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Abstract

We investigate the regularity of the free boundary for the Signorini problem in
R”"*+! 1t is known that regular points are (n — 1)-dimensional and C*°. However,
even for C™ obstacles ¢, the set of non-regular (or degenerate) points could be very
large—e.g. with infinite 74" ~! measure. The only two assumptions under which
a nice structure result for degenerate points has been established are when ¢ is
analytic, and when A¢ < 0. However, even in these cases, the set of degenerate
points is in general (n — 1)-dimensional—as large as the set of regular points. In
this work, we show for the first time that, “usually”, the set of degenerate points
is small. Namely, we prove that, given any C* obstacle, for almost every solution
the non-regular part of the free boundary is at most (n — 2)-dimensional. This is
the first result in this direction for the Signorini problem. Furthermore, we prove
analogous results for the obstacle problem for the fractional Laplacian (—A)*, and
for the parabolic Signorini problem. In the parabolic Signorini problem, our main
result establishes that the non-regular part of the free boundary is (n — 1 — «,)-
dimensional for almost all times 7, for some «, > 0. Finally, we construct some
new examples of free boundaries with degenerate points.

1. Introduction
The Signorini problem (also known as the thin or boundary obstacle problem)

is a classical free boundary problem that was originally studied by Antonio Sig-
norini in connection with linear elasticity [27,39,40]. The problem gained further
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attention in the seventies due to its connection to mechanics, biology, and even
finance—see [11,14,34], and [17,37]—, and since then it has been widely stud-
ied in the mathematical community; see [2,3,7,9,10,12,18,20,22,26,29,30,36,38]
and references therein.

The main goal of this work is to better understand the size and structure of the
non-regular part of the free boundary for such problem.

In particular, our goal is to prove for the first time that, for almost every solution
(see Remark 1.2), the set of non-regular points is small. As explained in detail below,
this is completely new even when the obstacle ¢ is analytic or when it satisfies
Agp < 0.

1.1. The Signorini Problem

Let us denote x = (x, x,41) € R" x R and Bfr = B1 N {xp4+1 > 0}. We say
thatu € H' (B]+ ) is a solution to the Signorini problem with a smooth obstacle ¢
defined on B| := Bj N {x,41 = 0} if u solves

Au=0 in Bf

{min{—&xn+lu,u—<p} =0 on B; N {x,+; =0}, (1.1

in the weak sense, for some boundary data g € c%dB N {xn+1 = 0}). Solutions
to the Signorini problem are minimizers of the Dirichlet energy

/ |Vul?,
B

under the constraint, u > ¢ on {x,4+1 = 0}, and with boundary conditions u = g
on dBy N {x,4+1 > 0}.

Problem (1.1) is a free boundary problem, i.e., the unknowns of the problem
are the solution itself, and the contact set

A) = {x" e R" 1 u(x’,0) = p(x")} x {0} C R

whose topological boundary in the relative topology of R”, which we denote I' (u) =
OA(m) = 3{x’ € R" : u(x’, 0) = p(x)} x {0}, is known as the free boundary.
Solutions to (1.1) are known to be Cl’% (see [2]), and this is optimal.

1.2. The Free Boundary

While the optimal regularity of the solution is already known, the structure and
regularity of the free boundary is still not completely understood. The main known
results are as follows:

The free boundary can be divided into two sets,

I'(u) = Reg(u) U Deg(u),
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the set of regular points,

Reg(u) := {x =@,00eTw:0<er¥? < sup w—o) SCr32, vre(, ro)} ,
B/ (x")

and the set of non-regular points or degenerate points

Deg(u) := {x =00 eTw:0< sup (u—¢) <Cr?, Vre (0, ro)} . (1.2)

B/(x')
(see [3]). Alternatively, each of the subsets can be defined according to the order of
the blow-up at that point. Namely, the set of regular points are those whose blow-up
is of order % and the set of degenerate points are those whose blow-up is of order
« for some k € [2, co].

Let us denote I' the set of free boundary points of order «. That is, those points
whose blow-up is homogeneous of order x (we will be more precise about it later
on, in Section 2; the definition of I' is slightly different). Then, it is well known
that the free boundary can be divided as

() = 1—‘3/2 U Teven U Todd U Thatf U 'y U o, (1.3)

where

e I'3/2 = Reg(u) is the set of regular points. They are an open (n — 1)-dimensional
subset of I'" (), and it is C*° (see [3,13,29]).

o Ieven = Um>1 'y, (1) denotes the set of points whose blow-ups have even
homogeneity. Equivalently, they can also be characterised as those points of
the free boundary where the contact set has zero density, and they are often
called singular points. They are contained in the countable union of C! (n — 1)-
dimensional manifolds; see [18,22].

o I'oaq = Um>l I"ym41(u) 1s, a priori, also an at most (n — 1)-dimensional subset
of the free boundary and it is (n — 1)-rectifiable (see [19-21,31]), although it
is not actually known whether it exists.

o [har = Umzl I2m13/2(u) corresponds to those points with blow-up of order

%, % etc. They are much less understood than regular points. The set I'hqr is

an (n — 1)-dimensional subset of the free boundary and it is (n — 1)-rectifiable
(see [20,21,31)).

e I, is the set of all points with homogeneities k € (2, 0o), with x ¢ N and
Kk ¢ 2N — % This set has Hausdorff dimension at most n — 2, so it is always
small, see [20,21,31].

e [ is the set of points with infinite order (namely, those points at which u — ¢
vanishes at infinite order, see (2.11)). For general C* obstacles it could be a
huge set, even a fractal set of infinite perimeter with dimension exceeding n — 1.
When ¢ is analytic, instead, I'« is empty.

Overall, we see that, for general C* obstacles, the free boundary could be really
irregular.
The only two assumptions under which a better regularity is known are
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e Ap <OonBjandu =0ondBy N{x,11 > 0}.Inthis case, ['(u) =T3,,UT>
and the set of degenerate points is locally contained in a C! manifold; see [5].
e ¢ is analytic. In this case, 'oc = @ and I is (n — 1)-rectifiable, in the sense
that it is contained in a countable union of C! manifolds, up to a set of zero
H"~!-measure, see [20,31].
The goal of this paper is to show that, actually, for most solutions, all the sets

TCevens Todd, [hatf, and s are small, namely, of dimension at most n — 2. This is
new even in case that ¢ is analytic and Agp < 0.

1.3. Our Results

We will prove here that, even if degenerate points could potentially constitute
a large part of the free boundary (of the same dimension as the regular part, or
even higher), they are not common. More precisely, for almost every obstacle (or
for almost every boundary datum), the set of degenerate points is small. This is the
first result in this direction for the Signorini problem, even for zero obstacle.

Letg, e C 0(8 By) for & € [0, 1], and let us denote by u; the family of solutions
to (1.1) satisfying

uy =gy, on 9B;N{x,41 >0}, (1.4
with g satisfying

Si+e = &1, on 3B N {x,41 > 0}
8ite = g1 +eon 0B m{le > %}

forallA € [0,1),e € (0,1 —A).
Our main result reads as follows:

(1.5)

Theorem 1.1. Let uy, be any family of solutions of (1.1) satisfying (1.4)—(1.5), for
some obstacle ¢ € C*°. Then, we have

dimyy (Deg(uk)) <n—2 forae X)el0,]1],

where Deg(u;,) is defined by (1.2).
In other words, for a.e. ). € [0, 1], the free boundary T (u;) is a C*®° (n — 1)-
dimensional manifold, up to a closed subset of Hausdorff dimension n — 2.

This result is completely new even for analytic obstacles, or for ¢ = 0. No
result of this type was known for the Signorini problem.

The results we prove (see Theorem 4.4 and Proposition 4.8) are actually more
precise and concern the Hausdorff dimension of I'> . (), the set of points of order
greater or equal than «. We will show that, if 3 < « < n + 1, then ', (u;) has
dimension n — k 4 1, while for « > n+ 1, then I'> (, ) is empty for almost every
A € [0, 1]. We refer to [32, Chapter 4] for the definition of Hausdorff dimension.

Theorem 1.1 also holds true for non-smooth obstacles. Namely, we will prove
that for ¢ € C3! we have dimyy (Deg(u,)) < n—2fora.e. A € [0, 1]. In particular,
the free boundary I' (u,,) is cre up to a subset of dimensionn —2 fora.e. A € [0, 1];
see [1,26,29].
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Remark 1.2. In the context of the theory of prevalence, [25] (see also [35]), The-
orem 1.1 says that the set of solutions satisfying that the free boundary has a
small degenerate set is prevalent within the set of solutions (say, given by C” or
L boundary data). Alternatively, the set of solutions whose degenerate set is not
lower dimensional is shy.

In particular, we can say that for almost every boundary data (see [35, Definition
3.1]) the corresponding solution has a lower dimensional degenerate set. This is
because adding a constant as in (1.5) is a I-probe (see [35, Definition 3.5]) for the
set of boundary data, thanks to Theorem 1.1.

We will establish a finer result regarding the set I'oo (¢5,). While it is known that
it can certainly exist for some solutions u, (see Proposition 1.9), we show that it
will be empty for almost every A € [0, 1].

Theorem 1.3. Let u), be any family of solutions of (1.1) satisfying (1.4)—(1.5), for
some obstacle ¢ € C®°. Then, there exists £ C [0, 1] such that dimy € = 0 and

Poo(uz) = @

forevery A € [0, 1]\ &.
Furthermore, for every h > 0, there exists some &, C [0, 1] such that
dimpg &, = 0 and

Coo(up) N Bi—jp = @
forevery ) € [0, 1]\ &p.

We remark that in the previous result, dimy; denotes the Hausdorff dimension,
whereas dim 54 denotes the Minkowski dimension (we refer to [32, Chapters 4 and
5]). As such, the second part of the result is much stronger than the first one (e.g.,
0 = dimy ((@ N[0, 1]) < dim g (Q N[0, 1]) =1).

Let us briefly comment on the condition (1.5). Notice that such condition can be
reformulated in many ways. In the simplest case, one could simply take g, = go=+A.
Alternatively, one could take a family of obstacles ¢, = ¢o=+A (with fixed boundary
conditions); this is equivalent to fixing the obstacle ¢g and moving the boundary
data g, = g F A. Furthermore, one could also consider g, = go + AW for any
W > 0, W # 0. Then, even if the second condition in (1.5) is not directly fulfilled,
a simple use of strong maximum principle makes it true in some smaller ball B1_,
sothat gy4e > gr+c(p)eondBi_,N{x,41 > % — p/2}. By rescaling the function
and the domain, we can rewrite it as (1.5).

Regularity results for almost every solution have been established before in the
context of the classical obstacle problem by Monneau in [33]. In such problem,
however, all free boundary points have homogeneity 2, and non-regular points are
characterised by the density of the contact set around them: non-regular points are
those at which the contact set has density zero. In the Signorini problem, instead,
the structure of non-regular points is quite different, and they are characterised by
the growth of u around them (recall (1.2) and the definition of [even, [odd,> [halfs
and I'w). This is why the approach of [33] cannot work in the present context.
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More recently, the results of Monneau for the classical obstacle problem have
been widely improved by Figalli, the second author, and Serra in [19]. The results
in [19] are based on very fine higher order expansions at singular points, which
then lead to a better understanding of solutions around them, combined with new
dimension reduction arguments and a cleaning lemma to get improved bounds on
higher order expansions.

Here, due to the different nature of the problem, we do not need any fine expan-
sion at non-regular points nor any dimension reduction. Most of our arguments
require only the growth of solutions at different types of degenerate points, com-
bined with appropriate barriers, and Harnack-type inequalities. The starting point
of our results is to use a simple (but key) GMT lemma from [19] (see Lemma 4.1
below).

1.4. Parabolic Signorini Problem

The previous results use rather general techniques that suitably modified can
be applied to other situations. We show here that using a similar approach as in the
elliptic case, one can deduce results regarding the size of the non-regular part of the
free boundary for the parabolic version of the Signorini problem, for almost every
time ¢.

We say that a function u = u(x,t) € HI*O(BI+ x (—1,0]) (see [12, Chapter
2]) solves the parabolic Signorini problem with stationary obstacle ¢ = ¢(x) if u
solves

{ du— Au =0 in B x (=1,0] (16)

min{—0y,, u,u — ¢} =0 on By N {x,41 =0} x (=1, 0]

in the weak sense (cf. (1.1)). A thorough study of the parabolic Signorini problem
was made by Danielli, Garofalo, Petrosyan, and To, in [12].

The parabolic Signorini problem is a free boundary problem, where the free
boundary belongs to B] x (—1, 0] and is defined by

) = aBiX(,LO]{(x’, 1) € B] x (=1,0] : u(x",0,1) > p(x")},

where 0 B x(~1,0] denotes the boundary in the relative topology of Bj x (—1,0].
Analogously to the elliptic Signorini problem, the free boundary can be divided
into regular points and degenerate (or non-regular) points:

I'(u) = Reg(u) U Deg(u).

The set of regular points are those where parabolic blow-ups are parabolically %-
homogeneous. On the other hand, degenerate points are those where parabolic blow-
ups of the solution are parabolically x-homogeneous, with k > 2 (alternatively,
the solution detaches at most quadratically from the obstacle in parabolic cylinders,
B, x (—r?, 0]). Further stratifications according to the homogeneity of the parabolic
blow-ups can be done in an analogous way to the elliptic problem, see [12].

The set of regular points Reg(u) is a relatively open subset of I'(x) and the
free boundary is smooth (C Lay around them (see [12, Chapter 11]). The set of
degenerate points, however, could be even larger than the set of regular points.
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In this manuscript we show that, under the appropriate conditions, for a.e. time
t € (—1, 0] the set of degenerate points has dimension (n — 1 —«,) for some o, > 0
depending only on n. That is, for a.e. time, the free boundary is mostly comprised
of regular points, and therefore, it is smooth almost everywhere.

In order to be able to get results of this type we must impose some conditions
on the solution. We will assume that

up >0 in B U[(B] x (=1,0D) N {u > ¢}]; (1.7)

that is, wherever the solution « is not in contact with the obstacle ¢, it is strictly
monotone. Alternatively, by the strong maximum principle, the condition can be
rewritten as

u; >0, in B x (=1,0],
u; > 1, in (B N {xpq1 > 1/2}) x (=1, 0],

up to a constant multiplicative factor.

Condition (1.7) is somewhat necessary. If the strict monotonicity was not
required, we could be dealing with a bad solution (with large non-regular set)
of the elliptic problem for a set of times of positive measure, and therefore, we
could not expect a result like the one we prove. On the other hand, if one allowed
changes in the sign of u, (alternatively, one allowed non-stationary obstacles), then
the result is also not true (see, for instance, the example discussed in [12, Figure
12.1]).

Condition (1.7) is actually quite natural. One of the main applications of the
parabolic Signorini problem is the study of semi-permeable membranes (see [14,
Section 2.2]):

We consider a domain (BIJr ) and a thin membrane (B{ ), which is semi-
permeable: that is, a fluid can pass through Bj into B{F freely, but outflow of
the fluid is prevented by the membrane. If we suppose that there is a given liquid
pressure applied to the membrane B given by ¢, and we denote u(x, ) the inside
pressure of the liquid in B1+, then the parabolic Signorini problem (1.6) describes
the evolution of the inside pressure with time. In particular, since liquid can only
enter Bl+ (and we assume no liquid can leave from the other parts of the bound-
ary), pressure inside the domain can only become higher, and the solution will be
such that #;, > 0. The same condition also appears in volume injection through a
semi-permeable wall ( [14, subsections 2.2.3 and 2.2.4]).

Our result reads as follows:

Theorem 1.4. Let ¢ € C* and let u be a solution to (1.6) satisfying (1.7). Then,
dimy (Deg(u) N{t= to}) Sn—1—a, forae t,€ (—1,0]
for some o, > 0 depending only on n.
In particular, for a.e. t, € (—1,0] the free boundary T'(u) N {t = t,} is a

CY% (n — 1)-dimensional manifold, up to a closed subset of Hausdorff dimension
n—1-—a.
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When ¢ is analytic, then the free boundary is actually C°° around regular points.
Higher regularity of the free boundary is also expected for smooth obstacles, but
so far it is only known when ¢ is analytic; see [4].

It is important to remark that the parabolic case presents some extra difficulties
with respect to the elliptic one, and in fact we do not know if a result analogous to
Theorem 1.3 holds in this context. This means that points of order co could a priori
still appear for all times (even though by Theorem 1.4 they are lower-dimensional
for almost every time).

1.5. The Fractional Obstacle Problem

The Signorini problem in R"*! can be reformulated in terms of a fractional

obstacle problem with operator (— A)% in R". Conversely, fractional obstacle prob-
lems (with the operator (—A)*, s € (0, 1)) can also be reformulated in terms of
thin obstacle problems with weights. In this work we will generally deal with the
thin obstacle problem with a weight, so that the results from Section 1.3 can also
be formulated for the fractional obstacle problem.

Given an obstacle ¢ € C*°(IR") such that

{p >0} CC R", (1.8)

the fractional obstacle problem with obstacle ¢ in R" (n > 2) is

(=A)'v =0 inR*\ {v=¢}
(=A)v > 0 inR"
v > ¢ inR"? (1.9)

v(x) => 0 as x| = oo.

Solutions to the fractional obstacle problem are C* (see [8]). We denote
A(w) = {v = ¢} the contact set, and ['(v) = dA(v) the free boundary. As in
the Signorini problem (which corresponds to s = %) the free boundary can be
partitioned into regular points

Reg(v) := {x’ eTW :0<er'™ < sup (v—9) S Cr'*s, Vr e (0, ro)] ,
Bl(x')

and non-regular (or degenerate) points,

Deg(v) := {x/ elf@):0= sup (v—¢) < Cr2, Vr € (0, ro)} . (1.10)
B/ (x")

More precisely, if we denote by I'y (v) the free boundary points of order «, then the
free boundary I'(v) can be further stratified analogously to (1.3) as

I'(w) = Ijl+s U ( U FZm) U < U F2m+2s> ) ( U F2m+1+s) UT, UTl.

m>1 m=>1 m>1

(1.11)
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Here, I'1+5s = Reg(v) is the set of regular points ([8,41]). Again, it is an open
subset of the free boundary, which is smooth. Similarly, I'»,, for m > 1 are often
called singular points, and are those where the contact set has zero measure (see
[23]). Together with the sets "y, 425 and 'y 4145 for m > 1, they are an (n — 1)-
dimensional rectifiable subset of the free boundary, [21,23]. Finally, I, denotes the
set containing the remaining homogeneities (except infinite), and has dimension
n — 2; and I's, denotes those boundary points where the solution is approaching
the obstacle faster than any power (i.e., at infinite order). As before, the set '
could have dimension even higher than n — 1.

The type of result we want to prove in this setting regarding regularity for
most solutions is concerned with global perturbations of the obstacle (rather than
boundary perturbations, as before). That is, we will consider obstacles fulfilling
(1.8).

We define the set of solutions indexed by A € [0, 1] to the fractional obstacle
problem as

(=A)'v, =0 inR" \ {vy = ¢}
(—A)v, >0  inR"
vy > @—A inR"? (1.12)
v (x) =0 as |x| — oo.

Then, our main result reads as follows:

Theorem 1.5. Let v, be any family of solutions solving (1.12), for some obstacle
¢ € C* fulfilling (1.8). Then, we have

dimyy (Deg(vx)) <n-—2, forae M\el0,1],

where Deg(v,) is defined by (1.10).
In other words, for a.e. ). € [0, 1], the free boundary T (v,) is a C*° (n — 1)-
dimensional manifold, up to a closed subset of Hausdorff dimension n — 2.

As before, we actually prove more precise results (see Theorem 4.4 and Propo-
sition 4.8). We establish an estimate for the Hausdorff dimension of I'>, (vy). We
show that, for 2 < x — 2s < n, then dimy s (v)) < n — k + 25, and if
k > n 4+ 2s, then I'>, (vy) is empty for almost every A € [0, 1]. Similarly, we can
also reduce the regularity of the obstacle to ¢ € C 4@ g0 that, for a.e. A € [0, 1],
dimyy (Deg(vy)) < n — 2 (in particular, the free boundary I"(vy) is c3e up to a
subset of dimension n — 2 for a.e. A € [0, 1]; see [1,26]).

Theorem 1.5 is analogous to Theorem 1.1. On the other hand, we also have

Theorem 1.6. Let v, be any family of solutions solving (1.12), for some obstacle
@ € C*™ fulfilling (1.8). Then, there exists £ C [0, 1] such that dimy € = 0 and

Foo (i) = 9,

Sforall x € [0, 1]\ &.
Furthermore, for every h > 0, there exists some &, C [0, 1] such that
dimag &, = 0 and

o) NBi_p =9,
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for every 1 € [0, 1]\ &p.

That is, analogously to Theorem 1.3, we can also control the size of A for which
the free boundary points of infinite order exist.

1.6. Examples of Degenerate Free Boundary Points

Let us finally comment on the non-regular part of the free boundary, that is,
Deg(u) = leven U Todd U Thatf U Ty U g (1.13)

The main open questions regarding each of the subsets of the degenerate part
of the free boundary are
Q1: Are there non-trivial examples (e.g., the limit of regular points) of singular
points in eyen?

Q2: Do points in ['ogq exist?

Q3: Can one construct arbitrary contact sets with free boundary formed entirely of
IMharr (alternatively, do they exist apart from the homogeneous solutions)?

Q4: Do points in I',, exist?

QS: How big can the set I's, be?

In this paper, we answer questions Q1, Q3, and Q5. (Questions Q2 and Q4 remain
open.)

Let us start with Q1. The set I'eyen = (J,,~ I'2m, often called the set of sin-
gular points, is an (n — 1)-dimensional subset of the free boundary. Examples
of free boundary points belonging to I'eyen are easy to construct as level sets of
homogeneous harmonic polynomials, such as x]2 — x,f 4 1» In which case we have
I' = Ieyen = {x1 = 0}. They are also expected to appear in less trivial situations
but, as far as we know, none has been constructed so far that appears as limit of
regular points (i.e., on the boundary of the interior of the contact set). Here, we
show

Proposition 1.7. There exists a boundary data g such that the free boundary of the
solution to the Signorini problem (1.1) with ¢ = 0 has a sequence of regular points
(of order 3/2) converging to a singular point (of order 2).

The proof of the previous result is given in Section 5. In contrast to what occurs
with the classical obstacle problem, the construction of singular points does not
seem to immediately arise from continuous perturbations of the boundary value
under symmetry assumptions. Instead, one has to be aware that there could appear
other points (different from regular, but not in I'eyen ). Thus, our strategy is based on
being in a special setting that avoids the appearance of higher order free boundary
points.

On the other hand, regarding question Q3, it is known that examples of such
points can be constructed through homogeneous solutions, in which case they can
even appear as limit of regular (or lower frequency) points (see [10, Example 1]).
Until now, however, it was not clear whether such points could appear in non-trivial
(say, non-homogeneous) situations.
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We show that, given any smooth domain 2 C R”, one can find a solution to
the Signorini problem whose contact set is exactly given by €2, and whose free
boundary is entirely made of points of order % (or %, etc.). More generally, we
show that given €2, the contact set for the fractional obstacle problem can be made
up entirely of points belonging to Umzl [om+145 (the case s = % corresponding

to the Signorini problem).

Proposition 1.8. Let @ C R” be any given C* bounded domain, and let m € N.
Then, there exists an obstacle ¢ € C*®°(R") with ¢ — 0 at 0o, and a global solution
to the obstacle problem

(—=A)Yu > 0 inR"
(=A)u =0 inf{u > ¢}
u > ¢ inR",
u(x) — 0 as|x| — oo,

such that the contact set is A(u) = {u = ¢} = Q, and all the points on the free
boundary d A (u) have frequency 2m + 1 + s.

The proof of the previous proposition is constructive: we show a way in which such
solutions can be constructed, using some results from [1,24].

Finally, we also answer question QS5, that deals with the set I'no. Not much has
been discussed about it in the literature, though its lack of structure was somewhat
known by the community. For instance, the following result is not difficult to prove:

Proposition 1.9. For any ¢ > 0 there exists a non-trivial solution u and an obstacle
@ € C®R"™) such that

(—=A)Y’u >0 inR"
(=A)Y’u=0 infu> ¢}
u>¢ inR",

and the boundary of the contact set, A(u) = {u = ¢}, fulfils
dimy 0A(u) > n —e.

This shows that, in general, there is no hope to get nice structure results for the
full free boundary for C*° obstacles. However, thanks to Theorem 1.6 above we
know that such behaviour is extremely rare. As before, we are answering question
Q5 in the generality of the 1fractional obstacle problem; the Signorini problem

corresponds to the case s = 5.

1.7. Organization of the Paper

The paper is organised as follows:

In Section 2 we study the behaviour of degenerate points under perturbation.
In particular, we show how the free boundary moves around them when perturbing
monotonically the solution to the obstacle problem. We treat separately general
degenerate points, and those of order 2. In Section 3 we study the dimension of



430 X. FERNANDEZ-REAL & X. Ros-OTON

the set I'; by means of an appropriate application of Whitney’s extension theorem.
In Section 4 we prove the main results of this work, Theorems 1.1, 1.3, 1.5, and
1.6. In Section 5 we construct the examples of degenerate points introduced in
Section 1.6, proving Propositions 1.7, 1.8, and 1.9 . Finally, in Section 6 we deal
with the parabolic Signorini problem and prove Theorem 1.4.

2. Behaviour of Non-regular Points Under Perturbations
Let By C R"™ Bl = {x' e R" : |x/| < 1} C R" and let
9:B >R, ¢eC"®B]), €N, ac(01] 2.1)
be our obstacle on the thin space. Let us consider the fractional operator
Lau = div(|xp41]°Vu) = div(jxps1 | "> V),  a:=1-2s,

witha € (—1,1),and (0,1) 55 = 1%“ We will interchangeably use both a and s
depending on the situation. (In general, we will use a for the weight exponent, and
s for all the other situations.)

Let us suppose that we have a family of increasing even solutions u; for 0 <
A = 1 to the fractional obstacle problem

Laouy =0 in By \ ({xp41 =0} N {uyp = ¢})
Loy <0 in By 2.2)
u, > ¢ on{x,41 =0},

for a given obstacle ¢ satisfying (2.1). In particular, {u; }y<, < satisfy

w (x', xpe1) = up(x’', —x,41) in By, for A >0
> u; in By, for A >

Upte > Uy + & in Blﬂ{lxn+1|z%}, for X,e >0
lusllcas g,y = M, in By for A >0,

\

! (2.3)

for some constant M independent of A, that will depend on the obstacle (see (2.6)—
(2.7) below). Notice that solutions are C'** in B 2 (orin 8172), but only C %5 in By
(C%! when s = %).

Wedenote A (u;) := {x’ : u; (x’,0) = ¢(x)} x {0} C R” the contact set, and its
boundary in the relative topology of R, A (u;) = d{x’ : us (x’, 0) = ¢(x")} x {0}
is the free boundary. Note that, from the monotonicity assumption,

Au;) C Auy) for A >N (2.4)
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Lemma 2.1. Let u; denote the family of solutions to (2.2)—(2.3). Then, for any
h > 0small, x, € Bi_p, and ¢ > 0,

Up+e (xo) — Uy (xo)
&

> ¢ dist® (xe, Auy)),

for some constant ¢ > O depending only on n, s, and h. In particular,

u Xo) — Uy (Xo . 2
Bfuk(xo) := lim inf ite (o) 2(xo) > ¢ dist® (xo, A1)
el0 &
for some constant ¢ > O depending only on n, s, and h.
Proof. Fix some A > 0 and ¢ > 0, and define

Upe (X) — up(x)
- .

Oy et (x) =

We will show that the result holds for §, cu; for some constant ¢ independent of
& > 0, and in particular, it also holds after taking the lim inf.

Notice that §; ¢u; (x) > 0 from the monotonicity of u; in A. Notice, also, that
Sxpeun > 1in By N {x,41 > %}, form the third condition in (2.3). On the other
hand,

Lybyeup, =0 in By \ A(uy),
thanks to (2.4). Now, let

h
roi= Zdist(-xo, A(”A))’

and we define the barrier function ¢ : B — R as the solution to

Loy =0 in Bp\ {x,11 =0}
Y =0 on {x,11 =0}
w‘:l on 8B]O{|Xn+1|z%}
Y =0 on 9B N{lxq1l < 5}.

Then, by maximum principle,
8)\’814)\ > 10 in B].

Notice that, by the boundary Harnack inequality for Muckenhoupt weights A, (see
[15]), ¥ is comparable to | x| |25 (since both vanish continuously at x,,+1 = 0, and
both are a-harmonic), and in particular, there exists some ¢’ > 0 small depending
only on n, s, and h, such that ¥ > ¢’|x,11 |2X in B, (x,). We have that

2‘ .
LaSyeup =0, Sp ety =Y > xp1]” in Br(xo).

Now, if xo = (x], Xo,n+1) is such that |xo 41| > 7, it is clear that & cus (xo) >
cr?S. On the other hand, if |xo 41| < 7 then L8y cu; = 0in B, 2((x], 0)), so
that applying Harnack’s inequality in By/4((x,, 0)) to &) cu;,
1 crs
Sreun(Xe) = inf 8 cup = = sup G eup = S— =cr
Br/a((x{.0)) By/4((x),0)) 4C

2s
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for some ¢ depending only on n, s, and 4. Thus,
Sreun(x0) = cr® = c dist™ (xo, Auz)),
as we wanted to see. m]

Let 0 € dA(u;) be a free boundary point for u;. Let us denote Q. (x’) the
Taylor expansion of ¢ (x’) around 0 up to order 7, and we denote Q%(x) its unique
even a-harmonic extension (see [23, Lemma 5.2]) to Rt (L, 04%(x) = 0, and
0%(x’,0) = O (x")). Let us define

i, (x", Xn 1) = 1, (X, Xp11) — Q7 (X, Xn1) + Qr () — 0(x).
Then i1, (x', x,4+1) solves the zero obstacle problem with a right-hand side

Loty = |xp411? f in By \ ({xp41 = 0} N {u;, = 0})

Laity, = |xp411°f in By (2.5)
u, >0 on {x,+1 = 0},
where
f=f&) =200 —ok"). (2.6)

In particular, notice that since Q(x’) is the Taylor approximation of ¢ up to order
T, we have that

(N £ My |7He2 2.7)

for some M > 0 depending only on ¢. We take M larger if necessary, so that it
coincides with the one of (2.3).

We consider the generalized frequency formula, for 6 € (0, @), and for some
Cy (that is independent of the point around which is taken)

d
D g(r,ily) = (r + cer“e)d— log max {H(r), phtat2(tta=0) } (2.8)
r
where
I -2 a
HO = [ @Bl
JB,

Then, by [23, Proposition 6.1] (see also [8,22]) we know that @, o (7, it;) is
nondecreasing for 0 < r < r, for some r,. In particular, <I>T,a,9(0+, i) is well
defined, and by [22, Lemma 2.3.2],

n+3<Drao(0, i) Sn+a+2(t+a—0).

We say that 0 € d A(u,) is apointof order x if ¢ 4 ¢ 0%, uy) =n+1-2s4+2k.
In particular, by the previous inequalities

1+s<k<t4+a—-20
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Thanks to [23, Lemma 6.4] (see, also, [S, Lemma 7.1]) we know that for a point of
order greater or equal than «, for k < T + o — 6, then we have
sup liy| = Cyr", (2.9)
B,

for some constant Cj; depending only on M, 7, «, 6.
In general, for any point x, € dA(u;), we can define i;° analogously to before,
as follows:

Definition 2.2. Let x, € 9 A (u;). We define,
i5°(x) = up (x4 x0, xuq1) — QP (X, xpg1) + 0% (x) — @(x" 4 x)),
(2.10)
where Q7°(x’) is the Taylor expansion of order T of ¢ (x/ + x'), and Q7" (x’) is
its unique even harmonic extension to R"*1,

(Notice that, on the thin space, ﬁi" (x’,0) = i, (x" + x., 0), but this is not true
outside the thin space.) Then, IZ;C" (x) solves a zero obstacle problem with a right-
hand side in B_|,| (in fact, in x, + By ). With this, we can define the free boundary
points of u, of order k, with 1 +s Sk <74+ a — 0, as

Tpi={xo € AW : Prap(0F, i) = n+ 1 — 25 + 2k},
and similarly,
TLei={xo € 0AW;) : Prap(0F,@}°) = n+1— 25 + 2}

Equivalently, one can define Fg « as those points where (2.9) occurs.

Notice that the previous sets are consistently defined, in the sense that if x, is a
free boundary point for u;, and T’ € N, @’ € (0, 1) are such that 7’ + o' < 7 + «,
then

o o 9(0F, i}°) = min {@t,a,g(()"', ), n+1-=2s+2(t" +a — 9)},

(cf. [22, Lemma 2.3.1]), i.e., the definition of free boundary points of order x does
not depend on which regularity of the obstacle we consider. In particular, for C*
obstacles we can define the points of infinite order as

rk = ﬂ rk.. (2.11)
Kk>2

We will need the following lemma, similar to [3, Lemma 4] and analogous to
[8, Lemma 7.2]:

Lemma 2.3. Let w € CO(Bl), and let A C By N {x;4+1 = 0}. There exists some
&, > 0, depending only on n and a, such that if 0 < ¢ < &, and

w>1 in Bi N {|xp+1] > &}
w > —¢ in By

|Lqw| < glxp1114 in Br\ A
w >0 on A,

then w > 0 in By ;.
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Proof. Suppose that it is not true. In particular, suppose that there exists some
2 = (', Zp41) € Bi)2 \ {xp41 = 0} such that w(z) = 0. Let us define the cylinder

1
0:= !x =&\ x4 €Br X =2 < > [Xn+1 — Znt1l < 2

and let

x2

P(x) = P(x', xp1) i= |x — Z)* — T

so that L, P = 0. Let
uuy=wu)+lpuy——i—ﬁH.
n 1+a
Notice that v(z) = —ﬁzlﬁl — ﬁziH < 0. We also have that
Lov=Low —2¢elxp41] = —&lxy41|* <0 in By \ A,
and

v>0 on A.

That is, v is super- a-harmonic and is negative at z € Q, then it must be negative
somewhere on d Q. Let us check that this is not the case, to reach a contradiction.

First, notice that, assuming &, < ~ 14+” ,onaQ N{|x,+1| > ¢} we have

n &
s " %5
V=T e+ ) 16—

On the other hand, on {|x" — z'| = 1} N {|x,41] < €} we have

s e L (1 noo, &3 0
v>—¢ - — e — > 0,
- n+1\4 1+a 1+4+a

if & is small enough depending only on n and a. Thus, v > 0 on dQ and on A,
and is super- a-harmonic in Q \ A, so we must have v > 0 in Q, contradicting
v(z) < 0. m]

Let us now show the following proposition:

Proposition 2.4. Let u) satisfy (2.2)—(2.3), and let ¢ satisfy (2.1). Let h > 0 small,
and let xo € Bi_ N F)Z‘K withe St +a—aandk < v+ a. Then,

h
Uy c -2 > @ in Bl(x}), forall r< T

for some C, depending only onn, s, M, k, 7, a, and h.
In particular, if xo € Bj—_p N '}, then

h
Uy, > ¢ in Bl(x}), forall r< T (2.12)

for some C, depending only onn, s, M, k, 7, «, and h.
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Proof. Letusassumethatr < 7 h and let us establish some properties of it"
in B, (0) (see Definition 2.2), for C yet to be chosen.
From Lemma 2.1 we know that, for any z € By 2,

A Cor=2s

i,°% (D) = 05°(2)  wpge (X6 +2) — U3 (X0 + 2)

8 8
> ¢ dist® (xo + 2, Auy))

= c dist® (z, A(i1;°)).

From the previous inequality applied atx € B, (0)N{|x,+1| > ro},forsomeoc > 0
to be chosen, for r < %, and with ¢ = C*r"_2s for some C, to be chosen,

B e () Z € Car* ™2 (ro)® + 57 (1) for x € By(0) N {|xns1] = ro).

On the other hand, notice that 0 is a free boundary point of ﬁi(’ of order greater or
equal than «. In particular, from the growth estimate (2.9), we know that

h
w,’ > —Cr in B.(0), for r< T

for some C depending only on n, M, s, T, «, 8, and h. By choosing, for example,
6 = min{7, ’+g_"} in the definition of the generalized frequency function, (2.8),
we can get rid of the dependence on 6. That is,

_i:-C e 5 (X) > ¢ Cyr© o> —Cr¢ for xe B, (0) N {|xp41]| = ro}.

-X

o
Moreover, since uk O > u,”,

_ . h
Mi:c*rk—Z.v > —Cr“ in B,(0), for r < T

Notice, also, that

|Lqit} M|xps1|“r"F7% in B.(0) \ A(ii}°

)»+C rk— 23| = A+ Cyrk— 23)

Let us rescale in domain. We denote
w(x) = i’° (rx)
T Cr s :

Then w is a solution to a thin obstacle problem with right-hand side and with zero
obstacle in the ball By, such that

w > (cCuo® —C)r* in Bi(0) N {|xy11| > 0}
w > —Cr¥ in Bi(0)
ILqw] < M1x,41 197970 in By \ ({¥s1 = 0} N {w = 0}).

\%

In particular, if we take w : m, then
w=>1 in Bi(0) N {lxp41| = o}
ILa®| S —mtgmg et 1774 in By \ ({xur = 0} 0 {0 = 0)).
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(Notice that T + o —a — k > 0 by assumption.) We now want to apply Lemma 2.3.
We need to choose o < &,(n, a), and C, such that

C M
- <&,
cCywo? —C

By choosing C > sgl ~25 we get that such C exists independently of r, depending
onlyonn, M, s, k, T, o, and h.

From Lemma 2.3, we deduce that w > 0 in By, so that u > 0

A.+C K—=2s
in B;;2(0). Since r < h/4, we get the desired result, noticing that u i
(U4 pe-2s — @) (- + Xo) on B.

Finally, notice that thanks to the optimal regularity of solutions, if x, € I A
then x, € 1">l s> SO that applying the previous result we are done. O

MFCar—2 =

The following corollary will be useful below:

Corollary 2.5. Let uV) and u® denote two solutions to

Lou® =0 in By \ ({xat1 = 0} N {u® = ¢})
Lou® <0 in By for ie€{l,2}. (2.13)
u® > ¢ on{x,41 =0},

Then, for any ¢, > 0 and h > 0, there exists a § > 0 such that if
u® >uM and u® >uV te, in (vl > 1/2),

then

inf {|x1 — x| ix1 € IAV)N B x2 € 3IAWP) N Bl_h} > 6.

Proof. The proof follows by Proposition 2.4. Let us denote uil) the solution to the
thin obstacle problem (2.2) with boundary data equal to " on dB; N {|x,1 1]
1/2}, and u(l) + A&, on dB1 N {|x,41| > 1/2}. In particular, uld = (l) <u (1)

u®  Moreover, thanks to the Harnack inequality we know that ”,(xlis > uf\l) + cEE,

HAIA

for e > 0in By N {|xy41| > %}, for some constant c. Thus, if we define

wy = (c&o)™ lu(l)
then w,, fulfil (2.3). The result now follows applying Proposition 2.4 to w; and
using that u) = ceowy < ceow; < u® for & € [0, 1]. O

As a direct consequence of Proposition 2.4 (in particular, of (2.12)), we get that
if 0 € dA(u;), then 0 ¢ dA(u;z) for A # A (since Upic,51—s > @ in Bs for § > 0
small enough).

In particular, we have
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Definition 2.6. We define

I := U F,)(‘, sy = U F;_‘K, and .= U r*
]

1€(0,1 2€(0,1] 1€(0,1]
We also define
AMxo) = {1 €[0,1]: xo € DAy}, (2.14)

which is uniquely defined on I'.

The fact that A(x,) is uniquely defined for x, € I" follows since I',y N 'y = &
if k # ic. In particular, if x, € Ty then x, € T*(°) = § A () (x))-

A direct consequence of Proposition 2.4 is that I" 3 x, > X(x,) is continuous:
Corollary 2.7. Let u; satisfy (2.2)—(2.3), and let ¢ satisfy (2.1). The function

I' s x, > Alx,)
for A(x,) defined by (2.14) is continuous. Moreover, for each h > 0,
TN Bi—p 3 Xo k> i,

is continuous in the C%-norm.

Proof. Let us start with the first statement. If x1, xo € I" are such that [x; — x| < %
for § > 0 small enough, and A(x1) > A(x7), then

Uy (x))+Cys1—s > @ in Bs(xo)

by Proposition 2.4. In particular, A(y) < A(x2) + C48'~* for any y € Bs(x2), so
that A(x1) < A(x2) + C,8' 5. That is,

IA(x1) — A(x2)| £ Ci817°

and XA (x) is continuous (in fact, it is (1 — s)-Ho6lder continuous).
Let us now show that

TNB 3 Xo > il

is also continuous (in the C%-norm). From the definition of ﬁi‘zxo), Definition 2.2,
and since ¢ is continuous, it is enough to show that TN B1_j, 3 X0 > Uy (x,) (Xo+ -)
is continuous. Moreover, since each u, is continuous (and in fact, they are uniformly
CZS), we will show that I 3 x, — u;(x,) is continuous, in the sense that, for every
e > 0, there exists some § > 0 such that if x,z € ' N B;_;, (for some & > 0),

|x —z| < 8, then

Sup |ty — Uzl Se.
B
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Let us argue by contradiction. Suppose that it is not true, and that there exist
sequences x;, z; € Bj_, N T such that |x; — z;| < ll and
SUP |U),(x;) — Un(zp)] = €0 > 0
By

for some &, > 0. In particular, let us assume that A(x;) > A(z;), so that u; ;)
Uy (- After taking a subsequence (by compactness, using also that [|u; || c2s g,
M), we can assume that there exists some ball B,(y) C B; such that

ATV

& .
Up(x;) = Ui(z) T 30 in B,(y) C B;

for all i € N. (The radius p depends only on 7, &,, and M.) By interior Harnack’s
inequality, we have that

3 .
Un(x) = Ua(z) +C?° in By(zi) N{lxpg1] = h/4}

for some constant ¢ depending on p and h. After translating and scaling, we are in
a situation to apply Corollary 2.5. In particular, for some § > 0 (depending on &,
and h), |x; — z;| > & > 0. This is a contradiction with |x; — z;| < ll fori € Nlarge
enough. Therefore, x, ﬁﬁxo) is continuous. O

The following lemma improves Lemma 2.1 in case x, € ['; (we denote here
that a_ := max{0, —a}):

Lemma 2.8. Let u; satisfy (2.2)—(2.3), and let ¢ satisfy (2.1). Letn > 2, andh > 0
small. Let xo € Bi_;, N F%‘. Then, for each n > 0 small, and for u > A,

() ifs > 4,

ke (0) = 07 1y (x0) = ¢ dist” " (xo, Auy,)) = c dist"™(0, A@)),

sy s 1
(i) if s < 2
iy (0) = 0wy (x6) = ¢ dist"™ (xo, A(uy)) = c dist”(0, A(ir?)),

for some constant ¢ > 0 independent of A and p (but possibly depending on
everything else).

Proof. Fix some ;& > 0 and ¢ > 0 small, and define

ﬁfLOJrs(x) - ﬁﬁo (x) _ uu+s(x + Xo) — u,u(x + Xo)
& &

8y el (x) =

As in the proof of Lemma 2.1, we know that 8; i)’ (x) > 0, 8 ;0 > 1 on
(—xo + 3B1) N {|xat1] > 3}, and

La8y ety =0 in (=xo + B1) \ A7) D (=xo + B1) \ A(#;°). (2.15)



Free Boundary Regularity for Almost Every Solution to the Signorini Problem 439

Let us start by showing that, for every A > 0, there exists some py > 0
(independent of ) such that, after a rotation,

AG@) N By, C {Ix'* = Ax{). (2.16)

In particular, we will show that, for every A > 0, there exists some p4 > 0 such
that, after a rotation,

A(i}") N By, C{lx']> = Ax7). 2.17)

(Notice that now we have taken | A, and since the contact set is decreasing in A,
(2.17) implies (2.16).)
Indeed, by [23, Theorem 8.2], we know that

" (x) = pa(x) + o(|x[*)

for some 2-homogeneous, a-harmonic polynomial, such that p» > 0 on {x,+; = 0}
(recall that we are assuming that x, € F%) and py # 0. After a rotation, thus, we
may assume that p,(x’, 0) > cxlz. That is,

C
it;°(x', 0) > exi + o(Ix'|?) > Z|x/|2 +o(x'1?) >0 in B,, N{|x']* < Ax})

if p4 is small enough (depending on A, but also on the point x,, and the function
12);"). That is, (2.17), and in particular, (2.16), holds. Considering again the x,
direction, we know that for every A > 0 there exists some p4 such that, after a
rotation,

AG@) N By, C{xf + x5, < A7XP) = Ca. (2.18)

Notice that p4 | 0as A — oo. Let us suppose that we are always in the rotated set-
ting so that the previous inclusion holds. Let us denote /4 the unique homogeneous
solution to

Loya=0 in R"\Cap
Ya=0 in Cap
Ya =0 in R,

such that supyp, Y4 = 1.

Let n, > 0 denote the homogeneity of ¥4 (i.e., Ya(tx) = t"¥a(x)). It
corresponds to the first eigenvalue on the sphere S” of L, with zero boundary
condition on C4 /2. Alternatively, it corresponds to the infimum of the corresponding
Rayleigh quotient among functions with the same boundary values. Notice that, as
A — 00,Ca/2 — {x1 = xp41 = 0} locally uniformly in the Hausdorff distance,
and {x| = x,,11 = 0} has zero a-harmonic capacity whens < % (see [28, Corollary
2.12]). Thus, when s < % the infimum of the Rayleigh quotient converges to the
first eigenvalue of L, on the sphere without boundary conditions (namely, 0), and
thus, 7, | 0 as A — oo if a > 0. Alternatively, if s > % the first eigenvalue
corresponds to the homogeneity —a (attained by the function (xl2 + x,% 1 )~4?), s0
thatn, | —aas A — ocoifa < 0.Inall, n, | a_, with a_ = max{0, —a}.
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Let us choose some A large enough such that , < n + a—. Now, let
r = dist(x,, A(u,)) = dist(0, A(ﬁfj)),
and let Y4, for r < p4/2 denote the solution to

Lova, =0 in BrU(BpA/z\CA/z)
Ya, =0 in (Bp,2NCasp)\ B
Yar=1%a on aB/OA/z'

Let ¢ small enough (depending on py4, A, h, n, s, M) such that cyrg < SA’gﬁfj’
on dB,, 2. For instance, take

c= inf Sx.eltyy (x) > 0,
XGBB[,A/QﬂCﬁ.ﬂ
which is positive since 8y cu, > 0, Sy cuy > 1 on 9By N {|x,41] = 0}, and

Laak,auu =0in (B1 \ {xp41 =0Hh U (BpA (xo) \ Cy) (recall 8A,£up, = 8)\’812?;(- -
X,)), and thus, by strong maximum principle (or Harnack’s inequality, see [16,
Theorem 2.3.8]) we must have ¢ > 0 depending only on p4, A, h, n,s, M.

Now notice that cyra » < 8y cit) 0nd By, /2,cYar < 83 eity 0n By, pNCas2\
B,, and both ¢4 , and (Sk,gﬁfj’ are a-harmonic in B, U (B, 2 \ Ca,2) (thanks to
(2.15)—(2.18)). By comparison principle

CYa = CYay S 816ty in Bp,po.

By Harnack’s inequality, there exists a constant C depending only on 7 and s
such that

1 1
Var0) > inf Ya,>— sup Ya,>— sup g >cr'’™,
By2(0) By/2(0) C By2(0)

where in the last inequality we are using the n,-homogeneity of ¥4, and ¢ depends
only on n and a. Thus,

8,6l (0) = Ea r (0) = cér™ = ¢ dist™ (xo, Auy)) = c dist™ (0, A(@)),

for some ¢ > 0 that might depends on everything, but it is independent of p and
A, where we assumed r < p4/2. We can reach all » > 0 by taking a smaller ¢ > 0
(independent of A and ), thanks to Lemma 2.1. Recalling n, < n+a—, and letting
e | 0, this gives the desired result. O

Using the previous lemma, combined with an ODE argument, we find the fol-
lowing:

Proposition 2.9. Let x, € F% be any point of order 2. Then,
o Ifs < %,for every g, > 0, there exists some 8, > 0 such that
D5 0 By(xo) = @,

forall § € (0,6,).
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olfs > %,for every g, > 0, there exists some 8, > 0 such that

D By =
forall § € (0, 65,).
Proof. We use Lemma 2.8. We know that, for each n > 0 small,
O iye (0) = c dist" (0, A(ul)) for > A.

On the other hand, from the optimal regularity for the thin obstacle problem, we
know that

i’ (0) < Cdist' ™ (0, AGi})),

which gives
9T (0) > (@™ (0)) T
FiEke (0) = c(@(0) T .

Solving the ODE between A and g, this yields

+a—

7 2+42s
B0) T e —d) = WP 0) = c(u — )T,

Let us now suppose that there exists some z, € Bs(x,) N Fg . Notice that ﬁff
has quadratic growth around zero (since z, is a singular point of order 2), that is
Xo

iy < Cp?in B, x {0} for p > 0. Thus, using that it = it;; (- + Xo — Zo) in B}

2 S 7% _ — %o _ %
Co% = i (X0 — 2o) = 7 (0) = c(p — A) 327,

3-2n—|a| 3—2n—|a|
that is, u — A < C$§ . In particular, whenever © — A > C§ 5 then
Bs(xo) NTY = 2.
Taking § and 1 small enough we get the desired result. O

3. Dimension of I',

In this section we prove that I' = Uxe[o 1 F% has dimension at most n — 1.

Proposition 3.1. Ler m € N, and suppose 2m < v + «. Let us denote p)ch;l the
blow-up of "_‘)ACKZxO) at x, € I'yyy. Then, the mapping I'ap 3 xo > pg;’n is continuous.
Moreover, for any compact set K C 'y, there exists a modulus of continuity o

such that
75, @) = pin (0] € ok (D"
forany x, € K.

Proof. This follows exactly as the proof of [22, Theorem 2.8.4] (or [23, Theorem
8.2]) using that I'z;, 3 xo — A(x,) and 'y, 3 X6 +— L_’i?xo) are continuous (see
Corollary 2.7). O
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Singular points (that is, points of order 2m < t 4 «) have a non-degeneracy
property. Namely, as proved in [23, Lemma 8.1], if x, € F%m, then there exists
some constant C > 0 (depending on the point x,) such that

C™1r?m < sup liae| < Crm,

-

In particular, we can further divide the set I'5,,, according to the degree of degeneracy
of the singular point. That is, let us define

Tom j = {Xo € Bi_j-1 N Ty 1 j~'r? Ssupliefy, || < jr*" forallr < (2j)7"},
B,

so that
1—‘Zm = U 1—‘Zm,jv
jeN

and each I';, ; C I'zp is compact (see [22, Lemma 2.8.2], which only uses the
upper semi-continuity of the frequency formula with respect to the point).

In the next proposition we are going to use a Monneau-type monotonicity
formula. In particular, we will use that, if we define form € N, x, € F%m,

i | i
M pan) = e [ G = pPbsial”s Q)

for any 2m-homogeneous, a-harmonic, even polynomial py,, with py,, (x’, 0) > 0,
such that py,, < C for some universal bound C, then
d
dr

for some constant C), independent of A. (See [23, Proposition 7.2] and [22, Theorem
2.7.21)

Mo (r, 6%, pam) = —Cpgr®™"! (3.2)

Proposition 3.2. Let m € N, and suppose 2m < t© + «. Let us denote pﬁ% the
blow-up of ﬁi?xo) at xo € Toy. Then, for each j € N there exists a modulus of
continuity o such that

X, Z
P55 = Pl 2B, sy 1) = 0 (1X6 — Zo])
forall xo, zo € Uopy, ).

Proof. Suppose it is not true. That is, suppose that there exist sequences xi, zx €
[y, j with k € N, such that [x; — z¢| — 0 and

P38, = PrellL2@By 1y yjey = 8 >0 (3.3)

for some § > 0. Suppose also that A(xz) < A(zx).
Let pr := |xx — zk| § 0 as k — oo. Let us define

.
uy o (Okx + Xk — k)
and vf (x) 1= k) 5 .

k k
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We have that

VR0 = 050 = o " e (Prx + xk) — g (0kx + X10) + O (prx”)
— Q% (okx’ + x| — 2}) — Ext (O™ (ox-)
— Q% (px - +xf — Z) (X, Xt

where, if p = p(x’) : R" — R is a polynomial, Ext,(p)(x’, x,+1) denotes its
unique even a-harmonic extension.

Notice thatuy ;) > u; (x,) (since A(zx) > A(xx)). Onthe other hand, let us study
the convergence of the degree t polynomials Pfk @) = O (pkx") — O (orx’ +
x; — z;). First, observe that

[P =103 (0) — Q% (x — 2| = lp(xp) — Q% (x; — 2p)| = 0(pf),

since Q7" and Q¥ are the Taylor expansions of ¢ of order T at x; and z; respectively,
and |x; — z;,| = px. Similarly, for any multi-index g = (B1,..., Bp—1) with
1Bl =,

1D? PE0)| = p”' [ DP (i) — DF Q% (x) — 2})| = 0(pf).

Thus, the Pfk = o(pf) (say, in any norm in Bj), and so the same occurs with the
a-harmonic extension. Notice, also, that by assumption, 2m < t. In all, we have
that

vk () = vE(x) = (). (3.4)
On the other hand, we have
WE () = pok (0] < ok, j (ol x> 3.5)

thanks to Proposition 3.1 with K = I';, ;, and for some modulus of continuity
ok,; depending on j. Similarly, if we denote

Tk — Xk
fk=——¢€8",
Pk

then
05 (x) — Py, (¢ — &1 < ok j(prlx — &l — &[> (3.6)
From the definition of I'y,, ; we know that
T < suplpyy | < 2 (3.7)
3B,
In particular, up to subsequences, p)zc’;n — px uniformly for some 2m-homogeneous
polynomial p,, a-harmonic, such that p,(x", 0) > 0, and

jIrP S sup | py| < jr?, (3.8)

r
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Notice that both bounds (3.7) are crucial: the bound from above allows a conver-
gence, and the bound from below avoid getting as a limit the zero polynomial.
We similarly have that pgfn — p, for some p, 2m-homogeneous polynomial,
a-harmonic, with p,(x’, 0) > 0 and such that (3.8) holds for p,.

Combining the convergences of p5, and p3! to py and p, with (3.5)-(3.6) we
obtain that

U]; — Px» vf — p:(-—&,), uniformly,

for some &, = (&/,0) € S". On the other hand, from (3.4), we know that p, >
p Z(' - So)-

Thus, pyx — p;(-—&,) > 0, and is a-harmonic, therefore by Lioville’s theorem is
constant. Moreover, both terms are non-negative on the thin space, and both attain
the value O (since they are homogeneous), therefore, p, = p.(- — &,). Since both
px and p, are homogeneous of the same degree, this implies that p, = p,.

Let us now use the Monneau-type monotonicity formula, (3.1)—(3.2), with poly-
nomials p, and p,:

W = p) P = Mo (ox, i35 ), po)
dBj

2 Mm(0+7 IZ))?EX/()’ px) - CMIO]‘Z

= / (P5 = po) a1l — Cupl,
dBj

where we are using that p‘zmﬁk(xk)(px) — PZZ as p | 0. Letting k — o0 (so
ok | 0), since vk — p, we get that

(P55, — p)?1xns1l® — 0.
B

On the other hand, proceeding analogously,
| ater0 = pmnl = [ 05, = poPal = Cue
0B By
and since vf = p(- — &),
| @5 = pPiat o
dB
Thus, since py = p;, we obtain that
/ (P = P5E ) Xt ]” — 0,
dB

which is a contradiction with (3.3). |

Finally, we prove the following:
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Proposition 3.3. Let m € N, and suppose 2m < t 4 «. Then, 'y, is contained in
a countable union of (n — 1)-dimensional C' manifolds.

Proof. The proof is now standard, and it follows applying the Whitney extension

theorem, which can be applied thanks to Proposition 3.2. We refer the reader to the

proof of [22, Theorem 1.3.8], which we summarise here for completeness.
Indeed, if x, € 'y, and B = (B1, .. ., Bn+1) is a multi-index, we denote

Pap, (X) = Z —aﬂg!%)xﬂ
|Bl=2m

so that a(x,) (the coefficients) are continuous on Iz, ; by Proposition 3.2. Arguing
as in [22, Lemma 1.5.6] (by means of Proposition 3.1) the function fg defined for
the multi-index B, with |B| < 2m,

_]0 if |B] < 2m,
Tp) = {a,s(x) if 18] = 2m.

for x € I'yp, fulfils the compatibility conditions to apply Whitney’s extension
theorem on I'p,, ;. That is, there exists some F € C Zm (R”H) such that

for any |B| < 2m.
Now, for any x, € I'2,_ ;, since P;;; # 0, there exists some v € R” such that

Vypye,(x,0) #0 on R".
In particular, for some multi-index S, with |B,| = 2m — 1,
v Vedbe Fxo) = v-VedP pl (0) #0, (3.9)

d‘lgo

where 9 := . On the other hand,

Tomj C () 18PF=0}c{ofF =0}
|B1=2m—1

so that, thanks to (3.9), by the implicit function theorem I'y,, ; is locally contained
ina (n — 1)-dimensional C ! manifold. Thus, I'»,, is contained in a countable union
of (n — 1)-dimensional C! manifolds. |
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4. Proof of Main Results

Finally, in this section we prove the main results. To do this, the starting point
is the following GMT lemma from [19]:

Lemma 4.1. [19] Consider the family { E; }).c[0.1] with E, C R". and let us denote
R" 2 E :=Ujepo.1) Ex-
Suppose that for some B € (0,n] and y > 1, we have
e dimy E < B,
e for any ¢ > 0, and for any x, € E,_ for some A, € [0, 1], there exists some
p = p(e, X0, Ao) > 0 such that

B (xo))NEy =@ forall r < p, and A > Ao +1rV 7%,
Then,

(D) IfB <y, thendimy({A: E) #2}) < B/y < 1.
Q) If B = y, then for H'-a.e. > € R, we have dimy(E;) < B — y.

We will also use the following lemma, analogous to the first part of Lemma 4.1
but dealing with the upper Minkowski dimension instead (which we denote dim x4).
We refer to [32, Chapter 5] for more details on the upper/lower Minkowski content
and dimension.

Lemma 4.2. Consider the family {Ej};c(0,1) with E; C R". and let us denote
Rn D E = U)\.G[O,l] E)\,'
Suppose that for some B € [1,n] andy > B, we have

o dimE < B,
e for any ¢ > 0, and for any x, € E;_ for some A, € [0, 1], there exists some
p = p(e) > 0 such that

B (xo) NEy =@ forall r <p, and ) > ko + 1V 7%,
Then, dimpaq({1 : Ey # @) < B/y < 1.
Proof. Given A C R”, let us denote
N(A,r) := min {k A CU_Br(x;) forsomex; e R"} , 4.1

the smallest number of r-balls needed to cover A. The upper Minkowski dimension
of A can then be defined as

dim A := inf {s :limsup N(A, r)r® = O}
rl0

(see [32]). Notice that the definition of upper Minkowski dimension does not change
if we assume that the balls B, (x;) from (4.1) are centered at points in A (by taking,
for instance, balls with twice the radius).
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Since dim\(E < B, we have that for any § > 0, N(E, r) = o(rf*?). Let us
consider N (E, r) balls of radius r centered at E, B, (x;), with x; € E. Thanks to
our second hypothesis we have that

N(E.r)
U B x Evc | @) —r 75 a6 + 1777 x Br(xy),
1€[0,1] i=1
where x; € Ej(y;). Thus,

N(E.,r)
el 1B #ayc | (@)= a@) + 1770,
i=1
where the intervals are balls of radius ¥ ¢. In particular, using that N(E, r) =
o(rP*%), we deduce that

_ )
dimag (A €[0,1]: E; # 2} < P+ .
y —¢
Since this works for any 4, ¢ > 0, we deduce the desired result. m]

Remark 4.3. Notice that Lemma 4.1 is somehow a generalization of the coarea
formula. Namely, if we consider the case y = 1, 8 = n, and ¢ = 0, and we denote
E; the level sets of a Lipschitz function f = f(1) (E; = f~!(1)), the the coarea

formula says that
1
[t () ai= [ 9r1<o0.
0 B

since f is Lipschitz by assumption. In particular, 7" ! (f’] (A)) < oo for H'-a.e.
A € [0, 1]. This is used by Monneau in [33] for the classical obstacle problem.

This observation is also the reason why we do not expect to have a Minkowski
analogous to Lemma 4.1 (2), as we did in Lemma 4.2 for part (1).

By applying the previous lemmas together with Proposition 2.4 we obtain the
following result.

Theorem 4.4. Let u) solve (2.2)—(2.3). Let ¢ € C™%, and let k < T + o and
k<1t+a-—a.
If2+2s <k < n+2s, then,

dimH(F)Z‘K) <n—«x+2s forae )el0,1],
On the other hand, if k > n + 2s, then
It =2 forall »el0,1]\&,

where &, C [0, 1] is such that dimy (&) £ L

K—2s"

Furthermore, for any h > 0, if k > n + 2s, then

ILeNBi_y=2 forall %e[0,1]\ Ecn,

where Ecj, C [0, 1] is such that dim pq(Ee.p) < 2

= k—2s"
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Proof. The proof of this result follows applying Lemmas 4.1 and 4.2 to the right
sets. Indeed, we consider the sets

E, =T, E:= |]J E.
A€[0,1]

Notice that E = I'>,, and we can take § = n in Lemma 4.1. On the other hand,
we know that for any A, € [0, 1], x, € Ej_, there exists p = p(x,, A,) > 0 such
that

B, (x)NE; =@ forall r<p, and A > Ao + Cor* 2.

thanks to Proposition 2.4. That is, for any ¢ > 0 there exists some p =
p (&, x5, ko) > 0 such that

B (x,) NE, =@ forall r<p, andi > Ao+ r 27,

and the hypotheses of Lemma 4.1 are fulfilled, with 8 = n and y = « — 2s. The
result now follows by Lemma 4.1.

The last part of the theorem follows by applying Lemma 4.2 instead of
Lemma 4.1. We notice in this case that the dependence of p on the point has
been removed, but now it depends on /2 > 0. This forces the result to hold only in
smaller balls B|_j,. m]

In particular, we can also deal with the set of free boundary points of infinite
order.

Corollary 4.5. Let u;. solve (2.2)-(2.3). Let ¢ € C™, and let T}, := (=, %,
Then, B

=@ forall »e[0,1]\€,

where £ C [0, 1] is such that dimy(E) = O.
Furthermore, for any h > 0,

I NBi_, =@ forall »el0,1]1\&,
where &, C [0, 1] is such that dimpq(E) = 0.
Proof. Apply Theorem 4.4 to Fg . and let k — oo. O

And we get that the free boundary points of order greater or equal than 2 + 2s
are at most (n — 2)-dimensional, for almost every A € [0, 1].

Corollary 4.6. Let u) solve (2.2)~(2.3). Let ¢ € C*. Then,
dimp(I255,) Sn =2,
for almost every A € [0, 1].

Proof. This is simply Theorem 4.4 with k = 2 + 2. O
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On the other hand, combining the results from Sections 2 and 3 with Lemma 4.1,
we get the following regarding the free boundary points of order 2:

Theorem 4.7. Let u) solve (2.2)—(2.3), and let n > 2. Then
dimy([3) < n—2 forae »xel0,1].

Proof. The proof of this result follows applying Lemma 4.1 to the right sets. We
consider

E, =75, E:= ] E.=T
rel0,1]

Notice that E has dimension H(E) = n — 1 by Proposition 3.3, so that we can take
B = n — 1in Lemma 4.1. On the other hand, we know that for any A, € [0, 1],
X, € E)_, and any ¢ > 0, there exists p = p(¢, x5, A;) > 0 such that

B, (xo)NE, =2 forall r <p, and A > A, + 7.

thanks to Proposition 2.9 (notice that 2% > 1 forall s € (1/2,1)). That is, the
hypotheses of Lemma 4.1 are fulfilled, with 8 = n — 1 and y = 1. The result now
follows by Lemma 4.1. O

In fact, the previous theorem is a particular case of the more general state-
ment involving singular points given by the following proposition (we give it for
completeness, although we do not need it in our analysis):

Proposition 4.8. Let u) solve (2.2)—(2.3). Let n > 2 and let ¢ € C™* for some
r € Naganda € (0, 1). Then, if s < 3,

dimy (M) <n—3 forae xrel0,1].

. . 1
Alternatively, if s > oL

2_
dimp (%) < n — 1 —2ﬁ forae. Ael0,1].

Finally, if m € N is such that 2m < t,
dimH(Fé‘m) <n—1-2m+2s forae Xel[0,]1].

Proof. This proof simply follows by analysing the previous results more carefully.
The first part follows exactly as Theorem 4.7, using Proposition 2.9 and looking at
each case separately.

Finally, regarding general singular points of order 2m, the proof follows exactly
as Theorem 4.4 using that I'y,,, has dimension n — 1 instead of n thanks to Propo-
sition 3.3. O

Finally, in order to control the size of points of homogeneity in the interval
(2,2 + 2s), we refer to the following result by Focardi—Spadaro, that establishes
that points in I'y are lower dimensional with respect to the free boundary. The result
in [21] involves higher order points as well, but we state it in the explicit form in
which it will be used below.
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Proposition 4.9. [21] Let u be a solution to the fractional obstacle problem with
obstacle ¢ € C** for some a € (0, 1),

Lou =0 inBi\ ({xp+1 =0} N{u =9}
Lou <0 in B 4.2)
u>g@ on{xyr1 =0}

Let 6 € (0, o) and let us denote
ro= {xo €A : DropOF, i™) =n+1—2s+ ZK}. (4.3)
KE€(2,2425)
Then
dimy Ty <n —2.

Moreover, ifn = 2, 1:‘* is discrete.

Combining the previous results, we obtain the following:
Corollary 4.10. Let uj, solve (2.2)—(2.3). Let ¢ € C*%. Then,

dimy;(Deg(u;)) < n —2,
for almost every A € [0, 1].
Proof. This follows by combining the previous results. Notice that
Deg(u) = T*\ T}, = T3 UT.(u) UT%, 5.

The result now follows thanks to Proposition 4.9, Corollary 4.6, and Theorem 4.7.
[m}

Remark 4.11. Following the proofs carefully, one can see that the previous result
holds true for obstacles ¢ € C>!if s < % The condition ¢ € C* is only used
whenever s > %, since otherwise, in this case the previous methods do not imply

the smallness of f‘*
We can now prove the main results.

Proof of Theorem 1.1. Notice that, by the Harnack inequality, there exists a con-
stant ¢ such that u) 4, > g, + ce in dB1 N {|xp+1] > %}. Thus, let us consider

wj, = ¢~ 'uy, so that w;, fulfils (2.3) and we can apply Corollary 4.10 to w;.. Since
e (wy) =T (uy) forall k € [3/2, 00], A € [0, 1],

dimg (T (u) \ T3/2(u3)) < n —2.

We finish by recalling that I'3/2(u;) = Reg(u;) is open, and a C*®° (n — 1)-
dimensional manifold (see [3,13,29]). O

Proof of Theorem 1.3. With the same transformation as in the previous proof, the
result now follows from Corollary 4.5. O
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Proof of Theorem 1.5. Let us suppose that, after a rescaling if necessary, {¢ >
0} C B C R".

We define w) = v, + A, which fulfils a fractional obstacle problem, with
obstacle ¢, but with limiting value A. Take the standard a-harmonic (i.e., with the
operator L,) extension of w;, which we denote w;, from R” to R"*+!. Thanks to
[9], w, fulfils a problem of the form (2.2) in By C R+

Moreover, by the Harnack inequality, wy 4. > w; + ce in By N {|x,4+1| > %}
for some constant ¢. Now, the functions ¢!, fulfil (2.3), so that we can apply
Corollary 4.10 to ¢~ ;. to obtain

dimy (Deg(v;)) = dimp (T'(v2) \ Ti45(v)) = n — 2.

The result now follows since I'j45(v;) = Reg(vy) is open, and a C* (n — 1)-
dimensional manifold (see [3,26,30]). O

Proof of Theorem 1.6. With the same transformation as in the previous proof, the
result follows from Corollary 4.5. O

5. Examples of Degenerate Free Boundary Points

Let us consider the thin obstacle problem in a domain Q2 C R"H with zero
obstacle defined on x,1 = 0; that is,

—Au=0 in 2\ ({xp+1 =0} N{u =0}
—Au >0 inQ

u =0 on{x,1 =0}

u=g onoQ2

(5.1

for some continuous boundary values g € C 0(3Q) suchthatg > 0ondQ2N {xpt1 =
0}.

Proof of Proposition 1.7. We will show that there exists some domain €2 and some
boundary data g such that the solution to (5.1) has a sequence of regular points (of
order 3/2) converging to a non-regular (singular) point (of order 2). Then, the
solution from Proposition 1.7 will be the solution here constructed restricted to
any ball inside €2 containing such singular point, with its own boundary data (and
appropriately rescaled, if necessary).

In order to build such a solution we will use [5, Lemma 3.2], which says that
solutions to

—Au=0 inQ\ (X1 =0} N {u =g}
—Au >0 inQ

u>¢ on{x,+1 =0}

u=0 onof,

(5.2)

with Ay < —cp < 0 and Q convex and even in x,; | have a free boundary
containing only regular points (frequency 3/2) and singular points of frequency
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2. In particular, they establish a non-degeneracy result stating that, for any x, =
(x5, 0) € T'(w),

sup (u — @) > c1r2 forall r € (0, ry), (5.3)
B (x})

for some ry, ¢; that do not depend on the point x,. More precisely, they show it
around points x € {u > ¢} and then take the limit x — x, € I'(«).

On the other hand, from their proof one can also show that in fact, the convexity
on 2 can be weakened to convexity in €2 in the e, direction.

Letus fix n = 2. Up to subtracting the right obstacle, we consider the problem

—Au=0 inQ\ (x3=0}N{u=0}
—Au >0 inQ

u > @ on{x3 =0}

u=0 onof2

54

for some analytic obstacle ¢;, and some domain €2 smooth, convex and even in x3,
to be chosen.

Let o;(x) =t — (1 — )clz)2 — 4x§. Notice that, in the thin space, Ay ¢, =
—12x% — 4 < —4, so that, by the result in [5], under the appropriate domain €2,
the points on the free boundary I'(u;) are either regular (with frequency 3/2) or
singular (with frequency 2), and we have non-degeneracy (5.3). Let Q' := {x’ €
RZ : (11— x12)2 + 4x§ < 2}, and take any bounded, convex in x3, and even in x3
extension of €', Q. Then, if 1 = 2 and Q C {|x3| < 1}, the solution u; to (5.4) is
exactly equal to the solution to

Aup =0 inQ\ {x3 =0}
up, =0 ondQ
uy = ¢ on {x3 = 0},

so that, in particular, the contact set is full.!

Notice that, when ¢ < 0, the contact set is empty, A(u;) = &, and whent = 0
the contact set is two points, p+ = (%1, 0, 0) (which, in particular, are singular
points). Notice, also, that the contact set is always closed and is monotone in 7, in
the sense that A(u;) € A(uy,) if 1 < tp. Let us say that a set is p+-connected
if the points p4 and p_ belong to the same connected component. Then, there
exists some * € (0, 2] such that A(u;) is not py-connected for r < ¢*, and is
p+-connected for ¢ > t*. Notice, also, that since A(u;) C {x’ : ¢; > 0} then
t* > 1.

We claim that A (u;+) is p+-connected and has a set of regular points converging
to a singular point.

Let us first show that A (u;+) is p+-connected. Suppose it is not. That is, A (us+)
is a closed set with p4 on different connected components. On the other hand,

I'To see this, we compare up with the harmonic extension of ¢, @p(x1, x2,x3) =
@ (x1,x2) + 2x§ + 6x12x% - xé‘.
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A(u;) is compact and p4-connected for 1 > t*, and nested (A (u;) C A(uy) for
t <t'). Take

A= [ A,

te(t*,2]

then A, is p-connected (being the intersection of compact p_-connected nested
sets), and A(usp+) C A+, since A(u;+) is not py-connected. In particular, there
exists some x, € A(u;) for all # > +* such that x, & A(u+). But, by continuity,
this is not possible: 0 < (uy — @) (xXo) = limy =+ (u; — @;)(x5) = 0. Therefore,
A(up) is pi-connected.

Take AP (us+) to be the connected component containing both p4 and p_.
Then, d A (u;+) must contain at least one singular point. Indeed, suppose it is not
true. In this case, all points in d A? (u,+) are regular, and in particular, A? (u;+) is
a compact connected set with smooth boundary, with all points of the boundary
having positive density (in {x3 = 0}), and therefore (A” (u;+))° is also connected.
Letus denote Ai (uy) the corresponding connected components of A (u;) containing
p+ fort < t* (notice that, by definition of t*, AL (u,) # A” (u,). Then,

APS = (U (Ai(u,))o) u (U (A’_’(u,))°) C (AP um)°,

t<t* t<t*

given that the left-hand side is not connected, and the right-hand side is. Take
Yo € (AP (usx))°\ Atp;;*, so that around y, the non-degeneracy (5.3) holds for any
t < t*. Then, there exists some r, > 0, r| > r, (where r; is defined in (5.3)) such

that B (yo) C AP (us+), so that us — gy« |8, (y,) = 0and

0< clrg < lim sup (u; — @) = sup (up — @) =0,
I pr(xl) B/(x])
which is a contradiction. That is, not all points on d A? (u+) are regular. By [5],
then there exist some degenerate (singular) point of frequency 2, xp € dAP (us+).
Now consider I'p, the connected component in d A? (u,+) containing xp. Since the
density of the contact set around singular points is zero, if I'p consist exclusively
of singular points, then I'p itself is the whole connected component A” (u,), and
p+ € TI'p are singular points. Nonetheless, for small + > 0, A(u;) contains a
neighbourhood of p+, which contradicts the singularity of p.. Therefore, I'p is
not formed exclusively of singular points, and then there exists a sequence of regular
points converging to a singular point. O

Now, before proving Proposition 1.8, let us show the following lemma:

Lemma 5.1. Let m € N.g, and let n € C°(By) such that n = 1 in By. Let
uy = max{u, 0} and u_ = — min{u, 0}. Then,

(=8 [T ] = Cos )21 € € (B,

Sfor some positive constant Cy, s > 0 depending only on n, m, and s.
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Proof. We consider the extension problem from R” to R”*!. Namely, let us denote
u1 the extension of (xl)imH“n, that is, 11 solves

Loui =0 inR"*' N {x,,1 > 0}
ui(x’,0) = (xl)%rmH“n for x’ € R"
ui(x) = 0 as x| — oo,

where a = 1 — 2s. Then, we know that
{ar [@zteon ] o) = timyoy, @)

for x’ € R". On the other hand, let u; be the unique a-harmonic extension of
(xl)%rmH“ from R” to R"*!. That is, u, is homogeneous (of degree 2m + 1 + s),
and fulfils

Louy =0 in R" N {x,41 > 0}
up(x',0) = (x)3™ M for x" € R”.

The fact that such solution exists, and that limy o y“9y,_ | ur(x’,y) =0if x; > 0,

follows, for example, from [20, Proposition A.1]. On the other hand, notice that,

since uz is (2m + 1 + s)-homogeneous, we have that, limy o y?9y,,, ur(x’, y) =
Cpn.s|x1|?" 175 for x1 < 0, so that, in all,

1)’1?8 ya axn+1 MZ(x/a y) = Cm,x (xl)2_m+l—s.
Again, by [20, Proposition A.1] u» is a solution to the thin obstacle problem with

operator L,, so Cp, s > 0 (otherwise, it would not be a supersolution for L,).
Let now v = u; — uy. Notice that v fulfils

Lov=0 in R"!' N {x,41 > 0}
v(x,0) = (x)2" Ty — 1) forx’ € R".

In particular, v(x’, 0) = 0 in Bj. Let us denote D% v a derivative in the x e R"
direction of v, with multi-index « = (a1, o2, ..., &y, 0). Then D)‘z‘,v is such that

LyD%v =0 in By N {x,41 > 0}
D¢v(x',0) =0 forx’ € B].

Then, by estimates for the operator L,, we know that, if we define

we (x') == lim y“d,, ., Dv(x’, y), wo(x") :=lim y*9y,, v(x', y),
0 0

then w, satisfies w, € C‘B(Bl/z) for some 8 > 0 (see [8, Proposition 4.3]
or [26, Proposition 2.3]). In particular, since w, = D%wg, we have that wy €
C""Hﬂ(Bl/z). Since this works for all multi-index o, wg € C*°(By2).

Thus, combining the previous steps,

8 [T ] = )2 = lim i, 1 () )



Free Boundary Regularity for Almost Every Solution to the Signorini Problem 455

- l\’lila yagxnﬂ v(x’, y)
=wp € C™(B1)2),
as we wanted to see. m|

We are now in disposition to give the proof of Proposition 1.8.

Proof of Proposition 1.8. We divide the proof into two steps. In the first step, we
show the results holds up to an intermediate claim, that will be proved in the second
step.

Step 1. Thanks to [24, Theorem 4] or [1, Section 2], we have that (—A)*(d*n) €
C™(Q€) for any n € C* with sufficient decay at infinity. Here, d denotes any C>
function (with at most polynomial growth at infinity) such that in a neighbourhood
of Q coincides with the distance to €2, and d|q = 0.

In particular, once d is fixed, we know that for any k € N,

(=)' (@) = f € (@),
and, if we make sure that d > 0 in Q€, with exponential decay at infinity, we get

C
|feol = W

Define, for some g with the previous decay, |g(x)] < C(1 + |x|*2%)~1, ¢g such
that

(_A)Swg =8

that is, one can take

@g(x) = Dyg(x) := C/ gy

R |x — y[n2s

Notice that

dy
x)| < C
(0l = /R (1 + [y 2)|x — y|r=2s

sc/ dy
= Iy—XIZ% (1+ |y|"+2s)|x _ y|n—2s

+C/ dy
y—x < (1 + [y [x — yjn=2

N

C / dy n C / dy
= |x|n—2s \y—x\z% 1+ |y|n+2s 1+ |x|n+23 Iy—XI§% |x _ y|n—2s ’

where we are using that if |y — x| < % then |y| > % by triangular inequality.

Notice also that

2
/ dy :/ dZ — /XV r2sfldr — C|x|25
|y—x|§% |'x - y|n_2S B|X|/2 |Z|n_23 0
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In all, also using that ¢(x) is bounded around the origin, we obtain that

< -
|(Pg(x)| =15 |x|"_2S.

Now let us define v = d¥*+5. We claim that, if k = 2m + 1 for some m € N.,
then v fulfils

(=A)’v > f inR"
(=A)Yv = f in{v > 0} (5.5)
v>0 inR",

where £ is some appropriate C™ extension of f inside . Then, if we define
U:=v+¢_ Iz
u fulfils,

(=AYu=>0 in R”
(=A)*u=0 in {u > gp_f-}
u=g_g in R"?,

and notice that, since v > 0 in Q¢ and v = 0 in 2, by definition, we have that the
contact set is exactly equal to 2. Moreover, by the growth of v at the boundary, the
free boundary points are of frequency k + s. Also, by the decay at infinity of v and
¢_ 7, u — 0 atinfinity.

Step 2. We still have to show that, for an appropriate choice of f, (5.5) holds for
k = 2m + 1. Notice that, in fact, in Q¢ we know that f is C°°. Moreover, we only
have to show the claim for a neighbourhood of 92 inside €2, given that exactly at the
boundary we expect a unique extension of f (that is, all derivatives are prescribed
at the boundary).

That is, if we let Qs := {x € Q : dist(x, 9R2) < 8}, we have to show that there
exists some § > 0 small enough such that (—A)*v > f in 25, where we recall that
f is a C™ extension of f € C*(Q¢) inside Q.

Let z, € 0. After a translation and a rotation, we assume that z, = 0 and
v(0,0Q) = ey, where v(0, 0Q2) denotes the outward normal to d€2 at 0. After
rescaling if necessary, let us assume that we are working in By, that each point
in By has a unique projection onto 92, and that d|g,nqc = dist(-, 2). Moreover,
again after a rescaling if necessary (since €2 is a C°° domain), let us assume that

1S =102,y PIN B C QN B C {y1 £ (2, ..., y) P} N By, (5.6)

so that, in particular, {—te; : t € (0, 1)} C Q.

Let n € C°(B2) such that n = 1 in By, and let uy = max{u, O} denote the
positive part, and u_ = — min{u, 0} the negative part. Let « = 2m + 1 + s, and
define

up(x) == (xpin,  wx) =) —wux) =d*(x) — (xp)in.
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Notice that, by Lemma 5.1,
(=AY ur(x) — Cp s (x5 € C®(By2), (5.7)

for some positive constant Cy, ; > 0.
We begin by claiming that

wi(x1) = [(=A) w](x1,0,...,0) € CPHI=s+8((=1/2,1/2)),  (5.8)

for some ¢ > 0.
Indeed, let any z; € (—1/2,1/2). Let us denote for y € (0, 1], 52)1”)}! the
incremental quotient in the e direction of length O < & < 1/4 and order y; that

is,

@ _IF (e +her) — F(yo)|
80/ F (vo) 1= T
Since d = (x1)4+ on {x» = --- = x, = 0} N By, we have that w(x1,0,...,0) =0

on (—1, 1). Now notice that, forany £ € N, y € (0, 1],

d(
ag}hﬂwl@ - {aglyfha‘fl[(—mfw]] (1,0,...,0)

B / 88k w1 + )

|y|n+2$ dy’ (5.9)
where z; = {z1,0, ..., 0} € R", and we are using that 82’7);18,51 w(z1) = 0. In order

to show (5.8), we will bound

dﬁ
80 = wi(z1)

lim
e,h ; ¢
dxy

<C in Bj, 5.10
i S C in Bjp (5.10)

for some C, for £ = 2m and for y = 1 — s + ¢ for some ¢ > 0.

We need to separate into different cases according to z; + y. Notice that the
the integral in (5.9) is immediately bounded in R" \ By, because w € C® and the
integrand is thus bounded by C| y|_"_2s . We can, therefore, assume that y € By/;
sothatz; +y € By.

Let us start by noticing that, from (5.7), together with the fact that (—A)*v is
smooth in Q¢, we already know that w; € C*°([0, 1/2)), so that we only care about
the case z1 < 0.

Letz; < O,sothatz; € Q.If z; +y € N {x; < 0} N By, then w(z; +
y) =0.1Ifz1 +y € QN {x; > 0} N By, then |w(Z; + y)| = |z1 + y1|* and
108, w1 +y) = Clzi + y1|*7¢ < Cly[*@~9; where we are using that z; + y; <
32y < [y12, see (5.6). Similarly, limy 0 80,85, w|GE1 + y) < Clzy +
il S Clypetien.,

Conversely, if z; +y € QN {x; < 0} N By, lw(z; + y)| = d“(zZ; + y) and
|8£1w|(21 +y) £ Cd* 4z + y) £ Cly|**= Y, where we are using (5.6) again.
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Taking the incremental quotients, limy, | o |8£’1/7)h8£] w|(Z14y) < Cd* 7 (Z14y) <
Cly|?e=t=7)

Finally, if z; + y € Q¢ N {x; > 0} N By, both terms in the expression of w are
relevant. Using that |a? — bf| < Cla — b||aP~' 4+ bP~!| we obtain that

W+ )| £ Cld =] (47" +uf ") G+ ).

Notice thaton {x = --- = x, = 0} N By, d = u; and 9;d = d;u = O for
2 <i < n,sothat in fact |d — u1|(Z1 + y) < C|y|>. On the other hand, we also
have that d*~1(z; 4+ y) < C|y|*~!, so that

lwE@ + )| < Cly[*t. (5.11)

Notice, also, that w € C% (ie., Vit lw e C%). By classical interpolation
inequalities for Holder spaces (or fractional Sobolev spaces with p = o00) we
know that, if 0 <y < 1,

¢ 1, S
”V w”CV(Br(Zl)) g C”V w”C?(B,(Z]))”w”LOg(B,(Zl))

(see, for instance, [6, Theorem 6.4.5]). Thus, in our case we have that

I+s—y

8 @1+ y) S Cly| @D, (5.12)

e,h

lim
hl0

d
—w
dxf

Thus, putting all together we obtain that

I+s—
tim (37,06, w] 1+ ) < Cmax [y e,y

If we want (5.10) to hold, we need (by checking (5.9))

1 —
da—l—p)>2s and (@4 )—2"Y oo (5.13)
o

forsome 1 —s < y < 1, and £ = 2m (recall we need to show y = 1 — s + ¢ for
some ¢ > 0). The first inequality holds as long as y < 1. The second inequality

will hold if
2s5a oa—1
=1- S.
o+ 1 oa+1

y<l4+s—

Thus, we can choose y =1 —s +ewith0) < e < ﬁs and (5.8) holds with this
e.
Now, combining (5.8)—(5.7), we obtain that

fo = [(=AYV]1(x1,0,...,0) = Cp s (x)2" 175 € C2mHI=5Fe (172, 1/2)).

In particular, if we recall that f € C*°(By) is a C™ extension of (=A)*vinside €2,
and noticing that f, — f (x1,0,...,0) = Oforx; > 0, wehavethat f(-,0,...,0)—
fy € ComH1=ste((—~1/2,1/2)) and

fo— f&x1,0,...,0) = o(|x; |2mtl=stey
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or
[(—A)v](x1,0,...,0) = Cos (x> 175 4 F(x1,0,...,0) + o(|x |7+ =5F8),

Thus, since Cy, s > 0, [(—A)*v](x1,0,...,0) > f(xl,O, ..., 0)1f |xq| is small
enough (depending only on n, m, s, and €2), as we wanted to see.

‘We have that, for a fixed f extension of f inside 2, (—A)’v > f in 5 for
some small § > 0 depending only on n, m, s, and Q. Up to redefining £ in 2\ Qs /25
we can easily build an f € C* such that (—A)*v > f in , as we wanted to see.
O

To finish, we study the points of order infinity. To do this, we start with the
following proposition:

Proposition 5.2. Let C C By C R" be any closed set. Then, there exists a non-
trivial solution u and an obstacle ¢ € C°°(R") such that

(=A)Y’u>0 inR"
(=A)Yu=0 in{u > ¢}
u>g¢ inR",

and A(u) "By ={u =¢}N B =C.

Proof. Take any obstacle v € C°°(IR") such thatsupp ¥y CC B;(2e;), withyy > 0
somewhere, and take the non-trivial solution to

(=A)u >0 inR"
(=AYu=0 in{u > ¥}
u >y inR".

Notice that u > v in B (in particular, u € C*°(By)). Let f¢ be any C* function
suchthat0 < fe < landC = {f¢ = 0}.

Now let n € CZ°(B3/2) such that > 0 and n = I in By. Consider, as new
obstacle, ¢ = ¥ + n(u — ¥)(1 — f¢) € C*°(By). Notice that u — ¢ > 0. Notice,
also, that for x € By, (u — ¢)(x) = 0 if and only if x € C. Thus, u with obstacle ¢
gives the desired result. O

And now we can provide the proof of Proposition 1.9:

Proof of Proposition 1.9. The proof is now immediate thanks to Proposition 5.2,
since we can choose as contact set any closed set with boundary of dimension
greater or equal than n — ¢ for any ¢ > 0, and points of finite order are at most
(n — 1)-dimensional. |
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6. The Parabolic Signorini Problem

We consider now the parabolic version of the thin obstacle problem. Given
(xo,1,) € R x R, we will use the notation

Qr(xO’ to) = BV(XO) X (to - i’2, to] C Rl’l-‘rl X R,
Q}(x). 10) = B/(x;) X (fo = r*, 1] CR" x R,
Qj_((x:” 0)’ to) = Bj_((xc/;’ 0)) X (to — rZ’ to] C Rn+1 x R.

We will denote, O, = 0,(0,0), Q. = 0.(0,0) and Q;F = Q;7(0,0). We
consider the problem posed in Qf' = BI" x (—1, 0] for some fixed obstacle

¢:B >R, ¢ecC"B]), teNsac,Il],
that is,

ou—Au=0, in Q;

' 6.1
{ mln{u - @, 8X}l+lu} = 0’ on Q/l ( )

The free boundary for (6.1) is given by
P(u) :=dg {(x",1) € Q) 1 u(x,0,1) > p(x")},

where BQ/I denotes the boundary in the relative topology of Q. For this problem,
it is more convenient to study the extended free boundary, defined by

T(u) = 8Q/I (X', 1) € Q] :u(x',0,1) = p(x'), axnﬂu(x/, 0,¢) =0},

so that T'(#) D I'(u). This distinction, however, will not come into play in this
work.

In order to study (6.1), one also needs to add some boundary condition on
(0B1 x (—1,0]) N{x,+1 > 0}. Instead of doing that, we will assume the additional
hypothesis #; > 0 on (dB; x (—1,0]) N {x,41 > 0}. That is, there is actually
some time evolution, and it makes the solution grow. Recall that such hypothesis
is (somewhat) necessary, and natural in some applications (see Section 1.4).

Notice, also, thatif u; > 0 onthe spatial boundary, by strong maximum principle
applied to the caloric function u; in Q1 N {x,4+1 > %}, we know that u; > ¢ > 0
for x,4+1 > % Thus, after dividing u by a constant, we may assume ¢ = 1, and
thus, our problem reads as

uy—Au=0 in Qf x (—1,0],
min{u — ¢, dy,,,u} =0 on Qf,
u; >0 on (3B x (—1,0]) N {xpq1 > 0},
uy=1 in Q)N {xpr > 5}

(6.2)

In order to deal with the order of free boundary points, one requires the intro-
duction of heavy notation, analogous to what has been presented in the elliptic case,
but for the parabolic version. We will avoid this boundary by focusing on the main
property we require about the order of the extended free boundary points.
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Definition 6.1. Let (xo, %) € I'(u) N Qi_; be an extended free boundary point.
We define

ol (x, 1) 1= u((x + x), Xpg1), 1+ 1) — (' + x0) + 0¥ (x)) — 0% 0, xpt1),

where Q7° is the Taylor polynomial of order 7 of ¢ at x,, and Qf"’O is its harmonic
extension to R+,
We say that (x,, t,) € I'(u) N Q 1y, is an extended free boundary point of order
> i, (X0, 1) € sy, where 2 < k < 7, if
g’ < Cr in Q)
forallr < % and for some constant C depending only on the solution u.

Notice that, in particular, the points of order greater or equal than « as defined
in [12] fulfil the previous definition. Notice, also, that we have denoted by I'>, the
set of points of order > «.

Thus, we can proceed to prove the following proposition, analogous to Propo-
sition 2.4:

Proposition 6.2. Let h > 0 small, and let (xo, 1) € Qf , N>, witht, < —h?,
where 2 < k < 3. Then,

UG, to+ Cot Y > ¢ in B/(x}), forall 0 <t <T,

for some constant C depending only on n, h, u, and Ty, depending only onn, h, T,
K, U.

Proof. Let us assume, for simplicity in the notation, that x, = 0, and z, = —%, and

we denote 7 := #* /2. Notice that, by the parabolic Hopf Lemma, since u#; > 0

in Qrandu; > 1in Q1 N {x,41 > %} we have that for some constant ¢ and for

any o > 0,
U = co in (BN i1 = o)) x [=1/2,0].

Notice, also, that since (0, —1/2) € R"t! x R is an extended free boundary
point of order > «, we have that, for » > 0 small enough,

u(,—1/2+s) > (-, —1/2) = —=Cr* in B}, (6.3)

for s > 0 by the monotonicity of the solution in time.
On the other hand, since u; > cro in {x,4+1 > ro}, we have that

u(-,—1/24+s)>c(ro)s +u(-,—1/2) in {x,4; >ro} for s >0.
As in (6.3), this gives

u(-, —1/245) > c(ro)s — Cr* in {xy,41 > ro}N B for s> 0.
Let w(y, ¢) = u(ry, —1/2 4+ r?¢). Then we have that

w(y, ) > —Cr¢, for ye B} for ¢ >0,
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and
w(y, ¢) > c(ro)r’c — Cr*, for y € {1 >0}N Bfr for ¢ >0.
Notice, also, that since
|(8; — A)it| = o(r* ") in B,
then
|0 — Aypw| =o(") in B;.
Considering now w(y, ¢) := &w(y, ¢), we have that

w(y,¢) > —o, for ye B and ¢ >0,
W(y, ¢) > cr’ ™ o?¢ —o, for y € {ypr1 =0}NB; and ¢ >0,
and
|(3; — Ay)w| <o in B,

for r > 0 small enough. Let us take ¢ = C,r*3, for some C, depending on n and
o such that cr37* crzg“ —o > 1. Then, by [12, Lemma 11.5] (which is the parabolic
version of Lemma 2.3 for a = 0), there exists some o, > 0 depending on n such

thatif o < o, then w(-, Cyr* _3) > 0in B1+/2~ In particular, recalling the definition
of w, this yields the desired result. O

As in the elliptic case, the non-regular part of the free boundary is I'>> (see
[12, Proposition 10.8]). Thanks to Proposition 6.2 we will obtain a bound on the
dimension of I'>, N {t = 1.} for almost every time 7, € (—1, 0] if « > 2. For the
limiting case, k = 2, one has to proceed differently, analogous to what has been
done in the elliptic case.

Let us start by defining the set I';. We say that a point (x,, ,) € T () N QT_ n
belongs to I, (x,,%,) € T2 N Qf_h, if parabolic blow-ups around that point
converge uniformly to a parabolic 2-homogeneous polynomial.

Namely, consider a fixed test function v € C2°(R") such that supp y C By,
0 <y < 1,y = 1in By and Y, x11) = Y&, —xs1). Then
u*>'(x, 1)y (x) can be considered to be defined in R’} x (—h?, 0], and we denote

1 0
Hyl(r) i= = / / ol (x, )Y (x)G(x, 1) dx dt,
r —r2 Rn+
where G (x, t) is the backward heat kernel in R x R,

il B2
G(x, 1) = (—4mt)” 2 ea ift <O,
0 ifr > 0.

We then define the rescalings

it (rx, r2t)

Xo, 1,
ue(x,t) = .
' Hyoe(r)1/2
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Then, we say that (x,, t,) € I'; if for every r; | 0, there exists some subsequence
7. 4 0 such that

Xo,lo Xo,lo

e ) uniformly in compact sets,
k

for some parabolic 2-homogeneous caloric polynomial pg"’t" = p;‘“t" (x, 1) (ie.,
pa(rx, A%t) = A2pa(x, 1) for A > 0), which is a global solution to the parabolic
Signorini problem. The existence of such polynomial, the uniqueness of the limit,
and its properties, are shown in [12, Proposition 12.2, Lemma 12.3, Theorem 12.6].
Moreover, by the classification of free boundary points performed in [12] we know
that

I'(u) = Reg(u) UT'>s.

In addition, by [38, Proposition 4.5] there are no free boundary points with
frequency belonging to the interval (2,2 + «,) for some «, > 0 depending only
on n. Thus,

I'(u) =Reg(u) UT2 UT'>044, - (6.4)

Proposition 6.3. The set 'y defined as above is such that
dimy(TayN{t =1}) En—2, forae t, €(—1,0].

Proof. We separate the proof into two steps.
Step 1. By [12, Theorem 12.6], we know that

it (x, 1) = p5o(x, 1) + oIl (x, D),

where || (x, )| = (|x|? +|¢])'/? is the parabolic norm. Here p§°’t° is a polynomial,

parabolic 2-homogeneous global solution to the parabolic Signorini problem. In
particular, it is at most linear in time. On the other, since u; > 0 everywhere,

the same occurs with the parabolic blow-up up, i.e., pg"’t" is non-decreasing in

time. All this implies that pﬁ"’t" is actually constant in time, so that we have that
p;‘“’f’ = pﬁ"”" (x) is an harmonic, second-order polynomial in x, non-negative on

the thin space {x,+; = 0}, and we have

i (x, 1) = i’ () + o(|(x, D).

On the other hand, also from [12, Theorem 12.6], I'y > (xo, ) > p’2“°’t° is
continuous. These last two conditions correspond to Proposition 3.1 and Propo-
sition 3.2 from the elliptic case. In particular, one can apply Whitney’s extension
theorem as in Proposition 3.3 to obtain that the set

7y = {x e R" . (x, 1) € ' for somer € (—1, 0]},
is contained in the countable union of (n — 1)-dimensional C' manifolds. That is,

dimy(m,T2) Sn—1,
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'y is (n — 1)-dimensional.
Step 2. Thanks to Step 1, and by Proposition 6.2 with x = 2, proceeding analo-
gously to Theorem 4.4 by means of Lemma 4.1, we reach the desired result. O

Proposition 6.4. Let a > 0. Then,
dimy(Tso4qa N{t =t.}) En—1—a, forae t,€(—1,0],

Proof. The result follows by Proposition 6.2 with k = 2 + a, proceeding analo-
gously to Theorem 4.4 by means of Lemma 4.1. O

We can now give the proof of the main result regarding the parabolic Signorini
problem.

Proof of Theorem 1.4. Is a direct consequence of (6.4), Proposition 6.3, and
Proposition 6.4 with a = «, depending only on n, given by [38, Proposition 4.5].
The regularity of the free boundary follows from [12, Theorem 11.6]. O
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