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Abstract: We study a diffuse interface model for the flow of two viscous incompressible
Newtonian fluids in a bounded domain. The fluids are assumed to be macroscopically
immiscible, but a partial mixing in a small interfacial region is assumed in the model.
Moreover, diffusion of both components is taken into account. In contrast to previous
works, we study the general case that the fluids have different densities. This leads
to an inhomogeneous Navier-Stokes system coupled to a Cahn-Hilliard system, where
the density of the mixture depends on the concentration, the velocity field is no longer
divergence free, and the pressure enters the equation for the chemical potential. We
prove existence of weak solutions for the non-stationary system in two and three space
dimensions.

1. Introduction and Main Result

In this article we consider a so-called diffuse interface model for two viscous, incom-
pressible Newtonian fluids of different density. In the model a partial mixing of the
macroscopically immiscible fluids is considered and diffusion effects are taken into
account. Such models have been successfully used to describe flows of two or more
fluids macroscopically beyond the occurrence of topological singularities of the sep-
arating interface (e.g. coalescence or formation of drops). We refer to Anderson and
McFadden [5] for a review on that topic.
The model which we are considering leads (after a reduction) to the system

p0:v + pv - Vv —div S(c, Dv) + pVgg = puoVe in Q, (1.1)
dp+div(pv) =0 in Q, (1.2)
porc+ pv - Ve =divim(c)Vug) in Q, (1.3)

pio+ 2B = Bpg0 — at (VA A(C) +p(c)in O, (1.4)
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together with
/ wo(t) dx =/ go(t)dx =0, t € (0, 00), (1.5)
Q Q

where Q = Q2 x (0, 00) and Q C R4, d = 2, 3, is a bounded domain with Cz-boundary.
Here v and p = p(c) are the (mean) velocity and the density of the mixture of the two
fluids, go is a modified pressure, c is the concentration difference of the two fluids, u is
the chemical potential associated to ¢, (o is the mean-value free part of u, and p is a
constant (depending on time), which is related to the mean values of the pressure and
the chemical potential. Moreover,

S(c, Dv) =2v(c)Dv +n(c)divvl,  Al(s) = ai(s), A@0) =0, (1.6)

where S(c, Dv) is the stress tensor, Dv = %(Vv+VvT), v(c), n(c) > Oaretwo viscosity
coefficients, Aju = div(|Vu|‘1’2Vu) is the g-Laplacian, VA ® VA = (8jA8kA)7ﬁk:1,

A = A(c) is an auxiliary function related to a(c) > 0, which arises in the free energy
density of the system, and m(c) > 0 is a mobility coefficient. Furthermore, ®(c) is the
homogeneous free energy density for the mixture and ¢ (¢) = ®'(c). Finally, we assume
that the fluids behave like a simple mixture, cf. Lowengrub and Truskinovski [13], which

means that the excess volume of the mixture is zero. This implies that p(c) = 5 for
some @ > 0 and |B| < «.
We close the system by adding the boundary and initial conditions
n-vjgo=n-S(, Dv)r +yvlse =0 onS, (1.7)
Onclaq = dniolae =0 on S, (1.8)
(v, ©)|t=0 = (vo, co) In 2, (1.9)

where § = 9Q x (0, 00), n is the exterior normal on 2 and 0 < y < 00 is a friction
coefficient.

In the case a(c) = p(c), ¢ = 2 the model was proposed by Lowengrub and Truski-
novski [13] as a generalization of a well-known diffuse interface model in the case of
matched densities which corresponds to the case 8 = 0, p(c) = const., respectively,
cf. e.g. Gurtin et al. [10]. The present modification can be derived in the same way, cf.
e.g. [2, Chap. II]. We note that systems (1.1)—(1.5) are obtained from the original system
by a reduction, which is explained in Sect. 3 below and which will be essential for the
following analysis. We will only consider the case p(c) # const., i.e., B # 0. Results
for the case of matched densities (p(c) = const.) were obtained by Starovoitov [17],
Boyer [6], Liu and Shen [12], and the author [1]. Moreover, in [7] Boyer considered a
different diffuse interface model for fluids with non-matched densities. He proved exis-
tence of strong solutions, locally in time, and existence of global weak solutions if the
densities of the fluids are sufficiently close. Finally, A. and Feireisl [3] constructed weak
solutions globally in time for a corresponding diffuse interface model for compressible
fluids.

We note that the total energy of the system is E(c, v) = Efee(c) + Exin(c, v), where

[Vl
Efree(6)=/ <I>(C)dx+/a(C)
Q Q

c vf?
q

dzx, Ekin(c,v):/p(c)—dx, (1.10)
Q 2
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and that every sufficiently smooth solution of (1.1)—(1.9) satisfies
d E(c(t), v(1))
—E(c(t), v
dt

- —/ (2v(c)|Dv(t)|2 + ()| div v(t)|2) dz
Q

—/m<c)|vm2dx—y/ (vl do.
Q o

cf. (3.12) below. Moreover, note that a(c)|Vc|? = |[VA(c)|?. We will only consider
the case B # 0 since p(c) = const. if § = 0. Furthermore, we can assume w.l.o.g.
that —a < B < 0. Otherwise we replace ¢ with —c. Then f(s) is a strictly increasing
function.

Let us comment on the new difficulties that arise for the construction of weak solu-
tions (in comparison with the case of matched densities):

1. Since p = p(c) # const. in general, div v # 0 too. Therefore it is not sufficient to
work in function spaces of divergence free vector fields and we cannot simply apply
the Helmbholtz projection to (1.1) to get an evolution equation for v independent
of go.

2. In the case of non-matched densities 8 # 0 the (modified) pressure g enters the
equation for the chemical potential (1.4). But gg has low regularity, in particular with
respect to time as will be discussed below. Therefore we will not be able to obtain
an a priori estimate of ¢ (¢) — Acinsome L"(Q7),r > 2, (even not for r > 1). This
would be essential to be able to choose ¢ = @', where ® is a singular free energy
density as e.g.

d(c) = g ((1+c)In(l+¢)+ (1 —¢)In(l = ¢)) — %CZ, (1.11)

where 0, 6, > 0,a = —1, b = 1. In the case of matched densities 8 = 0 and with
q = 2, itis possible to show existence of weak solutions such that c(¢, ) € (—1, 1)
a.e.[1], see also [4]. Since we cannot use these free energy densities, we need some
other mechanism to keep the concentration ¢ € [—1, 1] or at least in a suitable
neighborhood ¢ € [—1 — &, 1 + €], & > 0. Otherwise, p = /(c) becomes singular
or non-positive.

In order to overcome the last difficulty, it will be essential to choose the exponent of the
gradient term in the free energy as ¢ > d and to choose the free energy density ®(c)
“steep enough” outside the interval [—1, 1], cf. Lemma 2.3 below. The following proofs
will not work for the standard case g = 2.

For the following analysis it is essential to use a suitable decomposition of gg, namely:

go = g1 — 9:G(v), (1.12)

where
AG() =divy inQ, (1.13)
0,G(v) =0 ondf2, (1.14)

and [, G(v) dx = 0, which implies that
VGW) = (I — Py)v. (1.15)
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Hence (1.1) is equivalent to
p0: Psv + pv - Vv —div S(c, Dv) + pVg) = puoVe in Q. (1.16)

Here the part g has relatively good regularity, e.g., g1 € L*(0,00; LP(R2)) with
l <p< ddTl’ cf. Lemma 6.1 below. It is the part 9,G(v), which makes the analy-
sis difficult and which does not allow to use a singular free energy as in (1.11). Finally,
let us note that for our estimates of g it is important to consider Navier boundary
conditions for v and not no-slip boundary conditions.

The article is organized as follows: In Sect. 2 we define weak solutions of the system
(1.1)—(1.9) and state the main result on existence of weak solutions. In Sect. 3 we state
the original form of the system (1.1)—(1.9) as derived in [13], explain the reduction to
(1.1)—(1.9), and discuss the conserved quantities. Moreover, in Sect. 4, we introduce the
used function spaces and summarize some preliminary results. The existence is proved
with the aid of a two-level approximation. Firstly, we add some extra terms depending
on a parameter § > 0, which yield an additional a priori bound for go € L*(Q). The
corresponding system is presented in Sect. 5 and existence of weak solutions to the latter
system is proved with the aid of an implicit time discretization, which is the second level
of approximation. Then, in Sect. 6, we consider the limit § — 0 and prove our main
result on existence of weak solutions to (1.1)—(1.9).

Finally, we note the present results are part of the author’s Habilitation thesis [2].

2. Weak Solutions and the Main Result
First of all, let us make some basic assumptions:

Assumption 2.1. We assume thata € C'(R), v, n, m € CO(R) with a(s), v(s), m(s) >
mo > 0, n(s) > O0foralls € R, let p(s) = (a + ﬂs)_lfor some 0 < —B < «, and
let S(c, Dv), A(c) be defined as in (1.6). Moreover, let 0 < y < oo and let @ C R,
d = 2,3, be a bounded domain with C 2—boundary.

In the following, we frequently use the spaces H!(Q) = {f € H'(Q)? : n - flsq = 0}
and H,” L) = (Hn1 (£2))'. For more definitions of the used function spaces we refer to
Sect. 4 Moreover, we denote Q) = Q2 X (5,1), O = Q.1), Sis,r) = 02 X (5,1),

Sy =SonandA: B = Z = 1 ajkb ji fortwomatrices A = (ajx), B = (bjx) € Réxd,
Having in mind the decomposmon (1.12), we define weak solutions of (1.1)—(1.9) as
follows:

Definition 2.2. Let Assumption 2.1 hold, let vo € L*(Q)%, ¢y € qu(sz), g > d,
let ®: R — [0,00) be twice continuously differentiable and set ¢ = @'. Then
(v, g1, ¢, o, p) with
v € BCy([0, 00); L2(2)%) N L*(0, o0; H! (),
g1 € L*(0,00: L{,(R)), ¢ € BC,([0, 00): W, ().
1o € L*(0,00: H'(R)),  p € L},.(0, 00),

and such that 0 < p = p(c) € L*°(Q) is called a weak solution of (1.1)—(1.9) if the
following conditions are satisfied:
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1. For every ¢ € C3°(0, oo; Hn1 () N L®(Q)Y),

—(Pyv,0i@0)p +(v- Vv, @) + (p_lS(c, Dv), D)o
+y(p e, go)s = (g1, dive) g + (oVe, @) o — (Vo' - S(e, Dv), ¢)g.

(2.1)
2. Forevery € C3°(0, 00; C1(Q)),

(p, 3Y) g + (pv, Vi) g =0, (2.2)

(pc, ) o + (pcv, Vi) g = (m(c)Vi, Vi) g, (2.3)

and
(a4 oo+ 07 = (N ¥) | = B (ate) 721 0)
(G o (a@ 7 0%w))  + (IVA@I2VA©. YY) . @)

3. (v, O)li=0 = (vo, co).
4. (v, c, n) satisfy the energy inequality

E(e(t), v+ 25)
/Q (Ste. Dv): Do+ m@IVaP) d@, 7 + 7 lveldags, ) = E((s), v(5))
(s.1)

forallt € [s,00) and almost all 0 < s < oo including s = 0.

We note that the boundary conditions (1.8) and the second condition in (1.7) are part of
the weak formulations (2.1)—(2.3) because of

— (div S(c, Dv), p)o = (S(c, Dv), Vo)o — (n - S(c, Dv), 9)aq
= (S(c. Dv), Vo)a +y (v(0)v, )sa, (2.6)

for all v € H*() satisfying (1.7) and all ¢ € Hn1 (2).

The following lemma shows that, given ® € C 2([—1,1]) and R, e > 0, we can
“trap” all c¢(x) with Efee(c) < R in an arbitrary small neighborhood (—1 — ¢, 1 + ¢)
by extending ® “suitably steep” outside of [—1, 1]. This is essential for everything that
follows.

Lemma 2.3. Let R, e > 0,q9 > d, andlet € CZ([—l, 1) with®(¢c) > 0,c e [—1, 1],
be given. Then there is an extension ® € C2(R), ®(c) > 0, " (c) > —M > —o0 such
that for all ¢ € W, (),

a(c)|Veld
/ —dx+/<1>(c)dx§R = cx)e(—1—¢1+e). 2.7
Q q Q

Proof. Since qu(Q) — CYQ),a=1- g, there is a constant C such that

lc(x) — c(zo)| < Ci1l|VellLale — zol®
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forall z,z9 € Qand ¢ € qu(SZ) with fQ cdx = 0. Since we can change c(z) by a
constant in the estimate above, it also holds forall ¢ € qu (R2). Moreover, if Efee(c) < R,
then ||Ve|ze < R’ for some R’ > 0. Hence

le(x) — c(x0)| < C1R' |z — x0]* <

| ™

— &£ a
forall z € B, (x9) N2, r := (2C1R’) .

Furthermore, let k = inf 20eQ |B,(z0) N Q| > 0. Hence for every zop € Q we have
lc(x)] > |c(xo)| — % on a set of at least measure «.

Now we choose the extension of ® € C2([—1, 17), ®(s) > 0,to ®: R — [0, 00)
such that ®(s) > M := k “1(R+1) and ®"(s) > O forall |s| > 1 + £.In order to prove

(2.7), we assume that for ¢ € qu(Q) there is some zo € 2 such that |c(zg)| > 1 +¢.

By the observations before, we conclude that |c(x)| > |c(zo)| — % > 1+ % on a set
S = B,(xzg) N Q2 of measure at least k > 0. Hence

Efree(€) Z/Q(c)dx >kM=R+1,
N

which proves the implication (2.7). O

Now we are able to state our main result on existence of weak solutions.

Theorem 2.4. Let ¢ > d, &, R > 0. Moreover, let ® € C>(R), ®(c) > 0, d"(c) >
—M, be given such that (2.7) holds. Then for every vo € L*(Q)%, co € qu () with
E(co, vo) < R there exists a weak solution (v, g1, ¢, (o, p) of (1.1)—(1.9) in the sense
of Definition 2.2 and with the property that

c(t,x)e[—1—e 1+¢] forall (z,t) € Q,
g1 € L*(0,00; LP(Q)), p € L2, ([0, 00))

uloc

foreveryl < p < ddTl

3. Reformulation of the System and Conserved Quantities

Our starting point is the system

p0:v+ pv - Vv —divS(c, Dv)+Vp = —div(|VA(c)|q_2VA(c) ® VA(c)), (3.1

o;p +div(pv) =0, (3.2)
poic+ pv - Ve =divim(c)Vu), (3.3)

0 VA(ce)|? 1
pu=—p"'2L (p +P(0) + %) F©) —a(@)TAAQ), ()

which is a variant of the model proposed in [13] for an interfacial energy of the form

Vel
Efree(6)=/ <I>(C)d:v+/a(6)
Q Q

c
q

dz,
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where the choice ¢ = 2, a(c) = p(c) was proposed in the latter article. A derivation of

the latter system can also be found in [2, Chap. II]. We close the system by adding initial

and boundary conditions (1.7)—(1.9). We note that the term |V A(c) 1972V A(c) @ VA(c)

comes from an extra contribution to the stress tensor, which models capillary forces in
an interfacial region.

In order to derive (1.1)—(1.5), we define
Q@)  IVA@IT p
=—+t—+——[
P rq

where it = po + i and i = ﬁ Jo mdzx. Then

Ve —ppVe,

Vg = poverv O g, p—lz—p (p+ o) + _'VA(C)”)
q C q

and therefore

1 IVA(c)|?
pVg —ppuoVe =Vp+a(c)i1 AyJA(c)Ve +V——

= Vp+div([VA(c)|? 2V A(c) ® VA(c)).

Hence we see that (3.1)—(3.4) is equivalent to the system

po:v+ pv - Vv —divS(c, Dv) + pVg = puoVe in Q, 3.5)
orp +div(pv) =0 in Q, (3.6)
porc+ pv - Ve =divim(c)Vu) in Q, 3.7
and
ap \ _ ap 1
PO + (0+56)M= —gg—aq(C)AqA(C)+¢(C)- (3.8)

For the following mathematical analysis it will be essential to consider the case of a
so-called simple mixture. This is expressed in the relation

1 c1
Nt

o P P
which means that the volume of the mixed fluids is the same as the sum of the volume

filled by the separated fluids. Here c; is the concentration and p; is the mass density of
the fluid j = 1, 2. Therefore p can be written in the form
1 1 1 1 1

where f = — — —, 0 = — + — (3.9)
a+ fc 201 2p2 200 2p1

pc) =

with @ > 0 and | 8| < «. One easily calculates that

9 2

ap o
— = —pp’, prgoc=ap
C

dc

Therefore (3.8) reduces to

(3.10)

puo + p*(@fi+ ) = Bp’go — aé(C)AqA(C) +¢(c), (.11
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where g = go+gand g = Ilﬁl Jo 9(x) dx. Hence one sees that /i, § are not uniquely
determined by the system. But p = ot + B¢ is determined uniquely by (3.11) if o, go
and c are known. A closely related identity is

ap
0rp = _/3,023t0 = —é (/0 + —C) dc = —Ea,(pc).
o ac o

In particular, this implies

d d
—/pcdm:O = —/pdat:O.
dt Q dt Q

Summing up, we have derived (1.1)—(1.5) from the original system (3.1)—(3.4) assuming
the case of a simple mixture.

Now we discuss the conserved quantities and the energy estimate for solutions of the
system. Because of (3.2), (3.3) is equivalent to

3 (pc) +div(pev) = div(m(c) V).

Therefore the total mass difference pc and the total mass are conserved:

/ p(x, t)c(x,t)dr = / po(x)co(x)dxr  forallt € (0, 00),
Q Q

/p(x,t)dx:/po(x)da: for all r € (0, 00).
Q Q

Moreover, multiplying (3.5) with v, (3.7) with p, and (3.8) with d;c, integrating with
respect to €2, and using the boundary conditions and (3.6), one sees that every sufficiently
smooth solution of (1.1)—(1.9) satisfies

4a _ 2 : 2
p E(c(),v®) = (ZV(C(t))IDv(f)I +n(c(@))] divv(r)] ) dx
t Q

—/ m(c)|w|2dx—/ yIv|* do, (3.12)
Q Q

where E(c, v) = Efree(¢) + Ekin(c, v) and Efee(c), Exin(c, v) are defined as in (1.10).
Integrating (3.12) yields (2.5).
Finally, we note that (3.6) and (3.10) imply

— Bp*(dc+v - Ve) = —pdivo. (3.13)
Combining this with (3.7), we obtain the simple identity

divv = Bdiv(m(c) Vo). (3.14)
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4. Preliminaries

Notation. Let us fix some notation. If X is a Banach space and X' is its dual, then

(fLoy={fi9xx=fl, feX, geX,

denotes the duality product. The inner product on a Hilbert space H is denoted by (., .)g.
Moreover, we use the abbreviation (., )y = (., .) L2(M)-

Function spaces. If M C RY is measurable, L1(M), 1 < g < oo denotes the usual
Lebesgue-space and ||. ||, its norm. Moreover, L9 (M; X) denotes its vector-valued vari-
ant of strongly measurable g-integrable functions/essentially bounded functions, where
X is a Banach space. If M = (a, b), we write for simplicity LY (a, b; X) and L9 (a, b).
Furthermore, f € 1OC([O o0); X) if and only if f € L9(0,T; X) for every T > O.
Moreover, Luloc([O, 00); X) denotes the uniformly local variant of L9 (0, co; X) con-
sisting of all measurable f: [0, o0) — X such that

||f||[ﬂ1 ([0,00):X) — sup ||f||L‘1(z r+1:X) < O0.

Recall that, if X is a Banach space with the Radon-Nikodym property, then
LY(M;X) =LY (M;X') foreveryl <gq < oo

by means of the duality product ( f, g) fM f(@),g(x))x.xdx for f € Lq/(M; X",
g € L1(M; X). If X is reflexive or X’ is separable, then X has the Radon-Nikodym
property, cf. Diestel and Uhl [9].

Moreover, recall the lemma of Aubin-Lions: If X9 << X| < X, are Banach
spaces, | < p < 00,1 <¢g < oo,and I C R is a bounded interval, then

d
ve LP(I: Xo) - d—’; e LI(I: Xz)] s> LP(I: X)). (4.1)

See J.-L. Lions [11] for the case ¢ > 1 and Simon [16] or Roubicek [14] for g = 1.

Let @ C RY be a domain. Then W(;"(Q), m € Ny, 1 < g < o0, denotes the usual
L7-Sobolev space, W;’fO(Q) the closure of C;°(2) in W(;" (), Wq_’” (Q) = (W O(Q))/
and W(;(';l(ﬂ) = (W(;’Z(Q))’. The L2-Bessel potential spaces are denoted by HS (),
s € R, which are defined by restriction of distributions in H* (]Rd) to Q, cf. Triebel [19,
Sect. 4.2.1]. We note that, if Q C R4 is a bounded domain with C boundary, then
there is an extension operator Eq which is a bounded linear operator Eg : W’”(Q) —
W’”(]Rd) 1 <p<ooforallm e Nand Eq f|q = f forall f € W'”(Q) cf. Stein [18,
Chap VI, Sect. 3.2]. This extension operator extends to Eq: H S(Q) — H*(R™), which
shows that H*(2) is a retract of H*(2). Therefore all results on interpolation spaces of
H?®(R™) carry over to H*(2).

Furthermore, we note that

17 9lw) = Cpqllfllwiligllywy  foralll < p =g <o0,q>d, (4.2)

which is easily proved using well-known Sobolev embeddings.

Let/ =[0,T]withO < T < oo orlet I = [0, 00) and let X be a Banach space.
Then BC(I; X) is the Banach space of all bounded and continuous f: I — X equipped
with the supremum norm and BU C(I; X) is the subspace of all bounded and uniformly
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continuous functions. Moreover, we define BC,,(I; X) as the topological vector space
of all bounded and weakly continuous functions f: I — X.By C3°(0, T'; X) we denote
the vector space of all smooth functions f : (0, T) — X with supp f cC (0 T).Finally,

fe W (0,T; X),1 < p < ooifandonlyif f, dl e LP(0,T; X), where—denotesthe
vector- Valued distributional derivative of f. Furthermore, W ulOC([O, 00); X) is defined

by replacing L? (0, T; X) by L” ([0, 00); X) and we set H'! (O, T;X) = W21 O, T; X).
Finally, we note:

uloc

Lemma 4.1. Let X, Y be two Banach spaces such that Y < X and X' < Y’ densely
andletQ < T < 00. Then L0, T;Y)NBUC([0,T]; X) = BCy([0,T];Y).

Proof. It f € L*°(0, T;Y)NBUC([0, T1]; X), then (f(¢), ¢)x.x» € BUC([0, T1]) for
allp € X'.Nowletp € Y’'.Since X’ < Y’ densely, we can find a sequence ¢; € X’ such
that gp — k00 @inY’. Becauseof f € L*°(0, T'; Y), thisimplies that { £ (¢), ¢k)y,y —
(f(@), )y,y uniformly in [0, T']. Hence (f(¢), ¢)y,yy € BUC([0, T]). O

Neumann-Laplace equation. Given f € L'(€), we denote by m(f) = % f f(x)dx
its mean value. Moreover, for m € R we set

L (@) = {f e LU m(f)=m), 1<q<oc0.

Then

Pof = f—m(f)=f - @/ F)do

is the orthogonal projection onto L(O) (£2). Furthermore, we define

1 1 .
Hy = H () = H' () N L, (), (e.d) gy @ = (Ve. Vd) 2.

Then H(IO)(Q) is a Hilbert space due to Poincaré’s inequality. Moreover, let

H((_)) = H(E)l (RQ) = 0)(Q)’ Furthermore, we define div, : L2(Q)¢ — H(O) (2) by

. . 1
(div, u, @)H(E)I’H(lo) = —(u, V(p)Lz(Q) for all ¢ € H(O)(Q). 4.3)

Note that this operator should not be confused with the distributional divergence extended
to an operator div: L2 - H Q) = (HO1 (2)), since the latter is defined only
for C(‘)’o (£2)- resp. HO1 (€2)-vector fields. The operator div, acts on vector fields, which
do not vanish on the boundary necessarily, and involves boundary conditions in a weak
sense.

Let m € L°°(2) such that, m(z) > mg > 0 a.e. Then div,,(m(z)V-): HO)(Q) —

(0) (Q) defined by

—(div, (m(x)Vu), @) (m(z)Vu, Vo)  forallp € Hy ()

| g1 =
Hy-H

is an isomorphism because of the lemma of Lax-Milgram. In particular, this is true for
the weak Neumann-Laplace operator Ay := div, V and Ayu = f foru € H(lo)(Q),

f e H(a) (2) implies

el @ < 1S gt - (44)
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Finally, we note that, if u € H(IO)(SZ) solves Ayu = f for some f € L((IO)(Q), l<g<

00, and 2 is a bounded domain with C 2-b0undary, then it follows from standard elliptic
theory that u € qu(Q) and Au = f a.e.in Q and d,ulye = O in the sense of traces.
Moreover,

||M||Wq2(gz) <Cyllflla forall f e L‘(]O)(Q) 4.5)

with a constant C,; depending only on 1 < ¢ < 00, d, and .
For the following we denote

W2y (Q) = {u € WAQ) : duulsq = 0} ,

where 1 < p < o0.
By a simple duality argument one can define so-called very weak solutions of the
Neumann-Laplace operator, which is the content of the next lemma.

Lemma4.2. Let 1 < p < oo. Then for every f € (Wﬁ, ~ () there is a unique
u € LP(2) such that

(w Ao = {f.00w2, w2, | (4.6)
forall ¢ € Wﬁ,’N(Q). Moreover, there is some C, such that

Il < Colflows, oy @.7)
forallu € LP () and f € (W;%’,N(Q))/’ solving (4.6).

Proof. Since Ay : W,%, N (&) — LI’/(Q) is a bijection, the adjoint A}\,: LP(Q) —
(WI%/‘N(Q))/ is a bijection too. Hence for every f € (Wi/’N(Q))/ there is a unique

u € LP(R2) such that A/Nu = f. Moreover, (4.7) holds since (A;\,)_l is continuous.
Then

, A =(u,A = (Apnu, / =(f, /
(u, Ap)g = (u, Ayp)o = (Anu §0>(Wﬁ/,N(Q)) ’W;’,N(Q) (f (p)(leﬂ,N(Q)) ’WZ/,N(Q)
forall ¢ € WZ,,  (§2) by the definition of the adjoint. O

A result related to energy inequalities. The following lemma will be useful for passing
to the limit in energy inequalities.

Lemmad4.3. Let E: [0, T) — [0,00), 0 < T < 00, be a lower semi-continuous func-
tion and let D: (0, T) — [0, 00) be an integrable function. Then

T T
E0)p(0) +/ E@)¢ () dt > / D(0)g(1) dt (4.8)
0 0
holds for all ¢ € Wll (0, T) with o(T) = 0 if and only if

t
E(1) +/ D(t)dt < E(s) (4.9)

holds for all s <t < T and almost all 0 < s < T including s = 0.
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Proof. First assume that (4.8) holds. If s = 0and 0 < ¢ < T, then we choose

1 if0<t<t
e ={1-L(x—1) ift<t<t+e
0 otherwise

in (4.8). Then

T 1 t+e
/ E(t)g.(v)dt = g/ E(t)dt —.—0 E(1)
0 t

for every Lebesgue point # of E (hence almost everywhere). This implies that (4.9) holds
for s = 0 and all Lebesgue points 0 < ¢t < oo. Since E is lower semi-continuous, we
have

E(t) < liminf E(t)).
t'—t

Therefore, choosing a sequence of Lebesgue points ¢ ; — t, we conclude that (4.9) holds
for all 0 <t < oo. In order to prove (4.9) one chooses ¢ = ¢, ; — ¢. s in (4.8) and
proceeds as before.

Conversely, assume that (4.9) holds for all s € M with |[0, T]\ M| = 0. Then (4.8)
holds for every ¢ € Wl1 (0, T) such that ¢(T) = 0 and ¢'(7) is piecewise constant on
some intervals [f;, tr+11, k =0,..., N,O=1t <t) <--- <tyy1 =T, wherety € M,
k=0,...,N+1.Sinceevery ¢’ € L'(0, T) canbe approximated by piecewise constant
functions of the latter form, we conclude that (4.8) holds. 0O

Monotone Operators. Let X be a real-valued Banach space. Recall that A: X — X' is
a monotone operator if and only if

(A(x) —A(y),z—y)x».x =0 forallz,y € X.
Moreover, a monotone operator A is maximal monotone if for every w, x € X such that
(w—A@W),z—y)x x>0 forally e X (4.10)

w = A(x) holds.
An important consequence of (4.10) is the following lemma.

Lemma 4.4. Let A: X — X' be a maximal monotone operator. Assume that T,,, v € X,
y € X', neN, satisfy v, oo T, A(Tn) =n—oo Y, and limsup, _, . (A(zy), T,) <
(y, z). Then y = A(x).

The result follows from the fact that a maximal monotone operator is of “type M”, cf.
[15, Sect. I1.2].
We define the g-Laplacian A, : W[; (Q) — W;O(Q) = (Wq],(Q))’, 1 < g < oo, by

—(Agu, @) -1y =/ |Vu|"_2Vu -Vodx forallg € qu(SZ). 4.11)
q'.0° 74 Q
Itis easy to check that —A u € dgp(u), where ¢: W;’O(Q) — R is defined by

IVull]

plu) = L9()

1
q
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and w € dgp(u) € W, §(R) if and only if
1
(w,v—u)W;’é’qu <) —em) forallve Wq(Q).

(Consider e.g. the function f(t) = ¢((1 — H)u + tv), t € R, and use that f/(¢) is
non-decreasing since f(¢) is convex.) In particular, this implies that —A : qu (Q) —

Wq_ é(Q) is a monotone operator. Moreover, —A, is even strictly monotone, i.e.,

(Aqu — Agv, u —v)

W,,T}OsW{} =0 ifandonlyif u =v,

which follows from the fact that z +— [lllx|‘1 is strictly convex. Furthermore, we note
that

Mty w) gz + (= Bgut )yt 1 = Ml g, + 1 VulFy q)-
q’,

Hence A — A, is coercive on qu () forevery A > 0ifg > 2, 1.e.,

Mu,u)pe + (—Agqu, u) -1
q’,0°"4q

— 00 as |lullyi g — o°. 4.12)
q
leellw )

Therefore we obtain from [15, Cor. 2.2, Chap. II] the following lemma.

Lemma 4.5. Let 2 < g < 00. Then —A: qu () > W(;,IO(Q) is maximal monotone
and A — Ay : qu (Q) — W(;,’IO(Q) is bijective with strongly continuous inverse for every
A > 0.

Proof. The fact that — A is maximal monotone follows from [15, Prop. 2.2, Chap. II].
Moreover, A — A, is coercive as seen above. Hence [15, Cor. 2.2 and Lemma 2.1] yield
that A — A, is onto. Since A — A, is strictly monotone, A — A, is a bijection.

Finally, if f, >, f in Wq_,’lo(Q) and (A — Apu, = fu, (A — Ay)u = f, then

Mun = ull7 = (Agitn — Aguu,uy — ) = (fo — frttn —U) >p00 0 (413)

since f —n—oo f strongly and |[u,ll;2 + [|[VunllLe < C because of (4.12) and the
boundedness of | f;, . Hence u,, —,_00 u in LZ(Q). Since u,, n € N, is bounded

”W*l
q'.0

in W) (), n —n—o0 uin W, (S). Finally, since
Jlim IVitnll] = lm —(Aguy, un) = —(Aqu, u) = IVallgs,

Up —>n—oo U strongly in qu (2). O

Remark 4.6. If we consider —A, : L9(0, T'; qu (Q)) — qu(O, T, qu, 0(§2)),then —A,
is still maximal monotone since

T
/ (=Agqu — fu—v)p-1 y1dt >0
0 q,00 "4
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forallu € L9(0, T; W, () andsome f € L9 (0, T; W, ((Q)), v € L4(0, T; W, (R))
implies —A,v(t) = f(¢) foralmostallz € (0, T'), which can be seen as follows: Choos-
ingu = v +tw above with w € LY(0, T; qu (2)), t € R, arbitrary, we obtain

T
t/ (=Aq(v+1tw) — f, w)W_| Wldt > 0.
0 0 q

q’,

Dividing by ¢ and passing + — 0, we obtain
T
/ (=Agv— fiw)y—1 y1dt =0
0 q,0 "4

forallw € L91(0, T; W(} (€2)), which implies —A,v = f almost everywhere.

5. Approximate System and Implicit Time Discretization

In this section we construct weak solutions of the approximate system

p0:v + pv - Vv —div S(c, Dv) + pVgo —89(% = puoVe in Q, (5.1
pr +div(pv) +5g0 =0 in Q, (5.2)
Py (pc; + pv - Ve) =divim(c)Vg) in Q, (5.3)
and
2 2 A
pro+p~p(t) = Pp~go+¢(c) — EAqA(C), (5.4)

together with (1.5)—(1.9). Here as before Pof = f — f, where f denotes the mean
value of f on Q. Because of the damping term 8gg in (5.2), every sufficiently smooth
solution of the latter system satisfies

iE(c(t), v(t)) = —/ S(c(t), Dv(t)) : Dv(t)dx
dt Q

—/m(c>|vmzdx—y/ |v|2do—6/ lgol* dz,
Q 02 Q

which implies an additional L?(Q)-bound of go. The latter energy identity can be
obtained by multiplying (5.1) by v, (5.3) by u, (5.4) by d;c and using (5.2) together
with —Bp?d;c = 9, p. Similar calculations are contained in the following proofs.

The main result of this section is:

Theorem 5.1. Let ¢ > d, d = 2,3, § > 0, let Assumption 2.1 be satisfied and let
R,e > 0and ® € C*(R), ®(s) = 0, ®"(s) > —M be such that (2.7) holds. Then for
every vy € LZ(SZ)d, co € qu (2) with E(vg, co) < R, there are some

v € BCy([0, 00); L2(2)%) N L*(0, 00; HY (),
¢ € BCy ([0, 00); W, (), o € L*(0, 00; H) (),
90 € L*(0,00; L3 (R), € Lioe(10, 00))

with (v, ¢)|;=0 = (vo, co) solving (5.1)—(5.4) together with (1.6)—(1.8) in the following
weak sense:
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1. Forevery yr € C3°(0, 0o; H) () N L®(Q)Y),

— (v, 3 Y) g+ (v- Vo, ¥) g + (0~ S(c, Dv), Vi) g + (S(c, Dv), Vp~ ' @ ¥)g
)
+y(p v, ¥)s — (g0, divy) g — E(Pflgov, Yo = (moVe, ¥)o. (5.5

2. Forevery ¢ € C5°(0, oo; cl(Q)),
—(p, drp)o — (pv, V) +8(g0, 9)o =0, (5.6)
(pe, Podrp) o + (pcv, Vo) g — 8(goc, Pop)g = (m(c)Vuo, Vo) g, (5.7)
- 2,5 _ _ -2
(a7 @ (oo + 05 = Ba) = (@) .0) | = (IVAIVA.Vg) . (58)

where A = A(c).

Moreover,

E(c(@),v@) +y vl ) + 8190072, )

+/ (S(c(t), D)) : Dv(t)+m(c)|V,u0|2) d(z.7) < E(c(s), v(s)) (5.9)
Q(s,t)

forallt € [s, 00) and almost all s € [0, 00) including s = 0.
We note that for the weak formulation (5.7) one uses that (5.2) implies
porc+ pv - Ve = 0 (pc) +div(pcv) + 5goc.

In order to prove the latter theorem, we use an implicit time discretization. To this
end, let h = %, N € N. Then for given vy, ¢x and px = p(ck), k € Ny, we determine
(Vk+1> 90,k+1, Ck+1, 0.k+1, Pk+1) as a solution of the non-linear elliptic system

v — Vg
(pk A +pkv~Vv,1/f) + (S(ck, Dv), V)
Q

8
+y (V. ¥)ag + (0. div(pey ) = (pkpoVe. Yo + 2 (gov. Vo (5.10)

for all € H}(Q),

0 — Pr

+div(prv) +8g0 =0  in Q, (5.11)

c— Ck
(Pk A +pkv-Vc,<p) = — (m(ck)Vio, Vo) (5.12)
Q

forall ¢ € H, (), and

(1IvA@I VA, Vo)

(=% . 3 c+cx
_(A(C)_A(Ck) (,OkMO+P,0kP Bppego — do() +x— ),(p)Q (5.13)
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for all ¢ € qu (R). Here p = p(c), pr = p(ck), and ¥k € R is chosen such that

®(c) = Dylc) — %cz with ®¢(c) convex, which is possible since ®"(¢) > —M >

—00. Moreover, we note that, if ¢ = ¢, then ﬁ above has to be replaced by

1 o
A'(¢)~! = a4 (c). For simplicity, we will write m even in the case ¢ = ¢y,
having the latter replacement in mind.
Finally, we note that (5.11) implies

/pdx:/,okdx. (5.14)
Q Q

Lemma5.2.Let ¢ > d = 2,3, let R,h,6 > 0,0 < ¢ < % — 1, and let

® € C2(R), ®(c) = 0, d"(c) = —M be chosen such that (2.7) holds. Then for every
(vk, cx) € L2(2)4 x qu (R2) with E(vg, c) < R there are some

(v, 90. ¢, 1o, P) € H, (2) x L () x W, (2) x H*(Q) N L, (Q) x R
solving (5.10)—(5.13) and which satisfy the discrete energy estimate
E(c,v) +/ pkM dx +8hllgoll7 2 g + VIV
o ) L2(RQ) L2(3S2)
+h/Q S(ck, Dv) : Dvdx+h/9m(ck)|Vu0|2dx < E(ck,vr). (5.15)

Moreover, there is a constant C(R) independent of (v, cx) such that |p| < c.

Proof. We first show the a priori estimate (5.15) for any (v, go, ¢, &, p) € H'(Q)? x
L3(Q) x qu (Q) x H*(22) x R solving (5.10)—(5.13) and satisfying Efec(c) < R. First

of all, because of (5.11) multiplied with %lv|2 we obtain

|v|? . |v|?
pr(v-Vv)-vdr = kv - V—dx = — | div(prv)—
Q Q 2 Q 2
Thus

_ 2 2
:/p pkﬁﬂg/goﬁ_
0 h 2 )
/(,Ok|v|2_,0kvk'v)
Q

d:v+/ pk(v~Vv)-vdx—8/ gov—dx
h Q Q 2
2 2 _ 2 _ 2
Iy U LA AL VAT
o 2h Q 2h Q 2h o h 2

2 2 _ 2
z/pﬁdx_/pkﬂd“/pkudx,
Q 2h Q 2h Q 2h

where we have used the simple algebraic relation

2 b2 —b2
P T Y

b e RY. 5.16
2 2 2 - GPE (5.16)
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Hence, choosing ¥ = v € H,f (2) in (5.10), we derive

|v|? v — v |? 2
p—dx+ | pp—————dz+ | S(ck, Dv): Dvdzr+y |v|“do
o 2h Q 2h Q a0

:/pkv—dx+/pk;Lch~vdx+/godiv(pkv)dx. 5.17)
Q Q Q

Moreover, choosing ¢ = po in (5.12), we conclude

C — Ck
/Pk - uoda:+/pkuowvd:c:—/m(ck>|wo|2d:c, (5.18)
Q Q Q

where

2 2
c—cp c—cr . _ c—ck ¢t —c
/pk Mod33+/ o d:cp=/¢>o<c> dm—x/ £ gy
Q h Q h Q h @ h

+l/ |VA(c)|"_2VA(c)-V(A(c)—A(ck))dx—/
h Q Q

1
> 3 (Eree(©) — Efrslc)) + /9 g0 div(p) dr (5.19)

because of (5.13) with ¢ = %(A(c) — A(cg)). Here we have used (5.11), (5.16), the
simple relation

0 — pk = Bppk (ck — ¢, (5.20)
and that

Bo()(c = 1) = @o(e) = Po(en). (IVul?2Vur, Vi — up))

1

= (IIVullfy = IVurll?,),

since ®g is convex, — A, u is the subgradient of u +—> Cl] IVu ||[£q(Q), cf. Sect. 4. Moreover,
because of (5.20) and (5.14),

Cc—Ck _ -
—ﬂ/ppk Y dafp=/(p—pk)dxp=0-
Q Q

Combining (5.17)—(5.19), we conclude (5.15).
Furthermore, we note that, since c(x) € [—1 — ¢, 1 + ¢] due to Efee(c) < R by
assumption and (2.7), we conclude

leliw) @) = Cle, R).
Finally, the estimate | p| < C follows from (5.13) with ¢ = %fk(ck) ,o_lpk_ L
In order to show existence of weak solutions, we use a homotopy argument based

on the Leray-Schauder degree, cf. e.g. [8]. To this end we introduce the operators
Ly, Fi: X — Y where

X = H,(Q) x L{(2) x W, (Q) x Hip(Q) x R,
Y = H, ' (Q) x L, (Q) x H(B)I(Q) X Wq—,}o(sz),
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and for w = (v, go, ¢, Ko, p) € X,

Li(v, go)
[ div(pxv) +8g0 + p
Lew =1 i, (m(c) V o)
A(c) — AgA(c)

{Li(v, 90)s @) g1 g1 = (S(ek, Dv), Vola +y (v, 9)ag — (9o, div(orp))e

forall ¢ € Hn1 (2) and

PritoVe + S gov — pr gk

_ ﬁ(C)—pk N c—cx -~
Fow = Po(5=-) — fQ p)pr=—Ftde+p . where
P() ( k + ok - VC)
ka(Qos ¢, fro, p) + A(c)
C+Ck

Fi(c, go, 1) = pro + ok p — Bpokgo — Po(c) +k

Note that div,,' L2(Q)4 — H(B)l () is defined as in (4.3). Here we have to modify
plc) = aﬂ% outside of [—1 — &, 1 +&] to some p € C'(R) in order to have Fy (w) well

defined for all ¢ € Wq ().
Using the lemma of Lax-Milgram,

H, ' (Q)

(d Ly (v, go) ) _ (?) c "X
iv(orv) +8g0)

has a unique solution v € H (2), go € L(O)(Q) since

(L. 90), V) 1.yt + ([div(prv), go)e +8(90. 90)2 = collvlzyr g + 3190172 -

Moreover, we note that div(pxv) + p = f € L?(R) is equivalent to div(pxv) = Py f
and p = m(f), since fQ div(prv)dxr = 0 due to n - vjyg = 0. The invertibili-
ty of div,(m(cx)V-): H(lo)(Q) — H(B)l (2) is a simple consequence of the lemma
of Lax-Milgram too, the invertibility of 1 — A,: qu () — Wq_,IO(Q) follows from
1
Lemma 4.5, and ¢ — A(c) is an invertible mapping on qu (), since A'(c) = ai(c) >
1
mg > 0. Altogether it follows that £;: X — Y is invertible and Ek_lz Y - Xis
continuous.
Therefore w = (v, go, ¢, (o, p) is a solution of (5.10)—(5.13) if and only if Ly (w) —
Fr(w) = 0, where we note that L (w) = Fj(w) implies

0 =/ pO)pr(c —cp)dw = -~ / (p(c) — pr) dz
Q Q
due to (5.20). Moreover, L (w) — Fr(w) = 0 is equivalent to

w — L (Fe(w)) =0,
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since /.3,:1 (0) = 0 due to A(0) = 0. Moreover, it is easy to observe that F;: X — Y is
a continuous and bounded mapping, where we note that

—Ck

1 _ 7%
Wq (R)3cH A0 — A

€ W, (Q)

is continuous since
Ac) — Acr)
c— Ck

1 1,
/ Al(te+ (1 — 1)) dt = / ai(tc+ (1 —1)ex)dr  (5.21)
0 0

and a(s) > mgy > 0. Moreover, i (w) := Ck_l(}"k (w)) defines a compact operator on
X since

Few) € LX) x WHQ) x L) (@) x LX(Q) <> ¥

forallw € X.

Now we are able to apply a homotopy argument in order to show that the Leray-
Schauder degree of I — i at 0 is 1 in some suitable open set U. To this end, let
pe(0)=(ax+(1— r),Bc)_l, 7 € [0, 1]. Replacing v, ck, o, pk, B, k, and ¢g in (5.10)—
(5.13) by

vy =0 =D, g =0-10ck, pr=p(c), p; = pe(cy),

B =1 —=0)B, kr=A=Dk, ¢5(s)=(1—71)po(s)
for every T € [0, 1], and denoting by L}, 7, K} the corresponding operators, we get a
family of compact operator K7, depending continuously on t € [0, 1] such that IC,? = Kk
and

deg(I + K, 0,U) = deg(I + K},0,U),
provided that
(I+KD)(w)#0 forallw e U, € [0, 1].

Because of the energy estimate (5.15) and the estimate of p, we have |w|x < C(R, §)
for any solution of (5.10)—(5.13) such that Efee(c) < R, which implies the latter condi-
tionforU = {w € X : ||lw|lx < C(R, ), Efee(c) < R}.

In order to show that deg(/ + K}, 0, U) = 1, we define a second homotopy by

Kiw)=(LH'Q-0)Fw), tell,2]

Then w — K[ (w) = 0 if and only if w = (v, go, ¢, uo, p) is a solution of

v 1)
A (ﬂo— + pov - Vv — 5900, <,0) + (W) Dv, D)o +y (v, P)sq,
Q

h
= (pogo, dive)q + A(popo Ve, p)a, (5.22)
podivv +8gg = 0, (5.23)
)Lpo% + Apov - Ve = divim(0)V ), (5.24)
c _
(I =2)A(c) — AjA(c) = km(muo + 0 D), (5.25)

(1—0)p = _pg/ S d (5.26)
o h
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forall o € H!(Q) together with n-v|yq = d,claq = duitoloe = 0, where pg = p(0) =
alandr = 2 —1). Choosing ¢ = v in (5.22), multiplying (5.24) by wo and (5.25)
by A}(lc), we obtain by similar calculations as before

A(0)|1? VA@) |2
IA@I3 _, IVA©IG |
2h qh
+V(O)[[DV]I3 + 7 lvl72 0, + Sllgoll5 +mO) | Vuol3 =0, (5.27)

(1 —2)rp?

PPN L
P,

where one uses that

S 2
/(pov~Vv~v— —golv|?) dz = —/(podivvwgo)ﬁdx:o,
Q 2 Q 2

IVA@©)I _ IVA@IG  IVAO)I

q q q
—(A4A(c), Ae) = A(0)) = —(Ag A(c), A(c)),

c _ _
)»pg/ }—ldmp = -1 —)\)p2
Q

IA

q
because of (5.23), and since — A, is the subgradient of u > @. Hence (5.27) implies

that w = ICf (w), T € [1, 2], if and only if w = 0. Therefore any solution of w — KCf (w)
remains in U and

deg(! + Kk, 0, U) = deg(1 +IC,%, 0,U) =deg(1,0,U) =1
since IC,% = 0. Therefore (5.10)—(5.13) has a solutionin U. O

Now let N € Nbe given and let (41, 90.k+1» Ck+1, H0,k+1, Pk+1), k € No := NU{0},
be chosen successively as a solution of (5.10)—(5.13) with & = % and (v, cx) as initial
value. Moreover, define fV(¢): [—h, 00) by fN(t) = fi fort € [(k — 1)h, kh) and
f € {v, g0, c, no} (setting go,0 = po,0 = 0). For the following we denote

(ALF) () = fFa+h) = F@O). (A OO = f@) = ft—h).  (528)
1
g = (W) = gt = h). 5. f = AL S. (5.29)

Then, choosing ¥ = ;' [X"* ¢(x, 1) dt in (5.10), where ¢ € C3°((0, 00); H (%)),

and summing over all k € Ny, gives
@, " + 0V Vo ) + (S(ep, DY) — g 1. Dp) g + ¥ (o) 0" @)
) _ _
—5 i) LoV, 0 o = Ve 0)o — (Vo) ! S(ep, DvY). 9)g.
(5.30)

where ¢ € C3((0, 00); H,' () is arbitrary and S(c, Dv) = p~'(c)S(c, Dv). More-
over, since

(8tjthv (P)Q = _(UN9 azh(p)Q + (U()v ¢|t=0)§21
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we conclude
—N, 85,000+ @Y - VOV @) g + ((S(ef . V) — gV I, D)o + ¥ (o) VN, @)

8 _ _
=5 )90 v, 910 = (g Ve, )0 = (Vo) H - (e, D), 9)0, (5.3D)
forall ¢ € Cgo (0, o0; H,} (£2)). In the same way, one obtains that

— (0", 8,0 — (00", V) o +8(g0, ¥) = 0, (5.32)
(NN, ot o+ (o NN —mN v Ve =8y N e (533)

for all ¥ € C§°(0, o0; H(IO)(Q)), where m" = m(zj*c") and

VACEMI2VAEY), v
(IVAEI2vAE, Vv)

(At (pNMN w0V o 5V = Bab) — do(c) + S (N +CN)) v) G639
A;A(CN) n Mo h 0 0 2 h’ A .

for all ¥ € Cgo (0, o0; W(} (£2)). Here we have used that (5.11) implies

—c c — pxC
¢ k +prv - Ve = %+div(pkvc)+89()c.

Pk

Finally, let £y (¢) be the piecewise linear interpolation of E(ck, vr) attx = kh, k € Np,
and let

Dy () = yllvs1 17250 +Sllgoks1 172,
+ /Q (Stex, Dves) s Dvier +m(@) | Viosn ) da
forall t € (t, trs1), k € Np.
Then (5.15) implies

d E(ck, — E ,
—EN(D) = (©, ve) h(""*‘ %) S D) forallt € (e, i), k € No,

and therefore
o0 o0
E(co, v0)p(0) +/ En()¢' (1) dt > / Dy (t)e(t) dt (5.35)
0 0
for all ¢ € wi (0, 00) with ¢ > 0. In particular, we have

E(cN(t),UN(t))+/ (2u(c,2’)|DvN|2+n(c,’j)|divUN|z) d(x, 1) +8195 725,
Q. v

Y I 25 + / m(eH|\Vud *d(x, v) < E (s), v" (s)) (5.36)
- Q.0

forall0 <s <t < oo with s, t € hNy.
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Using the bounds given by the energy estimate above, we can pass to a subsequence,
again denoted by (vN, gév, N, /1,3’, ﬁN), such that

WV, 1l g PV = Noeo (v, 10, g0, P) in L2(0, 003 HY ()™ x L(Q) x R),
@Y, M) =3 (0.0) in L0, 00; LX(Q)7 x W, ().

N—o00

In order to pass to the limit in all non-linearities, we show strong convergence of
vV, eV VAEN).

To this end, we define 5"V and % as piecewise linear interpolation of p® (), vV (),
resp., where ty = kh, k € Ny. More precisely, ,5N = %X[O,h] *¢ ,oN and 3V = %X[O,h] *¢
v, where the convolution is only taken with respect to the time variable ¢.

Then 3,9V = 8tfth and

15 — vVl g-s@) < BN 1@y 18Y = PN sy < hl3:8" 1

(5.37)

for all s > 0. Because of (5.30), 3,7" is bounded in L2(0, co; H*(2)) for any s > %,
where one uses that vV - VoV e L2(0, oo; L1(Q)), n VeV € L2(Q) and V(p))~! -
S(c;lv, DvN) e L%(0, 0o; L'(2)) are bounded due to (5.36). Hence, applying the lemma
of Aubin-Lions, we conclude that

N S Noee v in L0, T; HY(Q)),

forall0 <s < 1,0 < T < oo, and for a suitable subsequence. On the other hand,
(5.37) implies

, d
NV — oV S NL00  inL2(0,00; HS(Q)) ifs > >

Since 7V, v are bounded in L% (0, co; L%(2)), we also obtain

ﬁN — vN —> N—0 0 in LP(O, T; H_S(Q))

N

forany 1 < p < ooands, T > 0 by interpolation. Moreover, since 0", vV are bounded

in L%(0, oco; H'(2)), we conclude
oV —>Nooo U in LZ(O,T;HS(Q)) forall 7T > 0,0 <s < 1.
Finally, since 7" € L>(0, oo; L2(£2)) is bounded and 7" converges weakly in

H' (0, 00; H(Q)) < BUC([0, o0); H™*(2))

for s > %, and 9V ),—0 = vg, we conclude v € BCy, ([0, 00); LQ(Q)) and v|;—o = vo,
cf. Lemma 4.1.

Similarly, because of (5.32), 8,,5N is bounded in leﬂoc([O, 00); H~1()). On the
other hand, 5" € L>(0, 0o; W, (R)) because of ¢ € L>(0, 00; W, (R)) and c(t, z) €
[-1 — &, 1 + ¢]. Therefore the lemma of Aubin-Lions yields that for a suitable subse-

quence,

N SNLeo p inL%(Qr) forall T >0,
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and almost everywhere for some p € L°°(Q). Furthermore, by (5.37)

PV = oV SN 0 in L2 ([0, 00); H(Q)).

uloc

As before we conclude that also p™ = p(cV) converges strongly in L%(Qr) for every
T > 0 and almost everywhere. Furthermore, since o +8c" = (p)~!, also ¢V converges
strongly in L2(Q7), T > 0, and almost everywhere and we conclude § = p(c). Since
oN e HL ([0, 00); H1(Q)) = BUC([0, 00); H~1()) and 5V € L*®(0, oo; qu(sz))

uloc
are bounded, p € BC,/([0, c0); qu (€2)) due to Lemma 4.1. Moreover, since ,oN €

Hl(O, T:HY(Q),0<T < oo, converges weakly, pl,=0 = po = limy_ ,oN|t:0
weakly in H~!(RQ). Therefore also ¢ € BC, ([0, 00); W, (R)) and c|i=o = co.

Using these convergence results, it is easy to pass to the limit in Egs. (5.32), (5.33)
to obtain (5.6), (5.7).

Moreover, the right-hand side of (5.34) converges to

_1 5.
f=a@ 7 (oo + 0> (1) = Bgo) — $(0))

weakly in L2(Qr) for every T < 0o, where one can use (5.21) in order to pass to the

.. P,
limit in A=A

Hence AqA(cN ) converges weakly in L?(Q7) to f for every T < oo and therefore
~(8gAC™), A xy x, = (Y AC)) 0 = Nooo (f AWy
T

with X7 = L9(0, T qu (£2)), where we note that — A, is a maximal monotone operator
on X7 due to Remark 4.6. Hence Lemma 4.4 implies f = —A;A(c) and A ¥y > A(c)
strongly in L4(0, T; qu (2)) forevery 0 < T < oo because of

T T
Ny 14 q
/O IVAC) g gy dt = oo /O IVA@©)NY g dt.
Since A™! € C'(R), ¢ converges strongly in LI(0, T’; qu (2)) too. Hence (5.8) holds
and
Vg pM) ™SV, DvV) =N Vo - S(e, DY) in LY(Q7). T < oo.

Using the convergence results above, it is easy to show that (5.31) converges to (5.5).
Finally, since v (1) —n—o0 v(1) in L2(R) and ¢ (1) —n—oo ¢ in W, () for
almost every t € (0, oo) (for a suitable subsequence),

En(t) > Nooo E(c(t),v(t))  for almost all t € (0, 00).

Moreover, by lower semi-continuity of norms and almost everywhere convergence of
N
c"' toc,

lirninf/OQ Dn(®)e(t)dt > /oo D(t)p(t) dt
0 0

N—o0

for all ¢ € W/ (0, 0o) with ¢ > 0, where
D(1) = y o720, +3ll90072

+ /Q (2 D)+ @)l div o +m(e)Vro®F) da.
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Hence, passing to the limit in (5.35), we obtain

o8]

E(co, v0)<p(0)+/O E(C(t),v(t))ﬁo/(t)dtz/o D(@)g(r) dt (5.38)

forall ¢ € Wl1 (0, 0o) with ¢ > 0. Because of Lemma 4.3, this implies (5.9).

6. Existence of Weak Solutions for the General System

Let R, &, cp, vo, and ® be as in the assumptions of Theorem 2.4. Moreover, for0 < § <1
let (v, go, ¢, o, p) = (vs, go.s, €5, 0.5, Ps) be a solution of (5.1)—(5.4) together with
(1.5)—(1.9) due to Theorem 5.1.

In order to pass to the limit § — 0, we need a good representation of go s and a
suitable estimate of p(f). As in (1.12), we use the decomposition

90,5 = 91,6 — 9, G (vs),

where G (v) = A;l div v due to (1.13)—(1.14). Then (5.1) is equivalent to

1 - _ Us
3 Pyvs +vs - Vs — py  div S(cs, Dvs) + V1.5 — 8p 190,57 = posVes (6.1

and its weak formulation (5.5) is equivalent to

—(Pyvs, 3:9) o +(v5 - Vg, ¥) o +(p5 ' S(cs, Dvs), Vi) o+(S(cs, Dus), Vp; ' @)

_ . 5 _
+y(ps s, ¥)s — (915, divi) g — 5(/05 'g0.5v8, V)0 = (10,5Ves, ¥)o (6.2)

for all ¥ € C§°(0, oo; H, () N L®(Q)9).
Moreover, we have the following estimates uniformly in 0 < § < 1.

Lemma6.1. Let 1 < p < ddTl and let g1,s, G(vs) be as above. Then there is a constant
C =C (R, ¢, q) independent of 0 < § < 1 such that

G (s)ll oo 0,00; 1 () + NG (W) £2(0,00: H2(2)) + 191,511 22(0,00:LP(2)) = C-

Proof. The estimate of the first two terms simply follows from
I1GWs g1 @) = Cllvll2@), 1GWsEDIlg2@) = CllvOll g1 (@)

cf. (4.4) and (4.5). In order to estimate g s, we choose ¢ = n(t)Vyr, ¥ € WZ, () =
{u e W]%,(Q) cohulpo =0}, n € C8°(0, 00) in (6.2) and obtain

/ / 91,8 AV dxn(t) dt
0o Je

o0 N Ll 2
:/ / (ps S(ca,Dvg)—v®v+71):V Y dxndt
0o Ja

+/ / (S(ca, Dus) - Vpy ' — 110.5Ves — 8p 190,33) VY daydt
0 Q
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for all ¥ € Wﬁ, NvE),n € CgO(O, o0). Here we have used the identity v -
Vv = diviv ® v) — V%. Hence g1 5(¢) is a very weak solution of the Neumann-
Laplace equation, cf. Sect. 4, for almost every 0 < ¢ < oo with right-hand side Fs(¢)
satisfying
Fs(t ,
Il Fs( )||(W12/,N(Q))
= € (IStes ). DusE 2 + [0
_ _ vs§
+ HS(C(S, Dvus) - Vg () — posVes(t) — 8p 190,(3?””)
< C(R, q) (sl 1) + 1V 105D 12()) € L*(0, 00),

where we have used that to W;,(Q) — L*®(Q) as well as ||v||%s < ||v||2% <

Clvlgtllvllz2 withs =3 if d = 3 and s = 4 if d = 2. Therefore
||91,8||L2(0,00;LP(Q)) <C(R,e¢, ‘I)||Fs(t)||L2(o,oo;(W;/‘N(Q)y) <C'(R,¢,q)

uniformlyin0 <§ <1. O

Next we estimate pg ().

Lemma 6.2. There is a constant C = C(R, ¢, q) such that

1251122, (0.00y =€ uniformly in > 0.

1
Proof. Choosing ¢ = n(t)a5(c(s)p8_2, ne C(‘)’o(O, 00) in (5.8) and using fQ go,sdx =0,
we obtain

ps(t) = L/ (0{245(05)—/77]#05) d$+i/ f(cs)IVA(es)|? d
12| Jo ’ 12| Jo

1 1
for almost all ¢ € (0, 0o0), where f(s) = a_i(s)% (ag(s),o_z(s)). Hence

”138 ”Lﬁloc([(),oo)) <C

uniformly in0 < § < 1 since ¢5 € L*°(0, oo; qu (2))and po s € L%(Q) are uniformly
bounded and qu(Q) — L®(Q). O

Using these bounds, we obtain the following essential compactness result:

Lemma 6.3. There is a subsequence, again denoted by (vs, go.s, Cs, 10,8, Ps)s>0, Such
that

(s, G(v8)) =50 (v, G(V))  in L*(0, T; L*(Q) x H'(Q))

forall0 < T < oo.
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Proof. Choosing ¢ = aé (Cg)ps_zlﬂ, Ve CgO(Q), in (5.8), we obtain
1 .
— B3 G(vs) = py 'pos + ps(t) — dlcs) — gis + py 2at (cs)AgAlcs) inD'(Q),
(6.3)

where

2 1
a (c5) Mg Alcs), )
<p‘3 1 Ip0).D0)

_23A q-—2 q
= —/9,05 50 () IVAs)| VA(CS)'V¢d$+/gf(ca)|VA(C3)| pdx

1 1
for all ¢ € C$°(Q) and f(s) = a 7 (s) % (aa(s)p—z(s)) as before. Hence the last
term in (6.3) is uniformly bounded in L°°(0, co; H5(R2)) if s > % + 1, and therefore
B G(vs) € Lo (10, 00); H™*())

is uniformly bounded due to Lemma 6.1, Lemma 6.2 and since pos € L?*(Q) and
¢ (cs) € L°°(Q) are bounded. On the other hand by (6.2) and Lemma 6.1,

d
3 Pyvs € L2.([0,00); H*(R)) fors > X

uloc

see also proof of Lemma 6.1. Therefore

d
3 vs = 3 Pyus + 8, VG(vs) € L% ([0, 00); H*~1(Q)) fors > > +1

uloc

is uniformly bounded. Hence vs —35_.0 v in L2(Q7) for every T < oo by the Aubin-
Lions lemma. Since G (vs(r)) € H'(Q) depends continuously on vs(f) € L*(), we
obtain the second part. O

As an important convergence result we also need:

Lemma 6.4. Let F € C'(R). Then
(G(vs), 9 (F(cs)p)) g =50 (G(v), 3 (F(c)p))o
for all ¢ € C'(Q) and a suitable subsequence.
Proof. First of all
3 (F(cs)p) = F'(cs)drcsp + F(cs)drp-

Since ¢s —s ¢ almost everywhere, ¢5 € L*°(Q), and d;c5 = —ﬁ_l,o_2 div(psvs) €
L2(Q) is uniformly bounded, cf. (4.2), we obtain

F'(cs)dics @ + F(c5)drp =50 F'(©)dic p + F(©)dip = 3 (F(c)g) in L*(Q)

for all C'(Q). Moreover, due to Lemma 6.3, G(vs) —s—0 G(v) strongly in L*(07)
for every T < oo. Thus the statement of the lemma follows. O

As a corollary we obtain strong convergence of Vcs in LY(Q7):
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Corollary 6.5. Thereis a subsequence, again denoted by (c5)o<s<1, suchthatVes —s_0
Vcin L1(Qr) for every T < o0.

Proof. By (5.8) we have
/0 (=AgA(cs(1)), ¢>W710’qu n)dt = —(G(vs), 0 (F(cs)pm)o + (fs, ¢mo (6.4
for all ¢ € Cfoo)(ﬁ), n € C§°(0, 00), where F(cs) = ,Bﬁz(c(;)a_é(c(;) and

fs = a_ql(Cs) (Psuo,s +p3 ps(t) — Bpigis — ¢(Cs)) .

By the convergence of c¢s almost everywhere and the weak convergence of 1195, ps, and
91,5, we obtain

d
fs —s—0 f inL*(0,T; LP(Q)) foralll < p < —7

for all T < oo, where
f=a"10 (oo + P*5(0) — B*01 — ().
Hence
lim (fs, Alcs)m o = (f, Alc)n)g
forall n € Cgo (0, 00). On the other hand, by Lemma 6.4,
Lim (G (vs). 0, (F (cs)pn)) g = (G (v). i (F(c)pm)) g

Lim (G (vs). 0 (F (cs)Alcs)n)) g = (G(v), 3 (F(c)Alc)m)o (6.5)

for all n € C§°(0,00) and ¢ € C E"a) (). Moreover, because of (6.4), F(cs)d;G(cs) is

uniformly bounded in Lq/(O, T; Wq_,lo(Q)) for every 0 < T < oo, which implies

F(es)dGles) =50 F(@3G(e)  in LY (0, T; W, ()
forall0 < T < oo. Hence
—AyA(cs) =50 F(0)G(c)+ f  inL9(0,T; ij}o(sz)) =: X/.

Similarly, because of (6.4), (F(c5)9;G(cs), A(cs))gq is uniformly bounded in L%(0,T)
for every 0 < T < oo. Therefore we obtain from (6.5)

Lim (F(c5)d G (cs), Ales))xy, xy = (F(©)3G(e), Al))x; x7
forall0 < T < oo by passing n — 1. Thus

— lim (Mg A(cs). Alc))xy.xp = (FO0G() + [ A@)x; x,
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forall0 < T < oo. Since —Ay: L9(0, T; W, o(Q) — L4(0, T3 W, () is maxi-
mal monotone, cf. Remark 4.6, and because of Lemma 4.4, we conclude —A;A(c) =
F(c)9;G(c) + f, and therefore

. q . .
Lim [VA(es)lla(gpy = — Hm(AgAlcs). Alcs))x; xr

—(AgA@©), A©)x; x; = IVA©I4 0,

for all T < oo, which proves strong convergence of VA(cs) in LY(Q7). Since

1
Ves = a (cs)VA(cs) and ¢s € L°°(Q) converges almost everywhere, this implies
the strong convergence of V¢s in LY(Q7). O

Proof of Theorem 2.4. Using the convergence results above, one can easily show that
(6.2) converges to (2.1) and that (5.6)—(5.8) converge to (2.2)—(2.4) for a suitable sub-
sequence §; —> j_ o0 0. Let us only mention the following points: Note that

1 1

890 = 82879y =500  in L*(Q)

since 82 go € L?(Q) is uniformly bounded according to (5.9). Moreover, passing to the
limit § — 01in (5.7), one first only obtains

(Popc, 8;Y) g + (pcv, Vi) g = (m(c)Vi, Vi) g

for all y € C3°(0, oo; C'(Q)). But, because of (2.2), we have

Oz/a,pdxz—/ﬁpzatcdx:—é/ o (pc)dux,
Q Q a Jo

since % = —,3,02 and % =p+ g—’c’c = apz, cf. (3.10). Hence (2.3) follows.

By the same arguments as in the proof of Theorem 5.1 one shows that
v € BCy ([0, 00); L3(R)), ¢ € BC, ([0, 00); W, (R)) and (v, ¢)|i=0 = (vo, o).

Finally, the energy inequality (2.5) follows from passing to the limit (5.38) using the
strong convergence of vs(t) € L2(Q), c5() € W(}(Q) for almost all + € (0, co0) and
Lemma 4.3 as in the proof of Theorem 5.1. O

Open Access This article is distributed under the terms of the Creative Commons Attribution Noncommercial
License which permits any noncommercial use, distribution, and reproduction in any medium, provided the
original author(s) and source are credited.
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