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Abstract

We study stochastic Navier—Stokes equations in two dimensions with respect to peri-
odic boundary conditions. The equations are perturbed by a nonlinear multiplicative
stochastic forcing with linear growth (in the velocity) driven by a cylindrical Wiener
process. We establish convergence rates for a finite-element based space-time approx-
imation with respect to convergence in probability (where the error is measured in the
L>LIN L,ZW)!‘Z—norm). Our main result provides linear convergence in space and
convergence of order (almost) 1/2 in time. This improves earlier results from Carelli
and Prohl (SIAM J Numer Anal 50(5):2467-2496, 2012) where the convergence rate
in time is only (almost) 1/4. Our approach is based on a careful analysis of the pressure
function using a stochastic pressure decomposition.

Mathematics Subject Classification 65M15 - 65C30 - 60H15 - 60H35

1 Introduction

In this paper we are concerned with the stochastic Navier—Stokes equations

du = pAudr — (Vu)udsr — Vo dt + @ (w)dW in Q,
divu =0 in Q, (1.1)
u(o) =ug in O,

on a filtered probability space (£2, §, (§:):>0, P). The equations are perturbed by an
(81)-Wiener process (possibly infinite dimensional) and @ grows linearly in u (see
Sect. 2.1 for the precise assumptions). The quantity i > 0 is the viscosity of the fluid
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and ug is a given (random) initial datum. Here the unknowns are the velocity field
u: 2 x Q — RN and the pressure 7 : 2 x Q — R, where Q = (0, T) x O and
O Cc RN with N =2, 3.

The stochastic perturbation in the balance of momentum (1.1) can take into account
for physical, empirical or numerical uncertainties and thermodynamical fluctuations.
In addition to that, a main reason why the stochastic Navier—Stokes equations (1.1)
became so popular in fluid mechanical research is their application to turbulence theory
(see, for instance, [2,21]). Its mathematical investigation started in the 70’s with the
pioneering paper of Bensoussan and Temam [1]. They provide a semi-deterministic
approach based on the flow-transformation. A first fully stochastic theory has been
developed by Flandoli and Gatarek [14] by showing the existence of a martingale
solution. These solutions are weak in the stochastic sense meaning that the underlying
probability space as well the Wiener process W are not a priori known but become
an integral part of the solution. In two dimensions, when uniqueness is known, a
stochastically strong solution exists (it is defined on a given probability space with
a given Wiener process), see [12]. Nowadays there is a huge amount of literature
concerning the analysis of (1.1) and most of the results from the deterministic theory
found their stochastic counterpart. For an overview we refer to the recent survey
article [25].

The situation about the numerical approximation of (1.1) is totally different and
only very few results are available. In [8] a fully practical space-time approximation
for the three-dimensional stochastic Navier—Stokes equations in a bounded domain is
studied. It is shown that the sequence of approximate solutions converges in law (up
to a subsequence) to a martingale solution if both discretization parameters tend to
zero. This is the best result one can hope for without using some unproven hypotheses
about the space-regularity of solutions (or to be content with local-in-time results). In
two dimensions the situation is much better, at least if periodic boundary conditions
are considered, that is

0 =T = (-7, Mli-nr))’

The space-regularity of the unique strong solution is well-known (see for instance
[20]). Based on this the convergence rates for a finite-element based space-time approx-
imation is analysed in [9]. The result is linear convergence in space and convergence
of order (almost) 1/4 in time. The precise estimate comparing the solution u and its
space-time approximation uy ,, reads as

M
E[la ( (maxu(tn) = w7, + ) At Vuli) — Vuh,muig)} 12

m=1

< ¢ (h*+ (an™)

for any @ < 1/4. Here we have 24, C 2 with P(2 \ £24,,4) — 0as Ar,h — 0.
Consequently, one can infer from (1.2) convergence in probability (as defined by
Printems [24]) with asymptotic rates (almost) 1/4 and 1 respectively. The aim of
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the present paper is to improve the convergence rates in time from (almost) 1/4 to
(almost) 1/2, see Theorem 3 for the precise statement. This is certainly the optimal
convergence rate in time in view of the stochastic forcing and should also be considered
as the natural result because of the space-regularity of the solution.

The reason for the low convergence rate in time in [9] is the low time-regularity
of the pressure function r in (1.1). Its appearance can only be avoided when working
with finite element functions which are exactly divergence-free. Unfortunately, their
construction is quite complicated such that the preferred descretizations (such as the
Taylor—-Hood, the Crouzeix—Raviart, and the MINI element, see [7,16,17]) are only
asymptotically divergence-free. The low regularity of the pressure gradient arises from
the stochastic forcing (in fact, Vzr behaves as dW) and improvements do not seem
possible unless the noise is divergence-free (this is quite restrictive as it only allows
certain additive or linear multiplicative noise). In the general case (non-divergence-
free finite elements and nonlinear multiplicative noise) a more subtle analysis of the
pressure function is required. Our main idea is a decomposition of the pressure into a
deterministic and a stochastic component (such a decomposition first appeared in [5]).
The deterministic pressure part behaves as the convective term u ® u. The latter one
can be estimated along the lines of [9] (following classical deterministic arguments
combined with a discrete stopping time). In addition a second stochastic integral
appears which behaves similarly to the original stochastic integral. Although the time-
regularity of this part has not improved, we benefit from the averaging properties of
the It6-integral. Combining these ideas finally leads to the optimal convergence rate
in Theorem 3.

The paper is organized as follows. In Sect.2 we present the mathematical frame-
work, that is the probability setup, the concept of solutions and their qualitative
properties. In particular, we give improved (compared to [9]) results on the time-
regularity of Vu, see Corollary 2 b). This is needed in Sect. 3 in order to estimate the
error between the continuous solution and the time-discrete solution. The heart of the
paper is Sect.4 were we estimate the error between the time-discrete solution and the
space-time discretization. Crucial tools are the space-regularity of the time-discrete
solution from [8] and the decomposition of the corresponding pressure function.

2 Mathematical framework
2.1 Probability setup

Let(£2, §, ($1)s>0, P) be astochastic basis with acomplete, right-continuous filtration.
The process W is a cylindrical Wiener process, that is, W(r) = Y, Br(f)ex with
(Br)k>1 being mutually independent real-valued standard Wiener processes relative
to ($;) and (ex)r>1 is a complete orthonormal system in a separable Hilbert space 4.
To give the precise definition of the diffusion coefficient &, consider z € L?(T?) and
let ®(z) : 4 — L*(T?) be defined by @ (z)e; = g (-, z(-)). In particular, we suppose
that g, € C!(T? x R?) and that the following conditions hold
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YolgCn HF <c+1EP), D IVem(x, &P <,

k>1 k>1

Y o IVegr(x, O <c(1+ €1, xeT? £ R
k>1

@2.1)

If we are interested in higher regularity some further assumptions are in place and we
require additionally g, € C?(T? x R?) together with

(&
DoIVim e OF <c1+ &P, D IVem(x, I < S
k>1 k>1 L+ |§|
= = 2.2)
D IViVegi(x. £)F <c. xeT £ eR™
k>1
We remark that the first inequality of (2.1) implies
1D @l 1,022 < c(1+ llull2) Vue LA(T?), (23)
all inequalities from (2.1) imply
1P, i) < (1 + Tullyi2) Yae Wh(T), (2.4)
and (2.1) finally yields
1P, 22y < (1 + Tully22) Yae W>(T?). (2.5)

In fact, all our results apply if we replace (2.1) and (2.2) by the corresponding norm
estimates above.

Furthermore, the conditions imposed on @, particularly the first assumption from
(2.1), allow us to define stochastic integrals Given an (§;)-progressively measurable
process u € L2(£2: L2(0, T; L*(T?))), the stochastic integral

t
t— / @ (u)dwW
0

is a well defined process taking values in L2(T?) (see [13] for the detailed construc-
tion). Moreover, we can multiply by test functions to obtain

<f0 (W) AW, ¢>=Z/O (gw), ) dfi, b € LAT?),

k>1

Similarly, we can define stochastic integrals with values in W12(T?) and W22(T?)
respectively if u belongs to the corresponding class.

The following lemma is a helpful tool to analysis the time-regularity of stochastic
integrals (see, e.g., [6, Lemma 9.1.3. b)] or [19, Lemma 4.6]).

@ Springer



Convergence rates for the numerical approximation... 557

Lemma1 Lety € L"(2; L"(0, T; Ly(8h, L2(T?)))), r > 2, by an (§,)-progressively
measureable process and W a cylindrical (§;)-Wiener process on 3. Then the paths
of the process Z; 1= fé v dW are P-a.s. Holder continuous with exponent o € (%, %)
and it holds

2

T
r 2
]EI:”Z” “([O,T];L2(’Jl‘2))] S Ca EI:/(; ”'(p”[‘z(ﬂ,lﬂ(']ﬁ)) dti| .

2.2 The concept of solutions

In dimension two, pathwise uniqueness for weak solutions is known under (2.1), we
refer the reader for instance to Capiniski—Cutland [ 12] and Capinski [11]. Consequently,
we may work with the definition of a weak pathwise solution.

Definition 1 Let (£2, 5, (5,):>0, [P) be a given stochastic basis with a complete right-
continuous filtration and an (§;)-cylindrical Wiener process W. Let ug be an §o-
measurable random variable. Then u is called a weak pathwise solution to (1.1) with
the initial condition ug provided

(a) the velocity field u is (g;)-adapted and
ue C(0, T]; L, (T2) N L0, T; W (T?)) P-ass.,

(b) the momentum equation

/ u(r) - (pdx—/ ug - ¢ dx
//u@u Vedxdt — //Vu:dexds
T2 T2
+//cb(u)~godxdW.
0 JT2

holds P-a.s. for all ¢ € Cgi‘;('ﬂ‘z) andallt € [0, T].

Theorem 1 Let N = 2 and assume that @ satisfies (2.1). Let (2,5, (§1)i>0, P) be
a given stochastic basis with a complete right-continuous filtration and an (§;)-
cylindrical Wiener process W. Let uy be an Fo-measurable random variable such
thatuy € L' (§2; L? div (T?%)) for some r > 2. Then there exists a unique weak pathwise
solution to (1.1) in the sense of Definition 1 with the initial condition uy.

Now, for ¢ € C*°(T?) we can insert ¢ — VA~ !divg and obtain

t t
/u(t)-(pdx+f/uVu:V¢dxd0—f/u®u:V¢dxda
T2 0 JT2 0 JT2
'
=/ u(O)-(pdx—i—/ / Tdet divgp dx do
T2 0 JT2
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t t
+/ / ¢(u)dW~<pdx+/ / ®7 dW - @ dx, (2.6)
T2 JO T2 JO

where

Tget = —A~divdiv(u ® u),
@™ = —vVA~ dive (u).

This corresponds to the stochastic pressure decomposition introduced in [5] (see also
[6, Chap. 3] for a slightly different presentation). However, the situation with peri-
odic boundary conditions we are considering here is much easier as the harmonic
component of the pressure disappears.

2.3 Regularity of solutions

Lemma 2 Let the assumptions of Theorem 1 be satisfied.

(a) We have

; .
IE[ sup |u|2dx+f |Vu|2dxdt} < C,E[1+||uo||§2]2. 2.7
0<t<T JT? 0 !

(b) Assume thatuy € L"(S2, W;i’i(Tz))for some r > 2. Then we have

5 r
E[ sup f |Vu|2dx+/ |V2u|2dxdf] < CVE[1+||HO||€V1,2]2- (2.8)
T2 Q X

0<t<T

(©) ?Zss;;n;le lt;lat;l;) e L’(h.Q, W32(T2) N LY (2, W2 (T2)) for some r > 2 and that
. oLas. en we nave

3
IE|: sup |V2u|2dx+/ |V3u|2dxdt]
0<t<T JT? o

= G E[1+ ol + ol @9

Proof Part (a) is the standard a priori estimate which follows from applying Itd’s
formula to the functional f(u) = %||u||i2 (and using Burkholder—Davis—Gundy
inequality, assumption (2.1) and Gronwall’s lemma). Note that this is legit in two
dimensions since we have u ® u € L?(Q) P-a.s. by Ladyshenskaya’s inequality.
The proof of (b) and (c) is quite similar to [20, Corollary 2.4.13]. However, we
are working with a different setup. So, we decided to give a formal proof although
it is certainly known to experts. The proof can be made rigorous by working with a
Galerkin-type approximation and show that the following estimates are uniform with
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respect to the dimension of the ansatz space. Such a procedure is quite standard, so
we leave the details to the reader.
In order to show (b) we apply It6’s formula to the function f, (w) := %||8},u||i2

(with y € {1, 2}) and obtain

1 1 r, 1/,
S0 = S0l + [ a3 [ pwag)

1 t
= Slayuol2, +f f 5,u-dd, udx

/Tz/ / <D(u)dW)>>

= () +UD+UII. (2.10)

We take the supremum in time, the 5th power and apply expectations. Summing over
y, we find

U =—-UI) — U2+ (I1)3,
t

(I, :=u// |VZu|? dx do,
0 JT12

t
I11), = o,u- 9, (@ dw)d
(1) AZ/O yu y( (u) ) X

t
(I1)3 ::/ / (Vu)u - Audx do.
0 J12

In two dimensions we have (/1)3 = 0 by elementary calculations. So we are left with
estimating (//)> and obtain

t
(1), = Z f 2 / -0, (@ We apy ) dx
—Z/ / dyu- 8y (e, w) dfc ) dx
=Z/ / Vege(, w)(dyu, 9yu) dfy dx
& T JO
t
+Z/ f oyu -0, gr(-,w)dp(o)dx
& T JOo

= (ID)+ D).
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On account of assumption (2.1), Burkholder—Davis—Gundy inequality and Young’s
inequality we obtain for arbitrary § > 0
] 3

5 t
E|: sup |(11)é|:| §E|: sup ‘/0 Z/Tz Vegr (-, w)(9yu, 0,u) dx dBy
k

0<t<T 0<t<T

- T 2 r
<cE Zfo (/11‘2 Vegi (-, w)(9yu, 9 u) dx) dti|4
-k

~ T 2 er
<cE (/ (/ Iayu|2dx> dt}
L 0 T2

r ; r :
<68E| sup |Vu|2dxi| +c(8)]E[/ / |Vu|2dxdt]
LO0<t<T JT2 0 JT?

5 r
<SE| sup |Vu|2dxi| +c(5)JE[1+||uo||§2]2
L 0<t<T JT? x

using (2.7) in the last step. By similar arguments we gain

T 2 e
[ (/ Oy g (-, ) - 8yudx> dt]
LJO T2
- T 2 4
<cE </ </ |8),u||u|dx) dti|
L 0 T2

— T %
<cE| sup |u|2dx+f f |Vu|2dxdt}
0 T2

L 0,7)JT?2

5
]E|: sup |(II)%|] <cE
0<t<T

< cE[l + ||u0||§%]7.

Finally, we have by (2.1)

(I11) = /TZ/ f 3, @(u)dw)>)d
_ "Z/W/ / 5, @(u)ek)dﬂk»

2
< - Vegi(-,u)d,u|” dx do
2; [ [ et wanu
1 ! 2
+§Xk: i T2|3ygk(-,u)| dx do
t t
< c/ |Vu|2dxda+c/ lu)? dx do.
0 JT2 0 JT2
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Hence we obtain by (2.7) that

r

: r
E[ sup |<m>|] < cE[1+ ol |
0<t<T x

Plugging all together and choosing § small enough we have shown (2.8).
The proof of (c) is similar: we simply differentiate once more. We apply Itd’s
formula to the function f#(u) := %naﬂuni% where 8 € N(z) is a multi-index of length

2. We obtain
Loopeonne _ Liog o VIR
S 197a®l7, = 5119 uolng+ 8 u-ddfudx

/ f /aﬂ S W) dx =: (1) + (1) + 1D,
T2

where
(Ul)y=—-UD1+UD2— D3,
t
(I1); :=,,L/ / |08 Vu)? dx do,
0 JT?

t
(I1)> :=// aﬁu.aﬁ(cp(u)dw)dx,
0 JT2
t
(I1)3 ::/f 3P (Vwu) - 9 udx do.
0 JT2

The main difference is that (1 I')3 does not vanish. By [20, Lemma 2.1.20] (withm = 2)
and Young’s inequality we have

7 3
=< CIIUI|4 2l 12||u||L2

3Pdiviu @ u) - 3Pudx
TZ

) c(8)|u]® 4
< 8llull3 5z + @ lul, 2l

< dllull? 5z + @ (lullha + i),

where § > 0 is arbitrary. This implies

e

: r :
IE[ sup |<11)3|] < «SIE[/O ||u||§v3_zdt] +c<s>E[ sup_[ull},12 + sup ||u||Lz}

0<t<T 0<t<T 0<t<T
T 5 I
SSJE[/ ||u||§va_zdr] + COEluolly2 ]
0 X

due to (2.8). By arguments similar to the proof of (b), using (2.2), we gain

3
E[ sup |(11)2|]
0<r<T
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5 T 5
saE[ sup ||u||5vz.zdx] +c<6>IE[ sup [lufl7, + sup ||u||3vm+[ ||u||$vz,2dr]
0<t<T x 0<t<T *0=t=T x 0 x

2 2 2
SSE[ sup ||u||W2.zdx] + cB[1+ uol2,1. ]
0<t<T x x

r

2

using again (2.8). Finally, we get (2.7) that

r

3 r
]E[ sup |(111)|} < cE[l—i—Huo”%Vm]z
0<t<T *

arguing again similarly to (b) and using (2.2). Again the claim follows by choosing §
small enough.

Under the assumptions of Lemma 2 (b) equation (1.1) is satisfied strongly in the
analytical sense. That is we have

t

t
u() = u(0) + / 14w = (Vwyu = Ve | do + / [®) + 7 ]dW  (2.11)
0 0

P-a.s.forallz € [0, T], recall equation (3.5). In the following we analyze the regularity
of the pressure components 7ger and @7 . In the following the subscript w* denotes
Bochner-measurability with respect to the weak™-topology.

Corollary 1 (a) Under the assumptions of Lemma 2 we have

Taet € L2(2, L*(0, T; L3(T?)),
@7 € L"(2; L2%(0, T; La(il; L*(T?)))).

(b) Under the assumptions of Lemma 2(b) we have

Taer € L2(2, L2(0, T; Wh2(T?)),
O € L'(2; L0, T; Lo(th; Wh2(T?)))).

(c) Under the assumptions of Lemma 2 (c) we have

Tger € L2(2, L2(0, T; W>2(T?)),
7 € L7 (2; L3(0, T; La(8h; W22(T?)))).

Proof The key tool is the continuity of A~! (from Wk=2.r(T2) — Wk-P(T2) for all
k € Npand 1 < p < 00). So, the regularity transfers from u ® u to mqe. We obtain
by Ladyshenskaya’s inequality
T T T
/ / |7det|> dx df = / |A~ divdiv(u @ w)|* dx dr < ¢ / [u|* dx dt
0 T2 0 T2 0 T2
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2
< el VUl o < e (Il +1Val, )
such that

r

T I r
E[/ / el dr} < cE[ullx,; +1Vuly,, ] < oo
0 T

using Lemma 2 (a). The estimates for (b) and (c) are very similar. We have to compare
Vr with |u||Vu|, where we have

lu|Vu| < [u]?® + |Vu? € L2(2; L*(Q))

under the assumptions of Lemma 2 (b). Similarly, V27 behaves as [u||V2u| + |Vu|?
which belongs to the same class since Lemma 2 (c) applies.
Now, we investigate the regularity of @7 . We use continuity A~! to obtain

5 5
E[ sup ||@" ||L2(11;L%)1| _E[ sup |[VA~ 1d1vq§(u)||L (L[L2)1|

0<t<T 0<t<T
-

_E[ sup Y [IVA~dive (-, u)||L2:|

0=r=<T ;4

IA

cE[ sup Y ek, u>||L2]

O<r=T k>1

IA

3
CIE[1+ sup ||u||iz] < 00
0<t<T *

using (2.1) and Lemma 2 (a). Similarly, we have

: :
E[ sup (|77 Wu)} < cE[ sup D llgeC wll, }

0<t<T 0=t=<T } =

IA

%
CE[1+ sup ||u|| i| < 00
0<t<T

using (2.1) and Lemma 2 (b), as well as

r

%
E[ sup |97} (uwn)} <c [ sup > llgeC wl; zzdr}

0<t<T 0<t<T k>1

r

2
E[1+ sup ||u|| 22i| < 00
0<t<T

I /\

by (2.2) and the Lemma 2 (c). O
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Finally, we investigate the time-regularity of the velocity field.

Corollary 2 (a) Let the assumptions of Lemma 2 (b) be satisfied for some r > 2. Then
we have

(S

EI:HUHCO(([(),T];L)Z()] <0 (212)

foralla < %
(b) Let the assumptions of Lemma 2 (c) be satisfied for some r > 2. Then we have

r

2
E Il e oy | < o 2.13)

1
Joralla < 5.

Proof We start with (a) and analyse each term in equation (2.11) separately. Lemma 2
(b) implies

/ Audo € L"(£2; W20, T; L*(T?))).
0

As seen in the proof of Corollary 1 74e; and u®u have the same regularity. In particular,
Corollary 1 (b) yields

f (div(u ® w) + Vrrger) do € L2(2; W2(0, T; L2(T?)).
0
Finally, we have
/ ®(u)dW € L' (2; C¥([0, T1; L*(T?))).
0

by combing Lemma 1 with (2.3). The same conclusion holds for @7 using Lemma 1
(a). Plugging all together and noting the embedding W'-2(0, T'; X) < C%([0, T]; X)
for any separably Banach space X the claim follows.

The proof of (b) follows along the same lines using the higher regularity from Lemma 2
(c), Corollary 1 (c) and (2.4). O

2.4 Discretization in space

We work with a standard finite element set-up for incompressible fluid mechanics,
see e.g. [7,15]. We denote by .7}, a quasi-uniform subdivision of T? into triangles
of maximal diameter 4 > 0. For S ¢ R? and ¢ € Ny we denote by % (S) the
polynomials on S of degree less than or equal to £. Moreover, we set Z_1(S) := {0}.
Let us characterize the finite element spaces Vi (T2) and P"(T?) as

VINT?) = (v, € WIA(T?) @ wils € Pi(S) VS € T,
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Convergence rates for the numerical approximation... 565

PM(T?) = {7y € LX(T?) : mpls € P;(S) VS € Th).

We will assume that i and j are both natural to get (2.15) below (this is different from
[9], where also j = 0 is allowed). In order to guarantee stability of our approximations
we relate V/(T?) and P"(T?) by the inf-sup condition, that is we assume that

divvy, mj, dx
sup S divvy 7,

h 2
v = Climnllz Vo € PR(TY),
wevh@) 2o VYL

where C > 0 does not depend on /. This gives a relation between i and j (for instance
the choice (i, j) = (1, 0) is excluded whereas (i, j) = (2, 0) is allowed). Finally, we
define the space of discretely solenoidal finite element functions by

Vi (T?) = {v,, e vi(r?) . / divv, 7, dx = 0V, € Ph(?l‘z)}.
11-2

Let IT; : L*(T?) — V} (T?) be the L2(T?)-orthogonal projection onto V! (T?).
The following results concerning the approximability of I, are well-known (see, for
instance [18]). There is ¢ > 0 independent of / such that we have

J-

for all v € Wy 2(T?) and

J-

for all v € de (TZ) Similarly, if I7;] : L%(T?) — P"(T?) denotes the L2(T?)-
orthogonal projection onto P"(T?), we have

)
u’ dx+/ Vv — VIT,v)? dx < c/ Vv |2 dx (2.14)
2 TZ

— IV 2
u\ dx—i—/ |VV — VIT,v|? dx < ch2/ 12y dx (2.15)
/’l 11‘2 'ﬂ'2

HT[
/ M‘ dx < c/ IV pI? dx (2.16)
T2 T2
forall p € WH2(T?) and
— ™ pi2
/ M( dx < ch2/ V2 p|” dx 2.17)
TZ h '11‘2

forall p € W22(T?). Note that (2.17) requires the assumption j > 1 in the definition
of P"(T?), whereas (2.16) also holds for j = 0.
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566 D. Breit, A. Dodgson

3 Time-discretization

We consider an equidistant partition of [0, 7] with mesh size At = T /M and set
tm = mAt. Let ug be an §p-mesureable random variable with values in W(;i’vz (T?).
We aim at constructing iteratively a sequence of §;, -measurable random variables u,,

with values in Wd (Tz) such that for every ¢ € d]if (T?) it holds true P-a.s.

/ u, - @dx + At(/ Vu,)uy, - ¢ dx +M/ Vu,, : ngdx)
T2 T2 T2
3.1
2/ Wy —1 "de+f P(y-1) ApW - @ dx,
T2 T2

where A, W = W (t,,) — W(t,,—1). The existence of a unique u,, (given u,,_; and
A, W) solving (3.1) is straightforward as it is a stationary Navier—Stokes system. The
following result follows from Lemma 3.1 in [9].

Lemma 3 Assume thatugy € L¥ (£2, WdW(TZ))forsome 1 < g < oo. Suppose that @
satisfies (2.1). Then the iterates (u,,)™ m—1 given by (3.1) are §;, -measurable. Moreover,
the following estimates hold uniformly in M :

JE[ max [} .2+Ar2||umn2q AVl | < @ Touo),  (3.2)

1<m<
M -
[Znum w1 12||Vum||L2 < c(T,m),  (33)
k=1
M M 4
E[(Znum—um_u%z) +(ArZ||V2um||i§) < c(T,u).  (34)
k=1 J

k=1

Now, for ¢ € W'2(T2) we can insert ¢ — VA~ 'divg € W3:2(T?) in (3.1) and
obtain

fu,n-wdx+At</ (Vum)um~¢dx+M/ Vu,n:Vqux)
T2 T2 T2
=/ Uy - q)dx—i—At/ 73 divgp dx
T2
/ D(uy_1) AW - (pdx~|—f / 1 4AnW - @dx, 3.5
T2

where

7l = — A~ Ndivdiv(u, ® u,),

T —vA N dive (u,_ ).

m—1—
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Lemma 4 Assume that uy € L8(£2, Wdlli('ﬂ‘z)) and that @ satisfies (2.1). For all
m € {1, ..., M} the random variable ndet is i, -measureable, has values in wi2(12)
and we have

M
Blar S vl ] < €
m=1

uniformly in At.

Remark 1 A corresponding result is shown in [9, Lemma 3.2] for the full pressure
provided the noise is divergence-free (in this case @;;, vanishes). This is quite restrictive
as it means that @ is linear in u.

Proof The §;,-measurability of n,‘,ift follows directly from the one of u,, stated in
Lemma 3. By continuity of the operator VA~ !div on L?(T?) we have

[V

IA

. 2 2 2
¢ divau, @ w72 = € lunll2y Va2,

IA

2 2 2 4 2 2
clunll 2 VU I V7l 2 = e llumll7 + e lIVumll V7wl
P-a.s. using also Ladyshenskaya’s inequality lvll? L4 < c|v| L2 Vol L2 which holds

in two-dimensions. Now, summing with respect to m, applying expectations and using
Lemma 3 yields the claim. O

Lemma 5 Assume that ug € L3($2, de(Tz)) and that @ satisfies (2.1). For
all m € {1, ..., M} the random variable @] is §;, -measureable, has values in
Lo (8t; WE2(T2)) and we have

> [0 s < ©

uniformly in At.

Proof As for Lemma 4 the proof mainly relies on the continuity of VA~!div on
L?(T?). Here, we have by (2.4)

e 112 =2 IVA~div(@ @aer) I

k>1

< ¢ Y IP@melly, 2 = clle )}

k>1

Lo (34 le
1+ |Vu )
La(st: le) = ( I m”WX]'Z .

Summing over m, applying expectations and using Lemma 3 finishes the proof. O

Following [9] we set for ¢ > 0

25, = {a) c :2‘ max || Va2, < —8log(At)] (3.6)
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such that

E| max |V, |2
Pl = 1 - e V] c

>1+4
—elog(At) elog At

using Lemma 3. We obtain the following result.

Theorem 2 Assume that (2.1) holds and that wy € L3(2, Wy2(T?)) is an Fo-
measureable random variable. Let u be the unique strong solution to (1.1) in the
sense of Definition 1. Assume that we have

4 2
B[l o s | <000 B[, g0 gy, | < o (3.7)

for some o € (0, %); recall Corollary 2. Let (um)n/‘;[=1 be the solution to (3.1). Then
we have the error estimate

M
E[l% < \max [[ultn) = Wnlly; + At ) VUln) = Vu, ||ig>}

m=1

< ¢ (An)**

(3.8)

forany e > 0.

Remark2 - Estimate (4.3) improves the result from [9, Thm. 3.1], where the con-
vergence rate is only o — €.
— In the paper [4] the time-discretization of the stochastic Navier—Stokes equations
is analysed. The corresponding error does not contain an indicator function such
as 1 28, The convergence rate is, however, only of logarithmic order.

Proof Subtracting (1.1) and (3.1) we obtain the equation for the errore,,, = u(,;,) —uy,
which reads as

I
/ e, - @dx —i—/ (/ ((Vwu — (Vuy)uy,) - ¢dx + ,u/ Ve, : Vo dx) dr
T2 o1 \JT2 T2
Im
= / e,_1-@dx + /Lf / (Vu(tm) — Vu(t)) : V¢ dx dr
T2 ty T2

n—1

Im
+/2 </ ¢(u)dW—¢(um_1)AmW> - dx 3.9)
T Im—1

forall ¢ € W;i’vz (T?). Choosing ¢ = e,, implies

1 2 1 2 2
= l€n|”dx + = €y — en—11"dx + uAr Ve, |~ dx
2 T 2 T T

1 tm
= -/ lem—1]? dx — M/ / (Vu(ty) — Vu(r)) : Ve, dx dr
2 Jr2 fmey JT2
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Im
+ / f ((Vwu — (Vu,)uy,) - e, dx dr
tm—1 ']1'2

m
+/ </ @(u)dW—qs(um_l)AmW).emdx.
T? tm—1

Iterating this equality and following the arguments in [9, proof of Thm. 3.1] yields

M
2 2
E[IQZ[ ( ]grlnaSXM la(t,) —uy ”L} + At § IVa(t,) — Vuy, ”L;zc):|

m=1

(3.10)

Im—1

M t"l
< c(An2E 4 cIE|: 3 / / IVu(t,) — Vu@)|” dx dt}.
m=1 T2

Note that only the first bound from (3.7) has been used for (3.10). The second bound
from (3.7), not used in [9], allows us to estimates the remaining integral by

Im

/2 [Vu(,) — Vu@)|* dx dt] < c(An™
T

Im—1

which finishes the proof. O

4 Finite element based space-time approximation

Now we consider a fully practical scheme combining the implicite Euler scheme in
time (as in the last section) with a finite element approximation in space. For a given
h > 0 let u, o be an §Fop-mesureable random variable with values in thiv (']I‘Z) (for
instance [1,up). We aim at constructing iteratively a sequence of random variables
uy,_,, with values in V(ﬁv(’ﬂ‘z) such that for every ¢ € VdﬁV(Tz) it holds true P-a.s.

/Ezuh,m "de + At /IFZ ((Vuh,m)uh,m—l + (divuh,m—l)uh,m) ¢d)€ 4.1

+,uAt/ Vu,, : V¢ dx =/ Wy -1 'godx~|—/ Dy 1) AnW - @ dx,
T2 T2 T2

where A, W = W(t,) — W(t,,—1). We quote the following result concerning the
existence of solutions uy, ,, to (4.1) from [8, Lemma 3.1].

Lemma6 Letl < g < oo. Assume thatuy o € L (£2, Vd}iV(Tz)) is an §o-mesureable
random variable and that IE[Huh,o ||iq2 |] < K uniformly in h for some K > 0. Suppose

that @ satisfies (2.1). Then the iterates (uh,m)f;l’l=1 given by (4.1) are §;, -measurable.
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Moreover, the following estimate holds uniformly in M and h:

M
24 292 2
E[lgna;Mnuh,ang+At;nuh,an§ ||Vuh,m||L§]sc<q,T,K). (4.2)

4.1 Error analysis

In this subsection we establish convergence with rates of the above defined algorithm.
We introduce for ¢ > 0 the sample set

_ 4 2
2; = oe 2| max (IVoull; + Jwinl;) < —logh)
which can be controlled by

E[ maxi<m<m (1VUn 175 + lunmll72)] c

P(2)) >1-— 1
( h)_ —elogh - +Elogh

using Lemma 3 and 6. We also recall the definition of .ta in (3.6). We are now ready
to state our main result.

Theorem 3 Ler ug € L2(2, W2 (T2) N L3(82; L3, (T2)) be Fo-measurable and
assume that @ satisfies (2.1). Let u be the unique strong solution to (1.1) in the sense
of Definition 1. Suppose further that

E[Iulifu o rype)| <0 E[ Il

cq([o,T];Wi'z)] =

(10,71;L$)

fora € (0, %); recall Corollary 2. Assume that LAt < (—&logh)~! for some L > 0.
Then we have

M
E[lszg,m:z; ( (max [ultn) = W7 + 3 At Vat) - Vuh,muii)}

m=1

4.3)
< c(h*+ (an* ™),

where (uh,m)f,f’:1 is the solution to (4.1) with uy o = I1pug. The constant c in (4.3) is
independent of M and h.

Remark 3 We do not expect that it is possible to avoid an indicator function in general
(see [24] for the numerical approximation of stochastic PDEs with non-Lipschitz
nonlinearities). But it is not clear if our choice of the sample subset is optimal.

The rest of the paper is devoted to the proof of Theorem 3. In fact Theorem 3 will
follow from combining Theorem 2 with the following theorem which estimates the
error between the time-discrete solution u,, to (3.1) and the solution uy_,, to (4.1).
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Theorem 4 Let ug € L2($2; W, (’JTZ)) N L3(2; L3 (T?)) be Fo-measurable and
assume that @ satisfies (2.1). Let (um)m=1 be the solution to (3.1). Assume that LAt <
(—elogh)~! for some L > 0. Then we have

E[19;<lmax ||um—uhm||Lz+AzZ||Vum Vuh,m||i§>]

m=1

“4.4)
< ¢ (h*+ Ar),

where (uh,m)f‘f:] is the solution to (4.1) with uy, o = ITyug. The constant c is (4.4) is
independent of M and h.

Remark4 In the estimate of [9, Thm. 4.1] the error is estimated by h_38 (h2 + (A1) +

) By our refined pressure analysis we are able to get rid of the term 2~ T ® which leads
to a restrictive assumption between space and time-discretization. Additionally, we
can remove the factor A 3¢ arising from the convective term, see (4.6) below. Note

2 . . .
that the error term Z—t also appears in [10], where the finite-element based space-time
discretization of the stochastic Stokes equations (that is the linearized version of (1.1)
without convective term) is studied.

Proof of Theorem 4 Define the error ej, ,, = W, — Wy 5. Subtracting (3.5) and (4.1) we
obtain

/ enm - @dx + At/ M(Vum — Vuh,m) : Ve dx
T2 T2
= fE’ €nm—1- (/’dx — At ,/]1‘2 ((Vum)um - ((Vuh,m)uh,m—l + (divuh,m—l)uh,m)) . ¢dx
+ /I[‘Z (¢(um) - ¢(uh,m—1)) AW - @dx

—[ vmldiw(um,]mmw.<pdx+m/ 73 divep dx
TZ

for every ¢ € V(ﬁv(Tz). Setting ¢ = I1jep ,, and applying the identity a - (a — b) =
1(1al® = |b|> + |a — b|?) (which holds for any a, b € R") we gain

./1r2 %(|nheh.m|2 — | Tyepm—1|* + [Tpenm — Myenm-1|*) dx + At sz 1|V ey m|* dx
= At /2 uvep V(um — I'I/lum) dx
— At / (V) = (V0 Wh -1 + @V —1)W30) ) - T
+ At [ 73t diviT, ey, dx

+ qj(um)_@(uhm l))A W - e, dx

S5—

T2

/ZVA Ydived (u,_1) AW - Ijep, dx
T
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=IL(m)+ -+ Is(m). 4.5)

Young’s inequality yields

Iy (m)

IA

KAI/ Ve, m|* dx ~|—cKAt/ |Vu,, — VIT,Vu,,|* dx
T2 T2

IA

Km/ Ve ml? dx + ¢, tht/ |V2u,,|* dx.
T2 T2

for every k > 0 using also (2.15). The convective term /> (m) can be decomposed as
L(m) = I} (m) + 15 (m) + I3 (m),

1 (m) = —At /Tz(Veh,m)um_l - (wy — Myuy,) dx,
1Z(m) = At /Tz(Veh,m)eh,m_l - (W — Myu,,) dx
+ Ar /11‘2 (diven,m—1)€nm - (Wn — IMpuyy) dx,
I3 (m) = —At [Tz(vnheh*’")eh”"‘l “u,, dx
— At Az(diveh,m,l)ﬂheh,m -y, dx.
As in [9, pages 2489-2491] we introduce the sample set
24 = [0 e 2| max (IVulf; + lwial};) < —elogn]
and obtain

2 2 2
Loy, 30m < Koy (IVenn-112; + [ Vernl?,)
4 2 2 2 2
i At max flenald; )1V 12, 192001,
1<n<m X x X
lo: — I30m) < «lge — (IVenm—1l7, + I Venml;
Qh.m—l 2 - Qh.m—l sm—1 LV,ZC »m L%
+ ¢ Atlog(h™)( max 1g;  llenal?;)
1<n<m h,n—1 x

2 2 2
i ALV @ = DI ( max Va2, ) ( max flenal?; ).
x\1<n=m x/ \0<n=m X

where « > 0 is arbitrary. For 121 (m), however, we get a slightly better estimate than
in [9] since our definition of 121 (m) makes use of divu” = 0. We obtain

lop,  B(m) < klgp I Vennl], +cch’ logh™) | V7u,ll7, (4.6)
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due to (2.14).

The crucial point in this proof (making the essential difference to [9]) are the estimates
for the pressure terms I3(m) and Is(m). We will estimate I3(m) first whereas I5(m)
will only be bounded after iterating (4.5), see the estimates for .4, » below. By (2.15)
we have

I3(m) = At / i (et — [T w8 divIThe m dx
T

m

IA

cKAt/ |n,?f‘—17,7n,?f‘|2dx+;<m/ |V ITep | dx
T2 T2

IA

cKAch/ |Vn;}f‘|2dx+mrf |Venm|? dx,
T2 T2

where « > 01is arbitrary. Plugging all together and choosing x small enough (to absorb
the corresponding terms to the left-hand side) we have shown

loe / | [Tpen m|* dx + / \[Thenm — Mpep 1> dx + At / |Venm|? dx
h,m—1 T2 T2 T2

< Lap,, [ lennoi P dx e Ao ) (| max 1oy lewlzz)
T2 1<n<m ~hn-l x

- h.m—1

+ cAthz(/ |Vn;,‘f‘|2dx+/ (1+|Vum|2)dxf |V2um|2dx>
T2 T2 T2
+cArh4( max ||eh,,,||iz>/ |Vum|2dx/ 1V2u,, 2 dx
1<n<m X T2 T2
+cAt[ IV (u, —um_1)|2dx( max / |Vun|2dx>< max / |eh,n|2dx>
T2 I<n<m J12 1<n=m J12
ll}‘l
+C192m_1 /2 (/ D (wy—1) — (p(uh,m—l))dw> . Hheh,m dx
’ T ty

n—1

tm
—clg / (/ VAldiqu(um_l)dW> - ey, dx.
Jm— ’[F2 i
Iterating this inequality yields
m
lo: / \Thenm>dx + Y 1ge (f \ITyenn — Myep 1> dx + At / |Vepnl? dx)
' T i T T
m
2 - 2
< /;Tz len.0l* dx + ¢ At log(h a)};(lré%l Lo, ||eh,e||L%)
m
+ cthtZ(/ |anet|2dx+/ a +|Vun\2)dx/ |V2un|2dx>
T2 T2 T2
n=1

m
+cAth4Z( max ||eh,[||ig>/ |Vun|2dx/ [V2u,|? dx
] 1<t=n X T2 T2
n=
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m
\V4 _ _ 2 v 2 2
+cAtZ[E2| (U — uy_1)| dx(llgla;(n Tz| w| dx)(lmlax lep.e|? dx

<f=<n 2
n=1 T

m tn

+e ) g /2 (/ P (u,-1) — 4’(uh,n—1))dW) ~Apep,n dx
— ' T In—1
n=1

m tn
—cy g /Tz (/t 1vmlcﬁvcp(un_l)dW) - Myep, dx.

n=1

Now, we explain how to bound line by line in expectation. The error in the initial
datum can be bounded by h? by (2.14) and the assumption ugy € L2($2; Wdli’vz('ﬂ‘z)).
The second term on the right-hand side can be handled by the discrete Gronwall
lemma using the assumption LAt < (—e¢log h)~L. The expectation of the second

line is bounded by /2 using Lemmas 3 and 4 (the estimate for Vn,‘,ift is the first main

ingredient in our proof). This estimate is better than the corresponding one in [9] as
only the deterministic part of the pressure appears here. The expectation of the terms
in the third line is bounded by

M
2 2 2 2
]E[(lrslr}zagu IIe/LeIIL§><II§11@W ”VW”L,%)AfX;/Tz'V u,| dx]
n=
E 22%1@ V24%IE 3 V22d4%
<
< ( [lrfnea&||eh,z||g]) ( max Vel ) ( A{;/TZ\ u,* dx ) :
n=

This is uniformly bounded as a consequence of Lemmas 3 and 6. The fourth line is
controlled by At due to the estimate

m
E[Z/ |V(un—un1)|2dx< max/ |Vug|2dx)<maX/ |eh,g|2dx>:|
ot T2 I<t<n JT2 I<t<n J12
u 2 4 N
< (E[Z/ |V(u,,—u,,1)|2dx]) (IE[ max f |Vu@|2dx}) X
—r T2 1<t<M Jp2
N
X (E[ max / |eh,g|2dxi| )
I<t<M J12

and the uniform bounds from Lemmas 3 and 6 (with ¢ = 3). It remains to estimate
the two stochastic terms

m th
Mm,1 = ZIQE,H ,/TZ/z 1 (P u—1) — P(upp—1)) dW - [Tyey , dx,

n=1

m tn
My = Z Log | sz [ | (Id — 117 A~ diveb (w,—1) AW divITyep , dx.

n=1
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Note that we used integration by parts and I1,e;, € Vd}iv (T?) together with the
definition of IT ,’l’ to rewrite .y > into the form above. Finally, we write

m tﬂ
My =y g f2 /, (1) — Py 1)) AW - [Tep -1 dx

n=1

m tn
+ Z 19; . /2 / (d?(un,]) - (p(uh,nfl)) dW - (ITpep n — Hheh,nfl) dx
n=1 ' T= Jity—

= My, + j/n%,l

as well as

///mz_Zli// (1d — 117 ) A~ dive (u,—1) AW divITyep -1 dx

n=1

In
+ Z loe (Id — M7 ) A~ dived (u,—1) W div(ITyen,, — Then 1) dx
= h,n—1 ,]1,2 et

. 1 2
=. '%m,Z + %m,Z'

These representations have the advantage that ./, ! . and /// . are martingales (note
the index n — 1 in the indicator functions). Consequently, we can apply the Burkholder—
Davis—Gundy inequality to estimate them. As far as ., 1 is concerned we have

1

IE[ max } |:|
1<m<M

In 2
< CE[ZIQ;W,I / 19 (Wn1) = P @han-DI7, g 12, 1 Tnenn-11172 dt]
n=1

n—1

M 1

In 2
2
cE[Oge;leg,;n||nheh,n||L;(§ lo: / . ||a><un_1>—<1><uh,n_1>||L2(u,L§)dz> }

n=1

M In
2 2
KE[Ognnz;leg;v,,||nheh,n||L§]+cKE[EI,‘lQ;ﬁl [ NSRS dz]
n= -

IA

IA

IA

M
2 2
K E[O?”%XM 1!2;” ”nheh,n ”L%] + ¢ E[At E 1 1.(2;1’1”7] [ 1T e n—1 HL%]

M
+ e ]E[Az Dolgr et — MMyu, ||i)z£|

n=1

Here, we also used (2.1) as well as Young’s inequality for « > O arbitrary. Now, the
first term can be absorbed for x small enough. The second term can be handled by the
discrete Gronwall lemma (note that .Qfl’n C ‘Qisl,n—l such that I_QZ .= 19; - Pa.s.)
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Using (2.14) the last term can be estimated by

cKhZE[AzZIm [ Vu, 1||L2]

n=1

which is bounded by ch? using Lemma 3 (recall that uy € L2(£2; W2(T?))). For
the term ./, 2 .1 we obtain by Cauchy—Schwartz inequality, Young’s inequality, Ito-
isometry and (2 1)

E| max |.#2
I:lngMl m’l|

IA

M
K IE[ > lo |henn — Myen o ||ig]
n=1

2
LJ

M tn
+cKE[Zlg;J,_] H f (P W,—1) — D (W 1)) AW
n=1 -1

IA

M
2
K E[ > Lo [HTnenn — ITpenn—1 ”Lg]

n=1

M
2
+ ¢k [Zlﬂhn 1/1 lw,—1 _uh,n—IHL)ZC dti|

n=1 n—1

The first term can be absorbed for ¥ small enough whereas the second one can be
estimated as for //,:,1

Now, we come to the second main ingredient which is the estimate for .4, ». We
obtain using (2.17), (2.1) and continuity of VZA™!

el max, .43,

< CE[ZlgM 1/

n=1

1

n 2
[(1d = 1T ) A dive (a7 g 12, IV ITnehn—1 1172 dz}
1 X X
1

M th 2
ch2E|: max ||V2 71div®(un_l)“1‘2(u,1‘§)(Zlﬂh,”,l/ ||Vnheh,n||iz dt) :|
Ih—1 *

l<n<M
n=1

IA

IA

cch? ]E[ max || Vu, 1||L2:|+ICE|:AIZIQ,M ,||vnhehn||Lo]

n=1

The first term is bounded by ¢, h? using Lemmas 3 (recall thatug € L2(2: W12(T2))).
The second term can be absorbed if ¥ << 1. As a consequence of Young’s inequality,
inverse estimates on V" (T?), [t6-ismotry and (2.17) we infer

E[lmax | 2|] < Kth[ZIth l||V(17heh,, — Iyep - 1)||L2:|

n=I
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2
L%]

M
+ CKh_2 ]E|: Z IQILM—I

n=1

th
/ (Id — 17 ) A~ dive (u,—1) dW
1y

1—1

M
< w3 1oy [Tt = T[]

n=1
tl?

n=1 -1

Yooh? E[ [ (1d = 1) A~ dive D7, .12, dt]

M
< ck E[Z 10, | Thenn — Mhenn— Hi}]

n=1

M tn )
Z[t | HVZA—ldivtD(u,,,])HLZ(M;LE)dt].
n=1"Y""n—-

+cKh2E[

The first term can be absorbed for « small enough. Arguing as for ///”11 , the last term
is bounded by ch? E[ max, [|Vu,_1[|,] < ch?. Plugging all together and noting that

2F cUn, £2j, , shows

M
2 2 2
E[mﬁ(]g@l ITThen s + Ay ||Veh,m||LE)] < (2 + A1),

m=1

Recalling that e ,, = w,, — I[Tpw,, + I1,ey ,, and using (2.14) as well as Lemma 3 (a)
gives the claim. O
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