Mathematische Zeitschrift (2019) 293:1201-1225

https://doi.org/10.1007/500209-019-02239-3 Mathematische Zeitschrift
()

Check for
updates

On average Hewitt-Stromberg measures of typical compact
metric spaces

L. Olsen'

Received: 11 January 2018 / Accepted: 7 December 2018 / Published online: 24 January 2019
© The Author(s) 2019

Abstract

We study average Hewitt—Stromberg measures of typical compact metric spaces belonging
to the Gromov—Hausdorff space (of all compact metric spaces) equipped with the Gromov—
Hausdorff metric.
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1 Introduction

Recall that a subset E of a metric space M is called co-meagre if its complement is meagre;
also recall that if P is a property that the elements of M may have, then we say that a typical
element x in M has property P if the set E = {x € M | x has property P} is co-meagre,
see Oxtoby [16] for more details. The purpose of this paper is to investigate the average
Hewitt—Stromberg measures of a typical compact metric space belonging to the Gromov—
Hausdorff space Kgy of all compact metric spaces; the precise definitions of the average
Hewitt—Stromberg measures and the Gromov—Hausdorff space Kgy will be given below.

Recall that a dimension function is an increasing and right continuous function A :
(0,00) — (0,00) with h(r) — 0 as r — 0. The two most important and commonly
used fractal measure of a metric space X are the i-dimensional Hausdorff measure H(X)
and the h-dimensional packing measure P"(X) associated with the dimension function A;
the precise definitions of H"(X) and P (X) will be given in Sect. 2.2. It is well-known that
these measures satisfy the following inequality,

HY(X) < Ph(X).

However, there are two further and (perhaps) equally important but less well-known fractal
measures of a metric space X, namely, the lower and upper Hewitt—Stromberg measures
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associated with the dimension function %; the lower and upper Hewitt—Stromberg measures
of X associated with the dimension function / will be denoted by U h(X) and V" (X), respec-
tively. The Hausdorff measure, the packing measure and the Hewitt—Stromberg measures
satisfy the following string of inequalities

HYX) < uh(x) < V'(X) < PhX); (1.1)

in particular, the Hewitt—Stromberg measures form a natural interpolation between the Haus-
dorff measure and the packing measure. Hewitt—Stromberg measures were introduced by
Hewitt and Stromberg in an intriguing exercise in their classical textbook from 1965 [10,
(10.51)], and have subsequently been investigated further, see, for example [7,8,22], high-
lighting their importance in the study of local properties of fractals and products of fractals.
In particular, Edgar’s textbook [2, pp. 32-36] provides an excellent and systematic introduc-
tion to Hewitt—Stromberg measures, and the measures also appear explicitly in, for example,
Pesin’s monograph [17, 5.3] and implicitly in Mattila’s text [13].

We now return to the main question: what are the fractal measures of a typical compact
metric space? We are, of course, not the first to ask this question. Indeed, many different
aspects of this problem have been studied by several authors during the past 20 years, includ-
ing [1,4,6,12] and the references therein, and the question also appears implicitly in [5].
While (almost) all previous work, including, for example, [1,4-6], study fractal measures
of typical compact subsets of a given complete metric space, this paper adopts a new and
different viewpoint introduced very recently by Rouyer [20] and investigated further in [12],
namely, we investigate typical compact metric spaces belonging to the Gromov—Hausdorff
space Kgn of all compact metric spaces. For example, in [12] the authors prove the follow-
ing result about the fractal measures of a typical compact metric spaces belonging to the
Gromov—Hausdorff space KgH.

Theorem A [12] Let h be a continuous dimension function. A typical compact metric space
X € Kgu satisfies

HX) =U"(X) =0, VI(X)=P"X) = .

We immediately note that the result in Theorem A is qualitatively similar to the behaviour of
the Hausdorff measure of a typical compact subset of a fixed complete metric space. Indeed,
it follows from [1, Remark 4.3] that if £ is a right-continuous dimension function and X is a
given fixed complete metric space, then a typical compact subset K of X satisfies H" (K) = 0.
We also note that Theorem A shows that the lower Hewitt—Stromberg measure (and hence
the Hausdorff measure and the Hausdorff dimension) of a typical compact metric space is
as small as possible and that the upper Hewitt—Stromberg measure (and hence the packing
measure and the packing dimension) of a typical compact metric space is as big as possible.
Other studies of typical compact sets, see [5,15,20], show the same dichotomy. For example,
[20] proves that a typical compact metric space has lower box dimension equal to 0 and upper
box dimension equal to oo, and Gruber [5] and Myjak and Rudnicki [15] prove that if X is
a metric space, then the lower box dimension of a typical compact subset of X is as small as
possible and that the upper box dimension of a typical compact subset of X is (in many cases)
as big as possible. The purpose of this paper is to analyse this intriguing dichotomy, and, in
particular, the dichotomy in Theorem A, in more detail. We will prove that the behaviour of
a typical compact metric space is spectacularly more irregular than suggested by Theorem A
and the results in [5,15,20]. Namely, there are standard techniques, known as averaging
systems, that (at least in some cases) can assign limiting values to divergent functions; the
precise definition of an averaging system will be given in Sect. 2.5 below. This technique can
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On average Hewitt-Stromberg measures of typical compact metric spaces 1203

be applied to the definition of the Hewitt—Stromberg measures as follows. Namely, for E € X
and r > 0, let M, (E) denote the largest number of pairwise disjoint closed balls in X with
centres in E and radii equal to r, and for a dimension function /4, define the 4-dimensional
box counting function F' fg’ (r) of E by

Fp(r) = M, (E) h(2r).

The Hewitt—Stromberg measures U"(E) and V" (E) of a subset E of X are defined in terms
of the lower and upper limits of the box counting function F g (r) of E, namely,

o0
UE)= inf liminf F2 (r),
(E) Egumg minf £, ()
o0
VIE) = inf lim sup F7 (r); (1.2)
EEU?&E:‘; r™\O0 Fi

i.e. the measures 4" and V" are obtained by applying Munroe’s Method I to the set functions
E > liminf,\ o F,if (r)and E — lim SUp,\ 0 F,il (r), see [14]. Fixing an averaging system,
[T say, and replacing the lower and upper limits of F' g’l_ (r) in (1.2) by the lower and upper I1-
averages of F gi (r) yields the lower and upper average Hewitt—Stromberg measures L{#I (X)

and V{% (X); see Sect. 2.5 for precise definitions of this. The average Hewitt—Stromberg
measures form an interpolation between the Hausdoff measure and the packing measure
that is finer than the interpolation (1.1) provided by the Hewitt—Stromberg measures; more
precisely, we have

HY(X) < U"(X) < Uup(X) < VEX) < Vi) < PX). (1.3)

The purpose of this paper is to show the following (surprising?) result: not only is the box
counting function F' f} (r) of a typical compact metric space X so divergent that /" (X) = 0
and V" (X) = oo, butit is so irregular that it remains spectacularly divergent even after being
“averaged” or “smoothened out” by very general averaging systems I1 (satisfying the mild
closure-stability condition in Sect. 2.6). Specifically, if IT is an averaging system, then the
associated average Hewitt—Stromberg measures satisfy Ul}-’[ (X) =0and V{-’[ (X) = oo fora
typical compact metric space X; more precisely, we prove the following theorem.

Theorem 1.1 (Special case of Theorem 2.5) Let h be a continuous dimension function and let
I1 be an averaging system satisfying the h-closure stability condition in Sect. 2.6. A typical
compact metric space X € Ky satisfies

HMX) =uh(X) = Ul (X) =0, VEX) =VIX) = PH(X) = .

We present several applications of this result. For example, as an application of Theorem 1.1
we show that a typical compact metric space X is so irregular that the lower (upper) average
Hewitt—Stromberg measures associated with all higher order Holder averages of the box
counting function F ;} (r) equal 0 (00); below we state a precise version of this and refer the
reader to Theorem 3.1 for a more general version of the result.

Theorem 1.2 (Special case of Theorem 3.1) Let h be a continuous dimension function and
n € N U {0}. We define the n’th order Holder averages, denoted by Fg 2 (1), of the box

counting function F g (r) of a subset E of a metric space X inductively by

_ 1
Fio@ =Fg@e™), Fg,0=- /1 Fl,_(s)ds,
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and we define the lower and upper n’th order Holder average Hewitt—Stromberg measures
of X by

X=U7Z,

oo
H.h _ . L. h
U, " (X) = inf . Xl: liminf Fg, (1),

o0
VIh(Xy = inf limsup F2 (1).
- (X) XZ%E’_; msup Fg, , (1)

The higher order Holder average Hewitt—Stromberg measures form a double infinite hierar-
chy between the Hausdorff measure and the packing measure in (at least) countably infinite
many levels, namely,

H'(X) < U ) =" 00 <uf(x) < - <V oo < oo = Voo < PR,
and a typical compact metric space X € KgH satisfies

uth(xy =0, Vith(x) = oo,
foralln € NU {0}.

We emphasise that Theorems 1.1 and 1.2 are special cases of more general results presented
in Sect. 2.

The paper is structured as follows. We first recall the definitions of the Gromov—Hausdorff
space and the Gromov—Hausdorff metric in Sect. 2.1. In Sects. 2.2-2.3 we recall the defini-
tions of the various fractal measures investigated in the paper. The definitions of the Hausdorff
and packing measures are recalled in Sect. 2.2 and the definitions of the Hewitt—Stromberg
measures are recalled in Sect. 2.3; while the definitions of the Hausdorff and packing mea-
sures are well-known, we have, nevertheless, decided to include these — there are two main
reasons for this: firstly, to make it easier for the reader to compare and contrast the Hausdorff
and packing measurers with the less well-known Hewitt—Stromberg measures, and secondly,
to provide a motivation for the Hewitt—Stromberg measures. Section 2.4 recalls earlier results
on the values of the Hausdorff measure, the packing measure and the Hewitt—Stromberg mea-
sures of typical compact metric spaces; this discussion is included in order to motivate our
main results presented Sects. 2.5-2.6. In Sect. 2.5 we define average Hewitt—Stromberg mea-
sures, and in Sect. 2.6 we compute the exact values of average Hewitt—Stromberg measures
of typical compact metric spaces. In Sect. 3 we apply the main results from Sects. 2.5-2.6 to
the detailed study of average Hewitt—Stromberg measures associated with two of the most
important types of averages, namely, higher order Holder averages and higher order Cesaro
averages. Finally, the proofs are given in Sects. 4-6.

2 Statements of results

2.1 The Gromov-Hausdorff space Ky and the Gromov-Hausdorff metric dgy

We define the pre-Gromov—Hausdorff space Kgy by
KeH = [X ‘ X is a compact and non-empty metric space } .
Next, we define the equivalence relation ~ in gy as follows, namely, for X, Y € Kgn, write

X ~Y <& thereis abijective isometry f : X — Y.
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On average Hewitt-Stromberg measures of typical compact metric spaces 1205

It is clear that ~ is an equivalence relation in Kgh, and the Gromov—Hausdorff space KgH is
now defined as the space of equivalence classes, i.e.

Kgh = KGH/N.

While elements of Kgy are equivalence classes of compact metric spaces, we will use the
standard convention and identify an equivalence class with it representative, i.e. we will
regard the elements of Kgy as compact metric spaces and not as equivalence classes of
compact metric spaces. Next, we define the Gromov—Hausdorff metric dgy on Kgy. If Z is a
metric space, and A and B are compact subsets of Z, then the Hausdorff distance dy(A, B)
between A and B is defined by

dy(A, B) = max | sup dist(x, B), supdist(y, A) |,
xeA yeB

where dist(z, E) = infycg d(z,x) for z € Z and E C Z. The Gromov-Hausdorff metric
dgH on Ky is now define by

dgy(X,Y) = inf {dH (f(X),g()) ‘ Z is a complete metric space
and f : X — Zand g : Y — Z are isometries } .

for X, Y € Kgn. The reader is referred to [18, Chapter 10] for a detailed discussion of the
Gromov—-Hausdorff space and the Gromov—Hausdorff metric. In particular, we note that it
follows from [18] that the Gromov—Hausdorff space (Kgy, dgn) is complete (and, hence, not
meagre) and the classification of subsets of Ky using Baire category is therefore meaningful.

2.2 Hausdorff measure and packing measure

While the definitions of the Hausdorff and packing measures (and the Hausdorff and packing
dimensions) are well-known, we have, nevertheless, decided to briefly recall the definitions
below. There are several reasons for this: firstly, since we are working in general (compact)
metric spaces, the different definitions that appear in the literature may not all agree and
for this reason it is useful to state precisely the definitions that we are using; secondly, and
perhaps more importantly, the less well-known Hewitt—Stromberg measures (which will be
defined below in Sect. 2.3) play an important part in this paper and to make it easier for the
reader to compare and contrast the definitions of the Hewitt—Stromberg measures and the
definitions of the Hausdorff and packing measures it is useful to recall the definitions of the
latter measures; thirdly, in order to provide a motivation for the Hewitt—Stromberg measures.
We start by recalling the definition of a dimension function.

Definition (Dimension function) A function i : (0, 00) — (0, c0) is called a dimension
function if / is increasing, right continuous and lim,~ o 2 (r) = 0.

The Hausdorff measure associated with a dimension function /4 is defined as follows. Let
X be a metric space and £ € X. For § > 0, we write

HI(E) = inf {Zh(dlam(E ) l EC U E;, diam(E;) <&

The h-dimensional Hausdorff measure H" (E) of E is now defined by

HMNE) = sup HI(E).
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1206 L. Olsen

The reader is referred to Rogers classical text for [19] for an excellent and systematic dis-
cussion the Hausdorff measures H”.

The packing measure associated with a dimension function / is defined as follows. For
x € Xandr > 0, let C(x, r) denote the closed ball in X with centre at x and radius equal to
r, and for § > 0, write

(C(xj, r1))72, is a family of pairwise disjoint closed balls in X

P} (E) = sup iZh(2ri)

i=1

with r; < § and centres in E } .

The h-dimensional prepacking measure 5}1 (E) of E is now defined by
P'(E) = inf P}(E),
>0

and the h-dimensional packing measure P’ (E) of E is defined as follows

ECU

=Yi=1"

o0
PHE) = inf . Y PED.
i=1

2.3 Hewitt-Stromberg measures

Hewitt—Stromberg measures were introduced by Hewitt and Stromberg in their classical
textbook [10, (10.51)]. While Hausdorff and packing measures are defined using coverings
and packings by families of sets with diameters less than a given positive number, § say, the
Hewitt—Stromberg measures are defined using packings of balls with the same diameter §.

We will now recall the definition the Hewitt—Stromberg measures. Let X be a metric space
and E C X. We first recall the definition of the packing number of E. For r > 0, the packing
number M, (E) of E is defined by

M, (X) = sup [|B| ‘ B is a family of pairwise disjoint closed balls in X

with radii equal to r and centres in E} . 2.1

Next, we recall the definition of the Hewitt—Stromberg measures associated with a dimension
function 4. For a metric space X and E C X, we define the lower and upper A#-dimensional

Hewitt—Stromberg pre-measures, denote by 7" and Vh, respectively, by

U"(E) = liminf M, (E)h(2r).
N0

V' (E) = lim sup M, (E)h(2r).
N0
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Finally, we define the lower and upper .-dimensional Hewitt—Stromberg measures, denote
by U" and V", respectively, by

ECU

o0
. —h
UME) = f U (Ep),
(E) _“,‘z,E,-Z (E)
i=1
VME)= inf
ECuU®

=Yi=1

> h
V' (E)).
Ei

The next result summarises the basic inequalities satisfied by the Hewitt—Stromberg measures,
the Hausdorff measure and the packing measure.

Proposition 2.1 Let h be a dimension function. Then we have
u'E) < V&) < PE)
VI VI VI
HNE) < UME) = VME) < PNE)

IA

IA
IA

for all metric spaces X and all E C X.

Proof This follows immediately from the definitions; see also [2, pp. 32-36]. O

2.4 Hausdorff measures, packing measures and Hewitt—-Stromberg measures of
typical compact spaces

Jurina et al [12] have recently computed the Hausdorff measures, the packing measures and
the Hewitt—Stromberg measures of typical compact spaces; this is the content of Theorem B
below.

Theorem B [12] Hausdorff measures, packing measures and Hewitt—Stromberg measures of
typical compact spaces. Let h be a continuous dimension function.

(1) A typical compact metric space X € Kgp satisfies

H(X) =ul(x) =U" (X) =0.
(2) A typical compact metric space X € Kgp satisfies

Vi) =V (U) = PHU) = o0

for all non-empty open subsets U of X. In particular, a typical compact metric space
X € Kgy satisfies

Vi) =V (X) = PM(X) = .

Theorem B shows that the lower Hewitt—Stromberg pre-measure and the lower Hewitt—
Stromberg measure of a typical compact metric space are as small as possible and that the
upper Hewitt—Stromberg pre-measure and the upper Hewitt—Stromberg measure of a typical
compact metric space are as big as possible. We will analyse this intriguing dichotomy in
more details by forming different types of averages. In order to do so, we introduce the
following notation. Namely, for a dimensions function / and a subset E of a metric space X,
we define the #-dimensional box counting function f g : (0, 00) — [0, o0] of E by

() = My+(EYh(2e™) 2.2)

@ Springer



1208 L. Olsen

(hence, the h-dimensional box counting function fg (t) = M,~«(E)hQ2e™") in (2.2) is
obtained from the #-dimensional box counting function F g (r) = M,(E) h(2r) in Sect. 1 by
introducing the following change of variables, namely, by letting r = ¢~7; the reason for this
change of variables is that it is more convenient to let t — oo when forming averages than
letting r N\ 0). Using the notation from (2.1), the Hewitt—Stromberg pre-measures of X are
now given by

' (X) = timinf f£(0),
V' (X) = lim sup £ (1), (2.3)
—>00

and Theorem B therefore shows that the 4-dimensional box counting function f)’} (t) of a
typical compact metric space X € Kgn diverges in the worst possible way as t — co. Below
we analyse this divergence in detail using average procedures known as average systems.

2.5 Average Hewitt-Stromberg measures

We start by recalling the definition of an averaging (or summability) system; the reader is
referred to Hardy’s classical text [9] for a systematic treatment of averaging systems.

Definition (Average system) An averaging system is a family IT = (I1;);>; with rp > 0
such that:

(i) I, is a finite Borel measure on [fy, 00);
(i) IT; has compact support;
(iii) The Consistency Condition: If f : [fg, 00) — [0, 00) is a positive measurable function
and there is a real number a such that f (1) - a ast — oo, thenf fdll; > a ast —
0.

If f:[t, 00) — [0, 00) is a positive measurable function, then we define lower and upper
[T-average of f by

Apf = liminf/ fdIl;
—00
and

Anf :limsup/fdl'[,,

—00

respectively.

Applying averaging systems to the box counting function f’ g (1) in (2.2) leads to the definition
of average Hewitt—Stromberg measures.

Definition (Average Hewitt—Stromberg measures) Let h be a dimension function and let
IT = (I1;)s>4, be an averaging system. For a metric space X and E C X, we define the lower
and upper [T-average h-dimensional Hewitt—Stromberg pre-measures of E by

UL(E) = Ap I = litminff fhar,
— 00
and

VE(E) = Anf! = lim sup/ fhan,,
—00
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On average Hewitt-Stromberg measures of typical compact metric spaces 1209

We define the lower and upper IT-average ~-dimensional Hewitt—Stromberg measures of E
by

00
uhE) = it ;ﬁ’ﬁ(m
and
00
VR(E) = inf ;V’awn,
respectively

Note that Hewitt—Stromberg measures are, in fact, average Hewitt—Stromberg measures.
Indeed, if X a metric space and we let IT denote the average system defined by IT = (6;);>1
(where §; denotes the Dirac measure concentrated at ¢), then clearly

U (E) =Ufy(E), V'(E) = Viy(E) 2.4)
for all subsets E of X. Below we list the basic inequalities satisfied by the average Hewitt—

Stromberg measures, the Hausdorff measure and the packing measure.

Proposition 2.2 Let h be a dimension function and let T1 be an averaging system. Then we
have

u'E) < UNE) < Vi(E) < V'(E) < PUE)
VI VI VI VI VI
HME) < UME) < UMNE) < VI(E) < V(E) < PMNE)

IA

IA
IA
IA
IA

for all metric spaces X and all E C X.

Proof The statement is not difficult to prove and we have therefore decided to omit the proof.
O

2.6 Average Hewitt-Stromberg measures of typical compact spaces

In this section we present our main results. Many of our main results are valid for arbitrary
averaging systems. However, in order to obtain the most optimal results we occasionally will
have to assume that the averaging system satisfies a mild technical condition, namely, the
h-closure-stability condition given in the following definition.

Definition (i-closure-stable) Let h be a dimension function. An averaging system IT is called
h-closure-stable if Hllf[ (E) = Hilfl (E) and V}ll-[ (E) = V}lf[ (E) for all metric spaces X and all
ECX.

We immediately note that two important classes of averaging system are closure-stable.
Namely, Proposition 2.3 (below) shows that the trivial averaging system IT = (&;);>1 is
h-closure-stable for any dimension function, and Proposition 2.4 (below) shows that if [T =
(IT;)s>1, 1s an averaging system and each measure I, has a continuous density with respect
to Lebesgue measure, then IT is /-closure-stable for any continuous dimension function.

Proposition 2.3 The averaging system I1 = (6;);>1 (Where §; denotes the Dirac measure
concentrated at t) is h-closure-stable for any dimension function h.
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1210 L. Olsen

Proof This follows easily from the definitions and we have therefore decided to omit the
proof.

Proposition 2.4 Let I1 = (I1;);>4, be an averaging system and assume that for each t there
is a measurable function m; : [tg, 0c0) — [0, 00) satisfying

H,(B):/Bm(s)ds

for all Borel sets B and such that if we write T; = sup supp s, then

(i) supp 7 = [to, Tt];
(ii) 7, is continuous on [ty, Ty,
>iii) m; > 0 on [y, T;].

Then I1 is h-closure-stable for any continuous dimension function h.

The proof of Proposition 2.4 is given in Sect. 4. We can now state the main result in this paper,
namely, Theorem 2.5 below. Theorem 2.5 provides the following (surprising?) extension of
Theorem B: not only is the box counting function ff (t) = M,~(X)h(2e™") of a typical
compact metric space X divergentas: — 00, butitis so irregular that it remains spectacularly
divergent as t — oo even after being “averaged” or “‘smoothened out” using very general
averaging systems including, as will be shown in Sect. 3, all higher order Holder and Cesaro
averages.

Theorem 2.5 (Average Hewitt—Stromberg measures of typical compact spaces) Let h be a
continuous dimension function and let I1 be an averaging system.

(1) A typical compact metric space X € Kgp satisfies
—h
Up(X) =0.
(2) A typical compact metric space X € Kgp satisfies
—h
VoU) = o0

for all non-empty open subsets U of X.
(3) If, in addition, T1 is h-closure-stable, then a typical compact metric space X € Kgy
satisfies

Vi(U) = o0
for all non-empty open subsets U of X.

The proof of Theorem 2.5 is given in Sects. 4-6. Section 4 contains various preliminary
auxiliary results; the proof of Theorem 2.5.(1) is given in Sect. 5, and the proofs of Theo-
rem 2.5.(2)—(3) are given in Sect. 6.

Note that if we apply Theorem 2.5 to the trivial average system IT defined by IT = (6;);>1,
then it follows from (2.4) that the statement in Theorem 2.5 reduces to Theorem B.

We will now apply Theorem 2.5 to study average Hewitt—Stromberg measures obtained by
considering higher order Holder and Cesaro averages of the box counting function f}} ) =
M,—(X) h(2e™"); this is the contents of Sect. 3 below.
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On average Hewitt-Stromberg measures of typical compact metric spaces 121

3 Holder and Cesaro averages of Hewitt-Strimborg measurers of a
typical compact metric space

Two of the most commonly used averaging system are Holder averages and Cesaro averages.
We will now define these average systems and apply them to the box counting function
f)}}(t) = M, (X)h(2e™") of a metric space X. For @ > 0 and a positive measurable
function f : (a, 00) — [0, 00), we define M f : (a, co) — [0, co) by

1 t
MH@ =+ / £(s)ds.

For a positive integer n, we now define the lower and upper n’th order Holder averages of f
by

H, f= htH_l);l)l‘}f(Mnf)(f),
H, f = limsup(M" f)(t).
—00

The Cesaro averages are defined as follows. First, we define If : (a, c0) — [0, 0c0) by

)0 = / F(s) ds.

For a positive integer n, we now define the lower and upper »’th order Cesaro averages of f
by

. ..nt
C,f = liminf (1" 1)(@),
— n!
C,f =limsup — " f)(2).
t—oo "

It is well-known that the Holder and Cesaro averages satisfy the following inequalities,
namely,

liminf f(t) = Hyf <H,f <H,f <---<Hyf <Hf < Hof =limsup f(1),
11— 00 —00

liminf f(1) = Cof <C\f =Cpf <+ = Caf <Cif < Cof =limsup f (7).
500 t—00
(3.1)

It is also well-known that the Holder and Cesaro averages are averaging systems in the sense
of the definition in Sect. 2.5. Indeed, if we for a positive integer n, define the averaging system
! = (I} )r=a by

1

H _
M (B) = (n—=0D!r

/ (logt —logs)" ' ds
[a,NB

for Borel subsets B of [a, o0), then
H,f = liminf /fdl’I;'yt,
H,f = limsup/ fdl'[ﬂ’t,
t

see, for example, [11, p. 675]. Similarly, if we for a positive integer n, define the averaging
system l'[,cl = (Hg,,)tza by
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1212 L. Olsen

Mg ,(B) = tﬁ / (t —s5)""'ds

la./]NB
then

C.f= limtinf/fdrlg,t,

Cuf :limsup/fdl'lgql,
t

see, for example, [9, pp. 110-111].

Using Holder and Cesaro averages we can now introduce average Holder and Cesaro
Hewitt—Stromberg measures by applying the definitions of the Holder and Cesaro averages
to the function fg (t) = M,~(X) h(2e™"). This is the content of the next definition.

Definition (Average Holder and Cesaro Hewitt—Stromberg measures) Let X be a metric
space and n an integer with n > 0. We define the lower and upper n’th order average Holder
Hewitt—Stromberg measures of a subset E of X, denoted u,'f oh (E) and V,',-{ oh (E), by

Uy (E) = Up(E),

VM (E) = Vi (E).
Similarly, we define the lower and upper n’th order average Cesaro Hewitt—Stromberg mea-
sures of a subset E of X, denoted Z/l,f’h (E) and Vf’h(E), by

Uy (E) = Upc (E),

Vit (E) = Vi (B).

The higher order average Holder and Cesaro Hewitt—Stromberg measures form a double
infinite hierarchy between the Hausdorff measure and the packing measure in (at least)
countably infinite many levels, namely, we have (using (3.1))

H(E) <u"(E) =ul"(E) <uiM(E) < - < VIM(E) < VMHE) = VI(E) < PI(E),
H'E) <U"(E) =U$"(E) <Uf"(E) < --- < VEM(E) < V§M(E) = VI(E) < PI(E).
3.2)

As an application of Theorem 2.5, we will now show that the behaviour of a typical compact
metric space X € KgH is so irregular that not even the hierarchies in (3.2) formed by taking
Holder and Cesaro averages of all orders are sufficiently powerful to “smoothen out” the
behaviour of the box counting function f)’(' ) =M,~«(X)hQQe ") ast — oo.

Theorem 3.1 Let h be a continuous dimension function. A typical compact metric space
X € Kgy satisfies

U X) =ust(x) =0
foralln € NU {0}, and

VI U) = Vi (U) = 00
for all non-empty open subsets U of X and alln € N U {0}.

Proof This statement follows immediately from Theorem 2.5. O
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On average Hewitt-Stromberg measures of typical compact metric spaces 1213

4 Proof of Proposition 2.4

We now turn towards the proof of Proposition 2.4. More precisely, the purpose of this section
is threefold. Firstly, we recall a technical auxiliary result due to Gruber [5] and Rouyer [20]
about the packing number (defined in (2.1)) and the covering number (defined below) of a
metric space; this result plays an important role in Sects. 5, 6 and is stated in Lemma 4.1.
Secondly, we prove an auxiliary results about the average i-dimensional Hewitt—Stromberg
measures associated with #-closure-stable average systems; this result also plays an important
role in Sects. 5, 6 and is proven in Lemma 4.2. Thirdly, and finally, we prove Proposition 2.4
showing that if IT = (I1;);>, is an averaging system and each measure IT; has a continuous
density with respect to Lebesgue measure, then IT is i-closure-stable for any continuous
dimension function 4.

We first recall the statement in Lemma 4.1 below; this is a well-known result due to Gruber
[5] and Rouyer [20] and lists some useful continuity properties of the packing number and
the covering number of a metric space. Recall, that if X is a metric space and E C X, then
the packing number M, (E) of E is defined by

M, (X) = sup {|B | ‘ B is a family of pairwise disjoint closed balls in X
with radii equal to » and centres in E} . 4.1
We also define the covering number N, (E) of E by

N,(E) = inf [|B | ‘ B is a family of closed balls in X with radii equal to r that covers E } .

4.2)
We can now state Lemma 4.1
Lemma 4.1 (1) The function N, : Kgy — R is lower semi-continuous for all r > 0.
(2) The function M, : Kgy — R is upper semi-continuous for all r > 0.
(3) We have M,.(X) < N, (X) < M% (X) forallr > 0andall X € Kgp.
Proof This follows from [20, Lemma 9]; see also [5]. ]

Secondly, we prove Lemma 4.2 providing a useful technique for establishing lower bounds
for the average h-dimensional Hewitt—Stromberg measures associated with /-closure-stable
average systems. Recall (see Sect. 2.6), that if & is a dimension function, then an average

system I is called h-closure-stable if H}ﬁ (E) = ﬁ% (E) and V}ﬁ (E) = V{fl (E) for all metric
spaces X and all E € X. We can now state Lemma 4.2.

Lemma 4.2 Let h be a continuous dimension function and let T1 = (Il;);>, be an h-closure-
stable averaging system. Let X be a complete metric space and let C be a compact subset of
X. Fix ¢ > 0. Then the following statements hold.

(D Ifa}li[(V N C) > c for all open subsets V of X with V N C # O, then Z/{llll (C) =c.
2) IfV}ﬁ(V N C) > c for all open subsets V of X with V N C # &, then Vﬁ(C) > c.

Proof (1) Assume that a?[ (VNC) > cforall open subsets V of X with VNC # &. We must
now show that L{{-'l (C) > c. Let (E;); be a countable family of subsets of X with C C U; E;.
Since C = U; E; C U; E;, it follows from Baire’s category theorem that there is an index iq
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1214 L. Olsen

and an open subset W of X suchthat CNW # @gandCNW C Ei,o We therefore conclude
that ﬂ}ﬁ(ETO) > H}ﬁ (C N W) > c. Since I is h-closure-stable, it follows from this that

—h —h —h =
Y Un(E) = Up(Eiy) = Uy (Eyy) > c. 4.3)
i
Finally, using (4.3) and taking infimum over all countable families (E;); of subsets of X with
C C U;E;, shows that Ul (E) = inf peuse g, Y52, U (Ei) > c.
(2) The proof of this statement is identical to the proof of the statement in Part (1) and is
therefore omitted. o

Thirdly, and finally, we prove Proposition 2.4 from Sect. 2. We start with a small lemma.
Lemma4.3 Letr >0and 0 <u < 1. Then
My (E) < My (E).
for all compact metric spaces X and all E C X.

Proof Write § = 1 —u € (0, 1). It follows from the definition of the packing number
M, (E) that we can find a family (C (x;, r))lM:’I( E) of pairwise disjoint closed balls C(x;, r)
in X with radii equal to r and centres x; € E.Since x; € E, there is a point y; € E such that
yi € B(x;,8r), whence C(y;, (1 — 8)r) € C(x;, r). As the family (C(x;, )\ *” consists
of pairwise disjoint balls, we therefore conclude that (C(y;, (1 — (S)r))lM’l( E)isa family of
pairwise disjoint closed balls in X with radii equal to (1 — §)r and centres y; € E. This
clearly implies that M, (E) < M(1_5),(E) = M, (E). ]

We can now prove Proposition 2.4.

Proof of Proposition 2.4 Let X be a metric space and E C X. Itis clear that a}ﬁ (Ey<U ]11-[ (E)
and V}ﬁ (E) < V}ﬁ (E), and it therefore suffices to prove that H}ﬁ (E) < U]f-l (E) and V}f-[ (E) <
9111-[ (E). We will now prove these inequalities. Let ¢ > 0. Fix r > #y. Next we define three
numbers p;, §; and u, as follows.

Definition of p;. Write K; = {(u,v)|u > t9, v > 0, to < u —v < T;} and define
D, : K; — [0,00) by D;(u,v) = % Since K; is compact and D, is continuous,
we conclude that D, is uniformly continuous, and we can therefore find a positive real
number p;, > 0 such that if (u’,v"), (w”,v”) € K, and |(u/,v") — (", v")| < p;, then
|D;(u', v') — Dy(u”,v")| < e. In particular, this implies that if (¢, v) € K; and v < p,, then
[(u,v) — (u,0)] = v < pr, and so | Dy (u, v) — D;(u, 0)] < &, whence

D;(u,v) < Di(u,0)+e=1+c¢. 4.4)

Definition of &;. Since h is continuous, and therefore uniformly continuous on compact
subintervals of (0, 0o), we can find a positive real number §; > 0, such thatif s’, s” € [1, T;]
with |s" — s”| < §;, then

’ ” &
he™)—hRe™¥ )| < ——m—. 4.5
|h( ) —h( )| = Mo (E) 4.5
Definition of u;. We can clearly choose a positive number 0 < u; < 1 such that
log ;] < min (1 5 ¢ (4.6)
oguy| = min » Pty Ot, . .
(S“thSSsT,H fg(s)) (S“ptossT, 7:(5))
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After having defined the numbers p;, §; and u;, we put v; = |logu,| and note that
ure™ = e~ G+ for all real numbers s. Also, if s € [19, T3], then we conclude from this and
Lemma 4.3 that

fh(s) = Me~s(E) h(2¢™")
< My~ (E)h(2e™)
=M, o) (E) h(2e ™). 4.7

However, since |(s + v¢) — s| = v; = |logu;| < &, it follows from (4.5) that h(2¢™) <
h(2e~(+u)y 4 m, and (4.7) therefore implies that
e Ut

SE($) < My (E) h(2¢™)

< M,—+u) (E) (h(ze*“*””) + ¥>

M 141 (E)
M —(s+v, )(E)
h e 3

= frs+v)+ —"—c¢. 4.8)

JE ! M ,—z+1) (E)
Next, note that e~(TitD < ¢=6+¥) (because s < 7, and v; = |logu;| < 1), whence

M, (g4 (E) .
M, 1) (E) < M,—5,41)(E), and so W < 1. It follows from this and (4.8) that

fRs) < faGs +v) + e (4.9)

for all s € [y, T;].
Write g, = ¢ f dTIl; and note that it follows from (4.9) that

T
/fgdn, = | fls)m(s)ds

fo

T;
< / (fhG+ v +e) () ds
0]

T,
= | fRGs+v)m(s)ds + e

fo

T +v,
= / R —v,) du + &
to+vy
Ty h T +vy i
= fE(u)m(u—v,)du—l—/ Se@)m (u —v) du + &
to+vy T:
T;
< FR@u) 7 (u) Dy (u, vy) du
to+n:
+u; ( sup  fp (s)) ( sup 7 (s)) + & (4.10)
10<s<T;+1 1o<s<T;

Next, it follows from the definition of v, = |logu,| and (4.6) that v, (SUPIOSssT, 1 f g (s))
(Supy, <5<, 71 (5)) < &, and we therefore conclude from (4.10) that

T,
/f%dl‘[, < / Fi(u) 1w (u) Dy (u, vp) du + € + & (4.11)
fo+vr
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1216 L. Olsen

Also, note that for all u € [t9 + v, T;], we have (u, v;) € K; and v, = [logu,| < p; (by
(4.6)), and it therefore follows from (4.4) that D;(u, v;) < 1 + . We deduce from this and
(4.11) that

T
/fgdn, <(+e¢) fh@) m ) du+ & + ¢

to+vy
5(1+s)/f§dn,+a+s,. (4.12)
Since the consistency condition implies that &, = ¢ [ dIl; — ¢ ast — 00, we

conclude from (4.12) and the definitions of 771 (E) = liminf, [ fLar, and UL(E) =
liminf, [ f}dTl, that H}ﬁ(f) < 1+ s)ﬂ}ﬁ(E) + 2¢. Finally, letting ¢ \, 0, gives
Ul (E) < U (E). Similarly, using (4.12) we also conclude that V}y (E) < Vi (E). O

5 Proof of Theorem 2.5.(1)

The purpose of this section is to prove Theorem 2.5.(1). Recall, that if & is a dimension
function and X € Kgy, then we define the function f}}(' : (0, 00) — (0, 00) by

Fr) = M (X)h(2e™).

For a dimension function £, an averaging system IT = (Il;);>4,, and #, ¢ > 0, write

L= {X € Kgn

/f;}dn, <c}. (5.1)

Lemma 5.1 Let h be a dimension function and let T1 = (I;);>4, be an averaging system. Fix
t,c > 0. Then the set Lﬁ',’f[ is open in KgH.

Proof Write

F=Ke\ LM = {X € KeH

/f{;dn,zc}.

We must now prove that F is closed in Kgy. In order to show this, we fix a sequence
(Xp)n in F and X € Kgy with X, — X. We must now prove that X € F, i.e. we must
prove that [ f;(’ dIl; > c. We prove this inequality below. For brevity define functions
@, ¢n : [0, 00) — [0, 00) by

@(s) = M= (X)h(2e ™), @n(s) = Mp=s (Xn) h(2e).
We now prove the following three claims.
Claim 1 We have [ sup, ¢, dI1; < oo.

Proof of Claim 1 The measure I, has compact support, and we can therefore find Ty > 1o,
such thatsupp IT; C [#9, Tp]. It follows from Lemma 4.1 that M -7, is upper semi-continuous,
and so lim sup, M,-1,(X,) < M,-1,(X). In particular, this implies that there is a constant
K such that M,-7,(X,) < K for all n. For positive integers n and s € [t9, Tp] we therefore
conclude that ¢, (s) = M,—s(X,) h(2e™) < M,-1y(X,,) h(2¢7) < K h(2¢~™). Finally,
since supp I1; C [fo, Tol, it therefore follows that [ sup, ¢, dI1, = ftOTO sup,, ¢, dI1; <

K h(2e7) I1,([t9, Tp]) < oo This completes the proof of Claim 1.
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Claim2 We have ¢ < [ limsup,, ¢, dT1;.

Proofof Claim 2 Since X, € F, we conclude that ¢ < [ f)’}" dll; = [ ¢, dIl, for all n,
whence

¢ <lim supf<pn drl;. (5.2)

n

It also follows from Claim 1 and the Reverse Fatou Lemma (see, for example, [21, Theorem
3.2.3]) that

limsup/% dIl, < /limsupga,,dl'[,. (5.3)
n

n

The desired result follows immediately from (5.2) and (5.3). This completes the proof of
Claim 2.

Claim 3 Foralls > to, we have lim sup,, ¢,(s) < ¢(s),andso [ limsup, ¢, dT1; < [ @dIl;.

Proof of Claim 3 This follows from the fact that M, : Kgy — R is upper semi-continuous
for all r > 0 by Lemma 4.1. This completes the proof of Claim 3.

Finally, we deduce immediately from Claims 2 and 3 that ¢ < f lim sup, ¢, dI1; <
[eall, = [ fham,. a]

Proposition 5.2 Let h be a dimension function and let T1 = (I1;);>,, be an averaging system.

(1) Forc € RT, write
T, = {X e Key ‘U]f-l(X) < c].

Then T, is co-meagre.
(2) Write

T = {x c KGH‘H’}[(X) :0].
Then T is co-meagre.

Proof (1) It suffices to show that there is a countable family (G,),cq+ of open and dense
subsets G, of Kgy with Nyeq+Gy S Te. Foru € Q, we define the set G,, by

G, = U Lﬁ’cn;

u<t

recall that the set L?,’CH is defined in (5.1). Below we prove that the sets G, are open and
dense subsets of Ky with N,cq+ Gy C T¢; this is the contents of the three claims below.

Claim1 G, is open in Kgy.

Proof of Claim 1 This follows immediately from Lemma 5.1. This completes the proof of
Claim 1.

Claim2 G, is dense in KgH.
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Proof of Claim 2 We first prove that {X € Kgy | X is finite} € G,,. Indeed, if X is a finite met-
ric space, then it is clear that f)’} (t) = M~ (X) h(2e~") — 0, and the consistency condition
therefore implies that | f)? dI1; — 0. It follows from this that there is a number ¢ with t > u
andf f? dIl; < c,whence X € L?,’CH C Gy This proves that {X € Kgy | X is finite} € G,,.

Next, since {X € Kgy | X is finite} € G, and {X € Kgu | X is finite} is dense in Kgy,
we conclude that G, is dense in Kgy. This completes the proof of Claim 2.

Claim3 Nycq+Gu C 1.

Proof of Claim 3 Let X € Nycq+Gy. We must now show that ﬁ}ﬁ (X) < c. Since X €
Nyeg+Gu S Ny Gy, we conclude that for each positive integer 7, we can find a positive

}f whence f f;;d I1;, < c. It follows immediately

number #, with #, > n such that X € Ly .,

from this that ﬁ’;[(X) = liminf, [ f{dTl, < liminf, [ f{dTl, <c,andso X € T,. This
completes the proof of Claim 3.
(2) This statement follows immediately from Part (1) since T = Neeq+ Te. O

We can now prove Theorem 2.5.(1).

Proof of Theorem 2.5.(1) Theorem 2.5.(1) follows immediately from Proposition 5.2.(2). O

6 Proof of Theorem 2.5.(2)-(3)

The purpose of this section is to prove Theorem 2.5.(2)—(3). We start by introducing the
following notation. First, recall that for a positive real number r, the covering number N, (X)
of a metric space X is defined in (2.1). Next, for a dimension function /# and a metric space
X, define the function gé'( : (0, 00) = (0, 00) by

gh(t) = N (X) h(2e™"). (6.1)
Finally, for a dimension function £, an averaging system IT = (I1;);>; and r, t, ¢ > 0, write
AT = {X € Ken /gél(dn, > c} , (6.2)
and
Lf,n ¢ = [ X € KgH ‘there is a positive integer N and
Xi,...,xy€X, Ci,...,CNC X, H,...,ty >1t,
such that
X =VU;B(xi,r),
C; € B(xj,r) foralli,
Cie Al foralli]. 6.3)

Lemma 6.1 Let h be a dimension function and let T1 = (Il;);>;, be an averaging system. Fix
t,c > 0. Then the set A?,’CH is open in Kgy.

Proof Write

F =K\ AN = {X € Kan

/gé’(dl'[, 56}.
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We must now prove that F' is closed in Kgy. In order to show this, we fix a sequence
(Xp)n in F and X € Kgy with X, — X. We must now prove that X € F, i.e. we must
prove that f g@ dIl; < c. We prove this inequality below. For brevity define functions

@, n : [to, 00) — [0, 00) by
9(8) = Ne-s(X) h(2¢™%),  @(8) = Ne—s(Xp) h(2e™7).

We now prove the following two claims.
Claim 1 We have [ lim inf, ¢, dT1, < c.

Proofof Claim 1 Since X, € F, we conclude that [ ¢, dIl; = fgé’(n dIl; < c for all n,

whence liminf, [ @, dI1; < c. It follows immediately from this and Fatou’s Lemma that
[liminf, ¢, dT1; < liminf, [ ¢, dI1; < c. This completes the proof of Claim 1.

Claim2 Forall s > fy, we have ¢(s) < liminf, ¢,(s), andso [ ¢ dI1; < [liminf, ¢, dT1,.

Proof of Claim 3 This follows from the fact that N, : Kgq — R is lower semi-continuous for
all r > 0 by Lemma 4.1. This completes the proof of Claim 2.

Finally, we deduce from Claim 1 and Claim 2 that [ gél(dl'l, = [edll, <
Jliminf, ¢, dT1; <c. O

Proposition 6.2 Let h be a dimension function and let T1 = (I1;);>,, be an averaging system.
Fixr,t,c > 0. Then the set Lf”,ljlc is open in Kgp.

Proof Let X € L],”’,ljI - and let dy denote the metric in X. We must now find p > 0 such that
B(X,p) C L}

r,t,c*
Since X € Li’:{l ¢» we conclude that here is a positive integer N and

Xt,...,xvy€X, Ci,...,CNC X, f,...,IN >,
such that

X =U;Bx(xi, r),
C; € Bx(x;,r) foralli,
Cie Al foralli.

Define ® : X — R by ®(x) = min; dx(x, x;) and note that ® is continuous. Since X is
compact, we conclude that there is a point xo € X such that ®(xp) = sup, .y ®(x). For
brevity write ro = ®(xg) = sup,x ®(x), and note that since xo € X = U; B(x;, r), we can
find iy with xo € B(x;,, r), whence

ro = ®(xo) <dx(x,x;) <r. (6.4)
Also, since C; is compact and C; € B(x;, r), we conclude that
ri=inf 5| Ci € B o)) <. 6.5)
For brevity write

di=r—r,-.
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Finally, since C; € Aﬁfl:l and AZ‘B is open (by Lemma 6.1), we conclude that there is a
positive real number p; > 0 with

B(Ci.pi) S A (6.6)
Now put

p=min(%,...,p7’v, ’_2"0,‘1%,...,‘%).
It follows from (6.4) and (6.5) that p > 0. We will now prove that
B(X,p) C L. ©.7)

We therefore fix ¥ € B(X, p) and proceed to show that ¥ € L’,l,n .- Let dy denote the
metric in Y. Since dgn(X, Y) < p, it follows that we may assume that there is a complete
metric space (Z, dz) with X, Y € Z and dy(X,Y) < p such that dx (x’, x”") = dz(x', x")
for all x’,x” € X, and dy(y',y") = dz(y',y") for all y’,y” € Y. Below we use the
following notation allowing us to distinguish balls in ¥ and balls in Z. Namely, we will
denote the open ball in ¥ with radius equal to § and centre at y € Y by By(y, ), i.e.
By(y,8) = {y' € Y |dy(y,y’) < 8}, and we will denote the open ball in Z with radius equal
to § and centre at 7 € Z by Bz(z,9), i.e. Bz(z,8) = {7/ € X |dx(z,7') < §}. We must
now show that Y € L}f,’,lj[c. Since dy(X, Y) < p, we conclude that for each i, there is a point
yi € Y withdz(x;, y;) < p. Next, put

K; = {y e Y’ dist(y, C;) < ;0}-

It is clear that

yi,...,yv€Y, Ki,.... KN CY, t,...,tn >,
Hence, to prove that Y € L,}.‘:tlj[c, it suffices to show that
Y =U;By (i, 1), (6.8)
K; € By(y;,r) foralli, (6.9)
Kie Al foralli. (6.10)

The proofs of (6.8)—(6.10) are the contents of the three claims below.
Claim1 Y = U; By (y;, r).

Proof of Claim 1 Ttisclearthat U; By (y;, r) C Y.Inorderto prove the reverse inclusion, we let
y € Y.Sincedy(X, Y) < p, weconclude that there is apoint x € X withdz(x, y) < p. Also,
since min; dx (x, x;) = ®(x) < ro, we deduce that there is an index j with dx (x, x;) <
ro. Finally, it follows from the definition of y; that dz(x;, y;) < p. Hence dy(y,y;) =
dz(y,y;) <dz(y,x) +dz(x,x;) +dz(xj,y;) = dz(y,x) +dx(x,xj) +dz(xj, ;) <
p+ro+p=2p+rog<r,andsoy € By(y;,r) € U;By(y;, r). This completes the proof
of Claim 1.

Claim2 K; € B(y;,r) forall i.

Proof of Claim 2 Since C; C Bx(x;, r), it follows from the definition of the numbers r; =
inf{s | C; € B(x;s)}and d; = r — r;, that

Ci < Bx (vir—%). 6.11)
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Next, since dz (x;, yi) < p < & <

C Bz(yi,r — ). (6.12)

Finally, combining (6.11) and (6.12) shows that
Ci € Bz (y;, r— %) . (6.13)

We can now prove that K; € By (y;,r).Lety € K;.Sincey € K;,wehavedistz(y, C;) <
p < % < %, and it therefore follows that there is x € C; with dz(x, y) < %. Also, we
deduce from (6.13) thatx € C; € Bz (yi, 7 — %), whence dz (x, y;) < r—%. Combining the
previous inequalities we have dy (v, y;) = dz(y, yi) <dz(y, x)+dz(x, y;) < %+r—% <
r,and so y € By (yi, r). This completes the proof of Claim 2.

Claim3 K; € A" foralli.

Proof of Claim 3 1t is clear that K; is a closed subset of Y and so K; € KgH.
We now prove that

sup distz (x, K;) < p. (6.14)
xeC;
Indeed, letx € C;.Sincedy(X,Y) < p,weconclude thatthereis y € ¥ suchthatdz(x, y) <
p. In particular, since x € Cj, this shows that dist(y, C;) < dz(y,x) < p,andsoy € K;.
We deduce from this that dist(x, K;) < dz(x,y) < p. Finally, taking supremum over all
x € C; shows that sup,.c ¢, dist(x, K;) < p. This completes the proof of (6.14).
Next, we prove that

sup dist(y, C;) < p. (6.15)
YEK;
Indeed, let y € K;. Since y € K;, it follows from the definition of K; that there is x € C;
such that dz(y, x) < p, and so dist(y, C;) < dz(y, x) < p. Finally, taking supremum over
all y € K; shows that SUpyep, dist(y, C;) < p. This completes the proof of (6.15).
Combining (6.14) and (6.15), we immediately conclude that dy(C;, K;) = max(sup ¢,
dist(x, K;), SUp,c; dist(y,Ci)) < p < % < pi, whence K; € B(C;, p;) C AZ? This
completes the proof of Claim 3.

It follows immediately from Claims 1-3 that ¥ € L

r,t,c

m}

Proposition 6.3 Let h be a continuous dimension function and let T = (I1;);>4, be an
averaging system.

(1) Forc e RY, write
T. = {X € KGH‘V}E(U) > ¢ for all open subsets U of X with U # @} .

Then T, is co-meagre.
(2) Write

T = [X € KGH‘V}{-I(U) =00 for all open subsets U of X with U #@].

Then T is co-meagre.
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(3) Write
S = [X € KgH ’ Vl}-'I(U) =00 for all open subsets U of X with U #* @} .

If, in addition, V}ﬁ (E) = V}ﬁ (E) for all metric spaces and all E C X, then S is co-
meagre.

Proof (1) It suffices to show that there is a countable family (G, ), ,eq+ of open and dense
subsets G, of Kgy such that N, ,cq+Gr.u € Te. Forr, u € Q', we define the set G, , by

hI1 |
Gru= U Ly e

u<t

recall, that the set Li’fc is defined in (6.2)—(6.3). We now prove that the sets G, , are open

and dense subsets of Ky such that N, ,cqo+Gr,u C T¢; this is the contents of the three claims
below.

Claim1 G, , is open in KgH.

Proof of Claim 1 This follows immediately from Proposition 6.2. This completes the proof
of Claim 1.

Claim2 G, , is dense in KgH.

Proofof Claim2 Let X € Kgy and p > 0. Also, let dx denote the metric in X. We must now
findY € G, , such that dg(X,Y) < p.

Firstly, since X is compact, we can find a finite subset £ of X such that
dy(X,E) < g.

Note that it is clear that we can find a constant £ > O such that foralln € N, all s > 0
and all § > 0, we have

Ns({z e R"||z] <s}) = k™" (6.16)

Next, choose real numbers 7', ¢ such that T > ¢ > u, and for positive integers n, define
§0n : (t07 OO) - (Oa OO) by

on(s) =" h(2e™).

Note that ¢, /' o0, and it therefore follows from the Monotone Convergence theorem that
[ ondly / [ocodIly = co.Inparticular, this implies that we can choose a positive integer
N with

/<PN dtir > . (6.17)
Put 8o = min(2, r) and let C = {z € RY | |z] < 8}. Finally, we define the space Y by

Y=ExC

and equip Y with the supremum metric dy induced by dx and |-|,i.e.dy ((x’, 7)), (x",2")) =
max(dyx(x’, x"), |2/ = 7"|) forx’, x"" € Eand 7/, 7" € C. 1t is clear that Y is compact, and
s0 Y € KgH. Below we show that dgH(X,Y) < pand Y € G, 4.
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Proof of dgn(X,Y) < p. Define f : E - Yandg : Y — Y by f(x) = (x,0) and
g:Y — Ybyg,z) = (x,z2). Itis clear that f and g are isometries and we therefore
conclude thatdgn(E, Y) < dn(f(E), g(Y)) = dy(E x{0}}, ExC) < sup,.¢ |z| =80 < 5.
whence dgy(X,Y) < den(X, E) + dgu(E,Y) < dy(X, E) + g < g + % = p. This
completes the proof of dgy (X, Y) < p.

Proof of Y € G, . Write E = {x1,...,xp} and put

yi=(x:,0), Ci={x}xC, t;=T,

fori =1,..., M. In order to prove that Y € G, ,, it suffices the show that ¥ € Li’,{[c, and
in order to show that Y e Li’:tljl » it clearly suffices to prove that

Y =VU;B(y;, r), (6.18)
C; € B(y;,r) foralli, (6.19)
Ci = Ay foralli. (6.20)

Below we show that the statements in (6.18)—(6.20) are satisfied.
Indeed, itis clear that Y = E x C = U; ({x;} x C) = U; B(y;, r); this proves (6.18).
It is also clear that C; € B(y;, r) for all i; this proves (6.19).
Finally, we prove (6.20). We have

f gh. dTl, = f Nos (Ci) h(2e™) dTT 1 (s)
= /Ne*f({xi} x C)h(2e™") dTIr(s)
= /Neﬂ(C)h(ze*-Y)dnT(s). 6.21)

However, it follows from (6.16) that N,—s (C) > ke* N and we therefore conclude from (6.21)
that

/gg,_ dTl, >k [N h(2e™) dTlr(s) = k [ ¢y dTl7. (6.22)

Finally, combining (6.17) and (6.22), we now deduce that f gé_ drl;, > k% = ¢, whence
Ci e AZ’E. This completes the proof of (6.20).

It follows immediately from (6.18)—(6.20) that ¥ € Li’fc C Gy . This completes the
proof of Claim 2.

Claim3 N, yeq+Gru C Te.

Proofof Claim 3 Let X € N, ,eq+Gr . We must now show that if U is an open subset of X
with U # &, then V’f—l(U ) > c¢. We therefore let U be an open subset of X with U # &, and

proceed to show that V’f—l (U) = c. Since U is non-empty and open there is xo € U andrg > 0
with B(xp, r0) € U. Next, since X € N, ,ecq+Gr.u S ﬂ,,G%o’n, we conclude that for each

positive integer n, we can find a positive real number #, with #, > n such that X e L’,LOHt

2 +InsC

In particular, this implies that there is a positive integer N,, and

Xn,1s---5Xn,N, € X’ Cn,l,--wcn,N,l - X, tn,lv--wtn,N,, > Iy,
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such that
X=UB (xn,iv %O) )
C”l,i CB (xn,h %0) for all i,
Cni € AZ’EC for all i.
Since xo € X = U;B(x,,, %), we can choose an index i, € {I,...,N,} such that

x0 € B(xpi,. %), whence B(x,,, %) S B(xo,r0), and so Cpi, S B(xn,. %) <

B(xq, rg) € U. Since it follows from Lemma 4.1 that fg (s) > g}(‘j (s) for all s, we conclude

from this combined with the fact that C,, ;, € AZE,C, that [ fg i, = [ g}l’] an,,, >

f gf;ni dI,,, > c. Finally, since t,;, > t, > n and so #,,;, — 00, we deduce from the
in ;

previous inequality that V{%(U ) = limsup, [ f/1dT; > limsup, [ f}idI,, > c. This
completes the proof of Claim 3.

(2) This statement follows immediately from Part (1) since clearly T = N.cq+Te-
(3) Using Part (2), it clearly suffices to prove that

TCS. (6.23)

We will now prove (6.23). Let X € T. We must now show that X € S, i.e. we must show
that if U is an open subset of X with U # &, then V{-’[ (U) = oco. We therefore let U be an
open subset of X with U # &, and proceed to show that V{-’l (U) = oo. Since U is non-empty
and open there is x € U and r > 0 such that By(x,r) € U. In particular, if we write
C = B(x, %), then C is compactand C C B(x,r) C U. Next, we prove the following claim.

Claim 4 If V is an open subset of X with V N C # &, then V}ﬁ(V NC) = oco.

Proof of Claim4 Let V be an open subset of X with V N C # @&. We must now show that
V}l’-[(V NC) =o00.As VNC # @, itis possible to choose y € VN C. Since y € V and V is
open, we can choose ¢ > 0 such that B(y, ¢) € V. Next, sincey € C = B(x, %), we choose
z € B(x, %) such that z € B(y, ¢). Finally, since z € B(x, %) N B(y, ¢), wecan find § > 0
with B(z,8) € B(x, 5) N B(y, &), whence B(z,8) S B(x, 5) N B(y,&) € CNV,andso

VE(B(z.8)) < Vi(C N V). (6.24)

However, since B(z, §) is open and non-empty and X € T, it follows that 715[ (B(z,0)) = o0,

and we therefore conclude from (6.24) that V;rll (C N'V) = oo. This completes the proof of
Claim 4.

Finally, it follows immediately from Claim 4 and Lemma 4.2 that V{-’I (C) = o0, and since
C C U, this implies that V{ (U) = oo. O
We can now prove Theorem 2.5.(2)—(3).

Proof of Theorem 2.5.(2)-(3) The statements in Theorems 2.5.(2) and 2.5.(3) follow immedi-
ately from the statements in Propositions 6.3.(2) and 6.3.(3), respectively. O

Open Access This article is distributed under the terms of the Creative Commons Attribution 4.0 International
License (http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and repro-
duction in any medium, provided you give appropriate credit to the original author(s) and the source, provide
a link to the Creative Commons license, and indicate if changes were made.

@ Springer


http://creativecommons.org/licenses/by/4.0/

On average Hewitt-Stromberg measures of typical compact metric spaces 1225

References

19.
20.
21.
22.

Balka, R., Mdthé, A.: Generalized Hausdorff measure for generic compact sets. Ann. Acad. Sci. Fenn.
Math. 38, 797-804 (2013)

Edgar, G.: Integral, Probability, and Fractal Measures. Springer, New York (1998)

Falconer, K.J.: Fractal Geometry. Wiley, Chichester (1989)

Feng, D.-J., Wu, J.: Category and dimension of compact subsets of R”. Chin. Sci. Bull. 42, 1680-1683
(1997)

Gruber, P.: Dimension and structure of typical compact sets, continua and curves. Monatsh. Math. 108,
149-164 (1989)

Gruber, P., Zamfirescu, T.: Generic properties of compact starshaped sets. Proc. AMS 108, 207-214
(1990)

Haase, H.: A contribution to measure and dimension of metric spaces. Math. Nachr. 124, 45-55 (1985)
Haase, H.: Open-invariant measures and the covering number of sets. Math. Nachr. 134, 295-307 (1987)
Hardy, G.: Divergent Series. Oxford University Press, Oxford (1949)

Hewitt, E., Stromberg, K.: Real and Abstract Analysis. A Modern Treatment of the Theory of Functions
of a Real Variable. Springer, New York (1965)

Jacob, M.: Uber die Aquivalenz der Cesaroschen und der Holderschen Mittel fiir Integrale bei gleicher
reeller Ordnung k>0. Math. Z. 26, 672-682 (1927)

Jurina, S., MacGregor, N., Mitchell, A., Olsen, L., Stylianou, A.: On the Hausdorff and packing measures
of typical compact metric spaces. Aequ. Math. 92, 709-735 (2018)

. Mattila, P.: Geometry of Sets and Measures in Euclidean Spaces, Fractals and Rectifiability, Cambridge

Studies in Advanced Mathematics, vol. 44. Cambridge University Press, Cambridge (1995)

Munroe, M.: Introduction to Measure and Integration. Addison-Wesley, Cambridge (1953)

Myjak, J., Rudnicki, R.: Box and packing dimensions of typical compact sets. Monatsh. Math. 131,
223-226 (2000)

Oxtoby, J.: Measure and Category. A Survey of the Analogies Between Topological and Measure Spaces,
Graduate Texts in Mathematics, vol. 2. Springer, New York (1971)

Pesin, Y.: Dimension Theory in Dynamical Systems, Contemporary views and applications, Chicago
Lectures in Mathematics. University of Chicago Press, Chicago (1997)

Petersen, P.: Riemannian Geometry, 2nd edn. Graduate Texts in Mathematics, vol. 171. Springer, New
York (2006)

Rogers, C.A.: Hausdorff Measures. Cambridge University Press, London (1970)

Rouyer, J.: Generic properties of compact metric spaces. Topol. Appl. 158, 2140-2147 (2011)

Stroock, D.: Essentials of Integration Theory for Analysis. Springer, New York (2011)

Zindulka, O.: Packing measures and dimensions on Cartesian products. Publ. Mat. 57, 393—420 (2013)

Publisher’'s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

@ Springer



	On average Hewitt–Stromberg measures of typical compact metric spaces
	Abstract
	1 Introduction
	2 Statements of results
	2.1 The Gromov–Hausdorff space KGH and the Gromov–Hausdorff metric dGH
	2.2 Hausdorff measure and packing measure
	2.3 Hewitt–Stromberg measures
	2.4 Hausdorff measures, packing measures and Hewitt–Stromberg measures of typical compact spaces
	2.5 Average Hewitt–Stromberg measures
	2.6 Average Hewitt–Stromberg measures of typical compact spaces

	3 Hölder and Cesaro averages of Hewitt–Strimborg measurers of a typical compact metric space
	4 Proof of Proposition 2.4
	5 Proof of Theorem 2.5.(1)
	6 Proof of Theorem 2.5.(2)–(3)
	References




