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Abstract: We study the Yang—Mills measure on the sphere with unitary structure group.
In the limit where the structure group has high dimension, we show that the traces of
loop holonomies converge in probability to a deterministic limit, which is known as the
master field on the sphere. The values of the master field on simple loops are expressed
in terms of the solution of a variational problem. We show that, given its values on
simple loops, the master field is characterized on all loops of finite length by a system of
differential equations, known as the Makeenko—Migdal equations. We obtain a number
of further properties of the master field. On specializing to families of simple loops,
our results identify the high-dimensional limit, in non-commutative distribution, of the
Brownian bridge in the group of unitary matrices starting and ending at the identity.

Contents

I. Introduction . . . ... ... ... ... ... 1164

2. Setting and Statement of the MainResults . . . . . ... ... ... ... 1166
2.1 Yang—Mills measure on a compact Riemann surface . . . . . . .. .. 1166
2.2 Embedded Brownianloops . . . . .. ... ... ... ... 1168
2.3 Convergence to the master field on the sphere . . . . . . . ... ... 1169
2.4 Characterization of the master field on the sphere . . . . . . ... .. 1170
2.5 Outline of the main argument . . . . . . . . ... ... ... ..... 1173
2.6 Convergence of spectral measures . . . . . . . . ... ... ..... 1174
2.7 Free unitary Brownianloop . . . . .. ... ... ... ... ... 1176
2.8 The master field as a holonomy inU(co) . . . . . . . .. .. ... .. 1177

3.  Harmonic Analysis in U (N) and a Discrete B-ensemble . . . . ... ... 1182
3.1 Arepresentation formula . . . . . ... ... L. 1182

3.2 Concentration for the discrete S-ensemble and tightness of the support 1186
3.3 Dimension-free continuity estimate for the holonomy of a simple loop 1190
3.4 Evaluation of some contour integrals . . . . . .. ... ... ..... 1191


http://crossmark.crossref.org/dialog/?doi=10.1007/s00220-020-03773-6&domain=pdf
http://orcid.org/0000-0002-8095-7843

1164 A. Dahlqvist, J. R. Norris

3.5 Proof of Proposition2.5 . . . . . . .. ... ... o 1192
4. Makeenko—Migdal Equations . . . .. ... ... .. ... ... ..., 1194
4.1 Combinatorial planar graphs and loops . . . . . ... ... ...... 1195
4.2 Generalized Makeenko—Migdal equations . . . . . .. .. ... ... 1197
4.3 Makeenko—Migdal equations for Wilsonloops . . . . . .. ... ... 1199
4.4 Makeenko—Migdal vectors and the winding number . . . . . . . . .. 1200
4.5 Proof of Proposition2.6 . . . . . . . ... ... 1202
5. Extension to Loops of Finite Length . . . . . . . ... ... ... ..... 1207
5.1 Some estimates for piecewise geodesicloops. . . . . . . .. ... .. 1207
5.2 Proof of Proposition2.7 . . . . . . . . ... 1211
6. Further Properties of the Master Field . . . .. ... ... ... ..... 1212
6.1 Relation with the Hermitian Brownianloop . . . . ... ... .. .. 1212
6.2 Duality at the midpointof theloop . . . . . . ... ... ... .... 1214
6.3 Convergence to the planar master field . . . . . .. ... ... .... 1214
6.4 Uniqueness of the master field . . . . ... ... ... ........ 1217
6.5 Combinatorial formulas for the master field . . . .. ... ... ... 1219

1. Introduction

The Yang—Mills measure, associated to a (two-dimensional) surface X' and to a compact
Lie group G, is a probability measure on (generalized) connections of principal G-
bundles over X. It was introduced in a series of works by Gross, King and Sengupta [29],
Fine [21], Driver [17], Witten [52,53], Sengupta [48] and Lévy [38], as a mathematical
version of Euclidean Yang—Mills field theory. See also [11] for recent progress in higher
dimensions. In this paper, we will consider the Yang—Mills measure in the case where
the surface X is fixed and the group G is a classical matrix group of high dimension.
The interest of such a set-up from the viewpoint of random matrix theory was first raised
in the mathematics literature by Singer [50], who made several conjectures, based on
earlier work in physics [26,27,34,35]. The high-dimensional limit of the Yang—Mills
measure when X is the whole plane has since been studied by Xu [54], Sengupta [49],
Lévy [40], Anshelevich and Sengupta [1], Dahlqvist [13] and others [8,24].

We focus here on the case where the surface X' is a sphere. This case has received
particular attention in the physics literature [6, 14,28,47] as it displays a phase transition
of third order named after Douglas and Kazakov [15]. A corresponding mathematical
analysis of the partition function was achieved by Boutet de Monvel and Shcherbina [7]
and Lévy and Maida [43]. The main result of the present work, Theorem 2.2, confirms
a conjecture of Singer [50], showing that, under the Yang—Mills measure on the sphere
for the unitary group U(N), the traces of loop holonomies converge as N — oo to
a deterministic limit. We characterize this limit analytically and derive some further
properties. Following the physics literature, the limit is called the master field on the
sphere.

As a by-product of our main result, we show that the Brownian loop in U (N), that
is to say, the Brownian bridge starting and ending at the identity, converges in non-
commutative distribution as N — 00 to a certain non-commutative process, which we
call the free unitary Brownian loop. The notion of free unitary Brownian motion was first
defined by Biane [4], using free stochastic calculus, and moreover identified as a limit of
the Brownian motion on U (N). This latter limit was further studied in Lévy [39], Lévy
and Maida [42] and Collins, Dahlqvist and Kemp [12]. Our work may be considered as
a first instance of the free unitary Brownian loop as a limit of a matrix valued process.
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Defining it directly in the setting of free probability is an interesting open problem that
cannot be handled so far by classical tools of free stochastic calculus, such as the ones
introduced in [4,5].

There is a system of relations, discovered by Makeenko and Migdal [45], indexed by
families of embedded loops, between the expectations under the Yang—Mills measure of
polynomials in the traces of loop holonomies. These have now been proved for the whole
plane by Lévy [40] and Dahlqvist [13] and for any compact surface by Driver, Gabriel,
Hall and Kemp [18]. They belong to the class of Schwinger—Dyson equations, a family
of equations obtained by generalizing integration-by-parts formulas to the setting of
functional integrals. See for example [30] and [9, 10], where these equations are proved
and used in different models of random unitary matrices and for a lattice version of the
Yang—Mills measure. For the Yang—Mills functional integral, this heuristic derivation
has been justified recently by Driver [16]. The Makeenko—Migdal equations provide a
potential line of argument to prove convergence of the Yang—Mills measure as N — oo,
which is to show a suitable concentration estimate for the holonomy traces, and to pass
to the limit in the equations, showing that the limit equations determine a unique limit
object. In the whole plane case, moment estimates for unitary Brownian motion provide
the needed concentration, and the Makeenko—Migdal equations may be augmented by
a further equation, such that the whole system of equations then characterizes the limit
field. So the programme has been completed in that case [13,40]. However, as noted in
[18], the concentration and characterization problems have remained open in general.

In this paper, we will establish two key points. First, for simple loops, we show
in Proposition 3.1 that expectations and covariances of the holonomy traces can be
represented by functionals of a discrete S-ensemble. This representation allows us to
identify the limit in probability of these traces as N — oo, following the work of
Guionnet and Maida [30], Johansson [32] and Féral [20] on discrete S-ensembles. This
amounts to a rigorous version of ideas explained by Boulatov [6] and Douglas and
Kazakov [15]. The second point, shown in Sect. 4 using the Makeenko—Migdal equations,
is that the convergence of marginals to a deterministic limit for simple loops forces the
same to hold for a more general class of loops.! Then, by adapting some estimates of
Lévy [40], we are able to consider eventually all loops of finite length, allowing us to
express certain key properties of the master field in a natural way.

An alternative line of argument for the first point, which we shall discuss elsewhere,
would be to use the fact that the process of eigenvalues of the marginals of the Brownian
loop is known to have the same law as a Dyson Brownian motion on the circle, starting
from 1 and conditioned to return to 1. Indeed, several scaling limits of this conditioned
process have recently been understood by Liechty and Wang [44]. This link was first
observed in the physics literature by Forrester, Majumdar and Schehr [22,23]. Section 3
gives another way to obtain macroscopic results on the empirical distribution of this
process.

The paper is organized as follows. Section 2 introduces the model and our results. Sec-
tion 3 shows convergence and concentration of holonomy traces for simple loops, using
a duality relation with a discrete S-ensemble. Section 4 explains how the Makeenko—
Migdal equations can be used to extend this convergence to a general class of regular
loops. Then, in Sect. 5, we make a final extension to all loops of finite length. Section 6
presents some further properties of the master field, including a relation with the free
Hermitian Brownian loop in the subcritical regime, and a formula for the evaluation of
the master field on a large class of loops.

1 This point has recently been shown independently also by Brian Hall [31].
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Subject to certain modifications, to be explained in a future work, the argument
explained here applies to other series of compact groups and also with the projective
plane in place of the sphere.

2. Setting and Statement of the Main Results

We review the notion of a Yang—Mills holonomy field over a compact Riemann surface.
Then we discuss its relation, in the case of the sphere, to the Brownian loop in a Lie
group. Next, we state our main results on convergence of Yang—Mills holonomy in U (N)
over the sphere to the master field, and on analytic characterization of the master field.
The proof of these main results has three steps, which are outlined in Sect. 2.5. Then
we discuss some consequences of our results, for the convergence of spectral measures
of loop holonomies, and for the high-dimensional limit of the Brownian loop in U (N).
Finally, we discuss how the master field can be considered as a natural family of infinite-
dimensional unitary transport operators, following up some suggestions of Singer [50].

2.1. Yang—Mills measure on a compact Riemann surface. We recall in this subsection
the notion of Yang—Mills measure in two dimensions, following the formulation of
Lévy [38], as a field of holonomies indexed by paths of finite length. Let X' be a closed
two-dimensional Riemannian manifold and let G be a compact Lie group. Fix an area
measure on X' having a continuous positive density with respect to Lebesgue measure in
each coordinate chart. Write 7 for the total area of X' and denote by 1 the unit element
of G. Fix a bi-invariant Riemannian metric on G and denote the associated heat kernel
by p = (pi(g) : t € (0,00), g € G). Thus p is the unique C* positive function on
(0, o0) x G such that

ap 1

ar 2

and, for all continuous functions f on G, in the limit ¢ — 0,

/Gf(g)pz(g)dg - f().

Here we have written A for the Laplace—Beltrami operator and dg for the normalized
Haar measure on G.

We specialize in later sections to the case where X is the Euclidean sphere Sy of
total area T

Sr={x e R} :4x x> =T}

and where G is the group U(N) of unitary N x N matrices. The Lie algebra of U (N)
is the space of skew-Hermitian matrices u(N). We specify a metric on U(N) by the
following choice of inner product on u(N)

(g1, 82) = NTr(g185) ey

where Tr(g) = ZlNzl gii- This dependence of the metric on N, which is standard in
random matrix theory, is chosen so that the objects of interest to us have a non-trivial
scaling limit as N — oo.
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By an oriented path in X' we mean a continuous map [0, 1] — X. Write Path(X') for
the set of oriented paths of finite length in X', parametrized by [0, 1] at constant speed.
Denote the length of a path y € Path(X') by £(y). We consider Path(X') as a metric
space, with the length metric

d(y,y) = [t(y) — ey +inf sup d(yr@y. ¥)) 2)
T tef0,1]

where the infimum is taken over homeomorphisms 7 of [0, 1]. Each path y has a starting
point y and a terminal point 3. Write y ~! for the reversal of y, that is, the path of
reverse orientation from ¥ to y. For paths yi, y2 such that y; = y 5 We write y1y»
for the path obtained by their concatenation (and reparametrization by [0, 1] at constant
speed). Write Loop(X') for the set of loops of finite length in X. Thus

Loop(X) = {y € Path(¥) : y =¥}
Write also Path, ,(S7) for the set of paths from x to y, and Loop, (Sr) for the set of
loops based at x. Given paths y, Yy, we say that yy is a simple reduction of y if we can
write y and )y as concatenations

Y =V J/*V*_lyz, Y0 = V1)2

for some paths y1, y2, v«. More generally, we say that yy is a reduction of y if there is
a sequence of paths (y1, ..., ¥) such that y;_1 is a simple reduction of y; for all i and
vn = y. Given paths y1, y», we write y; ~ y» if there is a path yp which is a reduction
of both y; and y».

Given a subset I" of Path(X') which is closed under reversal and concatenation, we

call a function i : I' — G multiplicative if

hy*I = h;lv hyyy = hy,hy,
for all y and for all y, y» with y; = y. 5 We denote the set of such multiplicative
functions by Mult(I”, G). Note that, for any such function 2, we have h,,, = h,, whenever
YL~ V2.

A path is simple if it is injective on [0, 1], while a loop is simple if it is injective
as a map on the circle. We say that a finite subset G = {ey, ..., ¢, } C Path(X) is an
embedded graph in X if each path e; is non-constant, is either simple or a simple loop,
and meets other paths e, only atits endpoints. Then we refer to the sequence (ey, . . ., €;)
as a labelled embedded graph. We will sometimes write abusively G = (V, E, F) to
mean that V is the set of endpoints of paths in G, E = G and F is the set of connected
components of X' \ {e* : e € G}. Here

e* ={e(t):t €0, 1]}

We say that an embedded graph G is a discretization of X if each face f € F is a
simply connected domain in X'. Write Path(G) for the subset of Path(X') obtained by
concatenations of the paths in G and their reversals.

A random process H = (H,, : y € Path(X)) (on some probability space (§2, F, P))
taking values in G is a Yang—Mills holonomy field if

(a) H is multiplicative, that is, H (w) € Mult(Path(X'), G) for all w € £2,
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(b) for any discretization G = (V, E, F) of X and all h € Mult(Path(G), G),

P(H, € dh, foralle € E) = pp(1)~! ]_[ Parea() (B f) Hdhe (3)
feF ecE

(c) for any convergent sequence y (n) — y in Path(X) with fixed endpoints,
H, ) — H, in probability. 4)

The equation (3) specifies certain finite-dimensional distributions of H, considered as
probability measures on G£. The volume element [ cck dheis the product of normalized
Haar measures on G. For each face f, we have chosen a simple loop y (f) € Loop(G)
whose range is the boundary of f and set 4y = h, (). The invariance properties of
Haar measure and the heat kernel under inversion and conjugation guarantee that the
expression (3) depends neither on the orientations of the edges nor on the choice of loops
bounding the faces.
Foreachy € Path(X), we can define a coordinate function H,, : Mult(Path(X), G) —

G by H, (h) = h,,. We define a o -algebra C on Mult(Path(X), G) by

C=o0(H, :y € Path(X)).

Then (H, : y € Path(X)) is amultiplicative random process on (Mult(Path(X), G), C).
We use the same notation (H,, : y € Path(X')) both for this canonical coordinate process
and also, more generally, for any multiplicative random process.

Our basic object of study is the Yang—Mills measure provided by the following theo-
rem of Lévy [38, Theorem 2.62], building on earlier work of Driver [17] and Sengupta
[48].

Theorem 2.1. There is a unique probability measure on (Mult(Path(X), G), C) under
which the coordinate process (H, : y € Path(X)) is a Yang—Mills holonomy field.

Let H = (H, : y € Path(X)) be a Yang-Mills holonomy field in G. We note the
following properties of gauge invariance and invariance under area-preserving diffeo-
morphisms, which follow from invariance properties of (3) and the uniqueness statement
ofthetheorem. Lets : ¥ — G beany functionandletys : ¥ — X bean area-preserving
diffeomorphism. Consider the processes

H® = (s(/)Hys(y)"' 1y € Path(X)), HY = (Hyoy : y € Path(X)).

Then H® and HY have the same law as H. In particular, the relevant data from X are
just its genus and the total area T (Fig. 1).

2.2. Embedded Brownian loops. We specialize now to the case where the surface ¥ is
the sphere Sy of area T. In each Yang—Mills holonomy field H = (H,, : y € Path(Sr)),
there are many embedded Brownian loops in G based at 1 and parametrized by [0, T'],
as we now show. Recall that a random process B = (B, : t € [0, T']) taking values in G
is a Brownian loop based at 1 if

(a) B is continuous, thatis, B(w) € C([0, T], G) forall w € 2,
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Fig. 1. A family of simple loops obtained by intersecting the sphere with a rotating plane, as described in
Sect. 2.2

(b) foralln € N, all gy, ..., go—1 € G and all increasing sequences (¢, ..., #,—1) in
(0, T), setting go = g, = l and ro = 0 and 1, = T and writing fy = s1 + - - - + Sk,

n n—1
P(By edgifork=1.....n=1)=pr()~" []pyeig ) [ ] dsi.
i=1 k=1

Choose a point x in Sy and let P be a tangent plane to St at x, considered as embed-
ded in R3. Choose a line L in P through x and rotate P once around L. The resulting
intersections of P with Sy, which are a nested family of circles, may be given a con-
sistent orientation and then considered as a family in Loop(Sr), all based at x. We can
parametrize this family of loops as (I(t) : t € [0, T]) so that the domain inside /(¢)
has area ¢ for all 7. Then, for all n € N and all sequences (t1, ..., t,—1) in (0, T'), the
loops (1), - .., I(t,—1) are the edges of a discretization of Sy. Define a random process
B= (B :te[0,T]) in G by

/3t = Hl(t)~

It is straightforward to deduce from property (b) of the Yang—Mills holonomy field that
the finite-dimensional distributions of 8 satisfy condition (b) for the Brownian loop.
Hence, by standard arguments, 8 has a continuous version, B say, which is a Brownian
loop in G based at 1. The reader will see many ways to vary this construction while still
obtaining a Brownian loop.

2.3. Convergence to the master field on the sphere. We specialize now to the case where
the structure group G is the group of N x N unitary matrices U (N). Let HY = (H}fv :
y € Path(Sr)) be a Yang—Mills holonomy field in U(N) over the sphere St of area
T. Our main results establish a law of large numbers for this random field in the limit
N — oo, which we express for now in terms of the normalized trace

N
trn(g) =tr(@) =N""Y g
i=1
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Here is our first main result.

Theorem 2.2. There exists a function on loops
@7 : Loop(Sy) — C
such that, for all | € Loop(St),
trN(HlN) — @7 (l) in probability as N — o0.

The function @7 is known in the physics literature as the master field on the sphere.
Until we have proved Theorem 2.2, it will be convenient provisionally to define @7 by

limy o0 B(try (HY)), if this limit exists,

or(l) = .
0, otherwise.

Note that, since |trN(HlN )| < 1, by bounded convergence, as soon as we show that

try (HZN ) converges in probability with deterministic limit, it will follow that E(tr 5 (H, IN )
converges with the same limit, so that this limit must equal @7 (/) as provisionally de-
fined.

Given Theorem 2.2, the master field inherits certain properties from its finite-N
approximations E(try (HZN )), as the reader may easily check.

Proposition 2.3. The master field @1 has the following properties:

(a) @7 = 1 on constant loops and (1) = or(~Y e[-1, 1] for all loops 1,

(b) @7 (1y2) = @71 (v2y1) for all pairs of paths y1, va such that vy is a loop,
() D7 () = D1 (l2) whenever 1y ~ I,
(d) forallx,y € Sr,alln e N, allay,...,a, € Candall yy, ..., y, € Pathy ,(S7),

n
> aa@dr(viv;') =0
Q=1

(e) for all loops | and any area-preserving diffeomorphism ¥ of St,
Sr () =2r).

2.4. Characterization of the master field on the sphere. Our second main result is an
analytic characterization of the master field. This will require some associated notions
which we now introduce. Consider the following variational problem: minimize the
functional

Ir(n) = / {362+ )T —210g I - yI} n(@x)ndy) )
R
over the set of probability measures « on R such that, for all intervals [a, b],
u(la, b)) <b—a.

We note for later use some statements concerning this problem, proofs of which may be
found in Lévy and Maida [43]. First, the functional Z7 is well-defined on the given set of
probability measures, with values in (—oo, oo], and has a unique minimizer, which we
denote by pr. Then pr has a continuous density function pr with respect to Lebesgue
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measure, with 0 < p7(x) < 1 for all x. In the case T € (0, 7r2], pr is the semi-circle
density of variance 1/ T, given by

(x) = r 4 2, x| < 2
pTx_zn T x“, x_ﬁ.
Note that the right-hand side in (6) exceeds 1 when x = 0 for T > 2.
ForT € (7'[2, 00), there is a unique k € (0, 1) such that

(6)

T =8EK —4(1 — k*)K?

where K = K (k) and E = E (k) are, respectively, the complete elliptic integrals of the
first and second kind. See for example [37, Chapter 3, equations (3.1.3) and (3.5.4)].
Set

a=4kK/T, B=4K/T. @)

Then the minimizing density pr is identically 1 on [—«, «], is supported on [—f, B],
and satisfies, for |x| € (a, B),

2/ —a?)(B> —x?) [ ds
Bx| 0 (1 —a22/x2)/(1 —s2)(1 — a2s2/p2)

pr(x) = ®)

See [43, Lemma 4.7, equation (4.14)]. See also [43, Figure 7] for an informative plot
of the family of densities (o7 : T € (0, 00)).

Let us say that [ € Loop(St) is a regular loop if there is a labelled embedded graph
G; = (ey, ..., ey) in Path(S7) such that [ is given by the concatenation e ... ey, in
which e has degree 2 and in which e,, ..., ¢,, have degree 4 and are transverse self-
intersections of /. Here, we say that a self-intersection of / at a vertex v of degree 4 is
transverse if, as [ passes through v, it arrives and leaves by opposite edges. Note that G,
is then uniquely determined by /.

Given a regular loop / and a point v of self-intersection of /, there are two regular
loops [, and Iy starting from v, obtained by splitting [ at v, that is, by following / on its
first and second exit from v, respectively, until it first returns to v. Note that both [/, and
I, have fewer self-intersections than /. See Fig. 2 for an example. Denote by f; the face
of G which is adjacent to the two outgoing strands of / at v, and denote by fi, f2, f3, fa
the faces of G found on making a small circuit around v in the positive sense, starting
from fi. Note that these faces may not all be distinct. For each face f of G, define

4
sen, (f) = > (=D ().

k=1

In the case where the faces f1, f2, f2, f4 are distinct, we have sgn, (f1) = sgn,(f3) =1
and sgn, (f>) = sgn,(f4) = —1. Since G is embedded in the sphere, the only other

possibility is that fi = f3 # fo # fa # fi1, in which case sgn,(fi) = 2 and
sgn, (f2) = sgn,(fs) = —1. See Fig. 3. For n > 0, we say that a C*° map

0:[0,n) xSr — S

is a Makeenko—Migdal flow at (I, v) if
(a) 6(0, x) = x for all x,
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fi fi
€1

-- U _—a--_

v Y
€ €5, 7T T T - -
rof /3
\ €9 €4
e //
€3 €3

Fig. 2. The splitting of the loop eje; ... e7 on the left-hand-side yields the two loops eye3e4 and esegeeq
respectively represented with plain and dashed strands

N
()
!
!
/

er

-1 -1

'U @
Fig. 3. The value of sgn,,, where v is denoted by a dot, is printed on each face of the embedded graph for two
different loops

(b) 6(t,.) is a diffeomorphism of St for all ¢,
(c) for any face f of the embedded graph G,

d
77 area(@(t. f)) = sgn, (f). €))

We can now state our analytic characterization of the master field.

Theorem 2.4. The master field @1 : Loop(St) — C has the following properties,
which together characterize it uniquely:

(a) @t is continuous with respect to the length metric on Loop(Sr),

(b) @7 is invariant under reduction: for all pairs of loops 11, l» with l] ~ I,

D7 (l) = Pr(l)
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(c) @7 is invariant under area-preserving homeomorphisms: for all regular loops | and
any area-preserving homeomorphism & of St such that & (l) € Loop(St),

Q7 (WD) = r ()

(d) @7 satisfies the Makeenko—Migdal equations: for all regular loops I, all points v
of self-intersection of 1, and any Makeenko—Migdal flow 6 at (I, v), @7 (0(¢,1)) is
differentiable in t at O with

o7 (O(t,1) = &7 (1) Prly) (10)
t=0

dt

(e) for all simple loops | and all n € N,
2 (0.¢]
D (") = —/ cosh {(a; — ap)nx/2} sin{nwpr (x)}dx (11)
nmw Jo

where ay and ay are the areas of the connected components of St\l*.

Note that the integrand in (11) vanishes whenever pr(x) = 0 or pr(x) = 1. In
property (e), we have written [" for the n-fold concatenation of / with itself. In fact, it
suffices for uniqueness that property (e) hold in the case n = 1, as we show in Sect. 6.4.

2.5. Outline of the main argument. We now outline the main steps in our proof of
Theorems 2.2 and 2.4. We build progressively an understanding of the limit, first for
simple loops, then regular loops, and finally for all loops of finite length. First, we prove
in Sect. 3.5 the following statement for simple loops. The argument uses harmonic
analysis in U (N) to express means and covariances of trN(H/nV ) in terms of a discrete
B-ensemble, whose asymptotics as N — oo we can compute. Write Loop, (S7) for the
set of simple loops in Loop(St). Let I € Loopy(Sr) and recall that we write [* for the
range of /. Then S7\/* has two connected components. Write @ (/) for the area of the
component on the left of / and a>(I) for the area of the component on the right. Then
ar(l),ax(l) > 0and a; () +ax(l) =T. Set

or(n,ay,ay) = % /00 cosh {(a; — apx)nx/2} sin{fnmwpr (x)}dx. (12)
0

Proposition 2.5. For alln € N,
ey (HY) — @7(") = ¢r(n, a1 (1), ax (D))

uniformly in | € Loopy(St) in L%(P) as N — oo.

The next step is the following proposition, which is proved in Sect. 4.5. The argument
is based on the Makeenko—Migdal equations for Wilson loops, which will be discussed
in Sect. 4.3. Write Loop,, (St ) the set of regular loops having at most n self-intersections.

In order to state the proposition, we will need to introduce certain quantities associated
to a regular loop / € Loop,, (S7). There is a winding number function n; : St\I* — Z,
which we fix uniquely by requiring its minimal value to be 0. The winding number is
discussed in more detail in Sect. 4.4. The function n; is constant on the faces of the
associated embedded graph, which are the connected components of Sz \/*. The notion
of continuity in area is defined at the end of Sect. 4.1.
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Proposition 2.6. For alln € N,
N
try(H) — @7 ()

uniformly in | € Loop,(St) in L2(P) as N — oo. Moreover, the restriction of the
master field @1 to Loop,, (St) is the unique continuous function Loop,,(St) — C with
the following properties: it is invariant under area-preserving homeomorphisms and
uniformly continuous in area, it satisfies the Makeenko—Migdal equations (10), and
satisfies, for some constant C, < oo and all loops | € Loop,, (St),

|7 (1) — @1 (14, ao, ax)| < Cu(T — ax, — ax,) 13)

where ny is the maximum of the winding number function n;, where ko and k. are the
indices of faces of minimal and maximal winding number, and where ay and a, are
determined by

P
ag+ay, =T, awn, = Zak”k
k=1

where ay and ng, fork = 1, ..., p, are respectively the area and the winding number
of the face of index k.

Finally, we extend to all loops of finite length in the following proposition, which
combines the statements of Theorems 2.2 and 2.4. The proof is given in Sect. 5, using
approximation by piecewise geodesics, and by adapting some general arguments of
Lévy [40].

Proposition 2.7. For alll € Loop(St),

ey (HY) — &7 (0)
in probability as N — 00. Moreover, the master field @t is the unique continuous
Sfunction Loop(St) — C with the following properties: it is invariant under reduc-

tion, invariant under area-preserving homeomorphisms, satisfies the Makeenko—Migdal
equations (10) on regular loops, and satisfies (11) for simple loops.

2.6. Convergence of spectral measures. Let (H)fv : y € Path(St)) be a Yang—Mills
holonomy field in U (N). For I € Loop(Sr), consider the empirical eigenvalue distribu-
tion on the unit circle U, given by

1 N
= 8,
i=1

where A1, ..., Ay arethe eigenvalues of H, IN enumerated with multiplicity. Write M (U)
for the set of Borel probability measures on U.
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Corollary 2.8. There is a function vy : Loop(St) — M (U) such that, for all | €
Loop(S7),

v (1) = vr(l)

weakly in probability on U as N — 00. Moreover, for all simple loops | and alln € N,
2 o0
f o"vr (D) (dw) = —/ cosh {(a1(l) — ax(l))nx/2} sin{fnmpr(x)}dx.
U niw Jo
Moreover, for T € (0, 7'[2], all simple loops , and all bounded Borel functions f,

/U f@vr)dw) = | f)saa,/7(0)d0 (14)

-7

where s; is the semi-circle density of variance t, given by

1
s (x) = 3 t\/4t—x2, x| < 24/t (15)
T

Proof. By Theorem 2.2, for [ € Loop(S7) and all n € N, we have
/ " () (dw) = t(HY) — (™)
U

in probability as N — oo. Since U is compact, by a standard tightness argument, it
follows that there exists a probability measure vz (/) on U such that

/U "7 (D)(dw) = Br (")

for all n € N and such that UITV (I) — vr(l) weakly in probability as N — oo. By
Theorem 2.4, @7 (I™) is given by (11) for all simple loops /. Finally, we will show in
Sect. 3.4 that, for all T € (0, 712] andalln e N,

T
1) = [ ™ supr 018
-7
0 (14) holds for polynomials, and so it holds in general. O

Thus, for T € (0, 7] and for simple loops /, the limiting spectral measure vz (/) has
a semi-circle density on U, with

supp(vr (1)) = {e'? : 16| < 2/a1ar/ T}.

The maximal support is then {et? ;10| < JT }, achieved when a; = ap = T /2. Note
that, in the critical case T = 72, the two endpoints of the maximal support meet at
0 ==xm.
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2.7. Free unitary Brownian loop. As acorollary of Theorem 2.2, we show that the Brow-
nian loop in U(N) based at 1 of lifetime 7" converges in non-commutative distribution
as N — oo. Moreover, we identify the limiting empirical distribution of eigenvalues at
each time r € [0, T'].

Consider the free unital x-algebra A7 of polynomials over C in the variables (X, :
t € [0, T)) and their inverses. Each element Q € Ar is a finite linear combination over
C of monomials of the form

€1 &n
X5 X

wherety,...,1, € [0, T]and ¢y, ..., &, € {—1, 1}. Thus each Q € Ar may be written
as a non-commutative polynomial

0=qX;, X, :1€[0,T]

with coefficients in C. The operation x is the unique conjugate-linear, anti-multiplicative
involution on Ap such that

XF=x;"

For each N € N, there exists a Brownian loop BN = (BN : ¢ € [0, T]) in U(N)
based at 1 of parameter 7. Define a random non-negative unit trace” on A7 by setting

w(Q) = try(g(BN, (BN 11 €10, TY)).

Theorem 2.9. There is a non-negative unit trace to, on Ar such that, for all Q € Ar,
v (Q) = Too(Q) in probability as N — 0.

Proof. Tt will suffice to consider the case where B" is constructed from a Yang—Mills
holonomy field (H)ﬂV .y € Path(S7)) in U(N), as in Sect. 2.2. Then, for some x € St
and some family of loops /(t) € Loop(St) based at x, we have

B,N = Hl](\i) almost surely, for all ¢ € [0, T].

Consider first the case of a monomial Q = Xfll - an" with €1, ...,&, € {—1, 1} and
setlg = [(t,)® ...1(t1)°'. Then, by Theorem 2.2,

v (Q) = (BT ... (BY)™) = w((Hjy, ) ... (Hjg, ))™) = w(H}}) — @r(lo)

in probability as N — 00. Define 7o,(Q) = @7 (lp) for all monomials Q and extend
Teo linearly to A7. Then ty(Q) — Too(Q) in probability as N — oo, for all Q €
Ar, and 7o inherits the property of being a non-negative unit trace from its random
approximations ty. 0O

2 Recall that a linear map 7 on a unital x-algebra A is a non-negative unit trace if, for all x, y € A,
t(xx*) >0, r(1)=1, tlxy) =1(yx).

The pair (A, 7) is then a non-commutative probability space.
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Given anon-commutative random process x = (x; : ¢t € [0, T]) inanon-commutative
probability space (A, ), let us say that x is a free unitary Brownian loop if, for all n, all
f,...,Ih € [07 T] and all (ytkv Ylk) € {(xtk, th)v (X;;(, X;;)},

Ty - Vi) = Too(Yyy ... 17,).

In particular, the canonical process (X; : t € [0, T']) is a free unitary Brownian loop in
(Ar, o). We shall see in Sect. 6 that, in the subcritical regime 7' < 72, a free unitary
Brownian loop x has the same marginal distributions as ¢’”, where b is a free Brownian
loop with the same lifetime. Thus the spectral measure of each marginal of a free unitary
Brownian loop is the push-forward of a Wigner law by the exponential mapping to the
circle. However, we shall also see that the full non-commutative distributions of x and
¢'? are different.

2.8. The master field as a holonomy in U(oco). We will carry out the suggestion of
Singer [50], to use a variation of the Gelfand-Naimark-Segal construction to obtain
from the master field a family of Hilbert spaces, indexed by S7, and equipped with
a canonical connection, viewed as a family of unitary transport operators indexed by
Path(S7). First, in order to clarify and motivate this construction, we will make an
analogous construction for finite N, showing its relation to the notion of Yang—Mills
holonomy field in U(N). Conditional on a certain non-degeneracy property for the
master field, we will further exhibit the finite-N holonomy measures as recoverable by
restriction of the limit holonomy field to certain invariant random subspaces.

‘We have presented the Yang—Mills holonomy field as a process (H)fv .y € Path(Srt))
with values in U (N). However, the property of gauge-invariance allows us to think of it
as follows. Suppose we are given a family of complex vector spaces V = (V, : x € St),
each equipped with a Hermitian inner product and having dimension N. Choose, for each
x € Sr, a complex linear isometry s(x) : CN¥ — V.. Given a Yang—Mills holonomy
field (H)ﬂV :y € Path(S7))in U(N), foreach y € Path, ,(S7), we can define a complex
linear isometry 7), : V, — V, by

T, = s(y)H;Vs(x)_l.

Then, by gauge invariance, the law of the process (7, : y € Path(S7)) does not depend
on the choice of the family of isometries (s(x) : x € S7). We call any process with this
law a Yang—Mills holonomy field in Isom(V'). The original holonomy field (H)ﬂv 1y €

Path(S7)) then corresponds to the case where V, = CV for all x. Moreover, given any
Yang—Mills holonomy field (7), : y € Path(Sr)) in Isom(V) and any choice of a family

of complex linear isometries s(x) : CV — V., we obtain a Yang-Mills holonomy field
(H) :y € Path(Sr)) in U(N) by setting

HY =s(3) 7' Tys(x).

Proposition 2.10. Let (H]fV .y € Path(S7)) be a Yang—Mills holonomy field in U (N)

and let E be an independent uniformly random unit vector in CN. Define, for | €
Loop(St),

() = (E, H"E).

Then I;V (1) — @7() in probability as N — oo for all l.
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We already know that
E(zf OHIHY) = o (1) — @7 (1)

in probability as N — oo. The proposition thus shows that the same convergence in
probability holds without taking the expectation over the random vector E. The extra
randomness present in r}v makes it a more natural object than <D}V in certain constructions
below.

Proof. Let Z1, ..., Zy be independent complex Gaussian random variables. Set
N
Sv=Y_|Zl*, E=(Zi,....Zn)/V/SN.
k=1
Then E is a uniform random unit vector in CV . Define, for [ € Loop(Sr),
N N
T =Y MlEl? =) Ml Zil*/Sy
k=1 k=1

where A1, ..., Ay is an enumeration of the eigenvalues of H, [N .Since H lN is diagonalized
by unitary conjugation and E is independent of H/", it follows that 'E;V (1) has the same
distribution as r%v (1). By Corollary 2.8, the empirical distribution of eigenvalues

1 N
wN (1) = ¥ > b
k=1

converges weakly in probability on the unit circle U with deterministic limit vy (/)
satisfying

¢T(l)=/UMT(l)(d?»)-

But E(| Zy |2) = 2, so we obtain the following limits in L?
1 N
5 D hlZil* = 207(). Sy/N — 2.
k=1

Hence f}v (l) = @7(l) in probability as N — oco. 0O

Fix a reference point r € Sy and consider for each x € Sz the vector space V, of
complex functions on Path, , (S7) of finite support. Thus, each v € V, has the form

n
v= E a;dy,
i=1

for some n > 0, with @; € C and y; € Path, ,(St) for all i. There are unique Hermitian
forms (., .)iv and (., .), on Vy such that, for all yi, y» € Path, (Sr),

By 8N =X iy Dy By dx = Py ).
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By Proposition 2.10, (v, v')" — (v, v/), in probability for all v, v'. The form (., .)¥ is
non-negative definite for all NV, so (., .) is also non-negative definite, as we observed in

Proposition 2.3. For x, y € Sy and y € Path, ,(S7), there is a unique complex linear
map 7T, : Vi — V), such that, for all yy € Path, ,(S7),

Ty 8y, = Byyy -
Note that, for y, y» € Path, ,(St),
N _ N N
(Ty8y, . Ty 8)Y = By Sy) Y = vy s D =1 vy ) = (81, 8,)2

It follows that (T, vy, T), U2>C/ = (vq, vz)iv for all vy, v2 € V,. Similarly, T}, preserves
the form (., .). ’
For each x € S7, write VxN for the quotient of the vector space Vy by the kernel

=weV:: (vl =0

Write [v]Y = v+ K. Tt is straightforward to check that, for yy, y» € Path, (St) with
Y1 ~ ¥, we have [(Sy]]N [6,,1V in VN,

Proposition 2.11. Almost surely, for all x € St, the random vector space VxN has finite
dimension N.

Proof. Since T)fv is a linear isometry for all paths y € Path(Sr), it will suffice to
consider the case x = r. Let (/(¢) : ¢ € [0, T']) be a family of loops in Loop, (S7) such
as considered in Sect. 2.2, now withx =r.Fork =1,..., Nsetly =I((k — 1)T/N).
Write §2¢ for the event that the random vectors H) E = E, H, E, ..., H;, E are linearly
independent in CV. The joint law of Hy,, ..., Hy, has a density p with respect to the
product of normalized Haar measures on U (N)"~! given by

pr/N(h2) pr/n(hi)
pr(1)

N
[ [ prow ).
k=3

p(hy, ... hy) =

Consider the equivalent probability measure P given by
dP/dP = p(H,,, ..., Hyy) "\

Under ]f”, the random vectors Hy, E, . .., H, E are independent and uniformly distributed
on the unit ball in CV. Hence

P(20) = P(20) = 1.

Now, for

N
v = Z axdy,
k=1

we have

(v, v)N
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So, on the event £2p, v € ICﬁV onlyifa; = --- = ay = 0, that is to say, /[ +IC£V, oI+
KCN are linearly independent in V,V'. On the other hand, for any loop / € Loop, (St), on
the same event £29, H; E is a linear combination of H,, E, ..., H;, E, so §; + ICﬁV lies in
the linear span of &, + KN, ..., 8, +KN. O

The form (., .) )]CV induces a random Hermitian inner product on VxN , which we will
denote also by (., .)fcv. Moreover, for all x, y € Sy and all y € Path, ,(S7), we can
define a random linear isometry ijv : VXN — VyN by

N N N
T, w+K) = Tyv+le .
The family of isometries (T}fv : y € Path(Sr)) inherits the following properties from
(T, : y € Path(Sr)):
TN =1, T),=TNT).

Here, we have written x for the constant loop at x, 1, for the identity map on V,, and
the second identity is valid whenever the concatenation y;)» is possible. On the other
hand, if y; ~ y» then ij}’ = T)f;’ . Hence, since yy~! ~ x, we have

N N N N
Ty,lTy = TW,l =T, =1,.
In fact, the family of isometries (T)fV : vy € Path(Sy)) may be considered as a Yang—Mills

holonomy field in Isom(V "), in a sense made precise in the following proposition.

Proposition 2.12. Conditional on (VXN : x € Sr), choose a family of independent
uniform random isometries (s(x) : x € St) with s(x) : cN - VXN for all x, and set

TN _ —1pN
Hy =s5(y) Ty s(x).
Then (I:I)fv .y € Path(St)) is a Yang—Mills holonomy field in U (N).

Proof. Consider, for each x € Sz, the unique linear map 7 : V, — C¥ such that
Ny = H}fv E for all y € Path, ,(Sr). Then 7y has kernel K and the quotient
map VxN — CV, which we denote abusively also by my, is an isometry, by definition
of (., .)Y. For yy € Path,,(St) and y € Path, ,(Sr), we have

7N (Tydy) = 7)) Opyy) = Hp E = HY HYE = H)' 7)Y (8,,)
so the quotient maps satisfy, for all v € V.V,

NpN_ N _ gN_N
Ty (Ty U)—Hynx (v).

Since Haar measure is invariant under multiplication, the random variables (njﬁv s(x) :
x € S7) in U(N) are independent, uniformly distributed, and independent of H~ . Now
N _ (N —1 g N,_N

SO (I:I)ﬂV .y € Path(Sy)) is a Yang—Mills holonomy field in U (N) by gauge invariance.
O
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For each x € St, given a path y € Path, ,(S7), we can define a state t}fv on the set
of bounded linear operators on VXN by

7' (A) = (18,17, A[8,1)Y.

X

Then, for all / € Loop, (St),
(TN =8, T18,)Y = (6,.8,)Y =N 17y = ).

Then, on restricting 7.’ to the von Neumann algebra AY generated by (T, : I €

Loop, (S7)), we obtain a non-negative unit trace th on Ai\' , which does not depend
on the choice of path y. This construction has been done starting from the random
Hermitian forms (., .) )](V for x € St. We now explore the analogous construction starting
from (., .)y.

Consider the kernel

Ky ={veV,:(v,v), =0}

and write V, for the Hilbert space obtained by completing V, /K, with respect to (., .).
Write [v] = v + K,. Then [§,,] = [8,,] whenever y; ~ y». For x,y € Sy and
y € Path, ,(S7), there is a unique Hilbert space isometry Ty : Vx — V, such that, for
allv € Vy,

Ty(v +Ky) =T,v+K,y.
The family of isometries (Ty : y € Path(S7)) then has the following properties:
Tx = ly, T)ﬁ1 = (TV)_I’ Tm/z = Tyzfyu

where the last identity holds whenever the concatenation y;y» is possible.
For each x € Sr, given a path y € Path, ,(S7), we can define a state 7, on the set
of bounded linear operators on V, by

7, (A) = ([6,], A[S) ])x.
Then, for all / € Loop, (St),

T, (T) = (8,, Ti8,)x = (8,, 8,1)x = Pr (¥l 'y~ = &7(D).

Recall from Proposition 2.3 that @7 (x) = 1 and @7 (l1lp) = D7 (l3l1). Then, on re-
stricting 7,, to the von Neumann algebra A, generated by (7; : I € Loop,(St)), we
obtain a non-negative unit trace t, on .A,, which does not depend on the choice of path

y.
We note some further properties of (A, t,). First, for all integers n, and all [ €
Loop, (St),

o (T") = o7 (") = /U o"vr () (dw)

where vr (/) is the limit spectral measure obtained in Sect. 2.6. So vy (I) is the spectral
measure of 7;. (Here T refers to the area of the sphere, while T} is the nth power of the
transport operator 7; defined above.) Second, since the master field is invariant under
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area-preserving diffeomorphisms of Sz, the choice of such a diffeomorphism ¥ gives
an isomorphism (A,, 7x) — (A,, Ty) whenever ¥ (x) = y.

Singer [50] conjectured, without explicit construction, that the von Neumann algebras
Ay were factors, that is to say, their centres were trivial®. We remark that, if this conjecture
holds then, since* the spectral measures vy (/) are absolutely continuous, at least for
simple loops separating the sphere into components of equal area, as follows from
Proposition 6.2, and since 7, is a finite normalized trace, we see that

{te(p) : p € Ay, p* = p} = [0, 1]

and A, must be of type II; and have unique state .

It is an open question whether in fact K, is spanned, for all x, by vectors of the
form §,, — 8,,, where y, yo € Path, ,(S7) and, for some sequence (y, : n € N) in
Path, . (S7) with y,, ~ o for all n, we have y, — y in length. Since we know that
such vectors all lie in IC)ICV for all N, if true, this would allow to identify VXN with
the orthogonal complement of XY /KC, in V. Then the Yang-Mills holonomy field
(T)fv : ¥ € Path(Sr)) in Isom(V") would be obtained by restricting the family of

isometries (Ty .y € Path(St)) tothe N-dimensional random subspaces (VXN tx € Sy).

3. Harmonic Analysis in U (V) and a Discrete $-ensemble

3.1. A representation formula. Let H = (H, : y € Path(Sr)) be a Yang-Mills holon-
omy field in U (N). Here, and from now on, we suppress mention of N in the notation
for H. On the other hand, for / € Loop(Sr) and n € Z, we will write Hl" for the nth
power of the matrix H; which, by the multiplicative property, is also given by Hj». We
obtain in this subsection a key formula for the moments of the holonomy H; of a simple
loop [ in terms of a certain discrete S-ensemble, with g = 2. Set

Z, if N is odd,

7. =
YT Z 4172, if N is even.

Consider the discrete S-ensemble A in N _1Zsym given by

N N
P(A=n) o [[ (=2 [Je V4T (16)
k=1 i=1
j<k
where A runs over decreasing sequences (A, ..., Ay) in N_lZsym. For o € R\{0} and

for z € C with |a||z — 4| > 1 forall j, set

1
G%(2) = ZLog< ey ))

3 See for example [51].
4 See for example, Section 8.4 of [33].
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where Log denotes the principal value of the logarithm. Then, for a € (0, T), set
1§ (1) = 1 and define for n € Z\{0}

)
e—an /(2N) N/n

W/J:exp{—n(az—Gk (z)}dz

IL'(h) =
where y is any positively oriented simple loop around the set
[An, A]+{z € C:|z| < |n|/N}.
It is straightforward to check that /¢ (1) does not depend on the choice of y.

Proposition 3.1. Let [ € Loop(St) be a simple loop which divides St into components
of areas a and b. Then, for allm,n € Z,

E(tr(H™)tr(H}) = E(I%(A)IP(A)).

Here and from now on, we suppress the N in our notation for the normalized trace
on U (N). This formula allows to prove the convergence of the random variables tr(Hl”)
for simple loops /, as will be explained in Sect. 3.2.

To prove Proposition 3.1, we will use the decomposition of the heat kernel as a sum
over the characters of U (N). The results we use may be found for example in [36]. For
A€ (Zsym)N, set

N
1
2 _ & 2
M2 = < D45
j=1

Write p = (p1, ..., py) for the unique minimizer of ||.|| among decreasing sequences
in (Zeym)", which is given by

1 .
pi=3(N+1) .

For A € Z", there is a unique continuous function x; : U(N) — C given by the Weyl
character formula

Xx.(g) det(eiP) | = det(e! PN g e UN) (17)
where ¢/?1, ..., ¢!V are the eigenvalues of g. Then

O A €ZN hp == Ay)

is a parametrization of the set of characters of irreducible representations of U (N). For
characters yx; and x,, we have

/ (@ X @dg = / 0@ (gD = 53 (18)
U(N) U(N)

and
Axs = —Ur+pl* = o) x5.- (19)
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Moreover, the heat kernel (p;(g) : t € (0,00), g € U(N)) is given by the following
absolutely convergent sum

pi(g) = P2 N s (D xa(g)e Wl e/2, (20)
A

The character values at the identity are given by the Weyl dimension formula

N A+ —hk—p

w) = [ =2 @1)
k=1 Pj — Pk
Jj<k

The change of variable © = A + p gives a convenient reparametrization of the set of
characters by

W={pne @ym)" 1> > pnl.

For x € (Zsym)N with all components distinct, we will write [x] for the decreasing
rearrangement of x. From (17), we see that,

Xx—p = €(X) X[x]—p
where

sgn(o), if x has all components distinct,
e(x) = .
0, otherwise,

where o is the unique permutation such that [x]; = x, ;) forall j. Then the orthogonality
relation (18) extends to all x, y € (Zsym)N in the form

/ Xx—p (&) Xy—p (g~ )dg = e(x)e()S[x].[y]- (22)
U(N)

To compute the desired moments of holonomy traces, we shall need the following product
formula, which may be obtained from (17) by a straightforward computation. For all
n € 7, we have

N
X DTHE™) =Y Konei (8)- (23)
Jj=1

where @/ is the jth elementary vector in ZV .

Proof of Proposition 3.1. From the definition of the Yang—Mills measure, we have

E(tr(H;"™)tr(H}")) o / Pa(@)tr(g™™Mtr(g") pp(g~)dg
U(N)
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where o signifies equality up to a constant independent of m and n. We expand the heat
kernel in characters to obtain

/ Pa(@)tr(g™™tr(g™) pr(g~Hdg
UN)

~ Z e IM1%a/2=ull b/ZXA—p(l)XlL—P(l)
A puew

/ Xomp(@tr(g T ™MIr(g™) xp—p (g~ dsg.
U(N)

The interchange of summation and integration here is valid because a, b > 0 which
ensures absolute convergence. By orthogonality of characters (22) and the product rule
(23), forall A, u € W,

/ Yo (@ (g T ™Ir (") xp—p (g~ dg
U(N)

N

=z Z e(h —mao’)e(u — na)k)c‘;[k_mw,-],[u_nwk].
k=1

Now, for v € W, we have [A — ma/] = [ —na)k] =vforsome j, k € {1,..., N}if
and only if A = [v +mw’ ] and u = [v + nwt’] for some Jj k' €{l,..., N}, and then
NIAIZ = NIIP +2mvj+m?, Nlipl® = N[vI? + 2000 +n

and

e(A — ma)j) =e(v +ma)j/), e(u — mwk) =e&(v +na)k/)

s0, using the dimension formula (21),

i Vi+m—v;
1-p(DEG = me) = Ky (1) = 20 p D [ [ e,

i#
k Vg +n —v;
Ko e =10 =0, (10 = 0= (D[ [ ==
i#k
Hence
f Pa()tr(g™™)tr(g") pi(g~")dg
U(N)
N 2
x Z 1_[ (vj — vi)2e WIET2 (v m, a)J (v, n, b)
veW j.k=1
Jj<k
where

N
2 1 Vi +m—v;
Jw,m,a —e M a/(2N) — E e—man/N Jj l.
( ) N 4 I I Vi — v
j=l i#j 7
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Note that J (v, 0,a) = 1 = I§(v/N) and, for [m| > 1,

—m2a/2N N
J(w, m,a) = ﬂf l—[ 1+ m e—maZ/NdZ
2nimN Ny (v) =1 Z—Vj

e—mza/(2N) N/m .
= owim /m expl—m(az = Gy ())dz = I, (v/N)
where y (v) is a positively oriented simple loop around
[vv/N,vi/N1+{z € C:|z| < |m|/N}.

So we obtain

N
E(w(H™w(H) o Y [ @5 = v2e 12180/ N) 12 0/ N)

veW jk=1
j<k
N N )
o« Yo [T 0 —m?[Je M Ia 001 ()
NAieW jk=1 i=1
j<k
o E(IE (M) 1] (A)).

Since the identity E(tr(H, ")tr(H]')) = E(I;;(A)I,{’(A)) holds for m = n = 0, it
therefore holds for all m and n. 0O

The first part of the above proof follows ideas from the physics literature [6, 14]. The
use of contour integrals in writing the function J and in the formulation of Proposition
3.1 is new and provides us with a route to make rigorous the asymptotics performed in
[6,14].

3.2. Concentration for the discrete B-ensemble and tightness of the support. We shall
need two facts about the discrete S-ensemble A defined in equation (16). Denote by 7y
the law on M (R) of the normalized empirical distribution

1 N
HaA = Nzlg/\l
1=

Recall from (5) the functional
7060 = [ {36 +3)7 = 210g1x =1} o)

defined for probability measures p on R such that u([a, b]) < b — a for all intervals
[a, b]. We extend Z7 to M(R) by setting Zr(n) = oo if u does not satisfy this
constraint. Guionnet and Maida [30] showed the following large deviation principle.

Theorem 3.2. The sequence of probability measures (wy : N € N) satisfies a large
deviation principle on M (R) with rate function Ir and speed N*.
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Let us remark that this result also allows to prove, for all T € (0, c0), the existence
of the limit

F(T) = lim N~2log(py (1) (24)

where p¥ (1) denotes the heat kernel of U (N) on the diagonal at time 7. This approach
was followed by Lévy and Maida, who obtained in [43, Proposition 5.2] an exact formula
for F. They showed moreover that F is C2 on (0, 00) and C* on (0, 72) U (72, 00),
but that the third derivative has a discontinuity at 2. In doing so, they gave a rigorous
proof of the Douglas—Kazakov phase transition [15] and of the fact that it is of third
order. See also [7] for another approach using tools of statistical mechanics. We call
T € (0, 7%) the subcritical regime and T € (7%, o0) the supercritical regime. We shall
see in Sects. 6.1 and 6.2 that, in the limit N — oo, the behaviour of the eigenvalues of
the unitary Brownian loop of length T is very different in one regime to the other.

We need also a tightness result for the positions Ay and A; of the leftmost and
rightmost particles, which is obtained by a variation on ideas of Johansson [32]. See also
Féral [20], who adapts to the discrete case some arguments of Ben Arous, Dembo and
Guionnet [3, Section 6] for eigenvalues of GOE matrices.

Lemma 3.3. Set

A" = max{|A], [An]}.

Forall a € [0, 00), there are constants C, R < oo depending only on a and T such that
E (e“A*l{A*ZR}) < Ce V.

Proof. Tt will be convenient in this proof to label the particle positions in increasing order,
where before we labelled them in decreasing order, so Ay now denotes the position of
the rightmost particle. Then, by symmetry, it will suffice to show that, foralla € [0, 00),
there are constants C, R < oo depending only on a and 7 such that

E (eaANl{A*:ANzR}) < Ce V.

Fix N and, for M € N, set

i=1

M M
Zw =3 [T 0= w0 [Te 77
L k=1
Jj<k

where the sum is taken over the set Sy, of increasing sequences A = (A1, ..., Ay) in
N~'Zgym. Only the cases M = N — 1 and M = N will be considered further. In the
following calculation, we write the possible values of A = (Ay, ..., Ay) in the form
(A, An), where A = (A, ..., AN—_1) € Sy_1and Ay € N‘lZsym, and we write A* for
max{|A1], [Anv—1]}. We have
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A
E (" 1a=ay=r})

N N
1 a2
— Z ZzeakNl{}\,NZR,)n*f)nN} l_[ (}\] _ )‘fk)zl_[e N)\.l- T/2
AN A i=1

k=1
Jj<k
1 N-1 N-1 N-1 . .
< DY e lmrarzs [ g =m0 [ =a)® [T e MiT/2e N1/
N k=1 i=1 i=1
j<k
ZN—
< N-1 Zeas—stT/Zl{szR}m_SZ)N—l

Zy

s

where s and Ay are summed over N ! Zsym and A is summed over Sy _1. We will show
in Lemma 3.4 that there is a constant ¢ € (0, co0), depending only on 7', such that

Zn-1/Zy < eN.

We can now choose C, R € (0, 00), depending only on a, ¢ and T, so that

Zeas—stT/21{S2R}(4S2)N—1 < Ce—(€*DN

R

for all N, so obtaining the desired estimate
E (eaAN l{A*:ANzR}) < ce V.
O

It remains to prove the following estimate, which limits the rate of decay of Zy as
N — oo.

Lemma 3.4. There exists ¢ € (0, 00), depending only on T, such that, for all N > 2,
Zn-1/Zy < e,

Proof. Let us consider again the set Sy_1 of increasing sequences A = (A1, ..., An—_1)
in N_IZsym. For A € Sy_1, set

_(N— 2
EG) =[] —a? [T ™04

j<k i
and set
1
Av=o ) TP Ev= swp EQ).
seN*lZSym AESN -1
Note that

Ay < l+/ TRy <14 |22
N R T
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We will show that, for r = 1 +4/T, there exists A(N) € Sy_; with A(N)* < r such
that
Enx = E(L(N)). (25)

Now

In_| = Z 1_[()‘ —?»k)zl_[e NT /2 _ Z E(}L)l—[e—nf/z

reSN_1 j<k reSN_1 i
< Z ENl_[e TA /2 _ (NN/N')ENAN 1 <€NE AN 1
AESN—1

On the other hand, there exists s € N _lZsym with s € [2r, 3r] so, by considering the
single term in the sum where A = (L(N), ),

Zy = Z 1—[()\ —?»k)2]_[ —NT22/2

reSy j<k

> [Tosmn - xkuv))zl"[(x (N)—s)2]"[ VTR (N2 NTS /2

Jj<k
—T: _ 2
= Ey [ Jou(V) - 5)21_[6 TAi(N)2/2,,~NTs/2

i
2 2
> ENg—(N—l)Tr /2,=9NTr*/2.
Hence
_ _ 2 2
Zn_1/Zy < eNA% 1, (N=DTr?/2 ,9NTr*/2

which is a bound of the desired form.
It remains to show (25). To see this, given A € Sy_j withAy_1 =A* =1 > 1+4/T,

we can choose s € N_IZsym\{M, ..., Ay—2} with |s| < 1 and consider the increasing
rearrangement X of (A, ..., AN—2,5). Note that
N- 1
Zlog|s—k,~|2 Z log|s — x| zZN/ logxdx = —2N
i= xeN_]Zsym\{x}zleslfl 0
whereas
Tt —1)/2—2logt —4>T@t*>—1)/2 -2t —4 > 0.
Then
N-2 ,
EMW/EQ) <V [](s = a7 2e VT2
i=1
< exp{—N(T (> —1)/2 —2logt —4)} < 1.
A similar argument applies if .} = —A* < —1 — 4/T. By iterating this procedure, we

can find u € Sy_; with u* < 1+4/T and E(n) > E(X). Since there are only finitely
many sequences 1 € Sy_1 with u* < 1+4/T, this establishes the claim. O
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3.3. Dimension-free continuity estimate for the holonomy of a simple loop. The follow-
ing estimate will be needed for the proof of Proposition 2.7.

Lemma 3.5. There is a universal constant Kt € (0, 00), in particular independent of
N, such that, for any simple loop | € Loop(St) dividing St into components of areas a
and b,

E(tr(I — H;)) < K min(a, b).

From the following proof, it should be possible to show that K7 is bounded as a
function of 7. We shall not use this fact and will not prove it here.

Proof. By symmetry, it suffices to consider the case b < a. Define, for each decreasing
sequence A = (A1, ..., Ay) in N~ Zgym,

1
Db, )) = % / e PE+l/2N) exp{GiV(z)}dz
Y

where y is a positively oriented simple loop around the set [Ay, A1]+{z € C: |z] <
1/N}. We use the residue theorem to compute

Aj +N!
D(b. % —b(xj+1/(2N))
(b.2) = Ze g y—y

Note the identity

—Z]_[’\ ;N:A =1. (26)

J=li#j

This may be seen, for example, by evaluating both sides of the product rule (23) for
Xp+N2(g)Tr(g) at ¢ = 1 using the dimension formula (21). Moreover, since A €
N _lZsym, all the terms in the sum (26) are non-negative. Now, for all j,

1 — e P0%30) < blaj + 1/2N)| < b(A* +1/(2N))

SO

RS o—bRj+1/2N) M+ N *
1—D(b,k)=ﬁ§ (1— )||ﬁ§b(k +1/2N)).
j= i#] o

But, by Proposition 3.1, we have
E(tr(Hp)) = E(D(b, A))

SO

1
E(tr(I — H))=E( - Db, A) <b (IE(A )+ ﬁ)

asrequired. 0O
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3.4. Evaluation of some contour integrals. In passing from the limit particle density pr
for the S-ensemble, as given in (8), to the evaluation of the master field on simple loops,
we will need to evaluate certain contour integrals expressed in terms of the Stieltjes

transform
pr (x)dx
G - [
R Z—X

The following calculation is taken from [6, 14].

Proposition 3.6. Let T € (0, 72| and let a € (0, T). Let y be a positively oriented
closed curve around the set [—2/\/7, Z/ﬁ]. Then, for all n € (0, 00),

2mwin

/€Xp{—n(az —Gr(2)}dz = f "™ o (T —ay, T (X)dx

Y R

where s; is the semi-circle density (15) of variance t.

Proof. Since T € (0, 2], we have or = si/r- Then pr(x) = \/Tpl (ﬁx) so, by a

scaling argument, it will suffice to consider the case T = 1. A standard calculation of
the Stieltjes transform gives

p1()dx 7z —~72—4
Gi(z) = = :
R Z2—X 2
Note that G| maps C\ [—2, 2] conformally to the punctured unit disc D\ {0} with inverse

z+1/z. Also, G1(y) is a negatively oriented closed curve around {0}. Write b = 1 —a.
We make the change of variable w = G1(z) to obtain

/ exp{—n(az — G1(2))}dz
v

2mwin

_ ! [ exp{n(bw — aw_l)}(l — w_z)dw
Gi(y)

2min
2

= — exp{n(beiie — aeie)}(eie — eiig)dG
2n 0

1 ok & sk 2 "~ ki o "
= — — ) (be ') (—ae'”) (" — e ")dO
()]
0 2 m
—n2ab .
— Z w — / e s (x)dx
! R

where we used in the last equality the moment formula

2m

/ x5 (x)dx =
R

ml(m+ D!’
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More generally, for all T € (0, 00), the following is obtained in [43, equation (4.12)]

zT 2 1 ds
Gr(x) = — — —/ (22 —a?)(2? - ﬁz)/
2 ﬂz\/ 0 (1—0a2s2/22)/(1 —s2)(1 — k2s2)
(27)
where k = «/B € (0, 1) and «, B are as defined in (7). Moreover, for |x| € [«, 8], in
the limit z — x with z € R, we have
d T
Re(Gr(z)) — lim prdy. _ xT (28)
e—0 ly—x|>e X =Yy 2

Proposition 3.7. Let T € (0,00) and let a,b € (0,T) witha+b = T. Let y be a
positively oriented closed curve around the set [—f, B]. Then, for alln € N,

- / exp{—n(az — Gr(z))}dz = i /-oo cosh {(a — b)nx/2} sin{nmwpr (x)}dx
2xin J, nw Jo

- / exp(n(bz — Gr(2)))dz.
y-1

2win

Proof. Since the integrand of the left-hand side is holomorphic in C\[—$, 8], we can
take y to be the anti-clockwise boundary of [—f — &, B + ¢] x [—¢, ¢] for any ¢ > O.
Now, as pr is Holder continuous, by the Plemelj—Sokhotskyi formula [25], G7 can be
continuously extended, as G and G _ say, on H={z € C:Im(z) > 0} and —H, with

. pr(y)d . xT .
G+(x) = lim S F i) = o Fimpr(o)

20 jy—xize X —

for any x € R. We can take the limit ¢ — 0 in the contour integrals along y and y !,

using the dominated convergence theorem, to obtain

L/ exp {(a — b)nx/2} sin{nmwpr (x)}dx.
nmw Jr

Since pr is symmetric, this gives the claimed identity. O

3.5. Proof of Proposition 2.5. Consider the discrete S-ensemble A defined by (16). By
Theorem 3.2,

ua — nr weakly in probability on R as N — oo. 29)
Fix n € N. By Lemma 3.3, there exist C, R € (0, 00), independent of N, such that
B 1ge) < Ce™™ (30)
where
A" =max{|A], [An]}, Qg = {supp(a) S [-R, R]} = {A" < R}.
We increase the value of R if necessary so that

supp(ur) < [—R, R].
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Denote by yr the positively oriented boundary of the set
[—R,RI+{zeC:|z] < 1}.

Recall that, for « € (0, 0o) and dist(z, supp(ta)) > 1/, we set

o _ 1
(@) = a/RLog <1 + —oe(z — x)> ualdx).

For N > n + 1, the contour yg\ 4+ contains the set

supp(ua) +{z € C: |z| <n/N}
so we can write, fora € (0, T),

efcmz/(2N) N
Ii(A) = . / exp{—n(az — GA/n(z))}dz.
2min YRv A*

Recall also that we set

GT(z)=/ wur(dx)
R

Z—X

and, fora,b > Owitha+b =T,
2 o0
=10 =— / cosh {(a — b)nx /2} sin{nzpr (x)}dx
nmw Jo

and that, by Proposition 3.7,

I$ =

n =5 /exp{—n(az—GT(z))}dz.
2win VR

In Proposition 3.1 we showed that, for any simple loop / € Loop(Sr) which divides
St into components of areas a and b,

E(tr(H/") = E(I{ (A)) = E(I](A))
and
E(tr(H)*) = E(tr(H, ") tr(H")) = E(I{ (AL (A)).

We will show that, for all n € N, in the limit N — oo, uniformly ina € (0, T),

E(I¢(A)) — I, BUSMI(A) — 1T, 31
Then

E(r(H") — 1Y, E(wH)P) — |17
SO

E(|tr(H]") — I¢1) = E(|w(H)*) = 2B(w(HM) I + |17 — 0

as required.
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The following estimates hold for |w| < 1/2
ILog(1+w)| < 2Jw|, [Log(l+w) —w| < |w|.

We apply these estimates with w = n/(N(z — x)), for N > 2n and for points z on the
contour ygrv 4+ and x in the support of 1 4, to obtain

N/n N/n

G, (D=2, |G, (2) =Gal@)| =n/N

where

GA(Z)Z/ ,U«A(dx)'
R

Z—x
Note that y has length 4R + 27r. By some straightforward estimation, on £2%,,
1 ¥
|I'?(A)| S _(4A>|< + 27T)€nT(A +1)+2n
2ntn
while, on 25,
1
[14(A)| < —— (4R +27)e" T (R¥D+2n
2nn
Then, by the estimate (30), uniformly ina € (0, T),
E(I¢(Mlgs) — 0, E(IS(A)IE(A)|1ge) — 0.
On the other hand, on the event £2g, we have

—an?/(2N)

2min

e

14(A) = / exp{—n(az — GY/" (2)))dz.
YR

Hence, the weak limit (29) implies that, uniformly in a € (0, T),

1
I9(M)1g, — smin ), exp{—n(az — Gr(2)}dz = I

in probability, and so
E(I%(A)lgy) — 1%, EUIY(A)IP(A)lg,) — I41°.

The desired limits (31) now follow. O

4. Makeenko-Migdal Equations

Our aim in this section is to prove Proposition 2.6. For this, our main tool will be
the Makeenko—Migdal equations. In order to formulate these precisely, we first give
a description of the set of regular loops modulo area-preserving homeomorphisms of
St. This allows to reduce our analysis to a series of finite-dimensional simplices, each
representing the possible vectors of face-areas for a given combinatorial graph. We show
that the Makeenko—Migdal equations allow us to move area between faces of a regular
loop provided only that the total area and the total winding number are conserved. This
finally allows an inductive scheme to bootstrap the convergence we have shown for
simple loops to all regular loops.
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2

Fig. 4. A labelled embedded graph of a regular loop (see definition on page 8), with the standard labelling
written on vertices and faces

4.1. Combinatorial planar graphs and loops. Recall from Sect. 2.1 the notion of a la-
belled embedded graph. Given two labelled embedded graphs G = (ey, ..., ;) and
G’ = (e}, ....¢e),), let us write G ~ G’ if there is an orientation-preserving homeo-
morphism & of Sz such that e;. = 0 o ¢; for all j. Further, let us write G ~ G’ if 6
may be chosen to be area-preserving. Then ~ and ~ are equivalence relations on the
set of labelled embedded graphs. We will call the equivalence class of G under ~ the
combinatorial graph associated to G.

We define a standard labelling of the vertices and faces of G as follows. Consider
the sequence of vertices (¢, ey, ..., ¢,,, ey,) and write V = (vy, ..., vy) for the sub-
sequence obtained by dropping any vertex which has already appeared. Similarly con-
sider the sequence of faces (I(ey), r(e1), ..., [(en), (en)), Where [(e;) and r(e;) are
the connected components of St\{e], ..., e} to the left and right of e;. Then write
F = (f1,..., fp) for the subsequence obtained by dropping any face which has already
appeared. See Fig. 4 for an example. Set

V={l,....q), E={1,....m}), F={l,....ph

The combinatorial graph associated to G is then characterized® by the integers ¢, m, p
and the functions s, 7 : £ — Vand [, r : £ — F given by

(a) s(j) =1 if v; is the starting point of e,
(b) #(j) =i if v; is the terminal point of ¢},
(¢) 1(j) = kif fi is the face to the left of e},
(d) r(j) = kif fi is the face to the right of e;.

We call any quadruple G = (s, ¢, [, r) which arises in this way a combinatorial pla-
nar graph. We freely identify G with the corresponding equivalence class of labelled
embedded graphs.

5 To see this, given G’ with the same combinatorial data, we can first define homeomorphisms ejf —

e;* by parametrization at constant speed, then extend the resulting homeomorphisms of face-boundaries to
homeomorphisms of closed faces to obtain a homeomorphism of S.
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Given a combinatorial planar graph G, consider the simplex
Ag(T) ={(a1,...,ap) :ar > O0forallkanda; +---+a, =T}

Givenalabelled embedded graph G € G, define the face-areavectora(G) = (ay, ..., ap)
by

ap = area(fr).
Then a(G) € Ag(T).Fora € Ag(T), set

G(a) ={G € G:a(G) =al.

The sets G(a) are then the equivalence classes of the relation ~. We call a sequence
lo = (G, &), ..., Ur, &) in& x {=1, 1} aloop in G if

1 (ks €6) = S (ka1 k1) (32)

fork=1,...,r, where j.41 = ji and ;41 = &1 and where

s(j), ife=1,

s(j, &) =1(j,—¢&) = {t(j) ife =—1.

The condition (32) means that, in any labelled embedded graph G = (ey, ..., en) € G,

we can concatenate the sequence of edges (e;‘, 6’%, e ej.’) to form a loop
r

We call the loop [y so obtained the drawing of [y in G. Note that the sequence
1 = (Urs =€), - Gt —€1)

is then also a loop in G, whose drawing in G is the reversal /~! of /. Note also the obvious
notion of concatenation for loops in G.

In the case of interest to us, G will be the combinatorial graph of the labelled embedded
graph G = (ey, . .., e,) of aregular loop /. We write then a(!) for a(G). If  has n self-
intersections, we have ¢ = n + 1, m = 2n + 1 and, by Euler’s relation, p = n + 2. Note
that the set of self-intersections is given in the standard labelling by {v; : i € Z}, where
7 =1{2,3,...,n+1}. We recover [ as the drawing in G of the loop

=1, 1D,...,2n+1,1))

in G. We call the pair (G, [) a combinatorial planar loop. For each n > 0, there are only
finitely many combinatorial loops with n self-intersections. We will write abusively [
for (G, ), A((T) for Ag(T) and [(a) for G(a). Given a loop [y in G, it may be that
the drawing [y of [y in G is a regular loop. We could then consider the combinatorial
loop associated to [y, without reference to its relation to G. We will therefore need to
make clear when such a combinatorial loop is to be considered in the context of a larger
combinatorial graph. We shall also write [y € [(a) whenever /[y € Loop(Sr) is a drawing
of ['in a graph belonging to [(a), for some area vector a. Given n > 0 and a function
@ : Loop,(St) — C which is invariant under area-preserving homeomorphisms, for
any combinatorial planar loop [ having n self-intersections, we can define a quotient
map ¢; : A(T) — C by setting

¢1(a) = (1)

where [ is any loop in [(a). We say that @ is uniformly continuous in area if the map
¢ : A(T) — C is uniformly continuous for all such combinatorial loops .
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4.2. Generalized Makeenko—Migdal equations. Let [ be a combinatorial planar loop.
Write m and p for the numbers of edges and faces in the associated combinatorial graph.
Let H = (H, : y € Path(Sr)) be a Yang-Mills holonomy field in U (N).

Proposition 4.1. Ler f : U(N)™ — C be a continuous bounded function. Then we can
define a function E(f) : A(T) — C by

P m
E(f)(a) = F gt 8m) | | Par(80) | | d8;
pr(1) Juwyn " ,}:[1 “ Jl:[] !
where gy is the holonomy around f; obtained from the edge holonomies gy, ..., gn-

Moreover E(f) is uniformly continuous on A(T) and

E(f)(a) =E(f(He,, ..., He,))
fora € A(T), whenever G = (ey, ..., ey) isalabelled embedded graph with G € [(a).

Proof. The function E(f) is well defined because p,(g) = pa(¢~") = pa(hgh™"),
which ensures that the right-hand side does not depend on the choices of starting point
and direction for the loop holonomy gi. It will suffice to show uniform continuity on
each of the sets

Ay ={a € A(T) :a; > T/p}.

Then, by symmetry, it will suffice to consider the case k = p. Given a family of edge
holonomies g = (g1,...,8&n) € U(N)™, for each face f;, choose an adjacent edge
and denote by g the holonomy around f; starting from that edge. Fix also edge labels
i1,...,im—p+1suchthattheedgese;, ..., €1 form a spanning tree of the associated
graph. Define, fork=1,...,p—land j=1,...,m — p+1,

bk =gk, hj=gi-

Then the map g +— (b, h) : U(N)™ — U(N)™ preserves the m-fold product of Haar
measure. Moreover, the edge holonomies g, ..., g, and the loop holonomy g, for
fp are given by finite products of by, ...,b,_1 and hy, ..., hyy—p41 and their inverses.
See [40, Proposition 2.4.2]. Hence we have

E(f)(a) = fgib,h),....8mb,h))pa,(&p(b, h))
pr(D) Jumyn
p—1 m—p+1
[]pa®odbe [ dn;
k=1 j=1
1 m—p+1
= f(g(B,h),...,8m(B,h))pa,(&p(B,h)) dh;
pr(1)  Juym-p+ " ek ]Ul !
(33)
where B = (B;l, e, Bfl :]1) and BY, ..., BP !are independent Brownian motions in

G starting from 1. Now, on A p» we have a, > T/p, so the claimed uniform continuity
follows from standard continuity estimates for Brownian motion and the heat kernel in
G. O
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Fori € {I,...,m}and g € U(N), define maps R; , and Ié,-,g on U(N)™ by

Rig(hy, ....hw) = (hy, ..., hig, ... hp),
Rig(ht,...ohw) = (h1, ... 8  his . hy).

Fori € {1,...,m}and X € u(N), define a differential operator E"X on U(N)™ by

; d

X(f) = E - f o Ri,L’tX'
Choose an orthonormal basis (X, : n = 1, ..., N?) for u(N) (with inner product (1))
and, for i, j € {1, ..., m}, define

Aij(f) =Y L oLy ()

The operator A; ; does not depend on the choice of orthonormal basis.
A function f : U(N)™ — C is said to have extended gauge invariance if, for all
geU(N)andfori=1,...,m—1,

fo Ié,’,g o Ri+1,g = f.

Thus we require

f(hl’"'7g_1hiahi+1ga”'ahm) = f(hl""7hi5hi+15"'7hm)'
Recall that
A(T) ={(ay,...,ay+2) :ar >O0forallkanda; +---+ a4y = T}.

Write Z for the set of intersection labels and F for the set of face labels in the combina-
torial graph G of [, as usual. For i € Z, define a (constant) vector field Z; on A((T) as
follows. Choose G € G and write [ for the drawing of [ in G. In the standard labelling
of G, the vertex v; is a self-intersection of [. Write (ky, k2, k3, k4) for the labels of the
faces found on making a small anti-clockwise circuit around v;, starting in the face f,
adjacent to two outgoing edges, and in the corner adjacent to those edges. Note that
the case k| = k3 can arise, but the condition that we start in the corner adjacent to the
outgoing edges allows us to specify the sequence (ki, k2, k3, k4) uniquely in any case.
In the example of Fig. 4, if i = 2, then k; = k3 = 1, kp = 3 and k4 = 2. This sequence
does not depend on the choice of G. Set

E,’ = 8k1 — akz + 8k3 — 8k4 (34)

where dr = d/da; denotes the elementary vector field in direction k. Note that Z; is
tangent to the simplex A((T).

The following theorem is a specialization of a result of Driver, Gabriel, Hall and
Kemp [18, Theorem 2], which generalizes a formulation of Lévy [41].

Theorem 4.2. Let f : U(N)™ — C be a C*° function having extended gauge invari-
ance. Then, for all i € T, the function E(f) has a directional derivative on A(T) in
direction &; given by

EiE(f) = _E(Ajlvjz(f))

where ji, jo are determined by s(j1) = s(j2) = i.
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4.3. Makeenko—Migdal equations for Wilson loops. Given a loop lp = ((j1,€1), .- -,
(jr» &) in G, we can define a continuous bounded function Wy, : U(N)"™ — C by

Wi Cht, ... hy) = tr(hj.: .. .hj-;).
Given a sequence of loops ([, ..., [t) in G, define the Wilson loop function

¢V L A(T) - C
by
¢{Y,...,[k =E(W ... Wy).

Then q‘){Y " is uniformly continuous and, for alla € A((T') and all G € [(a),

¢ (@) =E(tr(Hy) ... tr(Hy)) (35)

where /1, ..., I are the drawings of [1, ..., [ in G.

Fori € 7, we obtain two regular loops /; and I by splitting / at v;, that is, by following
the two outgoing strands of / from v; until their first return to v;. In one case we will
pass through the endpoint of / and begin another circuit of / until we reach v;. Write [;

and [; for the loops in G whose drawings in G are /; and [;, which do not depend on the
choice of G. Then set

[ = L [i_lii_l, M = [iii_lfi_l
where [i_1 , il_ ! denote the reversals of li, fl- and the right-hand sides are understood as
concatenations.
Proposition 4.3 (Makeenko—Migdal equations for Wilson loops). The functions qb{v and

¢fv[,1 have directional derivatives in A((T) in direction &; given by

o N _ N =N  _ N N 24N N
Ei, _¢[i,/ii’ uld)[»[*l_¢[i,f,‘,[*1+¢[,[i—]ji—' N (¢[[]i+¢[f]i)'

. The simpler argument for ¢fv will then be obvious.

Proof. We give details only for qﬁfv -1

The argument for qb[N already appeared after Theorem 2.6 in [19] and in Section 9.2
of [41]. Given G = (e1,...,en) € G, setl = e;...ey, sol is the drawing of [ in G.
Given h = (hy, ..., hy) € U(N)™, there is a unique multiplicative function
(hy 1y € Path(G)) € Mult(Path(G), U (N))
such that h.; = h; for all j. Then qﬁfVI_I = E(f), where f = |W|? and
Wihy, ..., hy) =tr(hy) =te(hy, ... hy).

Note that W has extended gauge invariance and so also does f. We can write /; = ey
andl; = éy,wheree =¢;,,¢é = ¢j,, s(j1) = s(j») =i and y, y € Path(G). Then

fh) =ty ') = tr(h};héhyhe)tr(hglh;lhé_lh;l).
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For X € uw(N),
Lo LE(f)(h) = te(hyhs Xhy he X)w(h ") + ()t (Xhy by XhT Y
— tw(hphohyhe Xty hy ' Xh; )
— w(hghoXhyhe)w(Xhg "1y h; ).

Write £ ;. for the elementary matrix with a 1 in the (j, k)-entry. Set

(Ejx — Exj)/V2N, forj <k,

X::=iE; /YN, Xi;=
ii = 1B/ IR =i« + Exj)/NZN, for j > k.

Then {X; : j,k =1,..., N}is an orthonormal basis in u(N). A simple calculation
gives the standard identity

N 1 N
Z Xix®@Xjr= N Z Ejr® Ejj.
k=1 k=1

‘We sum to obtain
— A} (N)(h) = te(hyhp)te(hyh)te(h ") + tr(hl)tr(h;1h;1)tr(hg1h;‘)
1 =l —1,—1
_ mtr(h)}héhyhehé h); he hy )
Lt s hsh= = = g
_mtr(ye;}éey@);)
and hence, by Theorem 4.2,

Bidp = —E@Qjp (M) =+ = N2, + o).

4.4. Makeenko—Migdal vectors and the winding number. Letl € Loop(St) be aregular
loop and let G = (V, E, F) be the associated labelled embedded graph. For any pair of
faces fo, fx € F and points xg € fo, x € fx, the set Sy \{xg, x} can be retracted to a
simple closed curve s in St which winds positively around x, and negatively around xg.
Furthermore, there is aunique n; ( fo, fi) € Zsuchthat/ is homotopic within Sz \ {xg, x4}
to s (J0./¥) The integer n;( fo, fx) does not depend on the choice of xp, x, but only on
fo. f«. Setting n;(f, f) = 0 for any f € F, this defines a skew symmetric function
n; : F? — Z. Fixing an orientation preserving homeomorphism from S7\{xo} to R?,
for each face f € F, n;(fy, f) is the winding number of the image of / around the
image of f in the plane R2. This number can be computed as follows. Given a track
from fo to f, comprising edges ey, ..., e and faces f1, ..., fi such that fy = f and
e; is adjacent to both f;_1 and f; for all j, we have

ni(fo, f) = L(f) = R(f)
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fo

Fig. 5. A track between two faces f( and f is drawn with dashed lines. The value of the winding number for
the choice of fj is printed on each face

where L(f) and R(f) are the numbers of edges e; with f; on the left and right respec-
tively. (The notation here does not refer to the standard labelling of G.) This construction
yields the following observation: for any fy, fx € F,

n(fo, ) +ni(f, f) = mi(fo, fi) = —ni(fi, fo).

It follows that the function f + n;(fo, f) depends on the choice of face fy only
through the addition of a constant. We shall denote it abusively as well by n; and call it
the winding number function of [. See Fig. 5 for an example.

The winding number is invariant under orientation-preserving homeomorphisms of
St, so, using the notations introduced in Sect. 4.1, we obtain also a function

m:f—)Z

determined by the associated combinatorial loop [, also defined up to an additive constant,
by setting

ny(k) = n;(f)

where f is the kth face in the standard labelling of G.

The following lemma is a reformulation of a lemma of Lévy [41, Lemma 6.28]. See
also Dahlqvist [13, Lemma 21]. We give a slightly different proof, relying on properties
of the winding number in place of a dimension-counting argument. The prior results
were stated for the whole plane, while ours applied to the sphere, but this make little
difference to the argument.

Lemma 4.4. There is an orthogonal direct sum decomposition
R]: =m; P ny
where

my =span{Z; : i € Z}, ny = span{l, n(}.
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Proof. Note first that lTSi =1—1+1—1=0foralli.Leti € Z. Write k1, ko, k3, k4
for the faces at 7, listed anticlockwise starting from the face k; adjacent to both outgoing
edges. Then the values of ny at k1, k2, k3, k4 are given respectively by n,n +1,n,n — 1
for some n, so

nl 8 = ni(ky) — ni(ka) + ni(k3) — ni(kg) = 0.

Hence, if @ € my, then 1Te =0and n[Toz =0.

Suppose on the other hand that & € mf-. Consider the 1-forms (of the dual graph)
do and dv, given by

da(j) = al(j) —ar(j), dn(j)=nl()) —nr(), JjeE.

Then dn((j) = 1 for all j. On the other hand, for j =1,...,m — 1, thereisani; € 7
such that7(j) =i; =s(j + 1), s0

da(j) —da(j+1) = iElf{a =0.

Hence do = ci1dn and so @ = cny + ¢, for some constants ¢y, cp. 0O

Note that A((T) is convex, and that, by counting dimensions, the vectors {&; : i € 7}
are linearly independent. We deduce from these facts, and the preceding lemma the

following proposition. Write A((T') for the closure of A((T) in R”.

Proposition 4.5. Leta € A(T) anda’ € A(T). Setw = a’ —a. Thena+tw € A(T)
forallt € [0, 1). Moreover, there exists o € RZ such that

w = ZO(,‘ E,‘
i€l
if and only if
> anik) =" agn(k).
keF keF
Moreover, in this case, a is uniquely determined by w and
Dl <C Y lax —
iel keF

for some constant C; < oo depending only on |.

4.5. Proof of Proposition 2.6. We will show inductively that the following statements
hold for all n > 0. Firstly, for all combinatorial planar loops | with no more than n
self-intersections, there is a continuous function

¢r: A(T) > R
such that, uniformly on A((T) as N — 00,

¢ — 1. ) = (@0%
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Secondly, the restriction of the master field @1 to Loop, (St) is the unique function
Loop, (S7) — C with the following properties: it is invariant under area-preserving
diffeomorphisms, for any combinatorial planar loop | having at most n self-intersections,
the quotient map ¢y : A(T) — R is uniformly continuous and @7 satisfies the
Makeenko—Migdal equations (10) and the estimate (13).

Fora € A(T) and [ € l(a),

E(|tr(Hy) — ¢pu(@)P) = ¢ -1 (@) — ¢ (@) + (¢{' (@) — $1(a))’
so the first statement implies that, as N — oo,
tr(Hy) — pi(a) = &r()

in L2, uniformly in [ € Loop,,(S7). So the two statements suffice to prove Proposi-
tion 2.6.
For the simple combinatorial loop s, set

¢s(a,b) = ¢r(l,a,b)

then ¢ is continuous on A4 (7') and, by Proposition 2.5, ¢$’ — ¢ and qbévsfl — (¢s)?

uniformly on Ag (7). There are no self-intersections, so no Makeenko—Migdal equations.
For (a,b) € Ag(T) and s € s(a, b),

@1 (s) = ¢s(a, b) = ¢r(l,a,b).

Hence the desired statements hold for n = 0.

Letn > 1 and suppose inductively that the desired statements hold for n — 1. Let [ be
a combinatorial planar loop with n self-intersections. Choose faces ko and k.. of minimal
and maximal winding number and set

ny = ni(ky) — ni(ko).

Leta = (ay, ..., an+2) € A((T). Recall that ag, a, € [0, T] are determined by
n+2
ao+ax =T, aoni(ko) +ani(ks) = Y agni(k). (36)
k=1

Then, by Proposition 4.5, there exists a unique @ € RZ , with

D el < 20T — ary — ax,) (37)
iel
such that, for
aty=a+ty o5 (38)
iel

we have a(t) € A(T) forall ¢ € [0, 1) and

axy (1) = ap, a, (1) = a.

By Proposition 4.3, the maps

> ¢ @@), 1 ¢ a)
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are differentiable on [0, 1), with
d
SO0 @) =Y aigl'; (@)
ieZ o
and
d y N N -2, N N
E(p[’[—l(a(t)) = ;ai <¢[i»?i»[1 +¢[’[i_l’?i_] - N (¢[[]i + ‘f’mi) (a(1)).
lE

Here we have used the fact that the directional derivatives given by Proposition 4.3 are
continuous on A((7") to guarantee differentiability in any linear combination of those
directions. We integrate to obtain, for all ¢ € [0, 1),

13
o @) =9 @+ fo aid!; (@)ds 39)
i€l
and
¢ -1 (@)
1
= (@) + Za,»/o (“b:,-v,i,-,[—l + = N, +¢[Nf]~)> (a(s))ds.

ieZ o i

(40)

Since ¢[N and qb[N[, , extend continuously to A((7T) and the integrands on the right are

bounded, these equations hold also for t = 1.
We shall now prove the following key identities

¢’ (@(1) = ¢, (a0, ax), ¢ @) = ¢l . (a0, ax). (41)

Choose a loop [ € [(a) such that the faces fi, and fi, of the associated embedded
graph have a C! boundary. We will use a deformation (I;),c[o.1j0f [ constructed using a
diffeomorphism from S\ (fi, U fk,) to a cylinder and then contracting the cylinder to
a circle. Since k, and ko have maximal and minimal winding number, the pair (ag, a.)
defined by (36) satisfies ap > ax, and a, > ax,. Hence, there is an area-preserving C 1
diffeomorphism

F :S7\(fip U fr,) = R/Z) x [—ap + axy, ax — ag,]

where the right-hand side is endowed with Lebesgue measure. By re-basing the loop
[ if necessary, we may assume that the starting point /(0) is not adjacent to fy or f.
Write F(I(t)) = (6(7), y(r)). We can and do choose [ and F so that F'(1(0)) = (0, 0)
and so that 6(7) makes only finitely many changes of sign. For ¢ € [0, 1] and (0, y) €
(R/Z) x [—ap + ak,, ax — ai, ], define

Ci(0,y) =0, (1—1)y)
and define a family (/, : ¢ € [0, 1]) in Loop(St) by

Ii(r) = F ' oC, 0 F(l(7)). (42)
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Then lp =1 and (I; : t € [0, 1]) is continuous in length with fixed endpoints. Define
s(t) = F(z,0).

Then s € Loopy(St) and, since F o [{(tr) = (6(r),0), we have [} ~ s"*, where
n* = 0(1) € Z is the winding number of /. Then, by continuity in probability and
invariance under reduction of the holonomy field,

o (@(D) = lim (' (@ () = lim E(tr(H, )
= E(tr(H,)) = E(tw(Hyn)) = ¢S (ao, a).

We see similarly that qb{v[_, (a(l)) = ¢V (ag, ay).

n —n
Gk g Ix

Now, given (41), by Proposition 2.5,
P (a1, @) > ¢ (ny. a1, a2)

uniformly in (a1, az) € Ag(T). Write /; and fl for the drawings of [; and A[l- in G for
some G € [(a). Then

¢, ¢ (@) = E(tr(Hy)tr(Hy)).

Since both /; and /; have no more than n— 1 self-intersections, by the inductive hypothesis,

w(Hy) — ¢i,(@), w(H;) —> ¢; (@) 3)
in L2, uniformly in a € A((T'). Hence
o1~ budy

uniformly on A((T"). Here we used the obvious submersions A((T) — Ay (T) and
A(T) — Aii(T) in evaluating ¢, and ¢f,' on A((T). Welet N — oo in (39), first in

the case r = 1 and then for ¢ € (0, 1) to see that qb{v converges uniformly on A{(7") with
continuous limit, ¢ say, satisfying, for all ¢ € [0, 1],

t
pi(a()) = ¢pi(a) + Z/ aigy; (a(s))py (a(s))ds. (44)
i€l 0
Using again (41) and Proposition 2.5, for s € s(ay, a2),
O onlar, az) = E(|r(H)[*) — ¢1(n, a1, a2)
uniformly in (ay, az) € As(T) as N — oco. We have

1 1@ = b 1 1 (@) = B (Hy)wr(Hy )t (Hy-1)

and we have just shown that

E(tr(Hj-1)) = E(tr(H))) — ¢i(a)
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uniformlyina € A((T).In combination with (43), we deduce that, uniformly on A((T),
S 1o Pudi P

Hence, on letting N — oo in (40), first in the case t = 1 and then for ¢t € (0, 1), we see
that ¢{V[_] converges uniformly on A((7") with continuous limit, ¢ -1 say, satisfying,
for all € [0, 1],

13
¢ -1(a(®) = ¢ -1(a) +2 Z o /0 b1, (a () ey (als))dilals))ds. (45)
ieZ
By differentiating (44) and (45), we see that

d
= (d01@) = guta)?) =0
SO
b-1(@) — pi(@)* = ¢ -1 (a(1) — ¢i(a(1))* =0.

Thus the first of the desired statements holds for .
We turn to the second statement. First we will show the claimed properties of the
master field @7 on Loop,, (S7). By the first statement, for alla € A(T) and [ € l(a),

@1 () = di(a).

Hence @7 is invariant under area-preserving homeomorphisms. We take r = 1 in (44)
and use the estimate (37) to see that

|7 (1) — @7 (14, a0, ax)| < 2C(T — ag, — ax,).

It remains to show that @7 satisfies the Makeenko—Migdal equations (10) on Loop,, (S7).
Let/ be aregular loop with n self-intersections. Leti € Z andleté : [0, n) xSt — St be
a Makeenko—-Migdal flow at (/, v;). Write ag (¢) for the face-area vector of [(¢) = 0(¢, [).
Then

ag(t) =a+t&;

s0, by the argument leading to (44),

t
E(tr(Hl(,))) = E(tr(H))) +/0 ]E(tr(Hli(s))tr(H[i(S)))ds~

By bounded convergence, on letting N — 0o, we obtain

t
@r(1) = Pr () +f0 ®7(1i (5))Pr (i (s))ds

as required.

Suppose finally that ¥ : Loop,, (S7) — C is another function with the same proper-
ties. We have to show that ¥ = @7 on Loop,,(St). Let [ be a combinatorial planar loop
with at most n self-intersections. Then, for all a € A((T), the set of embedded loops
[(a) is non-empty, and ¥ takes a constant value on [(a). So there is a unique function

Y A(T) - C
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such that ¥(a) = ¥ () forall l € [(a). Let i be a self-intersection of [ and let [ € [(a).
Then there exists a Makeenko—Migdal flow 6 at (I, v;). Thus, for ¢ sufficiently small,
we have 0(t,1) € l(a + t E;) and hence

Vila+1&) = w0, D).
Since ¥ satisfies the Makeenko—Migdal equations, it follows that ¥ has a directional

derivative at a given by

d A
Eiyi(a) = 7 w(O, D) =vU)w i) = Yy (@) (a)

t=0

where [;, i, are the loops obtained by splitting / at v;, and [;, fi are the associated com-
binatorial loops.

Given a € A((T), define a(t) as at (38). Then, by the argument leading to (39), for
allt € [0, 1),

t
Vi(a() = Yila) + Z%‘/O Y (a(s)) . (a(s))ds.

i€l
Since ¥ satisfies (13), in the limit t — 1, we have
[Wi(a(®)) — ¢r(n, ao, ax)| = Cu(T — ag, (1) — ar, (1)) — 0.
By the inductive hypothesis, since [; and {; have no more that n — 1 self-intersections,
Y (a(s)) = ¢y (als)), ¥y (als)) = ¢y (als))

for all s € [0, 1). Hence ¥ (I) = ¥((a) = ¢i(a) = @r(l), showing that ¥ = &7 on
Loop,,(St), as required. Hence both statements hold for n and the induction proceeds.
0

5. Extension to Loops of Finite Length

5.1. Some estimates for piecewise geodesic loops. Our aim in this section is to prove
Proposition 2.7, which is the final step in the proof of our main result Theorem 2.2. We
follow a line of argument adapted from [8], where estimates are given for Wilson loops in
the plane, which are uniform in N. Instead of using explicit formulas for expectations of
Wilson loops, the idea is to revisit certain estimates which were used in the construction
of the Yang-Mills measure [40, Section 3.3], and to show that, when applied to suitable
functions, these estimates are uniform in N. For clarity, we shall give a more detailed
account of the argument of [8, Theorem 4.1], reproducing part of the proof of [40, Section
3.3].

Write Path, (S7) and Loop, (St) for the sets of piecewise geodesic paths and loops
in S7. Set k = /7T /2 and note that « is the length of a great circle between an-
tipodal points in Sy. For « € Path(Sr), write ng(«) for the smallest integer such that
270@ () < k. Forn > ng(a), we define D, («) € Path,(Sy) by parametrizing by
[0, 1] at constant speed and then interpolating the points («(k27") : k =0, 1,...,2")
by geodesics. Then D, («) — « inlength asn — o0, so Path,(Sr) is dense in Path(Sr)
for the topology of convergence in length with fixed endpoints. Note in particular that,
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when £(«) < k, we use the notation Dy(«) for the unique geodesic with the same
endpoints as «. Define, for « € Loop(Sr),

Wy (@) = VEU( — Hy) = /1 = oY (@), @7 (@) = E(tr(Hy))

where H = (H, : y € Path(Sr)) is a Yang-Mills holonomy field in U(N). By
Lemma 3.5, there is a K| > 0 such that, for all N and all @ € [0, T], for all simple loops
o bounding a domain of area a,

Uy(e) < Kiv/a. (46)

The function Wy inherits from H the following properties: for all &, 8 € Loop(St) with
a ~ ﬂ’
Wy () =Wn(e ), ¥y =¥y(B) 47

and, for all pairs of paths y1, y» € Path(Sr) which concatenate to form a loop,

Un(v1yv2) = YN (av1). (48)

Moreover, using the identity

20 (@B)? = E (wr(Hy — H})(H; — Hg)) )
and Cauchy—Schwarz, we obtain

Yn(@B) < ¥n(a) + PN (B) (49)
whenever « and 8 have the same base point.

Lemma 5.1. There is a function ¥ : Loop,(St) — [0, 0o) satisfying (46), (47), (48)
and (49) and such that ¥n (o) — ¥ (o) as N — oo for all o € Loop, (St).

Proof. Let us first argue that, for any o € Loop, (St), there is ann > 0, a combinatorial
loop [ having at most n self-intersections, and a sequence (ax : k € N) in Loop, (Sr)
such that o is a drawing of [ for all £ and oy — « in length as k — oo. A loop
a € Loop,(S7) is a finite concatenation yj ...y, of segments of great circles, each
of which we may assume to have length less than k. Set n = m(m — 1)/2. Consider
the parametrized family in Loop, (St) obtained by small perturbations of the segment
endpoints. Since any two distinct segments y; and y; either intersect in at most one point,
or are contained in the same great circle, the set of loops in this family which are not in
Loop,,(St) is of measure zero for a random choice of endpoints. Hence there exists a
sequence (o : k € N) in Loop,,(Sr) such that oy — « with fixed endpoints.

Since the set of combinatorial planar loops with n self-intersections is finite, we can
assume without loss of generality that there is a combinatorial planar loop [ such that oy
is a drawing of [ for all kK > 1 and such that a(cy) converges in A((T') as k — oo, with
limit a say. Consider the Wilson loop function (;5{\] 1 A(T) — C. By Proposition 2.6,
we know that qb{v is uniformly continuous on A((7T') for all N and ¢{V — ¢ uniformly

on A((T) as N — oo. Hence ¢ has a continuous extension to A((7"), which we denote
also by ¢, and ¢} — ¢ uniformly on A((T). Now, as N — oo,

ol (@) = ¢ (a) = ¢i(a)
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so we can conclude that the the following limit is well-defined
Or(@) = lim &Y (a).
N—oo

Let us set

W(a) =/1— D7 (a).

Then ¥ (o) = limy—_ oo ¥y () and the properties (46), (47), (48), (49) extend to ¥ on
taking the limit N — oco. O

We note for later use a further inequality which follows from (47), (48), (49): for all
a, B € Loop, (St) having the same base point,

W (@) — W) < ¥p™). (50)

The following isoperimetric inequality is shown in [40, Lemma 3.3.5]: there is a
constant Ky € [k, 00) such that, foralla € [0,T] and all o € P.(St) of length
L) < K{l and such that the loop s = o 'Do(a) is simple, we have

Va < Kxt@)¥* (@) — e(Do(a))/* (51)

where a is the smaller of the areas of the connected components of St \s*. The next
proposition follows a line of argument similar to [40, Lemma 3.3.4] but reformulated in
a simpler way and taking care to obtain a constant K independent of N.

Proposition 5.1. There is a constant K € [k L, 00) such thar, forall N e N, alln >0
and all o € Path(St) with 27"0(«) < K™, we have

Wy (a@Dy(a)™h) < K@) (0(@) — £(Dy(a))) V2.

Moreover the same estimate holds for & whenever a € Path,(St).

Proof. The argument relies only on the properties (46), (47), (48), (49) which hold for
both ¥y and ¥, and the continuity of ¥y on Loop(Sr), which allows us to reduce
to the case o € Path,(S7). We will write it out for ¥. Consider first the case where
a € Path,(S7), and « is injective with £(«) < k. Then (see [40, Proposition 3.3.6]
and Fig. 2 therein) we can write « as the concatenation «; . . ., of its excursions away
from, or along, Dy («) to obtain a lasso decomposition

aDo@) " ~ 1.y, L= yisiv s =i Do)

where s; € Loop,(Sr) and y; € Path,(St) for all 7, and where either s; is simple or
o; = Do(«;), and such that

) = tla) +-- -+ L(ap), £(Do(ar)) = £(Do(a1)) +-- -+ £(Do(ap)).

Write a; for the smaller of the areas of the connected components of Sz \s;. In the
case o; = Dg(aj), when there is only one such component, set a; = 0. Note that
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£(si) < 2€(atj) < 24(). Take K = max{K| K3, 2K>} and suppose that £(x) < KL
Then

lIf(ozDo(oz)’]) =V 0p) S VUD)+-+W(Up) =G+ + P (sp)
< Ki(Vay+---+ap)
< KiKy Y ) (£(e) — €(Do(ei))) '

< Ke@)¥* (@) — e(Dy(a))'/*

where we used Holder’s inequality for the last step.

Now, for general @ € Path,(S7) with £(0) < K -1 according to [40, Proposition
1.4.9], we can write o as a concatenation « . .. &), where each o; is run up to the end
of its first interval of self intersection. So we obtain a lasso decomposition

a~lidyy, Li=vyisivy ', L) =)+ +Lsp) + L(y)

where s; € Loop,, (St) is simple and y; € Path,(Sr) for all i, and where y € Path,(St)
is injective. Write a; for the smaller of the areas of the connected components of S \s;".
Then

() =¥ (si) < Kiai < KiKx(s;)
SO
W)+ +W(ly) < KEs) + - +L(sp)) = K (L(a) — £(¥)).
On the other hand, by the first part,
w(yDo(y)~") < KL (t(y) — e(Do())'*.
But Do(y) = Do(@), so
W(aDo(e) ) =W(li...L,yDo(y)™") S W)+ +W(p) + ¥ (yDo(y)™ ")
< K(l(a) — L)) + Ke(y)*(L(y) — (Do (y))'/*
< Ke(a)**(£(ar) — €(Do()))/*.

Finally, for n > 0 and o € Path,(S7) with 27"¢(a) < K~!, we can write o as a
concatenation ¢ . . . apn such that

Dy (a) = Do(ay) ... Do), £(a;) =27"4(a).
Then there is a lasso decomposition

aDy(e)™ ~ 1y, 1l = yiey Do)y
where y; € Loop, (Sr) for all i. Then, by the second part,

W(aDy(@) ) =W (... lp) <Y W(@iDole)™)

<) K@) (e(ai) — (Do)

1

< Ke@)¥* (@) — 6Dy ()4,
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5.2. Proof of Proposition 2.7. Let (H, : y € Path(St)) be a Yang-Mills holonomy
field in U (N). We have to show that tr(H;) converges in probability as N — oo for all
[ € Loop(St). Further, we have to show that the master field

@r(l) = lm E(tr(H)

is the unique continuous function Loop(S7) — C which is invariant under reduction
and under area-preserving homeomorphisms, satisfies the Makeenko—Migdal equations
(10) on regular loops, and satisfies (11) for simple loops.

Let ! € Loop(St) and set [, = D, (I). Note that D, (/,,) = I,, when m > n. By (50)
and Proposition 5.1, for n € N sufficiently large and m > n,

W () — W (1) < Wnly ") < KEOY W) — )™,
Also
E(|tr(Hy,) — tr(H)[*) < E(tr((H), — H)(H;, — H)*) = 2@y (1, ">
50
ltr(Hy,) — tr(H 2 < V20w U < V2K e ey — £,

Since £(l,) — £() as n — 0o, we see that ¥ (l,) and @7(l,) = 1 — ¥ (l,)* must
converge as n — 00. Define

&) = lim &7(y).
n—0oo
Let n — oo and then N — o0 in the inequality
lte(Hy) — D)1 < llte(Hy) — tr(Hy) |11+ e (Hy,) — @7 )l + D7) — D)

to see that tr(H;) — @(I) in probability and @7 (1) = limy_ o E(tr(H))) = & (1).

The invariance of @7 on Loop(S7) under reduction and area-preserving homeo-
morphisms follows from the corresponding invariance properties of d)%v . The claimed
properties of @7 on simple and regular loops were shown in Propositions 2.5 and 2.6. We
now show that @7 is continuous on Loop(St). For this, we translate to our context the ar-
gument of [40, Proposition 3.3.9]. Let« € Loop(S7) and let (o, : n € N) be a sequence
in Loop(S7) which converges to « in length. We have to show that @7 (o) — @7 ().
There exist area-preserving homeomorphisms 6, on S such that 6, («;,;) converges to
o in length with fixed endpoints. We have &7 (¢) = 1 — W («)? and we know that
Y (D, (o)) — W(ay,) as m — oo. Hence it will suffice to consider the case where «;,
is piecewise geodesic for all n and &, converges to « in length with fixed endpoints,
and to show then that ¥ («,,) — ¥ («) as n — oo. Parametrize « at constant speed and
choose parametrizations for the loops «;, so that

lan —alloo = sup fan (1) —a ()] — 0.
tel0,1]

Fix m > 0 and write D,, («) and «,, as concatenations

Dy (a) =01...00m, oy =0p1...00m
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where o; is the geodesic from a((i — 1)27") to ¢ (i27"") and «,, ; is the restriction of ¢,
to[(i —1)27™,i27"]. Fori =0, 1,...,2", denote by 1, ; the geodesic from o (i27")
to o, (i27™). Then £(n,,0) = £(Mp2m) = 0and, fori =1,...,2" — 1,

E(Un,i) < llan — allco-

Set

Bn=Bu1-..Bunom, Bui= 7]n,i—l“n,i’7,?}~
Then a, ~ B, and Do(B,,;) = o; forall i. So

W (otn Dy (@) ™") = W (By D () ™)
and, by the argument used in the last part of the proof of Proposition 5.1,

W (By D (@) ™) < KL(BW)*(L(By) — €(Dp(e))*.
Now
E(By) < o) + 2" [ty — ellow
SO
W (ctn) — ¥ (@)] < W (0n Dy (@) ™) + ¥ (Dyy (@) — ¥ ()]
< K (Latn) + 2" Moty — etlloo)* (€(ctn) — €Dy (@) + 2" oty — erf| o) /*
+ ¥ (D () — ¥ (@)

On letting first n — oo and then m — oo, we see that ¥ (o) — ¥ («) as required.

Finally, suppose that ¥ : Loop(S7) — C is another function with the same prop-
erties. Then ¥ = &7 on Loop,(St). Suppose inductively for n > 1, that ¥ = @7 on
Loop,,_;(Sr), and let I € Loop,,(St). We follow the argument at the end of the proof
of Proposition 2.6, except that, in place of the estimate (13), we use the cylinder-based
loop deformation /; defined at (42) and the continuity of ¥ to see that

Yi(a(r) =¥ (1) = () =¥ (s") = ¢r(ng, ao, ax).

Then we can conclude as before that ¥ = &7 on Loop, (S7). Hence, by induction,
¥ = &7 on all regular loops. But these are dense in Loop(Sy) and ¥ and @7 are
continuous, so ¥ = @7 on Loop(S7). O

6. Further Properties of the Master Field

6.1. Relation with the Hermitian Brownian loop. Let W = (W, : t > 0) be a Brownian
motion in the set of N x N Hermitian matrices H (N) equipped with the inner product

(h1, ha) = NTr(hih3).

Let w = (w; : t > 0) be a free Brownian motion, defined on some non-commutative
probability space (A, t). The inner product is scaled with N so that W converges in
non-commutative distribution (in probability) to w, that is to say, for all » € N and all
t19‘-'5tn 207

tr(th e th) — T(wll e w[”)
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in probability as N — oo. Fix T € (0, co) and define for ¢ € [0, T']

t T t
BIZWZ‘_TWT’ bl‘ th—T'LUT.

Then B = (B; : t € [0, T]) is a Hermitian Brownian loop in H(N) and B converges in
non-commutative distribution to b7 = (th : t € [0, T]). The non-commutative process
b is called the free Hermitian Brownian loop. We will write simply b for b'.

Let x = (x; : t € [0, T]) be a free unitary Brownian loop in (A, t), as defined in
Sect. 2.7.

Proposition 6.1. Suppose that T € (0, 72]. Then, for allt € [0, T] and all n € 7,

ny __

T(x; —/IReif1xsm(X)dx — (e

where s; is the semi-circle density (15) of variance t. On the other hand, for almost all
T and almost all s, t € (0, T) withs < t,

ST T
T(x X)) # (e b5 ')

T . . .
so (e 1t €0, T is not a free unitary Brownian loop.

Proof. The first assertion is the content of Proposition 3.6. We turn to the second asser-
tion. Let (X; : ¢t € [0, T']) be a Brownian loop in U (N) based at 1. Then, since Brownian
motion in U (N) is a Lévy process, X;l X, has same law as X;_;. On letting N — oo,
we deduce that

() = 1) = T(eP) = 7(e ¢ hD)
where we used free independence and stationarity of the increments of free Brownian
motion for the last equality. Hence, by the scaling properties of free Brownian motion,
r(e_ibSTeibfT) —t(xix) = r(e_ibSTe”’fT - ei(bfT_hé'T)) = FS/T,,/T(\/T)
where
Fys(o) = (e~ i0bs gibr _ o (bi=by)y.

By Fubini’s theorem, it will suffice to show, for all s, € (0,1) with s < ¢, that
Fs (o) # 0 for almost all o € (0, w]. We expand the exponential function up to fourth
order and use scale invariance of free Brownian motion to obtain

Fy1(0) = F/,(0) = F/,(0) = F/';(0) =0, F]/(0) =2t (b}b} — bsbbsb;).

The variables (b; : t € [0, 1]) are semi-circular, therefore all free cumulants of order
more than 3 vanish (see for example [46, equation 11.4]). So, using the decomposition
of moments into free cumulants® (see [46, equation 11.8]),

T(b*b? — byb,byh,) = T(bH)T(b?) — T(bsh)*> =5t —s)(1 —1) > 0.

Since Fj ; is analytic in o on (0, 7], this implies that it has at most finitely many zeros.
0

6 Here it can be understood as a ‘non-commutative’ Wick formula, with non-crossing matchings in place
of all matchings
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6.2. Duality at the midpoint of the loop. Recall from (6) and (8) the form of p7. It will
be convenient to set @ = 0 and 8 = 2/+/T in the subcritical case T € (0, 72]. Denote
by H the open upper half-plane. The following relation appeared first in the physics
literature [28, equation 1.2], without a mathematical proof.

Proposition 6.2. Let (x; : t € [0, T]) be a free unitary Brownian loop. Then, for all
T > 0, the spectral measure of x7 3 has a density p}. with respect to Lebesgue measure
on U (of mass 21 ), which is invariant under complex conjugation and is such that

npr UNH — (o, B)
is the inverse mapping of
&P (a, B) - UNH.

Proof. We write the proof for the supercritical case T > 72, leaving the minor ad-
justments needed when 7' < 72 to the reader. The function pr : (o, B) — (0,1)is
continuous and strictly decreasing, with pr(a) = 1 and pr(8) = 0. Indeed, according
to formula (8) and an elementary computation (see for example [44, equation 150]), for

x € (a, B),

052.5‘2 — x2

d
B0 — s — k%2

Write ¥ for the inverse of the bijection wpr : (o, 8) — (0, 7). For all n € Z\{0}, by
Lemma 3.7,

< 0.

1
@ —anp - = [

2 B o) b4
T(x7)) = E/ sin{nor (x)}dx = _E/o sin(nf) v’ (9)de.

We integrate by parts to obtain

2 T
r(xﬁ/z) = ;/0 cos(nf)y(0)do.

Hence the spectral measure of x7,, has a density p. with respect to Lebesgue measure
on U given by

pie?) =y (6 /x, 16| < 7.

6.3. Convergence to the planar master field. We now investigate the behaviour of the
master field @7 as T — oo.For T > 0,n € Nandr € [0, T, set

mr(n,t) = or (")

where [ is a simple loop which divides Sy into components of areas r and T — ¢. Recall
that m7 (n, t) does not depend on the choice of /.
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Proposition 6.3. We have

—nt/2 1\" n—l AT
mT(Vl, t) N € . / (1 + _) efntZdZ — efnt/Z 2 : ( ) < n )nkl
2xin J, z P k! \k+1

uniformlyint € [0, T]as T — oo, where y is any positively oriented loop in C winding
once around 0.

Proof. Since the second complete elliptic integral E (k) is bounded and the first K (k) is
bounded on compacts in [0, 1), the relation

T =8EK —4(1 — k*)K?

forcesk — 1as T — oo. Since « = kB < 1/2 and > 1/2 for all T, this implies
o, B — 1/2asT — oo.Hence pr(x) — 1for|x| < 1/2and pr(x) — Ofor|x| > 1/2,

SO
2 d +1/2
Gr(z)=/'oT—(x)dx—>/ a =L0g(Z / )
RZI—X —122—X z—1/2
uniformly on compacts in {z € C : |z| > 1/2}. By Proposition 3.7, for R > 1/2 and T
sufficiently large, uniformly in ¢t € [0, T,

1
mr(n,t) = Tmin exp{—n(tz — Gr(2))}dz
YR

n —nt/2 n
— 1. / e "t <—Z+ 1/2> dz =& , / (1 + l) e "dz
2zin Jy, z—1/2 2zin J, Z

where ypg is the positively oriented boundary of {z € C: [z = R}. O

We remark that it is known from Biane [4] that the free unitary Brownian motion has
spectral measure v; on the circle U, with moments given for all n € Z, by

[n|—1

k
n )2 (=1)" ( In| k—1
/Ua) v (dw) =e k2=1 T <k+l [n|

whereas the spectral measure vtN of a Brownian motion on U (N) at time ¢ satisfies

vtN —>
weakly in probability on U as N —> oo. See also Lévy [39], for another proof using
Schur—Weyl duality. Let us write v[ r and v, 7 for the spectral mesure of a marginal of
respectively the unitary Brownian loop on U (N) and of the free unitary Brownian loop
(defined in Sect. 2.7), where both processes have lifetime 7 and the marginal is taken at
time 7. We can now deduce that the following diagram commutes

N N—o0
U[’T vl,T

T — oo T — oo
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where the horizontal arrows denote weak limits on U as N — oo, which follow from
Theorem 2.9 and Corollary 2.8, along with [4], whereas the left vertical arrow denotes
a limit in law on M (U) and the right vertical arrow denotes the weak limit induced
by Proposition 6.3. The next proposition enables us to show that such a commutative
diagram holds true for the non-commutative distributions. We will not give details here
on this latter point.

Denote by Loop(R?) the set of loops of finite length in R? and let

@ : Loop(R?) — [—1, 1]
be the planar master field as defined in [41].

Proposition 6.4. For each T > 0, fix a point yr € St and denote by pr the inverse
map of the stereographic projection St\{yr} — C. Then, for all | € Loop(R?),

Q7 (pr)) — () asT — oo.

Proof. Let [ be a simple loop in Loop(R?) and denote by a the finite area enclosed
by [. Then pr (1) is a simple loop in Loop(S7) which divides St into two components
and does not pass through yr. Denote by ar the area of the component which does not
contain yr. Then ar — a as T — oo. By Proposition 6.3, this implies

n—1
n —na/2 (_a)k n k—1 __ n
or(pr() — 3 S <k+1)n e

as T — oo, where we used [41, equation (2)] for the last equality.

Now @ also satisfies the Makeenko—Migdal equations [41]. By a variation of the
argument used to prove Theorem 2.6, we can extend convergence from powers of simple
loops to all regular loops. We sketch the small change which is needed. There is now a
face, koo say, of infinite area. So we work in the orthant

Yi = {(ax 1 k € Fy) : ak,, = oo and ai € (0, o0) for all k # koo}.

a= Z ar.
k#koo
Write ko, k., as before, for the faces of minimal and maximal winding number, now
choosing the additive constant so that n((ks) = 0. Given a € Yy, either (a, n;) > 0, or
(a,ny) < 0. (We use here the convention that co x 0 = 0.) In the first case, k, # koo
and there exists a’ € ?[ with a,/{ = 0 for k # k4, koo such that

Set

(@, n)) = ap ni(ks) = (a, ni).
Set
;o .
e
a—a', ifk=ke.

and set a(t) = a +tv. Thena’ = a(1) and a(¢) € Y forallt € [0, 1), and v € m; by
Proposition 4.5. An analogous argument holds in the second case. We can then proceed
as in Sect. 4.5. The arguments of Sect. 5 also carry over to extend the limit

Sr(pr)) — (1)
to all / € Loop(R?). We omit the details. O
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6.4. Uniqueness of the master field. In Theorem 2.4, we showed that the master field
is characterized by certain properties. In fact there is some redundancy in this charac-
terization, as the following result shows in replacing property (11) by (52), which is the
casen = 1 of (11).

Proposition 6.5. Let @ : Loop(St) — C be a continuous function, which is invariant
under reduction and under area-preserving, orientation-preserving homeomorphisms,
satisfies the Makeenko—Migdal equations on regular loops, and is given on simple loops

[ by
D() = ;/ cosh{(a — b)x/2} sin{mpr (x)}dx (52)
0

where a and b are the areas of the connected components of St\{l*}. Then @ is the
master field .

Furthermore, we shall see in the next section that given the value (52) of @7 () for
any simple loops, it is possible to obtain new explicit formulas for @7 (I") using the
Makeenko-Migdal equations (see (55)), matching with (11). The proof of proposition 6.5
will be based on an argument for a special class of loops which we now introduce.
Informally, for n > 1 fix an initial point x; and draw an inward anticlockwise spiral
which winds n times around another point o, crossing the line ox; at points x3, ..., X,
then, on hitting ox; for the nth time, returning to x; along ox;. Thus we obtain a
combinatorial planar loop [, whose combinatorial graph is given as follows:

V={l,...,n}, E={1,....,n}U{l',....(n =1}, F={0,1,...,n}
where, for j =1,...,n—1,
s(N=Jj. t(N=j+L s¢H)=j+1, 1) =
and
(H=1G)=j, r(H=r(H=j-1
while
sn)=t(n)=n, ln)=n, r(n)=n-—1.

See Fig. 6. Here, we have used a non-standard labelling for the edges and faces which
is adapted to the structure of the graph. Note that the self-intersections of [,, are labelled
by {2, ..., n}. If we fix the additive constant for the winding number so that n;, (0) = 0,
then n, (n) = n. For n > 1 and for any combinatorial planar loop [ with n — 1 self-
intersections, we have

ny = max{n;(k) —n(k") : k, k' € F} <n.

We call [,;, and any associated regular embedded loop /, and any rerooting of [, a maxi-
mally winding loop.

Proof of Proposition 6.5. Let n > 1 and suppose inductively that @ (/") = @7 (™) for
all m < n and all simple loops /. A comparison of equations (11) and (52) shows that
this is true for n = 1. Let [ be a simple loop which divides St into components of areas
ap, ax € (0, T). We can find (o1, an, ..., ay42) such that

a; =0, ar=ag, us1 =ax, An2=0
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Fig. 6. A drawing of the maximally winding loop I4

and, form =2,...,n+1,
Op—1 — 20, + e < 0.
Consider the (constant) vector field v on Ay, (T) given by

n+l

n+l
V= ZO[,’E,‘.
i=2
Then vg = —ag and v,,41 = —ay and vy > Ofork =1, ..., n. Set
a(t) = (ap,0,...,0,a,) +tv

then a(t) € Ay, (T) for all t € (0,1) and ap(1) = au41(1) = 0. There exists a
continuous family of loops (I(¢) : t € [0, 1]), with a common basepoint such that,
1(0) = 1" 1(r) € Gy, (a(t)) forallt € (0, 1), and I(1) is a maximally winding loop
with n —2 self-intersections. Then, by the arguments used in the proof of Proposition 2.6,

n+l

1
) =)+ a / @ (i ()@ (i (5))ds

i=2
where /; (s) and ii(s) are maximally winding loops having i — 2 and n + 1 — i self-

intersections. But the same equation holds for @ and the inductive hypothesis, combined
with the argument of the proof of Proposition 2.6, implies that

o) = dr((1), DUi(s) = Pri(s)), PUi(s) = Pri(s)).

Hence @ (I"*") = &7 (I"*") and the induction proceeds. Finally, by Proposition 2.6, it
follows that @ (1) = @7(I) for all/ € Loop(S7). O
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On the other hand, condition (52) is not redundant in Proposition 6.5, as we now
show. Each loop / € Loop(St) has a winding number function

n:SP\I* - 7Z

which is unique up to an additive constant. By the Banchoff—Pohl inequality [2], we
know that n; € L*(St) so n; has a well-defined average value (n;) with respect to the
uniform distribution on S, up to the same additive constant. Hence, we can define a
unique function ¥ : Loop(S7) — C by

lll(l) — €2Ni<n[>.
For loops /1, [ based at the same point, we have n;,;, = ny, +ny,, so
V() =v NP ().

Morever, ¥ is invariant under any Makeenko—Migdal flow. Consider, for n € Z, the
twisted master field qﬁ;") : Loop(Sy) — C given by

o) = w ()" o7 ().

Then q)(T") is continuous, invariant under reduction and area-preserving, orientation-
preserving homeomorphisms and satisfies the Makeenko—Migdal equations on regular
loops. However, for a simple loop / which winds positively around a domain of area a,
we have

W(l) — eZJTia/T

so, forn # 0, @}") is not the master field. Hence, by Proposition 6.5, or by inspection,
<15¥1) does not satisfy (52).

For n # 0, the twisted field @;") from the preceding paragraph also fails to be
invariant under orientation-reversing homeomorphisms. We do not know whether this
stronger invariance condition would allow one to dispense with (52) in Proposition 6.5.

6.5. Combinatorial formulas for the master field . Rusakov [47] proposed, without
proof, that there should be a closed formula for the value of the master field for any regular
loop on the sphere. We now prove a formula for a restricted class of loops introduced
in [34], which agrees with (42) in [47]. We were not able to prove or disprove this latter
formula in the general case’ and leave this question open. Let us say that a combinatorial
planar loop [ is splittabled if for all self-intersection points i of [, the two loops [;, 1,
obtained by following outgoing strands of [ starting from i, intersect only at i (Fig. 7).
Let [ be a splittable combinatorial planar loop with n points of intersection. On
splitting [ at all points of intersection, we obtain a family of simple combinatorial loops
St = {51, ... 841} in [, which has the structure of a tree, in which s; and 5 ;- are adjacent
if they share a point of intersection of [. We choose the sequence (s1, ..., $,+1) to be an

7 Note that, contrary to what it is claimed in [47], n;, j can be even or odd.

8 In [34] these loops are called planar. A loop is splittable if and only if, with notations from [47], n; ; = 1
for all window’s labels i, j.
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Fig. 7. A splittable combinatorial planar loop with its family of simple loops S; drawn in dashed lines, next
to a combinatorial representation of the tree structure of Sy

adapted labelling of S, meaning that s is adjacent to at least one of s1, . .., s¢ for all
ke{l,...,n}.Given T € (0, 00), a distinguished face k € F| and an adapted labelling
(51, --.,8,41) Oof S, let us say that a sequence (y1, ..., ¥u+1) of disjoint simple loops

in C around [—p8, B] is admissible if

(a) yj+1 lies in the infinite component of (C\y;‘ forall j <n,
(b) y; has the same orientation in C as s; has around k for all j.

~

For any self-intersection point i of [, we label the loops among [;, [; using the left and
right outgoing edges at i by [;; and [; , respectively. The loops [;; and [; , are also
splittable, and the pair {Sy;,, Sy, } is a partition of Sy. Write j (i, /) and j (i, r) for the
loop labels in & such that s;(; ;) and s, ) use the left and right outgoing edges at i
respectively. Let ny be the winding number function of [, where the additive constant is
chosen so that n;(k) = 0. Sete; = —1 or ¢; = 1 according as §; winds positively or
negatively around k. Set

Or={(z1, ..., zus1) € C"' 1z # zjs forall j, j/ distinct}
and, fora € A((T) and z € Oy, define

Hl}';l] exp{(nr,a)zj +&;Gr(z;)}

[liezGiarn — zjan)

Oiila,z) =

’

where Z denotes, as in Sect. 4.1, the set of points of intersection of [. Recall from Sect. 4.5
that, for all combinatorial planar loops I, there is a uniformly continuous map

¢ A(T) = R
such that @7 (l) = ¢(a) foralla € A((T) and all [ € [(a).
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Proposition 6.6. For all T € (0, 00), all splittable combinatorial planar loops | with
n self-intersections and equipped with a distinguished face k, all adapted labellings
(S1,...,5n+1) Of S, and all admissible sequences of closed loops (yi, ..., Vu+1), We
have, for all a € A(T),

n+l

1\ [T:L exp{{ni, a)zj +;Gr(z)}
¢[(a)=(—.) /dm-../ 2 2= ITETTRIT (53
2mi m Yast [liezGiar —zjan)

Before proving this proposition, let us give an example with maximally winding loops,
as defined in Sect. 6.4. Any maximally winding loop [, , with n > 1 is splittable.
According to proposition 6.6, using the labelling of Sect., 6 as in Fig. 6 and choosing 0
as the distinguished face, for any (ao, ..., a,) € A, (T),

n ’?_ ’?_, DNz — G .
é1, (a0, ai, ..., ay) = <L> / dzy .. / dz [ explQic; a0z r&)}
Y1 Yn

2mi "1 —2)(z2—23) ... @1 — )
(54)
where (yy, ..., y,) are nested clockwise-oriented simple loops in C around [—8, ]

and g4 lies in the infinite component of C \ )/;‘ for all j < n — 1. Recall that if /

is a simple loop which divides Sy into components of areas a and b, then @7 (/") =
¢1,(a,0,...,0,D). Therefore, for such a simple loop/, the last formula yields the identity

n ",_ bz — G .
qﬁ,(l”):(L) /dzl.../ dzn [Tj=1 explbz &)l . (55)
Y1 n

27i (z1 —z22)(z2 —23) ... (Zn—1 — 2Zn)

Thanks to the following lemma and proposition 3.7, this new formula agree the first
formula we obtained (11).

Lemma 6.7. Forn > 2and F : (C\[—8, B])" — C aholomorphic symmetric function,

1 " F(Z]’-“aZn)
Py dzi... | dz,
2 yi (1 —z22)(@2—23) ... (Zn—1 — Zn)
1
= /F(Z,..-,z)dz
2imn J,,

where (y1, ..., Yn) are nested contours as in (54).

Proof. Forn = 2, the formula follows from the residue theorem. The result can then be
proved by induction on n, using the identity
n—1
1
n—1 =0
220 L izt Gomky — zom (kes1))

where o is the full cycle (12...n), changing variables, using the residue theorem and
lastly the induction hypothesis. The details are left to the reader. O

To prove Proposition 6.6, we will need the following technical lemma. Set

Ac(T)=(ax: ke F):ar €C, Zak:T .
k
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Lemma 6.8. The map ¢ has an analytic extension A c(T) — C.

Proof. The following formula is the case r = 1 of (44):

1
¢r(n, ao, ax) = ¢1(a) + Zai/ bu (a(s))py (als))ds (56)
i€l 0
where the left-hand side is defined by (12). We see from (12) that ¢7(n, ., .) has an
analytic extension to Ag ¢ (7). Also, the real linear maps

ar—> a: A(T) — RI, av> (ag,ay) : A(T) - Ag(T)

extend to complex linear maps A c(T) — CZ and Ac(T) — Agc(T). We can
therefore use (56) recursively to construct the desired analytic extension of ¢y. O

Proof of Proposition 6.6. Since Qy(a, z) is continuous in z = (21, ..., Zx+1) on Og,
analytic in a, and uniformly bounded on compacts in Ay ¢ (7'), the right-hand side of (53)
is a well-defined multiple contour integral, does not depend on the order of integration,
does not depend on the choice of admissible family (yi, ..., ¥y+1), and defines an
analytic function vy on Ay (7). Set

8i(a) = ¢i(a) — Yi(a).

Then & is also analytic on Ay ¢ (7T") by Proposition 6.8. We will show by induction on n
that §;(a) = 0.

For n = 0, this follows from Proposition 2.5. Suppose inductively that the statement
holds for n — 1 and let [ be a splittable combinatorial planar loop with n intersections.
Fix i € 7y, to be chosen later, and write k; and k, for the labels in [; ; and [; . of the faces
containing the face k in [. For a € A((T), write a; and a, for the images of a under the
natural submersions

Arc(T) = Ay, c(T), Are(T) = Ay,.c(D).
For (21, ..., zns1) € C™ set
71=1(zj:5; €Sy,), zr=1(z;:5; €Sy,)-
Then, fora € A ¢c(T) and s € S, we have

1,  if s uses the right outgoing edge at i,
Zi(ns,a) = { —1, if s uses the left outgoing edge at i,
0, otherwise.

Hence
EiQur(a,z) = O,k ar, 21) Qi k, (@r, 2r)- (57)

Since n > 1, the tree S; has at least two leaves, and one of them, say s,,, is not
the boundary of the distinguished face k. Since the labelling is adapted, there exists
p < m—1suchthat s, is adjacent to s,,. Denote by k. the component of its complement
which does not include k, and set i € Z; to be the intersection point s,, and s, are
sharing. The sequence (s1, ..., Su—1, Sm+1, - - - » 5,) is an adapted labelling of [; ; and
the family of loops (y1, - - -, Yin—1, Ym+1, - - - » Yn) 1s admissible for this sequence and for
the distinguished face k;. Also, s, is an adapted labelling of [; , with admissible loop
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Vm. Since the right-hand side of (57) is uniformly bounded on any compact subset of
Arc(T) x Oy, we deduce that, for all a € Ay c(T),

Eiy(a) = Yy, (a)vy, (ar).

On the other hand, since @7 satisfies the Makeenko—Migdal equations, for all a €
A((T),

Eigi(a) = ¢y, (an ey, , (ar)

and this extends to a € Ay c(7) by analyticity. But [;; and [; , are splittable and have
no more than n — 1 points of intersection. So we have shown that, for alla € A ¢(T),

Fid(a) = 0. (58)

We check now the boundary condition of this equation. Since [ is splittable, there is
a splittable loop [, with exactly n — 1 intersections, an affine map

et AlT)N{a :ak, = 0} — Ay(T)

and a distinguished face ke JF7 such that, for any a € A((T) with a;, = 0,

(@) N1(e(a)) # 0
and . (@) = 0 if and only if a;x = 0. Moreover, for alla € A(T),
d1(a) = ¢i(ic(@)). (59)

Furthermore, by analyticity of ¢ and ¢, this equality holds true for all a € A c(T)
with @, = 0. Letv € Z71 be the vector with vk, = 1 which is proportional to &,

viewed as an element of {1 £, N RT , where i is the only vertex adjacent to F,. Then,
by (58), foralla € Ay c(T),

Yi(a) = Yila — ag,v).

Asa —ar,v e Ac(T) N{a : ar. = 0}, by (59), in order to conclude, it is sufficient to
show that, for alla € A ¢(T) with ax, =0,

¢i(a) = ¢i(tc(a)).
For such a vector a and for z € O,, set Z = (zj : j # m). Then

_ pyefmCTEm)

Quila,z) = Qypa, ) ——
’ Zm - Zp

For a € A(c(T), the only singularity of z,, € C\[—8, B] = Qi (a, 2) is at z,,. Since

the family of loops (y1, ..., Yu+1) is admissible, by deforming y;,, we can assume that

the bounded component of C\y,, contains all y; with j # o. Then, forall Z € O, 1,

eém Gr(zm)

1 1
— Ddze, = 0 (a5 — | 4
i /ym Qurla, Ddzs, = Qi Z)2m’/C T

Zm — Zp
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with C an anticlockwise circle with centre 0, whose interior contains all contours (y; :
j #m).Since Gr(z) ~ 1/z as z — o0, it follows that

1 egmGT(Zm) 1 eamGT(l/y)
— e —— [ a4yt
2mi Je zm —2p 2ri Jije y(I = yzp)

Therefore, performing the integration in ¢ (a) first with respect to z,,, we obtain, when
a e Ayc(T), withag, =0,

¢<a)—<i)n/ Q1@ Go)sesaton) [ | 42
( — 5 e o i\ (Zs)seSi\{sn} B -]
)
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