DO 16100700208 0161436 Mathematische Annalen

@ CrossMark

Well-posedness of hyperbolic systems with multiplicities
and smooth coefficients

Claudia Garetto! - Christian Jih!

Received: 10 March 2016 / Revised: 10 June 2016 / Published online: 22 June 2016
© The Author(s) 2016. This article is published with open access at Springerlink.com

Abstract We study hyperbolic systems with multiplicities and smooth coefficients. In
the case of non-analytic, smooth coefficients, we prove well-posedness in any Gevrey
class and when the coefficients are analytic, we prove C* well-posedness. The proof
is based on a transformation to block Sylvester form introduced by D’Ancona and
Spagnolo (Boll UMI 8(1B):169-185, 1998) which increases the system size but does
not change the eigenvalues. This reduction introduces lower order terms for which
appropriate Levi-type conditions are found. These translate then into conditions on
the original coefficient matrix. This paper can be considered as a generalisation of
Garetto and Ruzhansky (Math Ann 357(2):401-440, 2013), where weakly hyperbolic
higher order equations with lower order terms were considered.
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1 Introduction
We consider the Cauchy problem

Dju— A(t,Dy)u =0, (t,x)e[0,T]xR", )
ul,—g = uo, x € R,

where D; = —id;, D, = —idy, and A(¢, D,) is an m x m matrix of first-order
differential operators with time-dependent coefficients and # is a column vector with
components Uy, ..., U,. We assume that (1) is hyperbolic, whereby we mean that the
matrix A(¢, £) has only real eigenvalues. These eigenvalues, rescaled to order 0 by
multiplying by (£) ™!, will be denoted by A; (¢, &), ..., An(t, &). Following Kinoshita
and Spagnolo in [22], we assume throughout this paper that there exists a positive
constant C such that

MW E +251,6) < CO,E) =21, 6)%, (1,6 [0, TIxR" (2

foralll <i < j <m.
As observed in [14] combining the well-posedness results in [21,25] we already
know that the Cauchy problem (1) is well-posed in the Gevrey class y*, with

1
l1<s<l1+4+—
m

as well as in the corresponding spaces of (Gevrey—Beurling) ultradistributions. In this
paper we want to prove that when A(¢, D, ) has smooth coefficients and the condition
(2) on the eigenvalues holds, then the Gevrey well-posedness result above can be
extended to any s > 1. Since, by the results of Kajitani and Yuzawa when s > 1 + %
at least an ultradistributional solution to the Cauchy problem (1) exists, we will prove
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Well-posedness of hyperbolic systems with multiplicities and. . . 443

that this solution does actually belong to the Gevrey class y*. In the case of analytic
coefficients, we will prove instead that the Cauchy problem (1) is C*° well-posed.

In this paper we assume that the Gevrey classes y*(R") are well-known: these are
spaces of all f € C°°(R") such that for every compact set K C R”" there exists a
constant C > 0 such that for all 8 € Njj we have the estimate

sup 87 f(x)| < CIPIFL(BY*.

xek

For s = 1, we obtain the class of analytic functions. We refer to [11] for a detailed
discussion and Fourier characterisations of Gevrey spaces of different types and the
definition of the corresponding spaces of ultradistributions.

The well-posedness of hyperbolic equations and systems with multiplicities has
been a challenging problem for a long time. In the last decades several results have
been obtained for scalar equations with z-dependent coefficients ([2—4,6,7,11-13,22],
to quote a few) but the research on hyperbolic systems with multiplicities has not been
as successful. We mention here the work of D’ Ancona, Kinoshita and Spagnolo [8]
on weakly hyperbolic systems (i.e. systems with multiplicities) of size 2 x 2 and 3 x 3
with Holder dependent coefficients later generalised to any matrix size by Yuzawa in
[25] and to (z, x)-dependent coefficients by Kajitani and Yuzawa in [21]. In all these
papers, well-posedness is obtained in Gevrey classes of a certain order depending on
the regularity of the coefficients and the system size. Systems of this type have recently
also been investigated in [10, 14].

It is a natural question to ask if under stronger assumptions on the regularity of
the coefficients, for instance smooth or analytic coefficients, the well-posedness of
the corresponding Cauchy problem could be improved, in the sense if one could get
well-posedness in every Gevrey class or C*°—well-posedness. It is known that this
is possible for scalar equations under suitable assumptions on the multiple roots and
Levi conditions on the lower order terms, see [12,22] for Ck and C™ coefficients and
[12,17,22] for analytic coefficients. This paper gives a positive answer to this question
by extending the results for scalar equations in [12,22] to systems with multiplicities.
This will require a transformation of the system in (1) into block-diagonal form with
Sylvester blocks which increases the system size from m x m to m? x m> but does not
change the eigenvalues, in the sense that every block will have the same eigenvalues
as A(t, £). Such a transformation, introduced by D’ Ancona and Spagnolo in [9], has
the side effect to generate a matrix of lower order terms even when the original system
is homogeneous, i.e., (1) will be transformed into a Cauchy problem of the type

[ DU = A(t, D,)U + B(t, Dy)U,
Uli—o = Up.

It becomes therefore crucial to understand how the lower order terms in B(t, £) are
related to the matrix A(¢, &), which is in turn related to A(z, £), and which Levi-type
conditions have to be formulated on them to get the desired well-posedness. These
Levi-type conditions will then be expressed in terms of the matrix A(¢, £). In the next
subsection we collect our main results and we give a scheme of the proof.
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444 C. Garetto, C. Jih

1.1 Results and scheme of the proof

In the sequel, we denote the elementary symmetric polynomials O}Em) (A) by

oMW = D" DT Ay,

1<ij<---<ip<m

for1 < h < m and oém)(k) = 1, where A = (A1, ..., Ay) is given by the rescaled
eigenvalues A; = 1;(¢,&) of A(t, &) and miA = (A1, ..., Ai—1, Ai+1, - -+ ). More-
over, given f = f(t,&) and g(t, &) we use the notation f < g, when it exists a
constant C > 0 such that f(¢,&) < Cg(t,&) forall t € [0, T] and & € R". We will
also use (-) in the upper left corner of a symbol as in bx.). By that we will not denote
derivatives but use this as an index.

Theorem 1.1 Let A(t, Dy), t € [0, T], x € R", be an m x m matrix of first order dif-
ferential operators with C*°-coefficients. Let A(t, §) have real eigenvalues satisfying
condition (2). Assume that the Cauchy problem

D,U = A(t, D,)U + B(t, D) U,
U|t=0 = Uy,

obtained from (1) by block Sylvester transformation has the lower order terms matrix
B(t, &) with entries b,((lj) (t, &) fulfilling the Levi-type conditions

m m
S b @ o <D jo Vi, 3)
k=1 i=1

forl=1,...,m—1landj =1, ..., m. Hence, forall s > 1 and forallug € y*(R™")™
there exists a unique solution u € C'([0, T, y*(R"))" of the Cauchy problem (1).

The formulation of the Levi-type conditions given above requires a precise knowl-
edge of the matrix B(z, §). For that see the Sect. 3.4. It is possible to state the previous
well-posedness result completely in terms of the matrix A(z, &) and the Cauchy prob-
lem (1). This means to introduce an additional hypothesis on the coefficients of A(z, &)
which implies the Levi-type conditions on (¢, £). In the final section of the paper we
will prove that in some cases, for instance when m = 2, this second formulation is
equivalent to the one given in Theorem 1.1.

Theorem 1.2 Let A(t, Dy), t € [0, T], x € R", be an m x m matrix of first order dif-
ferential operators with C*°-coefficients. Let A(t, &) have real eigenvalues satisfying
condition (2) and let Q = (g;;) be the symmetriser of Ag = (£~ VA. Assume that

max IDF Ao, €)% < q;,j(t, &) 4

k=1,....m—1

@ Springer



Well-posedness of hyperbolic systems with multiplicities and. . . 445

forall j=1,...,m—1andall (t,&) € [0, T] x R". Hence, forall s > 1 and for all
ug € y*(R")™ there exists a unique solution u € C'([0, T, y*(R"))" of the Cauchy
problem (1). Here, || - || denotes the standard matrix norm.

Remark 1.3 For some more concrete examples in the cases m = 2 and 3, see the
remarks in Sect. 6.

Since the entries of the symmetriser are polynomials depending on the eigenvalues
of A(t, &), we require in Theorem 1.2 that the 7-derivatives of A(¢, ) up to orderm — 1
are bounded by suitable polynomials of the eigenvalues A1 (¢, §), ..., Ay (¢, §). Note
that, as observed already in the appendix of [12], these polynomials can be expressed
in terms of the entries of A(z, £).

When the entries of A(z, §) are analytic, then we prove that the Cauchy problem
(1) is C* well-posed. The precise statements can be obtained by replacing y* with
C®° in Theorems 1.1 and 1.2.

We conclude this subsection by presenting the scheme of the proof of Theorem 1.1
which combines ideas from [9,12] .

Step 1 Compute the adjunct matrix adj(/,, 7 —A(t, &)) = cof (I,,t — AT (¢, £)), where
I, is the identity matrix of size m x m. We thus have the relation

adj(Ly T — A(t.£))UnT — At.£) = D cp(t.E) It ™",

h=0

where the ¢j, (¢, £) are homogeneous polynomials of order /4 in & and are given

by the coefficients of the characteristic polynomial of A(z, §). See Appendix.
Step 2 Apply the operator adj(Z,, D; — A(t, D)), associated to the symbol adj(/,,T —

A(t, €)), to the system (1) and obtain a set of scalar equations for 1 to u,,,

where the operator acting on these is associated to det(/,,t — A(z, £)). Addi-

tionally, one gets some lower order terms which can be computed explicitly.
Step 3 Convert the resulting set of equations

det(l,,D; — A(t, Dy))u +1l.0t. =0

to Sylvester block diagonal form following the method of Taylor in [23], i.e

by setting

U= U,U,...,U»T, where

U = (D)™ "ug, DD)" 2uge, ..., D"~ ug) ®)
for k = 1,...,m. This transformation maps each equation to a system in

Sylvester form and glues those systems in block diagonal form together. Hence,
we achieve a block diagonal form with Sylvester blocks associated to the
characteristic polynomial of (1). This means that each block will have the
same eigenvalues as A(z, £). The initial data will be transformed in the same
way to obtain a new set of initial data Uy for the new system.
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446 C. Garetto, C. Jih

Step 4 Consider the resulting system

DU = A(t, D)U + B(t, D,)U ©)
U|t=0 = U()a

where A(t, Dy) and B(t, D) are matrices of size m? x m? with a special

structure. As explained above, A(t, D) is a block diagonal matrix with m
identical blocks of Silvester matrices having the same eigenvalues as A(t, &)
and B(t, D,) is composed of m x m? blocks with only the last row not identi-
cally zero. Since the original homogeneous system has been transformed into
a system with lower order terms, to get well-posedness of the corresponding
Cauchy problem (6), we need to find some Levi-type conditions. These are
obtained by following the ideas for scalar equations in [12].

Step 5 We apply the partial Fourier transform with respect to x to (6) and we prove an
energy estimate from which the assertions of the well-posedness theorems fol-
low in a standard way. A key point is the construction of the quasi-symmetriser
of the matrix A(z, ).

The remainder of the paper is organised as follows. In Sect. 2, we present a short
survey on the quasi-symmetriser which will be employed to formulate and prove the
energy estimate. The core of Sect. 3 is the transformation of A(¢, &) from (1) to block
Sylvester form. An explicit description of adj(Z,, D; — A(¢, D)) and the resulting
lower order terms is also given in Sect. 3, together with a detailed scheme of the proof
in the cases m = 2 and m = 3. Section 4 is devoted to the energy estimate and Sect.
5 to the estimates for the lower order terms. The paper ends with the well-posedness
results in Sect. 6 and the Appendix, where we collect some algebraic results concerning
adj(lut — A(1,§)).

2 The quasi-symmetriser

Here we recall some facts about the quasi-symmetriser that we will need throughout
the paper. For more details see [9,22]. Note that for m x m matrices A; and A; the
notation A; < Ay means (Ajv,v) < (Ayv, v) for all v € C™ with (-, -) the scalar
product in C™. Let M (1) be a m x m Sylvester matrix with real eigenvalues A, i.e.,

0 I 0. 0
0 0 1.. 0
M®) = S . 1 ’
—a ) =™ ) —a™ (1)

where the O’}Em) (1) are defined as

oM =" > L, (7

1<ij<-<ip<m
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Well-posedness of hyperbolic systems with multiplicities and. . . 447

forall 1 < h < m. We further set o, m)(k) = 1. In the sequel we make use of the fol-
lowing notations: P, for the class ofpermutatlons of {1,....m} Ay = Xy, ..., Ap,)
with A € R™ and p € P, Tih = (Ay .oy A1y Aigls -+ -5 Am) and A = mud =

()\‘17 e )Wn—l)-
To construct the quasi-symmetriser, we follow [22] and define P (1) inductively
by PV(1) =1 and

P(m)()n) _ p(mfl)(k/) :
0

a"Vwy e PeN
Further, we set, for ¢ € (0, 1],

P () = HM P™ (),

where H(m) = diag{e™~!,..., &, 1}. We remark that P () depends only on 1.
Finally, the quasi-symmetriser is the Hermitian matrix

ng)()n)z Z P;M)()‘-p)*Ps(m)()‘-p)~

P EPW

To describe the properties of Q §’") (1) in more detail in the next proposition, we denote
by Wi(m)(k) the row vector

(0" Vin), .. 0" V), 1), 1<i<m,

and let W (1) be the matrix with row vectors Wl.(m) .

The following proposition collects the main properties of the quasi-symmetriser
Q(m) (A). For a detailed proof we refer the reader to Propositions 1 and 2 in [22] and
to Proposition 1 in [9].

Proposition 2.1 (i) The quasi-symmetriser ng)(k) can be written as
05" (M) + 20 () + - 2D (),

where the matrices ngm)(k), i=1,...,m—1, are non-negative and Hermitian
with entries being symmetric polynomials in Ay, ..., Ay.
(i1) There exists a function C,, ()) bounded for bounded || such that

Cn(W) 12D < 0™ (1) < Cu(W)1.
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448 C. Garetto, C. Jih

(iii) We have
—Crn(W)eQM () < QMMM G) — MW)* Q™ (M) < Cr(W)e Q™™ ().

(iv) Forany (m — 1) x (m — 1) matrix T let T* denote the m x m matrix

TO
00/
Then, QY (M) = QY (1) + 2 3, 0"V (i)t
(v) We have

Q(()m) (A) = (m — 1)!W(m)()»)*W(m)()‘)'

(vi) We have

det 0" (W =(m— D! [ G —2p>

I<i<j<m

(vii) There exists a constant C,, such that

ahw g <Cn [ a2 +2d.

1<i<j<m

We finally recall that a family {Q} of non-negative Hermitian matrices is called
nearly diagonal if there exists a positive constant co such that

QO = codiag Oy

for all «, with diag Q4 = diag{gq.11, - - - s Ga.mm}- The following linear algebra result
is proven in [22, Lemmal].

Lemma 2.2 Let {Qy} be a family of non-negative Hermitian m x m matrices such
that det Q4 > 0 and

det Qg > € qu 119,22 - - - Go.mm
for a certain constant ¢ > 0 independent of . Then,
Qu = cm!' ™" diag Qq
forall a, i.e., the family {Qy} is nearly diagonal.

Lemma 2.2 is employed to prove that the family ng)(k) of quasi-symmetrisers

defined above is nearly diagonal when A belongs to a suitable set. The following
statement is proven in [22, Proposition 3].
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Proposition 2.3 For any M > 0 define the set
Sy={LeR": \F+213 <MQ;—1))% 1<i<j<m)

Then the family of matrices {ng)()») : 0 < e <1,x e Sy} isnearly diagonal.

We conclude this section with a result on nearly diagonal matrices depending on
three parameters, ¢, ¢, and & which will be crucial in Sect. 4. Note that this is a
straightforward extension of Lemma 2 in [22] valid for matrices depending on two
parameters, € and .

Lemma 2.4 Let {ng)(t, £):0<e<1,0<t<T,§& € R"} be anearly diagonal
family of coercive Hermitian matrices of class C* in t, k > 1. Then, there exists a
constant Ct > 0 such that for any continuous function V : [0, T] x R" — C™ we
have

1/k
dt < Cr)|Q™ ¢, s)”c/k([o,ﬂ)

/T 10, 00" (1, )V (1, ), V (1, £))]
0 (O, )V (1, ), V(t, ENI-VK|V (1, &)/,

forall & € R".

Remark 2.5 All results of this section hold true in the when ng) (t, &) isreplaced by a

block diagonal matrix ng) (t, &) with m identical matrices ng) (t, &) onits diagonal.
The corresponding block diagonal matrix with W (1) blocks is denoted by W (3).
Proofs follow from a block-wise treatment and application of the results above.

2.1 The quasi-symmetriser in the case m =2 and m =3

For the advantage of the reader, we conclude this section by computing the quasi-
symmetrisers ng) and Q§3). For m = 2, we obtain

W = (221

) _ 22422 —(A1 4+ Xp) 2(10
Qe (A)_(—l()xl-i)uz)Z )+28 (00)

Similarly, for m = 3, we obtain
AMAz —(A2 +A3) 1

WO = | A3h =0z +21) 1
AAy —(A1 +22) 1

(Aixj)? —Aihj (i +Aj) Aikj
00 =2 D | =hirjOi+4)) i +4))? —(hi + X))
I<i<j<3 )»,')\j —(A; +)\j) 1
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450 C. Garetto, C. Jih

A2 =X 0 100
+2¢7 > [ -m1 0)+6e*[000
1<i<3\0 0 O 000

3 Sylvester block diagonal reduction

This section is devoted to the Sylvester block diagonal reduction that will be employed
on the system (1). This transformation has been introduced by D’ Ancona and Spagnolo
in [9]. Here we give a detailed description of how this reduction works on the system
I, D; — A(t, D,) and we present explicit formulas for the matrix of lower order terms
generated by the procedure. Note that these results are obtained from general linear
algebra statements that are collected in the appendix at the end of the paper. We will
refer to Appendix throughout this section. The subsections refer to the steps of the
proof outlined in Sect. 1.1.

3.1 Step 1: The adjunct adj(I,, D — A(t, Dy))
A straightforward application of Lemma 7.4 leads us to the following proposition.

Proposition 3.1 Let I,,D; — A(t, Dy) be the operator in (1). Then,

m—1
adj(l,, D; — A(t, D)) = > Ap(t, Do) D=1
h=0
where
h
An(t, D) =D o WA (@, D)), ®)
h'=0

A=A, ..., Ay and o,im)()\) as defined in (7). The differential operator adj(I,,, D; —
A(t, Dy)) is of order m—1 with respect to D; and every differential operator Ay (t, Dy),
1 < h < m, is of order h with respect to Dy. We set Ao(t, D) = 1I,.

Proposition 3.1 completes Step 1 of our proof as outlined in the scheme. We can

therefore proceed to Step 2.

3.2 Step 2: Computation of the lower order terms

Proposition 3.2 The lower order terms that arise after applying the adjunct
adj(l,,,D; — A(t, Dy)) to the original operator I, D; — A(t, Dy) are given by

m—2
B(t, Dy, Do)u = — D Ap(t, DA}, Dy, Dy), ©)
h=0
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where A (t, Dy) is defined in (8) and

m—2
m—1—
A}t D1, Dy) = ) (h/+l )(Dh+1 "A)t, DOD] M u (10)
h/

Proof From Proposition 3.1 and Leibniz rule, we have

adj(l,,D; — A(t, Dx))(InDiu — A(t, Dy)u)
m—1
ZAh(t D)D" "1, Dju — A(t, Dyu)
h=0

m—1 m—1
= Ay, Do)D"y — ZAh(t D)D" ' (A(1, Dy)u)
h=0 h=0
m—1
Au(t, D)D" "y
h=0
— m—1—h

z Au(t, Dy) z ( /_h)(Dth/A)(t,DX)D;”_I_h_h/u. (11)

Now we write the second summand in the last equation in (11) as Xu + Yu where Xu
contains all terms with 4’ = 0 and

m—1—h

ZAh(t D) > ( W h)(D?’A)(z, D) D=y,
=1
m—1—h —h ) )
= ZAh(t D) Z ( W )(D,h A)(t, D)D"y (12)
h'=1

By replacing i’ with A’ 4+ 1 — h in the second sum in (12) we get

and then by (10) we conclude that Yu = B(t, D;, D, )u as desired. It remains to show
that

m—1
Z Au(t, Do)D" "u + Xu = det(I,,D; — A(t, Dy))u. (13)
h=0

By (8), we obtain

An(t, Dy)A(t, Dy) = Aps1 (1, Dy) — 0" (M L
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452 C. Garetto, C. Jih

and, thus,
m—1
X =—> Ayt. Dy)A(t, D)D"
h=0
m m
=D A@. DD "+ > o™ Gy, DP
h=1 h=1

=det(I,, D;—A(t,Dx))—1,, D} (see (57))

Using that A, = 0 [thanks to the Cayley—Hamilton theorem, see (58)] and Ay = I,,,,
we obtain (13) which concludes the proof. O

It will be convenient for the description of some important matrices in this paper to
rewrite the lower order terms in a different way. More precisely, we have the following

corollary.

Corollary 3.3 We can write the lower order term in (9) as

m—2
B(t, Di, Dy) = — > Buy1(t, D)D), (14)
h=0
where
"EM m— 1w
Biyi(t, D)= > ( ., )Ah/(r, DDAy, Dy (15)
h'=0

and Ay (t, Dy) is given by (8).

Proof Formula (14) follows from (9) by interchanging the order of the sums appro-
priately. Indeed, we have, using (8) and (10), that

B(t, Dy, Dy)

m—2 m—2 m 1 h
_ - W +1-h —2—n'
=—> Aut, D) Y (h il h)(D, A)(t, Dy)D}!

h=0 h'=h

m—=2 h

m—=1—="h\ Jyii-n —2—h'
=- > > A, Dx)(h, il h)(D, =AY, Dy) D!

h'=0h=0

=B,,_,_(t.Dy)
m—2

=— > By, DYDY}, (16)
h=0
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with
m—1—n 1 —h—H
Byt D)= . . AW DO A)(t, Dy).
h'=0

Note that in computing B4 in the last line of (16), we use the binomial identity
(e jﬁ ) = (m_kl_h) and reorder the summation. This completes the proof after

relabelling summation indices. O

Note that by rewriting the lower order terms as in Corollary 3.3 we clearly see
that B(¢, Dy, Dy) is of order m — 2 in D; rather than of order m — 1. As explanatory
examples we give a closer look to the operator B(¢, Dy, D, ) in the cases m = 2 and
m = 3.

Example 3.4 Consider m = 2: The sum in (14) has only one term. We have
B1(#, Dx) = Ao(t, Dx)(D;A)(t, Dx)
with Ag(z, Dy) = oy (WAt D) = I (see Lemma 7.4).

Example 3.5 Consider m = 3. The sum in (14) has two terms. We have

1
2—n ’
Bi(t, D) = ( 0 )Ah/(t, D)(D; " A, Dy),

h'=0
= Ao(t, D)(D}A)(t, Dy) + A1 (1, Dy)(Di A)(t, Dy),
= (D} A)(t, Dy) + (A(t, Dy) — tr(A)(t, D) I3)(D; A)(t, Dy),

and
Bo(t, Dy) = 2A0(t, Dy)(D; A)(t, Dyx) = 2(D;A)(t, Dy).

Here we used the fact that Ag(¢, D) = 0(53)()L)A0(t, D,) = Iz and 01(3)(A) =
—tr(A)(t, Dy) (see Lemma 7.4).

Corollary 3.3 completes Step 2 of our proof and allows us to transform (1) into

adj(ln Dy — A(t, Dx))(In Dy — A2, Dx))u
= 8(t, Dy, Dy)lyu + B(t, Dy, Dy)u =0, (17)

where (¢, Dy, Dy ) has symbol det([,,t — A(¢t, £)) and B(¢, Dy, Dy) is given by (14).
Note that § (¢, D;, D) is the scalar operator

m
D + > en(t, D)D",
h=1
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with cp (¢, £) homogeneous polynomial of order # with respect to & and therefore
8(t, Dy, Dy) 1, is a decoupled system of m identical scalar differential operators of
order m while B(t, D;, Dy) is a system of differential operators of order m — 1. As
mentioned before, the ¢, (¢, £) are the coefficients of the characteristic polynomial of
A(t, &), see Appendix.

3.3 Step 3: Reduction to a first order system of pseudodifferential equations

We now transform the system in (17) into a system of pseudodifferential equations by
following Taylor in [23]. More precisely, we transform each m-th order scalar equation
in §(¢, Dy, Dy)I,, into a first order pseudodifferential system in Sylvester form. In this
way we obtain m systems with identical Sylvester matrix which can be put together
in block-diagonal form obtaining a block-diagonal m? x m? matrix with m identical
Sylvester blocks. The precise structure of the lower order terms will be worked out in
the next subsection. To carry out this transformation, we set

U= (U,... Ul eR™
U = (D{f‘(ny"—f'u,-) ER", i=1,...,m, (18)

j=L,....m

where the u; are the components of the original vector u in (1). We can rewrite the
Cauchy problem for (17) as

[ D,U = A(t, D.)U + B(t, D) U, (19)

Uli—o = Up = Uo,1, ..., Upm)T,

where the components Uy ; of the m?-column vector Uy are given by

Vo = (/D" i, 0)

j=1,... m

and u is the solution of the Cauchy problem (1) with u(0, x) = ug. Passing now to
analyse the matrices A(f, D,) and B(t, D,), we have that A(r, D) is an m> x m?
block diagonal matrix of m identical blocks of size m x m of the type

0 1 0 0
0 0 1 0
(Dx) 0
: : Do 1
—cp(t, Dx){(Dy)™ —cm—-1(t, Dx)<Dx)_m+1 ------ —ci(t, Dx)<Dx>_l

(20)
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and the matrix B(t, D,) is composed of m matrices of size m x m? as follows:

0 0 0 ... 0 0
0 0 0 ... 0 0
2D
lii(t, Dy) lin(t, Dy) ... ... Lim2—1(t, D) 1 2 (2, Dy),
i = 1,...,m. Note that the entries of the matrices A(z, D) and B(¢, D,) are

pseudodifferential operators of order 1 and 0, respectively.

3.4 Step 4: Structure of the matrix B(¢, D,) of the lower order terms

To analyse the structure of the m? x m? matrix B (t, Dy) we recall that it is obtained
from the m x m matrix B(t, D;, D) in (17) via the transformation (18).
From Corollary 3.3 we have that

m—2 m

B(t, Dy Doyu=|—> be?*“(t, Dy)D!u;j , (22)

h=0 j=1 i=1,.m

where the bgﬂr])(t, D,) denote the (i, j)-element of By (¢, Dy) in (14). By the
previously described transform (18), we obtain that

m—1 m m—2

h+1
D"ui == cmn(t. Dx)Dui + > > bV (e, Do) Dl
h=0 j=1h=0

and, thus, see that the coefficients b;;)(t, D,) in (22) will be associated to

i+ (G- 1m(t. Dy) for j = 1,.... m, the coefficients b (1, Dy) t0 i 2 .(j—tym (1. Dx)
for j = 1,...,m and so forth. In particular, we get that ; ;, 1 (j—1)m (¢, Dx) = 0 for
j =1,..., m which is due to the fact that (1) is homogeneous. As a general formula
for the non-zero elements of B(¢, D, ), we can write

lins1+G—nm(t, D) = b, DD (23)

forj=1,...,mandh =0,...,m —2.

To avoid further complication of the notation, we consider the bi(j.) (t, &) from now
on as the by (E)l ~ gcaled elements in (23) if referenced as elements of B(z, &).

For the convenience of the reader, we conclude this section by illustrating the Steps
1-4 in the case m = 2 and m = 3. For simplicity, we take x € R.

@ Springer



456 C. Garetto, C. Jih

3.5 Steps 1-4 for m = 2

We consider the system

_ up) _ (an(@) an() ury) _
Dju — A(t)Dyu = D, (uz) (Cm(t) m(t)) Dy (uz) =0 (24)
for (¢, x) € [0, T] x R. Computing the adjunct of I, — A(¢)& we obtain

adj(1or — AE) = ((’) (T)) - (“22(” _“”(”)s = It — adj(A) (E.

—az1 (1) ar (1)
Applying the corresponding operator to (24), we obtain

(I2D; — adj(A)Dy) (I2D; — A(t) Dxu) = 8(t, Dy, Dy)u — (D A)(t) Dxu
= §(t, Dy, Do)u — By (t, Dou, (25)

where B (¢, Dy) is given by (15) with & = 0.
Now we set

U = (U17 U27 U37 U4)T = ((Dx>ul7 Dlulv <DX>M2’ DIMZ)T
DU = ((Dy)Ua, D?uy, (Dy)Us, D?u)T .

and, thus, get the system
DfU = A(ts DX)U + B(t’ DX)U’

where A(t, D,) is a4 x 4 block diagonal matrix, as in (20), with the block

D 0 1
D)\ _et(A) (1) D2(Dx) 2 tr(A) (1) Dy (Dy) !

and B(z, Dy) is a4 x 4 matrix of two 2 x 4 blocks

0 0 0 0 ,
B0:2) = ( a0 (0411 0 DDy 0) (=12

Note that the entries of the matrix B;(z, D) can be obtained from (23) by setting
h=0and j=1,2.
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3.6 Steps 1-4 for m = 3

We consider

ui ai (1) ap(t) a3 (t) ui
Dy up | — | a21(t) ax() axs(t) | Dy f uz | =0
u3 az1(t) az(t) azs(t) u3

for (z, x) € [0, T] x R. We have
adj(l31 — A()§) = I° + (A(D) — r(A) (D)5 T + adj(A) (1§
and therefore
adj(lzD; — A(t)Dy) = I3Dt2 + (A(@t) —tr(A)@®))3D; Dy + adj(A)(t)D)%.
Applying this operator to the original system, we obtain
adj(I3D; — A(t)Dyx)(I3D; — A(t)Dy)u = 6(t, Dy, Dy)u + B(t, Dy, Dy)u,

where we used the fact that adj(A) = A% + c¢1A + 213 (see example Example 7.6)
and set

B(t, Dy, Dy) = —(D?A)(t) Dy — 2(D;A)(t) Dy D; + tr(A)(t)(D, A)(t) D?
—A(t)(D;A)(t) D2, (26)
= _Bl(ts Dx) - Bz(t, Dx)Dts

corresponding to (14). Now we introduce

U = (U, Uy, U3)T € R? with
Uj = ((Dx)?uj, Di(Dx)u;, D?u;), j=1,2,3.

Thus, we obtain
DU = A(t, Dy)U + B(t, Dy)U,
where A(t, Dy) is a block diagonal matrix with three blocks of the type
0 1 0

(Dy) 0 0 1
—c3(t, Dy){(Dy) ™3 —ca(t, Dy)(Dy) "% —ci(t, Dy){(Dy) ™!
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By direct computation (see Appendix), we get that ¢, (t, D) = 0,53) (A1), where

a” (W) = —tw(A)(t, Dy)

03>’ () = a11 (Daxn () D? + ay (Daz3 (1) D? + ax (1)azs (t) D
—axy()az (1) D? — arp(t)az) (1) D? — az1(t)ai3(1) D?

o () = — det(A)(1, D).

Indeed, since
3 3
det(lsr — A) = [[(r —2) =D oV 0>,
h=1 h=0

it follows that

det(I3t — A)

2
=3 4 (—aj —an —ap)t

o =—t(A)

+ (anaxn — apaz1 + a11a33 — a13az) + apazz — a3az) T

3
P ()

+ (—anaxpass + ajjaxaz +apaziazz — aj1a3az) — aj3a21az +aj3anasy) .

o (N)=—det(A)
Finally, the matrix B(¢, D,) is made of three blocks of 3 x 9 matrices

0 0 00 0 00 0 O

Bit.D)y=(0 0 00 0 00 0 0
M @ oD 22 o s 2

bkl bkl 0 bk2 ka 0 bk3 bk3 0

)

k = 1,2, 3 which correspond to (21) via formula (23). More precisely, we get

by, = (D}ayj +2Dsai; — tr(Ag) Diai;) Dy (D)™,
2 _
b,ij) = (a1 Dsa1; + axaDyazj + axz Dyasj) D3 (Dy) 2, 27

fork = 1,2,3 and j = 1, 2. The elements b,g}) and b,g) can are the scaled (k, j)-
elements of the matrices By (¢, D,) and B, (¢, D,) from (26) respectively.
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4 Energy estimate

Now we apply the Fourier transform with respect to x to the Cauchy problem in (19)
and set Fx_¢(U)(t,§) =: V (¢, §). We then obtain

[ D,V = A(t, &)V + B(t, )V, (28)

V|t=0 = VO?
where V = /U\O. From now on, we will concentrate on (28) and the matrix

Ao(t, &) == (&) A, ©).

Note that by construction of A(z, &), the matrix Ay(¢, &) is made of m identical
Sylvester type blocks with eigenvalues A;(¢, &), [ = 1,...,m, where A(t, £)(§),
I =1, ..., m are the rescaled eigenvalues of the original matrix A(z, &) in (1).

4.1 Step 5: Computing the energy estimate

Let Qém)(t, &) be the quasi-symmetriser of the matrix Ay(z, ). By Remark 2.5 it

will be a m? x m? block diagonal matrix with m identical blocks given by the quasi-

symmetriser ng)(t, &) of the defining block of Ay(z, &) (see Sect. 2 for definition

and properties). Hence, we define the energy
E.(V)(t,8) = (Q" 1, §HV (1, )|V (1, 6))

. 2 . -
where (-|-) denotes the scalar product in R”". To improve the readability, we drop
the dependencies on ¢ and £ in the following unless we find it important to stress. By
direct computations we have

WEe = (3 QM VIV) +i(QU™D,V|V) —i(Q™V|D,V)
= 3,QV|V) +i(QM (AV + BV)|V) — i(QMV|AV + BV)
= @, QMV|V) +iE)(QM™ Ay — AFQI)V|V)
+i((QUB — B* Q) V|V).

It follows that

_ 1@ Q" VIV)IE:

OEs < + QM Ay — AEQMYV |V
X T 1(E) (( 0 — AFQIHVIV)|
+ Q™ B — B*QU)V|V). (29)

By Proposition 2.1 it follows that ng)(t, &) is a family of C*°, non-negative Her-
mitian matrices such that
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QM (1,8) = QU (2, &) + 2" (1, 8) + -+ + 2™V QM™ (1, 8).

In addition, by the same proposition, there exists a constant C,, > 0 such that for all
t €[0,T],& € R"and ¢ € (0, 1] the following estimates hold uniformly in V € R’”Z:

C LMDy 2 < (QMV|V) < CulVI?, (30)
1((QY™ Ag — AFQU™ ) VIV)| < Cre(QUVIV) (31)

Finally, the hypothesis (2) on the eigenvalues and Proposition 2.3 ensure that the
family

QM (1, 8): e € (0,11, 1 [0, T], & €R")

is nearly diagonal.

Note that since the entries of the matrix A(z, &) in (1) are C*° with respect to z, the
matrices A(z, £€) and (¢, £) as well as the quasi-symmetriser have the same regularity
properties.

We now proceed by estimating the three summands in the right-hand side of (29).
Due to the block diagonal structure of the matrices involved we can make use of the
proof strategy adopted for the scalar case in [12, Subsections 4.1, 4.2, 4.3].

4.2 First term

13, Q" V|V)|

Let k > 1. We write o)
(Q"VIV)

13,9V, V)|
(QUVIVYI=1k(QMM y, V)l/k

From (30) we have

3" VIV _ 139" VIV)|
(QMVIV) T QVIVIIEVK(C, ey )k

(m)
< Cr}/kgfz(mq)/k |(31Qsm V|V)| )
QM VV)I=1k|y 2k

A block-wise application of Lemma 2.4 yields the estimate

T (m)
0,9V V)| o '
| < et ke sup 104 01,
0 (Qs VIV) geRr '

< Cye~2m=D/k,
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132 VIV) _.

for all ¢ € (0, 1]. Setting vy, K. (t, &), we can conclude that

13, Q" V|V)| E¢

= Ks(ts é)Eg,
©"MVIV)

with

T
/ K.(t,&)dt < Cie~2m=D/k
0

4.3 Second term
From the property (31) we immediately have that

(EY(QU™ Ag — AFQU NV IV)| < Cre(E)(QMVIV) < Cre(E)E,.

4.4 Third term

In this subsection, we treat the third term on the right-hand side of (29). By Proposition
2.1(iv) and the definition of the matrix B(z, &) we have that

(QMB—B*Q")V|V) = (Qf"B - B*Qg")V|V)

+62 (D (i) B = B QI D (min)HV|V).
i=1

with ng_l)(ni)»)ﬁ block diagonal matrix with m blocks Qém_l)(ni)»)ﬁ as defined in

Proposition 2.1(iv). Note that
QU V(i)' B - B*QI" D (mi)) =0,
foralli =1, ..., m, due to the structure of zeros in 5 and in ngi])(r[ik)ﬁ. Thus,
(QMB — B*QM)V|V) = (QY"B — B*QJ")V|V).

Since from Proposition 2.1(i) the quasi-symmetriser is made of non-negative matrices
we have that

(Q)"V, V) < Ee.
It is purpose of the next section to find suitable Levi conditions on B(, £) such that

Q"B — B*Q")\VIV)| < C3(QfV|V) < C3E, (32)
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holds for some constant C3 > 0 independentoft € [0, T],£ e R" and V € (sz. We
will then formulate these Levi-type conditions in terms of the matrix A in (1).

5 Estimates for the lower order terms

We remind the reader of the fact that the bl.(j) (1, &), if referenced as elements of B(z, &),

are the by (& )l_’" scaled (7, j)-elements of B; (¢, £) in (14). See also Sect. 3.4 for details.
To start, we rewrite ((Q(()m)B - B* Q(()m)) V|V) in terms of the matrix YW Recall
that from Sect. 2, W is the m? x m? block diagonal matrix with m identical blocks

W™ ()
wm = | : ,
W ()
with
(m) _ o (m=1) m—1) .
W) = (o, '(wir), ldots, o (i), 1), 1<i<m.

m

From Proposition 2.1(v) we have

(QF"B=B*Q"IVIV) = (m — DUV BV W V) — W™V WV BY))

It follows that
QY B — B*Q™)VIV)| < 2(m — DIW™ BV W™ V|,
Since
Q" VIV) = (m — DWW V2,
we have that if
WMBY| < cw™y| (33)

holds true for some constant C > 0, independent of ¢, & and V, then estimate (32)
will hold true as well.

In the sequel, for the sake of simplicity we will make use of the following notation:
given f and g two real valued functions in the variable y, f(y) < g(y) if there exists
a constant C > 0 such that f(y) < Cg(y) for all y. More precisely, we will set
y=(t,&)ory = (t,& V). Thus, (33) can be rewritten as
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IWMBV| < (WM.

In analogy to the scalar case in [12] we will now focus on (33). Before proceeding
with our general result, for advantage of the reader we will illustrate the main ideas
leading to the Levi-type conditions on 5 in the case m = 2 and m = 3.

5.1 The case m = 2

For simplicity we take n = 1. From Sects. 3.5 and 2.1 we have that

0 00 0
_ | Drani(t) 0 Drazi(t) O ~1
Diaip(t) 0 Diaxn(t) 0
and
-2 1 0 0
) | =2 10 0
W (tv E) - O O _)\-2 1 )
0 0 —x 1
respectively. We have
- 1 0 0 0 00 0 Vi
@Qpr, | =2 10 0 Diai(t) 0 Dsax(t) O 1| V2
WEBV=1," 0o 5 1|0 00 056 | v,
0 0 —x 1 D:ap(t) 0 Diax(t) 0 Vy
Dyay1(t) 0 Drax(¢) 0 Vi
_ | Drani(r) 0 Draz () 0 V2 £(E)]
D;ay2(t) 0 Dyaxa(t) 0 V3
Draa(t) 0 Dyax(t) 0 \Z
Diay1(t) Vi + Drax1 (1) V3
_ | Prann®)Vi + Diani (1)V3 £ ()]
Dia(t) Vi + Drax (1) V3
Drain(t)Vy + Draxn (1) Vs
and
—A210 O Vi —Vi+W
—m10 o) v —nVi+ V.
Qv _ 1 > | Vi )
WV = 0 0—Xx1 Vil | —AV3+Vy
0 0—x1 Va V3 +Vy
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Thus, we obtain that [ W@ BV |> < (WP V|? is equivalent to

|Drar (1) Vi + Dyani (1) V3126 (€)™ + | Drarn(t) Vi 4 Drana (1) V32E (£) !

<= MVi+ Vel + = mVi+ Va2 + | = Vs + Va2 + | — M Vs + Va2
(34)

We now estimate the left-hand side of (34) from above and the right-hand side from
below. We get

|Dyar1 (1) Vi + Dyazi (1) Va|? + | Diara(t) Vi + Dyany (1) V|
< (IDra1 (O 4 |Drann (@) HIVi? + (|1 Drazi (0 + | Diaxa(0)?)| V3>

and, by using the inequality |21 + |z2/> > 1|z1 — 22/%, 21, z2 € C, and the condition
(2) on the eigenvalues,

| = Vi 4+ Vol 4+ | =M Vi+ Vo> | = 2aVa + Va2 4+ | — M V3 + Va?
= (2 — AD2 VI + O — A2 V3
= A+ A)IVI + A +AD) %

Combining the last two inequalities, we finally obtain that WOBVZ2 < (WV|?
provided that

(IDa11 () + |Daxi (D)EE) ™1 < A3(t, &) + A3(2, &),
(IDrar2 (1) 1> + |Diazn () HEE) ™! < A3, &) + A3(t, &). 35)

This is a Levi-type condition on the matrix of the lower order terms B written in
terms of the entries of the original matrix A in (1). Note that by adopting the notations
introduced in Sect. 3.6 for the matrix 3 in the case m = 2 as well, i.e.,

0 00 0
5o V@) 0 bY@ 0
o 00 0

b$)(6) 0 b)) 0
the Levi-type conditions above can be written as

|b(1)| + |b(1)| ~ )\2 +)\2
6352 + 1655 2 < 33 + 23,

where A% + A% is the entry g1 of the symmetriser of the matrix Ag = A(&)~!.
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5.2 The case m =3

We begin by recalling that from Sect. 3.6 the 9 x 9 matrix B(¢, £) is given by the 3 x 9
matrices By (¢, §), k = 1,2, 3, as follows:

0 0 00 0 00 0 0
0 0 00 0 00 0 0

bV @) b2 @) 06D @) b3 @) 06V @) b3 1) 0

By o 0 00 0 00 0 0
B=(B)=l0 0o 00 o 00 o0 0
B b (1) BSY (1) 0 b5Y (1) B (1) 0 bSY (1) B (1) O

O 0 00 0 00 0 0

O 0 00 0 00 0 0
b (1) b5) (1) 0 655 (1) b33 (1) 0 b3 (1) b (1) 0

Hence,

WY o2 00y 52 052 2 0
WY o7 00y 52 052 2 0
WY o7 001y 52 052 2 0
A 0001y 82 08 2 0
WOB = | b5 b5 065 b5 065 b 0 |, (36)
A 02 000 12 00 2 0
Y 02 00 62 028 52 0
Y 02 00 62 028 52 0
) 62 050 63 0540 42 0

and

MA3Vi— (2 +2A3)Va+ V3
MMVI— A3 +AD)V2+ V3
AMAVI— (A1 +A)Va+ V3
AMA3Ve — (A2 +A3) Vs + Vg
WOV = | MaVa— A3 +A)Vs+ Ve | . (37)
MAVy— (A1 +2A2)Vs + Vg
AMA3V7 — (A2 +A3) Vs + Vo
AV — Q3+ a1 Vs + Vo
MMV — (A1 +A2) Vs + Vo

Note that W B is a9 x 9 matrix with three blocks of three identical rows and WV
is a9 x 1 matrix with three blocks of rows having the same structure in A1, 1> and X3.
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From (36), we deduce that

WBV? < (|b(1)|2 |b(1>|2 |b(1)|2)|V1|2 (Ib(z)lz |b(2)|2 |b(2)|2)|V2|2
(B2 P + 1651+ 158 12) [Val? + (163 12 + 65 P + 15" ) 1512

(|b(1)| + 1602 Jr|b<1>|z)|V7|z+(|b(2>| +|b(2)| +|b(21)|)|Vg|2.

Taking inspiration from the Levi conditions in [12] and in analogy with the case m = 2
we set

VP + 16012 + b8P < 2333 4+ 2303 + 2323

6{5 P + bS5 12 + 165 17 < 2323 + 2333 + a3

Ib{Y P + B3y 12 + 1635 12 < 2323 + 2323 + adad (38)
B2+ 165+ 16512 < (1 +32)7 + Gt + 43)% + (o + 23)°

16332+ 165 12 + 16517 < (A1 +32)% + (b1 +43)% + (Ao + 43)°
P2+ B2+ bE P < 01+ 222 + (b1 + 432 + (hz + 23)2

Note that 1723 + 2323 + 2323 and (A1 + 22)% + (A1 + 43)? + (A2 + A3)? are the
entries ¢11 and g2 of the symmetriser of Ag = (€)' A, respectively. By imposing
these conditions on the lower order terms we have that

WIBY < (3323 + 2333 + 2343) (VAP + VAl + V3 )

(G 4327 + G+ 222+ G2 +39)7) (V2 + V52 + Ve,
(39)

Making a comparison with [12], we observe that Vi, V4, and V7 play the role of V; in
[12] and V5, V5 and Vg play the role of V; in [12]. Finally, from (37), we obtain that

WOV = 2a3V1 — (o + 23)Va + V312 + [A3a1 Vi — (A3 + A1) Va + V3]
+MAaVi — (A + 22 Va + V32 + [AaA3 Ve — (Ao + A3) Vs + Vgl?
+A3h1 Ve — (A3 + A1) Vs + Vo2 4 [MAaVa — (b + A2) Vs + Ve
+2aA3V7 — (2 + A3) Vs + Vol? + [A3h1 V7 — (A3 + A1) Vg + Vol?
+MA2Vr — (ki +A2) Vg + Vol%.

It is our aim to prove that WABVZ < WAV We do this by estimating
IWIBV|? and WP V|? in different zones. More precisely, inspired by [12] we
decompose R? as

b
20U,
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where
= {VeR T 3T a2Vl + ViR + VP
l<i<j<3

so > ARAVIE+ VP + v

1<i<j<3

for some §; > 0.
Estimate on E‘ls‘ . By definition of the zone, we obtain from (39)

WOBV)?2 < (x%x% +a222 + mg) (VI + [Val? + Vo 2).
Thanks to the hypothesis (2) on the eigenvalues, we have the following estimates'

WOVI2 = |(2h3 — A3 Vi — (A2 — 2D V2

+l(haAs — LAV — (3 — A V2l
+ (A3t — MA) V) — (A3 — A) Vol

= W+ DIV = P+ 03+ DV — v
+(03 + APV — W)

= 21103 = ) Vil2 + 431 — A Vi

= (323 333 +a33) v,

Note that in the previous bound from below we have taken in considerations only the

terms with Vq, V, and V3. Repeating the same arguments for the groups of terms with
V4, Vs, Vg and V7, Vg, Vo, respectively, we get that

WOV (1323 43323 +413) 1VaP?
and
WOV - (x%x% + 22 +A%A§) V4|2
Hence,
WOVE = | 37 235 | (P + Vil + v,
1<i<j<3

Thus, combining the last estimate with (39), we obtain WO BV| < WIV| for all
Ve E‘IS‘ . No assumptions have been made on §; > 0.

: 1
U Using |21 1% + 122? + 12312 = 3121 — 22 + 121 — 231> + 122 — 231, 21. 22. 23 € C.
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Estimate on (Ef')c. By definition of the zone ()Z)‘lSl )¢, we obtain from (39) that

1
'W(3)BV'2<(1+E) D i) (V2P + Vs + W), 40)

1<i<j<3

Further, by taking into considerations only the terms with Vi, V, and V3 in |W(3) V|2
we have

WEOVIE = a3V — A2 +23)Va + V312 + [A3h Vi — (A3 + A1) Va + V3]
+MraVi = (g 4+ 22)Va + V3
= 71(|(k2 + A3) Vo = V32 + |3 + A1) V2 — V3?
+|O1 + 22)Va = V3I2) — ya(Af23 + A1A3 + 2323) Vi 12 (41)

for some constant y;, y» > 0 suitably chosen.? The hypothesis (2) implies

2
(G2 — A + (A3 —A)2 4+ (A3 — Ap)? > E(A% +23+1d)
1 2 2 2
> f((M + 22)% 4 (M1 4 A3)” + (k2 + 23)7).
Applying the last inequality to (41), we obtain
WOV = y1 (12 +23)Va — V312 + [(A3 + A1) V2 — V32
H (1 + 22V — V32) — 2 (323 + 2343 + A3a3) v )2
= 712 — 2% + (A3 — 1) + (A3 — A D) Va?
242 242 242 2
—y2(ATA3 + A7A5 + A5A5) Vi
= Y1 + 222 + (A1 + 43)% + (g + 23)2) [ Va
—y2(AMA3 + 1A%+ A3A3) IV %

Now, repeating the same argument for the terms involving V4, Vs, Vg and V7, Vg, Vo,
respectively, we get

WOV = p/ (0 + 22+ 1 +23)2 4 (o + 23)D) | Vs
— 1 (M3 + 2123 + A323) |Val?

and

WOV = p/(M + 12)? + (k1 + 23)% + (2 + 23)D)| Vs
— o (MA3 + A1A3 + 2323) Va1~

. . 1
2 Using |21 — 2212 = nilz11> = yalzal? with yy = 5.0 = 1.
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It follows that for all V € (Z‘f' )¢ the bound from below

/_ﬁ)

WOVE = (=5 | 20 Gata)® | (V2P + 151 + WP

1<i<j<3
holds, provided that §; is chosen large enough. Combining this with (40), we get
IWIBV| < WV on ()¢ and, thus, on RY.

5.3 The general case

Recall from Sect. 3.4 that the m? x m? matrix B(t, &) is made up of m matrices of
dimension m x m? that contain only in the last line non-zero elements, see (21). To
not further complicate the notation, we will in what follows denote A simply by

W and will also assume that the bs.) (t,&) in B(t, &) are properly scaled by (g)l=m,
For that see Sect. 3.4, specifically formula (23). Thus, we have

Bi(t, &)

0 0 0
B, &) =]|: . Bi(t,8) =( ) o) (m) )
: B, &) Bt &) - BT,
By (. £) &) (. 8) (. 8)

The B; (¢, £) are then given by
Bi.&) = (b 1. 6.6 6.+ b 1.8),0)
for 1 < i < m. Thus, we obtain

)] (m—1) (e)) (m—1)
by b7V 0 b)) b 0

1m

by - by 0---by, ---b,, "0
(D) (m—1) © (m—1)
by - by, 0---b,, - b, 0

WB = (42)

(1) (m—1) (1) (m—1)
e R T S
b’(nli b'(n";—U 0..-p . plm=b g

p L b%il) 0..-p\D . plm=b g

ml

We are now ready to prove the following theorem.
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Theorem 5.1 Let the entries of the matrix B(t, &) fulfill the conditions
m
Z Ibe) (1. &) < Z oD (i) P

foranyl=1,....m—1land j =1,..., m. Then we have
IWBV| < [WV|

forall V e C"*. More precisely, we define

m—1
2
Eff’ = {VeCm : Z Zla(m D Z|Vj+lm|2
=0

Jj=h+1i=1
<5 Z oD (i Z Virim 2]
[=0
forh =1,...,m — 2. There exist suitable 6,, h = 1, ..., m — 2 such that

IWBV <Z|o<’” Dl Z|v1+1m|

i=1

Wy >Z|a’" D (in)? Z|v1+zm|

=0
31
on %) and
m—1
1
IWBV? <Z|a<'" "D Wigim
i=1 =0
m
1
WV = o, (i) Z|Vh+zm|
i=1 =0

on (Efl)c N (2‘232)0 A---N (2211:11)0 N 22” for2 < h <m — 2. Finally,

m—1
1
|WBV|2<§ 0" @D Vet
i=1 =0

m m—1
-1
WVE =D 10" @l D Vi1 4iml?

i=1 =0
51 C 62 c 577172 C
on (Zy') N (2) NN (T,53)"
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Note that if m = 2 no zone argument is needed to prove the theorem above (see
Sect. 5.1) and when m = 3 just one zone is needed (see Sect. 5.2). The proof of
Theorem 5.1 has the same structure as the proof of Theorem 5 in [12] and requires
some auxiliary lemmas.

Lemma 5.2 Foralli and j with1 <i,j <mandk =1,...,m — 1, one has

o min) =0, )

= <—1>’"—k(xj — ) > Riyhiy My (45)
in#l, in#J

I<ij<iy<-<im—g—1<m

Proof The proof can be found in [12, Lemma3]. O
Lemma 5.3 Forallk =1, ...,m, we have
2
m—1 m m m m—1
> Za}’” D@ Vigim| = D low V@D Wiiml®. (46)
1=0 i=1 |j= i=1 1=0

Proof The proof of this lemma follows by induction by applying Lemma 5.2 and can
also be obtained by repeated application of Lemma 4 in [12] to the respective groups
of V;. O

Proof of Theorem 5.1. By the definition of B, we have that [WBV|?> < [WV|? is
equivalent to

m |m—1 m ) m—1 m m 2
Z bej/)V,H(l—l)m < Z Z ZU,E:Z;I)(ﬂi)\)Vj+lm . 47)
i=1]j=11=1 =0 i=1|j=1
Making use of the Levi-type conditions (43), we obtain
m |m—1 m m m—1
212 Z Viea—m| <D > (Z b3/ )|Vj+(ll)m|2
i=1|j=11=1 I=1 j=I

m—1

m m—1
1
<D > o VP D Vil (48)
j=1i=l =0

On E‘f' , we further obtain the estimate

2
m |m—1 m

2120 2 b Vika-m <<1+81>Z|o<’" Vil Z|v1+zm|

i=1]j=11=1 =0
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Lemma 5.3 gives, setting k = 1 in (46) that

2

m—1 m m m m—1
1 1
2 Cf(m )(ﬂl)h)vj+lm . E o, (m )(7'[1)»)| Z |V1+lm|2-
1=0 i=1 [j=1 i=1 =0

This proves inequality (47) in Efl .Now, we assume that V € (E‘]Sl n (2‘232)“ N---N
(28" Hen Z‘Sh for2 < h < m — 2. From the definition of the zones for | <k <h—1
and §; > 1, we obtain

m—1

m
1
Z ,Eqm (h) 1)(7Ti)h)|2 z |Vh71+lm|2

=0

m—1 m m—1

<5 l( > D o V@ D] Vim

Jj=h+1i=1 =0

+Z|o(’" D Z Vitim| )
=0

m—1

<—(1+5h)2|0(m D@l D Wisim .

i=1 =0

as well as

m m—1
1
Z oy D Vi gim
i=1 1=0

m—1 m m—1

8h 2( Z Z|U(”i;l)(7fi)»)|2 Z |Vj+1m|2

j=h+1i=I =0

m—1

+Z|a<’" V@il > Viim
[=0

m—1
1
+ Z| @Y |Vh_1+zm|2)

=0

—
(1+6h+—(1+6h) Z| o D) D Vigim
i=1 =0

| /\

h=2

IA

m—1
1+ ah>(— + —) Z| o @i D WVigim .
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Continuing these estimates recursively, we obtain that
m m—1
Z oDl Z|vj+zm|2
m—1
1
<<1+5h>z Zw(’" '(in))? Z|Vh+zm| (49)

forall j with 1 < j < h—11is valid on the zone (Efl)Cm(z ) n- m(E‘S" ‘) mz
From (48), the estimate (49) and the definition of the zone (Ef‘) N ()332) N---N
(Eflh_’ 1)° N = we get the following estimate of the left-hand side of (47):

m—1 m m—1 m

S >3 Vi) <3

o,
i=1|j=I1 j=1i=1

m—1
1
D) Z|V,~+zm|2
m—1 m m—1
—1
< D Do P D Vil
j=h+1i=1 1=0

+Z|a,"" i Z|Vh+zm|
=0

-1 m m—1
Z Do P D WVl

j=li=1 =0
m

1
Z D Z|Vh+1m|
i=1 =0

Now, we have to estimate the right-hand side of (47) on (Zf‘)c N (Egz)c Nn---N
(Eah 1) N Z . We make use of Lemma 5.3 and of the bound (49). We obtain

m | m
1
Z zo}ﬁlm j )(ﬂt)\)vj+lm

=0 i=1 |j=1
2
m—1 m m
(m—1)
-n > zvm_j (@i Vjtim
1=0 i=1 |j=h
m—1 m |h—1 2
(m—1)
=722 | 20" id) Vi
=0 i=1 |j=1
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m—1 m m
—1
-n > ZU,E,"ij @ AIVjtim
1=0 i=1 |j=h
m h—1 m—
—1 2 2
1 2 D o @ P D Viml
i=1 j=1 =i
m—1

1
>‘J/IZ|U<m '@ D] Vaim
=0

m—1

—yz(1+ah)z Z| oD Z|Vh+zm|
h—1
(V1—72(1+5h)z )Z| oD Z|Vh+lm|

k=1 i=1 =0

where the second inequality follows from

h—1 2 m h—1

m m—1
—1 -1
S o Vi Viam| < i=1DD" > 1o @D Vil
=0

1=0 i=1 |j=1 i=1 j=I

which follows from |z + -+ + zx| < k Zle |zi|2. This yields estimate (47) on the
zone (Ef')c N (ESQ)C N---N (Ez"_‘ll)c N 22’7 for any 8, > 0 provided that &y, ...,
dn—1 are chosen large enough.

The last step is assuming that V € (251) (Egz)c Nn---N (Efn'"__zz)c. Thus, from
the definition of the X%, we have

m—1 m—1

m—1
> o Vi Z Vjtim?

j=h+1i=1
m
> 8 Y log, ”(m)|22|vh+1m| (50)
= =0

for 1 < h < m — 2. More precisely from the previous estimate we obtain m — 2
inequalities starting with

Z| o l)(ﬂz)»)|2Z|Vl+lm|
[=0

m—1m—

1 —
1
o (i) | Z Vjtim 2. (51)

j211

@ Springer



Well-posedness of hyperbolic systems with multiplicities and. . . 475

(where we put & = 1 in (50)) and ending with

m m—1

—1
> 103" @i D Vin—2y+iml?
i=1 [=0

1
Z| C me Dtiml

dm—2

[where i = m — 2 in (50)]. Using now the second of the inequalities, i.e. » = 2 in
(50), on the right hand side of (51), we get

m—1m—1

m—1
—1 1
§ > lon )(m>|2§ |vj+zm|2+ § lon )(m)|2§ Vasim|®
=0 =0

j311

m—1m—

S( 5152);

Then using the remaining estimates for # = 3 to h = m — 2 recursively, we finally
arrive at

1 m—1
—1
lon i) > D I Vigim .
i=1

m

m—1
Z Dl Z Vjtim |
=0

m—1

1 m
8—2 @R D Vi 14iml? (52)

=0

IIMI

forany 1 < j <m — 2,8, > 1. From (52) and the Levi-type conditions we deduce
that

m—1

m m m—1
-1
212 2B Visavm <Z|a<’” Y@l Y Vi tetml?
=0

i=1|j=1I=1

in (27')° N (27) N0 (5,03)°
Using Lemma 5.3, we get

2
m—1 m m
-1
Z Zarﬁt”ij M) Visim
=0 i=1|j=1
m—1 m |[m—2 m 2
1 -1
Z O";mj )(T[l)h)Vj+1m+ Z O—rilnij )(ﬂi)»)Vme
=0 i=1 | j=1

J j=m—1
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2 2
m—1 m m—1 _
(m—1)
Z Om—j (7T AM) Vjtim

m m
=n . > D 0,5,”:;1)(711‘)»)Vj+zm -—ny.>

1=0 i=1 |j=m—1 =0 i=1|j=1

m m—1
-1
= D 1" V@D Vit piml?
i=1 =0

2

m—1 m |m—2
—1
-ny, U,flnij AV gim
1=0 i=1 | j=1

The second term on the right-hand side of the last inequality can be estimated with
(52) and we obtain

2

m m m m—1
S o @i Viem| > > 10" V@D Vit il

1=0 i=1 |j=1 i=1 1=0

provided that the §;,, | < h < m — 2 are chosen large enough. Thus (47) holds on the
zone (Ef')c n(=2)°n-.-n (ZS'"‘Q)C and the proof of Theorem 5.1 is complete.

m—2

6 Well-posedness results

In this section we prove our main result: the well-posedness of the Cauchy problem
(1). We formulate the following theorem by adopting the language and the notations
of the previous sections concerning the lower order terms. A different formulation will
be given in Theorem 6.2. Note that Theorems 6.1 and 6.2 correspond to Theorems 1.1
and 1.2, respectively.

Theorem 6.1 Let A(t, Dy), t € [0, T], x € R", be an m x m matrix of first order dif-
ferential operators with C*°-coefficients. Let A(t, &) have real eigenvalues satisfying
condition (2). Let

Dt — A(t, Dyu =0, (1,x) € [0, T] x R
ul=o = uo, x eR"

be the Cauchy problem (1). Assume that the Cauchy problem (19),

{ D,U = A(t, D,)U + B(t, D) U,
U|l:0 = UO = (Uo,la RN} UO,m)Tv

obtained from (1) by block Sylvester reduction as in Sect. 3 has the lower order terms
matrix B(t, Dy) fulfilling the Levi-type conditions (43). Hence, for all s > 1 and for all
ug € y* (R™)™ there exists a unique solution u € C'([0, T, y*(R™)™ of the Cauchy
problem (1).
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Proof We assume s > 1 since the case s = 1 is known thanks to see [18,20]. By the
finite propagation speed for hyperbolic equations it is not restrictive to take compactly
supported initial data and, therefore, to have the solution u compactly supported in
x. Note that if ug € y(R")™ then by deriving the system in (1) with respect to t we
immediately have that D} u(0, x) € yI@RM)™ for j =1,...,m — 1. It follows that if
u solves (1) then U defined in (18) solves the Cauchy problem (19) with initial data
Uy €y} (R”)mz. We now prove that U € C!([0, T], y* (R”))mz. This will allow us
to conclude that u € C'([0, T, y* (R"))™. We recall that the Cauchy problem (19) is
given by the system

DU = A(t, Dx)U + B(t, Dx)U,

where A(t, &) is a block Sylvester matrix with m identical blocks having the same
eigenvalues of A(r,&). We make use of the energy E, defined via the quasi-
symmetriser in Sect. 4. Combining the energy estimate (29) with the estimates of
the first, second and third term in Sects. 4.2, 4.3 and 4.4, respectively, we get

O Ee(t,8) < (Ke(1,8) + Cae(§) + C3) Ec (1, §), (53)

where K. (z, &) is defined in Sect. 4.2, the bound from above
T
| ke oyar < e,
0

holds for all k > 1 and C, C3, C3 are positive constants. Note that in the estimate (53)
we have used both the condition (2) on the eigenvalues and the Levi-type conditions
(43). Thanks to the reduction to block Sylvester form that we have applied to obtain
the Cauchy problem (19), we deal here with the same kind of energy employed in [12]
for the scalar weakly hyperbolic equations of order m. The proof therefore continues
as the proof of Theorem 6 in [12] with the only difference that k can be taken arbitrary.
This is due to the fact that the coefficients of the matrix A(z, &) are C*° withrespecttoz.
It follows, by working on the Fourier transform level, that U € C Lo, 11, y* (R”))’"2
and therefore u € C'([0, T, y*(R"))". O

We now formulate Theorem 6.1 with an additional condition on the matrix A(z, &)
which implies the Levi-type conditions (43).

Theorem 6.2 Let A(t, Dy), t € [0,T], x € R", be an m x m matrix of first order
differential operators with C*°-coefficients. Let A have real eigenvalues satisfying
condition (2) and let Q = (g;;) be the symmetriser of Ag = (£)"VA. Assume that

max || DFAo(t, £)I1* < qj.;(t, &) (54)
k=1,....m—1

forall (t,8) € [0,T]xR"and j = 1,...,m — 1. Hence, for all s > 1 and for all
ug € y*(R")™ there exists a unique solution u € C'([0, T, y*(R™))" of the Cauchy
problem (1).
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Proof From Proposition 3.2 and Corollary 3.3 we have that
m
Z|b(”(r OF < _max [IDfAy(t. &)

forall (#,&) € [0,T] xR"and/ =1,...,m —1land j = 1, ..., m. It follows that
(54) implies the Levi-type conditions (43) and therefore Theorem 6.2 follows from
Theorem 6.1. O

It is clear that the hypothesis (54) on the matrix Ag = A(§) ~lisin general stronger
than the Levi-type conditions (43). However, in some cases (43) and (54) coincide as
illustrated by the following examples.

Example 6.3 In the special case thu - a(t)D%u = 0 with a(f) > 0 and appropriate
Cauchy data, the Levy-type condition is automatically satisfied for a € C2[0, T].
Indeed, with a;; = 0, a;p = 1, a1 = a(t), and ar; = 0, condition (35) becomes
|D:a(t)] < Ca(t) which is satisfied by Glaeser’s inequality [15].

Example 6.4 When m = 2, the Levi-type conditions (43) imply (54) (and therefore
coincide with it). Indeed, as observed in Sect. 5.1, the Levi-type conditions are for-
mulated as

(IDsa11 (1)) 4 |Dyai (1) 13 (€)™ < Al(z £) + A%(t £),
(IDran(t)* + |Drana (1)) ()72 < A3(1, &) + A3(t, &).

This implies
1D: Aoll> < q1.1
which is condition (54).

Example 6.5 Let us now take a 3 x 3 matrix A with trace zero. For simplicity let us
assume that n = 1 and that the eigenvalues of the corresponding Ag are 1 (¢, &) =

—VaOEE) ™", M1, §) = 0and A3(1,6) = Va®g(E) ™" with a(r) = 0 for 1 €
[0, T]. It follows that the hypothesis (2) on the eigenvalues is satisfied. By direct
computations we get

gia =25+ 233 +2303 = a(r)g?(g) 2
@2 = 1+ 222 4+ 01+ 23)3 4 O + 23) = 2a(0)E>(£) 2

It follows that both g1,; and g2 > are comparable to a and therefore combining (38)
with (27) we conclude that

1
|b( )2 = |DXayj + 2Dyay;)? < a(),

2
Ib( 2 = lak1 Dyarj + axa Dyazj + a3 Dyasj|* < a(t),
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fork =1,2,3and j = 1, 2. We can easily see on the matrix

0 a() O
At,&) =1 0 0]¢
01 0

that the conditions above on the entries of A entail
k 2
|Dya(®)|” < a(r)

forallt € [0, T]and k = 1, 2, i.e. condition (54) .

We now assume that the coefficients of the matrix A(, &) are analytic with respect
to r. We will prove that in this case the Cauchy problem (1) with the same Levi-type
conditions employed above is C* well-posed.

The proof of the C* well-posedness follows very closely the arguments in [12].
Thus, we will only give a sketch with the differences and refer the reader to the cited
work for more details. We begin by recalling a lemma on analytic functions whose
proof can be found in [12] (see Lemma 5 in [12]).

Lemma 6.6 Ler f(t, &) be an analytic function int € [0, T], continuous and homo-
geneous of order 0 in & € R". Then,

(1) for all & there exists a finite partition (ty(g)) of the interval [0, T such that
O=m<tu<---<me <-—-<tne =T

with supg .o N(§) < +o00, such that f(t,§) # 0 in each open interval

(Th()» Th+1)@)s
(ii) there exists a positive constant C such that

1
+
I—=The) Tt — 1

10: f (2, &) SC( )If(t,é)l

forallt € (the), T, § € R"\ {0} and 0 < h(§) < N(§) — 1.

Theorem 6.7 If all entries of A(t, Dy) in (1) are analytic on [0, T, the eigenvalues
satisfy (2) and the entries of the matrix B(t, §) in (19) satisfy the Levi conditions
(43) for & away from 0, then the Cauchy problem (1) is C*° well-posed, i.e., for
all ug € C®(R™)™ there exists a unique solution u € C'([0, T], C®°[R"))" of the
Cauchy problem (1).

Proof Thanks to the finite propagation speed property it is not restrictive to assume
that the initial data have compact support. By Remark 2.5, the entries of the quasi-

symmetriser ng)(t, &) are analytic in ¢t € [0, T'] and, using Proposition 2.1, can be
written as
Ge.ij (1, 8) = q0.ij (1, €) + €°quij (1, E) + -+ " Vgp 1,5, ). (55)
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We note that ge i +hm)(j+hm) = Ge,ij» B = 0,...,m — 1 due to the block-diagonal

structure of ng) (t, £). Since all functions on the right hand side of (55) are analytic,
we can use Lemma 6.6 on each of them. Note that the partition (zj()) in Lemma 6.6
can be chosen independent from e.

Now, following [12,22], we use a Kovalevskayan-type energy near the points 7j )
and a hyperbolic-type energy on the rest of the interval [0, T'] (see also [19]). We start
with the interval [0, 71] (71 = 1)), setting

|V (1, &) fortr € [0,e]U [t — &, 111,

Ee(1,8) = [ ( gm)(t,é)V(t,fﬂv(f,é)) fort € [e, 71 —¢€].

The estimate on [0, €] U [t] — €, 71] is standard and the details are left to the reader.
We obtain, as in [12],

e2CeEVE (0, £) fort € [0, €]

2CEE (1) — e, &) fort € [t —¢]. 0

E&(ta S) E [
On [e, 11 — ¢], we get

13, Q0 V., V)]

FE( E) <
Q"v|v)

+ C28<$> + C3) ES(Z9 5)7

where we used (31) [see (iii) in Proposition 2.1] and the Levi-type conditions (43) for
|€] > R to ensure that we have

QY B — B*QU™)V V)| < CIW™ V|2 = Q" V|V),

see also (32) in Sect. 4.4. Thanks to Proposition 2.3, the family {ng)} is nearly
diagonal, when the eigenvalues A;, [ = 1,...,m of A satisfy (2). Thus, we have

Q. > codiag(Q™), ie,

2

m m—1 m
(QUVIV) =0 D gemn D Viriml* = co D qemnl Vil

h=1 1=0 h=1
Using Proposition 2.1 and the Cauchy—Schwarz inequality, we obtain

2

m
1ge.ii IViIVil <D qennl Val*.
h=1

Together with Lemma 6.6, using the last two inequalities, we conclude that

"oy, v 1T g 8)) T
[0, Qs "V, )|dt <= tq’f—’dt < Clog (—)
Q" VV) ) 7 i 8)l :
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for a certain positive constant C not depending on ¢ and . Thanks to the block diagonal
form of the quasi-symmetriser, the proof now continues as the proof of Theorem 7 in
[12]. This leads to the inequality

(V(t,8)] < c(g)NEm=DNEOCT () NEICT

obtained by setting ¢ = (£)~!. Lemma 6.6 guarantees that the function N (&) is
bounded in &. Therefore, we can conclude that there exists a « € N, depending only
onn, m,and T as well as a positive constant C > 0 such that

[V, &) = CE*IVO,8)]

forall7 € [0, T] and || > R. Clearly this estimate implies the C*° well-posedness
of the Cauchy problem (1). O

Remark 6.8 Since the entries of the matrix A are at least C* with respect to ¢ in both
Theorems 6.1 and 6.7, from the system itself in (1) we obtain that the dependence in
t of the solution u is actually not only C' but C*.

Remark 6.9 In this paper we have studied homogeneous systems. Our method,
described in the previous sections, can be generalised to non-homogeneous systems
with some technical work on the lower order terms. Key point is to investigate the
relation of the matrix of the lower order terms in the original system with the matrix
B obtained after reduction to block Sylvester form.
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Appendix: Some linear algebra auxiliary results

This appendix contains some general linear algebra results which have been employed
throughout the paper. We start with the following definition.

Definition 7.1 (Adjunct/classical adjoint) Let A € R™ ™. Then, the adjunct (or
classical adjoint) of A, denoted adj(A), is defined as the matrix consisting of the
elements

adj(A)ij = (_])i+j det(AjA.;.),

where det(A °2') is the determinant of the (m — 1) x (m — 1) sub-matrix of A obtained
by deletion of row j and column i. The adjunct matrix of A is the transpose of the
so-called cofactor matrix cof (A) of A.
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Further information about the adjunct may be found in [16]. By a straightforward
application of the Laplace expansion formula for determinants [16], one can prove the
following proposition.

Proposition 7.2 Let A € R™*"™, then, with the above definition, we have

(i) adj(A)A = Aadj(A) = det(A)],,
(ii) adj(—A) = (=)™ 'adj(A),
(iii) adj(AT) = adj(A)T = cof(A).

Remark 7.3 We note that the adjunct/cofactor of a matrix is not uniquely determined
if the matrix is singular. Since we use only the relation (i), we mean by adj(A) a
matrix associated to A that satisfies (i), specified by (59). For further details we refer
to [1,24].

We recall that the elementary symmetric polynomials G;E'")()L), A=Al ),
are defined by the formula

"= DT ay ey,

1<ii<ipg<--<ip<m

for 1 <h <m and aém)(k) = 1. Using the definition of O’}Em)()\.), we get

m m m
[T@ =2 =D 00" ™" = det(Upt — A) =D ept™ ™", (57)
h=1 h=0 h=0

where Ap, ..., Ay, are the eigenvalues of A and ¢, = o}fm)(k) forO < h < m.Itisclear
that

o) =c1 = —t(A), o) =cm = (—1)" det(A).
The next lemma plays a key role in Sect. 3.

Lemma 7.4 Let A € R™*™, then the following formulas hold true

det(A—A) = A" + ;A" '+t 1A+ cmln =0, (58)
adj(A) = (=" NA" T 1 A" L A" et ),  (59)

m h—1
adj([y7 — A) = [Z ch/Ah_h/_l:| ok (60)

h=1 Lh'=0

Note that formula (58) is just the well known Cayley-Hamilton theorem (see for
instance [16]). The other two formulas follow from a variant of its proof.

Proof We consider the product adj(/,,t — A)(l,,T — A). By Proposition 7.2, we have

adj(Iut — A) (It — A) = det(Iyt — Al 61)
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Since the entries of adj(/,,t — A) are, bey Definition 7.1, all polynomials of order
< m — 1 in 7, we can collect the coefficients in matrices and write

m
adj(l,t — A) = ZBm_hrm_h.
h=1
Plugging this into the left-hand-side of (61), we get

m m m
Z Bmfh‘fm_h—H _ Z Bm,hA'L'm_h — Zchlmfm_h,
h=1 h=1 h=0

where we use (57). Thus,

m—1 m
"Byt + D 1" (Bt = BuonA) = BoA =D enly T (62)
h=1 h=0

A comparison of the coefficients leads to:

Coeff. left-hand side (62) Coeff. right-hand side (62)
" By—1 colm
m—h Bp—n—1 — Bm_pnA e, 1 <h<m—1
0 —ByA emlm

If one multiplies the coefficients of =" with A"=" for 0 < h < m and sums
them up for 4 from O to m, the sum over the middle column telescopes and adds up
to zero which proves (58). If we multiply the coefficients of " by A"~ 1= for
0 <h <m — 1, we get, summing up over i from O to m — 1 that the middle column
telescopes and leaves By. With the sum over the right column, we obtain

m—1
By = Z ChAm_l_h.
h=0
By the comparison of coefficients, we obtained —BpA = —ABy = cply =

(—=1)"™det(A)I,,, where the second equal sign can be proven by reversing the order of
multiplication in (61). Thus, we have

m—1
adj(A) = (—1)" "By = (—1)"*"! Z cp A0
h=0
Hence, (59) is proven. Now we can obtain the B;, i = 1, ..., m by multiplying the

coefficients of =" by A" ~(+D=" for ) < h < m — (i 4 1) and summing the equated
middle and right column from O to m — (i + 1), we obtain
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m—(i+1)
B; = Z cp AM— =R
h=0
and, thus,
m h—1
adj(Iyt — A) = D | D ey AV gt
h=1 Ln'=0
Hence we get (60) and the lemma is proven. O

Example 7.5 We consider m = 2. From (60), we have

2 h—1
adj(ht — A(1.6) = > ey AP =1 | g 2h
h=1 Lh'=0
= ¢oT + (c0A + c11r)t° = Lt — adj(A),

where we used the representation adj(A) = —(A — tr(A)I>) from formula (59) and
c1 = 01(2) A) = —tr(A),co = 0'(52) (&) = 1. This also coincides with our computations
in Sect. 3.5.

Example 7.6 We consider m = 3. Now we get
3 [h-1

adj(l3T — A(t.£) = > ey AR =1 £3=h
h=1 Lh'=0

= o3t + (coA + c113)T + (c0A? + 1A + e 13)T°
=hLt+ (A—tr(A) )T +adj(A),

where we used adj(A) = A% 4 ¢1A + 13 from (59) and the coefficients of the
characteristic polynomial of A

co=1, ¢ =—t(A), cp=ajaxn+anass + anasz —appdz — aizaz; — ax3as..

This result coincides with our computations in Sect. 3.6.
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