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Abstract: For any cosmological constant A = —3/¢> < 0 and any @ < 9/4,
we find a Kerr-AdS spacetime (M, gkads), in which the Klein—-Gordon equation
Oegaas¥ + a/€*y = 0 has an exponentially growing mode solution satisfying a
Dirichlet boundary condition at infinity. The spacetime violates the Hawking—Reall
bound rf > |a|f. We obtain an analogous result for Neumann boundary conditions if
5/4 < a < 9/4. Moreover, in the Dirichlet case, one can prove that, for any Kerr-AdS
spacetime violating the Hawking—Reall bound, there exists an open family of masses
o such that the corresponding Klein—Gordon equation permits exponentially growing
mode solutions. Our result adopts methods of Shlapentokh-Rothman developed in (Com-
mun. Math. Phys. 329:859-891, 2014) and provides the first rigorous construction of a
superradiant instability for negative cosmological constant.
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1. Introduction

1.1. The Klein—Gordon equation in asymptotically anti-de Sitter spacetimes. The Ein-
stein vacuum equations

Ry — %ng+AgW =0 (1.1)
with cosmological constant A can be understood as a system of second-order partial
differential equations for the metric tensor g of a four-dimensional spacetime (M, g).
Solutions with negative cosmological constant have drawn considerable attention in
recent years, mainly due to the conjectured instability of these spacetimes. For more
details, see [And06,DH06,BR11,DHS11,DHMS12,HLSW15] and references therein
(Fig. 1).

In appropriate coordinates, (1.1) forms a system of non-linear wave equations. A first
step in understanding the global dynamics of solutions to (1.1)—and thus eventually
answering the question of stability—is the study of linear wave equations on a fixed
background. For A < 0, efforts have focused on understanding the dynamics of the
Klein—Gordon equation

Dg¢+2‘—2¢=0 (1.2)

H+

-

Fig. 1. Penrose diagram of the exterior of the Kerr-AdS spacetime
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Fig. 2. For ry < £, the two shaded regions represent the set of admissible parameters for |a|/¢ and ry /€.
Within the plain gray area (bottom right), the Hawking—Reall bound is satisfied, whereas it is violated in the
striped (intermediate) domain

for an asymptotically AdS metric g with cosmological constant A = —3/¢% and a mass
term « satisfying the Breitenlohner-Freedman bound o < 9/4 [BF], which is required
for well-posedness of the equation—see [Warl2,Hol11, Vas09]. The conformally cou-
pled case @« = 2 encompasses scalar-type metric perturbations around an exact AdS
spacetime [TWO04].

For g being the metric of an exact AdS spacetime, the massive wave equation (1.2)
allows for time-periodic solutions due to the timelike nature of null and spacelike infinity
7, in particular, general solutions to (1.2), while remaining bounded, do not decay. The
behaviour of solutions to (1.2) on black-hole spacetimes is very different. Given a Kerr-
AdS spacetime with parameters £, M and a satisfying |a| < ¢, define the Hawking—Reall
Killing vector field

—
as

K =T+ 5
i

P
+a?

;
where, using Boyer-Lindquist coordinates, 7 = 9; and ® = dg; see Sect. 1.4 for defin-
itions of E and r,. The vector field K is the (up to normalisation) unique Killing vector
field that is null on the horizon H and non-spacelike in a neigbourhood of . It is globally
timelike in the black hole exterior if the Hawking—Reall bound rf > |a|€ is satisfied. If
the bound is violated, K becomes non-timelike far away from the horizon (Fig. 2).

In [HR99], Hawking and Reall use the existence of a globally causal K for rf > |a|l
to argue towards the stability of these spacetimes. Indeed, uniform boundedness of
solutions to (1.2) in the full regime &« < 9/4 was proved for rf > |a|¢in [Hol09,HW12].
Moreover, in [HS11], it was shown that solutions with the fastest radial decay (Dirichlet
conditions at infinity) in fact decay logarithmically in time! and [HS13] proves that this
logarithmic bound is sharp.

1 Slightly stronger restrictions on « and the spacetime parameters were imposed in [HS11] for technical
reasons, but the result is believed to hold in full generality by virtue of [HW12].
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For spacetimes violating the Hawking—Reall bound, the global behaviour of solutions
to (1.2) has not been investigated rigorously, but it was argued in the physics literature—
see [CD04,CDLY04,CDY06,DHS11]—that at least for small black holes, i.e. for |a| <
¢ and |a| < ry, instability of solutions to (1.2) is to be expected if rf < |all. As, in this
regime, there is no Killing vector field that is globally timelike in the black hole exterior,
this parallels the situation of asymptotically flat Kerr spacetimes, where superradiance is
present. For the present discussion, we will understand superradiance loosely as energy
extraction from a rotating black hole. We will make this more precise in Lemma 1.1.

1.2. Unstable modes and superradiance in spacetimes with A = 0. The study of energy
extraction from black holes in asymptotically flat spacetimes has a long history in the
physics literature and two different, but related mechanisms have been proposed. On the
one hand, Press and Teukolsky [PT72] suggested that the leakage of energy through the
horizon of a rotating black hole could be used to create a black hole bomb by placing a
mirror around it. Superradiance would increase the radiation pressure on the mirror over
time until it finally breaks, setting free all the energy at once.? On the other hand, it was
argued that energy could be extracted by the aid of massive waves acting as a natural
mirror. This goes back to Zel’dovich [Zel71] and was explored further by Starobinsky in
[Sta73]. Numerous heuristic and numerical studies on the superradiant behaviour of solu-
tions to the Klein—Gordon equation followed, e. g. [DDR76,ZE79,Det80,Dol07,Dol12].
These studies found exponentially growing solutions to the massive wave equation on
Kerr spacetimes.

Remarkably, this instability is not present at the level of the massless wave equation

Ot =0,

see [DRSR14b], where boundedness and decay for such solutions is proved in the full
subextremal range |a| < M. Even though energy can potentially leak out of the black
hole, superradiance can be overcome here as the superradiant frequencies in Fourier
spaces are not trapped. In particular, in the context of scattering [DRSR14a], a quanti-
tative bound on the maximal superradiant amplification was shown.

In accordance with the above heuristic of massive waves acting as a natural mirror for
a black hole bomb, this situation changes dramatically for the Klein—Gordon equation

Og¥ — 1’y =0 (1.3)

with scalar mass p > 0. A first rigorous construction of exponentially growing finite-
energy solutions in Kerr spacetimes was given by Shlapentokh-Rothman [SR13]. The
constructed solutions were modes. Mode solutions are solutions of the form

Uit r, 9, ¢) =e e g 1 (cos)R(r) (1.4)

in Boyer-Lindquist coordinates (¢, 7,9, ¢) forw € C, m € Z and | € Z>;, Where
the smooth functions S,,; and R satisfy ordinary differential equations arising from the
separability property of the wave equation in Boyer-Lindquist coordinates [Car]. We call
a mode unstable if it is exponentially growing in time, i.e. if Imw > 0. Shlapentokh-
Rothman showed that, for any given Kerr spacetime with 0 < |a| < M, there is an
open family of masses u producing unstable modes with finite energy. The construction
starts from proving existence of real modes and hence produces in particular periodic
solutions. We will adopt this strategy.

2 In the asymptotically AdS case, infinity could serve as such a mirror due to the timelike character of
spacelike and null infinity.
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1.3. Unstable modes and superradiance in Kerr-AdS spacetimes. Let us return to the
Kerr-AdS case and connect the existence of unstable modes to superradiance. Recall
that the energy-momentum tensor for the Klein—Gordon equation (1.2) is given by

1 o
Ty = Re (VuwVov) = 38 (V91 = 5510 1%)
and that, for each vector field X, we obtain a current
X .
Jp =TwX Y.

While in Kerr spacetimes, T = 9; (see Sect. 1.4) is the (up to normalisation) unique
timelike Killing field at infinity, the family of vector fields T + A® with ® = 9 is
timelike near infinity in Kerr-AdS spacetimes if and only if

2 U+a)<r<CP(—a). (1.5)
Hence, in this range of values for A, the conserved current J MT +AO encapsulates the
energy density of the scalar field measured by different (rotating) observers at infinity.
The vector field T + A® becomes spacelike or null at the horizon.

Recall that the Hawking—Reall vector field K is tangent to the null generators of the
horizon H. Therefore the energy density radiated through the horizon is measured by

JMT”‘DK“‘H =Re (T +20y) KY) ‘H

— Re ((w + DY) (Tw + 2“3 2c1>1//)) '
ry+a H

since g(T + A®, K) = 0 on the horizon. For mode solutions (1.4), this yields

o], = (1o - Re() 35 e (392 —Re@) | . a6
p 2= (el @3 2 5,5 Re@])) v (1.6)

+

H

A non-trivial mode solution radiates energy away from the horizon if and only if the
expression (1.6) is negative for all A in the range (1.5). The thusly characterised frequen-
cies w form the superradiant regime.

Lemma 1.1. Let rf < lall. Let ¥ be a mode solution with w(e) = wg(e) + ie for
sufficiently small ¢ > 0, wgr(¢) € R and wg(0) = ma E/(rf +a?). If

d
m(@%(m <0, (1.7)

then JMT”CDK“ 2 < 0 for sufficiently small ¢ > 0 and X in (1.5).

Proof. Since JI™*® K% = 0 at the horizon for ¢ = 0, it suffices to differentiate (1.6)
with respect to € and evaluate at ¢ = 0. We see that the derivative is negative if and only if
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Jw Jw
a)R(O)a—ER(O) - mka—;(O) <0.

This, however, can be easily checked to hold using (1.5) and rf < lal¢. O

Remark 1.2. If rf > |a|¢, then K induces an energy density at infinity and J f KH* >0,
in accordance with the intuition of not being in the superradiant regime if the Hawking—
Reall bound is satisfied.

We will show that our constructed growing mode solutions—as the modes of
[SR13]—satisfy the assumptions of Lemma 1.1. This corroborates our interpretation
that the unstable modes are a linear manifestation of the superradiant properties of Kerr-
AdS spacetimes.

1.4. The Kerr-AdS family. Before stating our results, we introduce the Kerr-AdS fam-
ily of spacetimes. For a more exhaustive presentation, we refer the reader to [HS11].
Kerr-AdS spacetimes depend on three parameters (¢, M, a), where ¢ is related to the
cosmological constant A via A = —3/¢2. The parameter M > 0 represents the mass of
the black hole and a, the angular momentum per unit mass, is assumed to satisfy |a| < £.
This condition guarantees for the metric to be regular. Let

A_(r) = (F +d%) (1 + ;—2) —2Mr.
The polynomial A_ has two real roots, denoted by r— < r,.. We can write
A_(r) =020 —r) P+ +r (il +a® + 02) — a0 h, (1.8)
whence
B A_(ry) = %(3& +rea’ +r 2 — a2 h.

This expression imposes some restrictions on the range of |a| in terms of r; as shown
in the following

Lemma 1.3. If ry < ¢,

. L35l
a <r+ p (19)
=%

If ry > ¢, |a| can take any value in [0, £).

Proof. These statements follow from 9, A_(ry) > 0, which is a necessary condition for
r— < r4. Note also that vy > £ implies rf > lal¢. O

Therefore, under the restriction of Lemma 1.3, there is a bijection between Kerr-
AdS spacetimes with parameters (£, M, a) and spacetimes with parameters (¢, r4, a).
Henceforth we will use the shorthand notations Mgags(¢, M, a) and Mgaas(£, r+, a)
to denote Kerr-AdS spacetimes with parameters (£, M, a) and (¢, r4, a) respectively.
The restriction of Lemma 1.3 can be seen in the above figure.
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Given (¢, M, a), a chart covering all of the domain of outer communication is given
by Boyer-Lindquist coordinates (¢, r, ¥, ¢) € R x (ry, 00) X $2. The metric in these
coordinates is

A_ — Aga®sin?9 5, _Ap(rP+a’) — A_ ) .z,
= — dre- -2 asin“ 9 drdgp + —dr
8AdS S b @ A
b)) Ag(r? +a®)? — A_a?sin? v -
b2 g2y ol ) sin? 9 dg?,
Ay 225
where
2 2
a a
E=r2+azcoszﬁ, Aﬁzl——coszz‘}, E=1— —.
02 £2

Since Boyer-Lindquist coordinates break down at r = r,, we introduce Kerr-AdS-
star coordinates (t*, r, ¥, ¢). These are related to Boyer—Lindquist coordinates by

t":=t+A(r) and ¢ :=@+ B(),

where
dA 2Mr dB a

—=—"———- and — = .
dr  A_(1+7r2/02) dr  A_
In these coordinates, the metric extends smoothly through » = r,. One sees that the
boundary r = r; of the Boyer-Lindquist patch is null and we shall call it the event
horizon H.
Finally, we introduce the tortoise coordinate r* which is related to r by

dr* r2+a?

dr =~ A_(®)

with r*(+00) = 7 /2. We will denote the derivative with respect to r* by ’.

1.5. Statement of the results. The analysis in this paper yields two types of instability
results:

(A) Given a cosmological constant A and a mass «, there is a Kerr-AdS spacetime for
this A in which (1.2) has a growing solution.

(B) Given a Kerr-AdS spacetime violating the Hawking—Reall bound, there is a range
for the scalar mass such that, in this spacetime, (1.2) has a growing solution.

To make this more precise, recall that mode solutions are Fourier modes that take the
form
Ut r, 9, §) =e e 5 (cos?)R(r)

in Boyer-Lindquist coordinates (¢, r, ¥, ¢) for w € C,m € Z and | € Zx)y. Define
u(r) == (r2 + a2)1/2R(r). Use Smode (o, @, m, 1) to denote the set of all mode solutions
with parameters w, m, [ to the Klein—Gordon equation with scalar mass «. Set

K :=9/4 —a.

We require that all mode solutions are smooth. For the S,,; this is ensured auto-
matically by the definition—see Sect. 2.1. Hence we only need to impose a regularity
condition on the function u, given parameters ¢, r., a, m and .
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Definition 1.4 (Horizon regularity condition). A smooth function f : (ry,00) — C
satisfies the horizon regularity condition if f(r) = (r — r,)¢o for a smooth function o
as well as a constant

. Bam — (rf +a2)a)

NS

(1.10)

Henceforth we will only call a mode 1 a mode solution to (1.2) if its radial part R
(and hence u) satisfies the horizon regularity condition. At infinity, we will study two
different boundary conditions for u.

Definition 1.5 (Dirichlet boundary condition). Given amass o < 9/4 (i.e.ak > 0), a
smooth function f : (ry, 0c0) — C satisfies the Dirichlet boundary condition if

rl/zf"f -0

asr — o0.
We say that a ¥ € Smode(@, w, m, 1) satisfies Dirichlet boundary condition if its
radial part u satisfies the Dirichlet boundary condition.

Mode solutions satisfying these boundary conditions are analogous to the modes
considered in [SR13].
We are able to show the following result.

Theorem 1.6. Given a cosmological constant A = —3 /Ez, a black hole radius 0 <
ry < £ and a scalar mass parameter ag € (—o00, 9/4), there are a spacetime parameter
a satisfying the regularity condition |a| < £, mode parameters m and [ and a § > 0
such that there are a smooth curve

(=8,8) = R%, ¢ > (a(e), wgr(e))

with

—~

a(0) = and wg(0) = — (L.11)
ry +a

and corresponding mode solutions in Smode (¢ (€), wg (€)+ie, m, [) satisfying the horizon
regularity condition and Dirichlet boundary conditions.
For all ¢ € (0, §), these modes satisfy

do 0wR
—(0) >0 and wgr(0)——(0) < 0.
de o€

Remark 1.7. The u in the theorem has finite energy and hence the spacetime parameters
of the theorem must violate the Hawking—Reall bound as explained in the previous
sections; this is explained further in Lemma 2.18 and Remark 3.9. By Lemma 1.3, we
know that the a can be located anywhere in the range

We remark that our result does not restrict to small |a|. In fact, we can enforce |a| to be
as close to £ as we wish by choosing /¢ < 1 large.
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Lemma 1.1 implies that the constructed modes are superradiant and indicates that
the instability is driven by energy leaking through the horizon.

Our next theorem builds on the first, but allows for the construction of an unstable
superradiant mode with Dirichlet boundary conditions for each given o < 9/4.

Theorem 1.8. Let £ > 0 and o < 9/4. Then there is an Mxads (¢, r+, a) and a super-
radiant ¥ € Smode(®, wg + i, m, 1) for an wg € R and ¢ > 0 satisfying Dirichlet
boundary conditions.

The methods used in our proof also show the following statement:

Corollary 1.9. Let £ > 0, « < 9/4and 0 < ry < L. Then there is an ¢ > O such that for
all la| € (rE/Z, rE/Z +¢), the Klein—-Gordon equation with mass o has an exponentially
growing mode solution in Mxags (¢, r+, a).

Remark 1.10. These results also apply to the massless wave equation, which is an impor-
tant difference to the asymptotically flat case.

Furthermore, although this will not be pursued explicitly in this paper, one can also
show the analogue of Shlapentokh-Rothman’s result in our setting by only adapting the
proof slightly.

Theorem 1.11. Given a Kerr-AdS spacetime Mxags (€, r+, a) satisfying, la| < €, ry >
0 and rf < |all (and the restrictions of Lemma 1.3), there are mode parameters m and
l as well as a § > 0 such that, for each ¢ € (=86, 8), there is an open family of masses
a(e) and a mode solution in Spyoge (2 (€), wg(e) +ie, m, 1) satisfying Dirichlet boundary
conditions with wg(0) as in (1.11).

Remark 1.12. 1. Conversely, in the asymptotically flat Kerr case of [SR13], it is also
possible to prove an analogue of Theorem 1.8 instead of only the analogue of Theo-
rem 1.6, using our strategy explained in the next section.

2. To contrast our case to the asymptotically flat setting, we add three observations. First,
in [SR13], the curve ¢ — (u(e), wg(e) + ie) must satisfy w(0)2 > wr(0)2. There
is no equivalent condition for Kerr-AdS spacetimes as the instability is not driven
by the interplay of frequency and mass, but by the violation of the Hawking—Reall
bound. Second, in both cases, dwg/de < 0 for small ¢, so wr(0) can be seen as the
upper bound of the superradiant regime. Third, the result in Kerr holds for all m # 0,
[ > |m]|. In contrast, our result is a statement about large m = [.

It is known—see [HW12] and references therein—that, for 0 < k¥ < 1,1i.e.5/4 <
o < 9/4, we also have well-posedness for different boundary conditions at infinity. This
underlies the following

Definition 1.13 (Neumann boundary condition). Given a mass 5/4 < o < 9/4 (i.e.
0 < k < 1), a smooth function f : (ry,00) — C satisfies the Neumann boundary
condition if
r1+2Ki (r%—l(f) > O
dr
asr — 0o.

Using the techniques of twisted derivatives, introduced in [Warl2], we can prove
versions of Theorems 1.6 and 1.8 for Neumann boundary conditions.
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Theorem 1.14. Given a cosmological constant A = —3 /€%, a black hole radius 0 <
ry+ < £ and a scalar mass parameter oy € (5/4,9/4), there are a spacetime parameter
a satisfying the regularity condition |a| < £, mode parameters m and [ and a § > 0
such that there is a smooth curve

(=8,8) = R%, £ > (a(e), wgr(e))

with (1.11). Moreover, there are corresponding mode solutions in Syode (@ (€), wr(g) +
ie, m, [) satisfying Neumann boundary conditions. If ¢ € (0, 8), then the modes satisfy

d 9
S20)>0 and wr0)22%0) <o0.
de de

Theorem 1.15. Let £ > 0 and 5/4 < o < 9/4. Then there is an Mxgaas (¢, r+, a) and a
superradiant € Spode(a, wg +ie, m, 1) foran wg € Rand ¢ > 0 satisfying Neumann
boundary conditions.

Let us conclude this section with a general remark on boundedness. From [HW12],
we know that solutions to the Klein—-Gordon equation with Dirichlet boundary conditions
remain bounded for all rf > |a|€. A similar statement holds for Neumann boundary
conditions under more restrictive assumptions on the parameters. For rf = |a|¢, one can
easily repeat the proof of the second theorem of [HS11] to see that there are no periodic
solutions. One can potentially also extend the decay result of [HS11] to rf = |al€. Our
results do not rule out boundedness in the entire parameter range in which rf < lalt
since we did not show that for any given Kerr-AdS spacetime and any «, there are
unstable mode solutions; they do, however, impose restrictions on the ranges of spacetime
parameters and masses « in which boundedness could potentially hold. It is believed
that, using more refined spectral estimates, our results can be shown to hold in the full
regime rf < |al€, but we will not pursue this further.

1.6. Outline of the proof. The difficulty lies in the construction of the radial part u, for
which we use the strategy of [SR13], which, as our present work shows, can be applied
to more general settings than Kerr spacetimes. The technique contains two main steps.

I. Construct u corresponding to a real frequency wp € R.
II. Obtain a mode solution corresponding to a complex @ with Imw > 0 by varying
spacetime and mode parameters.

We note that both steps are completely independent of each other, in particular step II
does not rely on the method by which the periodic mode solution was constructed, but
only requires existence of such a mode.

Let us first only deal with Dirichlet boundary conditions. To complete step I, u# needs
to satisfy the radial ODE

W' —(V—wdu=0 (1.12)

for the given boundary condition—see Sect. 2.1. Lemma 2.20 then already restricts wy
to wy :=maZ/ (rf +a?). It is important to note that the boundary value problem does
not admit nontrivial solutions in general.

Lemma 1.16. [fu satisfies the Dirichlet boundary condition for real wg and V — a)(z) >0,
then u = 0.
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Proof. Define Q(r) := Re (u'), note that Q(ry) = Q(o0) = 0 and integrate dQ/dr.
O

Hence, in a first step in Sect. 2.3, we will find spacetime and mode parameters such
that V — a)g < 0 on some subinterval of (r;, 0o) for given £ and « by a careful analysis
of the shape of the potential V in Lemma 2.13. This requires proving an asymptotic
estimate for the eigenvalues of the modified oblate spheroidal harmonics (Lemma 2.12).
The spacetime parameters will necessarily violate the Hawking—Reall bound.

The radial ODE is the Euler-Lagrange equation of the functional

e A_
La(f) ?=/r (m

The functional is not bounded below, so we need to impose a norm constraint, which
we choose to be || f/rll12(, o) = 1. Then Lemma 3.3 gives a coercivity-type esti-
mate. To carry out the direct method of the calculus of variations, we use the weighted
Sobolev spaces that arise naturally from the functional—see Sect. 3.1. This setting of
the minimisation problem then guarantees that the minimiser satisfies the correct bound-
ary conditions. We remark that we will directly work with the functional (1.13) instead
of regularising first at the horizon and then taking the limit, as in [SR13]. Then, in
Lemma 3.7, we obtain an ODE

df

dr A_

2 2 +a?
+(V—a)2)—|f|2) dr. (1.13)

” 2 u
u —(V—wo)u+va—2:0
r

with a Lagrange multiplier v, < 0 that depends continuously on the spacetime parameter
a. By varying a, we find an a such that v; = 0 (Proposition 3.8) and hence a solution to
the radial ODE.

To carry out step II, we need the asymptotic analysis of (1.12) that is worked out in
Sect. 2.2. There are two branches that asymptote r~1/2** and r~1/27% respectively, at
infinity. Let /41 denote the branch with slow decay and %, the one with fast decay. Then

u(r,a,w) = A(a, w)h(r, a, w) + B(a, w)h (r, a, w).

For the parameters from step I, A(xp, wg) = 0. By varying w and « simultaneously in
Sect. 3.2, the implicit function theorem yields a curve

e > (wgr(e) +ig, a(e))
with wg(0) = wp and o (0) = g such that
A(a(e), w(e)) = 0.

along the curve. As Imw(e) > 0 for ¢ > 0, these modes grow exponentially whilst
satisfying Dirichlet boundary conditions. In Sect. 3.3, we show that

8wR oo
wr(0)——(@©0) <0 and —(0) > 0, (1.14)
de de

which proves Theorem 1.6. A careful analysis of the domain of the implicit function
theorem in Sect. 3.4 yields Theorem 1.8. Here, the analysis heavily exploits several
continuity properties in the parameters. A difficulty is caused by a being defined as the
infimum of an open set.
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For Corollary 1.9, one observes that, by Lemma 2.13, once the Hawking—Reall bound
is violated, one can always make the potential V negative on some interval by choos-
ing |m| sufficiently large. This yields periodic modes for very small violation of the
Hawking—Reall bound and hence growing modes by repeating the above argument.

The situation is more complicated if u satisfies the Neumann boundary condition.
Since, in this case, u ~ r~V/2* a5 r — o0, £, is not well-defined and hence cannot
be used to produce periodic modes. To carry out the construction of step I, we use
twisted derivatives as introduced in [War12] and used extensively in [HW12]. To find
the minimiser via the variational argument, we also need to modify our function spaces
and use twisted weighted Sobolev spaces. All details are given in Sect. 4.1.

The main technical problems, however, arise in the second part of the argument. The
underlying reason is that the proofs for step Il rely severely on establishing monotonicity
properties for the functional when varying «. Since the twisting necessarily depends on
o, proving monotonicity in « is more involved and indeed the monotonicity properties
shown in the Neumann case are weaker; nevertheless, the ideas introduced in Sect. 4.2 are
sufficiently robust not only to construct the growing modes, but also to be applicable to
showing (1.14) and to transition from Theorems 1.14 and 1.15. It is also in the Neumann
case, where the independence of steps I and II—alluded to above—is exploited.

2. Preliminaries

2.1. The modified oblate spheroidal harmonics. Following [HS11], we define the
L?(sin® d d@)-self adjoint operator P acting on H'(S?)-complex valued functions
as

r-*2

1 1
—P(w,t,a)f = —aﬂ(Aﬁ 51n19819f)+ — —2f

sin 9 ¢

20,2 o 2
+ . cos? of — 2iaa)A—ﬂ£—2 cos? VoG f.
We also define
P(wEa)+ Zsin2 ¢ ifa>0
Py(w, ¢, a,a) = .

P(w,é,a)—z—za cos? B if e <O.

For equivalent definitions in Kerr spacetime see [DR10] and also [FS04] for a more
detailed discussion. From elliptic theory [cf. HS11], we can make the following defi-
nitions: P(w, £, a) has eigenvalues Ami(w, £, a) with eigenfunctions e S,1(w, L, a,
cos ¥); Py(w, £, a,a) has eigenvalues A(w, ¢, a, ) with eigenfunctions em? S, mi (@,
£, a, a, cos ¥). The eigenfunctions form an orthonormal basis of L2(sin 9 do d@). Below
we will suppress (w, ¢, a, @) in the notation.

Ifa <0, S, satisfies the angular ODE
=2 2 =
= mn = a’w? cos® ¥
Ay sin? 9 Ay

- 0y (Ay sin ¥ 0y Sy (cos 1)) — (
sin ¥

a’ 2 o 2 2
g—zcos z?—g—za cos” ¥ ) Spi(cos¥) + Ay Spi(cos ) =0 (2.1)

=
=

— 2maw

s
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for Lp¢(w, a,a) € C. If @ > 0, the angular ODE takes the form

=2 2 =

. @ m ) 2 2 2
0y (A D0y S, ) — | — N — &
prr p (Ay SIn ¥y Sy (cos F)) (Aﬂ 73 Aﬂa w” cos
= 2
— 2maw— a—cos v+ a2 sin® ® S (cos ) + Ay Spi(cosd) = 0. (2.2)
Ay €2 £2

Using these modified oblate spheroidal harmonics, one obtains that, for fixed m and [,
u := ~/r? + a?R satisfies the radial ODE

u"(r) + (0> = V()u(r) =0, (2.3)
with

V(r) = Vi(r) + Vo(r) + Vo (r)

) L s+ (14 %) - 4Mr +a?
+(r) = T (2 +a?)4 (r? +a?)3
A_(Ap +w 2a?y — B82a?m? — 2mwaZ(A_ — (r2+a2))
Vo(r) =
(r2 4+ a?)?
o
Vy(r) = _ﬁm(r +O(a)a?).

Here ®(x) = 1 if x > 0 and zero otherwise. We will use the shorthand V=V — ok
Recall that ' denotes an r*-derivative. _ ~

To indicate the dependence upon a, we will often write V, and V, for V and V
respectively.

2.2. Local analysis of the radial ODE. To see which boundary conditions are appropriate
for u, we perform a local analysis of the radial ODE near the horizon r = r; and at
infinity, using the following theorem about regular singularities, which we cite from
[Tes12], but it can also be found in [SR13] or [Olv74].

Theorem 2.1. Consider the complex ODE
d’H
dz?

Suppose f and g are meromorphic and have poles of order (at most) one and two,

respectively, at zg € C. Let fo(v) and go(v) be the coefficients of pole of order one and

two, respectively, in the Laurent expansions. Let s1(v) and sy (v) be the two solutions of
the indicial equation

dH
+ f(z, v)d—Z +g(z,v)H = 0. (2.4)

s(s =D+ fo(v)s +go(v) =0

with Re (s1) < Re (s2).
If s2(v) — s1(v) ¢ No, a fundamental system of solutions is given by

hj(z,v) = (z —20) Vo, (z, ),

where the functions o are holomorphic and satisfy 0;(z0,v) = 1.
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If so(v) — s1(v) = m € Ny, a fundamental system is given by

hy = (z —z0)" o1 + clog(2)ha
hy = (z — z0)™.
The constant ¢ may be zero unless m = 0.

In both cases, the radius of convergence of the power series of ¢ is at least equal to
the minimum of the radii of convergence of the Laurent series of [ and g.

2.2.1. The horizon Adopting the notation of the previous section, and, after expressing
the radial ODE (2.3) with r-derivatives, we have

A A_ 2r r’+a%  ,
= A _r2+a2’ 8§ = Az (a) _V)

f

Thus we obtain

fo=lim@—rof=1

r—ry
. (r2 + 612)2
g0 = lim (r —r)* —5—(@ = V)
— )2 2

with

. . Bam — a)(rf + a2)
=1
rA_(ry)

as 3, A_(ry) > 0. Thus, the indicial equation is solved by s = ££.
Therefore if £ # 0, a local basis of solutions u (or R) is given by

{C=rfer (=g}

for holomorphic functions ¢; satisfying ¢; (ry+) = 1. For & = 0, a local basis is given by
{o1, @1 (1 +clog(- —ry))}

for ¢1(ry) = 1 and some constant c.

Lemma 2.2. If u extends smoothly to the horizon, then there is a smooth function o :
[ry, 00) = C such that

u=(—ro.

Proof. Boyer—Lindquist coordinates break down at the horizon, so we need to change
to Kerr-star coordinates. Then the solution i takes the form

u(r)

* * _ a—iw(—A®r)) Jim(e*—B(r)) R A
Y gt 9) = e e Smi (@, S V) oy i
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where

dA (P +ah)(L+r7/07) — A
dr

dB _a(l —a*/&)
A_(1+7r2/£2) ’ N '

dr A_
Hence R extends smoothly to the horizon if there is a smooth function f such that

u(r) = e—i(wA(r)—mB(r)) f(r)
Therefore the claim reduces to showing that

o(r) == (r—ry)

—§ o—i(@A(r)—mB(r))
is smooth. Since

d . §
T (—i(wA(r) —mB(r))) =
.

we have

+0O(1),

r—ry

Q(r) = eis log(r—ry) eé IOg(r*r+)+O(r7r+)’
which proves the claim. O

Corollary 2.3. Assume u satisfies the horizon regularity condition. Then a local basis
of solutions to the ODE at the horizon is given by

(—rofe
for a holomorphic function o defined around r = r.

This asymptotic analysis at the horizon motivates the horizon regularity condition of
Definition 1.4.

2.2.2. Infinity The radial ODE has a regular singularity at r

the Theorem 2.1, we rewrite equation (2.4) by introducing x :

oo. To analyse it using
= 1/z. This yields
’H (2 dH
— + ——i —+£H=O.
dx? x  x2) dx x4
For the radial ODE, we have x = 1/r. We obtain
Fa=0)=0, limL=2 gx=0=0 1lim%=0 Im S —a—2
x—0 Xx x—0Xx x—=>0 X
The indicial equation becomes

52

—s+a =0,
which is solved by s = % + % — . Set

9 — k2
5::{ 2 :keN}.
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Then, for o ¢ £, alocal basis of solutions near infinity is given by

{r—1/2+«/9/4—dQ1 (r)’ r—1/2—«/9/4—(¥Q2(r)}

with functions g1, 02, smooth at oo and satisfying g (c0) = g2(00) = 1. Forax € £, a
local basis is given by

1 Yoy
[C3r_1/2_K log ; + }’_1/2+KQ2, r—1/2— 9/4—0192(’_)] .

If u extends smoothly to » = r; and we specify a boundary value u(r;), then the
arguments of Sect. 2.2.3 show that C3 has to be zero.

Lemma 2.4. Let u satisfy (2.3) on (ry, 00) and extend smoothly to r = ry, then, for
large r, u is a linear combination of

—1/2—x

hl(r7 a’ w’ a) - r
ha(r,a, w,a) =7 ox(r, o, @, a)
for functions o1 and 02 holomorphic at r = oo and satisfying 01(00) = 02(0c0) = 1.

Corollary 2.5. Ifu satisfies the horizon regularity condition and the Neumann boundary
condition at infinity, then, for 5/4 < o < 9/4,

u=Cih;

for a constant Cy € C.
If u satisfies the horizon regularity condition and the Dirichlet boundary condition
at infinity, then, for all @ < 9/4,

u(r) = Crha
for a constant C, € C.
Remark 2.6. The asymptotics near infinity do not change if we add v(r> + a?)/(r>A_)

to g as in Sect. 3.1.

2.2.3. Uniqueness of solutions and dependence on parameters As one would expect,
specifying one of the boundary conditions at infinity and choosing a value of u atr = r,.
determines the solution to the radial ODE uniquely, which is being made more precise
in the following standard lemma.

Lemma 2.7. Let Co € C. Then there is a unique classical solution to (2.3) on (ry, 00)
satisfying u(ry) = Co and extending smoothly tor = r,.

The continuous dependence of the solution u# on parameters is also well-known:

Lemma 2.8. Let ug be a unique solution to (2.3) for a certain set of parameters
(a0, wo, ap) with fixed u(ry) satisfying either the Dirichlet or Neumann boundary condi-
tion. Let there be a neighbourhood of these parameters such that for all (o, w, a) in said
neighbourhood, there is a unique solution uy . q with the same boundary conditions.
Fixan? € (ry, 00). Then

(o, w,a) = Ug,w,q(F)

is smooth.
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Let u be a solution to (2.3) that extends smoothly to the horizon. Fixing u(r;), we
can uniquely define reflection and transmission coefficients A(«, w, a) and B(o, w, a)
via

u(r, o, w,a) = A, w,a)hi(r,a, w, a) + B, w, a)ha (r, 2, o, a) (2.5)

for large r. Here i1 and & are the local basis near infinity from Sect. 2.2.2. Let W denote
the Wronskian. Then

~ W(u, hy)
~ W(hy, ho)

and similarly for B.
Lemma 2.9. A and B are smooth in o, w and a.

Proof. Note that A and B are independent of  and apply Lemma 2.8. O

2.3. Detailed analysis of the potential. From the analysis in [HS11] we know that the
angular ODE has countably many simple eigenvalues A,,;, labelled by [ = |m|, |m| +
1, ... for any given m € Z, and corresponding real-valued eigenfunction S,;. For later
use, we need a bound from below which can be found in [HS11], where it is proved
under the assumption of the Hawking—Reall bound. We give the slight extension to our
regime.

Lemma 2.10. Let w € R. For |a| < ¢, the eigenvalues satisfy

Ami + a*w? > EXm|(jm| + 1)

At +@20* = E2m|(Im| + 1) + a’w? — Coalm||o — w4 ],

(2.6)

where Cy 4 > 0 depends on £ and a only and

mag

r? +a?

wr(l,ry,a,m) =

Proof. We focus on the second inequality since the first one can be obtained similarly.
Let

2
Pf:=———0y (yApsinddy f)+ B ——f.
sin ¥ sin” v
Then
2.2 5 Hzmz Hmzl szzz
At St +a”“w” Sy > PS — B — Sl + B S~ Sml — & cos” U S
sin”® ¥ sin“ 9 Ay Ay
E a?
— 2maw Z—zcos2 D S +a2a)iSm1 +a’(w® — wi)sz
¥

=: ﬁSm[ + P.S;u + aza)_%Sml,
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where we have already used that the mass term is always nonnegative. We want to show
that P. > 0. We have the decomposition

- = 42
G E a
Pe=Pr+a*(@® — ) (1 — —cos’ ¥ ) — 2ma— — (0 — wy) cos® ¥,
c c ( +) A,} Aﬁ€2( +)

where P is the w,-part (i.e. the part for = w,) with

=2 2 2 4 2 2
8 m a a . a® a° .
Pr=———(—cos’®+ ———sin*y —2— — sin” ¥ cos® ¥ ) .

Ay sin® 9 \ £ (r2 +a?)? ri+a%t
Interpreting the bracket as a function in ¢}, we see that it has critical points only at
¥ =0,7/2, 7. Hence P > 0. Therefore, we know

— - 2
[} =oa
P.>ad*(w — ) |1 - —cos’® ) —2ma — (@ — wy) cos> ¥
e > a’( (1% ~E@—o)
2 - 2
a E a
> —2wi(w— wy) sin? 9 — 2ma—

A, A9£—2(a)—w+)coszﬁ
1

v

a? ) Ea®
— (2A—§|a)+|sm ﬂ+2|m||a|A—ﬂe—2cos z‘/‘) o — w4

To obtain the estimate, one only needs to integrate by parts on the sphere. The P term
yields

b4 b4 m2
D < 2, =2 2
PSui - Smi = Ay |0y Smil” + B [ Smi dg
0 0 sin ¥

T m2
82/ (|aﬁsm1|2+ — |Sm1|2) sin @ do
0 sin”

v

A%

’_‘2
E%m|(m| + 1),
where we compared with spherical harmonics via the min-max principle. O

We will also need an asymptotic upper bound on the ground state eigenvalue A,,;,.
By the min-max principle, we know that

T du|> 22 m? o)
Amm = min / Ay |—| + 5 |M|2 — a*w? cos? 19|u|2
uel,lull=1 /o do Ay sin” ¥ Ay
E o 2 2 @ 5 2 2\ o
- 2maw——2cos Dul|” — —54a° cos D ul|” ) sin 9 do
Ay L 14
) ™ du > B2 m? 5\ .
< min Ay || +——Flul sin ¢ do
uel, lull=1 Jo dd Ay sin“

a?
+ (ol +2fmal - o — o)) 77

for U = {(sin®)™lo(®) : o analytic}, which is the subspace of L? which contains all
Sni—see Appendix A.
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Lemma 2.11. Let n € N. Then

n+l T T n+l
/ sin” 9 do = \/_ L (%) and / sin” 9 cos® ¥ do = g (*3)
0 0

2 4N
r (%) r (%)
in particular
b3 T
/ sin ¥ d® ~ V27n~? and / sin” @ cos® ¥ d ~ ~2rn3/?
0 0
asn — oo.

Proof. The expressions follow by induction and the Stirling formula. O

Define

- (n-uzw)‘” Ginml
" T ((Im| +3)/2) '

Then uy, € U and [lum |l 2((0,7):sin 9 do)=1- As 1 — cos>® < Ay < 1, we hence know
that

bid
)\mmf/
0

Lemma 2.12.

2 2

+ 82 2 )sino do + (ja| +2|mal - | h<
) u o ma) - |w— w. vy
sint 9 2

duy, 2

do

)\‘mm
lim — = Ez
m—oo m

Proof. By Eq. (2.6), we already have lim,,_, oo Amm/m> > E2. To prove the result, we

compute
1 T
2 )

r (\m|+2)

_2 o

=g V22 = 7y (cos 9 sin’ 9 + B 2) sin?™=3 qy
r (|m£+3) 0

~ 232 B2 212

2

2
du m .
U - 415‘|um|2)smz9d15L

dv

sSin

by the previous lemma. Hence lim,;,— oo Apm/ m? < 22
Lemma 2.13. Let N, L > 0. Then, given £ > 0 and o < 9/4. Moreover assume the
spacetime parameters ry and a satisfy
rd—a2e?
—(FE Ta2) < — 2.7)

Then there is an mo > 0 such that for all mode parameters \m| > mg and | = m, we
have

A_m?E?
(r2 +a?)?

on an interval (R1, Ry) of length L at w = w+({, ry, a, m).

Vowr<— (2.8)
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Proof. Let us first rewrite the potential:

V—w?=V,+V, — o

N A_ 222 2aZEQm2 m2a*z2? _ m2a? g2 (r2 — rf)2
(r* +a?)? rZ+a? (2 +a?)? A_ (rZ+a?)?
A 2 2
+ ————=(0—E“m
(r2 +a?)? ( )
_ A_m?zE?
=Vi+ Vot ————0 — E%m? rd —a?e?
w+ Vot o ) (r2+a2)2(r$+a2)2( ’ )
A_m’&’ a’ 2, 2.2 2,2 -1, 3
+ — @ —rlr@ri+a”+07) —a“lr; +r
(i"2 T 02)2(}’_% T 02)2 A, ( +)[ ( + ) + +]
A_m?g2 [ 2r2 N A_ a? N r2—a? 2Mr
= X
(r2 + a2)2 22m202 (,,2 + a2)2 m2a2 (r2 + a2)2 m252
a 1 ( 5 2 A rd—a?e?
. r+®(a)a)+ L) 2
02 m?232 E2m? (r? +a?)?
2
a“(r—r
%[}’(2}’3 +a®+ 0% —a*Cr + ri]] (2.9)

Note that
[r(ZrE +a’+0%) — a2EZr+_1 + r;§]|r=r+ =A"(ry) > 0.

Moreover A — E2m? > 0 by (2.6). Therefore, to obtain negativity, we will violate

the Hawking—Reall bound in the boxed term. First we can choose |m| large such that

A/ E*m? — 1 is sufficiently small by Lemma 2.12. Since the term in the last line is

decaying, we can find an R; such that the last term is bounded on [R{, R + L]. By

making |m| possibly larger, the terms of the first line are also bounded on the interval.
Let

rf_ —a%? <_N
~h A58 = - 8”1
(r2 +a2)?

Now we choose m sufficiently large such that

)\mm 8m
2 g
E4m 2

There is an R such that

2
a (r—r e
—(A_ +) [r(2rf +at+ 0% — azﬂzr:1 + ri] < 7’"
forall » > Rj. Set Ry := R + L and choose m such that
1 2r? N A_ a? . r?—a?> 2Mr o r? Em
— — —_—— — < —
m2 \ 8202 (r2+a?>?2 82 (r2+a?)? E2 £2 32 2

on [R1, R>]. Putting everything together, the lemma follows. 0O
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Remark 2.14. The same proof yields the analogous negativity results for V — o> + F,
where F' is any continuous function on (ry, 0o) that is independent of m. This will be
used in Sect. 4.1.

Define the functional

o0
A_
Lorea(f) 3=/r (m

on C3°(ry, 00). We often suppress some of the indices and write £, and V, in view of
Sect. 3.1.

df
dr

2 N2 2
L ‘”A)(r +a)|f|2)dr

Lemma 2.15. Choose (ry, a, £) and (m, ) as in Lemma 2.13. Then there is a function
f € Cg°(ry, 00) such that

L.(f) <O.

Proof. We have the following estimate for the functional if f is supported in (R, R>):

R A_(R 2 m*g2
L= [ ( U LAY |f|2) ar
R> ry+a

R3 +a?
Choose an f such that f is 1 on [Ry + L/4, R, — L/4] and 0 outside of (Ri, R>).
Furthermore we require that

df
dr

ﬂ <2i_
dr|~ L
Hence
64A_(R3) m2E2L
La(f) =5 — 5~ PRI
(ry +a*)L 2(R5 +a*)

If necessary, we can increase m further to make the expression negative. 0O

Remark 2.16. Fix £ > 0and 0 < ry < €. Choose op < 9/4 and a = ag such that (2.7)
holds. Then there is a non-empty open interval / € (—o0, 9/4) with o € I, a non-
empty open Interval I” around a¢ and an mg such that Lemma 2.15 holds on [R], R3]
foralla € I,a € I’ and |m| > my.

We want to conclude this section by showing that £, is always non-negative if the
Hawking—Reall bound is satisfied. We borrow the following Hardy inequality from
[HS11].

Lemma 2.17. For any rey > r+, we have for a smooth function f with fr'/? = o(1) at
infinity that

df
dr

2
dr.

1 s A
- dr < -
4¢2 |f17dr = /rcm r2+a?

Feut
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Proof. We include a proof for the sake of completeness. Integrating by parts and applying
the Cauchy-Schwarz inequality yields

2

*d o d
[ s raoirar <a o - rar| ] o
Teut r

dr Teut

The lemma follows by estimating rey > 7. O
Thus we can prove the

Lemma 2.18. Let rf > l|all. Then there is an mq such that, for all |m| > mqo and
f € C((;O(r_'_’ OO);

La(f) = 0.
Proof. Let us first assume rf > |a|€. Then, noting that

2A_ LA
(r2 + a2)2 £2 (,,2 + a2)4

V+ =

(a4A_ + (r2 — a2)2Mr) ,

on sees from (2.9) that

goo2me A, 1 A,
> > 7
T2 (r2+a2)? 402 (r2 + a2)?

Using Lemma 2.17, we conclude £,(f) > 0. By continuity, we obtain L,(f) > 0 for
r2 > lalf?>. O

An analogue of Lemma 2.15 can be proved for the twisted functional used in Sect. 4.1.

For 0 < k < 1, define
I" +a
+ V) ——Ifl )

La(f):= /00 A- poI | —
“ r \r2+a?
with V" as in Sect. 4.1.

Lemma 2.19. Choose (ry, a, £) and (m, 1) as in Lemma 2.13. Then there is a function
f € C5°(ry, 00) such that

La(f) < 0.

Proof. For f € C§°(ry, 00), La(f) = La(f) by choice of V.

2.4. Periodic mode solutions.

Lemma 2.20. Suppose we have a ¥ € Smod(a, @, m, 1) such that o € R. Then the
following statements are true:
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(i) We have ma & — (r% + az)w =0, ie thatw = wy(l, ry, a, m).
(i) We have am # 0.

Proof. We wish to show (7). First let us only deal with the Dirichlet branch. Then u is
decaying at infinity. Define the microlocal energy current

Or :=1Im (u'n).
We have Q7 (oc0) = 0. Moreover
d d
Or = le(u T+ u')?) =0
dr dr

by the radial ODE. By Lemma 2.2, we obtain

‘= % (r _E”u(r) +or =t (r)) % (r _§r+u(r) +(r— V+)$Q/(V))

and so

, .Bam — (r} +a®)w
u(ry) =1 >
ry+a

u(ry).

We conclude

0=07(ry) = (rf +a*)Im (;l:* _) = (am& — (rf +a®)w)|u(ry))?.
(2.10)
If u(ry) = 0, then u vanishes identically by Lemma 2.7. Hence we conclude that
mag — (rf +a2)a) =0

For the Neumann branch of the solution we observe that

d
0r =tm (i () ).
r

From the boundary condition, we immediately get Q7 (oc0) = 0 as well and the rest
follows as above.
Part (ii) follows immediately from (rf +a¥)w = Eam. O

3. Growing Mode Solutions Satisfying Dirichlet Boundary Conditions

df
dr

3.1. Existence of real mode solutions. We now fix £ > 0, ¢ < 9/4and 0 < ry < L.
Recall the variational functional
o0 A
L =  E—
a(f) [+ (rz + 612 )
forw = w, = am E/(rf +a?). Define
={a>0:3feC{: Li(f) <0}
By Lemma 2.15, there is an mg such that A is non-empty for all |m| > mg and [ = m.
Fix m and [ henceforth.
If the bound rf > |a|¢ is satisfied, then £, (f) > O for all compactly supported f by
Lemma 2.18. Hence A is bounded below by a strictly positive infimum. Moreover A is
open as a — L, (f) is continuous for any fixed f.
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Remark 3.1. We restrict ourselves to a > 0, but we could have defined the set A to also
include negative values of a.

Our aim is to show that £, has a minimiser fora € A. We will apply the natural steps
of the direct method of the calculus of variations. First, we will specify an appropriate
function space, then we will show that the functional obeys a coercivity condition and
that the functional is weakly lower semicontinuous. The existence of a minimiser follows
by an application of compactness results.

For U C (r4, 0o) define the weighted norm

1
2 _ 2
1122, = /U Sl
and the space
LZ(U) := {f measurable : ”f”LZ(U) < oo}.

This is clearly a Hilbert space with the natural inner product (-, -) ;2.

For U C (r4, 00), we define the weighted Sobolev space H ! via the norm

2
2 — 2 f
1P, .—/U(m rr—r) )dr

d

dr
Note that for U < (r4, 00) compact, the H I horm is equivalent to the standard Sobolev
norm. As usual, let ﬂ(l)(U) be the completion of C3°(U) under ||- ||H1(U).

Lemma 3.2. Let u € ﬂ(l)(u, 00). Then is u is also in C(ry + 1, 00) (after possibly
changing it on a set of measure zero) and

lim u(r) = lim "> u@r) =0
r—00 r—00

forall k > 0.

Proof. Establishing the embedding ﬂ(l)(m +1,00) C C(ry + 1, 00) is standard. Now
take a sequence (u;) in Cf)’o such that u,, — u in ﬂ(l) and pointwise almost everywhere.
Choose an R such that (u,,) converges pointwise there. For any f < 1/2, we have

lim Pu(r)
r—>00

o0
< RP|u—unl (R) +/ |8, (rP (u — um))| dr
R
< RPJu—up| (R)+C" llu = | 1 -
Therefore, the claim follows. O
To establish a coercivity-type inequality, we use the Hardy inequality of Lemma 2.17:

Lemma 3.3. Let a € A be fixed. There exist constants r. < By < B} < o0 and
constants Co, C1, Co > 0, such that, for sufficiently large m, we have for all smooth
functions f with fr'/? = o(1) at infinity that

/00 A |df
r \r2+a?

dr
Here we can choose C, = 1 ifa < 2.

2 B
+c01[30,31]c|f|2) dr < cl/ P dr + CaLa(f).
B

0
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Remark 3.4. Note that the dependence of the expression on « is via V in L. Recall from
Sect. 2.1 that

V=V-w’=V,+Vo+Vy—
Proof. First, we have to study the potential again:
3 +ri (1 + ) —a?

(r2 +a?)?

(3 ra) ) =

o

“eaia (r +0O(w)a?)

r+ az)ﬁ(m)

( N ) ( ) = A+w+a —2mwa &
rs+a ry) =
A " r}+a?

EZmZ

4
> —r
(r2+a23 "

Thus for sufficiently large |m|, the expression is greater than zero. Furthermore, note the
asymptotics

\%
r?+ aZ)A— > 022—a) (3.1)
asr — o0.
We will deal with the cases « < 2 and o > 2 separately. First, let « < 2. The
function ~ 2+f2 V is only nonpositive on an interval [R;, R>]. Choose constants such

. 2,2 ~
that . < By < Ry < Ry < By < o0. Set Cp to be the minimum of "V on

(r4+, 00)\[B1, Bz] and set —C to be its minimum on [B], B;]. This immediately yields
the result. s s
Now let « > 2. There exist R;, R, such that %V is positive on (r4, Ry) and

r2+a?

A

- 1
on (Ry, 0o) for an € > 0 because of (3.1). Hence

°°r2+a2~ 8/ 00
| = VIR > P ar+ 2/ £ dr
R Ry Ry

N 42
© A_ |d
z—(l—f)/ 2——f dr+ — /|f|2dr
2/ Jg, r*+a? |dr 802

by Lemma 2.17. Choose By, B> as before. Let C be the minimum of ’A+_“ V on (ry, By).

Let £Co/2 be the minimum of C and &/(8¢2). Moreover, set —¢C /2 to be the minimum
of —’2532 V on [B, B>], we obtain

/oo A_
8—
v r2+a?

and hence the inequality. O

df
dr

2 By
+8C01[Bo,31]f|f|2) dr58C1/ P dr + La(f)
By
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Lemma 3.5. The functional L, is weakly lower semicontinuous in H 1 (ry, 00) when
restricted to functions of unit L* norm.

Proof. As the functional is convex in the derivative, the statement is standard and a proof
can be extracted from [Eval0, Sect. 8]. We note that the boundedness from below comes
from the norm constraint. The r weight deals with (r,, co0) having non-finite measure.

Lemma 3.6. Leta € A. Then there exists an f, € ﬂ(l) (r4, 00) with unit L*(r,, 00) norm
such that L, achieves its infimum over

{f € Hy(re,00) < [ fll2=1)
on fy.

Proof. By Lemma 3.3,

/°° A |df
r \r2+a?

dr
holds for all f € H, (1). From this, it is evident that

2 By
+Col[30,31]c|f|2) dr < Cy / If12dr + C2La(f)  (3.2)
B

0

La(f) > —00

if | fll,2 = 1, whence

va =inf{La(f) : f € H. Ifll2 =1} > —oo.

We can choose a minimising sequence of functions of compact support by density. Thus
let {f,.»} be a sequence of smooth functions, compactly supported in (r;, 00) with
|| Jan ||L2 = 1, such that

»Ca(fa,n) — Vg.

The bound (3.2) implies that ” fan H 1 is uniformly bounded. Thus by the Banach-

Alaoglu theorem, it has a weakly convergent subsequence in ﬂ}) (4, 00). Recall a simple
version of Rellich-Kondrachov: H![a, b] embeds compactly into L?[a, b]. Hence by the
equivalence of norms, the subsequence has a strongly in L? convergent subsequence on
compact subsets of (r4, 00). Relabelling, we have a sequence { f, ,} that converges to
fa weakly in H, (1) and strongly in L? on compact subsets of (r, oo). The space H (1) isa
linear (hence convex) subspace of H! that is norm-closed. Every convex subset that is
norm closed is weakly closed. Therefore, f, € ﬂ(l)
We claim that || f,||;2 = 1. We have

‘”fa”g - 1) = ‘”fa”LZ(uH/N,N) —| fa,”“éz(mjl/N,N)‘

+ ‘ I fall L2 e1/n nye = ” Jan ||L2(r++l/N,N)C
Due to the L? convergence on compact subsets, the claim follows if

i Bm ol 2 conirst/vvg = 0-
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Suppose not. Then there is a o such that, for any N, there are infinitely many of the f,
such that

| fan ||L2((r+,oo)\[r++1/N,N]) >0>0,
i.e. the norm must concentrate either near the horizon or near infinity. Suppose first that

|| fa,n ||L2(V+J++5) o> 0

for infinitely many f, , and any 6 > 0. By (3.2), we have forr € (ry, ry + 1):
re+l 00
+ d d
| fa,n(r)] E/ Jan dr/_+_/ Jan
’ r dr’ rort | dr
e+l 172 rotl 2 1/2
+ 1 . d
: / @ / ¢ = ry| e | g
r r— ry - dr’
1/2
o 1 1/2 e e} d 2
+ (/ o dr’) / r2 fa;n dr/
retl (}’ ) re+l dr
1
<C{| 1+ |log
r—r4

for a constant C > 0. Since r — ,/|log(r — r4)| is integrable on compact subsets of
[ry, 00), we obtain || Sfan ||L2(r rts) 0 as § — 0, a contradiction. Hence we only
L7, ry

need to exclude the case that the norm is bounded away from zero for large r. Thus,
suppose that

dr’

| fa.n ”y(Ro,oo) 202>0
for infinitely many f, , and any Ro > 0. However,
Ro02 < | faun ||L2(Ro,oo) <c
for a constant C’ > 0 by (3.2) and any Ry, a contradiction. This shows that
ve = inf{La(f) : f € Ho, Il 2 =1}
By the infimum property, we have

Ve < La(fa).
By Lemma 3.5, we get

»Ca(fa) =< hnn—l>lol<1>f »Ca(fa,n)~

La(fa,n) — Va,
the latter equals v,. Thus the minimum is attained by f,. O

‘We would like to derive the Euler—Lagrange equation corresponding to this minimiser.
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Lemma 3.7. The minimiser f, satisfies

/°° (Ldf“dw+ o+ faw) r=—v, fjwd (3.3)

2442 dr dr "

forall y € ﬁ(l)(u, 00).

Proof. The proof can be extracted from [Eval0]. The analogous proof for twisted deriv-
atives is given for Lemma 4.6. 0O

Proposition 3.8. There is an a and a corresponding non-zero function f; € C*(ry, 00)
such that

r2+a2dr \r2+a2 dr

A d( A dfa)_‘;AfA_O

and f; satisfies the horizon regularity condition and the Dirichlet boundary condition
at infinity.

Proof. First we would like to show that v, is continuous in a. We will use the notation
A? to denote the A_ corresponding to a. Given a; and ap, we have

Va; = Eal (fal)

9] az 2 2
. AN v re+ay 2 )4
- 2 2 + a ap |fal| r
re \7*+a;

A~
00 A4 A? df, > [~ r*+a® . r?+a?
+/ — - —— ‘ Jar|", Vo —a—~ — Va 2 fur? | dr.
re r2+al  r2+a3 ]| dr AY A®
Due to the continuity of £,(f) in a, the first line is greater or equal than v,, if a;

is sufficiently close to ay. Since the coefficients in the second line are continuously
differentiable in a, we can use the mean value theorem to obtain

Vg = Vg, — Clay — azl/ ((r —ry) fal + | fayl )

for some constant C > 0. We obtain an analogous inequality reversing the réles of a;
and ap. Using (3.2) and || fy |l ;2 = 1 yields

o0
Ivay = vy < Clas — a2|/ ((r —r |8
r+

Since A # (J, we set

dfa, |
dr

dr

+|fal ) r < C'la; — ay|.

= inf A.

As stated in the introduction to this section, .4 is open, so a ¢ A. By continuity of v,
this implies that v; = 0.

Now choose a sequence a, — a and corresponding minimisers f;, € ﬂ(]) satisfying
| fan ;2 = 1. Then, as in the proof of Lemma 3.6, by Lemma 3.3, f;, is bounded in H 1

and there is a subsequence (also denoted (a,,)) such that f,, — f; weakly in H Iand
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strongly in L? on compact subsets for a f; € ﬂ(l) Again by Lemma 3.3 and the strong

L? convergence on compact subsets, we see that f; is non-zero. Moreover, we have

sufficient decay towards infinity by Lemma 3.2. Hence we get the desired asymptotics.
From the weak convergence of ( f,), Lemma 3.7 yields that f; satisfies

/00( A_ dfadl//_'_f/r +a2f1//)dr—0

2442 dr dr A_

forall € ﬂ(l)(m, o0). For ordinary differential equations, weak solutions are classical
solutions—see for example [Tao06, Ch. 1]; so

A_ d( A_ df;

r2+a%2dr \r2+a2 dr

)—Vafa =0,

from which we obtain that f; € C°.
It remains to check the boundary condition at the horizon. The lower semi-continuity
of convex functionals with respect to weak convergence implies that

of AL |df, P - r2+a?
- JYn + V n 2 d < i
/r+ (,,2+a’2Z ar wx Mal” | dr = va,
whence
*f A dfa ~ r +a?
Y dr <0.
/r+ (}’2 +a?|dr | fal ) r=
Hence
o0 A_ dfa 2
Y] d : 3.4
/,+ Zvat|dr| % (34)

Near r,, the local theory (Theorem 2.1) implies that there exist constants A, B and
non-zero analytic functions ¢; such that

fa = Ag1 + B(log(r — ry)ea + ¢3).

/°° A_
24
ry

whence B = 0. Hence f; satisfies the horizon regularity condition. O

If B # 0, then

dfal?

dr = oo,
dr

Remark 3.9. From Lemma 2.18, we already know that |a| > rf /€. In[HS11], itis shown
directly that, if the Hawking—Reall bound is satisfied, there are no periodic solutions.
One can easily see that the proof generalises to the case when the Hawking—Reall bound
is saturated. Thus we even obtain |a| > rf /L.

Corollary 3.10. Assume our choice of parameters, a = a and w = w,. Let Cy € C.
Then the radial ODE (2.3) has a unique solution satisfying u(ry) = Co and the Dirichlet
boundary condition at infinity.
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3.2. Perturbing the Dirichlet modes into the complex plane. We have shown that, for
given £ > 0 and o < 9/4, there exists a real mode solution in a Kerr-AdS spacetime
with parameters (£, r4,a) and w = wgr(0) := Eam/ (rf + a%). Henceforth, we shall
denote the chosen a simply by a. Now we wish to vary w and «, keeping all the other
parameters constant. Keeping u(ry, o, ) fixed, satisfying |u|(rs, w, @) = 1, the local
theory yields a unique solution to the radial ODE of the form

u(r,a,w) = A, w)h(r, @, w) + B, w)ho (r, a, w)

for large r, cf. Lemmas 2.7 and (2.5). The functions A and B are smooth in @ and
«. Finding a mode solution is equivalent to finding a zero of A. We already have
A(x(0), wr(0)) = 0. Write A = Ar +1A;. Recall

Or(r) = Im (u'u)

and that

dor r2+a? 5
()= Im(V—a))

Q7 (ry) = Bam — wr(r? +a?),

where we have used |u(ry)| = 1. We have

QT(r)=|A|2LIm %h_l + B A%B_hg
r2+a? dr r2 + 42 dr

A_ dhy—— s A dhy —
+ -2 im (BE2 A0, ) + 1B m (2%,
dr r2+a? dr

and hence

1 1 9 — 1 1 9 —

2 9 1/2 .

due to the asymptotics of the ;. We obtain

o 2 +ad?) +/oo S (V 2) ar =2 (2 1/2Im(A§)
oam — (1 a”)w — r = — - — .
* R A_ 2 \4

I+

Now we differentiate at wg = wg(0) and o = «g with respect to wg and «:

a2 (2 1/21 0A 2\ _ 2 (9 172 0A1 , _ DAR
—(r — — _ — m JE— pp— _ — _ R —
FTAI= A\ T Jor 2\s "¢ dor X dop !

(3.5)

0= 2(° 1/21 04 - 2 (9 172 0A1 , DA,
=—|-- m | — =—=\|-- —_— -
2 \s Yt 2\s ™ “ da KT o U1
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To extend the coefficient A(«, wg) = 0 to complex w, we want to appeal to the implicit

function theorem establishing
AR AR
det| 4% 7%, ) #0.

dwr Jda

From Egs. (3.5) and (3.6) we see that this holds if

dA
e (@(0), wr(0)) # 0.
o

This is true indeed:

Lemma 3.11.
0A
a—(a(O), wr(0)) # 0.
o
Proof. Suppose dA/da = 0. Then we have
du B
a—(r, wr(0), 2(0)) = — (wr(0), 2(0) h2(r, wr(0), 2(0))
o Ja
ahy
+ B(x(0), wr (0))50, wr(0), 2(0)).

Thus du/d« is polynomially decreasing at infinity as r—!/2=v?/4=2(0) and extends
smoothly to r = r;. Defining the derivative u, := du/do, we get from the radial

ODE
A_ d A_ dugy v
— — ) —Vu
r2+a2dr \r2+a? dr ¢
B [ A_ oA 1 A

m£ — 6—2024_—;2)2(7'2 + @(a)az):| u.

Multiplying by u and integrating by parts, we obtain at wg (0) and «(0)

/Oo _ A (a—k - gLZ(rz + @(ot)az)) u|* dr = 0. G.7

2 +a?? \ o

Now the two cases ¢ < 0 and 0 < o < 9/4 have to be treated separately. If « < 0, then
Proposition A.3 readily gives dA/da < 0, so that # would vanish identically.

For o > 0, we need to use the formula for d1/d« from Proposition A.3. Together
with (3.7), this yields

A Tl 2 2.2 2 2
—_— — | =r“—a“cos” ) |S|°sin ¥ |u|”dydr =0,
. PPra?? Jy

whence we get the same contradiction. O
3.3. Behaviour for small ¢ > O for Dirichlet boundary conditions. From the analysis

of the previous section, we have a family of mode solutions u(r, €) to the radial ODE
parameters (w(e), m, [, a(e)), where
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w(e) = wr(e) +1e.

The mode u satisfies the horizon regularity condition and the Dirichlet boundary condi-
tion at infinity. This proves the first part of Theorem 1.6. To prove the second part, we
would like to study the behaviour of w(¢e) and «(¢) for small ¢ > 0.

To obtain the following statements, we potentially need to make |m| even larger than
in the previous sections.

Proposition 3.12. If |m| is sufficiently large, we have
0
wr(0) 22 0) < 0.
ae
Proof. Define
Or :=Im («'ou).

Let ¢ > 0. We have QT(oo) = 0. Moreover

Or(ry) =Im( - 25) jul*(ry) = 0
ry+a

+

since £ has a positive real part (see (1.10)), u ~ (r — r+)5 and hence |u|(ry) = 0.
Furthermore, using the radial ODE, one computes

dQT A_ dul> r2+a? PN 2
ar = —Sm d_r A Im ((Va —w )(,()) |M| .
Hence
*° A |dul* r2+a? e\ 12
/r+ (sm |~ —m ((Va —w )w) w?)dr=0 (38
with
—Im ((V, — ))@) = —— (V+(r2 +a2)? + 0202 +a®)? — B2a’m?
(2 +a?)?
o 2, 2 A_ 2 2\—
— A0 +a ®(a))) Ty (O

From Proposition A.2, we know that —Im (Aw) > 0. Hence

—Im ((V, — 0?)®) > Vir? +a®)? + w2 +a*)? — B2a*m?

&
el

_ %A_(rz +a2®(a))) _ a2elw)?. (3.9)

(r2 + az)2
We set
K(r) := |o]>(r* +a®)? — B2a’m? — A_d* ||’

We have

dK() lw> (41 a’ 3420 M +24% (1 a’ 0 (3.10)
_ — - - — > 0. .
dr r w Ez r a a £2 r
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As already used in Sect. 3.1, there is an R > r; such that, for» > R,

1 A_

Vi+Vy > —@—rz_i_az.

By an application of Lemma 2.17, we conclude

el — i (0e - e?a) ) o

For the sake of contradition, suppose K (r+) > 0. Then, by (3.10), K > 0 on (r4, 00),
whence we obtain strict positivity for (3.11). As
m2a2 82

2 _
OF = 55

and as, for fixed ry, a is bounded away from zero for all m,
lw(0)[* = Cm?.

Since € > w(g) is continuous, |w|? scales as m? for small ¢, so dK /dr can be chosen
as large as possible at » = ry, in particular, it can be used to overcome the potentially
non-positive derivative of the remaining terms of the right hand side of (3.9) on (r4, R).
Then, (3.8) implies u = 0, a contradiction.

Hence K (ry) < 0 which is equivalent to

2
wR(£)2 +e2 < (ﬂ) .

r2 +a?
This in turn is equivalent to the claim. 0O
In the following, we will fix an |[m| > mg such that Proposition 3.12 holds.

Remark 3.13. The choice of m could have been made right at the beginning as the choice
of mg in Lemma 2.13 is independent of the largeness required for Proposition 3.12.

The next proposition shows that the mass « is at first increasing along the curve
obtained by the implicit function theorem. The proof requires a technical lemma which

is given at the end of this section.

Proposition 3.14. Let «(0) < 9/4. Then

da
—(0 0.
88()>
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Proof. Define

Then

9 ( A_ aug) (V=) (?+a?) 9 (r2+a2~)
I — Viu.
.

_— JE— Uy = —
ar 2442 or A_ ¢ de A_

We would like to multiply this equation by & and then integrate by parts, but, at r = ry,
ue does not satisfy the boundary conditions of a mode solution. However, using u ~
(r —ry)~1/27¢® for all & by Sect. 3.2, u; ~ logr(r —ry)~'/>7% and hence satisfies the
Dirichlet boundary condition at infinity.

We know that

Eam — (rf + az)a)(s)
oy A_

f(r,e) :==exp (—i log(r — r+)) u(r, e)

is smooth, whence

af .2 s dog(r —ry) (dwr .
26 =i(ry +a°) 3,0 () " +i) f(r,¢e)
. . Bam — (rf +a2)w(8) log( )
exp | —i og(r —r u
P 0, A (rs) R A
and
2 2
rt+a 0w 0
ug(r,0) = 8,Z,(r+) (1 —1i a:) log(r — ry)u + %(r, 0).
We have
d A_  dug _ d A_  dug_ d A_ du
dr \r2+a? dr "= dr \r2+a? dr " dr r2+a2u8dr
N d A_ du
o — [ ——— =
fdr \r2+a2dr
and

2
|

dug _ du rf +a? LOwR 1
— U —Ug— = —————— —1—
dr dr 0, A_(ry) de

. rf +a? ! LOWR log( y du
_— —_— 11— og(r —r. m —Uul.
RA_(r) e ) OBV T dr

r—ry

We conclude that

A_ du _
r2— log(r — r+)Im d—ru

+a?
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is zero at r = ry. Thus evaluating the radial ODE at ¢ = 0, multiplying it by u, taking
real parts and integrating by parts yields

( )|2 /OO r2+azRe v
—|u(r = —
- o A ae

For o # 0, the derivative is given by

v AL I 2 dog
Re (88) - = 7(’.2 +a2)2 [Re (88) +2a Q)R(O)ag(o)}

A- 2maua R 0) —2a>,e(0)8‘“—’e(0)ﬂ
(r +a?)? de de r2+qa?
1 9o A
2 9e (F2+a?)?

A_ o dwpg
= m |:Re (8 — 27'_%0)R(0)88(0)) - [237(7 + O(a)a )i|

r2

—2wR(O) L0 (3.13)

lu)? dr (3.12)
=0

r* + O(@)a)

Noting that foﬂ |S|2sin 9 d® = 1 and using Lemma 3.15 to eliminate the dependence
on A and then Proposition 3.12, we conclude that d«/d¢(0) needs to be positive to make
the integrand of (3.12) negative. The restriction to & #% 0 can by removed by continuity
of the reflection and transmission coefficients A and B. O

Lemma 3.15. At ¢ =0, fora <0,

b4 2 2 2
SO 9
/ 2|22+ (2 +a) L | T TR L L o9 Y
0 2] Ay de L2 de

+Re | — ) )IS|"sinvdy =0
de

and, for a > 0,

/” 2| Ea +(rf+a2)ﬁ 0’9, —awR—ﬁ oY
A Ay, R T V%

3)» 2 .
+Re (£ )|S| sin® d = 0.
de

Proof. Leta > 0. Set S, := 05/0¢. Then, differentiating the angular ODE with respect
to ¢, evaluating at ¢ = 0, multiplying by S, taking the real part and integrating by part
yields the claimed identity. An analogous computation yields the result fora > 0. O

3.4. A continuity argument. We now deduce Theorem 1.8 from Theorem 1.6. In this
section, we fix £ > 0 and o9 < 9/4. In the previous sections, we have produced a
curve ¢ — ag(e) of masses with dag(0)/de > 0. This means that the constructed mode
solutions will solve a radial ODE with a different scalar mass. This section formalises the
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intuitive idea of “following up” the curves € — «/(¢) starting at an « close to «g until one
“hits” the desired mass, which is made possible by da(0)/de > 0. The proof consists
simply in establishing necessary continuity and carefully choosing neighbourhoods. This
can be divided into two independent steps.

1. We show that the function mapping « to the corresponding 4 is left-continuous.

2. We show that, for « and corresponding a sufficiently close to ag and the corre-
sponding dg, the implicit function theorem guarantees a curve, starting at & and the
corresponding a and real frequency w,, which exists “long enough” to “hit” o.

Note that, for any f € Cgo (o, r4,a) = Lyr, qo(f) defines a continuous function.
For a given f € C(°, define the family of sets

Aa,u(f) ={a>0: Eoz,u,a(f) < 0}
and

Ag.r, = U Aa,r, (f)
fece
={a>0:3f €CF: Lar,alf) <O}
Remark 3.16. Ay, corresponds to the set .4 from Sect. 3.1.
Define the function
d: (—00,9/4) x (0,00) = (0,00), D(a,ry):=inf Ay,
if Ag.r, #0.

Lemma 3.17. Let 0 < ry < L. Then there is an interval I C (—00, 9/4) with g € 1
and an mq such that ® (-, ry) is well-defined for all « € I and |m| > my .

Proof. The set A, ,, non-empty, open and bounded away from zero forall « € I C
(—00, 9/4) by Remark 2.16, whence ® (-, ;) is well-defined.

We shall fix r, now. Moreover, we shall fix an m > mg > 0.
Lemma 3.18. The function ® (-, ry) is non-increasing in o € 1.
Proof. Suppose @ (-, ) was not non-increasing. Then

inf Ay, <inf Ay ,,
for some o < «’. Hence there is an @ > 0 with
inf Ay r, <a <inf Ay ,,
and an f € C{° such that
Lorya(f) <0 =Ly r, a(f).

This contradicts that Ly, o (f) > Ly r, o(f) forall fandaifa < o, O
Lemma 3.19. The function ® (-, ry) is left-continuous at oy, i. e.

Iim (o, ry) = P(ag, r4).
atap
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Proof. Suppose @ (-, ry) was not left-continuous at . Then there is an ¢ > 0 such that,
for all § > 0, there is an @ < g with

o) —a <06
and
D (o, ry) — Plap, 14) > &.

Then there is an a between ® (o, r;+) and P («, r4) such that there is an f with a €
Awo.r, (f), but, for each 8, there is an o with a ¢ Aqy », (f). Since Ly, r,.a(f) < 0 and
due to the continuity of £.(f), there is a § > 0 such that for all ) — o < §, we have
Lor,.a(f) <0,ie.a e Ay, (f),acontradiction. O

For o € I, we define
m®(a, ry) (1 - —CD(OerJ')z)

Qr(a) =
r(@) r2+ ®(a, re)?

(3.14)

As shown, this is left-continuous at «.

Now we turn to the second step. Recall that, for all @ € I, there is a periodic Dirichlet
mode with frequency w = Qg(x¢) € R in a Kerr-AdS spacetime with parameters
€, ry, (e, r+)) by Proposition 3.8. Using Sect. 3.2, we can find unstable Dirichlet
mode solutions with frequency w = wg + iw; = wg(e) + ie (where wg(0) = Qg (x))
to the Klein—Gordon equation with mass «(¢) (where «(0) = o). As by Lemma 3.17
the results of Sect. 3.3 hold, we know that

0 0
Zoy=0. ZE0) <o. (3.15)
e oe

In this section, B, (x) will denote an open £°° ball of radius ¢ centered around x € R4,
i.e.

By(x) := [y eR*: max xj —yjl < Q]~

We view the column vectors (o, wg, wy, a)’ as points in R4,

Consider
AR 0AR
L dwr o
D ._det(aAl BAI)'

Jwgp Jda
It was shown in Sect. 3.2 that D(«, Qg (@), 0, (o, 1)) #Oforallx € 1.
From Lemma 2.9, we know that A is smooth in «, w and a. Hence there is an
L > 0 such that D # 0 in By (o, Qr(xg), 0, ®(xp, r+)) and such that, for all values
(o, Qr(a), 0, P(a, 1)) € Br(o, Qr(ap), 0, P(ag, 7+)), we have o € 1.
Hence in this neighbourhood, the vector field

0AR AR () -1 /54

da  dwg dwy
0A; 0A dA
Woee_| 7 3oz 0 O Tor
0 0 —10 1
0 0 0 -1 0
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is well-defined. It is this vector field whose integral curves describe the solutions given
by the implicit function theorem as applied in Sect. 3.2. In particular, solving the ODE

d
3¢ (@(8), wr(#), w1 (2), a(e))' = Wa(e), wr(e), wr(e), a(e))

with initial conditions (¢, Qg (®), 0, ®(«, r1)) (@ € I) gives the previously introduced
a(e) and wgr(e).
Set W := (W%, W®k W*r W), By (3.15),

W*(ao, 2 (a0), 0, @ (eg, 74)) > 0
and
W (ag, Qr (), 0, ® (g, r1)) < 0.
Let § > 0. Again by smoothness of A, there are ¢ > 0 and L’ < L such that
W — W (ao, 2r(0), 0, @(c0, 7+))looc <& and W > 0, Wk < —p

in By (g, Qg (), 0, (ag, +)).
We now study integral curves of W in B/ (ag, wr (), 0, ®(xg, r4+)). Let

T y(t,p)

be the integral curve of W with y (0, p) = p € B/ (g, Qr(xp), 0, ®(xp, r+)). Define
the map

T : Bypj3(ao, Qr(a), 0, @(ap, r4)) — R,
T(p)=inf{r>0: y(z. p) € Barjs(eo, Rr(@0), 0, Sleto, )}

The set {1: >0: y(z, p) € Bapz(@o, Qr(a), 0, P (o, r+))c} is non-empty since

d
—uwi(t) =1. (3.16)
dr

Therefore T is well-defined.
Lemma 3.20. T is continuous.

Proof. For this proof use the abbreviation B := By 3(cg, Qr(a0), 0, ®(ap, 74)). Let

po € B, 9 :=T(po) > 0.Let0 < ¢ < 19 such that y(z, pg) € B for Tn+e <1<
70 + 2¢, which exists by (3.16). Define

dy = min{dist(y (t, po), dB) : 0 <71 <7109 — ¢}

We claim that d; > 0. Suppose not. Then there is a 7/ € (0, 7o — ¢] such that
dist(y (z/, po), 9B) = 0. Since

We>o0, W9R<—p W=1 W*'=0, (3.17)

whence W is not parallel to any side of the boundary d B of the £°° ball, this would imply

that y (z, po) € B fora range of 7’s in a small neighbourhood of 7’. This, however,
contradicts 79 = T (po). Hence d; > O.
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Furthermore define
dy = min{dist(y (t, po), dB) : o +& < T < 19 + 2¢}.

Using (3.17), we can see again that dy > 0. Set d := min(dy, d2).
Set

G :={y(t,po) : T €[0, 10 +2e\[to — &, 10 +¢]}

Since the solutions of linear ODEs depend continuously on the initial data, there is
a d > 0 such that, for all p € Bs(po), y(t, p) is in a d/2-neighbourhood of G for
all T € [0, 79 + 2¢]\(z0 — €, 10 + ¢€). Thus for all p € Bs(po), T(p) > 190 — € and
T(p) <to+e,i.e.|[T(p)—T(pyl <e. O

Hence there exists a Ty > 0 such that

T(p)>To

forall p € By /3(at0, Qr(0), 0, P(ap, r+)). As continuous functions attain their mini-
mum on compact sets, 7y can be chosen to be positive. This shows that all integral curves
of W starting in By /3(co, 2r(a0), 0, ®(ap, 74)) exist for 0 < t < Ty and remain in
Bp (o, Qr(0), 0, (o, 7+)).

We can prove the following

Lemma 3.21. Given (2(0), wr(0), 0;(0),a(0))" € Bp3(ao, Qr(a0), 0, (o, 1))
with

ap — Too < a(0) < ap,
let
s > (a(s), wr(s), wr(s), a(s))'

be the integral curve starting at («(0), wg(0), w;(0), a(0))!. Then thereisat € (0, Ty]
such that a(t) = .

Proof. The ODE yields

To
a(Tp) = a(0) + A W (a(s), wgr(s), wr(s), a(s)) ds

> a(0) + Too-

If ap — Too < x(0) < «p, then a(Tp) > «p and, by the intermediate value theorem,
thereisa t € (0, Tp] such that a(t) = 9. O

The function ® (-, r;) induces the curve
F A (a7 QR(a)v 05 q)(aa r+))t

for « € I; it is continuous on the left at «g. The result of the previous section says
that along this curve, the implicit function theorem produces parameter curves that
correspond to superradiant modes; these parameter curves are exactly the integral curves
of W starting on a point of I". Since I is left-continuous,

' N By j3(ao, Qr (), 0, D(ap, r4)) N {eo — Toe < «(0) < ap} # 0.

This shows Theorem 1.8.
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4. Growing Mode Solutions Satisfying Neumann Boundary Conditions

4.1. Existence of real mode solutions. In this section, we will construct growing mode
solutions satisfying Neumann boundary conditions. Every result has a counterpart in
Sect. 3. In the following, whenever proofs will be short in detail, the reader can extract
those from Sect. 3. The two novel techniques in this section are the use of twisted
derivatives with appropriately modified Sobolev spaces and a new Hardy inequality
(Lemma 4.2).

Fix £ > 0 and r;. In this section, we look attherange 5/4 < o < 9/4,1.e.0 <k < 1,
for Neumann boundary conditions.

To treat the Neumann case variationally, we need to modify the functional, so it
becomes finite for Neumann modes. We achieve this by conjugating the derivatives
by a power of r; more precisely, we consider the twisted derivative h% (h_1 -), where
h = r~1/2*<_This “kills off” the highest order term of the Neumann branch. Moreover,
squaring the twisted derivative term does not introduce any “mixed terms” in f and its
derivative; it only produces a zeroth order term that also makes the potential finite.

Thus introduce the twisted variational functional

- o0 A_ d
Lp = (—r2+azh2 o (')

where Vah as in Appendix B, i.e.

~ ~ 1 A_ 1 . d A_ 3
h 5—kK —5+K
Va V“*(z"‘)m“ a(m” : )

By Lemma B.2, \7;’ = O() and Vuh is positive near infinity for sufficiently large

|m|, which shall be assumed henceforth. Moreover, Vah is chosen such that the twisted

variational problem leads to the same Euler—Lagrange equation as the untwisted one.
For U C (r4, 00), we define the twisted Sobolev norm

1 d /AP
10, :=/U(r—2|f|2+r(r—r+)h2 —(n lf)‘ )dr.

Note that for U < (ry, 00) compact, the H ,1( norm is equivalent to the standard Sobolev
norm. For U = (ry, 00), let H, ,1{ (U) be the completion of functions of the form

2 )
_ri+a’ o
+Vy Tlfl )dr,

F0) =r 1) @.1)

under ”'”Hl(U)’ where (x — g(1/x)) € C8°[0, 1/r4). Henceforth, we will sometimes
refer to such a function g as being “compactly supported around infinity”.

Lemmad.1. Let f € ﬂ,ﬁ(m, o0), then f is also in C(ry + 1, 00) and rl/z”‘f(r) is
bounded.

Proof. The existence of a continuous version follows from Sobolev embedding as in
Lemma 3.2. Then, there exists a sequence (f,) € C as in the definition such that
fu— finHL Let R > R > ry and let f,(R) converge to f(R):
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RV (fuR) = fR)| = [r P2 (fu(R) = f(R))|
Rlq
- 1/2—«k _
+/R ‘dr (e f))‘ dr
< [P R - Ry
~ 5 1/2
_ —1+2c | = _
+ (/R r(r —ry)r i (fn dr)
00 1 ; 12

Hence r'/>7% (f,(r) — f(r)) converges uniformly for all » > R. Hence we even have
convergence at r = 00. Since lim,_, o pl/2—« Jfn(r) # oo for all n, we obtain the result.
O

As in Sect. 3.1, choose mode parameters such that the conditions for Lemma 2.19
are satisfied. Let

={a>0:3(xr g(1/x)) € C0, 1/ry) : Lo(r™ '/ g) < 0). (4.2)
Note that A is non-empty, open and bounded below.

Lemma 4.2. Forrey > r++1,0 < k < 1and a smooth function f with fr'/?=% = O(1)

at infinity, we have that
o0 |f|2 1 f ¢ Feut 1 Feut
[ Y P
Teut r 2(1_K) 2 reut—1 2c ret—1
d /1 )2
— d
dr (r ! :

1 00
+ / r—1+2K
(1 =6)? Jrew

for any ¢ > 0 sufficiently large.

df

2
— dr)

dr

Proof. We compute:

00 2
L/ 1 1y 0
- dr= —
/rcu[ r2 r 2(1 _K)rcut|f| (cht)

N 1 /00 F2—2Re (rl/ZKfi (rl/ZKT)) dr
1=« Jrw dr

Using the Cauchy-Schwarz inequality, one easily sees that

e’} 2 1
/ TE 4 < P

r
+ 1 /OO r—l+2K
(1 - K)z Feut

Let x > 0 be a smooth function of compact support with x (rey) = 1 and x = 0 for
r < reut—1. Then

cut

dir (rl/z_Kf) ‘2 dr.
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A

|f|2(rcut) = |f|2(rcut)X(rcut)

Feut 1 Teut
5/ |f|2dr+—/
2 rent—1 2c rent—1

for any ¢ > O sufficiently large. O

df
dr

2
dr

IA

Lemma 4.3. Let a € A be fixed. There exist constants ry < By < By < 00 and
Co, C1 > 0, such that, for large enough m, we have for all smooth functions f for which
the following integrals are defined that

INGEHG

Proof. The proof follows the strategy of Lemma 3.3. The analysis of the potential goes
through as in Sect. 3.1 as the twisting part of Vah does not depend on m and has the right
asymptotics. Thus we know that there is an R; such that

: I f1? B i
+C01[B°’B‘]Er_2 drfCl/B | f1°dr +2L,(f).

0

r’+a® .,
A vV, >0

on (r4+, R1). Moreover, there is an R, > R; such that

r? + a2 ~ C C A_
|%

> —— and
A_ ¢ 2r2 (1 —x)?2 214l

for r > R». Hence

©rita o, o L[ Ao o
VIflIodr = —= 7
Ry A_ 2 Ry—1 r<+a

Ry
—C’/ |f1*dr
Ry—1

for some large constant C’ > 0 by the Hardy inequality of Lemma 4.2. Choosing By, B1,
Cy and C| appropriately (as in the proof of Lemma 3.3), we obtain the inequality. O

2
dr

(;ir (rl J2—k f)

Lemma 4.4. The functional Ea is weakly lower semicontinuous in H ,]( (ry, 00).
Proof. See the comments to Lemma 3.5. O

Lemma 4.5. Let a € A. There exists an f, € ﬂi(m, 00) with norm || full; 2 1

(r4,00) =

such that L, achieves its infimum in
Hy(re, 00) N ILFll 2y 00) = 1)

on fg.

Proof. The proof is similar to the one in Sect. 3.1. We obtain a minimising sequence
(fa.n) that converges weakly in ﬂ,l( and strongly in L? on compact subsets of (., 00).
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In analogy to the Dirichlet, the f, , are can be taken from a dense subset and can be
chosen to be of the form f, , = r~!/ e 8a.n for g, , smooth and compactly supported
around infinity.

We will show that the norm is conserved. Suppose not. Then, for any N, there are
infinitely many of the f, , such that

| fan ||L2((r+,oo)\[r++1/N,N]) >0>0.

Suppose
| fan ||L2(r+,r++6) ze1>0
for infinitely many f,, and any 8 > 0. Because of the L? convergence on compact

subsets, there is an R such that f, ,(R) — f4(R) as n — oo, in particular f, ,(R) is
bounded for all n. By Lemma 4.3, we have for r € (ry, R):
- (r/l/z_K fa,n)‘ dr' + Rl/z_K.fa,n(R)

R
1/2—
1/ "fa,n(rns/r »
5 12
dr/)

R 1/2
1 /
< / dr
( r r'—ry )
R d
o / (' — 1 (r/l/fo( 1, n)
, dr’ ’

+ RYZ £, 0(R)

R—r;
§C(1+ log )
r—r.

for a constant C > 0. Since r +— /| log(r — ry)| is integrable on compact subsets of
[r4+, 00), we obtain || Jan |’£2(r+,r++8) — 0 as § — 0, a contradiction.

Hence we only need to exclude the case that the norm is bounded away from zero
for large r. Thus, suppose that

” fa’”HLQ(RO,oo) >02>0

for infinitely many f, , and any Ry > 0. Since f;, ,(r+) = 0, we have
1_ "ld ool
r?2 K|fa,n|(")§/ —(I’/Z Kfa,n)
r |dr

0 1/2 0 -
+2K
5(/ r1+2xdr) (/ r
Iy Iy

which is uniformly bounded for all n. Hence

oo |fa n|2 oo
s I —3+2k
/ 5 dr <C / r dr - 0
R r Ry

0

dr’

i ("%_Kfa,n)

as Rp — 00, a contradiction.
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As in the proof of Lemma 3.6, we have
Vg < Ea(fa) =< linlgio%f Ea(fa,n) = Vq
and the rest follows. O

We would like to derive the Euler—Lagrange equation corresponding to this minimiser.

Lemma 4.6. The minimiser f, satisfies
o A ,d ~ 1 r2 +a? *® fa
/r+ <r2+a2h dr ( fa) ( W) Va Ja¥ G v zwd
(4.3)

forally € H (r+, 00).
The proof of Lemma 4.6 can be found in Appendix C.

Proposition 4.7. There is an a and a corresponding non-zero function f; € C*(ry, 00)
such that

A_ d( A df;

r2+a?dr +a2% dr

)—Vafa=0

and f, satisfies the horizon regularity condition and the Neumann boundary condition

at infinity.

Proof. As in Proposition 3.8, we find an f; € H, ,1( such that

/:o (rZAJr_&zr_HzK% ( f“) (r%_K’p) + Vi —— e faI/f) dr = 0.

Choosing ¥ (r) = pa g(r) with g having compact support around infinity and inte-
grating by parts, we obtain

A_
r2 +a?

r—1+2,<;r ( aKfa)g =0

as r = oo for all g as in (4.1). This yields the asymptotics.
Moreover, as in the proof of Proposition 3.8, we retrieve the ODE. The boundary
condition at the horizon follows analogously to Sect. 3.1. O

4.2. Perturbing the Neumann modes into the complex plane. In Sect.4.1, we constructed
real mode solutions for 5/4 < o < 9/4 satisfying Neumann conditions. For the growing
radial parts, we proceed as in Sect. 3.1 with the difference that here, finding a mode
solution is equivalent to finding a zero of B. The present case is considerably more
difficult than the Dirichlet case. A first manifest difference is the asymmetry in the
definitions of Dirichlet and Neumann boundary conditions since a Dirichlet mode has
more decay than required by Definition 1.5. This means that if a function satisfies the
Dirichlet boundary condition for a mass «1, it also does so for every «; sufficiently
close to 1. As Definition 1.13 is tighter, this is not true in the Neumann case. Another
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difficulty stems from twisting as the dependence of the equations on « becomes more
complicated.
We have already chosen B(«(0), wg(0)) = 0. Recall from Sect. 2.4 that

d
Or =Im (r_iwﬁ (ﬁ‘"u) ﬁ) , Or(ry) = Eam — wR(rE +a?).
r
Hence, analogously to Sect. 3.2, the problem reduces to showing that

0B
e (@(0), wr(0)) # 0.
o

Again, for the sake of contradiction, suppose that this is not the case. Then, near infinity,
we have

d0A
ug(r, 2(0), wg(0)) = a—a(ot(()), wr(0)h1(r, 2(0), wg(0))

oh
+ A(2(0), wr (0))8—;0, a(0), wr(0)).

By the horizon regularity condition, u ~ (r — r+)§ near the horizon, uy is smooth at
r = r+. However, u, does not satisfy the Neumann condition at infinity as the second
term behaves as /2"y log r.

Let f: (ry,00) = Cbe C I and piecewise C2. Then the function

v(r) == uq(r) — —f(r)u(r) =ua(r) + —f(r)u(r)

does satisfy the Neumann boundary condition if, for large r, f(r) = logr + O(r™7),
where y > 0.
From the radial ODE, we obtain

d A_ d 2442 . 1 a1
—(—ﬂ)—r T Vaua:—z[———(r2+a2)i|u.

dr \r2+a? dr A_ r2+a

Lemma B.1 yields a twisted version
1d( A- ,d (u 12 +a? I Jor 1
S h? o (SE) )+ Vi - % _Lorvay|u
hdr( 2+a? dr \h “ Al T 24 a2 | ba Kz(r @) |u

—1/2+k

We will use the previous twisting, i.e. h = r
For the second term of v, we compute:

1d{ A ,d/u d { A Ldf
el (el _nt e W) (!
h dr (r2+a2 dr (fh)) dr (r2+a2 dr) “)
A Ldfd

h? h!
r2 +a? drdr( )

+h—1f— A- h2—(h—1u)
dr \r2+a2 dr

+2h
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We add this to the equation to (4.4) multiplied by 2«x. Then we multiply the resulting
equation by u and integrate by parts, noting that v satisfies the Neumann boundary
condition. Hence we obtain

® 2 (01 a*
0=/ ﬁ(———z)“"zdr
r, re+a® \da (L
2 2 d ( A_ ,d
_/(gzr 5 lul® _(2 22f)’h1’)dr
rn \{"1r°+a dr \r*+a
© A_ ,|d 1 2 ~hr2+az )
_2/” f(r2+a2h S| e R ) e @)

A_
Our aim is to show that the right hand side of (4.5) is negative, which yields the desired
contradiction.
From Sect. 3.2, we already know that

© 2 (or a? © 2 T a
/ e (ot |u|2dr=—/ —K/ 9 cos2 9|S|? sin o |ul? do dr
re r2+a? \0a 02 r r2+a? Jy 02

has the right sign. We set

1 R%¢
10gl"+ﬂrT, r>R

f@r) = (4.6)

1ogR+%, r<R

for an R > ry + 1 to be determined. Note that f is continuously differentiable. For

r > R,
f 1 R2/<
_( ) - ; }"2K > 0’
whence f is monotonic.

First, we choose R sufficiently large such that Vuh > 0 for r > R according to

Lemma B.2, whence
2 2, 2
-, +a
+ Vf|u|2) dr
A_

o0 A_ 2
—— h
/r+ ! r? +a?
1 e A_ d 2 r2+a?
= (logR+— ——= p*|—(h! 2)d
(og 2x)/,+ (r2+a2 (h™u) A |u] r

dr
o0 1 R2K‘ A 2 B 2+ 2
+/ log =+ — (S — 1) ) -2 i? w2 )
R R 2k \ r% r2+a? A_

which is non-negative since the first integral with the constant coefficient is zero and the
second integral is positive. For r > R, one easily computes

d

P (h_lu)

+ Vah

d
G0

2% r? _zd( A_ 2df)_ 2ka’ /0% + 2k —2) R2"1

“=_° — == 2L 2 L OG3
222 +42 dr \r2+a2  dr r2 r )
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Therefore, there is a C; > 0 such that

® (K r? ,d A_ d < |y)?
/ Sl - — 5 2h2—f |u|2dr>—C1/ %dr.
R 2 re+a dr \r<+a dr R T

We can prove the following Hardy inequality:

Lemma 4.8. Let u satisfy the Neumann boundary condition at infinity and let B > 0.
Then

1 2

r2 *u

. 2
rff"u(r)‘

2
dr < lim —'B
r— Rﬂ

o
482 2-2%-p (1 _ (L 02
A ()

Proof. We compute

|
/R r1+B

1
r2 " y

yielding the result. O

Since

. 2
rff"u(r)‘ —- 0

. 2B
€ lim, %e
as R — oo, by choosing R possibly larger, we obtain

1_ 2 2 ar  a? )
r2 Ku(r)) <‘/r+ m(a_a_ﬂ_z) |Lt| dr.

2

28
Cipp im

For convenience, set Cy := 4/32C 1. Since f/ah ~ r—*, we need to show that
00 2 o] 2K
1 (R A_ d
S A (A L) SESRATYRY)
r T2 R R 2k \ r2 r2 +a? dr

We will deal with the two cases 0 < ¥ < 1/2 and 1/2 < k < 1 separately. Let us
first consider 0 < x < 1/2. We choose 8 = 2«. Note that in this case

/°°_|u|2dr</°° ! r
R r2 — R r1+2K

Lemma 4.9. Let C > 0. There is an R such that, for allr > R,

e (1= (5)) = rz(log . ((5) - 1))

2
dr.

%))

2
2=y dr.
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Proof. 1t suffices to show that

2 2k
~ae (p (D) L ((RY -
cr (1 (R) ) SlOgR-i-Zlc((r H

As this holds at r = R, it suffices to show the statement for the derivatives. Substituting

x := r? we need to show

0 <x?>— (R* +4kCR *)x +4kC = (x — R*)(x — 4kCR™%).
Therefore, the result holds if R* > 4«C. O

This lemma immediately yields (4.7) for 0 < k¥ < 1/2. Let us now turn to 1/2 <
k < 1. Here we choose 8 = 2 — 2k.

Lemma 4.10. Let C > 0 and 1/2 < k < 1. There is an R such that, for allr > R,

(-5 = rz(log At ((5) g 1))

Proof. As equality holds for » = R, it suffices to consider the derivatives, i.e. we would
like to establish

r 1 [(R\* 1 R\ 1
ol ()N (- (B)
R 2« r r r r
r 22k
—2C ((E) _ 1) (2 _ 2K)R_2+2Kr1_2K > 0.

This again holds for r = R, so, after dividing the inequality by r, it suffices to prove the
corresponding inequality for the derivatives, i.e.

o P RY* 4Ck2— ) (D)
; ‘“”(7) —4cx@2 =205 (%)

+ 2C(2 — 2k)(4k — )R~ 174 >

The last term on the left hand side is always positive. Thus the left hand side is greater

than
K 1 (R\* 1 1\ 1
——4ck-2)—= (=) =(=-4c=)-,
r R \r 2 R)r

which is positive for sufficiently large R. 0O

Therefore, for both ranges of «, the right hand side of (4.5) is bounded below by

Ry 2 ’ o r 1 (R* _arr+at
— Z_Z—r2+a2|u| dr — 2 IOgE'FZ TS -1 Va —A |M| dr <0
ry R -

for non-trivial u, a contradiction. Thus we have shown the following

Lemma 4.11.

oB
Yo (@(0), wr(0)) # 0.
o
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4.3. Behaviour for small ¢ > 0 for Neumann boundary conditions. The main new
idea of this section can be found in the proof of Proposition 4.13, where the insights
of Sect. 4.2 are essential to overcome the difficulties outlined at the beginning of the
previous section.

Proposition 4.12. For sufficiently large |m|,
0
wR(0) R 0) <0
ae
Proof. We define an appropriate modified microlocal energy current
~ 1 1 /
Or :=Im (r2+K (ﬂ*") W)
Lete > 0, then Q7 (ry) = Q7 (00) = 0. This yields
<( A_ d 2
/ (Eﬁhz —_— (h_lu)
Y re+a dr

Similarly to Sect. 3.3, we obtain

*+a? Sh— i 12
Im (V'@)[ul* ) dr = 0. (4.8)

—Im (Vfa) i 2)2 (K(r) + Vo2 +ad)? — ;—ZA,(rz +a2))

1 A e d (A 5
vef=— S 49
8(2 K) r2+a2r dr r2+a2r (4.9)

with the additional term due to the twisting. Again

K(r) = |o)*(? +a*)? — E%*m* — A_d?|w|*.

Recall from Sect. 3.3 that

dK 2 2
5 (=0 (4 (1 _ %2) 3 +2a*M +24° (1 - Z—Z)) = 0. (4.10)
.

By Lemma B.2, there is an R > ry such that

1 A_ d A_

V +V + _ 1/2 K = —3/2+K
e (2 K) r2+a2 dr +a2
for any C > 0. Thus, by an application of Lemma 4.2 as in the proof of Lemma 4.3, we
have
( A d 2
/ g——sh?|— (h_lu)
R r2+a? |dr

o] P R
>/ s ———— K()|ul® —/ eC'lu|*dr
r (r ) R—1

for sufficiently large R and a large constant C’ > 0.

2

r2+a?

C
< —_—
2r2

(12 ~
Im (V@) |ul* | dr
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For the sake of contradiction, suppose that K (r;) > 0. Then, of course,

/ROO (SI'ZA-F—_azhz dir (hflu)

oo; 2 k K(r) e )
>/R (r2+a2)2K(r)|uI +/R_18(—(r2+112)2 C)lul dr 4.11)

By (4.10), this means that K > 0 on (r4, 00). Since € — w(¢) is continuous and

2 2

r2 +a?

Im(Vah5)|u|2) dr

0O = Cm?,
|w|? scales as m?, so dK /dr can be chosen to be as large as possible by increasing m?, in
particular, it can be used to overcome the potentially negative derivative of the remaining
terms of the right hand side of (4.9) on (74, R) and in (4.11) on (R — 1, R). Using (4.8)
and (4.11), we conclude u = 0, a contradiction. O

From now on we fix m—see Remark 3.13.

Proposition 4.13.
do
—(0) > 0.
ae

Proof. The proof proceeds as in Sect. 3.3, adapting the idea used already in Sect. 4.2.
Set ug := du/de. For an f as in (4.6) with an R to be determined,

0 10
o(r) 1= e (r) — 8—§f(r>u(r) = ue(r) + i%f(r)u(r)

satisfies the Neumann boundary condition at infinity. As fu extends smoothly to the
horizon, the behaviour of v at r = r, is dominated by u,. Using the & of Lemma B.2
yields the ODE

d ( A d (v r?+a’ -
L2 2 e (7 _ vh
dr (1’2+a2 dr h) A_ a?
2, 247
+a”dV, 19 d A_ d
LEE Pl 01 2 230 ()
A_ Os 2k 0 dr \r2+a? dr

1 da A_ df d 1 da d A_ d
+2——h! W= — (h'u)+ —— fh ' — h?2— (h='u)).
2k de r2+a?2  dr dr ( u) 2K 0¢e ! dr \r2+a2 dr ( u)

Observe that as in the proof of Proposition 3.14

d A_ d d A_ d d
————n2— (n! hli=—(——sh|— (h'u)a—u.— (h'u
dr (r2 +a?  dr ( ug)) "Ta\r2ra" (h™ ) — e dr (")

d A_ d
+uh ' —(——n*2— (h " 'u)).
e dr (r2 +a?2 dr ( u)
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This yields

Sl 8a d A_ df 2
-2 2= =) |n! d
elu(rs)] /r+ ( A_ ( ) 88 dr r2 +a? dr) i u| :
2|4
dr

30[ A_ 2 d -1 2
——h"|— (h dr. 4.12
e r2+a? dr ( u) " ( )
The expression for Re (8—‘8/) ‘ can be taken from (3.13). First one can eliminate the

explicit A dependence via Lemgmg 3.15 and one obtains a lower bound on the right hand
side using Proposition 4.12. Then suppose for the sake of contradiction that der/de < 0.
It follows immediately from Sect. 4.2 that the right hand side of (4.12) is positive, a
contradiction. 0O

4.4. The continuity argument for Neumann boundary conditions. To apply the conti-
nuity argument to the Neumann case, we need to take the two steps outlined in the
introduction to Sect. 3.4. The second step merely relied on continuity properties of A
and the monotonicity properties of w(e) and «(e) established in Sects. 3.3 and 4.3,
respectively; in particular, it did not rely directly on properties of the functional. Hence
this part of the argument can be carried out almost verbatim. Therefore, we only need
to deal with the first step here.

We make the analogous definitions for A, ,, and ® asin Sect. 3.4. For f = r~
x = g(1/x) € C3°[0, 1/ry), we define

124 g,

Aa,u(f) = {a >0: Eo{,m,u(f) < O}

and

Avro = U Aar O r7 2 e/r)

geCiel0,1/r4)

={a>0:3xr g/x) € CPI0,1/re) : Loy, a(r™ " g) < 0).
Moreover, we define
(D : (5/49 9/4) X (Os OO) - (07 00)9 (D((X, r+) = iana,u

if Ay, # 9. Instead of showing monotonicity for @, we will define a left-continuous
function W that can play the rdle of ® in the continuity argument. For each o €
(5/4,9/4), there will be a value ®(«, r) for a such that there is a real mode solution
satisfying the Neumann boundary condition for « and this a. The function W (-, r;) will
essentially look like @ (-, ), but will be modified on potential jump points to achieve
left-continuity. The arguments of Sects. 4.2 and 4.3 (which depend only on the existence
of a Neumann mode solution) can be repeated for W («, ;) instead of ®(«, r4), thus we
can substitue ® by W in the remainder of the proof of Sect. 3.4.
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Lemma 4.14. There is a left-continuous function \V (-, ry) such that there is a real mode
solution satisfying the Neumann boundary condition for each 5/4 < o < 9/4 and each
a=V(x,ry).

To prove this lemma, we need a monotonicity result about the twisted functional.
Note that for a fixed g (where (x — g(1/x)) € C{)’O[O, 1/r4)), the function
(,@) > Loy, o™ g) (4.13)

is continuous.

Lemma 4.15. Let 5/4 < ko < 9/4. Fix all spacetime parameters. Let ug = r~ />0

be a solution to the radial ODE at k. Define u(r, k) := r1/2H go. Then

80

> 0.

K=K

9 -
a_ﬁa,u,a (u(r, «))
K

Proof. We start from the identity

1 d A 5d qu ~hr2+a2 d A_ du ~ r2+qa?
L (Rl (1)) e, 4 (A dny g red,
dr \r2+a2 dr \h A_ dr \r2+a?dr A_
where we always take h = r~1/?*<_Set u, := du/dx. Let f be as in (4.6) with an

R > ry + 1 to be determined and set v := u,, — fu. Then we have

a d A_ d (u -2 +a?
A R S e R (_ _yh
8/(( dr (r2+a2 dr h) NI

d A_  duy - r2+4? 8\7a r2 +a?
=—\=———)—-V Up — ——
dr \r2+42 dr

A oK A,M

1 d (A5 d ou 12 +a? vV, r* +a®
R (N () e u
dr \r2+a®> dr \ h A_ ok A

2 2 7 2 2
h_ld( A_ hzi(z))_‘ﬂr +a ; oV, r +au

dr \r2+a2 dr \n “ A ok A_
d A_ d r? +a?

! R (h*‘ ) —yh
dr ( 2442 dr fu fu.

Multiplying by u, integrating over (r, 00), integrating by parts as in Sect. 4.2 and
evaluating at x = ko yields:

> 9 d A_ d /u ~ 2 +a?
— ("= (——=n>— (—) —yh ud
/r+ 8K( dr (r2+a2 dr \h NI Rl
S| M a®\ o,
= 2k S a\5. " 2 |M| dr
r ret+a® \da ( =xo
2 2 d ( A- ,d
_/ k_r lu | — 2 f ‘]‘l 1 ‘ dr
. 2 r24q2 dr r2+a2

© A_ ,|d 1 2 ~hr2+a2 )
_2/r+ f(—r2+a2h —(n )|+l ) ar

K=K(

K=K(

K=K(
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By repeating the proof of Sect. 4.2, one shows that the right hand side is negative. For
the left hand side, we compute:
2 2,2
~ I +a
+ vj’—|u|2)
A_

0 A_ d
A e e R )
K (r2+a2 dr ( "
92 A d
= ——n*— () h
orok (r2+a2 dr ( u) “
_ 9 h*‘i L;ﬂi
oK dr \r2+a42 dr
- _9 h*‘i Lhzi
dK dr \r2+a2 dr
d A_ d
— (1= h?—
( dr (r2+a2 dr (

a2 A_ d
- —h2_ h—l
T orox (r2+a2 dr ( !

Again we have

d A_ d /ju _ 1 +a?
—1 2 h —
(5 (e (1) - ) | o
- K=K
Moreover,
d A_ d d
— (ﬁhz— (h_lu) h_lﬁ) ~ 2k — (rl/z_"ouo) log r.
ok \r“+a dr k=Ko dr

Therefore,

iAcot,n.,a (u(r, k))

dK K=K(

* 9 d A_ d (u - r2+a®
Y R el (e Sl e | 2 Zdr,
/r K ( dr (1f2+a2 dr (h)) VN bl

+

whence positivity. O

Corollary 4.16. Foralla € (5/4,9/4), there is a 8 > 0 such that ®(-, ry) is decreasing
inla,o+08)

Proof. Lemma 4.15 shows that monotonicity is an open property. O
Now we can prove the main lemma.

Proof of Lemma 4.14. Let ¢ > 0. By Corollary 4.16, there is an indexing set X and
disjoint half-open intervals /g, 8 € X, containing their left endpoints, such that one has

Ugexlp =1[5/4+¢,9/4) and ® (-, r+)|1ﬁ is decreasing for all 8 € X. For o € Uﬁexi/g,
set

V(a,ry) = O(a, r4).



692 D. Dold

Letag € d1g, N1g,. Choose a sequence (ax) C Ig, such that ay — ag. As the sequence
(P (ak, r+)) is monotonically decreasing and bounded below, it is convergent. We set
ag = limy ® (g, r4). Let f,, be the unique solution to the radial ODE with parameters
ag, ax = P(ay, r4) and wr = Qg (ax)—see Definition (3.14). Let f;, be the unique
solution corresponding to the parameters o and ag. Since all f, satisfy the Neumann
boundary condition, continuity of the reflection and transmission coefficients yields that
Sy satisfies the Neumann boundary condition as well. We set

W(ag, r4) 1= ao.

As we can repeat this construction for all ¢ > 0 and all jump points ¢g, we obtain a
function W (-, r;) defined in (5/4, 9/4), whose values correspond to parameters a with
periodic mode solutions.

Since we have left-continuity at the jump points by construction, it remains to show
that W (-, r4) is left-continuous in o € Uge xI s, which can be proved as Lemma 3.19:
Suppose not. Then there is an ¢ > 0 such that, for all § > 0, there is an ¢’ < « with

a—a <8
and
W, ry) —V(a,ry) > e
Then there is an a between W(a, ry) and W (', ry) such that there is an g with a €
Ag.r, (r:_l/2+"g), but, for each &, there is an o’ witha ¢ Ay, (r~Y/2*% g) Therefore,

since Ea,u,a(r_l/ 2K g) < 0 and due to the continuity (4.13), there is a § > 0 such

that for all « — o’ < §, we have fa/’rha(r’l/z*"g) <0,ie.a e Ay, (r7 1/ g),a
contradiction. 0O
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Appendix A: The Angular ODE

Assume throughout the section that m # 0. Recall Egs. (2.1) and (2.2). We will only give details for « < 0.
The other case can be treated analogously. Define x := cos . Then the equation becomes

d ds g2 m? g 2
—Ap(1 —xz)— - " - a2w2—2maw—a——ga2 x2S +18=0.
dx dx Ay 1—x2 Ay Ay 02 02

Set
d a2 2 2 112 3 le
K(x).=dx<<l£2x)(1x) =4Z—2x —2x l+£—2 .

Using the language of Theorem 2.1, we see that at &1, we have

fo=1, go=-m*/4

Thus for m # 0, 1, we have two zeros which do not differ by an integer. Then we know that solutions are
linear combinations of (x F D~ImI/2 and (x F DIMI/2 pear 1.

[
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Proposition A.1. Suppose that for some fixed wq, ag € R, we have an eigenvalue L. Then, for k sufficiently
close to kg, we can uniquely find a complex analytic function AM(w, @) of eigenvalues for the angular ODE
with parameter (w, a) € C x R such that Ao = Mw, «).

Proof. We can use the proof in [SR13]. If S is an eigenfunction, we clearly must have
S~ (15 x)lml/2
as x — =£1. For any w, o and A, we can uniquely define a solution S(¢, w, «, 1) by requiring that
S(x, w, a, A)(1+x)~Iml/2
is holomorphic at x = —1 and
(SCo@ma+)m2) = -1 =1.
Then we have holomorphic functions F(w, «, 1) and G (w, «, 1) such that
S, @, 0, 0) ~ F(w, e, ) (1 —x) "2 4 Gw, a, 1)1 —x)IMI/2

as x — 1. Since A¢ is an eigenvalue, we have F(wq, g, Ag) = 0. We want to appeal to the implicit function
theorem and define our function A(w, o) uniquely near (wg, o). Suppose (for the sake of contradiction) that

BF( ro) =0
an wQ, @p, A0) = U.
Set S; := 3S5/0X. Since dF /oA = 0, S, satisfies the boundary conditions of eigenfunctions. Moreover, we

have
d 5. dS;, g2 m? E 59 Ea® a5\,
—(aga—xH =) - — -2 ==
dx(”( ")dx) (Agl—xz NS I N B Rl

Sy + A0S = —S.

Multiplying both sides by S, integrating over (0, 7r) with measure sin ¢ d¢¥, integrating by parts and using
that S satisfies the angular ODE implies

T
/ 1S sin ¢ d9 = 0,
0

which is a contradiction. The proof for @ < 0 proceeds similarly. 0O

Proposition A.2. If w; > 0, then

—Im (Aw) > 0.

Proof. Let @ < 0. Multiplying the ODE by wS, integrating by parts and taking imaginary parts gives
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T
—/ Im (Aw) sin ¥ dv
0

4 2 22 2 o 5 ) 2\ .
= or | Ay + — —a“cos” v | |S]” |sinv dP
0

Ay sin2y €2
T B
+ / = cos? 9 Im (aw*@)|S)? sin & dv,

0 Ay
which is positive for w; > 0. For a > 0, the proof proceeds almost verbatim. 0O

ds

dv

Proposition A.3. When w is real, we have

an 2 7
Zo D cos? oIS sin g dy
do = Jo
fora <0and
a7
or _ ‘Lz sin® 9|5 sin 9 do
do = Jo

fora > 0.

Proof. Let Sy := 35/0c. First, let < 0. First one differentiates (2.1) with respect to o, then multiplies by
S and then integrates by part. Since w € R, § satisfies the angular ODE, which yields the result. Similarly we
obtain the result foree > 0. O

Appendix B: Twisted Derivatives and the Modified Potential

To deal with the slow decay or even growth of modes satisfying the Neumann boundary condition, we need
to use renormalised derivatives
d
e (n7")
dr

with a sufficiently regular function /. Defining the modified potential
b7 1 A_ d A_ dh
a hr2+a2dr \r2+a2dr)’
we obtain a twisted expression for the radial ODE:
Lemma B.1. Forall f € C! that are piecewise c?,
hild A_ hzd (hilf) Vhr2+a2f— d A_ df Vr2+a2f
dr \r2+a2" dr 4 AL T dr \r2+a2 dr N

By virtue of twisting, the modified potential can be chosen to be positive for large r:

Lemma B.2. Let h := r— 1/2#K, If |m| is sufficiently large, then there is an R > ry such that V(f' > 0 for
r > R. The choice of R is independent of a and a. Moreover (/Hh =0O)asr — oo.

Proof. We look at the asymptotic behaviour of the different parts of Va:

1 1
Vo — W~ = ()L+a2w2 — 2maa)E) > —m?82>0
2 2
2A_ r2 A_
= — +
(r2 + (12)2 02 (r2 +a2)4
2A_ 72 a*a?
~ — +
(r2 + (12)2 02 (r2 +a2)4

Vi

(a4A7 + (r2 — a2)2Mr)

One easily computes that

2
v(r) =

—a A 2,1 A- d A_ dh
r2+a2 dr

P2 i
2 (2 +a?)2 r2+a2 dr

) =0,

which yields the result. O
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Appendix C: The Twisted Euler-Lagrange Equation
We give here the derivation of the weak twisted Euler—Lagrange equation.

Proof of Lemma 4.6. The following proof can be extracted from [EvalO]. We give the extension to twisted
derivatives here for the sake of completeness. The minimiser f, is a minimiser of the functional

< 100 A_ d 1 2 r24q?
Foof) e — 142 ( 1« ) L 2) 4
a(f) /r+ (r2+a2r dr r f a A Ifl r

under the constraint
J(f)=0,

where

T = [ Genan 6op= (P -r).

I+

Moreover, define g(r, f) = 2f/r2. Fix ¢y € ﬁ,l((n,, 00). We assume in a first step that g(r, fy) is not
identically zero almost everywhere on (74, 0c0). Then we can find a ¥, € ﬂ,l( (r4, 00) such that

/ g(r. faln(r) dr £0.

I+

Define j(t,0) :== J(fa + Y1 + oY) for 7,0 € R. Clearly, j(0,0) — 0. Since Mwl and

wwz are integrable on (ry, 00), j is in cl.In particular, we have

dj R

B*(O, 0) = 8@, fa)¥2(r)dr #0.

o e

By the Implicit Function Theorem, there is a k : R — R such that « (0) = 0 and
J (@ k() =0.

In other words, the function f,; + x (), where

x (@) =1y + k(D2 (C.1)

satisfies the integral constraint. Thus, setting i () := Ea(fa + x (1)), we obtain i’ (0) = 0. Note here that i is
differentiable in t since f; € ﬂ,'( (ry, 00). We have

di . 00 A_ 142k d %7,( d %7’( / d %ﬂ(
drlg 2/r+ (2+a2 o () (dr (r2 ) O (v wz))
R /
+V, Tfa(lm +k (0)%)) dr.

From (C.1), we deduce

I 8 fa)ynn dr

0) ="
O =T v

Setting

N A _ 1_ 1_ ~
12 (Bt () & (2w o
=2
280 v dr

2,2
T faWZ) dr
A
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yields that
© A d 1 d 1 o r2+a?
=142 & [ 5« Rl (O + Vh d
/r+ (r2 A dr (r fa) dr (r Wl) 4 A Jav ) dr
geel
=X f—;lﬂdr
r
I+
forall ¥ € H) (r4, 00). We have f, € HJ (ry, 00), whence A = —v,.

It remains to deal with the case g(r, f;) = 0 a.e. This, however, would yield that f = 0 in contradiction to
the norm constraint. O
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