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Abstract: In this paper, we investigate topological aspects of indices of twisted geo-
metric operators on manifolds equipped with fibered boundaries. We define K -groups
relative to the pushforward for boundary fibration, and show that indices of twisted geo-
metric operators, defined by complete ® or edge metrics, can be regarded as the index
pairing over these K-groups. We also prove various properties of these indices using
groupoid deformation techniques. Using these properties, we give an application to the
localization problem of signature operators for singular fiber bundles.
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1. Introduction

In this paper, we consider pairs of the form (M, 7 : dM — Y), where M is a compact
manifold with boundary d M which is a closed manifold, and ¥ : M — Y is a smooth
submersion, equivalently a fiber bundle structure, to a closed manifold Y. We call such
pairs manifolds with fibered boundaries. We investigate topological aspects of indices
of geometric operators, namely spin©-Dirac operators, signature operators and their
twisted versions, on such manifolds. There are two purposes of this paper. The first
one is to formulate the index pairing on such manifolds. We define K-groups relative
to the pushforward for boundary fibration, and show that indices of twisted geometric
operators, defined by complete metrics of the form (1.2), can be regarded as the index
pairing over these K -groups. The second one is to prove properties of these indices using
groupoid deformation techniques. Using these properties, we give an application to the
localization problem of signature operators for singular fiber bundles.

Singular spaces arise in various areas in mathematics. In particular, stratified pseu-
domanifolds include many important examples of singular spaces, such as manifolds
with corners and algebraic varieties. Manifolds with fibered corners arise as resolutions
of stratified pseudomanifolds [ALMP12], and the simplest case, stratified manifolds of
depth 1, corresponds to manifolds with fibered boundaries. There are some classes of
metrics which is suited to encode the singularities of such spaces, including (complete)
®-metrics and edge metrics. To study pseudodifferential operators with respect to such
metrics, the corresponding pseudodifferential calculi, called ®-calculus and e-calculus,
were introduced by [MMO98] and [Maz91]. Since then, analysis of elliptic operators in
these calculi, in particular Fredholm theory and spectral theory of geometric operators,
has been developed by many authors and there have been many applications to geometry
of singular spaces, for example see [ALMP12,DLR15] and [LMPO6].

Most of those works are analytic in nature, in the sense that they analyze individual
operators under these calculi. On the other hand, it is natural to expect more topological
description of Fredholm indices of these operators, as in the case of closed manifolds.
One of related works in this direction is [MRO06], in which they formulate the index
theorem for fully elliptic operators, as an equality of analytic and topological indices
defined on abelian groups of stable homotopy classes of full symbols K¢_, (¢), which

corresponds to K1(X™(Gg)) in our paper. We go in this direction further, and show
that, once we fix a class x of geometric operators we are concerned with (for example
can be spin€ or sign), the indices of twisted operators can be formulated in terms of the
pairing on more primary K-groups, K. (A% ), “K-groups relative to the x pushforward
for boundary fibration”. This paper is considered as a step to understand elliptic theory
on singular spaces from a more topological, or K -theoretical viewpoint.

In order to explain our index pairing on manifolds with fibered boundaries, first
we recall the index pairing on closed manifolds. Let M be a closed even dimensional
smooth manifold. Suppose we are given a complex vector bundle E over M, and a
Clifford module bundle W over M, with a Dirac type operator Dj;. Then we have the
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corresponding classes [E] € KO(M) and [Dy] € Ko(M) in the K -theory and the K-
homology of M, and the index pairing of K°(M) and K (M) sends this pair to the index
of the twisted Dirac operator, D /ﬁ, acting on the Clifford module bundle WQE,

() KO(M) @ Ko(M) — Z
(LE1, [Dy]) = Ind(DE)). (1.1)

Many examples of such an operator Dy, arise as “geometric operators” on compact
manifolds, such as spin®-Dirac operators and signature operators. Fixing a class of
geometric operator * and a corresponding geometric structure on M that determines
the operator Dy, the above pairing is equivalently described as the pushforward p!* :
K°(M) — Zin K -theory.

The first main purpose of this paper is to generalize this index pairing to the case of
compact manifolds with fibered boundaries. It is stated in terms of K -theory for some
C*-algebras. The C*-algebras depend on the “geometric structure” we choose to deal
with, so here we explain the case of spin®-structures.

Assume we are given a compact even dimensional manifold with fibered boundary
(M,7 : 9M — Y), and assume that the fibers of 7 has dimension n. If 7 is equipped
with a spin®-structure, we associate a C*-algebra A, , whose K -groups fit into the long
exact sequence

ol * moi*

= KX(M) —— K*"(Y) = Kien(Ag) = K**N(M) — -+

where 7 is the Gysin map in K-theory m : K*(dM) — K* "(Y) defined by the
fiberwise spin®-structure, and i is the inclusion i : dM — M (Definition 5.4 and
Proposition 5.5). Thus K-groups of this C*-algebra, K,(Ay), can be regarded as the
K -groups relative to the spin®-pushforward of the boundary fibration.

From now on, we assume n, the dimension of M, is even. A pair of the form (E, l~)7f ),
where E is a complex vector bundle over M satisfying m[E] = 0 € K 0(Y), and the
operator Df is an invertible perturbation of the fiberwise s pin‘-Dirac operators by lower
order odd self-adjoint operators, gives a class [(E, [DE])] € K1(Ay) (Lemma 5.7; the
bracket in [DJ‘TE ] means that we actually only have to consider the homotopy equiva-
lence class of invertible perturbations). Furthermore, a pair (P;,, Py) of (equivalence
classes of) spin®-structures on M and Y which is compatible with the one on 7 at the

boundary, gives a class in K ' (A ). This is the element [( P}, Py)] ®Z";’(G¢) BM(ch) €

K K'(A,, C) appearing in Theorem 5.24.

On the other hand, from the data (E, Df , P,’M, P{,) we can construct a Fredholm
operator by using @ or edge metrics, as we now explain. For a manifold with fibered
boundary (M, : dM — Y), natural classes of complete riemannian metrics on the
interior arise as follows. First fix a splitting TdM = 7*TY & TV3M and a collar
structure near the boundary. Consider metrics on M which are on the collar of the form

dx* m*gy dx* _m*gy
8d = —1 x—z@gn and ge:x—zea—zﬂagn. (1.2)

X X

Here gy and g, are some riemannian metrics on 7Y and TVoM, respectively, and x
is a normal coordinate of the collar. These are called rigid ®-metrics and rigid edge
metrics in the literature, respectively. In this paper, we adopt pseudodifferential calculus
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on Lie groupoids, which is due to [NWX99]. As constructed in [Nis00], the groupoids
corresponding to ¢ and edge metrics are of the form

Go=Mx MUIM xy M xz TY xR= M
Ge=M x MUIM x5 M %, (TY xR¥) = M.

Using the given (equivalence classes of) spin®-structures, we can consider the spin¢-
Dirac operator twisted by E under these metrics, denoted by Dg and DeE . For ®-case,

the operator Dg restricts to the boundary operator of the form Df@l +1®D7y«R.
If we perturb this boundary operator to the invertible operator Df ®1 + 1®Dry xR,
we get the Fredholmness of the operator on the interior and get the index, denoted
by Inde (P}, P{,, E, [ﬁf ]) (Definition 4.16). The e-case is analogous, and we define
Ind.(P;,, Py, E,[DE]).

Our main theorem, Theorem 5.24, proves the equality

Indo (Pyy. Py E.[DE]) = [(E. [DED1 @4, [(Piy. PP @511, 07 (Go).

which can be regarded as a generalization of the index pairing (1.1).
In the case of signature operators, the arguments proceed in parallel. If we are given
a pair (M, 7 : 9M — Y) such that TY M are oriented, then we associate a C*-algebra
22" whose K-groups can be regarded as the K -groups relative to the signature push-
forward of the boundary fibration. Given an orientation on M, we get the corresponding

index pairing formula, Theorem 5.38,
. ~sign, E ~sign, E . o
Signg (M. E. [D7*""]) = [(E, [Dx*" " D] ® ysen M @ 5, ) 8" (G o).

These indices, being defined as indices of operators on Lie groupoids, can be analyzed
in terms of groupoids. We call groupoid deformation technique the following type of
arguments. Suppose we are given a compact manifold M and two Lie groupoids Gy =
M and G == M, equipped with geometric structures that determine the geometric
operators D; € Diff*(G;; E;). If one can define a Lie groupoid structure on G =
Go x {0}u Gy x (0,11 = M x [0, 1], and a geometric structure on G that restricts to
ones on G and G by evaluation at 0 and 1 respectively, then the associated geometric
operator D satisfies D[y x(;j = D;. Under some nice assumption on the groupoids, the
element [evy] € K K(C*(G), C*(Gy)) is a K K -equivalence. Then, for example if the
operators are elliptic, their index classes, Ind(D;) € Ko(C*(G;)), are related as

Ind(Do) ®c+(Gy) [evol ™! ®c+(g) [evi] = Ind(Dy) € Ko(C*(Gy)).

Furthermore, assuming we have a closed saturated subset V. C M such that D;|y are
invertible for i = 0, 1, we get the index classes Indys\v (D;) € Ko(C*(G|m\v)). If we
can give G a geometric structure such that the associated operator D is invertible when
restricted to V' x [0, 1], then we can relate these indices as

Indarnv (Do) ®c*(Golany) [evo] ™! ®C*(Glanvxpoap [evi] = Indpv (D1) € Ko(C*(Gilm\v))-

This argument, though very simple, turns out to be useful in proving various properties
of indices considered here, without any difficult analysis involved.
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For example, in Proposition 3.8 (also see (4.17)), we prove that the indices defined
by ®-metrics and e-metrics actually coincide for our settings,

Inde (P, Py, E, [DE]) = Ind.(P},, Py, E, [DE)).

The proof is an application of the groupoid deformation technique, by considering a
groupoid of the form G¢ x {0} U G, x (0, 1]. Also we prove the gluing formula (Propo-
sition 3.10), as well as a condition for vanishing of the indices (Proposition 3.13), using
the such arguments.

As an application of properties obtained in this way, in Sect. 6, we explain that the ®
(and e) indices of signature operators defined by the fiberwise invertible perturbations,
can be used to solve the localization problem of signature for the singular fiber bundles.
Suppose we are given a smooth map 77 : M* — X©' between closed oriented manifolds
and X is partitioned into compact manifolds with closed boundaries as X = U U
UYL, V;. Suppose that each V; are disjoint, and the restriction of 7 to U is a fiber bundle
structure with structure group contained in some nice subgroup G C Diff*(F) of the
orientation-preserving diffeomorphism group of the typical fiber F'. The submanifold U
isregarded as the “regular part” of this singular fiber bundle structure 7. The localization
problem is to define a real number o (M;, V;, w|y,) € R, which only depends on the
data (M;, Vi, m|pm;), and write

m
Sign(M) = Yo (M;, Vi, lu;,).

i=1

This problem originates from algebraic geometry for the case where the typical fiber
is two dimensional, and the local signatures are constructed and calculated in various
areas of mathematics, including topology, algebraic geometry and complex analysis. For
example see [Mat96,End00] for topological approaches and [Fur99] for a differential
geometric approaches. Also see [AK02] and the introduction of [Sat13] for more survey
on this problem.

In this situation, for each i the pair (x ~'(V;), 7 : #71(@V;) — 8V;) is a compact
manifold with fibered boundary, and 7 has the structure group G. The idea is to fix an
invertible perturbation of universal family of signature operators defined on the classi-
fying space, and pullback the perturbation to define the ®-indices of signature operators
for each V;. We verify this idea and construct functions o with the desired properties
in the main theorem of Sect. 6, Theorem 6.2. In Sect. 7, we give a particular example
of this localization problem, where the typical fiber is the two dimensional oriented
closed manifold with genus g > 2, and the group G is the hyperelliptic diffeomorphism
group. This is similar to the situation considered in [End00] for the case where M is
four dimensional, but we consider a more general situation where the dimension of M
can be higher.

This paper is organized as follows. In Sect. 2, we give preliminaries on representable
K -theory, Lie groupoids and ®, e-calculi. In Sects. 3 and 4, we define the indices of
twisted geometric operators in ® and edge metrics, and prove various properties, using
the groupoid deformation technique. Section 3 is about the case without the invertible
perturbations, and Sect. 4 is for the case with invertible perturbations. Although the
results in Sect. 3 are covered by those in Sect. 4, we separate this primitive case, because
the author believes it makes it easier to understand what is going on. We note that the
properties proved in these sections are not used in Sect. 5, so the readers who are only
interested in the index pairing need only to check the definitions of indices given in
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Definitions 4.16 and 4.24, and proceed to Sect. 5. In Sect. 5, we give the formulation of
the indices as index pairings over the K-groups relative to the boundary pushforward.
In Sect. 6, we give the application of the those indices to the localization problem of
signature for singular fiber bundles, and in Sect. 7, we apply this to the case of singular
hyperelliptic fiber bundles.

2. Preliminaries

2.1. Representable K -theory. In this subsection, we recall the definitions for repre-
sentable K -theory in [AS]. We only work with complex coefficients.

Let H be a separable infinite dimensional Hilbert space. Let H := H & H be the
Z»-graded separable infinite dimensional Hilbert space. Let B(H) and K (H) denote
the spaces of bounded operators and compact operators on H, respectively. For two
topological spaces X and Y, let [ X, Y] denote the set of homotopy classes of continuous
maps from X to Y.

Definition 2.1.(0) Let Fred(o)(H ) denote the space of self-adjoint odd bounded Fred-
holm operators A on H such that A2 — I € K (H), with the topology coming from
its embedding

Fred® (A) — B(H)co. X K(H)porm . A — (A, A* = 1).

Here we denoted by B(H)c.o, the space of bounded operators equipped with compact

open topology, and by K (H)porm the space of compact operators equipped with norm
topology.

(1) Let Fred) (H) denote the space of self-adjoint bounded Fredholm operators A on
H such that A> — I € K (H), with the topology coming from its embedding

FredV(H) — B(H)co. X K(H)norm » A > (A, A% = 1).

Fact 2.2 ([AS04, Section 3]). Fred(o)(I:I ) and Fred V' (H) are classifying spaces of the
functors K® and K, respectively, i.e., we have for any space X,

K%(X) = [X, Fred© (A)] and K" (X) = [X, FredV (H)].

Fact 2.3 ([ASO4, Proposition A2.1]). The space of unitary operators on H equipped
with compact open topology, denoted by U(H ). .., is contractible.

Define the following spaces as
GLO(H) := GL(H) NFred”(H) and UV (H) := U(H) N Fred ¥ (H)
GLW(H) :=GL(H)NFredV(H) and UV (H) := U(H) NFredV(H), (2.4)

equipped with the topology induced by the ones on Fred ® (H) and Fred (H).

Corollary 2.5. The spaces GLO(H), UQH), GLD(H) and UV (H) are con-
tractible.

Proof. ByFact2.3, the spaces U © (I:I yand UM (H) are contractible. The map (A, t) —
AlA|™ fort € [0, 1] gives a retraction from GL© (H) to U© (H) and from GL"" (H)
to UV (H), respectively. So we get the result. 0O
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The definition of Hilbert bundles, which is suitable for our purposes, is as follows.

Definition 2.6 (Hilbert bundles). Let X be a space. A separable infinite dimensional
Hilbert bundle H — X is a fiber bundle whose typical fibers are separable infinite
dimensional Hilbert space H, with structure group U (H)c..

A Zj-graded separable infinite dimensional Hilbert bundle H — X is a fiber bundle
whose typical fibers are Z;-graded separable infinite dimensional Hilbert space H, with

structure group U(H)¢o..

By [AS04, Proposition 3.1], the action of U (H )e.o. on Fred® (H ) is continuous. Thus
given a Zz -graded Hilbert bundle H — X, wealso get the associated Fred (H)-bundle

Fred® (H) — X. The analogous construction applies to the ungraded case.
By Fact 2.3, we have the following.

Corollary 2.7. Any separable infinite dimensional Hilbert bundle is trivial, and any
choices of trivialization are homotopic.

2.2. Cly-invertible perturbations. In this subsection, we discuss C/;-invertible pertur-
bations for a family of Z;-graded Fredholm operators parametrized by a possibly non-
compact space. The symbol K' denotes the representable K-theory. The setting is as
follows.

Let X be a topologlcal space.

LetH = {H +Jrex — X beaZj-graded separable Hilbert bundle (see Definition 2.6).
Let y be the involution on H defining the Z,-grading.

Letfred(o) (7:[) = {Fred©® (7:{ Olrex — X be the Fred© (I:I )-fiber bundle associated

to H.
e Assume we are given an element F € I'(X; Fred© (H)).

Let pr : X x [0, 1] — X be the canonical projection, and consider the Hilbert bundle
pr*7:{ — X x [0, 1]. For simplicity, we also denote this bundle by H— X x [0, 1].
A Cl;-invertible perturbation for F' is defined to be a homotopy from F' to an invertible
family, as follows.

Definition 2.8 (Cl;-invertible perturbations). Let (X, 7:[, F) as above. An operator F:
'(X x [0, 1]; H) = I'(X x [0, 1]; H) is called a Cl;-invertible perturbation for F' if

o [F € T'(X x [0, 1]; Fred® (1))
* Flyxqo) = F.
o [F|x 1y is a family of invertible operators.

Let us denote the set of C/;-invertible perturbations for F by I(F).
We introduce a natural homotopy equivalence relation on Z(F),

Definition 2.9. Let F and F’ be two elements in Z(F). We say [F and [’ are homotopic
if there exists an operator F” : T'(X x [0, 1] x [0, 1]; H) — I'(X x [0, 1] x [0, 1]; H)
such that

o I € I'(X x [0, 1] x [0, 1]; Fred @ (H)).

o I xx10,11x(0) = F and F”|x 0,111 = F.
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° ]1}”|X><[0,l]><{u} e j(F) forall u € [0, 1].
Let us denote Z(F) the set of homotopy classes of elements in 7 (F).
The following lemma follows directly from Fact 2.2.

Lemma 2.10. The element F admits a Cly-invertible perturbation if and only if [F] =
0 e K°%X).

Lemma 2.11. Suppose F satisfies[F] =0 € KO(X). ThenZ(F) has a natural structure
of affine space over K~YX) (= [X, QFred(O)(H)]).

Proof. Assume we are given two elements in Z(F). By Corollary 2.7, we choose a
trivialization of the Hilbert bundle ® ~ H x X, which is unique up to homotopy. Take
any representative of these elements and denote them by FO, F! € Z(F), respectively.
We explain the definition of the difference class [F! —F0)1 e k! (X).

Define the continuous map F as follows.

F:X x[0,1] — Fred® (H)

7| _ IE‘1|X><{1—2t} fort € [0, 1/2]
ol FOlxxqi—1y forte[l/2,1].

The image of F|xx(o,1) is contained in GL(O)(I:I). Since GL(O)(ﬁ) is contractible by
Corollary 2.5, the map F gives the desired element

[F' — ) == [F] € [X, QFred© (1)) = K~1(X).

The well-definedness is obvious. _

Conversely, if we are given an element [Fol1eT (F) and an element [F] € K~ 1(X),
it is easy to construct the unique element [IF‘l] € Z(F) such that [INF1 — ]I:’O] = [F]. Also
it is easy to see that this defines an affine structure of Z(F) over K -1 (X).0O

Let us turn to the case where the parameter space X is a smooth compact manifold
(possibly with boundaries or corners), the Hilbert bundle H and the family of operators
D come from a fiber bundle over X, and the family D is unbounded. More precisely, we
consider the following situations.

e Letw : M — X be asmooth fiber bundle with closed fibers, equipped with a smooth
fiberwise riemannian metric g .

e Let E — M be a smooth hermitian Z;-graded vector bundle.

o Let D = {Dylrex, Dx : C®¥@ 1 (x); Elp-1(r) = CX(r ' (x); Elz-1(y)) be a
smooth family of odd formally self-adjoint elliptic operators of positive order.

e Let us denote H = {ﬁx = Lz(n_l(x); E|;-1(x))}xex with the natural Hilbert
bundle structure over X. The operator D also denotes the closed extension to D :
I'(X;:H) — T'(X;H).

For such a family D, the bounded transform v/ (D) := D/+/1 + D? is a smooth family
pseudodifferential operators of order 0, and defines an element [ (D)] € K 0(X). We
call this class the family index class of D, and abuse the notation to write [D] :=
[¥(D)] € KO(X).
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Definition 2.12 (Zy, (D)). In the above situations, an operator D:C O(M; E) —
C°°(M; E) is called a Clj-smooth invertible perturbation of D if

e D = {D,}.cx is a smooth family of invertible odd formally self-adjoint operators.
e D — D = A = {As}rex, where A, is a pseudodifferential operator of order O for
eachx € X.

Let us denote the set of C/j-smooth invertible perturbations for D by i'sm(D). We can
introduce the obvious homotopy equivalence relations in Zgy, (D). We denote Zg, (D)
the set of homotopy classes of elements in Zgy, (D).

There is a canonical map
Zn(D) — Z(¥(D)) (2.13)
(D=D+A) > (1 €[0,1]1— ¥ (D +1A)). (2.14)
In fact this map induces an isomorphism Zg, (D) >~ Z( (D)), by the following fact.

Fact 2.15 ([MP97]). The family D admits a Cli-smooth invertible perturbation if and
only if[D] =0 € K%(X).

If[D] =0 € KY(X), then Tyn(D) has a natural structure of an affine space over
K~Y(X), described as follows.

Let Qi € Zgm(D), i = 0, 1. Choose a representative 5,' for Q;. Consider the family
Dyo,1] of operators parametrized by X x [0, 1], defined as

Dio,11lxx(uy := uDo + (1 — u) Dy.

Since the family Dy 1] is invertible on X x {0, 1}, it defines a family index class in
[Dpo.1j] € KO(X x [0, 1]; X x {0, 1}) =~ K°(X x (0, 1)) =~ K~1(X). We have

[Q1 — Qo] = [Djo.17] € K~'(X).

Every element in K~ (X) can be written as the index of some operator of the form Do 1
above.

Remark 2.16. Actually, in [MP97] they define C/;-invertible perturbations as perturba-
tions by fiberwise smoothing operators. Our class of smooth C/; -invertible perturbations
in Definition 2.12 is larger because we allow the perturbations to be zeroth order oper-
ators. But divided by the homotopy equivalences, they are canonically isomorphic.

Since the above affine structure corresponds to the affine structure on Z (1 (D)) under
the canonical map (2.13), we have the following corollary.

Corollary 2.17. In the above situations, we have a canonical isomorphism
Ism(D) = I(y(D))
between affine spaces over K~V (X), induced by the map (2.13).

With an abuse of notation we write Z(D) := Z((D)) for a positive order elliptic
family D.
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2.3. Groupoids.

2.3.1. Basic definitions. We recall basic definitions on groupoids and pseudodifferential
calculus on them. The material is taken from [DL10].

Definition 2.18 (Groupoids). Let G and G© be two sets. A groupoid structure on G
over G is given by the following maps.

e An injective map u : G — G, called the unit map. We often identify G© with its
image u(G©) c G. G© is called the space of units.

e Two surjective maps 7, s : G — GO, satisfyingr ou = sou = idgo) . These are
called range and source map, respectively.

e Aninvolutioni : G — G,y — y‘l, called the inverse map. It satisfies s o i = r.

e Amapm : G? - G, (v1, ¥2) > v1 - 2, called product, where G = {(y1,2) €
G x Gls(y1) = r(y2)}. Moreover for (y1, y») € G?, we have r(yr-y2) =r(y)
and s(y1 - y2) = s(y2).

The following properties must be satisfied:

e The product is associative: for any y1, y», y3 in G such that s(y;) = r(y»2) and
s(y2) = r(y3), the following equality holds.

-y -v3=v1-(2-y3).

1

e Forany y in G,wehaver(y) -y =y -s(y)=yandy -y~ ' =r(y).

A groupoid structure on G over G? is usually denoted by G = G©, where the arrows
stand for the source and range maps.

For A, B ¢ G©, we use the following notations.
Ga:=s"A), GB:=r7'(B), G :=GaNG?and G|4 := GY.

We say a subset A C GO is saturated if it satisfies G4 = G = G|4.

Suppose that G = G© is a locally compact groupoid and ¢ : X — G© is an
open surjective map, where X is a locally compact space. The pull back groupoid is the
groupoid

$*(G) = X,
where
$*(G) ={(x,y.y) e X xGx X | px) =r(y)and ¢(y) = s(y)}

with s(x, y,y) =y, r(x, 7, y) = x, (6, 71,¥) - (».%2.2) = (X, 71 - ¥2,2) and
(x,¥,y)"! = (y, 7', x). This endows *¢*(G) with a structure of locally compact
groupoid. Moreover the groupoids G and *¢*(G) are Morita equivalent (see [DL10,
Section 1.2]).

Definition 2.19 (Lie groupoids). We call G = G© a Lie groupoid when G and G are
second-countable smooth manifolds with G© Hausdorff, and all the structural homo-
morphisms are smooth and s is a submersion (for definitions of submersions between
manifolds with corners, we refer to [LNO1, Definition 1]).
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Note that by requiring s to be a submersion, for each x € G| the s-fiber G, is a
smooth manifold without boundary or corners.
For a Lie groupoid G, let us denote Q% (ker(ds) & ker(dr)) — G the half density
bundle of the vector bundle ker(ds) @ ker(dr) — G. We also denote this vector bundle
1 1
by Q22 — G. Then C°(G; Q7?) has a structure of a x-algebra with

e The involution given by f*(y) = f(y~1).
e The convolution product given by f * g(y) = va(y) fly n‘l)g(n).

Forallx € G© there is a k-homomorphism A, : C2°(G; Q%) — B(Lz(Gx; Q%(GX)))
defined by

Ax(f)sw):/c Fyn Hem.

Definition 2.20 (Reduced groupoid C*-algebras).Let G be a Lie groupoid. The reduced

C*-algebra of G, denoted by C*(G), is the completion of C°(G; Q%) with respect to
the norm

If1l- = sup [1Ax ()l

xeGO®
where || || is the operator norm on B(L%*(G,: Q% (Gy))).

Remark 2.21. In general, there are many possible C*-completion of C°(G; Q%) which
are not necessarily isomorphic to C*(G). For example the full C*-algebra of G is

the completion of C2°(G; Q%) with respect to all continuous representations. All the
groupoids we actually use in this paper are amenable, so the full and reduced C*-algebras
coincide. We use reduced C*-algebras in this paper, in order to make the argument in
Sect. 2.3.3 work.

Definition 2.22 (Lie algebroids). A Lie algebroid % = (p : A — M,[-,-]g) on a
smooth manifold M is a vector bundle equipped with a Lie bracket [-, -]Jg : C°°(M; 2() x
C®(M; ) — C°°(M; ) together with a homomorphism of fiberbundle p : % — TM
called the anchor map, satisfying the following.

e The bracket [-, -]g is R-bilinear, antisymmetric and satisfies the Jacobi identity.
o [X, fYly = fIX,Y]Ia + p(X)(f)Y forall X,Y € C®(M; ) and f € C*(M).
o p([X,Y]o) = [p(X), p(Y)] forall X,Y € C®(M; ).

Given a Lie groupoid G, we associate a Lie algebroid as follows. The vector bundle is
given by ker(ds)| g0 = U,c0 TGy — G©. This has the structure of a Lie algebroid
over GO with the anchor map dr. We denote this Lie algebroid by G and call it the
Lie algebroid of G.

For a Lie groupoid G, a submanifold V c G© is said to be transverse to G if for
each x € V, the composition p, o ffy : A, G — (N{y)x =T, M/T,V is surjective.

Definition 2.23 (G-operators). Let G be a Lie groupoid. Let E, F — G© be two vector
bundles. A linear G-operator D is a continuous linear operator

D:CX®(G:r*E® Q?) — C¥(G; r*F @ Q?)

satisfying the following.
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e The operator D restricts to a continuous family {D,}, ;o of linear operators D, :
C®(Gy; r*E ® Q2) — C%(Gy; r*F ® Q%) such that
1
Df(y) = Dsiy) fson (V) Vf € CO(G; " E ® Q2).
e The following equivariance property holds:
Uy Dsyy = Dry)Uy,
where U, is the map induced by the right multiplication by y.

A linear G-operator D is called pseudodifferential of order m if it satisfies the following.

o Its Schwartz kernel kp is a distribution on G that is smooth outside G(©.
e For every distinguished chart ¢ : U C G — Q x s(U) C R"77 x RP of G,

U Q x s(U)

N

s(U)

the operator (Y ~)*Dyr* 1 C(Q x s(U); (r o Yy "*E) — CX(Q x s(U); (r o
¥ ~1)*F) is a smooth family parametrized by s(U) of pseudodifferential operators
of order m on .

We say that D is smoothing if kp is smooth and that D is compactly supported if
kp is compactly supported. We denote the space of compactly supported order m G-
pseudodifferential operators from E to F by W' (G; E, F)). We alsodenote V' (G; E) =
W (G; E, E) and when E is the trivial bundle we denote " (G) = W' (G; E).

One can show that the space W (G; E) of compactly supported pseudodifterential
G-operators on E is an involutive algebra.

Let us denote the cosphere bundle of AG — G© as &*(G) — G©. Given
a G-pseudodifferential operator D, we can associate its principal symbol o (D) €
CX(6*(G); Hom(E; F)) as follows. Recall that D is given by a family {D,},.qo
of pseudodifferential operators on G,. We define

o(D,§):= Upr(Dx)(xa §),

where o, (D,) denotes the principal symbol of the pseudodifferential operator D,.

Now we give important examples of Lie groupoids which are building blocks of
groupoids appearing in this paper. For more examples including the ones below, see
[DL10, Example 6.2 and Example 6.4].

Example 2.24 (Vector bundle groupoids). If we are given a smooth vector bundle 7 :
E — X, wegetalLie groupoid E == X by setting s = r = 7 and multiplication induced
from the addition on E for each x. Choosing any smooth family of fiberwise riemannian
metric on E, the C*-algebra C*(E) is the fiberwise convolution algebra of E, and we have
C*(E) >~ Cy(E™) by the fiberwise Fourier transform. An E-pseudodifferential operator
Dr is equivalent to a family of pseudodifferential operators {D,},cx parametrized by
X, and each D, is an operator on the space E, which is translation invariant.
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Example 2.25 (Groupoids associated to fiber bundles). If we are given a smooth fiber
bundle # : M — X, we get a Lie groupoid M x, M = {(m,n) e M x M | m(m) =
w(n)} = M. Here s(m,n) = n, r(m,n) = m and (m,n) - (n,l) = (m,1). Choosing
any smooth family of fiberwise riemannian metric for i, the C*-algebra C*(M x, M)
is isomorphic to IC(L%(M )), where L%K(M ) is the Hilbert Cy(X)-module given by the
completion of C°(M) by the canonical Co(X)-valued inner product, and the symbol
KC denotes the C*-algebra of compact operators in the sense of a Hilbert module. We
have the canonical Morita equivalence (for the notion of Morita equivalence, see [DL10,
Section 1.2]) between C*(M x M) and Co(X). An M x ; M-pseudodifferential operator
Dy is equivalent to a family of pseudodifferential operators {D,},cx parametrized by
X, and each D, is an operator on 7~ x).

2.3.2. Geometric operators. Here we define geometric operators, such as spin Dirac
operators and signature operators, on a given Lie groupoid G. For detailed discussion
and other examples, we refer to [LNO1].

In this paper, we often deal with Z,-graded vector bundles and algebras. If we are
given two Zp-graded vector bundles V and W, or algebras A and B, we always consider
their graded tensor product V®W and A®B, following the conventions in [LMS89,
Section 1.1].

In this subsubsection, for an Euclidean space E, we denote Cliff (E) by the *-algebra
over R, generated by the elements of E and relations

e=—¢*, and e’ = —|le|)* - 1 foralle € E.

This construction applies to Euclidean vector bundles as well.
First we define spin Dirac operators. In order to do this, we first define our convention

P

on spin and spin® structures on vector bundles. Denote GL]:r (R) — GLZ(]R) the unique

non-trivial covering of GL} (R) for k > 2. For k = 1, denote GL{(R) := GL}(R) x
Zy — GLj (R) the projection to the first factor.

Definition 2.26 (Spin/Pre-spin structures on vector bundles). Let E — X be a real
vector bundle on a space X with rank k.

e A pre-spin structure on E consists of the following data (o, P).
— An orientation o on the vector bundle £ — X.
— A principal GL{(R)-bundle P’ — X equipped with a bundle map P’ —
Pgr+(E) which is equivariant with respect to the canonical homomorphism

GL{(R) — GL{(R). Here we denoted Pg+(E) the oriented frame bundle of £
defined by o.
e A spin structure on E consists of the following data (o, g, P).
— An orientation o and a riemannian metric g on the vector bundle £ — X.
— A principal Sping-bundle P — X equipped with a bundle map P — Pso(E)
which is equivariant with respect to the canonical homomorphism Spin; — SOy.

Note that a pre-spin structure on E together with any riemannian metric g on E
defines a spin structure on E uniquely. A pre-spin structure on E can also be regarded
as a homotopy class of spin structures on E. See [LM89, pp. 131-132].

Definition 2.27 (Spin€/Pre-spin€ structures on vector bundles). Let E — X be a real
vector bundle on a space X.
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e A pre-spin® structure on E consists of the following data (o, P’).

— An orientation o on the vector bundle £ — X.

— A principal GL;(R) xz, C*-bundle P’ — X equipped with a bundle map
P’ — Pg+(E) which is equivariant with respect to the canonical homomor-
phism GL{(R) xz, C* — GL{(R).

e A spin© structure on E consists of the following data (o, g, P).

— An orientation o and a riemannian metric g on the vector bundle £ — X.

— A principal Spinj-bundle P — X equipped with a bundle map P — Pgo(E)
which is equivariant with respect to the canonical homomorphism Spin; — SOx.

If E has a spin©-structure, by the group homomorphism
p: Spin§ = Sping xz, U(1) > U(1),[g. 2] > 2
we get a hermitian line bundle
L:=Px,C— X.
We call L the determinant line bundle associated to the spin®-structure.

e A differential spin¢ structure on E consists of the following data (o, g, P, VL).
— A spin€ structure (o, g, P) on E.
— A unitary connection VX on the determinant line bundle L.

Definition 2.28. A spin (pre-spin, spin®, pre-spin€, differential spin®) structure on a
Lie groupoid G is a spin (pre-spin,spin¢, pre-spin®, differential spin® ) structure on its
Lie algebroid AG — G'© (regarded as a vector bundle).

Suppose we are given a metric g on 2G. For each x € G, since we have TG, ~
(r*2G)|¢, canonically, g induces a riemannian metric on G. Levi-Civita connection
on each G, denoted by V¥ : C®°(G,; TGy) - C®(G,; TG, ® T*G,), combines to
give a linear map

VEC . C®(G: r*AG) — C™(G; r*AG @ r*A*G). (2.29)

For each X € C®(G©;AG), r*X € C®(G; r*AG) gives a first order differential
operator

VEG : C®(G; r*AG) — C®(G; r*AG),

and it is right invariant, i.e., V,xx € Diff! (G;AG).

Suppose that we are given a spin structure on G. Let S — G© be the associated
complex spinor bundle. The Levi-Civita connection on r*2(G lifts uniquely to a connec-
tion VS : C®(G; r*S) — C®(G; r*S ® r*A*G) and it has a right invariance property
as above. Let us denote ¢ : Cliff AG) — End(S) the Clifford action on the spinor
bundle.

Definition 2.30 (Spin Dirac operators on Lie groupoids). Let G be a Lie groupoid
equipped with a spin structure. Let {e, }o be a local orthonormal frame of AG — G©.
The differential operator DS on C*°(G; r*S), locally defined as

DS = "c(ex) Vi,

o
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gives an element DS € Diff!(G; §). We call it the spin Dirac operator on G. If the rank
of /G is even, the spinor bundle is naturally Z,-graded and the Dirac operator is odd
with respect to this grading.

Equivalently, the definition of D can also be described as follows. Given a spin
structure on G, for each x € G© the spin structure on G, is associated. If we denote
D;f the spin Dirac operator for each G, the family D5 = {D;f }rego forms a right
invariant family, and coincides with the definition given above.

This construction generalizes to Clifford modules and Dirac operators on a Lie
groupoid G, defined as follows.

Definition 2.31 (Clifford modules, connections and Dirac operators on Lie groupoids).
Let G be a Lie groupoid equipped with an orientation and a metric on 2(G. Let
Cliff (AG) — G denote the Clifford bundle of AG. Let W — G© be a Cliff (AG)-
module bundle. Let us denote ¢ : Cliff (R(G) — End(W) the Clifford action.

e A continuous linear map VW : C®(G; r*W) — C®(G; r*W ® r*A*G) is called
an admissible connection if

VY (c(V)E) = c(VECY)E +c(X)VY (§),

forallé € C®°(G;r*W)and X, Y € C®°(G; r*AG).

e A right invariant admissible connection V" is called a Clifford connection on W.

e For a Cliff (2AG)-module bundle W equipped with a Clifford connection V", the
Dirac operator DV e Diff!(G; W) is defined by

DY = "clen) VY,

o
using a local orthonormal frame {ey },, for AG.

In other words, a Clifford connection is given by a smooth family of Clifford connections
on r*W — G, foreach x € G, satisfying the right invariance. The associated Dirac
operators D form a right invariant family, and define the element DY € Diff! (G; W)
which coincides with the above definition.

Example 2.32 (Spin©-Dirac operators). Let G be a Lie groupoid equipped with a differ-
ential spin®-structure. The spin¢-structure on 2G gives the spinor bundle S(AG) —
GO with a Cliff (LG)-module structure. Moreover, as in the classical case, the unitary
connection VL on the determinant line bundle, together with the fiberwise Levi-Civita
connection VL€ for G as in (2.29), determines a Clifford connection VS on the com-
plex spinor bundle of G, denoted by S(2G). We call the associated Dirac operator
D3 e Diff'(G; S(AG)) the spin-Dirac operator.

Example 2.33 (Twisted spin® Dirac operators). Let G be a Lie groupoid equipped
with a differential spin® structure. Let £ — GO be a Z»-graded hermitian vec-
tor bundle with unitary connection VZ which preserves the grading. If we denote
by ¢ : Cliff(AG) — End(S(AG)) the Clifford action on the spinor bundle, c®1 :
Cliff (AG) — End(S(AG)®E) gives a Clifford module structure on S(AG)RE.

For each x € G©, denote r, := rlg, : Gy — G©. We consider the pullback
connection r¥VE on r¥E — G, for each x € X. These combine to give a right
invariant continuous linear map

r*VE . C®(G; r*E) - C®(G; r*E @ r*AG).
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The map
VSOE . c(G: r* (SAG)RE)) — CX(G: r*(AG)QE) @ r*A*G)
VIOE . vS&1 + 1&r*VE

gives a Clifford connection on S®E. We call the associated Dirac operator DS®E ¢
Diff ' (G; S(AG)®E) the spin Dirac operator twisted by (E, VE).

Example 2.34 (The signature operator). Let G be a Lie groupoid equipped with a metric
on AG. As in the classical case, the complexified exterior algebra bundle Ac2A*G —
G has the Cliff (AG)-module structure. The fiberwise Levi-Civita connection as in
(2.29) induces a Clifford connection on Ac2*G — G©. We call the associated Dirac
operator D2 e Diff! (G; Ac*G) the signature operator on G. Of course this is the
family consisting of the signature operator on G, for each x € G If the rank of AG
is even (let us denote it by n), the exterior algebra bundle AcA*G is Z,-graded by the
Hodge star operator. We only consider this grading on complexified exterior algebra
bundles of even-rank real vector bundles in this paper. Under this grading, the signature
operators are odd.

2.3.3. Ellipticity and index classes. From now on we assume that G© is compact.

A G-pseudodifferential operator D is called elliptic if o (D) is invertible. If D € W'
(G; E, F)iselliptic, as in the classical situations, it has a parametrix Q € V" (G; F, E)
such that DQ —Id € W7°°(G; F) and 0D —Id € W *°(G; E).

For an elliptic operator F € \I/?(G; E, F), we can define the index class Ind(F) €
Ko(C*(G)) as follows. For simplicity we work in the case where coefficient bundles are
trivial; for the general case we use the nontrivial-coefficient version of algebras (such
as C*(G; E)) which are Morita equivalent to trivial coefficient versions (C*(G)), and
proceed exactly in the same way. We have \IIS(G) C M(C*(G)), where M(C*(G))

denotes the multiplier algebra of C*(G). We denote W9(G) the completion of \Il? (G) by
the norm induced from M (C*(G)). The *-homomorphism o : ‘-IJ?(G) — C®(6*(G))

extends to the x-homomorphism o : W9(G) — C(G*(G)) and fits into the exact
sequence

0 — C*(G) - ¥9(G) > C(6*(G)) — 0.

We denote the connecting element associated to the above exact sequence by
ind®”(G) e KK (C(&*(G)), C*(G)).
For F € W)(G), we say itis elliptic if o (F) is invertible. When F is elliptic, it defines

aclass [0 (F)] € K1(C(&*(G))). We define the index class of the elliptic operator F
as

Ind(F) := [0 (F)] ® ind®"” (G) € Ko(C*(G)).

Suppose there is a compact space ¥ and a continuous map f : G©) — ¥ such that
f~!(y) is saturated for G for all y € Y. Then C(Y) acts canonically on C*-algebras

associated to G above, namely W9(G), C*(G) and C(&*(G)). These actions commute
with elements in these algebras, so for an elliptic operator F € W2(G), we get a finer

index class,
Ind” (F) € KK(C(Y), C*(G)), (2.35)
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which maps to Ind(F') by the x-homomorphism C — C(Y).
Next, we consider the case where an elliptic operator F € W9(G) is invertible in
some closed saturated subset of G, Recall that we call a subset A C G© saturated if

G = Gf{ = GA. Assume X C G© is closed and saturated, and G x is amenable. We
have the following diagram, whose rows and columns are all exact.

0 0 0 (2.36)

0 —— C*(Glgonx) C*(G) C*(Glx) —=0

0 —— ¥2(Glgonx) — ¥2(G) ——= V2(G|x) —=0
o o o

0 —— Co(6&*Glg0nx) —= C(&*G) — C(6"G|x) —=0

0 0 0

Throughout this article, we denote the connecting element of the top row of the above
exact sequence by 86(0)\X(G) e KK'(C*(G|y), C*(Glgo\ x))- We denote the pull-
back C*-algebra of the downright corner of the above diagram by RO (G) =
WI(Glx) ®x C(G*G). We have the exact sequence

0 — C*(Glgony) = ¥2(G) 5 56X (G) - 0. (2.37)

We call o7, x the full symbol map with respect to X. Since we are assuming that G|y is

amenable, this exact sequence is semisplit. Denote ind@ " \X (G) € KK! (EG(O)\X (G),
C *(GIGm)\ x)) the connecting element of the exact sequence (2.37).

Suppose F € WI(G) is elliptic and its restriction to Glx, Flx € W2(G|x), is
invertible. We call such an operator as fully elliptic with respect to X. This means that
o1 x(F) € 26\X(G) is invertible, so it defines a class [0/, x (F)] € K'(£9”\X(G)).
The class

ndgo x (F) := [o,x(F)] @ ind® ¥ (G) € Ko(C*(Glgon x))

is called the full index class of the operator F with respect to G© \ X.
In the case of an elliptic positive order pseudodifferential operator D € W' (G), we
also define the index class as follows. Let us denote ¥ (x) = —2— and consider the

V1+x2
operator (D). This operator satisfies ¥/ (D) € \IJQ(G), as shown in [Vas06] (note that
it is not in \DQ(G ) in general). Then we define its index class as

Ind(D) := Ind(¥ (D)) € Ko(C*(G)).
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In the case D € W' (G) is invertible on a closed saturated subset X C GO the
bounded transform v (D) is fully elliptic with respect to X. In this case we also say that
D is fully elliptic with respect to X, and define its full index class as

IndG(O)\X(D) = Ind(;(O)\x(l/f(D)) € KO(C*(G|G(0)\X))-

2.3.4. Deformation goupoids and blowup groupoids. Here we recall the two construc-
tions of groupoids; deformation to the normal cone and blowup. For details we refer to
[DS17].

First we explain these constructions for manifolds. Let Y be a manifold and X a
locally closed submanifold. First we explain in the case X does not intersect with the
boundary of Y. Denote by N }; the normal bundle of X in Y. The deformation to the
normal cone, denoted by DN C (Y, X), is a smooth manifold which is obtained by gluing
N}? x {0} with Y x R*. Choose an exponential map 6 : U’ — U, where U’ is an open
neighborhood of the 0-section in N )}2 and U is an open neighborhood of X in Y. The
smooth structure is defined in the way that the following maps are diffeormorphisms
onto open subsets of DNC(Y, X).

e the inclusion Y x R* — DNC(Y, X).
o themap © : Q' := {((x,&),1) € N}; x R | (x,r8) € U} - DNC(Y, X) defined
by ©((x,£),0) = ((x,&),0) and O((x, &), 1) = (B(x,1E),A) € Y x R*if A # 0.

This condition defines the smooth structure on DNC (Y, X) uniquely and it does not
depend on the choice of §. We also denote by DNC.(Y, X) := Y x (R¥)u N}; x {0} €
DNC(Y, X).

There exists a canonical action of the group R* on the manifold DNC (Y, X), called
the gauge action. This is defined by, for an element 1 € R*, A.(w, 1) = (w, At) and
A((x,6),0) = ((x,171£),0) (withr € R*, w € Y, x € X and & € ((N)),)). This
action is free and locally proper on the open subset DNC(Y, X) \ X x R.

The DN C-construction has the functoriality as follows. Let f : (Y, X) — (Y, X')
be a smooth map between the pair as above. We can show that f induces a smooth map

DNC(f): DNC(Y,X) — DNC(Y’, X).

This map is equivariant with respect to the gauge action by R*.

The blowup Blup (Y, X) is a smooth manifold which is a union of Y \ X with IP(N}?),
the projective space of the normal bundle N }; We also define the spherical blowup
SBlup(Y, X), which is a manifold with boundary obtained by gluing ¥ \ X with the
sphere bundle S(N }; ). The definition is as follows.

Blup(Y, X) := (DNC(Y, X) \ X x R)/R*
SBlup(Y, X) := (DNC(Y, X) \ X x R,)/R*.

Here we take quotient by the gauge action.

The functoriality of Blup is described as follows. Let f : (¥, X) — (Y', X') be a
smooth map between the pair as above. Let Uy := DNC(Y, X) \ DNC(f)_l(X/ X
R). Denote Blupy(Y,X) := Uy/R*. Then we obtain a smooth map Blup(f) :
Blup (Y, X)

— Blup(Y’, X'). Similarly we obtain a smooth map SBlup(f) : SBlups(Y, X) —
SBlup(Y', X').

Let us explain the case where Y is a manifold with corners and X meets dY. X is

called an interior p-submanifold of Y if it is a smooth submanifold which meets all the
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boundary faces of Y transversally, and covered by coordinate neighborhoods {U, (v, w)}
in Y such that v is a tuple of boundary defining functions on ¥ and U N X = {w; =
0li=1,...,codimX}.If X is an interior p-submanifold of Y, we consider the inward
normal bundle (Ny ¥)* and we can define DNC.(Y, X) = (N}(’)+ x {0} 1Y x R}. This
manifold admits the gauge action by R¥. We define SBlup(Y, X) by the same formula
as above.

Now we apply these constructions to inclusions of Lie groupoids. Let I" be a closed
Lie subgroupoid of a Lie groupoid G. First we assume that I" does not meet the boundary
of G. Using the functoriality of the DN C construction, we get a Lie groupoid

DNC(G,T) = DNC(G?, 1),

where the source and range maps are DN C(s) and DN C(r), and the multiplication is
DNC (m). Denoting the subset DNC(G,T") := U- N Uy C DNC(G,T), we define
Blup,(G,T') := DNC(G, T')/R*. We get a Lie groupoid

Blup,s(G,I') = Blup(G(O), ).

where the source and range maps are Bl Blup(s) and Blup(r), and the multlphcatlon is

Blup(m).Using DNC (G, T') := DNC(G NDNC4(G,T) msteadofDNC(G I)
in the above construction and taking the quotient by the gauge action of R}, we get a
Lie groupoid

SBlup,s(G,T) = SBlup, (G, 1),

In the case I' meets the boundary of G, if I" is a p-submanifold of G, we can define
the Lie groupoids DNC.(G, I') and SBlup, (G, I') in the same way as above.

2.4. b, ®, e-calculus and corresponding groupoids. In this subsection, we recall the
basics of b, ®, and e-calculus, in terms of the groupoid approach. The settings are as
follows.

e Let (M, 0 M) be a compact manifold with closed boundaries. Here closed means that
aM is a compact manifold without boundary.

o Let M = 1" | H; be the decomposition into connected components.

e Letm; : Hi — Y; be a smooth oriented fiber bundle structure with closed fibers. The
typical fibers are allowed to vary from one component to another. We also denote
Y =1;Y; and 7 : ;.

e Letx € C°°(M) be a boundary defining function. Here a boundary defining function
is a smooth function x on M such that x~'(0) = 9M, x > 0 on M and dx(p) #0
forall p € M.

Define V(M) := C°°(M; T M). Consider the subspaces V (M), Vg (M) and V,(M)
of V(M), defined as follows.

Vo(M) :={& € V(M) | £|5p is tangent to d M }

Vo (M) :={& € V(M) | £|ypm is tangent to the fibers of 7 and &£(x) € xZCOO(M)}

Ve(M) :={& € V(M) | &|ym is tangent to the fibers of 7 }.
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These are Lie subalgebras of V(M). Using the Serre-Swan theorem, we see that there
exist smooth vector bundles 7°M, T®M, and T¢M over M such that V), M) =
C®(M; TPM), Vo(M) = C®(M; T*M), and V,(M) = C®(M; T*M). Note that,
restricted to M, these vector bundles are canonically isomorphic to TM.

A b, ®, e-metric on M is a smooth riemannian metric on the vector bundles T? M,
T®M,and T M, respectively. We also call a riemannian metric on M a b, ®, e-metric,
if it extends to a smooth metric on these vector bundles. Examples of such metrics are
described as follows. Let TdM ~ n*TY @ TV dM be a fixed splitting for the boundary
fibration. We consider three classes of metrics on M, which have the following forms
near the boundary.

dx?
8 = - ® gom

dx* w*gy

8o=——7P—5 Dsr (2.38)
X X
dx*  mw*gy

e = "% @ 2 @ gr- (2.39)

Here gyp and gy are some riemannian metrics on dM and Y respectively, and g is a
fiberwise riemannian metric for ;7. These are examples of b, @, e-metrics respectively,
and a metric of the form above is called rigid.

Denote by 7, Q% and Q¢ the bundle of smooth densities on the vector bundle 7° M,
T®M and T¢M, respectively, and we call them b, @, e-density bundles, respectively.

We define the space of b, @, and e-pseudodifferential operators. Let Diff}; (M) denote
the filtered algebra generated by V(M) and C°°(M). An element in this algebra is
called a b-differential operator. The space of b-pseudodifferential operators contains
this algebra. We define the algebra Diff}, (M) and Dift’ (M) in the analogous way, and
the analogous result holds. This space of pseudodifferential operators can be described
in two ways, microlocal approach and groupoid approach. The microlocal approach
originates from Melrose [Mel93] for the b-case, and the ®-case was given by Mazzeo
and Melrose [MMO98] and the e-case was given by Mazzeo [Maz91]. In this paper, we
use the groupoid approach, which is more suited with K -thoretic approach using C*-
algebras, as explained below. For relations between these two approaches, see [PZ19,
Section 6.6].

2.4.1. The groupoid approach. Here we recall the groupoid approach. We can construct
groupoids Gp, G, G, associated to a manifold with fibered boundary, and define b, ®, e-
pseudodifferential operators as operators in W} (Gj), ¥} (G ¢) and ¥} (G,), respectively.
The groupoid corresponding to b-calculus is introduced by [Mon99], and a general
construction by [Nis00] includes the ® and e cases. Here we use the description using
the blowup construction of groupoids. We use the blowup construction for groupoids
explained in the Sect. 2.3.4. For this description, also see [PZ19, Section 13].

e The b-groupoids.

We start with the pair groupoid M x M = M. Note that this does not satisfy the
definition of Lie groupoid given in Definition 2.19, since s is not a submersion; however
it is easy to see that the spherical blowup construction is also valid in this case. Consider
the subgroupoid U; (H; x H;) = dM of M x M. Then b-groupoid of M is defined by

Gp := SBlup, (M x M, ;(H; x H))) = M.
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M and H;, 1 <i < m are saturated subsets of G, and we have
Gpy=Mx MUU;(H; x H x R) = M.
The ®-groupoids.
Consider the subgroupoid 0M x ; M = U; (H; Xz, H;) = dM of G;. Then ®-groupoid
of M is defined by
Go = SBlup, s(Gp, 9IM x5 OM) = M.

Let us look at the singular part. The inward normal bundle groupoid of H; x, H; in G},
is

H; X7, TY; Xz, Hi x Rx Ry = H; x Ry
s(x,v,y,a,b) = (y,b)
r(x,v,y,a,b) = (x,b)
m((x,v,y,a,b),(y,w,z,a,b) = (x,v+w,z,a+a,b).

And the gauge action by A € R is given by (x, v, y,a,b) — (x, Av, y, a, Ab). Thus
dividing by this gauge action, we get an isomorphism

G<I>|H,v ~ H; X H; X TY; xR
(this can be seen by restricting to b = 1). In other words we have
Go=Mx MUIM Xz M %, TY x R =3 M.
The e-groupoids.
Consider the groupoid M x M = M and its subgroupoid 0M x ,0M = Li; (H; x5, H;) =
oM. Then e-groupoid of M is defined by
G. = SBlup,s(M x M,0M x, M) = M.

Let us look at the singular part. The inward normal bundle groupoid of H; X, H; in
M x M is

H; ., TY; % Hy x (Ry)* = H; x Ry
s(x,v,y,a,b) =(y,b)
r(x,v,y,a,b) = (x,a)
m((x,v,y,a,b), (y,w,z,b,c)) = (x,v+w,z,a,c).

And the gauge action by A € R is given by (x, v, y,a,b) — (x,Av, y, Aa, Ab). So
dividing by this action, we get

Ge|Hi = Hi XJ'[,‘ Hi XT[,‘ (TYI A Ri)

where R} acts on T'Y; by multiplication.
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We apply the general construction of the Sect. 2.3.3 to these groupoids. Recall that a
G operator P € WI(G) is called elliptic if its symbol o (P) € C(&*Gp) is invertible.
Note that oM C M = GS) is a closed saturated submanifold. Applying the construction
in (2.37) to the case 9M = X, we get the exact sequence

0 — C*(Goly) — (G 3" =M (Gp) — 0.

We say P € WO(G) is fully elliptic if oram(P) € EM(GD) is invertible. Recall
that if P is fully elliptic it defines the index class Ind; (P) € Ko(C*(Gply)) =
Ky(K (LZ(M ))) =~ Z. By the exact sequence above, the restriction of a fully elliptic
operator P to M is Fredholm, and its Fredholm index corresponds to Ind ;; (P) € Z.

3. Indices of Geometric Operators on Manifolds with Fibered Boundaries: The
Case Without Perturbations

3.1. The definition of indices. In Sects. 3.1 and 3.2, for simplicity we only consider
spin Dirac operators, without any twists or perturbations. For our conventions on spin
structures and pre-spin structures on vector bundles, see Definition 2.26.

For a given even dimensional compact manifold with fibered boundary (M®", 7 :
oM — Y) equipped with pre-spin structures on 7M and 7Y as well as a riemannian
metric on the vertical tangent bundle of the boundary fibration, TV M, for which the
fiberwise spin Dirac operator forms an invertible family, we associate its index in Z.
This index can be realized using either ®-metrics or e-metrics. In the next section, we
show that they actually coincide. Also we show some properties of this index, using
groupoid deformation techniques. For simplicity, we only work in the case where Y is
odd dimensional. The case where Y is even dimensional can be treated similarly.

Remark 3.1. For a manifold with fibered boundary (M, & : M — Y), assume that we
are given pre-spin structures on 7M and 7Y. The pre-spin structure on 7’M induces
a pre-spin structure on TdM. Choose any splitting TdM = TVIM & 7*TY. We
introduce the pullback pre-spin structure on 7*7'Y . Then a pre-spin structure on 7" 9 M
is induced, and it does not depend on the choice of the splitting of TdM. We always
consider this choice of pre-spin structure on 7V 3 M. In particular, when we are given
pre-spin structures on 7M and TY as well as a riemannian metric on TV 9 M, a spin
structure on TV d M is canonically induced and the fiberwise spin Dirac operator Dy, is
defined.

First, we show that for a fixed spin structure on 7% M or T¢M which has a product
decomposition at the boundary, we get the Fredholmness from the invertibility of the
fiberwise Dirac operators.

Let (M®, 7 : dM — Y°4) be a compact manifold with fibered boundary, equipped
with pre-spin structures on TM and T'Y, as well as a riemannian metric g; on TV M.

Fix some riemannian metric gy on Y. Choose a smooth riemannian metric g¢ (ge)
for AG ¢ (AG,), whose restriction to AGop|gpyr = TVIM & 7*TY O R, UG, lam =
TVOM @ 7*TY & R,) can be written as

golom = gn ® ¥ gy ® dx?
gelom = gz ® T gy ® dx’.
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For example rigid metrics as in (2.38) and (2.39) on the interior M extends to metrics
on AG ¢ and AG, satisfying this condition. Let Dy € Diffl(Gq>; SRAGe)), D, €
Diff' (G.; S(AG.,)) be the spin Dirac operators associated to the metrics g¢ and g,
respectively. Denote D, the fiberwise spin Dirac operators for the boundary fibration
structure 7 (D is a family of operators parametrized by Y).

Proposition 3.2. In the above settings, assume that the family Dy is invertible. Then
both D and D, are Fredholm, as operators on M with metric induced from g¢ and g.,
respectively.

Proof. First we prove in the ®-case. We have the decomposition
Go=MxMUIM xz IM xz TY x R = M. (3.3)

The restriction of D¢ to the singular part 9M X, M x TY x R is a family of operators
Dolasy = {Do,y}yey parametrized by Y, and each Dg y is given by

Doy : C ' (y) x T,)Y x R; S(x ' (»))®S(T,Y x R))
— CX@ 7 () x TyY x R; S(r ' (»))QS(TyY x R))
Doy = Dz ®1 +1&Dr,y (3.4)

Here S(TyY x R) and Dr,y R is the translation invariant spinor bundle and the Dirac
operator over the Euclidean space TyY x R with respect to the metric gy @ dx?. The

operators D,®1 and 1®DT‘.yXR anticommute, and since D, is invertible, we see that
Dg,y is invertible for all y € Y. So Dg|ap is invertible. Thus Dy is fully elliptic and
we get the Fredholm index

Ind (Do) € Ko(C*(Golyy)) = Z.

Next, we prove the Proposition in the e-case. The restriction of D, to the boundary
component Gelagy = OM Xz OM x5 (TY x RY) is described as follows. D, |y is a
family of operators parametrized by Y, D¢lagy = {De,y}yey, and foreach y € Y, we
have

Dey : C®( ' (3) x (TyY x RY): S(r ' ())®S(TyY 1 RY))
— C®( () x (T,Y x RY); S(r; ' (0))SS(TyY x RY))
Dey = Dy-1(,)®1 + 1&Dr y - (3.5)

Here, S(TyY xR}) and D7,y xr: denotes the spinor bundle and its Dirac operator on the

Lie group T,Y » R} with the translation invariant spin structure and metric gy & dx’.
From the same argument as in the ®-case above, we get the full ellipticity of D,. O

Next we show that the index only depends on the choice of the fiberwise metric g,
for the boundary fibration, and does not depend on the choice of base metrics as well as
interior metrics. We consider the following situations.

(1) Pre-spin structures Py, and Py, on T M and T'Y, respectively, are fixed.

(2) A riemannian metric g; on TVM is fixed. Assume that the associated fiberwise
spin Dirac operator Dy, is invertible.
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(3) A smooth riemannian metric g¢ for AG¢p =~ T®M — M, whose restriction to
AGolay =TVOM & n*TY @ R can be written as

golom = &r DT gTYOR,

where grygRr is some riemannian metric on the vector bundle 7Y @ R — Y.
(4) A smooth riemannian metric g, for AG, ~ T°M — M, whose restriction to
AG,lagpr = TVOM & 7*TY @ R can be written as

gelom = 8z ® T gTYOR,

where grygRr is some riemannian metric on the vector bundle 7Y @ R — Y.
(5) Let us denote the spin Dirac operators associated to g¢ and g, by D¢ and D,,
respectively.
Proposition 3.6 (Stability). Under the above situations, Ind ;3 (D) and Ind ; (D,) only
depend on the data (1) and (2) above. It does not depend on the choice of g¢ and g.
which satisfy the conditions (3) and (4) above.
Proof. This can be proved by a simple homotopy argument. We prove in the ®-case.
The e-case is similar. Let gg, and g}b be two choices of smooth metrics on 7® M which
satisfies the condition (3) (for the same fiberwise metric g ). Let us denote Dg, and Dclp
the spin Dirac operator with respect to these metrics. Letting g, = tgg> +(1—1) g}b for
t € [0, 1], we get a smooth path of riemannian metrics 7% M connecting gg) and gclp.
Note that for all ¢ € [0, 1], gﬂD satisfies the condition (3).

Let us consider the groupoid G¢ x [0, 1] = M x [0, 1]. The metrics {gﬁb},e[o,l]
give a smooth metric on AG ¢ X [0, 1]. Under this metric and the spin structure induced
from M, we get the spin Dirac operator DEI? 1 Since D([j? ’1]|3 M x{t} 1s invertible for all
t, we get the index

Ind ;101 (D% ) € Ko(C*(Golyy) x [0, 1]) ~ Z

and we have, denoting the *-homomorphisms ev; : C*(G¢|M) x [0, 1]) — C*(g|1131 X
{t}) fort € [0, 1],

0
(evo)sInd ;1o (D

(evl)*IndA;,x[O,”(Dg)’]]) =Ind;, (D)) € Ko(C*(Galy)) = Z.

My = Ind (DY) € Ko(C*(Golyy)) ~ Z, and

Since (evy)s : Ko(C*(M x M x [0,1])) ~ Z — Ko(C*(M x M x {t})) ~ Z is the
identity map on Z for all ¢ € [0, 1], we get the result. O

By Proposition 3.6, in order to define the indices of spin Dirac operator D¢ and D,,
we only have to specify the data (1) and (2) listed before the Proposition 3.6. So we
define the index of the triple (Py,, Py, g) by the above number.

Definition 3.7. Let (MY, 7 : 9M — Y°) be a compact manifold with fibered bound-
ary. For atriple (Py,, Py, gx), where P}, and Py are pre-spin structureson 7M and 'Y,
respectively, and g, is a riemannian metric on 7V 3 M such that the associated fiberwise
spin Dirac operator is an invertible family, we define its ®-index and e-index as

Indg (P, Py, gx) :=Ind; (Do)

Ind.(Py;, Py, gx) :=Ind; (D,).

Here Do € Diff!(Go; S(AG)) and D, € Diff' (G.; S(AG,)) are spin Dirac operators
which are defined by arbitrary choices of data (3) and (4).
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3.2. Properties. First, we show thattwoindices Indg (Py,, Py, g)andInd.(P;,, Py, gx)
actually coincide.

Proposition 3.8 (Equality of & and e-indices). For a compact manifold with fibered
boundary (M®', 7w : 9M — Y°Y) assume that we are given pre-spin structures Py,
and Py, on TM and TY, respectively, and a riemannian metric g on TV M, for which
the fiberwise spin Dirac operator Dy is an invertible family. Then we have

Inde(Py,, Py, gz) = Ind (P}, Py, gx)-

Proof. Let us fix a splitting TdM ~ 7*TY & TV 3M, a boundary defining function x,
and a metric gy on Y. Fix a collar neighborhood U of d M and also fix an identification
oM x [0,a) ~ U which is compatible with x. Then consider the metric g¢ and g,
defined as (2.38) and (2.39): these satisfy the conditions above. The idea is to consider
the family of metrics

dx? wrgy
x2(x2 +12) x2 ® gr (39

and justify the limit # — 0. This can be realized as follows.

Consider the Lie algebra TM x [0, 1] — M x [0, 1] with the canonical Lie bracket
(not to be confused with T(M x [0, 1])). Consider the following C*°(M x [0, 1])-
submodule of C*®°(M x [0, 1]; TM x [0, 1]).

ge(t) =

Vo [V € CRM X 10,10 TM x [0, 10| VIggo.1) € CX @M x [0, 13; TV 8M x [0, 17), and
= V(x) € x(x +1)C®(M x [0, 1];) .

This is a Lie subalgebra of C*°(M x [0, 1]; TM x [0, 1]). By the Serre-Swan theorem,
there exists a smooth vector bundle A — M x [0, 1], unique up to isomorphism, such
that C*°(M x [0, 1]; ) =~ V asa C*®(M x [0, 1])-module. The map

p:C®(M x [0,1]; ) — C(M x [0, 1]; T(M x [0, 1]))

induced by V < C*®°(M x [0,1]; TM x [0, 1]) <= C*°(M x [0, 1]; T(M x [0, 1])),
gives a Lie algebroid structure on 2t — M x [0, 1] with anchor p. We have the following.

o Ay =AG, forall t € (0, 1].
o UAyx =AGo.
e The metric gg on %A, defined as (see (3.9))

) &(t) onM x (0, 1];

s go onM x {0},

gives a smooth metric on 2.

Since p| Mx[0.1] is injective, (2(, p) is an almost injective Lie algebroid. By [Deb01],
there exists a smooth Lie groupoid G — M x [0, 1] such that its Lie algebroid G is
isomorphic to (2, p).
We give the explicit definition of G. As a set,
G=Go x{0}uG, x (0,1]
=M xMx[0,11UdM x; M x5 (TY x R¥)
X (0, 1JUIM x; OM x, TY x R x {0}.
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We describe the smooth structure as follows. Recall we have fixed a tubular neighborhood
U of dM. Outside the collar neighborhood, the smooth structure G \ Qg : [8 11] is given

in the canonical way. On U, recall we have fixed the isomorphism U ~ M x [0, a)

and TU ~ (TVIM & n*TY & R) x [0, a). Also fix an exponential map for ToM. On

GUx[0.1]

Ux[o.1]> We consider the following exponential map.

(TVoM & T*TY ®R) x OM x [0, a) x [0, 1] — G 1]

(9z, 0y, &, p,x, 1)
> ((exp, (9; +x3y), x + ") (p,x),1) € U x U x [0, 1] for x > 0
— (expl,(az), P, By,ets, 1) € OM X5 OM x; (TY X Rfr)x(O, 1] for x=0,t € (0, 1]
> (exp,,(9;), p, 9y, §,0) € IM Xz M X7z TY X R x {0} forx =t = 0.

We define the smooth structure on gg :: [8 11 ] SO that the above map is a diffeomorphism.

This smooth structure does not depend on any of the choices. Note also that, restricted
todM x [0,1] C M x [0, 1], we have

Gomx[0.1] = DNC(OM Xz OM X7 (TY x R* 3, 0M Xz OM X7 TY)amx(0.1]
= oM x [0, 1].

We consider the spin structure on 2 induced from the one on T M and the metric
g2, and denote the associated spin Dirac operator by D € Diff 1(G: S(A)). We can
show that D|yprx(0,1] € Diff! (Gamx10.17; SRlamx[o.17)) is invertible, as follows. By the
invertibility of Dy, there exists ¢ > 0 such that D721 > c. The operator D|jpmx[0,1] 1S
given by a family of operators { Dy ;}(y,ney x[0,1] parametrized by ¥ x [0, 1]. Each D, ,
has the form (3.4) for t = 0 and (3.5) for ¢ € (0, 1]. As in the proof of Proposition 3.2,
we have D2 > D2®1 > c¢. Thus Dlymx[o,17 is invertible.

So we get the mdex class

Indy; 0.1 (D) € Ko(C*(Glypo0.1p) = Z
and we have, denoting the x-homomorphisms ev; : C*(Q|A;,X[O 1]) — C*(Q|Mx{t}) for
1 € [0, 1],
(evo)*IndA;[X[O’l](D) =Ind; (Do) € Ko(C*(Golyy)) ~ Z, and
(ev1)aIndyy o (D) = Ind (Do) € Ko(C*(Gel ) = Z

Since (evy)s : Ko(C*(M x M x [0,1])) ~ Z — Ko(C*(M x M x {t})) ~ Z is the
identity map on Z for all ¢ € [0, 1], we get the result. O

Next we show the gluing formula.
Proposition 3.10 (The gluing formula). Consider the following situation.

e M° and M are manifolds with fibered boundaries as above, equipped with pre-spin
structures PI{/I,. and Pl’/,- onTM' and TY', respectively, and a riemannian metric g.,.i
on TV8Mi,f0ri =0,1.

e Assume that on some components of 9M° and —dM", we are given isomorphisms of
the data (', PI/W., P}’,i, g,i) restricted there.
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o (M,0M,x',Y') : the manifold with fibered boundary obtained by the above isomor-
phism of some boundary components. This manifold is equipped with the pre-spin
structures Py, and P{,, on TM and TY', respectively, and a riemannian metric g

on TV dM induced by the ones on M'.
e Assume that on each boundary components of M° and M, the fiberwise spin Dirac
operators are invertible.

Then, we have

Ind (PM» Y/a gjr/) _Ind ( Ov YO’ gﬁ0)+1nd ( lv Y17gj'[l)

Proof. We use a similar argument to the one in Proposition 3.8. For simplicity we
consider the case where the boundary of each M? and M consists of one component,
and the isomormorphism is given between M and —d M. In particular, the resulting
manifold M is a closed manifold in this case. The general case can be shown in an
analogous way. We denote the image of 9M® ~ —dM' in M by H C M, which is a
closed hypersurface. Also we denote 7 : H — Y the fiber bundle structure induced
from the ones on dM? ~ —3d M and the given fiberwise metric as g.

Consider the Lie algebra TM x [0, 1] — M x [0, 1] with the canonical Lie bracket.
Consider the following C*°(M x [0, 1])-submodule of C*°(M x [0, 1]; TM x [0, 1]).

Vi={VeC®WMxI[0,11;TM x[0,1]) | V]uxioy € C*(H x {0}; TV H x {0})}.

This is a Lie subalgebra of C*°(M x [0, 1]; TM x [0, 1]). By the Serre-Swan theorem,
there exists a smooth vector bundle 2 — M x [0, 1], unique up to isomorphism, such
that C*°(M x [0, 1]; ) >~ V asa C*®°(M x [0, 1])-module. The map

p:C®(M x [0,1]; ) - C®(M x [0,1]; T(M x [0, 1]))

induced by V «— C*®(M x [0,1]; TM x [0, 1]) — C*®(M x [0, 1]; T(M x [0, 1])),
gives a Lie algebroid structure on 2 — M x [0, 1] with anchor p. We have the following.
o Ayxiny =AM x M) =TM forall t € (0, 1].

o Ay = AGYUY AG!. Here we denoted the e-groupoid of M by G fori = 0, 1.
e The metric gg on 2, defined as

dx? n*gy

- (&)
22 Py Pen

8 =
gives a smooth metric on 2(. Here x is a defining function for H C M and ¢ is the
[0, 1]-coordinate in M x [0, 1]. The metric gy can be any metric on Y.

Since p|arxo,1\(r x{oy s injective, (2, p) is an almost injective Lie algebroid and by
[Deb01] we can integrate this to get a Lie groupoid G = M x [0, 1]. We can describe
explicitly such groupoid which can be written as

G=(GoUy Gy x (OyuM x M x (0,11 = M x [0, 1].

The description is similar to the one in the proof of the Proposition 3.8. We consider
the spin Dirac operator D € W!(G; S(2)) with respect to the given spin structure and
metric gg(. The submanifold H x {0} C M x [0, 1] is a closed saturated submanifold
for G. The restriction D|p (o) is of the form (3.5), and since we are assuming that D,
is invertible, we see that D|p « o) is invertible. Thus we get the index class

Ind s x0,11\(1 x (0) (D) € Ko(C*(Gprx[0,11\(H x{0})))-
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Note that we have

(evo)wIndpr o, 1\t x (o) (D) = (Ind(DY), Tnd(D})) € Ko(C*(GYl,y;.)
® Ko(C*(Gyly ) ~Z L
(ev1)«Indpsxjo, 11\ x (o)) (D) = Ind(Dyr) € Ko(C*(M x M)) ~ Z.

Here we denoted D, the spin Dirac operator on M. This coincides with D, in the state-
ment of this proposition. Note that [evg] € K K (C*(G|mx[0,1]\(H x{0})> C*(GSIA;,O) ®
C*(G;|M1)) is a K K-equivalence. Thus, it is enough to show that [evo]™! & [evi] :
7 @ 7 — Z is given by addition.

The groupoid G|y x(0,1)\(Hx{0}) is an open subgroupoid of M x M x [0,1) =
M x [0, 1). We get the following commutative diagram,

00— C*(M x M x(0,1)) —> C*(Q\Mx[o_l)\([-lx{()))) —— C*(GQIMO)GBC*((};\M]) —>0

| i

00— C*(M x M x (0, 1)) —— C*(M x M x [0, 1)) ——————————> C*(M x M) —————> 0,

where the rows are exact. The element [evg] ™' ®[ev;] € K K (C* (G8|1v°10) ®C*(G! |1v°11 ),
C*(M x M)) coincides with the connecting element of the top row. By the functoriality
of connecting maps, we see that [evg]™! ® [evi] = [jo @ ji], where j; denotes the

inclusion j; : C*(Gé|1151,-) — C*(M x M) fori = 0, 1. Since the inclusion Gé'ﬂfl,- =

]Voli X ]\;Ii <— M x M is a Morita equivalence fori = 0, 1, we see that [evol ! ®@[ev] =
[jol ® [j1] : Z & Z — Z induced between the Ko-groups is given by addition. O

Next we show that the ®-index can be written as a limit of the Atiyah-Patodi-Singer
(APS) indices. For a manifold with fibered boundary (M, 7 : 9M — Y) as above, we
fix riemannian metrics gy and g, for Y and TV M. For i > 0, we consider a b-metric
of the form

1 dx?
8hu = ?(7 ®7*(gy)) @ gx (3.11)

on a collar neighborhood of the boundary. Denote the Dirac operator associated to this
metric by D,,. As always we assume that D, is an invertible family. The boundary
operator of D, is the Dirac operator on d M with respect to the metric wlntgy @ g
It has the form

Dyuy = Dy ®1 +uDy + >R

where Dy is a first order differential operator whose principal symbol is equal to the
Clifford multiplication by 7Y, and R is an operator of order 0, coming from the curvature
of the fibration . For the precise formula, we refer to [BC89, Section 4]. As explained
in the proof of Proposition 4.41 in [BC89], the anticommutator [Dﬂ®1, Dy + uR]is a
fiberwise operator, so using fiberwise elliptic estimate and invertibility of D, we see
that for0 < pu << 1, D, 5 is invertible. When the boundary operator D, 5 is invertible,
the APS index Indaps(D,,) of the b-operator D, is, by definition, the Fredholm index
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of D,, as an operator on the L?-space with respect to the metric gj,. w- Since Dy, 5 stays
invertible for ;1 > 0 small enough, there exist a well-defined limit

lim Indaps(D,) € Z.
n—>+0

(The existence of the limit can also be seen as a consequence of the proof of Proposi-
tion 3.12 below.)

Proposition 3.12 (The limit of the APS index is the ®-index). We have

limo Indaps(D,) = Ind(b(PI/VI’ P{/, 8r)-
JL—>+

Proof. Again we use a similar argument as in Proposition 3.8. Consider the Lie algebra
TMx[0,1] - M x[0, 1] with the canonical Lie bracket (not to be confused with T (M x
[0, 1])). Consider the following C*°(M x [0, 1])-submodule of C*°(M x [0, 1]; TM x
[0, 1]).

o |V ECTM X011 TM x [0.11)| Vigwxio) € C®@M x {0): TVaM x {0}), and
= V(x) € x(x +)C®(M x [0, 1];) '

This is a Lie subalgebra of C*°(M x [0, 1]; TM x [0, 1]). As in the proof of Proposi-
tion 3.8, this gives a Lie algebroid 2 — M x [0, 1]. The family of metric in (3.11) on
M x (0, 1] and a ®-metric g on M x {0}, which has the form go|sy = g BT grYeR,
gives a smooth metric go on A — M x [0, 1],. We can construct a groupoid
G = M x [0, 1] which integrates 2 and can be written as

G=Go x [0JUG, x (0,11 = M x [0, 1].

We denote the spin Dirac operator on G with respect to the metric gg by D. As explained
above, there exists a positive number 0 < € < 1 such that D|ssx|0,¢] is invertible. Thus
we get the index class

Indy; 0. Pl xi0.e) € Ko(C* Gy 10.)) = Z.

We have IndAps(DM) = (evu)*lnd/‘;[x[o’e]('D|M><[0,5]) [S KO(C*(QA;,X{M)) ~ 7 for
all 0 < u < €. Moreover, the restriction of D to M x {0} is exactly the same as the
operator D defining the index Indg (Py,, Py, gz) = Ind; (Dg). WehaveInd ; (Do) =
(evo)*Inde[O’e](DlMx[o,e]) € KO(C*(ng{O})) >~ Z. Since ev,, induces the identity
map on Z for all i € [0, €], we get the result. O

Next we show the vanishing formula for the case where the spin fiber bundle structure
(preserving the boundary) extends to the whole manifold, and the fiberwise operators
are invertible for the whole family.

Proposition 3.13 (The vanishing formula). We consider the following situation.

o Let (M®, M, 7 : M — Y°YY) be a compact manifold with fibered boundary,
equipped with pre-spin structures Pl/\/l and P{, on TM and TY, respectively, and a
riemannian metric g, on TV dM, for which the fiberwise spin Dirac operator Dy is
an invertible family.

o There exist data (', X, P, g»/) such that

— X is a compact manifold with boundary 9 X, with a fixed diffeormorphism 0 X ~ Y.
We identify 0 X with Y.
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—7' (M, M) — (X, 0X) is a fiber bundle structure which preserves the bound-
ary, and 7t'|yp = 7. Note that the typical fibers of w and 7' are the same.

— Py is a pre-spin structure on T X which satisfies Py |y = Py.

— gx' is a riemannian metric on TV M (the fiberwise tangent bundle of the fiber
bundle ') satisfying g,'|y = gx. We denote Dy the family of fiberwise spin
Dirac operators for 7’

Assume that Dy is invertible. Then we have
Indd)(P;\/[, P}/’a gr) = Inde(leu, P}”a gr) =0.

Proof. The first equality follows from Proposition 3.8. Consider the subgroupoid M X/
M C G, and define G := DNC(G., M x5z M)|px[o,17- Denote the closed saturated
subset M| := M x {0} UdM x [0, 1] C M x [0, 1] for this groupoid. Note that we
have Glyamx(0,1] = OM Xz OM X7z DNC(TY x RE, Y)|yxo,17- We can also see that
the restriction G| oy is of the form M x, M x, Ex, where Ex — X is a vector
bundle over X. In particular, there exists canonical direct sum decomposition of AG |,
such that one component is 7V M. Choose any riemannian metric gg on 2G such that,
on M, the two direct sum components are orthogonal, and 7'V M{-component is equal
to g7 U g X [0, 1]. We consider the spin structure on 2IG defined by the given data and
metric gg chosen above, and consider the spin Dirac operator D € Diff 1(G; SG)).

Then, the restriction of D to M has the product form as in (3.4) and (3.5). Since we
are assuming that the fiberwise operator D is invertible, we see that D]y, is invertible.
So we get the index class

Indﬁ[x((),]](p) € KO(C*(ghﬁlx(o’]]))v

and we see that Ind.(Py,, Py, gz) = (evl)*IndMX(O l](D). However, since C*
(Q|A;[X(0 1]) = C*(M x M) ® Co((0, 1]) is contractible, its K-group is trivial and
we get the result. O

3.3. The cases of twisted spin® and signature operators. The above argument easily
generalizes to the cases of twisted s pi n¢-Dirac operators and twisted signature operators,
as follows. Let (M®Y, 7w : M — y©dd) pe a compact manifold with fibered boundary,
and E — M be a Z;-graded complex vector bundle.

3.3.1. Twisted spin© Dirac operators. For our conventions on spin/pre-spin®/differential
spin€ structures, see Definition 2.27. In order to define the ® and e-indices of the spin®-
Dirac operator on M twisted by E, we need the following data.

(D1) Pre-spin® structures Py, and Py, on TM and T'Y, respectively.
(D2) A differential spin€ structure P, on TV 3M, which is compatible with the pre-
spin‘-structure induced from Py, and Py (see Remark 3.1).

(D3) A hermitian structure on E|yy as well as a smooth family of fiberwise unitary
connection for the boundary fibration, i.e., a continuous map

VE : C®OM; Elgm) — COM; Elyu & (TV9M)*)

given by a family of unitary connections {VyE }yer on the vector bundle
E|n71(y) — n’l(y) foreachy € Y.
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(D4) Denote the fiberwise twisted spin®-Dirac operators for 7z by Df = {Df, 1) Jyer-

Here Df,l(y) acts on C®° (" 1(y); S(x~1(y))®E). We assume that Df forms
an invertible family.

Additional data which are needed to define an operator are as follows.

(d1) A differential spin® structure on AG ¢ (AG,) such that
e it is compatible with the pre-spin® structures in (D1).
e it has a product structure with respect to the decomposition AG¢|sy = TV OM &
T*TY @R AG,|lagy = TVOM @ n*TY @ R) at the boundary.
e the 79 M-component coincides with the one in (D2).
(d2) A hermitian structure on E which restricts to the one given in (D3), and a unitary
connection VE which restricts to VE in (D3).
From these data, we get the twisted spin®-Dirac operators D§>®E €
Diff (Go; SRIGo)®E) and DS®F ¢ Diff!(G,; SQUG,)®E). By the assumption
on the invertibility of Djf in (D4), we get the fredholmness of these operators as
in Proposition 3.2, as follows. We only explain it in the ®-case. It is enough to see

that the restriction to the boundary, Dé®E|3M € Diff! (Golam:; SAGCH) amRE lam),
is invertible. This operator is given by a family {Df }yer parametrized by Y, and
each Df is the spin®-Dirac operator twisted by E on the groupoid Gol,-1(,) =

77 (y) x 77 (y) x T,Y x R, in the sense of Example 2.33. We have the isomorphism
S(Qle;IJrl(y)) o~ S(n_l(y))é{)S(TyY x R) by the assumption (d1). Define

re: n’l(y) xTyY xR — nfl(y), (x,&,1) — x.

By the construction of twisted spin¢-Dirac operators on groupoids explained in Exam-
ple 2.33, we introduce the connection on the hermitian vector bundle r*(E|, -1 ) =

77 (y) x T,Y x R as the pullback r*VE of the connection VE on E. By the assumption
in (d2), it coincides with the pullback 7*V£. Thus the operator DyE is written as

DE:CR@ T (y) x TyY x R (S(r 7 (0)RE|-1(,))®S(TyY x R))
— C®@ () x T,Y x R; (S(n’l(y))®E|ﬂ71(y))®S(TyY x R))
Dy =Df ., ®&1+1&Dryxp. (3.14)

y

Here the operator Dr,y xR is the spin“-Dirac operator on the Euclidean space 7Y x
R defined by (d1). The operators DE®1 and 1®DTyyXR anticommute, and by the
assumption (D4), we get the invertibility of the family D§>®E
So we get their indices

lam = (D5 }yey.

Ind, (D3®F), Ind,, (DS®F) € Z.

These indices depend only on the data (D1)~(D4) and do not depend on the additional
data (d1) or (d2), as in Proposition 3.6. So we can define the ® and e-indices of the data
(P}, Py, Pz, E, VE) as follows.
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Definition 3.15. Given data (P, Py, Py, E, V,f ) as in (D1)~(D4) above, we choose
additional data (d1) and (d2) arbitrarily and define

Inde(Pyy, Py, Py, E, VE) := Ind ;, (D3®F),
Ind, (P}, Py, Pr, E, VE) := Ind, (D5®F).
These do not depend on the choice in (d1) or (d2).

We can show the equality Inde (P}, Py, Pr, E, VE) = Ind.(P},, P}, Pz, E, VE)
as in Proposition 3.8. The gluing formula as in Proposition 3.10 and the vanishing
property as in Proposition 3.13 hold analogously.

3.3.2. Twisted signature operators. For twisted signature operators, we need the follow-
ing data. Let (M®, 7w : dM — Y°) be a compact manifold with fibered boundaries,
where both M and Y are oriented. We call such (M, : 9M — Y) oriented ; note that
this includes the orientation on Y. These orientations induce an orientation on 7V M.
The data needed to define the ® and e-signature are as follows.

(D1) A riemanian metric g, on TV 9M.
(D2) A hermitian structure on E|y) as well as a smooth family of fiberwise unitary
connection for the boundary fibration, i.e., a continuous map

VE : C®OM; Elam) — COM; Elju & (TV9M)*)

given by a smooth family of unitary connections {V}}ycy on E|—1(y) — 771 (y)

foreachy e Y. ' '
(D3) Denote the fiberwise twisted signature operators for 77 by Dj ek {D:%T’(f) }yer.
sign, E

Here Dii%?’(f) acts on C® (71 (y); AcT* (w1 (y))®E). We assume that Dj;
forms an invertible family.

Additional data which are needed to define an operator are as follows.

(d1) A smooth riemannian metric g¢ for AG¢ =~ T®M — M, whose restriction to
AGolyy =TV OM & n*TY & R can be written as

golom = & DT gTYOR,

where grygRr is some riemannian metricon 7Y @R — Y.
(d1)" A smooth riemannian metric g, for AG, >~ T*M — M, whose restriction to
AG,loy = TVOM © 7*TY @& R can be written as

Gelom = gz ® T gryaR,

where grygRr is some riemannian metricon 7Y @R — Y.
(d2) A hermitian structure on E which restricts to the one given in (D3), and a unitary
connection VE which restricts to VE in (D3).

From these data, we get the twisted signature operators Dggn’E €
Diff! (Go; Ac*Go®E) and DIE™E € Diff! (G.; Ac2*G.®E). By the assumption

on the invertibility of Df,ign’E in (D4), we get the fredholmness of these operators as in
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the Sect. 3.3.1. Note that in this case, the boundary operator D;gn’E lom = {D;lgn’E

is given by

}er

DY CRr T (3) } Y X R (AT (™ (MIBEL-1,))® Ac (TyY x R))
— Coo(jf_l(y) X T Y x R; (/\(CT*(n_l(y))®E|n_](y))® AC (T,VY X R)*)

sign, E sign
Dy = D%} [ ®1+18D7% .

Here Dy’ g g is the Euclidean signature operator defined by the metric g7ygr in (d1).
So we get their indices

Ind ;, (DYE"), Indj, (DSE™F) € Z.

These indices depend only on the data (D1)~(D3) and do not depend on the additional
data (d1), (d1) or (d2), as in Proposition 3.6. So we can define the ® and e-indices of
the data (g, E, VE) as follows.

Definition 3.16. Given a compact oriented manifold with boundary (M®', 7 : 9M —
Y°ddy with data (gr, E, Vf ) as in (D1)~(D3) above, we choose additional data (d1),
(d1)’ and (d2) arbitrarily and define

Signg (M, gz, E, VE) := Ind;, (D35,

Sign, (M, gz, E, VE) := Ind ;, (DS 5).

This does not depend on the choice in (d1), (d1) or (d2).

We can show the equality Signg, (M, g, E, Vf) = Sign,(M, g, E, Vf) as in
Proposition 3.8. The gluing formula as in Proposition 3.10 and the vanishing property
as in Proposition 3.13 holds analogously.

4. Indices of Geometric Operators on Manifolds with Fibered Boundaries: The
Case with Fiberwise Invertible Perturbations

Next we consider operators with fiberwise invertible perturbations on the boundary
family. The idea is that, if we are given a pair (Py,, Py, gr) as in Definition 3.7, even
if we do not have the invertibility of fiberwise Dirac operator D, for the boundary
fibration, if we are given an invertible perturbation D.; by a lower order family, then we
can construct fully elliptic ®/e-operators D such that

e on the interior M R D differs from Dy (D,) by an operator of order 0.
e the boundary operator of D is given by D, ®1 + 1® D7y g (Dr ®1 + 1® D1y wR).

We would like to define the index of this operator as the index of the pair (P, Py, gx)

defined by the fiberwise invertible perturbation D, . This index has a simpler description,
as below.
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4.1. The general situation. In this subsection, we recall the well-known general con-
struction of indices, defined using invertible perturbations of an operator on a closed
saturated subset for a Lie groupoid. We start with a general setting as follows.

Let M be a compact manifold possibly with boundaries and corners.
Let G = M be a Lie groupoid.

Let V. C M be a closed saturated subset for G.

Let (oum, Fy) € C(&*Gy) &y Y(Gy) be an invertible element.

Denote the full symbol algebra ZM\V(G) := C(&*G y) ®v WO(Gy) as in Sect. 2.3.3.
We consider the following exact sequence.

0= C*(Guy) = B(G) B =MV (G) — 0.

We denote the connecting element for this short exact sequence as ind™\V(G) e
KKY(EZM\V(G), C*(Gm\v)). The element (o, Fy) gives a class in K1 (ZM\V(G)),
so defines the index class as

Indyv ((om, Fv)) := [(oy, Fv)] ® ind"\V(G) € Ko(C*(Gan\v)).

This index can be generalized to the case where we are given a path from the operator
Fy to an invertible operator. The settings are as follows.

e Let (o), Fy) € EM\V(G) be an element such that o), € C(S*G ) is invertible.
o Let Fyx(0.1] = {Fvxir}tef0.1] be a continuous path of operators Fy (} € W2(Gy)
parametrized by ¢ € [0, 1] such that
- Fyxjoy = Fy.
— Fy .y is elliptic for all ¢ € [0, 1].
— Fyxqy is invertible.
We call such a path “an invertible perturbation for Fy”.

Remark 4.1. In the following, we often work in the situation where we are given

e Anelement Fy € WO(Gy) for which o (Fy) € C(&*Gy) is invertible, and
e An invertible element I:"V € \IJQ(GV) which satisfies ﬁv — Fy € C*(Gy).

In this case, we have a canonical choice, up to homotopy, of path Fyyjo,1; =
{Fvx}iero,1) such that Fyyy = Fv and Fyyxqy = Fy. Namely, we choose any
such continuous path which satisfies Fy (;y — Fy € C*(Gy) forall ¢ € [0, 1]. With the

abuse of notation we also call such Fy “an invertible perturbation for Fy” and actually
consider such path of operators.

From the data above, we define Ind s\ v (o, Fvx(0,1]) € Ko(C*(Gm\v)) as follows.
Denote

My := M Uy oy V x [0, 1]and M| := M Uy V x [0, 1) 2
G1 =G Uyxjo) Gy x [0, 11 = My and G, := Gl . '

Although M is not a manifold, G is a longitudinally smooth groupoid, so we abuse
the notations such as C*(G1) := C*(G) ®v oy C*(Gv x [0, 1]).
We have the following exact sequence.

0— C*(G1) — WO(Gy) LU sM1 Gy — 0.
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We denote the associated connecting element as ind"z'1 (G1) e KK 1 (ZMI (Gyp), C* (é ).
Consider the canonical x-homomorphism

O,}',Vx{l} . ZMI\VX[O’”(G]) _ wM G1).

defined by applying the symbol map on Gy x [0, 1]. Here we have TM\Vx[0.11(G ) =
C(6*G1) ®vx0.1] Y2(Gy x [0, 1]) ~ C(&*G) ®v oy YOGy x [0, 1]).

Given a pair (oy, Fyx[o,1]) € EMI\VX[O'”(GQ as above, by the conditions, the
element cr(’f’VX{l}(aM, Fyxo,11) € >Mi(G)) is invertible. So we get a class

[U},VX“}(UM, Fyxpo.ap] € Ki(2"(Gy)).

Furthermore the inclusion i : C*(Gy\v) — C*(é 1) gives a K K-equivalence [i] €
KK(C*(Gm\v), C* (él)). So we define the index as follows.

Definition 4.3.

Indyn\v (Om. Fyx(0.11) = [0y 1y (0u Fvxjo.)] ® ind™(G1)
Bli1™" € Ko(C*(G ).

Next we prove the following relative formula for this index. Recall that, if we are
given two invertible perturbations F. {,X[O L i = 0,1 for an operator Fy, they define

the difference class in K;(C*(Gy)) as follows. Let F\//x[o = {F\//x{t}}te[ﬂ,ll be a

continuous path of operators Fy, | € WO(Gy) defined by

x{t

FY o 1_ay it €10,0.5]

Fyg = Pl

: (4.4)
by i1 €10.5.1]

i.e., first follow the path F 8 ©[0.1] in the reversed direction and next follow F ‘], [0.1]° This
operator satisfies F’ \’,X[O 1€ lIJQ(GV x [0, 1]). Consider the exact sequence

01V x{0.1
s

0— C*(Gy x (0,1)) — WGy x [0, 1]) L wVxOD(Gy x [0, 1]) — 0.

By assumption o 7,y x {0, 1}(F\//><[O,l]) is invertible. Thus we get the index class
Indy 0.1 (Fy/ xj0.17) € Ko(C*(Gy x (0, 1)) = K1 (C*(Gv)).

We define this class as the difference class of the invertible perturbations F 8><[0 1 and

1
FV><[0‘1]

[Fy 0.1 = Fyxqony] = Indv .0 (Fyxpo.17) € Ki(C*(Gv)).

Remark 4.5. As in Sect. 2.2, we denote by Z(Fy) the set of invertible perturbations for
the operator Fy. This set has the obvious homotopy relation, and we denote Z(Fy) the
set of homotopy classes of elements in 7 (Fy). We can show that Z(Fy) is nonempty if
and only if Ind(Fy) = 0 € Ko(C*(Gy)). The above definition of the difference class
induces the affine space structure on Z(Fy) modeled on K{(C*(Gy)).
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Remark 4.6. In Remark 4.1, we explained that an operator Fy such that Fy — Fy €
C*(Gy) can be regarded as an invertible perturbation of Fy. Assume we have two
invertible perturbations F. 8 and F ‘1, of Fy in this sense. Then the difference class defined
above between these perturbations, which we denote by [F ‘1, - F 8], can be described
as follows. We take any path F{/X[O,l] € \I/?(GV x [0, 1]) satisfying F",X{i} = I:“{, for
i=0,1and Fj ., — F) € C*(Gy) forall ¢ € [0, 1]. Then we get

[Fy — F9l =Indyx0,1)(Fy «j0.1) € K1(C*(GY)).

Two different choices of such path are homotopic, and the one which is obtained by the
construction in (4.4) is one of such choices.

Proposition 4.7 (The general relative formula). Let G = M be a longitudinally smooth
Lie groupoid over a compact manifold M, and V. C M be a closed saturated subset. Let
(om, Fv) € S\ be an element such that oy € C(S*G ) is invertible. Suppose we
are given two invertible perturbations F\i/x[o,l]’ i =0, 1 for Fly. Then we have

1 0 1 0
Indynv (ou, Fy 10,17 — Indav (oum, Fy o017 = [Fy 0,11 — Fv ol
®1"\V(G) € Ko(C*(G\v)).

Here, the element 3M\V(G) € KK'(C*(Gy), C*(Gp\v)) is the connecting element
of the short exact sequence,

0— C*(Gmv) = C*(G) - C*(Gy) — 0.

as defined in Sect. 2.3.3. In particular, the element Indp\v (o, Fyvxj0,11) € Ko(C*(G\v))
only depends on the class of Fyx[o,1] in Z(Fy).

Proof. We use the notations

o M; := M Uyx) V x [0, 1] and M, := M Uy 0 V x [0, 1),

o Gi:=GUyx) Gy x [0,11 = M; and G, := G|y

e The inclusion which gives a K K-equivalence i; : C*(Gyn\v) — C*(Gy).

for t > 0. Consider the path of operators F\//X[O,l] defined in (4.4). We change the
parameters ¢ € [0,1] — r+ 1 € [1,2] and consider it as an operator F",X[l 2 €
\IJQ(GV x [1, 2]). By construction the union F8x[0 1 Uy x{1} F",x[l 2] is a continuous

path of elliptic operators and defines an element in \IJ(Q(GV x [0, 2]). Denote oy, =
oM Uovxi021(F) .11 Y Fiupia) € C(*(G2)). The pair (ou,, FY), 1y U Firy o)

gives an element in M2\V>{1.2}(G,). By construction, this is invertible. Thus we get
the index class

Ind s\ v x{1,2) (O, ng{l} u F{/X{z}) € Ko(C*(Galpm\vx(1,2))

= Ko(C*(G1)) ® Ko(C*(Gy x (1,2))).
(4.8)
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We denote by p I and pyx(1,2) the projections to the first and second factor on the
group appearing in the right hand side of the above Eq. (4.8). By construction, we have

Pz, Indap\v (1,2} (O, F‘(}X“} U Fy )
= Indynv(oum. Fy 017 ® li1] € Ko(C*(G)).
Pvx(1,2)(Indar\vx(1,2)(Om,, F‘()X{l} U Fy )
= [Fyu0.11 — FVxo.y] € Ko(C*(Gy x (1,2))).
Moreover, we see that under the inclusion
Jj:C*G) ®CH(Gy x (1,2)) » C*(G),
we have

IndM\V(O'M, F\]/x[(),l]) ® [12] = IndMZ(JM’ F\//X{z})
= Ind,\vx(1,2) Oy Fegy U Fyp) ® Ll

So we have

Indps\v (oM, Féxlo,”) = Indar\vx(1,2)(OM;. ng{l} u F{/X{z}) ®[j1® ]!
= Indun\v (Ou, Fypo.1) + [Fy o1 = Fyxqon]) ® L1 ® Lial ™"

Thus it is enough to show that 3"\V(G) = [j] ® [i2]™' € KK(C*(Gy x (1,2)),
C*(Gm\v)). But this is well-known, since in general the element [94] € KKY(B,J)
associated to an extention of C*-algebra

O—>J—>A£>B—>0,

where B is nuclear, is given by [0y] = [j] ® [i17!, where j i B® Co((0,1)) —
A Dy (B® Co([0, 1))) is the inclusion and [i] € KK (J, A @y (B ® Co([0, 1)))) is the
K K -equivalence (see [B1a98]).

If we have two invertible perturbations F\i/x[o, 1 (i = 0,1) which define the

same class in Z(Fy), the difference class [F&x[0 - F‘()x[o 1]] vanishes, so we have
IndM\V(aM, F‘I/X[O,l]) = Il’ldM\V(O'M, FSX[O’”). [m}

Remark 4.9. If we deal with a positive order elliptic operator D € W} (G), we consider
the bounded transform v (D) := D/(1 + D*D)~1/% ¢ W9(G) and do the same argu-

ments. More generally we can deal with an elliptic operator F’ € WO(G; Ey, E) acting
between two vector bundles in an essentially the same way. Namely, we consider the
vector bundle Ey & Ep with the Z; grading so that E is the even part and E| is the odd
part. Consider the odd self-adjoint operator on Ey @ E; defined as

0 F'
F = (F’* O)’

We construct the C*-algebras with coefficients in Eg @ E, such as C*(G; Eo® E1) and
sM\V (G; Eo @ E), with the Z,-grading associated to the grading on Eg @ E. These
C*-algebras are Morita equivalent to the corresponding algebras with trivial coefficients.
Associated to an elliptic symbol and an invertible perturbation as before, we get an odd
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self-adjoint invertible element! (o, Fyxo.1)) € 2M\V(G,: Ey @ E;) (c.f. [CS84,
Definition 1.3]). Thus we get the class [(ou, Fyxjo.1))] € Ki(ZMN\V*O0(Gy; Ey @
Ep)) = K (ZM\VXI01(G)) and the same argument applies.

4.2. The connecting elements of Go and G,.. In this preparatory subsection, we show
that the connecting elements of the exact sequences

0— C*(Goly) > C*(Go) > C*(Golam) — 0
0 — C*(Gelyy) = C*(Ge) = C*(Gelym) — 0.

correspond to the Poincaré dual to the element [Cy] € KK(C, C(Y)). This result is
used in the proof of relative formulas for ® and e-indices in Propositions 4.20 and 4.26.

Lemma 4.10 (The connecting elements of G¢ and G.). Consider the exact sequences

0— C*"(Goly) = C*(Go) = C*(Golom) — 0 4.11)
0 — C*(Gelyy) — C*(Ge) — C*(Gelym) — 0. (4.12)

Denote by aM(Ge) € KK'(C*(Golam), C*(Galy)) and (G, ¢
KK! (C*(Gelam), C* (Gelyy)) the connecting elements associated to the above exact

sequences. Denote by Cy, : C — C(Y) the canonical *-homomorphism. Denote by
[oy]l € KK(C*(TY), C) the element which is Poincaré dual to [Cy] € KK (C, C(Y)).

(®) Under the Morita equivalence between G |yp and TY x R, the element BM(ch) €
KK (C*(Golym), C*(Goly)) =~ KK(C*(TY),C) identifies with the element
[oy].

(e) Under the Morita equivalence between Golgy and TY x R} and the KK!-
equivalence between C*(TY x RY) and C*(TY) given by the Connes-Thom isomor-
phism, the element 3™ (G,) € KK'(C*(Gelym), C*(Gelyy)) ~ KK(C*(TY), C)
identifies with the element [oy].

Proof. First we show that it is enough to consider thecase M =Y x Ry and 7w : oM =
Y x{0} — Y is the identity map. Indeed, fixing a tubular neighborhood U =~ d M x Ry of
oM in M,U C M is a transverse submanifold of both G, and G ¢. Thus the connecting
element of (4.11) is equal to the connecting element of the exact sequence

0— C*(Goly) — C*(Goly) > C*(Galsm) — 0, (4.13)

and analogously for (4.12). We consider the manifold with fibered boundary (¥ x
Ri,idy : Y x {0} — Y) and denote its ¢ and e-groupoids as Gq> and Ge. Denote
7i=n Xidr, : U ~0M xR, — Y x R,. We easily see that Go |y =* #*G ¢ and
G.ly ~* ﬁ*ée. Under this Morita equivalence, the connecting element of the exact
sequence (4.13) is equal to the connecting element of the corresponding exact sequence
of G, and analogously for the e-case. Thus it is enough to consider the case of manifold

! Given a unital graded C*-algebra A and an odd self-adjoint unitary operator u € A, we can construct
a unital graded *-homomorphism C/; — A by sending the generator € to u. The K class of this element,
[u] € K1(A) ~ KK(Cly, A) is defined to be the class given by this graded *-homomorphism. The space of
odd self-adjoint invertible elements on A retracts to the space of odd self-adjoint unitary elements, so an odd
self-adjoint invertible element also defines the class in K1 (A) this way.



Indices on Manifolds with Fibered Boundaries 115

with fibered boundary (Y x Ry, idy : Y x {0} — Y), as stated. From now on, in this
proof we denote the b, ® and e groupoids of (Y x R;,idy : ¥ x {0} = Y) by Gp, Go
and G, respectively.

From now on in this proof, we use symbols such as R} or I@+ in order to distinguish
various R-factors which have different roles. First we show in the e-case. Recall the
definition of G, givenin Sect. 2.4.1; G, is defined by the spherical blowup construction of
the pair groupoid ¥ x ¥ xRy xRy = ¥ xR} by the subgroupoid ¥ x {(0, 0)} = ¥ x {0},
ie., G, = SBlup, (Y xY xRy xRy, Y x{(0, 0)}). Recall the Connes tangent groupoid
([Con%4) of Y, TY =TY x {0}uY x Y x R =2 Y x R,. Its Lie groupoid structure
is described as TY = DNC(Y x Y,Y) (cf. [DS17, section 5.3.2]). We easily see
that G, >~ TY x R}, where R} > A acts on 7Y as multiplication by A and on R}
as multiplication by 1/A (cf. [DS17, section 5.3.3]. Apply the construction there for
G =Y x Y). Thus we have a commutative diagram in K K -theory,

0 ————C"(Gelyxry) ——> C*(Ge) ——— C*(Gelyxjop) —>0

~ ~

~

0—=C*(¥ x ¥ x R* x R¥) —= C*(TY x R¥) — C*(TY x R¥) —>0

KK! KK! KK!

0— > C*¥ xY xR} —— > CX(TY) ——> C*(TY) ——> 0,

where the rows are exact and the vertical maps between the middle and the bottom
rows are K K '-equivalences given by the Connes-Thom isomorphism. The connecting
element of the bottom row is equal to [oy] ® [Bott] € KK (C*(TY), Co(RY)) (see
[Con94, Lemma 6 in Chapter 2, Section 5]), so we get the result.

Next we prove the ®-case. Recall that G is defined as Go = SBlup,(Gp, Y),
where we regard ¥ = Y as a subgroupoid Y x {0} x {0} = ¥ x {0} of the groupoid
Gy =Y xY xRx{0juY xY xR xR} = Y xR,. Wedefine 0Gy, := Gplyxjo) =
Y xY xRand G = Gplyxr: =Y x Y x R x RY. Noting that ¥ x {0} is a closed
saturated submanifold for G, we have a commutative diagram

0 0 0

0 ——> C*(G), x RY) ——> C*(DNC+(Gp,,¥)) —> C*(N/Sb) =~ (C*(TY x B) ® Co(R%)) ——> 0

0 ——> C*(G), x RY) ——> C*(DNC+(Gp,Y)) ——> C*(Nf”) =~ (C*(TY x B) ® Cy(R4)) ——> 0

3G
0 —>= C*@G), x RY) —> C*(DNC+(Gp,. V) — > C*(Ny 0) = C*TY xR) ———>0

0 0 0

where the rows and columns are exact. We easily see that DNC(0Gp, Y) @ TY xR =
Y x R,, where the factor R does not act on the base. Thus the connecting element of the
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bottom row is equal to [oy] @c idr ®c [Bott] € KK (C*(TY xR),C*(Y x Y xR x
R})). The connecting element of the right column is equal to idc+(Ty xRr) ®c [E(E] €
KKYC*TY x R), C*(TY xR)® Cy (Rj)). The connecting element of the left column
isequal to [Bott] ™' ®@cidg: € KK'(C*(3G, xRY), C*(Gp xRY)) = KK (C*R)®
Co(RY), Co(RY)) (this well-known fact is a special case of the e-case above).

On the other hand, recalling that S Blup,  is defined as the quotient by the R -action

—~

on DNC (see Sect. 2.3.4), we have a commutative diagram in K K -theory,
0 ——C*"(Golyxr:) ———= C*(Ggp) ———— C*(Golyxjop) —=0
KK! KK! KK!

0 ——> C*(Gp x RY) —> C*(DNC+(Gp, ¥)) ——= C*(NC*) ——0,

where the rows are exact and vertical arrows are K K !-equivalences by the composition
of the Connes-Thom isomorphism and the Morita equivalence between the crossed
product and the quotient. Combining these, we get the result. O

4.3. The definitions and relative formulas for the ® and e-indices. We apply this general
construction to our settings.

4.3.1. Twisted spin®-Dirac operators. Here we explain the case for twisted spin¢-Dirac
operator. First we give a fundamental remark on the space of C/; -invertible perturbations
of geometric operators.

Remark 4.14. Let X be a closed manifold equipped with a pre-spin¢ structure, and
E — X be a Z,-graded complex vector bundle. In order to define the twisted spin©-
Dirac operator D, we have to specify a differential spin¢-structure, a hermitian metric
on E and a unitary connection on E. However, since the space of these choices is
contractible, the sets of homotopy classes of Cl;-invertible perturbations, Z(DF), for
two different choices are canonically isomorphic.

An analogous remark applies when we consider a family of twisted spin©-Dirac
operators. Suppose we are given a fiber bundle 7 : N — Y whose typical fiber is a
closed manifold, a pre-spin®-structure P, for 7, and a complex vector bundle E — N.
Choosing the additional data to define a twisted spin€-Dirac operator Djf , we define

I(P}, E) :=I(Df).
These sets for two different choices of additional data are canonically isomorphic.
For a family of signature operators analogous remark applies. Suppose a fiber bundle

m : N — Y whose typical fiber is a closed manifold, is oriented, and let E — N be a
Z»-graded hermitian vector bundle. We define

780 () B = T(DSEE)

where D" E is the twisted signature operator defined by any fiberwise metric, hermitian
metric on E and unitary connection on E.
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Let (M, : dM® — Y°4 E — M) be a compact manifold with fibered bound-
aries, equipped with a complex vector bundle. The data needed to define the index are
the following.

(D1) Pre-spin® structures Py, and Py, on TM and TY, respectively. These induce a
pre-spin® structure on 7V 3 M, denoted by P_..
(D2) A homotopy class of Cl;-invertible perturbation Q, € Z(P,, E).

The additional data needed to construct operators are as follows.

(d1) A differential spin® structure on AG ¢ (AG,) such that
e it is compatible with the pre-spin® structures in (D1).
e it has a product structure with respect to the decomposition AG ¢ |yy =
TVIM & 7*TY ®R AG,lay = TVOM & n*TY @ R) at the boundary.
(d2) A hermitian structure on E and a unitary connection V£. Denote the fiberwise
twisted spin¢-Dirac opeartor DE.
(d3) A family of operators ﬁf € fsm(Dj‘TE ) which is a representative of the class
Qx € Z(P.,E) in (D2).

Let us denote by Dg,@E and D3 OE the twisted spin Dirac operators constructed from
the above data, respectively. Recall that, under the assumption (d1) above, the restriction

of Dgng to Golym is given by a family {Df}yey parametrized by Y, of the form

DY CO@T () x TyY x R (ST (0)®E|-1(,))®S(Ty Y x R))
— CX@ () x TyY x R; (S(n*l(y))®E|ﬂ71(y))®S(TyY x R))

DE = Df_](y)@)l +18Dr,yxR.
as in (3.14).

Using the Cl;-invertible perturbation DE = {D }yey in the data (d3) above, we

7=y
define an operator DS oM € \IJ (Golam; Slam x Elypr) as afamily {Dv }yer, given by

Df = Df_l(y>®1 + 1®DrvaR~

This gives an invertible operator on G|y, Which satisfies D§>®E lom — DS oM €
\PO(G¢|3M, Slam). It is easy to see that the class [Dg,%ﬁ,l] € I(D(%@EIBM) does not

depend on the choice of the explicit operator Df representing the class O, € Z(Py, E).
Applying the bounded transform, it defines a class

[om(DSEF), w (DIEE )] € K1(EM (Go)). (4.15)

This class only depends on the data (D1) and (D2), and does not depend on the additional
data (d1), (d2), or (d3).
In the e-case, D, |35 also has the product form as in (3.5), so we define an invertible

RSQE -
operator De,a )y in an analogous way.
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Definition 4.16. Given the data (D1) and (D2) as above, choose any additional data
(dl), (d2) and (d3). We define the ® and e-indices, defined by the boundary fiberwise
invertible perturbations as

Indo (P}, Py, E, Qx) = Ind, (op (D3EE), y (DIEE) € Ko(C*(Golyp) ~ Z
Ind. (P}, Py E, Q) := Ind ;; (o3 (D3EE), w(DIEE)) € Ko(C*(Gel ) = Z

This number only depends on the data (D1) and (D2), and does not depend on the
additional data (d1), (d2), or (d3).

For this index we also have the equality
Inde(Py, Py, E, Q) = Ind. (P, Py, E, Ox) (4.17)

as in Proposition 3.8. Also, similar results to Proposition 3.10 and 3.13 hold in this case.
For the vanishing formula, the assumption becomes that “the fibration extends to the
whole manifold and the fiberwise invertible perturbation extends to the whole family”.
We give the precise formulation of these properties, as follows.

Proposition 4.18 (The gluing formula).
We consider the following situations.

o Let (M, 7% : aM° — YO, EO > M% and (MY, z! : oM — Y1 E' - M) be
manifolds with fibered boundaries equipped with complex vector bundles.

o Assume we are given data (P! (T Y, , Qi) satisfying the conditions (D1) and (D2)
above for eachi = 0, 1.

o Assume that on some components of IM° and —3M", we are given isomorphisms of
the data (7', Ml, P)’,,, El, Qi) restricted there.

o Let us denote (M, 7' : 9M — Y') the manifold with fibered boundary obtained by
identlf)nng lsomorphlc boundary components This monifold is equipped with data
(P;,, Y/, E, Q) induced from those on M° and M".

Then, we have

Indo (Pyy, Pyr, E, Qn') = Inde(Py, Py, E, Qzr)

Inde(PM07 yOaE Qn0)+lnde(PM]aPyl7El in)‘

Proposition 4.19 (The vanishing formula). We consider the following situations.

o Let (M®, M, 7 : OM — Y°Y) be a compact manifold with fibered boundary,
equipped with a complex vector bundle E — M.
e Let (Py,, Py, Q) be data satisfying the conditions in (D1) and (D2).
e Assume that there exists data (7', X, P}, Q) such that
— A compact manifold X with boundary 0 X, with a fixed diffeormorphism 0X >~ Y.
We identify 0 X with Y.
— A fiber bundle structure &’ . (M, 9M) — (X, 8 X) which preserves the boundary,
and 7'y = 7. Note that the typical fibers of w and 7t’ are the same.
— A pre-spin® structure Py on T X which restricts to Py,.
— Assume that the induced pre-spin®-structure induced on TV M restricts to Pl at
the boundary.
— An element Q in I(Pj’r,, E) which satisfies Qr'|oy = Ox.
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Then we have
Inde(Py, Py, E, Qz) = Ind. (P, Py, E, Qz) =0.

Next we show the relative formula for such indices. Recall that, for a family D, of
Z,-graded self-adjoint operators parametrized by Y, if we are given two elements Qg
and Q}T in Z(Dy), their difference class [Q}T — Qg] is defined in K ().

Proposition 4.20 (The relative formula). Let (M, dM, ) as before, and Qg and Q}T
be two elements in Z(PL, E). Then we have

Inde (P, Py, E, QL) — Inde (P}, Py, E, Q%)
=Ind. (P}, Py, E, QL) —Ind, (P}, P}, E, Q%) = ([0L — Q°1, [Dy)).

Here [Dy] € K(Y) is the class of spin©-Dirac operator on Y defined by the data (D1)
and (D2), and (-,-) : K'(Y) ® K{(Y) — Z denotes the index pairing.

Proof. The first equality follows from (4.17). Choose any additional data (d1), (d2)

and (d3) to define the operator DE. For each i = 0, 1, choose any representative
f)f i fsm(Pj’T, E) for the class Q! € Z(P., E). By the general relative formula,
Proposition 4.7, it is enough to show that the difference class of the invertible pertur-
bations DaM = DE’®1 + 1®DTYNR* fori = 0, 1, defined in K (C*(Gelym)) (=
Kl(C*(TY x RY)) = Ko(Y)), maps to ([Qﬂ Qg], [Dy]) under the boundary map

IM(G.) : K1(C*(Gelam)) = Ko(C*(Gel ).
Consider the operator D on the groupoid G.|sp % [0, 1] = dM x [0, 1]; defined
by the family

Dlomxiy = tDE+ (1 —=)DENH®1 + 1&Dry ws.

The restriction to aM x {0, 1} is invertible. Thus we get the index class of D in
Ko(C*(Gelam x (0, 1))), and by Remark 4.6 (and also Remark 4.9), the difference

class of invertible perturbations Da 3y coincides with this class:

[DE! — D5 = Indymx0.1)(D) € Ko(C*(Gelom x (0, 1))).

Denote the Connes-Thom element [th] € KK (C*(Gelom), C*(OM x5z IM X5
TY)). Consider the following self-adjoint ungraded operator on the groupoid oM X
OM x; TY x (0,1) = oM x (0, 1):

Damxpy i= ¢DEC+ (1 =) DENH&1 + 1&Dry, 4.21)

for each t € [0, 1]. This operator defines a class IndaMx(oJ)(D/) € Ki(C*(0M x
oM x; TY x (0, 1))), and it satisfies

Indyarx0,1)(D) ® [th] = Indyprx0,1)(D). (4.22)

We consider the following elements.

o [DET — DEO] e Ko(C*((OM x5 M) x (0, 1))) = K (Y).
e [Dy] € Ki(Y).
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e Ind’(D7y) € KK'(C(Y), C*(TY)) represented by the ungraded Kasparov C(Y)-
C*(TY) bimodule (C*(TY; S(TY)), multi, y»(Dry)), where multi is the multipli-
cation by C(Y). This is an ungraded version of (2.35).

eme KK(C(Y)QC*(TY), C*(TY)) represented by the Kasparov C(Y)® C*(TY)-
C*(TY) bimodule (C*(TY), multi ® idc(Ty), 0).

e [oy] € KK(C*(TY),C).

The element m @c+ry) oy € KK(C(Y)® C*(TY), C) is the element which gives the
Poincaré duality between C*(TY) and C(Y). Also we have Ind(Dry) Qc+ry) m =
IndY (Dry), since the element Ind(D7y) € KK'(C, C*(TY)) is represented by the
Kasparov module (C*(TY; S(TY)), 1, Dry). Since Ind(Dry) is the Poincaré dual to
[Dy], we have

[Dy] = Ind(D7y) ®cxry) m ®cxry) oy = Ind” (Dry) ®c+ry) oy.
Next, we show the following equality.
Indsprx0.) (D) = [DF' — DEC1®c(v) Ind" (Dry) € KK(C,C*(TY)). (4.23)

Let ¢ > 0 be a positive number such that Spec(Df’i) N [—c, c] is empty fori = 0, 1.
Choose an odd continuous function ' € C([—00, oc]) such that ¥/ = 1 on [c, o]
and ' = —1 on [—00, —c]. We see that w’(ﬁf'i) and w’(ﬁf'i®1 +1®Dry) are self-
adjoint unitaries for i = 0, 1. Using this, the classes appearing in (4.23) are represented
by the Kasparov modules,

[DE! — DEO) = [(C*(dM x, OM; S(TVaM))
® Co(0, ), 1, {y'¢DF " + (1 =n)DF )]

Indyarx0.1) (D) = [(C*OM x5 M x5 TY; S(TV M)®¢(v)S(TY))
® Co(0, 1), 1, ' (D")],

where the first one is graded and the second one is ungraded. We have C*(0M X
oM; S(TV8M)) Rc(y) C*(TY;S(TY)) = C*(OM x, OM x, TY; S(TVM) Rc(y)
S(TY)). Since the above operators commute with the multiplication by elements in
C(Y), the computation of this Kasparov product is the family version of the product
over C (more precisely, it is the product in RK K (Y; -, -); see the paragraph preceeding
Proposition 5.18 below). Here operators satisfy the relation (4.21), by the same argument
as in [HROO, Section 10.7 and 10.8], we get the equality (4.23).

By Lemma4.10, we know that the connecting element 3™ (G,) e KKY(Gelam, Gelyy)
satisfies

[oy] = [th] ' ® ™ (G,) € KK(C*(TY), ),
Thus we have
[DE;) — DEN @c-(ry) 3™ (Ge) = Indaurx 0.1 (D) ®c+(ry) 3 (Ge)
= Indyprx(0,1)(D) ®cxry) [th1 ™' ® [th] ® [oy]
=[DE! — DEY@c(r) Ind" (Dry) ®cx(ry) [oy]
= [DE! — DEOY®c(y) [Dy]
= ([DE! — DEO), [Dy)).

So we get the result. 0O
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4.3.2. Twisted signature operators. Here we explain in the case of twisted signature
operators. The argument is parallel to that in the case for twisted spin®-Dirac operators.
Let (M®, 7 : 9M — Y°) be a compact oriented manifold with fibered boundaries
equipped with a Z-graded complex vector bundle £ — M. Assume we are given an
element Q, € 758" (xr, E). We choose additional data as in Sect. 3.3.2, and define the
twisted signature with respect to the fiberwise invertible perturbation, analogously as in
the twisted spin© Dirac operator case.

Definition 4.24. Given an element Q, € 752" (x, E), we define
Signg (M, E, Q) and Sign,(M, E, Q) € Z,
in an analogous way to that in Definition 3.15.

We also have the equality of & and e-signatures as
Signg (M, E, Qr) = Sign, (M, E, Qx). (4.25)

The gluing formula analogous to Proposition 4.18, as well as the vanishing proposition
analogous to Proposition 4.19 also holds for this case.
The relative formula for the twisted signature case is as follows.

Proposition 4.26. Let (M®', 7w : M — YUy as before, and Q% and QL be two
elements in 98" (i, E). Then we have

Signg (M, E, Q1) — Signg,(M, E, 09)

sign

Here [D}""] € K1(Y) is the class of odd signature operator on Y, and (-, -) : Kl
K1 (Y) — Z denotes the index pairing.

Proof. The proof is analogous to that for Proposition 4.20. The factor 2 in the above
formula is due to the following observation.

First of all, recall the definition of odd signature operators acting on odd dimensional
manifolds ([RWO06, Definition and Notation 1]). On an odd dimensional riemannian
manifold Y, the essentially self-adjoint operator d +d* acting on AcT*Y commutes with
the Hodge star 7, so we define the odd signature operator D;‘gn to be the operator d + d*
restricted to the +1-eigenbundle of 7. So the total signature operator is isomorphic to the
direct sum of two copies of D;‘gn. We define odd signature operators for Lie groupoids
whose dimensions of s-fibers are odd dimensional analogously.

;i%nxm on the groupoid TY x R¥ = Y defines a class

Ind(DSTi%nNRi) € Ko(C*(TY x Rfr)). The signature operator D;i%n on the groupoid
sign

TY = Y defines a class Ind(D;} ) € K{(C*(TY)). We denote the Connes-Thom
element [th] € KK (C*(TY x RY), C*(TY)). Then these elements are related by

Ind(DsTiiani) ® [th] =2 - Tnd(D}E") € K\ (C*(TY)). 4.27)

Indeed, under Connes-Thom isomorphism Ko(C*(TY x R})) >~ Ko(C*(TY x R)), the

element Ind(D?%ani) maps to Ind(D?%,an). By the same argument as in the proof

of [RW06, Lemma 6], we see that 2 - Ind(D}2") ® Ind(DLE") = Tnd(D}%' ) €

Ko(C*(TY x R)). Since by definition Ind(D];?g“) € K{(C*(R)) is equal to the Bott
element, (4.27) follows.
So the factor 2 appears in the equation corresponding to (4.22). O

The signature operator D
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5. The Index Pairing

In this section, we give a description of the indices defined above, as the index pairing
on the K-theory “relative to the boundary pushforward”. In the following, we use the
following notations.

e For a C*-algebra A, the symbol M (A) denotes its multiplier algebra.

e For a C*-algebra A and a Hilbert A-module Hy, the symbols B(Hy) and K(Hy)
denote the C*-algebras of adjointable operators and compact operators on H 4, respec-
tively.

e For a Euclidean space E, let us denote by CI(E) the x-algebra over C, generated by
the elements of E and relations

e=c¢"and e’ = ||e||* - 1foralle € E.

This construction applies to Euclidean vector bundles as well.

e Let us denote by € € Cl; = CI(R) the element corresponding to the unit vector in
R. In other words, this element is a generator of Cly, which is odd, self-adjoint and
unitary.

5.1. The case of spin©-Dirac operators. In this subsection, we consider the case of
spin¢-Dirac operators. First we consider the following setting.

e The pair (M, : 9M — Y) is a compact manifold with fibered boundary.
e The fiber bundle 7 is equipped with a pre-spin® structure P,.

In order to formulate the index pairing in this setting, we proceed in the following
four steps. In the following, let n be the dimension of the fiber of 7.

(1) We define a C*-algebra A, whose K -groups fit in the exact sequence

o KR 2 KFNY) o K (Ay) — K ) 225
(Definition 5.4 and Proposition 5.5). The groups K, (A ) are regarded as K -groups
relative to the boundary pushforward.

(2) For a pair (E, Q) where E is a Zj-graded complex vector bundle over M and
O € Z(Py, E), we show that it naturally defines a class [(E, Q)] € K,—1(Az)
(Lemma 5.7).

(3) Assume n is even. For a pair (Py,, Py) of pre-spin¢ structures on TM and TY
which satisfies Py, lgyy = 7*Py @ P,, we show that it naturally defines a class
[(P};, Py)] € KK (Az, M (G o)) (Definition 5.23).

(4) We show the equality

Indo (Pjy, Py, E. Q) = [(E. 0x)1®4, [(Pyy. P @i, nd" (Go) € Z.

(Theorem 5.24). This is the desired index pairing formula.

The most difficult point of the proof of Theorem 5.24 is to relate the invertible oper-
ators ¥ (DE) and Y(DE®1 + 1& Dry«r), since they are not “directly related”, for
example by a x-homomorphism. In order to overcome this difficulty, we construct a

C*-algebra D, which “connects A, and M (Go)” using an asymptotic morphism
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giving the K K-equivalence between Co(TY @ R; CI(TY & R)) and C(Y), and con-
struct an invertible element in D, which, under suitable *-homomorphisms, maps to
[(E,[DED] € Ki(Az) and [(0 (Do), ¥ (DE®1 + 1&Dryxr)] € K1(ZY(Go)).

Let N be acompact space. Let 7 : N — Y be a fiber bundle whose fibers have closed
manifold structure, and 7 is equipped with a pre-s pin¢-structure. Choose any differential
spin‘-structure representing the given pre-spin¢ structure (choosing any other choice,
we get canonically K K -equivalent C*-algebras below). Let S(TYN) — N denote
the spinor bundle of vertical tangent bundle and D, denote the fiberwise spin¢-Dirac
operators acting on S(T"V N). Let L3 (N; S(TV N)) denote the Hilbert C(Y)-module
which is obtained by the completion of C2°(N; S(TV N)) with the natural C(Y)-valued
inner product. Note that L%(N : S(TV N)) is naturally Z,-graded if the typical fiber of
7 is even dimensional. In this setting we define a C*-algebra W (D, ). We separate the
definition in two cases, depending on the parity of the dimension of the fiber of .

(1) Assume that the typical fiber of 7 is odd dimensional. Define x € C([—o0, co])
as x(x) := %(1 +x/+v1+ x2). Let ¥(D;) denote the C*-subalgebra of B(L%,(N;
S(TVN))) generated by {x (D)}, C(N) and K(L2 (N; S(TV N))).

(2) Assume that the typical fiber of 7 is even dimensional. Define the odd func-
tion ¥ € C([—o0,00]) by ¥(x) := x/v1+x2. Let ¥(D,) denote the Z,-
graded C*-subalgebra of B(L%, (N; S(TV N))) generated by {/(Dy)}, C(N) and
K(L3(N; S(TY N))).

Lemma 5.1. (1) When the typical fiber of w is odd dimensional, the algebra V¥ (Dy) fits
into the exact sequence

0 — K(L}(N; S(TVN))) = ¥(Dy) — C(N) — 0.

The connecting element of this extension coincides with the class my € KK Lic(ny,
C(Y)).

(2) When the typical fiber of 7w is even dimensional, the algebra V (Dy) fits into the exact
sequence of graded C*-algebras

0— IC(L%(N; S(TVN))) - W(Dy) — C(N) ® Cl; — 0. (5.2)

The connecting element of this extension coincides with the class my € KK(C(N),
c)).

Proof. We prove the case (2). The case (1) can be proved analogously. Denote by I" the
groupoid N x, N = N. Recall that we have a Z,-graded exact sequence

0 — CH(I; SRN)) — w(I; SA)) % C(&*T; End(S(2T))) — 0.

Of course we have C*(I'"; S(AI')) = IC(L%(N; S(TV N))). Consider the restriction of

the symbol map o to the C*-subalgebra W(D,) C WO(T; S(AT)). Its image is the
C*-subalgebra of C(&*I'; End(S(RAI"))), generated by {o (¥ (D))} and C(N). Since
o (¥ (D)) is an odd self-adjoint unitary element commuting with elements in C(N), we
get the canonical isomorphism between this C*-algebra and C(N) ® Cly, by mapping
o (Y (Dy)) to the odd self-adjoint unitary generator € € Cly. Thus we get the desired
graded exact sequence (5.2).
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Next we describe the connecting element of (5.2). We have the following commutative
diagram,

0 —KHy) ——V(Dy) ———CN)@Clj ———0

(P

0 —— K(Hy) —— ¥(I'; SAT')) —— C(&*T'; End(S(2AI"))) — 0,

where the rows are exact and the inclusion ¢ is explained above. The bottom row is

Morita equivalent to the pseudodifferential extension for the groupoid I', so the con-

necting element is the element ind¥(I") € KK (C(&*T"), C*(I")). By the naturality of

connecting elements, the connecting element of (5.2) is equal to [¢] ®c(s*1) ind® (D).
Let us consider the following K K -elements.

e The element [0 (D5)] € K'(C(&*T)). This element coincides with the element in
KK(Cly, C(6*T"; End(S(AI'))) given by the unital x-homomorphism which maps
€ € Cly to o (Y (Dy)) (see Remark 4.9).

e Theelement[m] € KK(C(N)®C(6*T"), C(6*I"))) given by the x-homomorphism
f®E— f-&.

We see the equality [¢] = [0(Dy)] ®c(s+*T) [m]. On the other hand, the element

indV(') € KKNC(&*T"), K(Hy)) ~ KK(Co(&*T x R¥), C(Y)) is the element

giving the family index map. If we denote by [p.d.] € KK(C(N)QCo((TVN)*), C(Y))

the element which gives the fiberwise Poincaré duality and by ¢ : Co(&*I" x R}) —

Co((TY N)*) the inclusion, we have the equation

[m] ®c(e+r) ind (1) = [¢] @cy vy [p-d-] € KK (C(N) ® C(&°T), C(Y)).

(see [CS84, pp. 1159-1162]). Thus we see that the product [¢] @c(s*I) indV(I") =
[0 (D)]1®c(&*1)[q]1®cy 1V Ny [p-d.]istheelement 7 € KK'(C(N), C(Y)),namely
the element given by the Kasparov module (L%, (N; S(TV N)), multi, ¥ (D)), where
multi denotes the multiplication by C(N). 0O

Remark 5.3. As we work in K K -theory in this section, we only need C*-algebras to
be defined up to K K-equivalence. As in Lemma 5.1, in order to define C*-algebras in
terms of operators, we need to fix rigid structures, such as differential spin®-structures.
However, the K K -equivalence class is determined by homotopy equivalence class of
those structures, such as pre-spin®-structure (c.f. Remark 4.14). In order to simplify the
arguments, we often omit this procedure of “‘choosing a rigid structure, defining algebras
and forgetting the structure to get a K K -equivalence class”, but the reader should note
that we always need such steps.

Definition 5.4 (A,).Let (M, 7 : 9M — Y) be a compact manifold with fibered bound-
ary. Assume that 7 is equipped with a pre-spin-structure. Denote i : 9M — M the
inclusion.

(1) Assume that the typical fiber of 7 is odd dimensional. We define A, to be the C*-
algebra defined by the pullback (c.f. Remark 5.3)

Ar —— V(Dx)
L

c(M) —"= c(om)
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(2) Assume that the typical fiber of 7 is even dimensional. We define A, to be the
Zy-graded C*-algebra defined by the pullback (c.f. Remark 5.3)
Az V(Dr)
| |

C(M)®Cly —— C(OM) ® Cl,

Proposition 5.5. Let (M, : 9M — Y) be a compact manifold with fibered boundary.
Assume that 7w is equipped with a pre-spin®-structure. The K -groups of the C*-algebra
Ay naturally fits in the exact sequence

7TvOl

C o KH(M) 25 KFTNY) = Ko (Ag) > KN (M) 25
where n is the dimension of the fiber of 7.

Proof. We only prove the Proposition in the case n is even. The odd case is similar. By
Lemma 5.1 and the surjectivity of the restriction i* : C(M) ® Cl; - C(0M) ® Cly,
we get the graded exact sequence

0 — K(LI(N; S(TYN)) — Az — C(M)® Cl; — 0. (5.6)

By Lemma 5.1, the connecting element ass001ated to the above exact sequence is equal
to[i]®@m € KK(C(M) C(Y)) ~ KK (C(M) ® (Cll,lC(L (N; S(TV'N)))). Thus
the long exact sequence of K -groups associated to the above short exact sequence gives
the desired sequence. 0O

Lemma 5.7. Let (M, 7w : oM — Y) be a compact manifold with fibered bound-
ary. Denote T the groupoid oM x, OM = 0M. Assume that w is equipped with
a pre-spin®-structure P). Let E be a Zy-graded complex vector bundle over M. Let
Qr € I(P., E) (see Remark 4.14). Then the pair (E, Q) naturally defines a class
[(E, Or)] € Ky—1(Ay), where n is the dimension of the fiber of 7.

Proof. We only prove the Lemma in the case n is even. Let us denote DE
the fiberwise spin‘-Dirac operators twisted by E (defined using any additional
choice; see Remark 4.14). Let \I/(Df) denote the Zj-graded C*- subalgebra of
B(L%(N;AS(TVN)@)E)) generated by {y(DE)}, C(N;End(E)) and K(L%(N;
S(TV N)®E)). Consider the graded C*-algebra A (E) defined by the pullback

Az (E) V(DE) (5.8)

I |
C(M: End(E))&Cl, ——> C(3M: End(E))&CI,

as in Definition 5.4. There is a canonical Morita equivalence between A, and A, (E).
Given a pair (E, Q) where QO € Z(P}, E), we define an element in K (A (E))

as follows. Let us choose a representative DE € Zyn(DE). Since DE is an invert-
ible family which differs from DEZ by a lower order family, ¥ (DE) is an invert-
ible operator in W(DE). Thus the element (1 ®e, ¥ (DE)) € A, (E) is invertible.

The K class defined by this element does not depend on the choice of [)f . By
composing with the K K-equivalence between A, and A;(E), we get the element

[(E, 0)] = [(1u®e, ¥ (DE)] € K1(Ar). O
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Now we assume that M is even dimensional and Y is odd dimensional. We construct
an element [(Py,, Py)] € KK" (A, ¥M(Gg)) for given P}, Py pre-spin®-structures
on TM and TY which are compatible with the given fiberwise pre-spin® structure P,
at the boundary, i.e., Py, lyy =" Py, & P,.

The next lemma can be proved in the same way as Lemma 5.1.

Lemma 5.9. Let (M®¥, 7w : 9M — Y°Y) be a compact manifold with fibered boundary,
equipped with a pre-spin®-structure P), on TVOM. Let P,,, Py, be pre-spin‘-structures
on TM and TY respectively. We assume that the pre-spin€-structures are compatible
at the boundary.

Choose differential spin® structures on TY and TV M representing Py, and P}, and
denote the associated spin®-Dirac operatoron Go gy = OM X OM X TY xR = oM
as,

Doy := Dy ®1 +1&Dry«R.

Let V(Dg ) denote the Zy-graded C*-subalgebra of \IIB(G¢|3M; SCQGolapm)) gen-
erated by {Y (Do)}, C(0M) and C*(Golam; SRAGalam)). If we choose any other
differential spin®-structures on TY and TV M representing P}, and P}, the resulting
C*-algebras are canonically K K -equivalent.

This C*-algebra fits into the graded exact sequence

0— C*"(Golom; S”Galam)) = V(Do)
— C(0M)® Cl; — 0.

The connecting element of this extension coincides with the class m ®c (y) Ind? (D1yxR) €
KK(COM),C*(Golym)) (IndY is defined in (2.35)).

Definition 5.10 (53;). In the situations in Lemma 5.9, we define a graded C*-algebra by
the pullback (c.f. Remark 5.3)

By ————— VY (Dg )
I |
C(M)®Cl, ——~ Cc(oM) ® Cl;

Choosing a differential spin® structure of G¢ representing P;,, we get a canonical

injective x-homomorphism ¢ : B, — M (Ge; S(AG4)) as follows. Denote the spin‘-
Dirac operator on G by Dg € Diff! (Go; S(AG o)) and the principal symbol of the
bounded transform of this operator by o (¥ (Dg¢)) € C(6*Go; End(S(2G))), which
is an odd self-adjoint unitary element. Thus the *-homomorphism

C(M)®Cl; — C(6&*Go; End(S(RG o))

fR®1l— f
l®er oW (De))

is well-defined. Recall we have EM(G¢; SQRGp)) = C(6G*Go; End(SRAGo))) ®ym
\Ilg(quIaM; SAGwolam)). It is easy to see that the inclusion W(Dojy) —
W?(G¢|3M; SEGplapm)) is compatible with the above x-homomorphism at d M, so
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they combine to induce the desired *-homomorphism ¢ : B, — M (Go; SQGy)).

The K K-element [(] € KK (B, EM(Gg)) is independent of the differential spin®-
structure representing P/{,,.

Next, in the settings in Lemma 5.9, we construct an element u € KK (A, Br)
which fits into a commutative diagram in K K -theory,

00— C*(T; SR)) Ax CM)®Clj ——=0

| %

0——=C*(Golom; S”AGalym)) — Bx —= C(M) ® Cl; ——0.

Here we denote by I" the groupoid N x; N = N.

First we consider a general setting. Suppose we are given a compact manifold Y, and
an oriented real vector bundle V over Y. For simplicity we only consider the case where
the rank m of this vector bundle V is odd. We consider the Clifford algebra bundle CI(V)
over V (trivial on each fiber of V. — Y) and the Z;-graded C*-algebra Co(V; CI(V)),
where the algebra structure comes from the pointwise operations and grading comes
from the grading on C/(V'). We consider a variant of the construction of an asymptotic
morphism in [GHO4, Section 1], which gives a K K -equivalence between Co(V; CI(V))
and C(Y). We are going to apply the following general construction to the real vector
bundle V = T*Y in our ®-spin‘-setting. The construction below is also used in the
next subsection for signature operators.

We fix a riemannian metric on V. On the Hilbert C(Y)-module L%,(V; ClL(V)), we
consider unbounded, odd essentially self-adjoint operators Cy, Dy, By defined as fol-
lows. They are families of operators parametrized by Y, and for each y € Y, the operator
acts on LZ(Vy; Cl(Vy)) as

by choosing an oriented orthonormal basis {e;}; of V) and denoting the corresponding
orthonormal coodinates by x; on Vy. Here we denote the actions of elements in V, on
ClL(V) by

e(x)=e-x
fo) = (=1 1.

Consider the operator @, := (— 1m+D/4g,65 ... ¢, € End(Cl (Vy)). This element does
not depend on the choice of an oriented orthonormal basis, and gives an odd element
o € End(Y; CI(V)). Recall that we have assumed that m is odd. This operator satisfies
o* =1, 0 = o, wye; = —ejwy and wyé; = é;w,. So we see that Dyw is an odd
essentially self-adjoint operator, Dyw = wDy and Cyw = —oCy.

It is well-known that, the operator By, called the harmonic oscillator, is Fredholm
and has rank 1-kernel in the even part and zero kernel in the odd part. Moreover, this
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kernel bundle has a canonical trivialization, given by the global section {e‘”””Z/ 2 e
L2(V,; Cl(Vy)}y. Welet P e IC(L%,(V; CI(V))) to be the projection to the kernel of

By . We denote the asymptotic algebra of lC(L%(V; CIl(V)) by

Ay, (K(LE (V3 CL(V))) = Cp([, 00); K(L (V5 CL(V))/Col, 00); K(LE(V; CL(V)))

for © € R. Of course for any u € R, the above algebra Q[MIC(L%(V; CI(V))) are
canonically isomorphic.
We define a Z-graded x-homomorphism ¢ by

¢ : Co(R; Cl)®Co(V; CL(V)) — Qll(/C(Lzy(V; ClLvy))
f®h > [[1,00) 31+ f(t ' Dyw)- My,]
fe®h > [[1,00) 31+ f(t ' Dyw)w - My,],

for f € Co(R) and h € Co(V; CI(V)). Here we denote by h; € Co(V; CI(V)) the
function 4, (v) := h(t~'v) and by My, the pointwise Clifford multiplication operator
by h;. The following lemma is an analogue of [GHO4, Proposition 1.5].

Lemma 5.11. The map ¢ defines a x-homomorphism.

Proof. This can be proved in an analogous way to the proof of [GH04, Proposition 1.5].
Instead of repeating the proof, we only point out that the essential point is that we have
the following relations,

e,-DV = —Dve,‘, Cjy = —wye;, and Dva) = a)Dv.
O

Remark 5.12. In [GHO04], they use the C*-algebra S := (Co(R) with even-odd grading).
For an Euclidean space V, they define a Z;-graded x-homomorphism

é : S®RCH(V; CL(V)) — A (K(L>(V; CL(V)))
f®h > [t f(t™"'Dy)- My,].

This *-homomorphism defines an element in the E-theory group [J)] e E(Cy(V;
CI(V)),C), since their definition of E-theory groups is E(A, B) =
([S®ARK(H), BRK(H)]] (IGHO4, Sectiton 2.1]). Here we denoted the abelian group
of equivalence classes of asymptotic morphisms from A to B by [[A, B]]. On the other
hand, an asymptotic morphism from A to B which admits a completely positive lifting
naturally defines an element in K K (A, B). Thus their asymptotic morphism ¢ gives an
element in K K (S®Co(V; CI(V)), C), which is not the desired element.

We would like to treat K K -elements arising from asymptotic morphisms directly in
our construction, so we do not use the C*-algebra S and consider the above asymptotic
morphism ¢, which indeed gives the K K-equivalence between Cy(R; Cl, Y&Co(V;
CI(V)) and C(Y) (see Proposition 5.15 below).

Define the C*-algebra

Tp := {f € Cy([0, 00); K(Ly(V; CL(V)))) | f(0) = Pf(0) = f(O)P}.
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Recall that P is the orthogonal projection to ker By, which is a rank one bundle on Y
with a canonical trivialization. So we can identify C(Y) with PIC(L%,(V; CI(V)))P,to
get x-homomorphism evy : Tp — C(Y). We define a C*-algebra C by the pullback

c Tp

_
J{evgc \L
Co(R: CINECo(V: TUV)) —2m 20 (K(LE(V; TUV)) — = Ao (L2 (V5 TLVY)
(5.13)

We define the *-homomorphism evg : C — C(Y) by the composition of the top row of
(5.13) and evy.

Lemma 5.14. Let g be a function in Co(R). For t € (0, 00), consider the functional
calculus g(t_1 By) € IC(L%(V; CIl(V))). This family canonically extends to an element

in Tp by setting g(t "' By)|;—0 = g(0)P. We abuse the notation and still denote this
element by g(t~'By) € Tp.

We define the function X : R — R, x — x. Note that Xe and Cy are odd unbounded
multipliers on Co(R; Cly) and Co(V; CI(V)), respectively. Then we have

P(g(Xe®1 +18Cy)) = [g(t™ By)] € AUK(L3 (V; CL(V))).

In other words, for a function g € Co(R) we have an element [g(Xe®1 + 1QCy),
g(f1 By)] € C. Moreover, the operator By := [Xe®1+1QCy, ' By] (defined to be
0 at 0 € [0, 00)) is an unbounded multiplier (see [GHO4, pp. 168-169]) of C.

Proof. The essential point is that By has discrete spectrum with finite multiplicity. The

lemma is proved by checking on the generators e~ and xe ™ of Co(R), and the
computations are essentially the same as in [GHO4, Section 1.13]. O

Proposition 5.15. The x-homomorphisms
evg :C— CY), and
el : C — Co(R; CINQCo(V; CL(V)) ~ Co(V @ R; CI(V @ R))

induce K K -equivalences among C(Y), C and Co(V ® R; CI(V @ R)). Moreover, we
have

[ev$ 17! ®[evs,] = [¥(Xe®1+1QCy)] € KK (C(Y), Co(VAR; CI(VBR))). (5.16)

Proof. The fact that evgQ is a K K-equivalence is seen by checking that the kernel of
this *-homomorphism, ker(evgo) = {f € Co([0, 00); IC(L%(V; CI(v)) | f) =
Pf(0) = f(0)P},is K K-contractible. Let us use the notation Hy := L%(V; Cl(V))in
this proof. We have the following commutative diagram,

evo

0 —— Co((0, 00); K(Hy)) ker(evgo) cy) 0

| |

0 — Co((0. 00): K(Hy)) — Co([0, 00); K(Hy)) —= K(Hy) —= 0,
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where the rows are exact. The right vertical inclusion is given by C(Y) >~ PXC(Hy)P —
KC(Hy) so this is a K K-equivalence. By the five lemma in K K -theory, we see that
the middle vertical arrow is a K K-equivalence. Since Cy([0, oo); KC(Hy)) is KK-
contractible, so is ker(evgo).

On the other hand, by Lemma 5.14, we see that 1 (By ) is a self-adjoint multiplier of C
which satisfies ¥ (By )% —Id¢ € C, and by construction ¥ (By ) commutes with the action
of C(Y) on C by multiplication. So we get the element [ (By)] € KK(C(Y),(). It
satisfies [w(Bv)]®[evgo] = [y (XeR1+1QCy)] € KK(C(Y), CoR®V; CIRBV)))
and [y (By)] ® [evg] =1idc) € KK(C(Y), C(Y)) (this is because Yt 'By)|i—0 =
Y(0)P = 0). Thus we have [1//(X6®1 +1QCY) ® [evgo]_1 ® [evg] = idcy) €
KK(C(Y), C(Y)). Since the element [/ (Xe®1 + 1&Cy)] is the Thom element which
is a K K -equivalence, we see that [evg ] € KK(C, C(Y)) is a K K-equivalence, which
proves (5.16). O

Now, we return to settings of manifolds with fibered boundaries (M, 7 : M — Y)
equipped with pre-spin®-structures. We assume that M is even dimensional and Y is
odd dimensional. We apply the above constructions for V := T*Y which is an oriented
vector bundle over Y. Let us denote by I' the groupoid M x, oM = IM.

Choosing differential spin®-structures on 7V9M and TY representing the given
pre-spin€ structure, define a C*-algebra W(By ®1 + 1& D;) to be the C*-subalgebra of
M(C&cyyC*(T; S(AT))) generated by { (By &1 + 1® D)}, C&®c(yyC*(T; S(AT))
and C(0M x [0, oo]). Note that we have an exact sequence

0 — CRcr)C*(T'; SQUT)) — YBy®1 +18®D;) — C(AM x [0,00]) ® Cl; — 0
analogous to (5.6).

Definition 5.17 (D). In the above settings, we define the C*-algebra D, by the pullback
(c.f. Remark 5.3)

Dy ————————> U(By®1 + 1Q®D,)
I l
C(M x [0, 00]) ® Cl; —— C(OM x [0, c0]) ® CI

We have a x-homomorphism evg := ev(()Z Qc(y) idcxr) : CRC*(I; SAT)) —
C*(T; S(AUT)). This *-homomorphism extends to a *-homomorphism D, — A, by
sending ¢ (By®1 + 1® D) to ¥(D;) and by evaluating at 0 € [0, 00] on C(M x
[0, oo]) ® Cly, since ¥ (0) = 0 and P is the projection to the kernel of By. We also
denote this x-homomorphism by evy.

On the other hand, using the isomorphism Co(R & T*Y;CIR @ T*Y)) =~
C*(TY x R; S(TY x R)), we have a x-homomorphism evy, := evgo ®c(y) idc+m) :
CRc(y)CH*(I; S(AT)) — CH(TY xR; S(TY xR)&®c(y)C*(T, SEUN)) ~ C*(Golaum:
SAGo|ypm))- This k-homomorphism extends to a x-homomorphism D, — B, by
sending ¥ (By ®1 + 1®Dy) to ¥ (Dryxr®1 + 1®D;) = ¥ (Dg.5) and evaluation at
00 € [0, 00] on C(M x [0, o0]) ® Cly, since Xe®1 + 1QCy corresponds to D7y xr
under the Fourier transform. We also denote this x-homomorphism by evo.

In the next proposition, we need to use the R K K -theory for C (Y )-algebras ([Kas88,
Section 2.19]). Given a compact space Y and two C(Y)-algebras A and B, we get an
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abelian group RK K (Y; A, B),roughly by requiring Kasparov modules to be compatible
with the action by C(Y). We also have the Kasparov product in this theory,

RKK(Y; Ay, BI®C(Y)D) ® RKK(Y; D®C(Y)A2, By)
— RKK(Y; Ai®cr)A2, BI®cy)B2).
With an abuse of notation, we also denote this product by ® p. Note that IndY (DryxRr) €

KK(C(Y), C*(TY x R)) lifts canonically to an elementin RK K (C(Y), C*(TY x R)),
which is also denoted by Ind¥ (D7y«R).

Proposition 5.18. Assume that M is even dimensional and Y is odd dimensional. Con-
sider the following commutative diagram,

0 ——— C*(I'; S(A)) Ay CM)®Clj ———0
evoT evy EUOT
0 ——— CRc(y)C*(I'; S(AT)) Dy C(M x [0,00]) ® Cly ——0
leuoo levoo \Levw
0——=C*(Golom; SQAGolam)) By cM)®Cli —0,
(5.19)
where the rows are exact. The vertical arrows are K K -equivalences, and we define
1= [evo] ™! ®p. [evoo] € KK (Ay, By). (5.20)

Then this element fits into the commutative diagram in K K -theory,

00— C*(T'; SRAIN)) Az CM)®Cl; ——0 (5.21)
IndY(DTyX]R)Qbidc*(r)i lu

0 ——C*(Goalom; SAGolom)) —= By —=C(M) @ Cl; ——0.

Here the left vertical arrow is defined by taking Kasparov product of elements IndY
(Dryxr) € RKK((Y;C(Y),C*(TY x R)) and idc+ry € RKK(Y; C*(T), C*(T)),
and then forgetting the C (Y )-algebra structure.

Proof. For ease of notations, we drop the coefficient bundle in this proof and write, for
example, C*(T") for C*(I"; S(AT)). The commutativity of the diagram (5.19) directly
follows from the definition.

That the arrows in the left column of (5.19) are K K -equivalences is the direct con-
sequence of Proposition 5.15, by noting that evy = evg®c(y)idc*(r) and evy =
ev&@c(y)idc*(r). By (5.16), we also have the equality

levo] ' ®levao] = IndY (Dry xr)®idcsry € RKK (Y; C*(I), C*(Galam)), (5.22)

by noting that the operator D7y xR corresponds to X €R1 + 1QCr+y = Cr+ygr under
the Fourier transform.

Next let us look at the middle column of the diagram (5.19). By the commutativity of
the diagram and the five lemma in K K -theory, the above K K -equivalence result on the
left column implies that the middle vertical arrows are also K K -equivalences. Finally,
the commutativity of the diagram (5.21) follows from (5.22). O
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Definition 5.23. Let (MY, 7 : 9M — Y°) be acompact manifold with fibered bound-
ary, equipped with a pre-spin¢-structures P, P;, and P, on TVoM, TM and TY,
respectively. We assume that these pre-spin¢ structures are compatible at the boundary.
Then we define

[(P}. P))] =1 ® 1] € KK (Az, 2" (Go)).

Here the element [] € KK(B,, EA;’(GCD)) is defined in Definition 5.10 and u €
KK (A, B;) is defined in Proposition 5.18.

Theorem 5.24 (The index pairing formula for spin¢-Dirac operators). Let (M, :
IM — Y°4) be a compact manifold with fibered boundary. Let P, P;, and P; be

pre-spin®-structures on TVOM, TM and TY respectively. We assume that the pre-
spin®-structures are compatible at the boundary. Let E be a complex vector bundle over
M. Let Qr € Z(P., E). Then we have

Indo (Piy, Py, E. Ox) = [(E, Q01@4, [(Pyg. PP @i g, ind” (Go) € Z.

Here the element indM(ch) € KK! (EM(Gq>), C) is defined in Sect. 2.3.3.

Proof. We only prove the Theorem in the case where the dimension of the fiber of =
is even. As in Lemma 5.7, a pair (E, Qo 5), where E — M is a Z,-graded complex
vector bundle and Q¢ y € I(DqE,’a), naturally defines a class [(E, Q¢.5)] € K1(By).
Here we denoted by D<IE>,8 the spin® Dirac operator twisted by E and 7 (ng ») 1s the set
of homotopy classes of C/;-invertible perturbations of the operator Dg,a on Goly.
First we remark that, when we are given a twisting bundle E, it is convenient to
use C*-algebras A (E), By (E) and D, (E) which are Morita equivalent to A, By
and D,, respectively; the first one appears in (5.8) and the definitions of the other
algebras are self-explanatory. The corresponding element u € KK (A, (E), B, (E))
is realized as [ev] ™! ®D, (E) levo] as in Proposition 5.18, and a *-homomorphism

tg : B (E) — EM(GCD; S(AG$)RE) is constructed analogously to Definition 5.10.

It is enough to prove the following. Given an element Q, € Z(Py, E), take some
representative DE for Q, and consider the class Qg5 1= [DE®1 + 1&Dryyr] €
T (D,‘TE &1+ 1® Dryxp) (this class does not depend on the choice). Then we have

[(E, Q)] ®Aa, n=[(E, Qo,9)] € KK(Cly, By). (5.25)
For, in view of the definition of (g, we have the equality
[(E. Q0.0 ®:®ind" (Go) = [(6(D§), ¥(DE®1 + 1&Dryxr))] ® ind” (Go)
= Ind(b(P[/Wa P;a E’ QT[)'

So let us prove (5.25). For simplicity we assume E is the trivial bundle. For a given
representative D, for O, € Z(Pr), we can construct an invertible element in D,
defined as (1&¢, ¥ By &1 + 1Q D)) € D,;. By definition we have
evo(1&e, Yy By &1 + 18 D)) = (1&e, ¥ (D)) € Ay
evoo(1®€, ¥ By ®1 +1&Dx))) = (1&€, ¥(Da.5) € Br.
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Thus we see that [ (1®6 Y(ByRIL + 1&D;))] ® [evo] = [(C, 0:)] € K1(Ay) and
[(1®€, ¥ By ®1 + 1®D;))] ® [evoo]l = [(C, Qo.5)] € K1(Br). By Proposition 5.18,

we see that [(C, 02)1®.4, 1 = [(C, 0:)1® 4, [evo] ™! ®p, [evoo] = [(C, Qa.9)] €
K1 (By),sowe get (5.25). O

5.2. The case of signature operators. In this subsection, we consider the case of signa-
ture operators. The arguments are parallel to those in Sect. 5.1. Let (M, : oM — Y)
be a compact manifold with fibered boundaries, with fixed orientation on 7M and T'Y .
For simplicity we only consider the case where the fibers of 7 are even dimensional.

‘We have the element Ind(DJSTi e KK(C(OM), C(Y)) given by the fiberwise family
of signature operators. This element gives the “signature pushforward”” homomorphism,

7r, = ®c(dM)Ind(D“gn) K*(0M) — K*(Y).

First, exactly in the analogous way to that in the last subsection, we define a C*-algebra
sign .
= whose K-group fits in the exact sequence

Sl n Sl n
2! oi* gn .

o KEM) S KR(Y) > Kl (AR S ko

Let N be acompactspace. Let : N — Y beafiber bundle whose fibers are equipped
with even dimensional closed manifold structure, and an orientation of 7 is fixed. Choose

any fiberwise riemannian metric, and denote the fiberwise signature operator by DSIgII
Let L%,(N Ac(TY N)*) denote the Z,-graded Hilbert C (Y)-module which is obtained

by the completion of C°(N; Ac(TY N)*) with the natural C(Y)-valued inner product.

Denote the odd function ¥ (x) := x/+1+x2. Let \IJ(DfTig") denote the Z,-
graded C*-subalgebra of B(L%, (N; Ac(TV N)*)) generated by {y(D5®")}, C(N) and
KL (N5 Ac(TV N)¥)).

Lemma 5.26. The algebra \P(Dng ) fits into the exact sequence of graded C*-algebras
0 — K(L3L(N; Ac(TVN)*)) — WD 5 C(N)® Cly — 0. (5.27)

The connecting element of this extension coincides with the class JT!Slgn € KK(C(N),
c(Y)).

Definition 5.28 (A®"). Let (M, : 9M — Y) be a compact manifold with fibered
boundary. Assume that 7 is oriented and the fibers are even dimensional. Denote i :
oM — M the inclusion.

We define ASlgn to be the Zj-graded C*-algebra defined by the pullback (c.f.
Remark 5.3)

e W (D3
N |
C(M)®Cl, ——~ Cc(oM) ® CI;

We can prove that this C*-algebra induces the desired long exact sequence, analo-
gously to Proposition 5.5.
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Proposition 5.29. Let (M, & : aM — Y) be a compact manifold with fibered boundary.
Assume that 7t is oriented and the dimension of fibers is even. The K-groups of the C*-

algebra A3®" naturally fits in the exact sequence

sign . sign .
g * g oi*

o KA (M) ——— K*(Y) > K (AY) — K (M) —— ...

Then analogously to Lemma 5.7, we have the following.

Lemma 5.30. Let (M, : M — Y) be a compact manifold with fibered boundary.
Let us denote by T the groupoid OM x, oM = dM. Assume that 1 is oriented and
the fibers are even dimensional. Let E be a 7-graded complex vector bundle over M.
Assume we are given an element Q, € T8¢ (r, E). Then the pair (E, Q) naturally

defines a class [(E, Q)] € K1(A7).

Now we assume that M is even dimensional and oriented. We construct an element
(M52 € KK (A7*, 2Y(G o).

Lemma 5.31. Let (M®¥, 7 : 9M — Y°Y) be a compact manifold with fibered boundary,
equipped with orientations on TM and TV dM.

Choose any metric on 4G ¢ which has a direct sum decomposition at the boundary,
and denote the associated signature operator on Golyy = OM X OM X, TY xR =
oM as,

sign | ysign g A Sign
DS = D&l + 1&DLY .

sign

Let \IJ(D;M, ) denote the Z-graded C*-subalgebra of\Ilg(ch las; AcRGolam)*) gen-

erated by {w(D;;%;;)}, C(OM) and C*(Golym; Ac@Galam)*). This C*-algebra fits
into the graded exact sequence

0— C*(Golom: Ac@AGolam)®) — \p(ng%’;‘) — C(OM)® Cl, — 0.

The connecting element of this extension coincides with the class rr!Sign Qc(y)
Y sign

Ind” (D7, ) i

€ KK(C(OM), C*(Golym)).

Definition 5.32 (lS’fTi 1), We define a graded C*-algebra by the pullback (c.f. Remark 5.3)
BTj o
C(M)® Cl, ——> C(0M) ® Cl

. . . .. . . sign
Choosing a metric of G, we get a canonical injective s-homomorphism ¢ : By —

SM(Go; Ac(AGo)®). The K K -element [1] € K K (B3, £ (G4)) is independent of
the choice of a metric.
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We are going to construct a K K -element 15" € K K (AYS", ByE") analogous to 14 in
Proposition 5.18. Note that in the signature case, this element is not a K K -equivalence.

We construct a C*-algebra Dy*", using the C*-algebra C constructed in the last
subsection. Recall that the construction of C does not need any spin°-structure on vector
bundle V — Y. We apply the constructions in the last subsection for V = T*Y. Denote
I" the groupoid OM x, OM = oM.

Choosing any riemannian metrics on 7V9M and TY, define the C*-algebra
UBy®1 + 1QDFE") to be the C*-subalgebra of M(CRC*(T'; Ac(AT)*)) generated
by (¥ By ®1 + 1QDFEM)}, CRC*(T; Ac(AT)*) and C(IM x [0, oo]). Note that we
have an exact sequence

0 = COCH(: AcAN)*) — W(By &1 + 1QDIE)  C(OM x [0, 00]) ® Clj — 0.

Definition 5.33 (D;ign). In the above settings, we define the C*-algebra Df,ign by the
pullback (c.f. Remark 5.3)
Dy W(By &1+ 1&DYE")
l J l

C(M x [0, 00]) ® Clj ——> C(3M x [0, 00]) ® CI,

Analogously to the last subsection, the x-homomorphism evg :C - C)
induces a s-homomorphism evy : CQC*(I'; AcRI)*) — C*([; Ac(UT)*). This *-
homomorphism extends to a *-homomorphism Dy — A", by sending ¥ (By ®1 +
1®DE") to ¥ (DE") and evaluation at 0 on C(M x [0, oo]) ® CI;. We denote this
s-homomorphism by evy.

On the other hand, contrary to the last subsection, the x-homomorphism evgo C -
Co(R; CI})®Co(V; CI(V)) induces a x-homomorphism ey, : C®c(y)C* (T; Ac(RT)™)
— Co(VeR; CI(V @R))®c(y) C*(T, Ac(R)*), and the range of this homomorphism
is not isomorphic to C*(G ¢ |3 M AC G o lam)™*). To overcome this difference, we need
an intermediate C*-algebra By *".

Definition 5.34 ([S’;gn). Let us denote V. = T*Y. Consider the C*-algebra Co(V &
R; CL(V @ R)®c)C*(T', Ac(AT)*) and the unbounded multiplier Cygr®1 +
1®D;?gn of this C*-algebra. Let \I/(CV@R@)I + 1®D#gn) depote the Z,-graded C*-
subalgebra of the multiplier algebra M (Co(V@R; CI(VBR))®cy)C* (", Ac(UT)*)),
generated by {Y(Cvgr®l + 1®D;*)}, COM) and Co(V & R;
ClI(VOR)®cy)C* (', Ac(AI')*). This C*-algebra fits into the graded exact sequence

0 — Co(V®R; CL(V ®R)&cr)C*(T, Ac(AT)*)
— U(Cyer®l +1&DYE") — C(OM) ® Cl; — 0.
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We define the C*-algebra Bjsfign by the pullback (c.f. Remark 5.3)

ijgj S W(Cyer®l + 1D
CM)®Cl —" = Cc(oM) ® Cl
Next, we construct a x-homomorphism b : l’;’,srign — B,S;gn. Since the vector bundle

Ac(TY ® R)* — Y isa CI(TY & R)-module bundle, if we define a spin structure on
TY & R locally, we can write

Ac(TY ®R)* = S(TY @ R)QW,

with some Z;-graded hermitian vector bundle W, and the Clifford multiplication can be
written as c® 1. Note that the vector bundle End (W) is canonically defined independently
on the chosen local spin structure, and extends to a vector bundle over the whole Y, still

denoted by End(W). Under the Fourier transform, the operator DSTing;B]R corresponds to
the unbounded multiplier Cygr®1 of Co(V @ R; End(Ac(TY @ R)*)) ~ Co(V &

R; CI(V & R)®End(W)).
Thus the x-homomorphism
idciver)®lw : Co(V @ R; CL(V @ R)) - Co(V & R; CI(V & R)QEnd(W)),
induces the *-homomorphism
b W(Cyer®l + 1ODFE") — W(D4E)

sign

by sending ¥/ (Cygr®1+1 ®D,S,ign) to(Dg ), and induces the desired *-homomorphism

b BE _, psien,

Using this intermediate algebra, we easily see the following proposition, which is the
signature version of Proposition 5.18.

Proposition 5.35. Consider the following commutative diagram,

0 ——————————> C*[I; Ag@D)Y) ASien cM®Cl; ———>0
EUO EUO EUO]
0 ——————> C&¢(y)C* (s AC(AN)¥) pyen C(M x[0,00) @Clj ——> 0
evpo evoo levoo
0 ——> Co(V @ R; CU(V ® R)G ¢ () C*(I', AC(AN)¥) Bien cCM)®Cl] ————>0
&y ®idex b

00— C*(Goplyy: Ac@Galy)™® ByE" CM)®Cl] ————>0
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where the rows are exact. The arrows connecting the first, second and third rows, denoted
by evy and eve, are K K -equivalences, and we define

e = [evg] ™! ® psien [eVo0] ® goin [b] € K K (ASE", Bsien) (5.36)

Then this element fits into the commutative diagram in K K -theory,

00— C*(I'; Ac(AD)*) A c(M)®Cly — 0

sign

nd” (D} ) @idexr) imigﬂ

sign

0 ——C*(Golom; Ac@Golgm)*) —— By~ ——= C(M) @ Cl; ——0.

Here the left vertical arrow is defined by taking Kasparov product of elements
Ind" (D35 g) € RKK(Y; C(Y), C*(TY xR)) andidc+ry € RKK (Y; C*(I'), C*(I")),
and then forgetting the C(Y)-algebra structure.

Finally we define the element [M sign] ¢ KK (Af,ign, nM (G o)) as follows.
Definition 5.37. Let (M, 7 : 9M — Y°%) be acompact manifold with fibered bound-
ary, equipped with orientations on 7M and TV 3 M. Then we define

[MYE] = 19 @ i [ € KK (AZE, 57 (G o).
Here the element [(] € KK (Bf,ign, EM (G o)) is defined in Definition 5.32 and ,uﬁig“ is
defined in Proposition 5.35.
Then, we can describe the ®-signature as follows.

Theorem 5.38 (The index pairing formula for signature operators). Let (M, : oM —
Y) be a compact even dimensional manifold with fibered boundary, equipped with
orientations on TM and TVAM. Let E be a complex vector bundle over M. Let
On € 188 (7, E). Then we have

Signg (M, E, Ox) = [(E, Q)] ® ysien [MYE] @y (Go) ind"(Gg) € Z.

Proof. As in the proof of Theorem 5.24, it is enough to prove the following. Given an
element Q, € ISig“(n E), take some representative [)Slgn’E for Q, and consider the

class Qo := [DYE"F &1+ 10D 1€ T(DYEF &1+ 1QDSE" L) (this class does

not depend on the choice). Then we have

[(E, 0)] @ g 1" = [(E. Qo,9)] € KK (Cly, By™).

For simplicity we assume E is the trivial bundle. For a given representative
Slgn for Q, € ISig“(n) we can construct an invertible element in D, defined as
(1®e Y By &1+ 1&DLE)) € Dy. By definition we have
evo((1®e, ¥y By &1 +18D7E")) = (1®e, Y (Dy") € A"
b o eveo(18€, Y By @1 + 1QDFE")) = b((1&e, ¥ (Cyer®1 + 1&DFE)))
— (1&e, ¥ (D} &1+ 1&DFE")) € BYE".
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Thus we sce that [(1&e. ¥ By&1 + 1®DF™))] @ [ev] = [(C. 0x)] € Ki(A7™)

and [(1&€, ¥ By &1 + 1®DFE")] ® [eveo] ® [b] = [(C, Qo.)] € K1(BYE"). By
Proposition 5.35, we see that [(C, Q)] ® jsien uSet = [(C, 0] ® jsien [evo]™! ® pysien

[evoo] ®g, [b] = [(C, Qw.9)] € K} (B;ign), so we get the result. O

6. The Local Signature

6.1. Settings. The settings for the localization problem for signature are the following.

— Let F be an oriented closed even dimensional smooth manifold.

— Let G be a subgroup of the orientation-preserving diffeomorphism group Diff*(F)
of F.

— Let Z C BG be a subspace of the classifying space of G. A particular case of interest
is when Z is the k-skeleton of a C W-complex model of BG for some integer k.

We can define the universal family signature class Sign(Fyniy) € K 9(BG), where
K%(BG) denotes the representable K -theory of BG (see Sect. 2.1). This class is con-
structed by considering the fiberwise signature operators on the universal F-fiber bundle
Tuniv Over BG. This construction is explained in detail in Sect. 6.2. Moreover, if there
exists a positive integer n such that the restriction of Sign(Fypiy) to Z is n-torsion in
K%(Z), the set of homotopy equivalence classes of Cl;-invertible perturbations of n-
direct sum of signature operators, Z%&" (7rypiv| z, C"), is nonempty and has a canonical
affine space structure modeled on K “L(2).

Definition 6.1. Let Sr ¢, z denote the set of isomorphism classes of pairs (M, 7 : 0M —
Y) satisfying the following conditions:

e The pair (M, : 9M — Y) is a compact oriented manifold with fibered boundaries,
and assume that M is even dimensional.

e Assume that r is an F-fiber bundle structure with structure group G.

e Assume that i, : [Y, Z] — [Y, BG], induced by the inclusioni : Z — BG, is an
isomorphism.

Our main theorem of this section is the following.

Theorem 6.2. Assume that a positive integer n satisfies n - i*Sign(Fyyiy) =0 € K 02).
For each element Q7 € I8 (myniv|z, C"), we have a natural map

0Q, - SF,G,Z — ;

such that the following holds.

e (vanishing)
For (M, ) € SFr.G.z, If there exist a compact oriented manifold with boundary
(X, 0X) with a fixed diffeomorphism 0X =~ Y, and an F-fiber bundle structure
7' : M — X with structure group G which satisfies w'\gy = 7 such that i, :
[X, Z] — [X, BG] is surjective, then we have

og,(M,m)=0.
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e (additivity)
For (Mo, mo) and (M1, 1) in Sr,g,z, assume that there exists a decomposition
OM; = M U—dM; fori =0, 1, and there exists an isomorphism of the fiber bundle
¢ : n0|3M6r ~ 7Tl|—aM(' We can form (M, ) = (My, mo) Up (M1, 1) € SF,G,z-
Then we have

og,(M, ) =00,(My, o) +00,(M1, m1).

e (compatibility with signature)
An oriented even dimensional closed manifold M can be regarded as an element in
SF.G,z- For this element, we have

09, (M) = Sign(M).

Moreover; if we have two elements QY. QIZ € 782 (rniv |z, C), the difference between
299 and o9}, is described as follows. Let (M, : 0M — Y) be an element in Sr.G.z,

and denote the classifying map for w by [f] € [Y, Z] >~ [Y, BG]. Recall that we have
the difference class [le — Q%] € K=Y(Z). Denote the K -homology class of signature
sign

operator on Y by [Dy""] € K1(Y). We have, for each (M, ) € SF Gz,

2 sign
001 (M, ) = 000 (M, 7) = = (f*(1Q7 — Q7D [Dy*"]). (6.3)

Here we denoted the index pairing by (-, -) : K'Y e K (YY) > Z

6.2. The universal index class and the pullback of Cly-invertible perturbations. Let
F be an oriented closed even dimensional smooth manifold and G C Diff*(F) be a
subgroup. We define the universal signature class Sign(Fyniy) € K O(B G) as follows.
‘We have the universal F-fiber bundle over BG,

Tuniv : EG Xg F — BG.

Fix any continuous family of fiberwise smooth metrics guniy Over this fiber bundle. Then
this defines a Z,-graded Hilbert bundle (see Definition 2.6)

Huniv 1= (L2 (.} (x); AcT*F,

univ

)}xEBG — BG.

univ,x
sign . ~

& acting on Hypiy,
sign
univ

Also the metric guniy defines the fiberwise signature operator D=
. sign .
and the bounded transform of this operator, ¥ (D), gives an element ¥ (D

I'(BG; Fred© (Huniv)) (see Sect. 2.2). So this operator defines a class

) €

Sign,y, (F) == [¥(DLE)] € K°(BG),

where the symbol K denotes the representable K -theory. Since the space of choices of
fiberwise metric gyniv is contractible, this class does not depend on the choice of gupiy.

Given a subset Z C BG, we can restrict this class and get the universal signature
class over Z,

Signi, (F) := i*Sign,, (F) € K°(2),
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where i : Z — BG denotes the inclusion. We abuse the notation and use the same
symbol for the universal signature class over Z and BG without any confusion.

Next we give fundamental remarks on pullbacks of C/;-invertible perturbations for
signature operators. Suppose that we are given a continuous map f : Xo — X between
topological spaces, and a continuous oriented fiber bundle structure 7 : M — X with
fiber F. The fiberwise signature class, Sign(w) € K 0(X1), is defined as above. Consider
the pullback bundle f*m : f*(M) — Xo. The fiberwise signature class of this bundle
satisfies Sign(f*m) = f*Sign(w) € K°(Xo).

Suppose that we have Sign(r) = 0 € K°(X1). Then by Lemma 2.10, we see that
the set Z%'8" (1) is nonempty (see Remark 4.14; it is easy to see the remark applies to the
case where we do not assume smooth structure on the base X1). By the contractibility
of the space of fiberwise metrics, the pullback map,

f* :Isign(n,) s ISign(f*JT),

is well-defined. Moreover we can easily see that this map is actually a homomorphism
of affine spaces, with respect to the homomorphism f* : K~1(X1) — K~ (Xo).

We can also generalize this construction to the signature operators twisted by the
trivial rank n bundle C", i.e., the n-direct sum of signature operators. Suppose that
n-Sign(f*r) = f*Sign(w) € K°(Xp). Then the set 782" (s, C") is nonempty, and we
have a well-defined affine space homomorphism

f* T, C) — T8 (f*r, C). (6.4)

6.3. The local signature. In this subsection, we return to the settings of Sect. 6.1. First
we explain the pullback of Clj-invertible perturbations by the classifying maps. We
cannot apply the procedure explained in the last section directly, because the classifying
map is defined up to homotopy.

Proposition 6.5. Suppose we are given a F-fiber bundle w : M — X over a topological
space X with structure group G.

(1) Suppose that the universal signature class satisfies n - Sign(Fypiy) = 0 € KO(B G).
Then the classifying map [ f1 € [X, BG] induces a well-defined affine space homo-
morphism

[T : T8 (ryniy, C") — 58, CM).

(2) Let Z C BG be a subspace and assume that iy : [X, Z] — [X, BG] induced by the
inclusioni : Z — BG is an isomorphism. Also assume that n - i*Sign(Fypiy) =0 €
K%(Z). Then the classifying map [ f] € [X, Z] induces a well-defined affine space
homomorphism

F1* : T8 (rymiy | 2, C") — 58 (7, C").

Proof. First we prove the case (1). We recall the construction of the classifying map for
the fiberbundle . Let 7 : P — X be the principal G-bundle suchthatw = (P xg F —
X). We have a fiber bundle

P xg EG — X. (6.6)
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Since the fiber of the bundle (6.6) is contractible, we can take a section s : X —
P xg EG, and any choice of section is homotopic to each other. If we fix a section s,
we get the associated maps

fs 1 X = BG; x — m(s(x)) (6.7)
¢.: P — EG; s(R(p)) = [p, ¢.(p)l for p € P. (6.8)

Here we denoted by 7 the canonical map P xg EG — BG. This defines a bundle map
(@5, fs) + (P, X) — (EG, BG). This induces a bundle map between the associated
bundles7 : M = P xg F — X and myniy : Muniv = EG xXg F — BG, denoted by
(b5, f5) : (M, X) - (Muniv, BG). Note that fixing a bundle map as above is equivalent
to fixing an identification f;Myny =~ M as a fiber bundle over X. As in (6.4), this
induces an affine space homomorphism

(s, f5)* : T (rymiy, ") — T8 (i, C).

Since any two choices of the section s are homotopic, we can easily see that this homo-
morphism does not depend on the choice of s.

Next we prove the case (2). Denote nu_nilv(Z) =7ZcC Mniv. In this case, by the next
Lemma 6.9, we see that we can take a sections : X — P Xg Z, and any choice of

section is homotopic to each other. Thus we can apply exactly the same argument as in
the case (1) and get the result. O

Lemma 6.9. If i, : [X, Z] =~ [X, BG], the space I'(X; P Xg Z) is nonempty and
path-connected.

Proof. First we prove the nonemptiness. Choose a section s : X — P xg EG. Asin
(6.7), we get the associated maps f : X - BG and ¢ : P — EG. Since iy : [X, Z] >~
[X, BG], we can find a continuous map

F': X x[0,1] -» BG

suchthat F'|x (0 = fandIm(F'|xx(1}) C Z.Wedenote F = idx x F' : X x[0, 1] —
X x BG. Note that s is a lift of F'|x () for the fiber bundle IT : P xg EG — X x BG.
By the homotopy lifting property applied to the diagram

P xg EG

=

Xx[o,i]?XxBG

we can lift F to F : X x [0,1] > P xg EG. F|XX{1} : X > Pxg Z gives an element
in[(X; P xg 2).

Next we prove the path-connectedness. Let us denote the canonical projection by
[T = (Ilx,Ipg) : P xg EG — X x BG. Suppose we are given two sections
50,51 € I'(X; P xg Z). Since the fiber of the fiber bundle I1x : P xg EG — X is
contractible, we can choose a path {s;};c[0,1]in I'(X; P X EG) connecting so and s;.
We denote

S:Xx[0,11—> P xg EG: (x,t) — s;(x).
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Ix oS : X x[0,1] — BG satisfies Im(ITx o S|xx{0,1}) C Z. Since iy : [X, Z] =
[X, BG], we can take a continuous map

F:X x[0,1]; x [0, 1], = BG

satisfying Flxx(0,11x{0) = Ix 0 S, Flxx{ijxu} = Flxxiijxfo) for all u € [0, 1] and
i =0, 1,and Im(F|xx[0,1]x{1}) C Z. In the diagram

P xg EG

(X x [0, 1],) x [0, 1], ——= X x BG
idy xF

we see that S is a lift of (idx x F)|xx[0,1]x{0}- By the homotopy lifting property, we
get alift of idy x F.Its restriction to X x [0, 1] x {1} isamap X x [0, 1] > P xg¢ Z,
and by the construction, this gives a path in I'(X; P X Z) connecting sg and s1. O

We proceed to give a proof of Theorem 6.2. Under the assumption 7 -i *Sign(Funiv) =
0 € KY(2), the set 75" (yniv| z, C) is nonempty. For each Q7 € 788" (i |z, C), we
are going to construct a map

UQZ . SF,F,Z — ;

satisfying the conditions in the Theorem 6.2.

Definition 6.10. Assume that n - i*Sign(Fyy) = 0 € K°(Z). For a given element
Q7 € I8 (myniv| z, C"), we define the map

0Q, SF,G,Z — ;

as, for (M, 7 : M — Y) € Sp.6.z,
1.
00, (M7 : M — ¥) = —Signg (M, C", [f1"(Q2)),

where [ f] € [Y, Z] is the classifying map for the fiber bundle 7.
We check that this map satisfies the conditions in Theorem 6.2.

Proof of Theorem 6.2. First we prove the vanishing condition. Suppose we are given
an element (M, ) € Sr .z such that 7 extends to an F-fiber bundle structure 7’ :
M — X with structure group G and iy : [X, Z] — [X, BG] is surjective. Denote
the classifying map of 7" by [f'] € [X, BG]. Take any lift of [ /'] to an element of
[f'] € [X, Z], and realize this map as a bundle map (¢~>/ iy M, X) > (Z,2).
Then as in (6.4), we can pullback the element Q7 € Z5&" (;rypiy|z, C*) by the bundle
map (¢', ) to get an element @, f)*Qz € T8 (n’, C"). This element restricts to
[f1*(Qz) € 75" (r, C") at the boundary. Thus applying the vanishing proposition, the
signature version of Proposition 4.19, we get the result.

The additivity follows from the gluing formula, the twisted signature version of
Proposition 4.18.

The compatibility with signature is obvious by definition.

The Eq. (6.3) follows from the relative formula for ®-signature, Proposition 4.26.
O
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7. Examples

In this section, as an application of Theorem 6.2, we consider the following localization
problem for singular surface bundles.

Fix a positive integer k and an integer g > 0. Let M, X be 4k, (4k — 2)-dimensional
closed oriented smooth manifolds, respectively. Let 7 : M — X be a smooth map
and X = U U U/, V; be a partition into compact manifolds with closed boundaries,
i.e., U and V; are compact manifolds with closed boundaries, and each two of them
intersect only on their boundaries. Assume {V;}; are disjoint. Denote My := N )
and M; := P (Vi). Assume that 7|y, : My — U defines a smooth fiber bundle with
fiber X, (closed oriented surface with genus g). Then the localization problem is stated
as follows:

Problem 7.1 (Localization problem for signature of singular surface bundles). Can
we define a real number o(M;,V;,w|y;) € R, which only depends on the data
(M;, Vi, mlm;), and write

m
Sign(M) = > o (M;, Vi, x|u;) ?
i=1

We call the real number o (M;, V;, | uy;) the local signature. The answer to this problem
is positive in the case g = 0, 1, 2. However the answer is negative for g > 3, since there
exists a smooth X,-fiber bundle M — X over a closed surface X with Sign(M) # 0.
However, if we assume some structure on the fiber bundle 7|y, , the answer can be
positive. There are some examples of “structures” for which the localization problem
has a positive answer, and the local signatures are constructed and calculated in various
areas of mathematics, including topology, algebraic geometry and complex analysis.
See [AKO2] and the introduction of [Sat13] for more detailed survey on this problem.
In this paper, we consider the case g > 2 and hyperellipticity (Definition 7.5) as the
“structure” imposed on the regular part of the fibration. This is the analogue to the
setting in [End00], where the case k = 1 is considered (note that in [End00] the case
g = 0, 1 are also included). We consider the following variant of the Problem 7.1.

Problem 7.2 Let g > 2 and k be fixed as above. Assume that 7t |y, : My — U defines a
hyperelliptic ¥q-fiber bundle structure (see Definition 7.5). Can we define a real number
o(M;, Vi, m|u,) € R, which only depends on the data (M;, V;, 7w |u,), and write

m
Sign(M) =Y o (M;, Vi, wlm) ?

i=1

‘We construct such a function o using Theorem 6.2. We apply the notations in the last
section for the following.

e Let F = X, a closed oriented closed 2-dimensional manifold of genus g.

e Denote by MCG™* (F) the orientation-preserving mapping class group of F. Let G =
Diff! := p~!(H,) C Diff*(Z,), where H, C MCG*(G) is the hyperelliptic
mapping class group (Definition 7.3) and p : Diff*(F) — MCG*(F) is the quotient
map.
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Definition 7.3. Let c € MCG* (%) denote the class of hyperelliptic involution ([End00,
p. 240]) on X,. The hyperelliptic mapping class group, denoted by H,, is defined as
follows.

Hg := {y € MCG™(Z,)|yc = cy}.
For detailed descriptions of this group, see [End00].

Remark 7.4. If g =0, 1, 2, MCG+(Eg) = H,. Butin the case g > 3, H, is a subgroup
of infinite index in MCG* (X,).

Definition 7.5. Let X be a topological space. A X,-fiber bundle 7 : M — X with
structure group Diff gl is called a hyperelliptic fiber bundle.

We have the following facts about the groups H, and Diff 5 .

Fact 7.6.(1) The rational group cohomology of Hg satisfies H i(H,; Q) = 0 for all
i > 1 ([Kaw97]).

(2) For g > 2, the unit component of Difff is contractible. In particular we have a
homotopy equivalence between B H, and BDiff gl ([EE67]).

(3) Forall g > 0, Hy is of type I Poo. That is, BH, has a realization as a CW-complex
whose m-skeleton are finite for all m > 0.

It well-known that the mapping class group of an oriented compact surface of genus g

with s punctures and n boundary components is of type F P, (For example see [Luc05]).

This case can be seen by noting that an extension of a type F P group by a type F P

group is also of type F P, and that we have an extension by Birman—Hilden theorem

(see [Kaw97, equation (2.1)])

0 — Zy — Hy — moDiff* (52, {(2g +2) — punctures}) — 1.

Remark 7.7. The reason for assuming g > 2 in Problem 7.2 comes from Fact 7.6 (2).
For g = 0 the inclusion SO (3) — Diff{f (= Diff*(52))isa homotopy equivalence, and
for g = 1 the unit component of Diff# = Diff*(7'?) is homotopy equivalent to S' x S!
([EE67]). These groups have torsion in group cohomology, so the argument below does
not work in these cases.

From now on, we fix an integer g > 2. From Fact 7.6 (2) and (3), we see that BDiffg’
has a realization as a CW-complex whose m-skeleton are finite for all m > 0. We fix
such a realization and denote its m-skeleton by Zg ,,.

Lemma 7.8. For g > 2, the universal fiberwise signature class for hyperelliptic fiber
bundle, Sign(Funiv) € KO(BDiffg), mapsto(Q € KO(BDiffgl; Q) under the canonical

homomorphism KO(BDiff?) — KO(BDiff?; Q). Here the symbol K° denotes the
representable K -theory.

Proof. We have the rational Chern character isomorphism Ch : K OB Hy; Q) ~ HY
(H,; Q). Using the Fact 7.6 (1) and (2), we have KO(BDifff :Q)~ K%BH,; Q) ~Q
and this isomorphism is given by a map * — BDifff . Since the manifold X, is two
dimensional, the virtual rank of the class Sign(Fyniy) € K 0(BDiff f ) is 0. Thus we have
Sign(Funiy) =0 € KO(BDiff?; Q) and the lemma follows. 0O
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For each m, we also denote the restriction of the class Sign(Fupiv) to Zg , by
Sign(Funiv) € K%(Zg,m). By Lemma 7.8, we have Sign(Funiv) = 0 € K%(Zg m; Q).
Since Zy ,, is compact, we have KO(Zg,m; Q) ~ KO(Zg,m) ®Q, so the class Sign( Fypiy)
is of finite order in KO(Zg,m).

Definition 7.9. For each positive integer m, let ng ,, denote the order of the class
Sign(Funiv) € KO(Zg,m). i.e., ng, is the smallest positive integer satisfying ng ,, -
Sign(Funiv) = 0 € K*(Zg.m).

We are in the situation where Theorem 6.2 applies.

Definition 7.10. Let k be a positive integer and g > 2. Let S,  be the set of isomorphism
classes of pairs (M, w : 9M — Y) such that

e The pair (M, r : dM — Y) is a compact oriented manifold with fibered boundaries,
and M is 4k-dimensional.
e The fiber bundle 7 : 9M — Y is a hyperelliptic fiber bundle with fiber 3.

For (M, 7 : aM — Y) € Sgk, Y is a (4k — 3)-dimensional manifold. Thus we have
[Y, Zgak—2] =~ [Y, BDiff/]. We see that S, x C S5, Diff 7, 4o+ We apply Theo-
rem 6.2 to the case F' = X;, G = Difff, Z = Zgak—2, and n = ng 4r_>. Note
that we have K ~! (Zg,4k—2) ® Q = 0 because of Fact 7.6, (1) and (2). Thus, choosing
any element Oz, € %" (univ|zy_,, C"), we get the same map og,, by (6.3) in
Theorem 6.2. So we seto := a9, .

Corollary 7.11. Let k be a positive integer and g > 2. We have a canonical map
Z

Ng 4k—2

oSk —

satisfying the following.
e (vanishing)
For (M, : 0M — Y) € Sgk, assume that 7w extends to an oriented hyperelliptic
Xg-fiber bundle structure ©' = (M,9M) — (X, dX) preserving boundaries. Here
X is an oriented smooth compact oriented (4k — 2)-dimensional manifold and an
orientation preserving diffeomorphism 0X >~ 'Y is fixed. Then we have

oM, m)=0.

e (additivity)
For (Mg, mo) and (M, 7r1) in S, , assume that there exists a decomposition 0M; =
OMS U —daM; fori = 0,1, and there exists an isomorphism of the fiber bundle
¢ : T[0|3M6' ~ ”1|—aM]*- We form the union (M, w) = (Mo, 7o) Up (M1, 1) € Sg,k.
Then we have

oM, ) =0(My, mo) + o0 (M, m).

e (compatibility with signature)
An oriented 4k-dimensional closed manifold M can be regarded as an element in
Sg k- For this element we have

o (M) = Sign(M).
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This solves Problem 7.2 as follows. For each i, we have (M;, w|ypy; : OM; — 0V;) €
S k. We define o (M;, Vi, mtly;) == o(M;, mlam; : O0M; — 3V;), where the right
hand side is defined by Corollary 7.11. We have, by the additivity property and the
compatibility with signature proved in Corollary 7.11,

m
Sign(M) = o(My. 7|am, : 9My — dU)+ Y _ o (M;, Vi 7|u,)-
i=1

On the other hand, by the vanishing property, we have o (My, 7w |ym, : OMy — 0U) =
0. Thus we get the equality

m
Sign(M) = > o(M;, Vi, 7|u,).

i=1

Remark 7.12. We remark that Corollary 7.11 “solves” the localization problem, Prob-
lem 7.2, in the sense that we have shown the existence of local signature function.
However, this construction is abstract and does not give an explicit formula for the local
signature. In contrast, in [End00] the author provides an explicit formula for the local
signature in the case k = 1. In order to find applications of the above results, we would
definitely need to find an explicit formula. To proceed further, we need more geometric
insight to signature class and their invertible perturbations on mapping class groups. In
future works, the author hopes to investigate more on this aspect.
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