prime, go # 2.

Finally, observe that subfield subgroups are easily eliminated since elements of
order ¢ + 1 are derangements. O

Lemma 4.5. Theorem 2 holds if Go = La(q) and q is even.

Proof. As before, write ¢ = 2/ where f = 3. In view of Lemma 4.4, we may
assume that

G = Go.(¢) < T'La(g) = Aut(Gy),

where ¢ is a nontrivial field automorphism of G, so the order of ¢ divides f. The
case f = 3 can be handled directly, using [25] for example. Here G = I'L;(8) and
we find that (x) holds if and only if (H, r, £(G)) is one of the following:

(NG(PI)» 37 {37 9})7 (NG(DIS)v 7a {7})7 (NG(D14)$ 37 {37 9})

For the remainder, we may assume that f > 4.

Since Gg £ H, we have G = GoH. Set Hy = H N G and note that Hy is
a maximal subgroup of Gy (see [5, Table 8.1]). As in (3), we have Ay, (Go) €
Ay (G), whence Lemma 4.4 implies that (x) holds only if one of the following
holds:

(a) Hy =Py,r =¢q + 11is a Fermat prime;
(b) Ho = Dy(y41),r = g — 1 is a Mersenne prime;
(¢) Hyp =Dyy-1), r = q + 1is a Fermat prime.

We consider each of these cases in turn.
Case 1 Hy = Dy(y+1), ¥ = g — 1 is a Mersenne prime.

Here f > Sisaprime, so G = I'La(q) = Go.(¢) and H = Hy.(¢) is the only
possibility, where ¢ has order f. Note that

Co(p) =L2(2) x (¢p) =S3 x Zy,

so if x € G then either |x| € {2,r, f,2f,3f}, or |x]| divides ¢ + 1. We claim that
E(G) = {r}. Note that (¢) is a Sylow f-subgroup of G.

Let y € G be a nontrivial element. If |y| € {2, f}, or if |y| divides g + 1,
then y is conjugate to an element of H and thus y has fixed points. Next suppose
that |y| = kf and k € {2, 3}. Then |y*| = f and thus y* is G-conjugate to ¢'
for some 1 < i < f. Without loss of generality, we may assume that y* = ¢,
soy € Cg(¢). Since |H| = 2(q + 1) f, H has a Sylow 2-group R = (u) = Z
and a normal 2-complement V (¢) of order (¢ + 1) f, where V = Z, . Since ¢
normalizes Hy = V R, we deduce that ¢ centralizes R. Now ¢ + 1 is divisible by
3, so V has a unique subgroup of order 3, say (x). Then the involution u inverts
x, and ¢ centralizes x since |[¢| = f = 5is odd. Thus S3 = (u, x) < Cg, (),
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which implies that Cg(¢) = (u, x) x (¢) < H. Therefore, y € H. We conclude
that every derangement in G has order r, as required.

In the two remaining cases, r = ¢ + 1 is a Fermat prime and f = 2™ for
some integer m > 2. In both cases, we claim that (x) does not hold. In order to
see this, we may assume that the index of G¢ in G is a prime number, which in
this case implies that |G : Go| = 2, so G = Go.(¢) and ¢ is an involutory field
automorphism of Gy. Indeed, if Go < G; < G then G = HG; and Lemma 2.2
implies that A7 (G1) € A(G) for any subgroup L of G| containing G N H.
Case 2 Hy = Dy(y—1), ¥ = g + 1 is a Fermat prime.

By the above comments, we may assume that G = Go.(¢) and H =
Dy (y—1).(¢), where ¢ has order 2. Note that Cg (¢) = L2(2//2) x (¢). Since Cg (¢)
does not contain a Sylow 2-subgroup of G, we deduce that the Sylow 2-subgroups
of G are nonabelian. Therefore G contains an element z of order 4. However, the
Sylow 2-subgroups of H are isomorphic to C2 x Ca, so z € A(G). We conclude
that G contains derangements of order r and 4, so (x) does not hold.

Case 3 Hy = P|,r = g + 1 is a Fermat prime.

Finally, let us assume that H = Ng(P1) = P1.(¢) = Hp.(¢), where |¢| = 2.
As above, we have Cg (¢) = L (2/72) x (¢), s0 C (¢) contains an element of order
2(qo + 1), where go = 2//2 We claim that H does not contain such an element.
Seeking a contradiction, suppose x € H has order 2(go+ 1). Since H = HyU Hyp¢
and Hy = P; has no element of order 2(gg + 1), we deduce that x € Hy¢ and we
may write x = u¢ with u € Hy. In terms of matrices (and a suitable basis for the
natural L, (g)-module), we have

A a
”:(0 xl)

where A,a € F, and A # 0. Then x*> = (u¢)(u¢) = uu® has order go + 1. We
may assume that ¢ is the standard field automorphism of order 2 with respect to
this basis, so

et (@ A0 g0y (atr b
0 17! 0 A9 0 Al

with b = A9 + a1 =9, Since x? has order go + 1 we deduce that A>(@0+D) = [,
which implies that 190+ = 1 since IF,; has characteristic 2. Therefore

» (1 b
=0 1)

has order gg + 1, which is absurd. This justifies the claim, and we deduce that A(G)
contains elements of order 2(go + 1). In particular, (x) does not hold. m|

Lemma 4.6. Theorem 2 holds if Go = La(q) and q is odd.

Proof. Write ¢ = p/, where p is an odd prime. In view of the isomorphisms
Ly(5) = As and L2(9) = Ag, we may assume that ¢ > 7 and ¢ # 9. The case
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g = 7 can be checked directly using GAP, and we find that (x) holds if and only if
(G, H, r, £(G)) is one of the following:

L2(7), P1,2,{2,4}), La(D), S4.7.{7}), (PGL2(7), NG (P1), 2, {2, 4, 8}).

For the remainder, we may assume thatg > 11.
Case 1 G = Gy.

First assume that G = L»(g). The maximal subgroups of G are well known
(see [5, Tables 8.1 and 8.2]); the possibilities for H are as follows:

(a) H = (Zp)f:Z(q_l)/z = P; is a maximal parabolic subgroup of G;

(b) H=D, ¢, whereg > 13ife = 1;

(¢) H =La(qo), where g = qg for some odd prime e;

(d) H = PGL2(qo), where ¢ = 43

(e) H = As, where ¢ = +1 (mod 10) and either g = p,org = p? and p = +3
(mod 10);

(f) H = A4, where ¢ = p = £3 (mod 8) and ¢ # +1 (mod 10);

(g) H =S4, where ¢ = p = =1 (mod 8).

Note that G contains elements of order (¢ & 1)/2, and a unique conjugacy class of
involutions.

If H is a subfield subgroup (as in (c) or (d) above), then it is clear that any
element of order (¢ & 1)/2 is a derangement, so property (x) does not hold in this
situation. Similarly, it is straightforward to handle the cases H € {As, A4, S4}. For
example, suppose H = As, so ¢ = +1 (mod 10) and either g = p, or g = p?
and p = £3 (mod 10). Note that every nontrivial element of H has order 2, 3 or
5.1f ¢ > 19 then any element of order (¢ &= 1)/2 is a derangement; if ¢ = 11, then
elements of order 6 are derangements. The cases H = A4 and Sy are just as easy.

If H = Dy _; then any element in G of order p or (¢ + 1)/2 is a derangement,
and the dihedral groups of order ¢ + 1 can be eliminated in a similar fashion.

Finally, let us assume that H = P; = (Zp)f:Z(q_l)/z, so|H| =q(g—1)/2
and |G : H| = g + 1. We claim that (%) holds if and only if ¢ = 2r® — 1 for some
positive integer e.

First observe that any element of order (¢ + 1)/2 is a derangement, so if (%)
holds then ¢ = 2r¢ — 1 for some e € N. For the converse, suppose that g = 2r¢ —1.
We claim that

EG)={:1<i<el).

Since |H| is indivisible by r, the inclusion {r' : 1<i<e}C &) is clear. To
see that equality holds, let y € G be a nontrivial element, and suppose that |y]| is
divisible by a prime s # r. Since a Sylow p-subgroup of G is self-centralizing, it
follows that either |y| = p,or|y| = 2andrisodd, or |y|isadivisorof (g —1)/2.In
the first two cases, it is clear that y has fixed points, so let us assume that | y| divides
(¢ — 1)/2. Then y is conjugate to an element of the maximal torus Z¢, 12 < H,
so once again y has fixed points. This justifies the claim.
Case 2 G # Gy.

To complete the proof of the lemma, we may assume that G # Go, g > 11
and Hy = H N Gog = Py, in which case () holds only if ¢ = 2r¢ — 1 for some
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positive integer e (note that H NG is a maximal subgroup of G¢). There are several
possibilities for G.

First assume that G = PGL;(g), so H = (Zp)f:Zq_l. We claim that (x) holds
if and only if r = 2 and ¢ = 2¢*! — 1 is a Mersenne prime. As above, any element
of order (¢ 4+ 1)/2 is a derangement. Now G also contains elements of order ¢ + 1,
and they are also derangements. Therefore, if (x) holds then r = 2 is the only
possibility, so p/ 4+ 1 = 2¢*! and Lemma 2.6 implies that g = p =2¢*! — lisa
Mersenne prime.

For the converse, suppose that ¢ = p = 2¢t! — 1 is a Mersenne prime. We
claim that

EG) =2 1 1<i<e+1).

As above, any involution in G is a derangement, and so is any element in G of order
2l with1 <i < e+ 1since |H|» =2,hence {2/ : 1 <i <e+1}CE(G). Tosee
that equality holds, suppose that y € G has order divisible by an odd prime. Then
either |y| = p, or y is conjugate to an element of the maximal torus Z,_; < H;in
both cases, y has fixed points. The result follows.

To complete the proof of the lemma, we may assume that G = Gg.(¢) or
Go.(8¢), where ¢ is a nontrivial field automorphism of G of order e (so e divides
f)and § = diag(wy, w2) € PGL2(g) (modulo scalars) is a diagonal automorphism
of Go. Recall that (g 4+ 1)/2 = r° for some prime r and positive integer e. Our goal
is to show that (x) does not hold.

First observe that r is odd. Indeed, if »r = 2 then pf + 1 = 2¢t! and thus
Lemma 2.6 implies that f = 1, which is false. Next we claim that f is a 2-power.
To see this, first assume that f is odd and p = 2" — 1 is a Mersenne prime. Then
r¢ = (pf + 1)/2 is divisible by (p 4+ 1)/2 = 2", but r is odd so this is not
possible. For the general case, suppose that f = 29m wherea > 0O and m > 1 is
odd (and we may assume that a > 0 if p is a Mersenne prime). We now proceed
as in the proof of Lemma 2.9(iii). We have
q2 -1 pZ“'Hm -1

e _ —

r= - a
2 -1 2(p¥m—1)

and thus r = £€r¢(p). Set s = £a+1(p) (note that s exists since a > 0if p is a
Mersenne prime). Now f = 2%m is indivisible by 2!, so (s, ¢ — 1) = 1 and thus
s does not divide 2(¢ — 1). Therefore, r = s is the only possibility, but this is a
contradiction since 2 f = 2¢T1m > 29+1 This justifies the claim.

Therefore, in order to show that (x) does not hold, we may assume that |G :
Go| = 2. Write G = Go U Goy.

If we identify €2 with the set of 1-dimensional subspaces of the natural L, (q)-
module, then ¢ and ¢ fix the 1-spaces ((1, 0)) and ((0, 1)). Therefore, Lemma 2.4
implies that the coset Goy contains derangements. But every element in this coset
has even order, which is incompatible with property (). O

To summarize, we have now established the following result. (Note that the
case appearing in the final row of Table 5 is recorded as (G, H) = (L3(2), P1) in
Table 1).
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Table 5. The cases (G, H, r) in Proposition 4.7

G H r  E(G) Conditions
ILa(g)  NgD2g+1)) ror r = q — 1 Mersenne prime
FLy@8)  Ng(P1),Ng(D1s) 3 39
PGLy(¢) Ng(Py) 2 20,1<i<e4+1 ¢=2""—1Mersenne prime
La(q) P rori1<i<e qg=2r°—1

P, Dyg—1) ror r = g + 1 Fermat prime

Dy g+1) ror r = q — 1 Mersenne prime
L2(9) Py 5 5
Lo (8) P1, D14 3 39
Lo (7) S4 7 7

Proposition 4.7. Let G be a finite almost simple primitive permutation group with
point stabilizer H and socle 1L(q), where q > 4 and q # 5. Then (x) holds if and
only if (G, H, r) is one of the cases in Table 5.

Lemma 4.8. Theorem 2 holds if Gy = L3(q).

Proof. Setd = (3, ¢—1) and note that G contains elements of order (g2 +¢g+1) /d
and (q2 — 1)/d. We may assume that g > 3 since L3(2) = Lp(7). If 3 < ¢ < 7,
then we can use GAP to verify the desired result; we find that (x) holds if and only if
G =L3(q), H € {P;,P2}and r = (¢>+q+1)/d, in which case £(G) = {r} (note
that (612 + g + 1)/d is a prime number for all ¢ € {3, 4,5, 7}). For the remainder,
we will assume that ¢ > 8. In particular, note that (¢> — 1)/d is not a prime power
(indeed, it is easy to check that (> — 1)/d is a prime power if and only if ¢ = 3
or 7).

Case 1 G = Gy.

First assume that G = L3(gq). The possibilities for H are given in [5, Tables 8.3
and 8.4]. We can immediately eliminate any subgroup H that does not contain an
element of order (g2 — 1)/d, so this implies that H is either a maximal parabolic
subgroup, or H = SO3(q) (with g odd).

Suppose that H is a maximal parabolic subgroup. Without loss of generality,
we may assume that H = P; (the actions of G on l-spaces and 2-spaces are
permutation isomorphic), so [H| = q3(g — 1)(g* — 1)/d. We claim that G has
property (%) if and only if one of the following holds:

(@ d=1landg®’+g+1=r;or @)
(b) d=3andq®>+q+ 1€ {3r,3r%).

To see this, first notice that any element x € G of order (¢> + g + 1)/d is a
derangement. Therefore, if (x) holds then (¢> + g 4+ 1)/d = r¢ for some positive
integer e, and by applying Lemma 2.9 we deduce that (a) or (b) holds. Conversely,
suppose that (a) or (b) holds. We claim that

{r’rZ} 1fd=3andq2+q+1=3r2
{r} otherwise.

E(G) = [
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To see this, we use the fact that the action of G on 1-spaces is doubly transitive,
so the corresponding permutation character has the form lg = 1 + x for some
irreducible character x € Irr(G) of degree g(g + 1). By inspecting the character
table of G (see [20, Table 2], for example), we see that x (x) = —1 if and only if x
has order r (or r? if d = 3 and g2 + g + 1 = 3r?). This justifies the claim.

Now assume that H = SO3(q), s0 ¢ is odd. Here elements of order (g% + ¢ +
1)/d are derangements, and so is any unipotent element with Jordan form [J2, Ji]
(where J; denotes a standard unipotent Jordan block of size i). Therefore, (x) does
not hold in this situation.

Case 2 G # Gy.

To complete the proof of the lemma, we may assume that G # Gg and ¢ > 8.
Let M be amaximal subgroup of G containing Hy := H NGy. From the analysis in
Case 1, we may assume that M = Py, in which case Hj is either equal to Py, oritisa
non-maximal subgroup of type P » (a Borel subgroup of Gg) or GL2(g) x GL1(g).
We can quickly eliminate the latter two possibilities. For instance, if Hy is a Borel
subgroup then A y,(Go) contains all elements of order (g> — 1)/d, so (x) does not
hold (see (3)). Similarly, if Hy is of type GL(q) x GL1(q) then A y,(Gy) contains
elements of order (g 2 +g-+1)/d, and also unipotent elements with Jordan form [J3].

Therefore, we may assume that Hy = Py, with ¢ > 8. To show that (x) does not
hold, we may as well assume that we are in one of the two cases (a) and (b) in (4)
above (otherwise the conclusion is clear). Note that the condition Hy = P implies
that G < I'L3(q) (thatis, G does not contain a graph or graph-field automorphism).
Also note that we may identify Q2 with the set of 1-dimensional subspaces of the
natural L3(g)-module. Note that r > 3.

First assume that G = PGL3(g), so d = 3 since we are assuming that G #
Go. Here G has a cyclic maximal torus (x) of order ¢g> 4+ ¢ + 1. Then x is a
derangement and thus (x) does not hold since ¢> +¢ + 1 is not a prime power (note
that (g> +¢q + 1)3 = 3).

For the remainder, we may assume that ¢ = p/ and f > 2 (also recall that
q = 8).Inview of (4), Lemma 2.9(iii) implies that f is a 3-power. To deduce that (x)
does not hold, we may assume that |G : G| is a prime number. Since G < I'L3(q)
and f is a 3-power, we may assume that |G : Go| = 3 and thus G = Gy.(¢) or
Go.(8¢), where ¢ is a field automorphism of order 3 and § is an appropriate diagonal
automorphism diag(w1, w2, w3) € PGL3(g) (modulo scalars). In both cases, the
result follows by applying Lemma 2.4. For example, §¢ has more than one fixed
point on €2, so Lemma 2.4 implies that the coset God¢ contains derangements,
none of which has r-power order. In view of this final contradiction, we conclude
that (x) does not hold if G # Gy. O

Lemma 4.9. Theorem 2 holds if Go = Uz(gq).

Proof. Setd = (3,q + 1) and observe that G contains elements of order (q2 —
g + 1)/d and (g> — 1)/d. Note that (g> — 1)/d is a prime power if and only if
q € {3, 5}. In order to show that (x) does not hold, we may assume that G = Gy.
The cases g € {3, 4, 5} can be handled directly, using GAP, so for the remainder
we will assume thatg > 7. Let V be the natural Gop-module, and let P (respectively
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Nj) be the Gy-stabilizer of a 1-dimensional totally isotropic (respectively, non-
degenerate) subspace of V. Note that N is a subgroup of type GU1(q) x GU2(q).

We can immediately rule out any subgroup H that does not contain elements of
order (¢ — 1)/d, which means that we may assume H is of type Py, Ny or O3(q)
(g odd). In all three cases, elements of order (q> — ¢ + 1)/d are derangements. In
addition, if H = Nj (respectively, SO3(g)) then unipotent elements with Jordan
form [J3] (respectively, [J2, J1]) are derangements. Finally, suppose that H = Pj.
Let € F2 be an element of order ¢ + 1 and set x = diag(l, o, o eG
(modulo scalars) with respect to an orthonormal basis for V. Then x does not fix a
totally isotropic 1-space, whence x is a derangement of order g + 1. O

Having handled the low-dimensional groups, we are now in a position to com-
plete the proof of Theorem 2 for linear and unitary groups.

Lemma 4.10. Theorem 2 holds if Gy = L, (q).

Proof. We may assume thatn > 4. Setd = (n,q —€) and e = (¢ — €)d. Let
V be the natural Go-module. Let P; be the G-stabilizer of a totally isotropic i-
dimensional subspace of V (so P; is a maximal parabolic subgroup of Gy, and
we can take any i-space if € = +). Similarly, if ¢ = — then let N; denote the
Go-stabilizer of an i-dimensional non-degenerate subspace of V (so N; is of type
GU;(g) x GU,,_;(q)). In order to show that (x) does not hold, we may assume that
G = Gy. There are several cases to consider.

Caseln =2mandm > 4 — € is odd.

First assume that m > 5. As in the proof of [12, Proposition 3.11], let x € G be
an element of order (¢ *? — €)(¢"™ > — €)/e. Then |x| is not a prime power (see
Lemma 2.7), and [28, Table II] indicates that x is a derangement unless one of the
following holds:

(@) e =4+ and H = P,;;—5 (or P,42);
(b) e = —and H = N, _».

In (a), any element of order £,(q) or £,_1(g) is a derangement, and elements of
order £,(q) and £5(,—1)(g) are derangements in case (b).

Now assume m = 3, so (e,n) = (+,6). Let x € G be an element of order
(q® — 1) /e, which is not a prime power by Lemma 2.8. Here x is a Singer element,
and the main theorem of [3] implies that x is a derangement, unless H is a field
extension subgroup, so we have reduced to the case where H is of type GL3(g?)
or GL, (q3). In this situation, elements of order £5(¢q) are derangements, and so are
unipotent elements with Jordan form [J>, J 14 1.

Case2n =2mandm > 3 — ¢ is even.

First assume that m > 4. Let x € G be an element of order (¢ —€)(gq
€)/e. Then Lemma 2.7 implies that |x| is not a prime power, and from [28, Table
II] we deduce that x is a derangement unless one of the following holds:

m+1 m—1 __

(@) € =+and H =Py, (or Pyy1);
(b)Y e =—and H =N,,_;.
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To deal with these cases, we can repeat the argument in Case 1.

Now assume m = 2, so (¢, n) = (+, 4). By applying the main theorem of [3],
we deduce that elements of order (¢* — 1) /e are derangements unless H is a field
extension subgroup of type GL;(g?%). Moreover, since (¢g* — 1)/e is not a prime
power (see Lemma 2.8), we can assume that H is of type GL»(g?). Here elements
of order £3(q) and unipotent elements with Jordan form [J2, J 12] are derangements.
Case3de=+,n=2m+1landm > 2.

If G = L11(2), then any element of order 211 _1=23.89isa derangement,
unless H is a field extension subgroup of type GL{(2!!), in which case elements of
order 210 — 1 are derangements. For the remainder, we may assume that (n, g) #
(11, 2).

Let x € G be an element of order (g"+! — 1)(¢™ — 1)/e. By Lemmas 2.7 and
2.8, |x| is not a prime power, so we may assume that H = P, (see [28, Table II]).
If m > 3, then elements of order ¢,,(¢) or £,,_2(q) are derangements. Similarly, if
m = 2 then we can take elements of order £5(q) or £4(q).
Casede=—n=2m-+1andm > 4.

Fix x € G, where

(@™t +1)(g™ —1)/e m even

Il = @" 4+ 1)(g" ' = 1)/e modd.

By Lemma 2.7, |x| is not a prime power, and [28, Table II] indicates that x has
fixed points only if H stabilizes a subspace U of V with dim U > 2. Therefore, we
may assume that H has this property, in which case any element of order £,,(g) or
£,—1(q) is a derangement.

CaseS5¢=—andn € {4,5,6,7}.

First assume that n = 7. Let x € G be an element of order (¢® — 1)/d. Since
|x| is not a prime power, by inspecting the list of maximal subgroups of G (see [5,
Tables 8.37 and 8.38]) it follows that we can assume that H € {P3, N1, SO7(¢)}. In
all three cases, any element of order £14(q) is a derangement. Similarly, elements
of order £19(g) are derangements, unless H = Ny, in which case any unipotent
element with Jordan form [J7] is a derangement. The case n = 5 is entirely similar.

Next assume that n = 6. For now, let us assume that ¢ ¢ {2, 5}. Let x € G be
an element of order (¢° + 1)/d. Then |x| is not a prime power (see Lemma 2.8) and
H = Nj is the only maximal subgroup of G containing such an element (see [28,
p. 767]). Now, if H = N then any element of order (¢® — 1)/e is a derangement
of non-prime power order.

Suppose that n = 6 and g € {2, 5}. The case ¢ = 2 can be checked directly,
using GAP for example, so let us assume that ¢ = 5. Let x € G be an element of
order (5% — 1)/e = 434. By inspecting the list of maximal subgroups of G (see
[5, Tables 8.26 and 8.27]), we deduce that x is a derangement unless H is of type
P3, GL3(52%) or GU»(5%), so we may assume that H is one of these subgroups,
in which case any element of order £10(5) = 521 is a derangement. Suppose that
H = P3. Fix an orthonormal basis for V and let y = diag(1, 1, , o~ w?, a)_z)
(modulo scalars), where w € F»s is an element of order 6. Then y is a derangement.
Similarly, if H is of type GL3(5%) or GU»(5°), then any unipotent element with
Jordan form [/, Jl4 ] is a derangement. This eliminates the case G = Ug(5).
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A very similar argument applies if n = 4. Here the cases ¢ € {2, 3} can be
checked directly, so let us assume that ¢ > 4. Let x € G be an element of order
(g3 + 1)/d. Then |x| is not a prime power (see Lemma 2.8) and again we reduce
to the case H = Nj (see [28, p. 767]). We can now take any element of order
(g* — 1)/e, which will be a derangement of non-prime power order. O

Next, we turn our attention to symplectic groups. Let Go = PSp, (¢) be a
symplectic group with natural module V. As before, we will write P; (respectively,
N;) for the Gy-stabilizer of an i-dimensional totally isotropic (respectively, non-
degenerate) subspace of V. We will also use n = m L (n — m) to denote an
orthogonal decomposition of V of the foorm V = V| L V,, where V; is a non-
degenerate m-space. Further, we will say that a semisimple element x € Gy is
of type m L (n — m) if it fixes such an orthogonal decomposition of V, acting
irreducibly on V7 and V5. Similar notation is used in [7,12,28].

To begin with, we will assume that n > 6; the special case Gy = PSp,(g) will
be handled separately in Lemma 4.12.

Lemma 4.11. Theorem 2 holds if Go = PSp,,(q) andn > 6.

Proof. Setd = (2,q — 1) and write n = 2m with m > 3. As before, we may
assume that G = Gy.
Case 1 m odd.

The case (n, g) = (6, 2) can be handled directly (using GAP, for example), so
let us assume that (1, g) # (6, 2). Let x € G be an element of order (¢ + 1)/d.
If g is even, then Lemma 2.6 implies that |x| is not a prime power, and it is easy to
see that the same conclusion also holds if g is odd. By the main theorem of [3], x
is a derangement unless one of the following holds:

(a) H is afield extension subgroup of type Sp,, /(¢ kY for some prime divisor k of

n;

(b) gisevenand H = O, (q).

In (a), elements of order £,,_>(g) are derangements, and so are unipotent ele-
ments with Jordan form [J;, JI”_Z]. Similarly, if (b) holds then elements of order
£, (g) are derangements, and so are semisimple elements of type (n —2) L 2 and
order (¢! + 1)(g + 1).

Case 2 m > 6 even.

First assume that ¢ is odd. Let x € G be a semisimple element of type (n —4) L

4, so

x| = g" 2 +1 if m = 0 (mod 4)
Tl @+ D@2+ 1)/2 ifm =2 (mod 4).

Clearly, if m = 2 (mod 4) then |x| is divisible by £4(q) and £,,_4(g), so |x| is not
a prime power. The same conclusion also holds if m = 0 (mod 4) (see Lemma
2.6). By [7, Proposition 5.10], we may assume that H is of type N4 or Spn/z(qz).
In both cases, elements of order ¢,,_»(g) are derangements. In addition, unipotent
elements with Jordan form [J,] (respectively, [J2, 11”72]) are derangements if H
is of type Ny (respectively, Sp,, g?).
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Now assume that g iseven. Letx € G be asemisimple element of type (n—2) L
2 and order ¢! 4 1. Now Lemma 2.6 implies that |x| is not a prime power,
and by applying the main theorem of [32] we deduce that x is a derangement
unless H € {Na, O,/ (¢)}. In both cases, elements of order £, (q) are derangements.
Also, unipotent elements with Jordan form [J,] are derangements if H = Nj.
Now, if H = 0, (¢q) then let y € G be a block-diagonal element of the form
y = [y1, y2] (with respect to an orthogonal decomposition n = (n — 2) L 2),
where y; € Sp,,_,(q) has order £,,_1(q) and y, € Sp,(g) has order g + 1. Then y
is a derangement and the result follows.

Case 3 m = 4.

The case ¢ = 2 can be checked directly, so we may assume that g > 3. If g is
even, then we can repeat the relevant argument in Case 2. Now assume ¢ is odd.
Letx € G be a semisimple element of type 6 L 2 and order ¢> + 1. By Lemma 2.6,
|x] is not a prime power. The maximal subgroups of G are listed in [5, Tables 8.48
and 8.49], and we deduce that x is a derangement unless H is of type No, GU4(q)
or La(¢3) (in the terminology of [5,38], the latter possibility is an almost simple
irreducibly embedded subgroup in the collection S). In each of these exceptional
cases, any element of order (¢* 4+ 1)/2 is a derangement. In addition, if H =
N, then unipotent elements with Jordan form [Jg] are derangements. Similarly,
if H is of type GU4(g) or Lz(q3) then elements with Jordan form [J5, 116] are
derangements. O

Lemma 4.12. Theorem 2 holds if Gy = PSp,,(q).

Proof. We may assume that n = 4. The result can be checked directly if ¢ < 7, so
let us assume that g > 8.

First assume that g is odd. In terms of an orthogonal decomposition4 =2 1 2,
let x = [x1,x2] € G (modulo scalars) be an element of order p(g + 1), where
x1 € Sp,(q) is a unipotent element of order p, and xo € Sp,(g) is irreducible
of order ¢ + 1. By inspecting the list of maximal subgroups of G (see [5, Tables
8.12 and 8.13]), we deduce that x is a derangement unless H is of type P; or
Sp,(g) ¢ S2. In both of these cases, any element of order £4(q) is a derangement.
Similarly, unipotent elements with Jordan form [ J4] are derangements if H is of type
Sp,(g):S2. Finally, suppose that H = P;. Now Sp,(¢) has precisely p(g+1)/2 > 2
distinct classes of elements of order g + 1 (where ¢ is the Euler totient function); if
¥1, Y2 € Sp,(q) represent distinct classes, then y = [y, y2] € G (modulo scalars)
is a derangement since it does not fix a totally isotropic 1-space.

Now assume ¢ is even. As above, let x € G be an element of order 2(q + 1).
The maximal subgroups of G are listed in [5, Table 8.14], and we see that x is a
derangement unless H is of type Py, Sp,(q) ¢ S2 = Oj(q) or O, (g). For H = Py,
we can repeat the argument in the ¢ odd case, so let us assume that H = O} (q).
If € = + then any element of order ¢4(g) is a derangement, and we can also find
derangements of order 4 (with Jordan form [J4]), since there are two conjugacy
classes of such elements in G, but only one in H. Finally, if ¢ = — then we can
find derangements of order 2 (with Jordan form [Jzz]; these are a;-type involutions
in the sense of Aschbacher and Seitz [1]), and also derangements of order ¢ + 1 of
the form [yq, y»] as above. O
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To complete the proof of Theorem 2, we may assume that Gy = PQ(g) is
an orthogonal group, where n > 7. The low-dimensional groups with n € {7, 8}
require special attention. We extend our earlier notation for orthogonal decompo-
sitions by writing m™ to denote a non-degenerate m-space of type & (when m is
even). Similarly, we write N; for the Go-stabilizer of such a subspace of the nat-
ural Go-module V. If g is even, we will also adopt the standard Aschbacher—Seitz
notation for involutions (see [1]).

Lemma 4.13. Theorem 2 holds if Go = 27(q).

Proof. We may assume that G = Gg. The case ¢ = 3 can be checked directly, so
we may assume that g > 5 (recall that ¢ is odd). Let x € G be an element of order
(¢ +1)/2, which is not a prime power. By [7, Proposition 5.20], x is a derangement
unless H = N, in which case any element of order £3(g) is a derangement, and
so are unipotent elements with Jordan form [J7]. O

Lemma 4.14. Theorem 2 holds if Gy = PQ;(q).

Proof. As usual, we may assume that G = Gg. Let V be the natural module for
Go. The case ¢ = 2 can be checked directly, using GAP. Next suppose that ¢ = 3.
Let x € G be an element of order 20, fixing a decomposition of V of the form
8 =47 L 47. Asindicated in [7, Table 3], x is a derangement unless the type of
H is one of the following:

P4, 07(3), 04 (3) 1S3, GU4(3), Sp4(3) ® Sp,(3)

where 07(3) is irreducible and Py is the stabilizer in G of a maximal totally singular
subspace of V.

By considering elements of order 14, we can immediately eliminate the cases
P4, O, (3) 2 $2 and Spy(3) ® Sp,(3). Similarly, G contains derangements of order
15 if H is of type GU4(3). Finally, suppose that H is an irreducible subgroup of
type O7(3). To see that () does not hold, we may replace H by a conjugate HT,
where t € Aut(G) is an appropriate triality graph automorphism such that H is the
stabilizer in G of a non-degenerate 1-space. For this reducible subgroup, elements
with Jordan form [J;1 ] are derangements, and so are elements y € G of order 5 of
the form y = yZ, where Z = Z(Qg (3)) and Cy () is trivial (the eigenvalues of y
(in [F54) are the nontrivial fifth roots of unity, each occurring with multiplicity 2).

For the remainder, we may assume that ¢ > 4. Let x € G be an element of
order (¢ +1)/(2, ¢ — 1), fixing an orthogonal decomposition 8 = 6~ L 2. Then
|x| is not a prime power, and x is a derangement unless H is of type N, or GU4(q)
(see [28, p. 767]). In both of these cases, elements of order £3(g) are derangements.
Similarly, if g is odd then unipotent elements with Jordan form [J7, J1] are also
derangements. Finally, if g is even and H is of type N, (respectively, GU4(g)) then
unipotent elements with Jordan form [J, 42] (respectively, [J22, J 14 ]; cp-involutions in
the terminology of [1]) are derangements. The result follows. O

Lemma 4.15. Theorem 2 holds if Gy = PQg ().
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Proof. Again, we may assume that G = Gy. If ¢ < 3 then we can use GAP to
verify the result, so let us assume that g > 4. The maximal subgroups of G are listed
in [5, Tables 8.52 and 8.53]. By considering elements of order £3(g) and £¢(q), we
can eliminate subfield subgroups, together with the reducible subgroups of type P,
P3,N,, N3 and Nj{. Similarly, elements of order £3(¢q) and £4(q) are derangements
if H is a non-geometric subgroup of type L§(q). Therefore, to complete the proof,
we may assume that H is either a field extension subgroup of type O, (g%),ora
reducible subgroup of type Py, N;' , O7(q) (q odd) or Sp(q) (g even).

If H is of type O, (¢%), then elements of order £4(¢) are derangements, as
well as unipotent elements with Jordan form [J7, Ji] if ¢ is odd, and unipotent
elements with Jordan form [J2, J 14 ] (az-type involutions) if g is even. Similarly, if
H =Pjor NEL then elements of order £g(g) and £3(g) are derangements (note that
an element of order £3(q) fixes a 2™ -space, but not a 2" -space). Finally, suppose H
is of type O7(q) (g odd) or Sps(q) (g even). In both cases, elements of order £5(g)
are derangements. In addition, there are derangements with Jordan form [Js, J3]
(g odd) and [J42] (g even). |

Lemma 4.16. Theorem 2 holds if Go = PQ¢(q).

Proof. We may assume that G = G and n > 9. We have three cases to consider.
Case 1 Gy = PQ (g) and n > 10.

Write n = 2m and first assume that m is odd. Let x € G be an element of order
(gm=D72 4 1)(g"™+D/2 £ 1)/(4, g — 1), fixing an orthogonal decomposition of
the form (m + 1)~ L (m — 1)7. Then Lemma 2.7 implies that |x| is not a prime
power, so by [7, Proposition 5.13] we may assume that H = N, _,. In this situation,
elements of order £,,_>(g) are derangements, and so are unipotent elements with
Jordan form [J,,—1, J1] (¢ odd) or [J,,—2, J2] (¢ even).

A similar argument applies if m is even. Here we take an element x € G of
order (¢"=2/2 4 1)(q"*+2/2 4 1)/(4, g — 1), fixing a decomposition (m +2)~ L
(m — 2)~. Then |x| is not a prime power, and [7, Proposition 5.14] implies that x
is a derangement unless H is of type N, _, or 0;,"/2 (¢%). In the former case, we
complete the argument as above, so let us assume that H is of type O;L/Q (g%). Any
element of order ¢,_»(q) is a derangement, and so are unipotent elements with
Jordan form [J,,—1, J1]if ¢ is odd. Finally, if ¢ is even then a-type involutions are
derangements.

Case 2 Gy = P2, (¢g) and n > 10.

Again, write n = 2m. First assume that m > 11. Let x € G be an element of

order

lem(@" > +1,¢> +1,¢*> + 1)/2,g — 1)

fixing a decomposition (n — 10)~ L 6~ L 47. Then |x]| is not a prime power, and
[7, Proposition 5.16] implies that x is a derangement unless H is of type N, , N¢
or Nfro. In each of these cases, it is clear that elements of order £,,(q) and £,,_2(q)
are derangements.

Next suppose that m € {5,6,7,9, 10}. Let x € G be an irreducible element
of order (¢ 4+ 1)/(2,¢q — 1). We claim that |x| is not a prime power (here we
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require m # 8). If g is even, this follows immediately from Lemma 2.6, so let us
assume that ¢ is odd. Suppose m = 5 and ¢°> + 1 = 2r° for some prime r and
positive integer e. Then (¢ + 1)(¢* — ¢> +¢*> —q + 1) = 2r¢ and r = £10(q).
Therefore, g + 1 = 2 is the only possibility, which is absurd. Similarly, if m = 6
and g®+1 = (¢>+ 1) (g* —g%>+1) = 2r¢, thenr = £15(g) and g> + 1 = 2, which
is not possible. The other cases are entirely similar. Now, by the main theorem of
[3], x is a derangement unless H is a field extension subgroup of type OH_/ k(qk ) (k
aprime divisor of n,n/k > 4 even) or GU,,;2(¢g) (n/2 odd). In both cases, elements
of order ¢,,_»(g) are derangements. In addition, there are unipotent derangements;
take [J,—1, J1]if g is odd, an a,-involution if g is even and H is of type On_/k(qk),
and a cz-involution if g is even and H is of type GU,;2(q).

Finally, let us assume that m = 8. As in [28, Table II], let x € G be an element
of orderlem(q® + 1, g2 41, +1)/(2, g — 1), fixing an orthogonal decomposition
of the form 10~ L 4~ 1 27. Note that |x| is divisible by £19(g) and £4(g), so it is
not a prime power. As indicated in [28, Table II], x is a derangement unless H is
of type Ny, N, or Ng . In each of these cases, elements of order £16(¢) and £14(g)
are derangements.

Case 3 Gy = Q2,,(¢) and n > 9 is odd.

Write n = 2m + 1 and note that g is odd. First assume m is odd. Let x € G be

an element of order

1cm(q(m+l)/2 + 1’ q(m—l)/2 + 1)/2 — (q(m—H)/Z + 1)(q(m—l)/2 + 1)/4’

fixing an orthogonal decomposition (m + 1)~ L (m — 1)~ L 1. Note that |x|
is divisible by ¢,,+1(q) and £¢,,_1(g), so |x| is not a prime power. Let H be a
maximal subgroup of G containing x. By carefully applying the main theorem
of [32], we deduce that H € {N Iy N, i N2+m}. For example, the order of x
rules out subfield subgroups and imprimitive subgroups of type O1(gq) ¢ S, (see
[7, Remark 5.1(i)]), and the dimensions of the irreducible constituents of x are
incompatible with field extension subgroups of type O, /k(qk). Now, if H is one
of these reducible subgroups, then elements of order ¢,_1(g) and ¢,_3(g) are
derangements. The result follows.

A similar argument applies if m is even. Here we take x € G to be an element
of order

fixing a decomposition (m + 2)~ L (m —2)~ L 1. We claim that |x| is not a
prime power. This is clear if m > 6, or if m = 4 and ¢ is not a Mersenne prime,
since |x| is divisible by £,,42(q). Suppose that m = 4 and ¢ is a Mersenne prime.
If ¢ = 3 then |x| = 28 and the claim holds, and if g > 3 then |x| is divisible by 2
and £¢(g). This justifies the claim. Using [32] one can check that the only maximal
subgroups of G containing x are of type N, . ,, N, or N;m’ SO we may assume
that H is one of these subgroups. Here we observe that elements of order £,,_1(q)
are derangements, and so are unipotent elements with Jordan form [J,,]. O

This completes the proof of Theorem 2.
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5. Affine groups

Let G be a finite primitive permutation group. By Theorem 1, if (x) holds then G is
either almost simple or affine. In the previous section, we determined all the almost
simple examples, and we now turn our attention to the affine groups with property
(*). Our main aim is to prove Theorem 4.

Let G = HV < AGL(V) be a finite affine primitive permutation group with
point stabilizer H = G and socle V = (Zp)k . As an abstract group, G is a
semidirect product of V by H. Therefore, we will begin our analysis by studying
the structure of a general semidirect product G = H x N with property (x), so G
is a finite group, H is a proper subgroup and N is a normal subgroup of G such
that G=HNand HNN = 1.

We will need some additional notation. If K is a subgroup of G and g € G,
then we set

(K,gl={lk.gl=k"'g kg : k € K}.
We also write K* for the set of all nontrivial elements of K.

Lemma 5.1. Let G = H x N. The following hold:

1) Ca(x) =Cy(x)Cn(x) forall x € H.

(i) If K < H, then KN K" = Cg(n) foralln € N*.
(iii) If N is abelian, then Ay (G) = {tv : t € H,v € N\[N, t]}.
(iv) If property (x) holds, then N is an r-group.

Proof. First consider part (i). The result is clear if x = 1, so assume that x € H*.
The inclusion Cg (x)Cy (x) € Cg(x) is clear. Conversely, suppose that g = hn €
Cg(x) where h € H, n € N. Then hnx = xhn. Multiplying both sides by
(xh)~' = h~'x~!, we obtain

hnxh™'x~! = (xh)n(xh)~!
which implies that
(hnh™Y(hxh~'x™Y = (xh)n(xh)~!.
Sincen € N < G and h, x € H, we deduce that
hxh 'x7 V= (n ' Y (xh)n(xh) ' e HNN =1

so h € Cygy(x). Since hnx = xhn = hxn, we deduce that nx = xn and thus
n € Cy(x). Therefore, g = hn € Cy(x)Cy(x) and part (i) follows.

For part (ii), let K < H and let n € N*. Assume that y € K N K". Then
y =k" € K forsome k € K, so

Ky =k"'nYn =G 'nlone KON =1,

which implies that kn = nk and y = k, or equivalently y € Cg (n). Therefore,
K N K" < Ck(n). Conversely, if y € Cg(n) theny € K and y = n~'yn € K",
soy € KN K" and thus Cg (n) < K N K". The result follows.
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Now consider part (iii). Assume that N is abelian. Set
':={tv:teHve N\[N,1]}.

First we claim that ' € Ag(G). Let g € I', say ¢ = hn with h € H and
n € N\[N, h]. Seeking a contradiction, suppose that g € Ay (G). Then g € H'
for some r € G. Sincet € G = HN, we may write t = hym| with h; € H and
my € N. It follows that g € H' = H™!, s0 mlgmf1 € H.Letm := mfl € N.
Then m~'gm = m~'hnm = h™n € H (note that nm = mn since N is abelian)
and thus h~'h""n = [h, mln € H. We also have [h, m|n = (h"'m~'h)mn € N,
so [h,m]n € HN N = 1 and we deduce that n = [m, h] € [N, h], contradicting
our choice of n. We have now shown that I' € Ay (G). Conversely, suppose that
g =hn e Ayg(G)withh € H,n € N. We claim that n € N\[N, h]. Seeking
a contradiction, suppose that n € [N, h], say n = [m, h] for some m € N. Then
m~Y(hn)m = h, or equivalently ¢g" € H, which is a contradiction.

Finally, let us turn to part (iv). If x € N* thenx% c N,sox’NH C NNH =1
and thus x¢ N H = @ since x # 1. Therefore N* € Ay (G). In particular, if every
element of Ay (G) is an r-element (for some fixed prime r), then every element of
N is also an r-element and thus N is an r-group. O

Lemma 5.2. Let G = H x N, where N is an r-group for some prime r. Then the
following are equivalent:

(i) Property (%) holds.
(i) Cy(n) = HN H" is an r-group for alln € N*.
(iii) Cy (x) = 1 for every nontrivial r'-element x € H. In other words, every
nontrivial r'-element of H induces a fixed-point-free automorphism of N via
conjugation.

Proof. First we will show that (i) implies (ii). Suppose that (x) holds. Let n € N*.
We claim that Cg(n) is an r-group. Notice that Cy(n) = H N H" by Lemma
5.1(ii). Seeking a contradiction, suppose that |[Cg ()| is divisible by a prime s # r.
Choose y € Cy(n) with |y| = s and let g := ny = yn € G. We claim that
g € Ay (G), which would be a contradiction since |g| = |n|s is not a power of r.
Assume that g € Ap(G), so g € H' for some ¢ € G. Since G = HN, we may
assume that t € N. Then

gS — (ny)_& — nSyS — nS c HI

andn® e N < G,sot(ns)t’1 € HNN = 1 and thus n* = 1, which is not possible
since n is a nontrivial 7-element. Therefore, g = ny € Ay (G) as required.

Next we will show that (ii) implies (i). Suppose that Cg (n) is an r-group for
alln € N*.Let g € Ay(G),say g = hn withh € H and n € N*. We claim that

g is an r-element. Seeking a contradiction, suppose that m := |g| is divisible by
aprime s # r. Set x := ¢"/ € G and let S be a Sylow s-subgroup of H. Then
|x] = s and S is also a Sylow s-subgroup of G since |G : H| = |N| is coprime

to s. By Sylow’s theorem, x’ € S < H for some ¢t € G. Since gG C Ay (G),

replacing g by gf1 we may assume thatx € H. Then g € Cg(x) = Cy(x)Cpn(x)
by Lemma 5.1(i).
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Suppose that Cy(x) # 1,say 1 # n € Cy(x). Then x € Cg(n), but this
is a contradiction since |x| = s and we are assuming that Cg (n) is an r-group.
Therefore, Cy(x) = 1 and thus Cg(x) = Cy(x). Hence g € Cy(x) < H, which
contradicts the fact that g € Ag(G). This final contradiction shows that g is an
r-element, so (%) holds.

Now let us show that (ii) implies (iii). Suppose that Cy (n) is an r-group for
alln € N*. Let x € H* be an r’-element. We claim that Cy(x) = 1. Seeking
a contradiction, suppose that 1 # n € Cy(x). Then x € Cgy(n), so |[Cy(n)|
is divisible by |x|, which is not an r-power. This contradicts the assumption that
Cp (n) is an r-group.

To complete the proof, it remains to show that (iii) implies (ii). Suppose that
Cy (x) = 1 for every nontrivial r’-element x € H.Letn € N*. If Cy (n) is not an
r-group, then there exists an element x € Cy(n) with |x| = s, where s # r is a
prime. Therefore, 1 # n € Cy(x), which is not possible since Cy (x) = 1. m|

We are now in a position to prove Theorem 4.

Proof of Theorem 4. Let G = HV < AGL(V) be a finite affine primitive per-
mutation group with point stabilizer H = G¢ and socle V = (Z p)k , where p is
a prime and k > 1. If property (*) holds, then »r = p and Lemma 5.2 implies
that no nontrivial r’-element of H has fixed points on V \ {0}. Therefore, the pair
(H, V) is r’-semiregular in the sense of [19]. Conversely, if r = p and (H, V) is
r’-semiregular, then Cy (x) = 0 for every nontrivial 7'-element x € H, so Lemma
5.2 implies that G has property (x). O

Remark 5.3. Note that the equivalence of (i) and (ii) in Lemma 5.2 implies that an
affine group G = HV < AGL(V) has property (%) if and only if every two-point
stabilizer in G is an r-group.

If G = HV < AGL(V) is an affine group (with V = (Z,)%) and r ¢ w(H),
then G is a Frobenius group and property () clearly holds. Therefore, we may focus
on the case where r € w(H). As noted in the Introduction, detailed information on
r’-semiregular pairs (H, V) was initially obtained by Guralnick and Wiegand in
[33, Section 4], where this notion arises naturally in their study of the multiplica-
tive structure of field extensions. Similar results were established in later work by
Fleischmann et al. [19]. In both papers, the main aim is to determine the structure
of H. For solvable affine groups, we have the following result (in the statement,
0,/ (Y) denotes the largest normal r’-subgroup of Y):

Proposition 5.4. Let G = HV < AGL(V) be a finite affine primitive permutation
group with point stabilizer H = Go and socle V. = (Z,)*. Assume that H is
solvable andr € w(H). Then G has property (x)only if H = X x Y or (X xY):2,
where X € {1,SL2(3)}, Y = O,/(Y)R and R is a Sylow r-subgroup of Y.

Proof. This follows from [19, Theorem 2.1]. |

The main result for a perfect group H is Proposition 5.5 below (see [19, Theorem
4.1]; also see [33, Theorem 4.2]). In part (iv), S = {5, 13, 37,73, ...} is the set of
all primes s satisfying the following conditions:
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(a) s =293% + 1, wherea >2and b > 0;
(b) (s + 1)/2 is a prime.

It is not known whether or not S is finite.

Proposition 5.5. Let G = HV < AGL(V) be a finite affine primitive permutation
group with point stabilizer H = Go and socle V = (Z,)*. Assume that H is perfect
andr € w(H). Then G has property (x) only if one of the following holds:

(1) H = SLy(r%), wherea > 1 and r* > 3;
(i) H 2 ?B,2%t) r =2anda > 1;
(iil) H = 2B,(220t1y x SL,(220*tY, r =2 and a, b > 1 such that 2a + 1,2b +
D=1;
(iv) H 2 SLy(s), r =3 ands € SU{7, 17).

For instance, H = SL;(7) has a 12-dimensional faithful, irreducible module
V over F3, and the corresponding affine group G = HV has property (x) (with
E(G) = {3, 9}). In the general case, we refer the reader to [19, Theorem 6.1] for a
detailed description of the structure of H.

Finally, let us suppose that G = HV < AGL(V) is a finite affine primitive
permutation group with property (x). Set

E(G) =¢&u(G) ={lx] : x € An(G)}.

Can we determine when £(G) = {r}? In order to address this question, let P be a
Sylow r-subgroup of G. Then V < P since V is anormal r-subgroup of G, and we
have P = (HNP)V = KV with K := HN P. Note that P = KV is a semidirect
product.

Proposition 5.6. Let G = HV < AGL(V) be a finite affine primitive permutation
group with point stabilizer H = Go and socle V = (Z,)*. Assume that property ()
holds. Let P be a Sylow r-subgroup of G and set K = H N P. Then the following
hold:

(i) P = KV is a transitive permutation group on P/K.
(i) A(G) = UgGG Ak (P)¢ and E(G) = Ex (P).

Proof. As above, P = KV is a semidirect product. For part (i), it suffices to
show that the core L of K in P is trivial. We have L < K < Hand L < P, so
[L,VISKLNVLKNV =1andthus L < Cg(V) < Cg(V) =1 (here we are
using the fact that V is a faithful irreducible H-module). This proves (i).

Now consider part (ii). Clearly, it suffices to show that the first equality holds.
By applying Lemma 5.1(iii) we have

Ag(P)={tv : t e K,ve V\[V,t]}.

Since K < H, a further application of Lemma 5.1(iii) (this time for G = HV)
shows that Ag (P) € A(G). As A(G) is a normal subset of G, it follows that

U 2k (P)¥ € A@G).
geG
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Since property (x) holds, every g € A(G) is an r-element, so some G-conjugate
of g is in P. Without loss of generality, we may assume that g € P = KV. By
Lemma 5.1(iii) we have ¢ = hn, with h € H and n € V \[V, h]. Moreover,
since V < Pand g € P, we have h = grf1 € HN P = K. Therefore, by
applying Lemma 5.1(iii) once again, we conclude that g = hn € Ag(P), so
AG) = UgeG Ak (P)$ and the proof is complete. O

Now, if we assume that G = H V has property (%), then part (ii) of Proposition
5.6 implies that £(G) = {r} if and only if Ex (P) = {r}. Clearly, if P has exponent
r, then Eg (P) = {r}. Conversely, if Ex (P) = {r} with r = 2 or 3, then a theorem
of Mann and Praeger [43, Proposition 2] implies that P has exponent r. In fact, for
this specific transitive group P we can show that the same conclusion holds for any
prime r (we thank an anonymous referee for pointing this out).

Theorem 5.7. Let G = HV < AGL(V) be a finite affine primitive permutation
group with point stabilizer H = G and socle V = (Zp)k, where p is a prime and
k > 1. Then every derangement in G has order r, for some fixed prime r, if and
only if r = p and the following two conditions hold:

(i) Every two-point stabilizer in G is an r-group;
(>ii) A Sylow r-subgroup of G has exponent r.

Proof. Let P be a Sylow r-subgroup of G. First assume that r = p and (i) and (ii)
hold. By (i), the pair (H, V) is r’-semiregular so Theorem 4 implies that property
(%) holds. Therefore, £(G) = Ex (P) by Proposition 5.6(ii) (with K = H N P) and
thus condition (ii) implies that £(G) = {r} as required.

Conversely, let us assume that £(G) = {r}, sor = p and property (%) holds. By
Theorem 4, every two-point stabilizer in G is an r-group and so it remains to show
that P has exponent r. Seeking a contradiction, suppose that exp(P) > r2. Note
that r divides |H|. Let Q be a Sylow r-subgroup of H. Let x € P be an element
of order r2 and observe that x belongs to a conjugate of H (since £(G) = {r}), so
exp(Q) = r2. We may assume x € H and we choose an element v € V\[V, x].
Then xv € G is a derangement by Lemma 5.1(iii), but |xv| > r% so we have
reached a contradiction. O
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