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Abstract: We prove a priori estimates for the three-dimensional compressible Euler
equations with moving physical vacuum boundary, with an equation of state given by
p(p) = Cy,p¥ for y > 1. The vacuum condition necessitates the vanishing of the
pressure, and hence density, on the dynamic boundary, which creates a degenerate and
characteristic hyperbolic free-boundary system to which standard methods of symmetr-
izable hyperbolic equations cannot be applied.
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1. Introduction

1.1. The compressible Euler equations in Eulerian variables. For 0 <t < T, the evo-
Iution of a three-dimensional compressible gas moving inside of a dynamic vacuum
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boundary is modeled by the one-phase compressible Euler equations:

plu; +u - Dul+ Dp(p) =0 in Q(1), (1.12)
pr +div(pu) =0 in Q(1), (1.1b)

p=0 on I'(z), (1.1¢)

VI() =u-n, (1.1d)

(p,u) = (po, up) on £2(0), (1.1e)

Q) = Q. (1.1f)

The open, bounded subset () C R? denotes the changing volume occupied by the
gas, ['(¢) := 92(¢) denotes the moving vacuum boundary, V(I'(¢)) denotes the normal
velocity of I'(#), and n denotes the exterior unit normal vector to I' (). The vector-field
u = (u1, uz, uz) denotes the Eulerian velocity field, p denotes the pressure function,
and p denotes the density of the gas. The equation of state p(p) is given by

px,1)=Cy p(x, )V for y>1, (1.2)
where C), is the adiabatic constant which we set to unity, and
p>01in Q@) and p =0 onI'(z).

Equation (1.1a) is the conservation of momentum; (1.1b) is the conservation of mass;
the boundary condition (1.1c) states that pressure (and hence density) vanish along the
vacuum boundary; (1.1d) states that the vacuum boundary is moving with the normal
component of the fluid velocity, and (1.1e)—(1.1f) are the initial conditions for the density,
velocity, and domain. Using the equation of state (1.2), (1.1a) is written as

plu; +u-Dul+Dp” =0  in Q(1). (1.1a")

1.2. Physical vacuum. With the sound speed given by ¢ := /dp/dp and N denoting
the outward unit normal to I', satisfaction of the condition

—0 -0 onT (1.3)
IN

defines a physical vacuum boundary (see [10,12-15,20]), where co = c|;=¢. The phys-
ical vacuum condition (1.3) is equivalent to the requirement that

-1
8,0())/

oN

Since pg > 0in €2, (1.4) implies that for some positive constant C and x € 2 near the
vacuum boundary I,

<0 onT. (1.4)

py ' (x) = Cdist(x,T) for x near T". (1.5)

Because of condition (1.5), the compressible Euler system (1.1) is a degenerate and
characteristic hyperbolic system to which standard methods of symmetric hyperbolic
conservation laws cannot be applied.

We note that by choosing a lower-bound with a faster rate of degeneracy such as,
for example, dist(x, F(t))b forb = 2, 3, ..., the analysis becomes significantly easier;
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—1
Doy~ (x,1)

for instance, if b = 2, then —
NV X))

it possible to easily control error terms in energy estimates, and in effect removes the
singular behavior associated with the physical vacuum condition (1.5).

is bounded for all x € €. This bound makes

1.3. Fixing the domain and the Lagrangian variables on Q2. We transform the system
(1.1) into Lagrangian variables. We let n(x, t) denote the “position” of the gas particle
x at time ¢. Thus,

on=uon fort>0 and n(x,0) =ux,
where o denotes composition so that [u o n](x, t) := u(n(x, 1), t). We set

v = u o n (Lagrangian velocity),

f = p o n (Lagrangian density),

A= [Dn]_1 (inverse of deformation tensor),
J = det Dn (Jacobian determinant),

a = J A (tranpose of cofactor matrix).

Using Einstein’s summation convention defined in Sect. 2.3 below, and using the nota-
tion F,j to denote %, the k’h-partial derivative of F for k = 1,2, 3, the Lagrangian
version of Egs. (1.1a)—(1.1b) can be written on the fixed reference domain 2 as

Sol+ AR fY =0 inQ x (0, T1, (162)
fo+ fAIV; =0 inQ x (0, T, (1.6b)
f=0 in 2 x (0,71, (1.6¢)

(fv,m) = (po,uo,€)  InQx {r=0}, (1.6d)

where e(x) = x de_notes the identity map on 2.
Since J; = JAJv', ;, it follows that

f=pod ", (1.7)

so that the initial density function pg can be viewed as a parameter in the Euler equations.
Let I' := 92 denote the initial vacuum boundary; using that Af.‘ =J! al{‘ , we write the
compressible Euler equations (1.6) as

pov +ak () I )k =0 in Q x (0, T], (1.8a)
(m,v) = (e,up)  inQ2x{r=0}, (1.8b)
,02)/71 =0 onTl, (1.8¢)

with p] "' (x) > C dist(x, T") for x € Q near T.
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1.4. Setting y = 2. We will focus our analysis on the case y = 2, and in Sect. 7, we will
explain the changes in the higher-order energy function for the general case of y > 1.
We seek solutions 7 to the following system:

povt +a(p3J ). =0 in Qx (0, 7], (1.92)
(n,v) = (e,up) on Q x {r =0}, (1.9b)
po=0 onT, (1.9¢)

with po(x) > Cdist(x, I') for x € Q near I'.
Equation (1.9a) is equivalent to

vl +24(p0s k=0, (1.10)

and (1.10) can be written as
vl + poakJ 72 k4200, ak T2 = 0. (1.11)
Because of the degeneracy caused by pg = 0 on I', all three equivalent forms of the
compressible Euler equations are crucially used in our analysis. Equation (1.9a) is used

for energy estimates, while (1.10) is used for estimates of the vorticity, and (1.11) is used
for additional elliptic-type estimates used to recover the bounds for normal derivatives.

1.5. The reference domain 2. To avoid the use of local coordinate charts necessary for
arbitrary geometries, for simplicity, we will assume that the initial domain Q c R? at
time ¢ = 0 is given by

Q= {(x1,x2,03) € R | (x1.x2) € T?, x3 € (0, D},
where T? denotes the 2-torus, which can be thought of as the unit square with periodic
boundary conditions. This permits the use of one global Cartesian coordinate system.
At r = 0, the reference vacuum boundary is the fop boundary

I'={x3=1},
while the bottom boundary {x3 = 0} is fixed with boundary condition
=0 on{x3=0}x][0,T].

The moving vacuum boundary is then given by

@) =n@)(T) = nxr, x2, 1, 1).

1.6. The higher-order energy function. For y = 2, the physical energy fg[% polv]? +

pgj ~1dx is a conserved quantity, but is far too weak for the purposes of constructing
solutions; instead, we consider the higher-order energy function
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4 4
E@®) = D 1070013, + 3 [ 100 =02 Dn () I + /o0 a7 v() I
a=0 a=0
3
+ D 110007 T 25 + Il curly v(@)[5 + lpod* curl, v, (1.12)
a=0

n _ a a . . .
where 0 = (W’ m) . Section 2 explains the notation.

While this function is not conserved, it is possible to show that sup, . 7 £ (#) remains
bounded for sufficiently smooth solutions of (1.9), whenever 7 > 0 is taken sufficiently
small; the bound depends only on E(0).

1.7. Main Result.

Theorem 1.1 (The case y = 2). Suppose that n(t) is a smooth solution of (1.9) on a
time interval [0, T satisfying the initial bound E(0) < 0o, and that the initial density
function 0 < po in Q and py € H*(Q) satisfies the physical vacuum condition (1.5).
Then for T > 0 taken sufficiently small, the energy function E(t) constructed from the
solution 1(t) satisfies the a priori estimate

sup E(t) < My,
1€[0,T]

where My and T is a function of E(0).

Of course, our theorem also covers the case that @ C RY ford = 1 or 2, and by
using a collection of coordinate charts, we can allow arbitrary initial domains, as long
as the initial boundary is of Sobolev class H 35 We announced Theorem 1.1 in [4].

1.8. History of prior results for the compressible Euler equations with vacuum boundary.
We are aware of only a handful of previous theorems pertaining to the existence of solu-
tions to the compressible and inviscid Euler equations with moving vacuum boundary.
Makino [16] considered compactly supported initial data, and treated the compressible
Euler equations for a gas as being set on R x (0, 7']. With his methodology, it is not
possible to track the location of the vacuum boundary (nor is it necessary); nevertheless,
an existence theory was developed in this context, by a variable change that permitted
the standard theory of symmetric hyperbolic systems to be employed. Unfortunately, the
constraints on the data are too severe to allow for the evolution of the physical vacuum
boundary.

In [11], Lindblad proved existence and uniqueness for the 3D compressible Euler
equations modeling a liquid rather than a gas. For a compressible liquid, the density
p > 01is assumed to be a positive constant on the moving vacuum boundary I' () and is
thus uniformly bounded below by a positive constant. As such, the compressible liquid
provides a uniformly hyperbolic, but characteristic, system. Lindblad used Lagrangian
variables combined with Nash-Moser iteration to construct solutions. More recently,
Trakhinin [19] provided an alternative proof for the existence of a compressible liquid,
employing a solution strategy based on symmetric hyperbolic systems combined with
Nash-Moser iteration.

The only existence theory for the physical vacuum singularity that we are aware of
can be found in the recent paper by Jang and Masmoudi [6] for the 1D compressible
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gas; we refer the interested reader to the introduction in that paper for a nice history of
the analysis of the 1D compressible Euler equations with damping.

1.9. Generalization of the isentropic gas assumption. The general form of the com-
pressible Euler equations in three space dimensions are the 5 x 5 system of conservation
laws

plu; +u - Dul+ Dp(p) =0, (1.13a)
or +div(pu) =0, (1.13b)
(&) +div(pu€ + pu) =0, (1.13¢)

where (1.13a), (1.13b) and (1.13c) represent the respective conservation of momen-
tum, mass, and total energy. Here, the quantity € is the sum of contributions from the
kinetic energy %|u|2, and the internal energy e, i.e.,E& = %lu|2 + e. For a single phase of
compressible liquid or gas, e becomes a well-defined function of p and p through the
theory of thermodynamics, e = e(p, p). Other interesting and useful physical quanti-
ties, the temperature 7' (p, p) and the entropy S(p, p) are defined through the following
consequence of the second law of thermodynamics

TdS=de=—2"dp.
o

For ideal gases, the quanities e, T, S have the explicit formulae:

copy=—L - T
’ ply =1 y—-1
p
T(lovp):_v
P

p=eSp’, y>1, constant.

In regions of smoothness, one often uses velocity and a convenient choice of two addi-
tional variables among the five quantities S, T, p, p, e as independent variables. For the
Lagrangian formulation, the entropy S plays an important role, as it satisfies the transport
equation

Si+u-D)S=0,

and as such, S o n = Sy, where So(x) = S(x, 0) is the initial entropy function. Thus, by
replacing f with ¢5°" pg J ™Y, our analysis for the isentropic case naturally generalizes
to the 5 x 5 system of conservation laws.

2. Notation and Weighted Spaces

2.1. Differentiation and norms in the open set Q2. The reference domain 2 is defined in
Sect. 1.5. Throughout the paper the symbol D will be used to denote the three-dimen-

sional gradient vector
a 9 0
D={——,—).
0x1 O0xp 0x3
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For integers k > 0 and a smooth, open domain €2 of R3, we define the Sobolev space
H*(Q) (H*(22; R?)) to be the completion of C*®°(£2) (C*°(£2; R?)) in the norm

1/2
CLAEY
Ul = dxidxydx ,
luellg = | D / proprrral IGUUES
lal<k
for a multi-index a € Zi, with the standard convention that |a| = a; + a» + a3. For
real numbers s > 0, the Sobolev spaces H*(2) and the norms || - || are defined by

interpolation. We will write H*(2) instead of H*(£2; R3) for vector-valued functions.
In the case that s > 3, the above definition also holds for domains 2 of class H¥. We
will write dx to denote the 3-D Lebesgue measure dxjdxadx3.

2.2. Tangent and normal vectors to T'. The outward-pointing unit normal vector to I" is
given by

N =(0,0,1).
Similarly, the unit tangent vectors on I" are given by

T1 =(1,0,0) and T, = (0, 1,0).

2.3. Einstein’s summation convention. Repeated Latin indices i, j, k,, etc., are summed
from 1 to 3, and repeated Greek indices «, 8, y, etc., are summed from 1 to 2. For exam-

. 52 OF! rap 3G
ple,F,ii.zzl 13axax’andFl,alaﬂGl B - _ZI 120{ 12/3 1 9xq aﬁm'

2.4. Sobolev spaces on I'. For functions u € H*), k > 0, we set

=3 |

lal<k

12
Blo‘lu(x)

dxidx ,
axToxgz| T

for a multi-index o € Zi. For real s > 0, the Hilbert space H*(I") and the boundary
norm | - |5 is defined by interpolation. The negative-order Sobolev spaces H (") are
defined via duality: for real s > 0,

HSM) :=[H*MD)].

2.5. Notation for derivatives and norms. Throughout the paper, we will use the follow-
ing notation:

a d a
D = three-dimensional gradient vector = { —, —, — ),
0x1 0x2 0x3

) 0 0
d = two-dimensional gradient vector or horizontal derivative = { —, — |,
8)61 3XQ
|- lls = H*(RQ) interior norm,
| - |s = H*(I') boundary norm.

oF

The k™ partial derivative of F will be denoted by F,; = TR
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2.6. The embedding of a weighted Sobolev space. Using d to denote the distance func-
tion to the boundary I', and letting p = 1 or 2, the weighted Sobolev space H [},, (),

with norm given by [, d(x)?(|[F(x)|* + [DF (x)|?) dx for any F € Hj,(S), satisfies
the following embedding:

H},(Q) — H'™3(Q),

so that there is a constant C > 0 depending only on €2 and p such that

IFIF_pp < C /S2 d@)” (IFP +DF0P) dx. .1

See, for example, Sect. 8.8 in Kufner [9].

3. The Lagrangian Vorticity
We make use of the permutation symbol

1, even permutation of {1, 2, 3},
gijk = 1 —1, odd permutation of {1, 2, 3},
0, otherwise,

and the basic identity regarding the i component of the curl of a vector field u:
(curlu); = sijkuk,j .
The chain rule shows that
(curlu(n)); = (curl, v); := sijkAivk,s ,

the right-hand side defining the Lagrangian curl operator curl,. Taking the Lagrangian
curl of (1.10) yields the Lagrangian vorticity equation

exjiASv,s =0, or curl, v, =0. (3.1)

4. Properties of the Determinant J, Cofactor Matrix a, Unit Normal n,
and a Polynomial-type Inequality

4.1. Differentiating the Jacobian determinant. The following identities will be useful
to us:

_ _on"
aJ =a’d ans (horizontal differentiation ), 4.1)
X
" . . . .
J =a, e (time differentiation using v = n;). “4.2)
by

4.2. Differentiating the cofactor matrix. Using (4.1) and (4.2) and the factthata = J A,
we find that

_ _an"
Ba{‘ = Ba—nsJ _l[ajaf - afaf] (horizontal differentiation), 4.3)
X
g 0V s k . . _ .
o0ra; = J laya; —a;a,] (time differentiation using v = n;). 4.4)

L7 xs
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4.3. The Piola identity. It is a fact that the columns of every cofactor matrix are diver-
gence-free and satisfy

akr=0. 4.5)

The identity (4.5) will play a vital role in our energy estimates. (Note that we use the
notation cofactor for what is commonly termed the adjugate matrix, or the transpose of
the cofactor.)

4.4. Geometric identities. The vectors 1, for « = 1,2 span the tangent plane to the
surface ' in R3, and

s N2
T = —— = —

n,1 X7,2
= , Tp = , and n:=
7,11 n,21

T na xn.2

are the unit tangent and normal vectors, respectively, to n(I").
By definition of the cofactor matrix,

n?and2—ndin?a
ai = )7371’7192 _)7171’73»2 . (46)
nin?a—n'an?

4.5. A polynomial-type inequality. For a constant My > 0, suppose that f(r) > 0,
t — f(t) is continuous, and

f@) =Mo+CtP(f(1)), “4.7)

where P denotes a polynomial function, and C is a generic constant. Then for ¢ taken
sufficiently small, we have the bound

f (1) =2Mo.

This type of inequality, which we introduced in [2], can be viewed as a generalization
of standard nonlinear Gronwall inequalities.

With E(¢) defined by (1.12), we will show that sup, (o 1 E (7) satisfies the inequality
4.7).

5. Trace Estimates and the Hodge Decomposition Elliptic Estimates

The normal trace theorem which states that the existence of the normal trace of a velocity
field w € L2() relies on the regularity of divw (see, for example, [18]). If divw €
HY(Q), then w - N, the normal trace, exists in H =% (I") so that

lw - N3 -0spy < € [nwuiz(m + [[divw||3,, (5.1)

(Q)’]
for some constant C independent of w. In addition to the normal trace theorem, we have
the following.

Lemma 5.1. Let w € LZ(Q) so that curlw € H'(Q)', and let T\, T> denote the unit
tangent vectors on T, so that any vector field u on I can be uniquely written as u®Ty,.
Then



568 D. Coutand, H. Lindblad, S. Shkoller

lo - Tl osy = C[Iwlag + leurtwlly g | @=12 2

for some constant C independent of w.

See [1] for the proof. Combining (5.1) and (5.2),
||w||H70.5(1") S C [”w”LZ(Q) + ”leU)”Hl(Q)’ + ||Cur1U)||H1(Q)/] (53)

for some constant C independent of w.
The construction of our higher-order energy function is based on the following Hodge-
type elliptic estimate:

Proposition 5.2. For an H" domain Q, r > 3, if F € L*(Q;R>) with curl F €

H~1(Q;R3), divF € H"'(Q), and F - N|r € H3() for 1 < s < r, then
there exists a constant C > 0 depending only on Q2 such that

IFlly < C (IIFIIo +lcurl Flly— + || div Flls—1 + | F - NIS_%),

1Flls = € (IFllo+ leurl Flls—y + 1| div Flli—y + X0 10F - Tul,_3 )

54

where N denotes the outward unit-normal to T', and T, are tangent vectors foro = 1, 2.

These estimates are well-known and follows from the identity —AF = curl curl F —
Ddiv F; a convenient reference is Taylor [17].

6. The a priori Estimates
6.1. Curl Estimates. Following Lemma 10.1 in [3], we obtain the following estimates:

Proposition 6.1. Forallt € (0, T),

3 4

> lleurl 37 n()5_, + D o 8*eurl 97 n(0) 1§ < Mo+ C T P( sup E(1)).
a=0 =0 t€[0,T]

(6.1)

Proof. From (3.1), (curl, v)f = ekjiA,j.vi,x =: B(A, Dv), where B is quadratic in its
arguments; hence,

curl, v(t) = curlug + /Ol B(A(t), Dv(t))dt', (6.2)
and computing the gradient of this relation yields
D curl, v(t) = curl Dug — e‘j,-DA‘;»vi,S +/Ot DB(A(t"), Dv(t))dt .
Applying the fundamental theorem of calculus once again, shows that

t
Dcurl, n(t) = tDcurlug + s.ji/ [A,S/Dn’,s —DASiv’,s 1dt’
o A

t pt
+/ / DB(A("), Dv(t"))dt"dt’,
0 JO
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and finally that
ro .
curl Dn(t) = t curl Dug — s.j,-/ A,j.(t/)dt/ Dn' .
0

t ) ) t pt
+g.ji/ [A,“}Dnl,s—DA§v’,s]dz’+/ / DB(A("), Dv(t"))dt"dt’. (6.3)
0 0 Jo

To obtain an estimate for || curln(t)||%, we let D? act on (6.3). With 8,Aj. =

—A‘; vl,,, Af and DA‘; = —A‘;Dn[,p A?, we see that the first three terms on the right-
hand side of (6.3) are bounded by My + C T P(sup,e[o’T] E(t)), where we remind the
reader that My = P(E(0)) is a polynomial function of the E at time ¢t = 0. Since

DB(A, Dv) = —¢i[DV',5 A, AY + v,y ATDY,, Af + v, D(A}AD)],

the highest-order term arising from the action of D> on DB(A, Dv) is written as
tpt ) )
—eji / / [D*v s Ajv,, AT + 0 AT D, ATV ar.
0 Jo

Both summands in the integrand scale like D3v Dv A A. The precise structure of this
summand is not very important; rather, the derivative count is the focus. Integrating by
parts in time,

t ot t ot t
/ / D3vDvAAdt'dl = —/ / D*n (Dv A A),di"dt’ + / Dy DvAAdY,
0 Jo 0 Jo 0

from which it follows that
2

=CT P(sup E(1)),
1€[0,T]

t ot
/ / D3B(A(t"), Dv(t"))dt"dt’
0 Jo

0

and hence

sup || curln(t)||% <My+CTP(sup E@)).
1€[0,T] 1€0,7]

Next, we show that

Il curl v, (|3 < Mo +C T P( sup E(1)). (6.4)
t€l0,T]

From (3.1),
curlvy, = g, fot A ()dr' vl

Since H 2(Q) is a multiplicative algebra, we can directly estimate the H 2(Q)-norm of
curl v to prove that (6.4) holds. The estimates for curl v, (¢) in H 1(©) and curl 8[5v(t)
in L>(2) follow the same argument.

The weighted estimates follow from similar reasoning. We first show that

1pod* curl n(0)IIg < Mo+ C T P( sup E(1). (6.5)
1€[0,T]
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To prove this weighted estimate, we write (6.2) as

. ' '
curlv(t) = 8jk,-v’,s/ A,j(t/)dt’ + curl ug +/ B(A(t), Dv(t"))dt',
0 0

and integrate in time to find that

t t t ot
curl n(t) =t curl ug +/ Ejkivl,_y/ A,j(t”)dt”dt’ +/ / B(A({"), Dv(t"))dt"dt’ .
0 0 0 Jo

It follows that
;002_)4 curl n(t) = t,o054 curl ug

// Skj,A,]pof)U,sdt”dt +// Sk],,o()a At] ,Sdt//dt

+ / & ki pod* v’ g / AS@"dt"di’ + / €jkiv’ s / pod* Al (t"ydt"dt' + Ry,
0 0 0 0
(6.6)

where R, denotes terms which are lower-order in the derivative count; in particular the
terms with the highest derivative count in 9, scale like pd>Dv or pd*n, and hence
satisfy the inequality ||9‘i2(t)||% < Mo+ CT P(sup,cpo,77 E(1)). We focus on the first
integral on the right-hand side of (6.6); integrating by parts in time, we find that

t t t '
// EkjiA’S/'p034vl"‘dt//dt/=_// exji A’ p0d 0’ s dt'dt’
0 Jo X 0o Jo
t - .
+/ exji A pod*n' s dr',
0
and hence

2
<Mo+CTP(sup E@)).
tel0,T]

t et
/ / Ek/'l'A[Aj'-,Ooaz‘vl,s dt"dt’
0 JO

The other time integrals in (6.6) can be estimated in the same fashion, which proves that
(6.5) holds. The weighted estimates for the curl of vy, v, and 8,5 v are obtained similarly.
O

6.2. Energy estimates. We assume that we have smooth solutions 7 on a time interval
[0, T'], and that for all such solutions, the time 7" > 0 is taken sufficiently small so that
fortr € [0, T],

3
>
2llell3s+1, (6.7)

IA

L
7 =J0

IA

In@)113 5
19f V(5 _gp < 2197 VO)I3_o/p+1 for a=0,1,....6.

The right-hand sides appearing in these inequalities shall be denoted by a generic con-
stant C in the estimates appearing below. Once we establish our a priori bounds, we can
ensure that our solution verifies to the assumptions (6.7) by means of the fundamental
theorem of calculus.
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6.2.1. The structure of the estimates. Due to the degeneracy of the initial density function
0, one time derivative scales like one-half of a space derivative. The energy estimates
for the time and tangential derivatives are obtained by first studying the d*-differentiated
Euler equations, then the 838,2—differentiated Euler equations, and so on, until we reach
the 8°83-differentiated Euler equations. The estimates for the normal derivatives are
then found using elliptic-type estimates. The Sobolev embedding theorem requires that
we use H*(§2) as the minimal regularity of n ().

6.2.2. The 8*-problem.
Proposition 6.2. For § > 0 and letting the constant My depend on 1/3,

sup ( / po(x)|3%v(x, 1) Pdx + / pé(xné“Dn(x,r)de)
Q Q

t€[0,T]

<Myp+8 sup Et)+CT P( sup E(1)). (6.8)
1€[0,T] 1€[0,T]

Proof. Letting 9% act on ,oovf + a{‘(pgl_z),k = 0, and taking the L2(Q)-inner product
with 8%v’, we obtain

1d _ . L . L
—— p0|84v|2dx+/ 3*ak (oI 84v’dx+/ ak(p30*T72), 9% dx
2 dt Q Q Q
3
+/ ak(@*p5 J 7 3% dx = Zc,/ Ik (3! I a*idx.  (6.9)
Q =1 Q

Integrating the first term from O to ¢ € (0, T'] produces the first term on the left-hand
side of (6.8).
We define the following integrals:

7, =/ *ak (1% %' dx,
Q

Izz/ af(p§54J72),k a*vidx,
Q

I =/ ak(@*p3 J72) 1 3*vidx,
Q
3 .
R = ch/ 3+ ak 3l (03I 0% dx.
Q
=1

The lastintegral introduces our notation R for the remainder, which throughout the paper
will consist of integrals of lower-order terms which can, via elementary inequalities
together with our assumptions (6.7), easily be shown to satisfy the following estimate:

T
R(t)dt < My+6 sup E()+CT P( sup E(1)). (6.10)
0 1€[0,T] 1€[0,T]

The sum of fOT [Z1 () +Z5(t) +Z3(¢)]dt together with the estimates for curl 5 given by

Proposition 6.1 will provide the remaining energy contribution fQ pg (x,1)|0*Dn|?dx
plus error terms which have the same bound as R.
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Analysis of fOT ‘Rdt. Using the identity (4.5), we integrate by parts with respect to xj
and then with respect to the time derivative d;, and use (4.5) to obtain that

3 T
R = —ch/ / 3*ak 8l (pgJ %) 8%’ dxdt
=1 0 Q
3 T ~ _ _ '
=ch / / (a“-lafa’(pgrz)) a*n' i dxdt
=1 0 Q 1

3
41 k= 2\ A4 T
—ch/ *akd (o572 3"k dx], .
Q
=1

Notice that when [ = 3, the highest-order integrand in the spacetime integral on
the right-hand side scales like £ [d Dp 00030, 2 + dDv pd>J 2] pod* Dy, where £
denotes an L°°((0, T) x ) function. Since ||p08,2J _z(t)||§ is contained in the energy
function E (r) and since d Dn(r) € L°°(2), the first summand is estimated using an L°°-

L2-L? Holder’s inequality, while for the second summand, we use that || p9J ~2(2)]|7 is
contained in E (r) together with an L*-L*-L? Holder’s inequality.

When [ = 1, the integrand in the spacetime integral on the right-hand side scales
like £ [0 D1y pod3a,X + 3 Dv pod*al] pod*n' k. Since ||pgd Dvy (¢)||3 is contained in the
energy function E () and since dDn € L*®(), the first summand is estimated using an
L>°-L2-L? Holder’s inequality. We write the second summand as

dDv ,005361;3 p054ni,ﬁ +dDv ,005361? p054ni,3 .
We estimate
T - - - .
/ / dDv p083a£3 p084n’,ﬂ dxdt
0 Jo
T - _ - . _ - - .
= —/ /[BDU p083a;3,ﬁ p0d*n’ + dDv,g ,008361;S 000 0! 1dxdt
0 J

= C/OT (||5DU(1)||L3(Q)||,0054a(t)||0 ||005477(t)||L6(Q)
+||52Dv(t)||L3(Q)||,0054’7(f)||L6(Q)|I53a||0) dt

: C/OT (1301050 1208 *a(®) 10 llo0d*n ()11
+HB2 D)l oy 0B 0O 11 15%alo ) d

= C/OT (0O 1205* DRI + 1017255 1203 DO oI (1) 1

HOl sy In©)13) dr, ©.11)
where we have used Holder’s inequality, followed by the Sobolev embeddings

H(Q) — L3(Q) and H'(Q) — L%).
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We also rely on the interpolation estimate

0
||U||iz(0,T;H3.s(Q)) < C(lv@®llzlnlla) . Clivillz20,7: w3 Il 220,7; H4 ()

< Mo+8 sup [n®IF+CT sup (In@)1F+ 1w )3).
t€l0,T] t€[0,T]

(6.12)

where the last inequality follows from Young’s and Jensen’s inequalities. Using this
together with the Cauchy-Schwarz inequality, (6.11) is bounded by C T P (sup,¢(o, 7]
E(1)). Next, since (4.6) shows that each component of al.3 is quadratic in 57}, we see that
the same analysis shows the spacetime integral of 8 Dv p053al.3 000*1',3 has the same
bound, and so we have estimated the case [ = 1.

For the case that [ = 2, the integrand in the spacetime integral on the right-hand side
of the expression for R scales like £ 32Dn 3> Dv pod* Dy, so that an L® — L3 — L2
Holder’s inequality, followed by the same analysis as for the case [ = 1 provides the
same bound as for the case [ = 1.

To deal with the space integral on the right-hand side of the expression for R, the
integral at time ¢ = 0 is equal to zero since 1(x, 0) = x, whereas the integral evaluated
att = T is written, using the fundamental theorem of calculus, as

3
- Z c / pod* ! akd' T2 pod*n’ i dx
Q t
=1

3 T
=->a / p0 / (@ afd' 7 ) p0d 0’ ok (Thdx,
=1 Q 0

which can be estimated in the identical fashion as the corresponding spacetime integral.
As such, we have shown that R has the claimed bound (6.10).

Analysis of the integral Z1. Because pg = 0 on I' = {x3 = 1}, we use the identity (4.5)
to integrate by parts with respect to x; to find that

I = —/ pgd 2 8%l 9t dx+/ P52 8%a} 9% dxidxs
o {30}
Q

since on the fixed boundary {x3 = 0}, n°> = x3 so that according to (4.6), the compo-
nents af = 0 and a% = 0on {x3 = 0}, and v> = 0 on {x3 = 0}, so that 84ai384vi =0
on{x3 = 0}.

To estimate 71, we use the formula (4.3) for horizontally differentiating the cofactor
matrix:

7 :/ 002 3% [afaic — aﬁal{‘] vl dx + R,
Q

where the remainder R satisfies (6.10). We decompose the highest-order term in Z; as
the sum of the following two integrals:
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Tia =/ 002 7 (@*0" 5 a) (@ ab)dx,
Q
Tip = _/ po” I (3% a)) (3% k afdx.
Q

Since v = 1y, Z1, is an exact derivative modulo an antisymmetric commutation with
respect to the free indices i and r; namely,

a*n" s al-554vi,k af =3, af54vi,k af + @ s ab — 3%, a§)54vi,k af. (6.13)

1

Using the notation
[D, F]i =a; F',; for any vector field F,
4 =4 1d - 1- 4 ,
o'’ a 0t ey = S Dy 8 It =S8N 8 (@ap), (6.14)

so the first term on the right-hand side of (6.13) produces an exact derivative in time.
For the second term on the right-hand side of (6.13), note the identity

@*n".sa} — ' a)d* kaf = =T 0" AL im0 A, (6.15)

We have used the permutation symbol ¢ to encode the anti-symmetry in this relation,
and the basic fact that the trace of the product of symmetric and antisymmetric matrices
is equal to zero.

Recalling our notation [curl,, Fl = &ijk Fk,, A;, (6.15) can be written as

(54nr,s a; — 54ni,s aﬁ)54vi,k af =—J? curl, 5417 -curl,) 8%, (6.16)
which can also be written as an exact derivative in time:
_ _ 1d _ _ _
curl, 3% - curl, 3*v = EEI curl, 3*n)* — 3%k, 9%k, (A} A%,
+3%"., 9%/ (AT A, (6.17)

The terms in (6.14) and (6.17) which are not the exact time derivatives are quadratic
in pod* Dn with coefficients in L ([0, T'] x ); denoting the integral over  of such
terms by Q 0034 Dy 5

1d

2 73 a4 2
J77|Dyo d
la = 2dl /00 | 77' X =

S ,00 J Y curl, 3%y |*dx + Qitpy + R
where fo 1Q 54 pyl dt < CT P(sup,¢o 7 E(1)), and R satisfies (6.10).

With the notation div,, F' = A{ Fi, j» the differentiation formula (4.1) shows that 71,
can be written as

1d 1w =
T, = ~2ar ). po* I~ div, 9*nPdx + Q, 5ep, + R.

It follows that
1 d _ _ _
Li=355 ) m (J_3|D,,84n|2 — J7 Y eurl, 3*y% — 77" div, a4n|2) dx+R
1d

=55 | o’ (1030 = 7= curl, 8% = J " | div, 89 P7) dx + R,
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where we have used the fundamental theorem of calculus for the second equality on the
term J_3D,,84r;. Since % < J() < %, we see that

T 1 _ . _
/ Ty (n)dt = 5/ ,)()2(|Da4;7(T)|2—J—1|curl,7 F*n(T)1>—J 7 div, a4n|2(T)) dx
0 Q
T
—My +/ R(t)dt. (6.18)

0
Analysis of the integral 1. Integration by parts once again, using (4.5), yields

7= - / 2542 k5 dx.

Q

Since 3%J 2 = —2J 7334 plus lower-order terms, which have at most three horizontal
derivatives acting on J. For such lower-order terms, we integrate by parts with respect to
d;, and estimate the resulting integrals in the same manner as we estimated the remainder
term R, and obtain the same bound.

Thus,

I = 2/ p§J73as’54ns,, af‘é“vi,k dx+R

d

= pJ3ar84S,a84lkdx—/ S(J2atab), a*n*,, 9%k dx + R.
Q

Given our identities for differentiating @ and J, the Sobolev embedding theorem together
with our assumptions (6.7) and the Cauchy-Schwarz inequality show that

T
/ /pg(r%s’a;‘)t 3*n*,, 3% xdxdt <CT sup E();
0 Q t€[0,T]

consequently, we can write

t
/p01—3 T3S, akatn' rdx — My —/ [Z>(¢") + R(t)dr'. (6.19)
Q 0

On the other hand,

/ pgd atatn®,, afdty' i dx
Q

t t
:/ pé]_3 (54divn+54ns,r/ a,sdt) (54divn+54n’,k/ atldt)d
Q 0 0

t
=/p§J—3|54divn|2dx+2/ pé]‘254divn54ns,,/ a,"dr’ dx
Q Q 0

t t
+ / pad 3 3%, / a"dt’ 9%y i / akdt’ dx. (6.20)
Q 0 0

Yet another application of the Sobolev embedding theorem together with our assump-
tions (6.7) and the Cauchy-Schwarz inequality shows that the second and third integrals
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on the right-hand side are bounded by Mo + C T sup,;¢g 77 E(2), so that combining
(6.19) and (6.20), we find that

T T
/ Ig(t)dt:/ng_l|54divn|2dx—M0+/ R(t)dt. (6.21)
0 Q 0

Analysis of the integral I3. Integration by parts using (4.5) shows that

/ T3(t)dt = / / 3*pg J " 2akd*'  dxdt
0

=/ /54,03 (J_zaf),54ni,kdxdt—/54p§ J_2a5‘54ni,kdx
0 Ja Q

T
:/ /54/08 (szal{‘),f_f‘n’,kdxdt—/ 54,03 3% div n(T)dx
0 Ja Q

T
—/ 54pg/ J72akdr %' i (T)dx,
Q 0

so that by the Cauchy-Schwarz inequality and Young’s inequality,

t=T

T
/ Iy(t)dt < Myo+6 sup E(t)+CT P( sup E(1)). (6.22)
0 tel0,T] tel0,T]

Summing inequalities. We integrate (6.9) from O to 7', and sum (6.10), (6.18), (6.21),
and (6.22) to find that

1 _ i _
sup -[/ p§|a4Dn|2dx+/p31—1|a4divn|2dx—/p31—1|a4curln|2dx]
ref0.712 L/ Q Q
<Myp+8 sup Et)+CT P( sup E(1)).

t€[0,T] t€[0,T]

Note the factor of % in (6.18) which, in conjunction with (6.21), gives the positivity of
the divergence term.

Adding to this the inequality (6.1), and possibly readjusting our constants, we obtain
the desired result, and complete the proof of the proposition. O

With the unit tangent vectors 77 = (1,0,0) and 75 = (0,1,0), n - T, = n“ for
o =1, 2, and we have the following

Corollary 6.3. Fora =1, 2,

sup %135 < Mo+CT P( sup E(1)).
1€[0,T] ) 1€[0,T]

Proof. The weighted embedding estimate (2.1) shows that

0l = ¢ [ 3 (13%0P +18' Do) d

- 2
/ d*vdt’
0

Now

sup / p5ld*nI*dx = sup / % dx < T sup |/pod*vl[5.
t€[0,T1/Q t€[0,T1/Q

1€[0,T]
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It follows from Proposition 6.2 that

sup 3*n)13 < Mo+ C T P( sup E(1)).
1€[0,T] 1€[0,T]

According to our curl estimates (6.1), sup, ¢ (o 7 [l curl n ||% <Mo+C T P(sup,cjo.rE()),
from which it follows that

sup [10* curl nll 31y < Mo+C T P( sup E(1)),
1€00.7] 1€(0.7]

since  is a horizontal derivative, and integration by parts with respect to  does not pro-
duce any boundary contributions. From the tangential trace inequality (5.2), we find that

sup [9*9%(%,,, < Mo+C T P( sup E(1)),
t€l0,T] t€[0,T]

from which the assertion of the corollary follows. O

6.3. The Btg-problem.
Proposition 6.4. For § > 0 and letting the constant My depend on 1/,

sup (/ p0|a,8v(x,z)|2dx+/pg(x,z)|aZDu(x,z)|2dx)
Q Q

1€[0,T]
<Mp+é sup E(t)+CT P( sup E(z)). (6.23)
1€[0,T] 1€[0,T]
Proof. Letting 8t8 act on ,oovf + a{‘(pé] -2y, =0, and taking the L2(Q)-inner product
with 8[8vi, we obtain

1d , ‘
2ar onlafvlzdx+ /Q Oak (03172 P vidx + /Q (02081721 88 vidx
7
=S [ A lak oty ax 620
Q
=1

Integrating the first term from O to # € (0, T'] produces the first term on the left-hand
side of (6.23).
We define the following three integrals:

T =/ 38ak (a2, ¥vidx,
Q

Izz/af(pga,srz),k advldx,
Q

7
R = ch/ a8 ak (pgaly =), a¥vidx.
=1 79

The sum of fOT [Z1(t)+Z,(¢)]dt together with the curl estimates given by Proposition 6.1

will provide the remaining energy contribution fQ p(z) (x, 19/ Dv|?dx plus error terms
which have the same bound as R, namely (6.10).
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Analysis of fOT Rdt. We use the identity (4.5) to integrate by parts with respect to xi
and then with respect to the time derivative 9, to obtain that

7 T
R=-Y4q / / 08~ ak p20l 72 98v' ;. dixdt
I=1 0 Q
7 T
= ch/ /po (af—’afa,’rz) p08t7v’,kdxdt
=1 0 Q 1

7
_ . T
- Z C / ,008,8_161{‘8[]_2,008,71)‘ g dx ’0 .
Q
=1

Notice that when / = 7, the integrand in the spacetime integral on the right-hand side
scales like £ [Dv; ,008t6Dv + Dv ,oOBZDv] p08t7Dv, where ¢ denotes an L°°(2) func-
tion. Since || ,008,7 Du(t) ||(2) is contained in the energy function E (), Dv,(t) is bounded
in L°°(R2), and since we can write pod® Dv(r) = pod® Dv(0) + f(; 00d, Du(t")dt’, the
first and second summands are both estimated using an L>°-L?-L? Holder’s inequality.

The case [ = 6 is estimated exactly the same way as the case / = 3 in the proof of
Proposition 6.2. For the case [ = 5, the integrand in the spacetime integral scales like
E[Dv,,poafJ_z + Dv,,,poDv,,,,]poazDv. Both summands can be estimated using an
L3-L5-L? Holder’s inequality. The case [ = 4 is treated as the case | = 5. The case
I = 3 is also treated in the same way as [ = 5. The case [ = 2 is estimated exactly the
same way as the case [ = 1 in the proof of Proposition 6.2. The case [ = 1 is treated in
the same way as the case [l = 7.

To deal with the space integral on the right-hand side of the expression for R, the
integral at time t = 0 is bounded by M, whereas the integral evaluated at t = T is
written, using the fundamental theorem of calculus, as

7
ch/ p()a)?_lalkatl.]_zpoﬁzvl,k dx
Q t=T

=1

7 .

:ch/ 0002 ak (0)8! T 72(0)p0d] v' i (T)dx
Q
=1

7 T
+> e | po | @Faa172)dt pod] vk (T)dx.
=1 “9 0

The first integral on the right-hand side is estimated using Young’s inequality, and is
bounded by Mo + § sup, ¢ 7 E(2), while the second integral can be estimated in the
identical fashion as the corresponding spacetime integral. As such, we have shown that
‘R has the claimed bound (6.10).

Analysis of the integral T;. As to the term 7y, using the identity (4.4), the same compu-
tation as for the 3*-differentiated problem shows that

; 1d 1d
247 5\ (a8 k 72 72
P03V s AD) (B, i Ap) = 210 Dyd v (D17 — = pocurly 3y ()]

1 ] . .
+20070] 00 900 (A A )i (08 — 8,8,



Free-Boundary 3D Compressible Euler Equations in Vacuum 579

and

: 1
—pG (00" AD) 'k A) = =2 —lpodivyd] vl + 5 L BT s 070 (A3 AR),.

2
and hence
1 d
Ti=sy | (J’3|D,78,7v|2 — 7 Y eurl, 8]v)? — 77" div, aZv|2) dx +R.

It follows that
T 1
/ Ti()dt = 5/ 00> (|Da,7v(T)|2—J—1|curl,7 3/ v(T)[>—J | div, aZv(T)|2) dx
0 Q
T
—Mp + / R(t)dt. (6.25)

0
Analysis of the integral I,. Integration by parts, using (4.5), once again yields

T = — / 20812 ak o8 . dix.

Q

Since 33J72 = —2J7338J plus lower-order terms, which have at most seven time
derivatives on J, and can be estimated in the same fashion as the remainder term R
above.

We see that

I = 2/ p%J_?’aSrBZvS,r afatgv",kdx+72

d

= pOJ ara/vt,, a,?‘a]v",kdx—/gpg(J—3a;af), 8/ vS,, 07v i dx +R.

Following our analysis of the term Z» in the 8*-problem, we see that
‘ T
/ pgd 3ald] v, akd] vl dx = Mo+ / [Zo(r) + R(1)]dt. (6.26)
Q 0
On the other hand,
/ pgd 3ald]ve,, akd] v dx
Q

t
:/pgrz (afdivu+a,7vS,,/ a,sdt) (aZdivv+a,7ul,k/ atldt)d
Q 0 0

1
=/p31—2|a,7divv|2dx+2/ 03 J729] divv BZvS,r/ a,"dt’ dx
Q Q 0

t t
+/ pad 2 a]vS,,/ a,~dt’ a]v',k/ alkdr’ dx. (6.27)
Q 0 0

Yet another application of the Sobolev embedding theorem together with our assump-
tions (6.7) and the Cauchy-Schwarz inequality shows that the second and third integrals
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on the right-hand side are bounded by My + C sup;ero.71 E (), so that summing (6.26)
and (6.27) shows that

T T
/ Tr(t)dt = / paJ 7218] divu(T)|2dx — Mg + / R(t)dt. (6.28)
0 Q 0

Summing inequalities. We integrate (6.24) from 0 to 7', and sum (6.10), (6.25), and
(6.28) to find that

1
sup — [/ o5 J7218] Dv2dx + p3J =218/ div v|>dx — / o5 J 7218/ curl v|2dx:|
1€[0,T] Q Q
<Mp+é sup E()+CT P( sup E(1)).
1€[0,T] t€[0,T]
Adding the curl estimate (6.1), readjusting our constants, we obtain the desired result,
and complete the proof of the proposition. O

6.4. The 8?53, 8t4 92, and 3,65 problems. Since we have provided detailed proofs of the
energy estimates for the two end-point cases of all space derivatives, the 3* problem,
and all time derivatives, the 8,8 problem, we have covered all of the estimation strategies
for all possible error terms in the three remaining intermediated problems; meanwhile,
the energy contributions for the three intermediate are found in the identical fashion as
for the 3* and 88 problems. As such we have the additional estimate

Proposition 6.5. For § > 0 and letting the constant My depend on 1/6, foroa =1, 2,

3
sup ™ [1077° (1) 5 + /P00~ 020 (013 + 1003*~ 97 Dy (1)1
t€[0,7T] a=1

<Mp+6 sup E(t)+CT P( sup E(1)).
tel0,T] t€[0,T]

6.5. Additional elliptic-type estimates for normal derivatives. Our energy estimates pro-
vide a priori control of horizontal and time derivatives of 7; it remains to gain a priori
control of the normal (or vertical) derivatives of . This is accomplished via a bootstrap-
ping procedure relying on having 8,7 v(r) bounded in L*().

Proposition 6.6. Fort € [0, T], 3 v(t) € H'(Q), podJ ~2(t) € H'(RQ) and

sup (||at5v(t)||%+ ||poa;”J—2(t)||%) <My+8 sup E(t)+CT P( sup E(t)).
t€(0,7T] t€[0,T] t€[0,T]

Proof. We will first assume that
po(x3) =1 —x3,

and after establishing our estimates for this particular choice of pgy, we will explain the
minor modifications required for the general case of 0 < pg € H Q) satisfying (1.5).
We write (1.9a) as v} + 2Af.C (poJ 1),k = 0, which we rewrite as

i+ poakJ 2 =24} 172 = 0. (6.29)

We have used the fact that pg,s = 0 for 8 = 1,2, and pg,3 = —1.
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Letting 8,6 act on Eq. (6.29), we have that

p0ad07 72,3 —2a330 072 = —3]v — pod®al T2, 5) — (3%aH 2072 + poJ 23]
5
+ Z cadf a9 =20 + poJ 231

a=1

According to Propositions 6.4 and 6.5,

sup (||a,7u(z)||3+||p0508,5v(t)||3) <My+8 sup E(t)+CT P( sup E(1)),
t€l0,T] t€l0,7T] tel0,7T]

and since (4.6) shows that a? is quadratic in 577, we see that for all r € [0, T'],

2
H[poa?af.1—2,3—2a§a,61—2](z)” < My+5 sup E(t)+CT P( sup E1)).
0 1e[0,T] 1€[0,T]

It follows that

lpola® 188725 (O3 +4llla’| 88T~ 2(0)1F — 4 / pola® 28877288072 5 dx
Q

<Mo+6 sup E(¢)+CT P( sup E(1)).
t€l0,T] t€[0,T]

We assume that our solution is sufficiently smooth so that pgy [(8,6 J _2)2] ,3 1s well-defined
and integrable. As such, we write!

2
—4 [ mlad a2 dx =202 0 2 polad s @02 dx
Q Q
+4/ 108772 dxdxs,
{x3=0}

so that together with our previous inequality,

100887 2,3 NI+ 19T ()11}

< Mo+8 sup E(1)+CT P( sup E(t))+C/ 0018%J 72 dx.
te[0,T] 1€[0,T] Q

Since ,0058,6 J72(1) is already estimated by Proposition 6.5, then

10088 T ~2() 17 + 1188 (1) 113

< Mo+8 sup E(r)+CT P( sup E(t))+C/ 00188 T 2% dx.
te[0,T] te[0,T] Q

1 Jang & Masmoudi [7] have counterexamples to the obtained inequality when J =2 is not sufficiently
smooth. It is important that the function J ~2 has greater regularity than the desired a priori estimate indicates,
and in particular, as we noted, ,00[(3,6/*2)2],3 must be well-defined and integrable.
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We use Young’s inequality and the fundamental theorem of calculus (with respect to
t) for the last integral to find that for § > 0,

2 2
c/ p0dS I 2850 2 dx < 8 a?J*Q(t)HO+c5 Hpoava(t)HO
Q+

+My+CT P( sup E(t))
t€l0,T]
2
<35 8,61—2(t)H +Mo+CT P( sup E(1)),
0 1€[0,T]

where we have used the fact that || pg 3t7 Du(t) ||(2) is contained in the energy function E(¢).
By once again readjusting the constants, we see that on [0, T'],

2
1p0d®a 21|12 + HafJ—z(t)H < My+8 sup E(t)+CT P( sup E(t)). (6.30)
0 te[0,T1] te[0,T]
With J; = aij vi,j, we see that
a,!afv; =900 — o' al — anafa{af—“v',j ,

a=1

so that using (6.30) together with the fundamental theorem of calculus the estimate for
the last two terms on the right-hand side, we see that

. i 2
a{afu’,j(r)H < My+8 sup E(t)+CT P( sup E(1)),
0 t€[0,T] 1€[0,T]

from which it follows that

2
Hdivafv(t)H < My+5 sup E(t)+CT P( sup E(t)).
0 1€[0,T] 1€[0,T]

According to Proposition 6.1, || curl 8,5v(t)||% <My+CT P(sup,e[O’T]E(t)) and with
the bound on 315 v¥ given by Proposition 6.5, Proposition 5.2 provides the estimate

2
afv(r)H < My+5 sup E(t)+CT P( sup E@)).
1 1el0,7T] 1e[0,T1]

More generally, for any 0 < pg € H Q) satisfying (1.5), Eq. (6.29) takes the form,
forg=1,2,

Uf + ,O()alk.]_z,k +200,3 al-3J_2 +200.8 a;s.]_2 =0.
Letting 8t6 act on this equation yields
poa; 30T 23 42p0.3a; 000 2 = 3] v — ,Ooaf(aff_z,,s) —2p0.p af(a;"rz)

5
— @Pa)[pod 2.3 +200.3 T 21+ D cadf'a} 0P o] 2.3 +2p0.3 1 2. (6.31)

a=1
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As such, if the L?(Q)-norm of the right-hand side of (6.31) is bounded by My +
dsup, 0.7 E(@) + CT P(sup,co 71 E(7)), then the identical argument detailed above
would lead to the inequality

2
1p0d® T ~2(0)|12 + H|po,3|a,6r2(t)” < My+8 sup E(t)+CT P( sup E(1)).
0 t€[0,T] 1€[0,T]

(6.32)

By the physical vacuum condition (1.5), for € > 0 taken sufficiently small, there are
constants 1, 8 > 0 such that |pg,3 (x)| > 6; whenever 1 —e < x3 < 1, and po(x) > 6,
whenever 0 < x < 1 — ¢; hence, by readjusting the constants, we obtain the inequality
(6.30).

As the L?(£2)-bound for the right-hand side of (6.31), the only new type of term that

the general function pg produces is —2p0, g 8t6 (af J~?%). On the other hand, given that
po € H*() and that pg = 0 on I, the Sobolev embedding theorem shows that for § =

1,2, [lpo, /pollLe@) < Cllpo.g/ooll2 < llpolla < C, so that |pg,s (x)| < Cpo(x).
This shows that

1200, 3% (@’ T=2)112 < Cl12000° ([a} + a?17 )13

<My+6 sup E(t)+CT P( sup E(1)).
tel0,T] tel0,T]

Having a good bound for 8t5v(t) in H'(Q) we proceed with our bootstrapping.

Proposition 6.7. Fort € [0, T], v (t) € H*(Q), podJ ~2(t) € H*(Q) and

sup (Ilve (013 + o8 I 2WI3) < Mo+8 sup E@®)+C T P( sup E(1)).
1€[0,T] t€[0,T] t€[0,T]

Proof. We let 8t4 act on Eq. (6.29), and using the argument just given above, it suffices
to consider the case that pg = 1 — x3. It follows that

poadt 1725 =230} 172 = =33 — podtal T2 5) — (3 a2 72+ pod 251

3
+ D cadf a0 =202+ pod 23] (6.33)

a=1

In order to estimate 8;‘] —2(¢) in H'(RQ), we first estimate horizontal derivatives of
8;‘]‘2@) in Lz(Q). As such, we consider fora =1, 2,

poa I 25y —2a307 T2, = [ — 030 — podt@’ T2 p) — (3a}) (2072

3
+00023) + D cadfa} 0 (=207 + po )],a

a=1

— p0a3 o 01T 234243 4 04T 72 (6.34)
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According to Proposition 6.5, the right-hand side of (6.34) is bounded in L2(Q) by
Mo + 8sup, o, 71 E(#) + C T P(sup,¢jo 71 E (7). Using the argument just given above in
the proof of Proposition 6.6, we conclude that for = 1, 2,

sp (Ilviesa 13 + 11900} 2.0 OI}) = Mo +6 sup E()+CT P( sup E(0)).
t€(0,T] t€[0,T] t€[0,T]
(6.35)

We next differentiate (6.33) in the vertical direction x3 to obtain
p0a; 07T 72,33 =3a 0} T % 3= [— 03" —pod @l T2 p)— (3ad) (=20 24 p0 s 2 5)

3
+ > cadfa} o (=20 + pod . )] 3
a=1
—poa,3 80723 42a3 3000 2 (6.36)
Now the inequality (6.35) together with Propositions 6.5 and 6.6 show that the right-hand
side of (6.36) is bounded in L%(2) by Mo + dsup,¢o. 71 E(#) + C T P(sup,cpo, 71 E ().
It follows that fork =1, 2, 3,

||,00al-38,4J_2,k3 —3al-38t4J_2,k ||(2) <My+6 sup E(t)+CT P( sup E()).
t€[0,7] 1€[0,T]

Note that the coefficient in front of a;d;' / =2 has changed from —2 to —3, but the iden-

tical integration-by-parts argument that we used in the proof of Proposition 6.6 is once
again employed and shows that

000 T 2() 113 + 18} T 2(1)|13 < Mo +8 sup E(1)+CT P( sup E(1)).
t€[0,7T] tel0,T]

We can thus infer that

|| div vm(t)||% <My+6 sup E(t)+CT P( sup E(t)).
tel0,T] tel0,T]

According to Proposition 6.1, || curl VN> < Mg+ CT P (sup, ¢, 71 E (1)) and with
the bound on vf}, given by Proposition 6.5, Proposition 5.2 provides the estimate

v (D113 < Mo +8 sup E(t1)+CT P( sup E(1)).
t€[0,T] 1€[0,T]

Proposition 6.8. Fort € [0, T], v, (t) € H3(Q), pod>J ~2(t) € H*(Q) and

sup (Il )13+ 0020 2(13) < Mo+6 sup E@)+C T P( sup E(0)).
te[0,T] te[0,T] tel0,T]



Free-Boundary 3D Compressible Euler Equations in Vacuum 585

Proof. Next, we let 8,2 act on Eq. (6.29), so that
poa2 7725 =2a302 072 = =330 — pod2@’ T2 ) — (32a) =202+ pod 2151
+2(8,a)3,[—2J 2 + poJ 23 1.

The same argument used in the proof of Proposition 6.7 provides the desired inequality.
O

Proposition 6.9. Fort € [0, T1, n(t) € H*(Q), poJ ~2(t) € H*(Q) and

sup (I + 110 2(OIF) = Mo+8 sup E@)+CT P( sup E()).
t€l0,T] t€l0,T] t€l0,T]

Proof. We use the identity
poa?J72,3 —2ai3]72 = —vf — poal{slfz,,g .

The same argument used in the proof of Proposition 6.7 provides the desired inequality.
O

6.6. Estimates for curl,v. The regularity for the Lagrangian curl of v gains regularity.

Corollary 6.10.

sup (|| curlnv(t)||§+||p054cur1nv(t)||3)5Mo+a sup E(t)+CT P( sup E(t)).
t€[0,T] t€[0,T] tel0,T]

Proof. Letting D? act on the identity (6.2) for curl;, v, we see that the highest-order term
scales like

t
D3curlu0+/ D*v Dv A Adt'.
0

We integrate by parts to see that the highest-order contribution to D> curl,, v(¢) can be
written as

t
D3 curl ug — / D*n[Dv A Al,dt’ + D*n(1) Dv(r) A1) A1),
0

which, according to Proposition 6.9, has L?(£2)-norm bounded by

Mo(8)+8 sup E(1)+CT P( sup E()),
t€[0,T] tel0,T]

after readjusting the constants; thus, the inequality for the H 3(Q)-norm of curl, v(t) is
proved.

The same type of analysis works for the weighted estimate. After integration by parts
in time, the highest-order term in the expression for pg 9% curl, v(¢) scales like

t
000" curl ug — / 000*Dn [Dv A Al,dt’ + pod* Dn(t) Dv(t) A(r) A(1).
0

Hence, the inequality (6.8) shows that the weighted estimate holds as well. O
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6.7. The a priori bound. Summing the inequalities provided by our energy estimates,
the additional elliptic estimates, and the estimates for curl, v shows that

sup E(t) < Myo+CT P( sup E(1)).
tel0,T] 1€[0,T]

According to our polynomial-type inequality given in Sect.4.5, by taking 7 > 0 suffi-
ciently small, we have the a priori bound

sup E(t) <2My.
1€[0,T]

7. The Case of General y > 1

We denote by qg the integer satisfying the inequality

1<1+

—ag < 2.
y_

The general higher-order energy function is given by

4 4
Ey ) = D 1020013 + 3 [10d* =02 Do) I + I1/pod* 07w I

a=0 a=0
3
+ D p0d7 T 2D + Il curly v (@[3 + 1 p0d* curly v(6) |1
a=0
agn 1
+ > Ip0 T O D) 3.
a=0

Notice the last sumin E,, appears whenever y < 2, and the number of time-differentiated
problems increases as y approaches 1. Using this energy function, the same methodol-
ogy as we used for the case y = 2, shows that sup, (o 7| Ey (¢) remains bounded for
T > 0 taken sufficiently small.
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