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Abstract

For a structure under service loads, there is a need to induce precise control of a local displacement by additional punch loading.
Such problem exists in design of robot grippers or agricultural tools used in mechanical processing. The punch interaction is
assumed to be executed by a discrete set of pins or by a continuously distributed contact pressure. The optimal contact force or
pressure distribution and contact shape are specified for both discrete and continuous punch action. Several boundary support
conditions are discussed, and their effects on punch action are presented.

Keywords Contact problem - Displacement control - Optimal pressure distribution - Optimal contact shape

1 Introduction

The structural optimization problems are usually related to
specification of material parameters, size, shape, or topologi-
cal variables, loading distribution, supports, element connec-
tions, etc. The required stiffhess and strength levels are usually
imposed as design constraints and the objective function
assumed as the volume or cost of materials used, cf. recent
books by Banichuk and Neittaanmaki (2010) or Banichuk
(2011). A special class of contact optimization problems is
characterized by searching for optimal contact traction distri-
bution satisfying strength conditions at the contact interface.
The review of contact optimization problems has been pre-
sented by Paczelt et al. (2016).

In the paper by Li et al. (2003), the evolutionary structural
optimization (ESO) concepts have been applied with a non-
gradient procedure presented for incremental shape redesign
of contact interfaces. In Zabaras et al.’s (2000) work, a con-
tinuum sensitivity analysis has been presented for large inelas-
tic deformations and metal-forming processes.
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In the papers by Paczelt and Szabd (1994), Paczelt (2000),
Péczelt and Baksa (2002), and Paczelt et al. (2007), the meth-
od of contact shape optimization was developed for 2D and
3D problems with the objective to minimize the maximal con-
tact pressure under specified loading conditions. The contact
optimization problems for elements in the relative sliding mo-
tion with account for wear require special analysis referred to a
steady-state wear process. The optimal design objective is to
specify the contact shape minimizing the wear rate in the
steady-state condition for progressive or periodic sliding.
The extensive review of this class of problems has been pre-
sented by Paczelt et al. (2015). The monographs of
Goryacheva (1998) and Wriggers (2002) provide a solid foun-
dation for analytical and numerical methods of solution of
contact problems, including wear analysis. The finite element
analysis is most frequently applied in solving contact prob-
lems, cf. Szabd and Babuska (1991).

The present paper is devoted to a problem of local displace-
ment control in a structure subjected to service loads, such as
an assembling robot gripper (Monkman et al. 2006). Then the
precise displacement value should be achieved at the location
of robot interaction with an assembled element. It means that
the displacement control should be applied at a point transmit-
ting the interaction load. The method of solution of this new
class of contact design problems will be discussed in Sect. 2
for the case of beam deflection control with the constraint set
on maximal contact pressure. In Sect. 3, the specific examples
are discussed, illustrating designs of punch shape for differing
beam support constraints. In Sect. 4, the optimal contact
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pressure distribution and punch shape are determined from the
optimization procedure. Applying the strength constraint also
punch position and contact zone size can be properly selected.
The method presented can be extended to the analysis and
design of optimal punch interaction aimed at displacement
control at the loaded boundary point of any structural element.

2 Control of beam deflection at the loading
point Q for differing support conditions

In the assembling process of mechanical elements conducted
by a robot gripper, a typical operation is to place one body
(cylinder) into a hole of another body. In this case, the cylinder
must execute translation u, under increasing axial force. In
Fig. 1a, the force Iy is equal to friction force at the interface
between cylinder and hole. Another operation called “pick
and place” is related to lifting the cylinder and placing in a
new position, Fig. 1b. In this case, the cylinder is compressed
along its diameter by two plates inducing normal contact dis-
placements u, non-linearly related to contact forces Fp, assur-
ing due to friction a fixed cylinder position relative to plates.
In both operations, the prescribed force and displacement
values are required at the same point.

Consider a cantilever beam built-in at its end A and loaded
at point Q by the force Fp, Fig. 2, inducing the deflection uﬁf).
To keep the deflection of Q at the required value u,, the dis-
crete or continuous punch action is applied within the speci-
fied contact zone region (2 defined as an interval L; <x <L,
and the contact center position x = xo. The punch is allowed to
translate in the normal direction » to the beam exerting contact
pressure p,,(x). The desired punch action occurs when the val-
ue of punch load F) is reached for the contact pressure distri-
bution not exceeding the specified level p,.x. The value of F),

depends on the size and position of the contact zone. The
minimal value of F|, is reached, when the concentrated load
acts at x =Ly, but when the constraint p,, <p.x is applied,
then the constant pressure zone p, =pmax at the boundary
x =L, constitutes the optimal distribution. In our design, the
location of the punch and the control function c(x) are pre-
scribed in advance and the value of p,,,,« is controlled by the
length of contact zone. The prescribed pressure distribution
Pn=c(X) pmax 1S reached by determination of the initial gap
between the punch and beam. The problem is solved in two
main steps. First, using the stamp equilibrium condition at a
given control function ¢(x) and constraint of normal displace-
ment at the point O, the value of p,., is specified, see (6).
Second, from contact condition between the stamp and beam,
the initial gap between the contacting bodies is determined,
see Appendix 1.

The constraint set on the maximal pressure value can be
attained by assuming the following distribution in the contact
zone specified by the control function

Pn = C(x)pmam C(x) <1, forxef2 (1)

Further, for technical reasons, it is assumed that the contact
pressure distribution is symmetric with respect to center point
of contact zone. This allows for punch application in differing
support conditions.

Then obviously, the optimal distribution would correspond
to c(x)=1 and constant pressure p, = pmax; next, this value
could be minimized. Figure 3 presents the assumed symmetric
pressure distribution for different control functions. Using
Hermite functions, two pressure distributions are specified.
The formulae of Hermite functions are stated in the caption
of Fig. 3.

Assuming the pressure distributions according to Fig. 3, the
problem is reduced to specification of contact surface form

Fig. 1 Typical robot gripper F
operations: a placing cylinder into 0 #
an element hole and b F, 0
compressing cylinder by required 3T
normal forces u ! | /‘
n !
Yy ] *
| u n l * *
i —
. . u, =u,(f,)
: 7
Placing cylinder F,
in the hole Compres sing
cylinder
(@) ®)
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Fig.2 Beam system for transmission of the punch load F, to maintain the vertical displacement " at the point Q loaded by the force F, 0; a discrete action
by a set of pins and b continuous punch action

represented by the gap function. Several variants of this prob-  essentially affect the value of the required punch load F, or
lem are treated and will be discussed in more detail. the deformation form. The effects of punch position will be

The punch center position x, can be located on both sides  discussed in Sect. 4.
of point Q. Depending on the support constraint, it can

Control functions

T T T
c(x)=const : —
c(x)=Hermite1:- -
c(x)=Hermite2:- .
i v T N
/ e N \
! ’ N \
! ’ N \
/ /
0.8 / ’ \,\ \\ ]
I / { \
I /
! / \ \\
= I / ' \
5 0.61 /, / A . \ ]
/ \
I , \ \
| , \ \
i \ \
0.4r I / \ \ .
I / \ \
! / \ \
I / . \
I / N \
02 ey
! / \
/ ’ A N \
/ s N \
/s -
= 1 1 1 1 1 =
800 350 400 450 500 550 600
X [mm]
Fig. 3 Control function c¢(x) for symmetric cont'act pressure distribution; Li<x<Loic(x) = 1,Ly<x<Ly c(x) = {1_3 ([iLf ﬁ)z a (inLL‘ )3},L1
for constant pressure: c¢(x) = const = 1; for Hermite 1: L; =300, L, =350, ahs s
<x<Ly;c(x) = 0,Ls=<x; for Hermite 2: L; =300, L, = L3 =450, Ly=

~L; \* L1 \*
L3=550, Ly =600, c(x) =0, 0=<x<L;; c(x)= {3(;72) 72(527;) } 600
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2.1 Beam structure deflection control for different
support conditions

2.1.1 First variant: cantilever beam built-in at the end a

Consider first the case of punch action executed by a set of
punch pins, as shown in Fig. 2a, of thickness a, width b, and
cross-section area A = ab. The forces between punch and
beam are specified by (1), thus

Pj = Ac(x))Pmax>J = 1,2, ..., kont (2)

Under applied load Fy on the punch, the maximal pressure
results from the equilibrium condition

Fy
Proax = g (3)
Y cx;)A
j=1
Using the influence Green function HP(x, s), the beam
displacement in the normal direction # along the z-axis equals

kont

ty = X H® (50.3)) Py + 1) 4)
j=1
where uf}oa 4 < 0 is the displacement at point Q induced by

the load Fy. Using the influence function for calculation
©)

Uy load> we can write
uizfoad =-H® (xQ, xQ) Fo= —H(Q%)Q Fo. The influence func-
tion is defined in Appendix 3. In view of (4), there is
kont
" 2
U, = ZIH @) (x0,%/) € (%)) AP + Uy e (5)
j=
and
Uy Uy Joad
Prmax = 7 (6)

Y H (xg,x;)c(x;) A
=

Having specified pax, the punch pin height or punch con-
tact shape can be determined.
The unilateral Signorini contact condition takes the form

= (2P + 4~ (4 0,) + 1) + 920,520, p,d=0 (7)

where ul) (p,) = | HY (x,5)p, (s)ds is the normal displace-
Se

ment of beam or punch induced by the contact pressure,

H?(x,s) is the Green function for normal displacements,
@)

u, Joad

is the normal displacement resulted from the load F,
2 is the initial gap, X is the rigid body displacement of the

punch, thatis d = d(p,,, \), where the notation )\(FI) = Aisused.

@ Springer

Usually, the contact problem is solved by the principle of
modified complementary energy or by the displacement for-
mulation using minimum principle of the total potential ener-
gy in the penalty form (cf. Wriggers 2002), (Konyukhov and
Schweizerhof (2013). In the last case, we use p-versions of
finite element method for discretization (cf. Szabd and
Babuska 1991).

In these contact optimization problems, the initial gap (shape
form of the contact surface) is the unknown function. In our
case, the contact condition will be checked up at the kont points.
Supposing contact at each check point, the calculation of the
gap can be executed in terms of the special iterative procedure
(Paczelt 2000; Paczelt et al. 2016) In Appendices 1 and 2, the
discretized equations for determination of the initial gap be-
tween the beam and punch are provided.

2.1.2 Second variant: beam allowed to execute displacement
along the sliding support A

Let us now refer to the system of Fig. 4, where beam 2 can

execute the rigid body displacement —uy ; = )\g) along the

sliding support A and deform elastically due to load F, and
punch force Fi action. Assume the initial beam configuration
to correspond to contact engagement at Q with an object (e.g.,
cylinder).The vertical displacement at the point Q then is

kont

w =l =7+ L o) Pyt )
2

Assuming that there is no force acting at the sliding support
A, the equilibrium condition of beam 2 requires that
Fo
= kont (9)
X ¢ (x;)A
=

Fo= Fg,andp.,

as the contact forces are P; = Ac(X))pmax-
(2)

Using the influence function for calculation of Uy foad» WE
can write
2 e _ g2
un’laad— H( )(XQ,.XQ)FQ— HQQFQ (10)

and the support displacement can be determined from Eq.(8)

R P A

b kont

e

Z Hoo | Fo
> c(xx)
k=1

(11)

The contact condition between the punch and beam is

ICOR(Y +g(°> =0,i=1,..., kont

in in i

(12)
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Fig. 4 Beam and punch system for transmission of load Fj interacting
with the force Fy, to induce vertical displacement u,. Beam 2 is allowed

for rigid body displacement )‘(1? and elastic deformation

Using (62a), (12) can be expressed as follows

kont

M|y
=

(HO )+ 105)) )y | (13)
P+ 0

or

j=

kont
A%( 1H<x,-,x,->—H§.2> Fod +g” =0 (14)

where

c(x;)

H(x,-,xj) = (H“)(x,-,xj) +H? (mej)) ot (15)
B

Discretizing (12)—(15), we can write

d— (”@"Hefhg))FQ + e)\(ﬁ)*e (iter))\(lp + (umg(o) =0(16)

where
@).,r (2) (2 () (2)
hy' = [HI,Q’HZ,@ e i Hyy 0|5 €, see (63),
Because F and )\g) are known (see (11)), then “’u can be
calculated, namely
“u= (“He-hf) Fo + e (17)

and from the following equation
iteru_e(iter)A(;) + (iter)g(O) —0 (18)

one can easily find ”‘)’/\(;),(”mg(@ supposing g, @ =0,
Then (iter))\([p — (iter)ul.

2.1.3 Third variant: free beam is allowed for rigid body
translation and rotation

Referring to Fig. 5, consider the case, when the beam 2 is not
constrained and is allowed for a rigid body vertical displace-

ment )\(ﬁ) and rotation )\1(‘/2,) at the beam end A. The displace-
ment control is now required at two points O, and Q,, where
the loads F'p, and Fp, are applied. The initial beam configu-
ration corresponds to simultaneous contact engagement with
interacting objects at O, and Q.

The vertical displacement at point Q; is

2

* kon
Ug, = ugﬁ) = A(1-%) + A/(|/21)')CQ.\- + ZtH(Z) (XQ,; 7xj)PJ + u_(vn.)/oad s = 172
J=1 '
(19)
Using the influence functions for calculation ugi)load, we
can write
2
@ ___ )
Uy load = Zl HQX.QP FQp (20)
=
Z ) X 0 4
LR
B - l
a0
2 )
— 01 — kont Q,
A 7T T F— X
le F ln F B
I 0] 0,
l -
L, .
0, .
L
O, 0,
A 11— (@) ) |—» x
/1;2& A2 i Uy, u,,

Fig. 5 Beam system for transmission of the load Fj interacting with the
forces Fp, and F, to induce vertical displacements u;, and u5,, when

the beam 2 is allowed for rigid body translation /\(IE) and rotation )\](é)

@ Springer



1926

Istvan Paczelt and Zenon Mréz

From the force and moment equilibrium equations of the
beam, we have

Fo=Fo, + Fo, 0=xoFo=xp Fo, —xo,Fo, (21)

and the position of control force Fj is equal to

xg, Fo, +x9,Fg,

X0 =
Fo, + Fo,

Introducing the parameter 0 < (<1 and defining the force
Fo, = (1-¢) Fy,, the position of Fy is

 xg+xg,(1-C)
=<

X0 (22)

X TX0.
2= when

when (=0, the forces Fp, = Fp, and xo =
¢=1,then Fp, = 0and xo = xg,.
From the equilibrium equation for punch (3), the maximal

contact pressure and the contact forces are

Fy
Prmax = G (23)

Y c(x;)A
J=1

For derivation of the rigid body displacements, we have the
following two equations

kont

¥ clx; 2
NP+ Ao, = = | X 1 (xg, %)) ) g, % Hglo,Fo, |5 =12
J= pr=

kont
Y clx)
k=1

(24)
The contact condition between the punch and beam is

u?=ulV) 4 ¢ = 0,i=1, ..., kont (25)

and it can be expressed in the following form

kont clx; 2
AP 407+ | X H (xi,x)) ) Fo- 3 H{y Fg,

kont

s > octw)
k=1
kont ;
- )\(Fl‘)_ z H(])(th_i) koifl x‘]) FO +gl(0) =0
":1 2 ()
k=1
(26)

or

kont 2
H(xi,x;)Fo~ ¥ Hig FQF> AW 4¢P =0
=1 p=I

AP AP+ (
J

@ Springer

where
o) = (10 ) + 1)) 22
kél ¢(xe)

Discretizing (26)—(28), we can write

d=""HeF,

2 . .
Ty hQF(2> FQp + e)\<F2) +X>\](V2[)_e(1ter)/\g> + (lter)g(O) —0
p=I

(29)
where.
Or _ (5@ 52 HY L H _
hQ& B (Hl’Q&,HZ’QX’ '“’H"-Qs’ ""Hiter,Qs>’ s=1,2,

T
X = [x1’x29 s Xiy ""xkont]'

Because Fj and F' 0,P= 1,2 and )\(If) and )\](é) are known,

iter,

u can be calculated from the equation

. . 2

iery = (””HeFo +3¥ hy Fo,) + A +x\)] (30)
=

and from the following equation
d=— iteru_emer))\(Fl) + (iter)g(o) —0 (31)

one can easily find i’e’AS;),(it@’)g(O) supposing g, @ =0,
Then (iter))\(]p _ (iter)ul.

3 Numerical examples

The beam area A, = ayh;, =20 - 50 = 1000 mm?, inertia mo-
ment [ = a;,hi/lz = 21833.33mm*, Young modulus E =2
-10° MPa are assumed and other geometric parameters are:

L, =300, Ly =600, xo =850, L =900 mm. The punch cen-
tre position xo = 450 mm corresponds to the position parameter
§=x0/xp=0.529. The specified vertical displacement at the
point Q is u, = 1 mm, and the required force values are
Fo=4kN, Fo=5kN, and Fp=6kN.

3.1 Example of the first variant
3.1.1 Discrete model

The punch contact executed by five punch pins of crosssection
area A = aay =5 - 20 = 100 mm* (Fig. 2a). The x coordinates of
the punch pins are: 383.33, 416.66, 450.00, 483.33, and
516.66 mm.

The beam deflection is presented in Fig. 6a for three control
functions and Fip=5kN. It is seen that their effect is very
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small. The biggest displacement corresponds to the Hermite 2
control function (see Fig. 3). At the point O, the prescribed
displacement u, = 1 mm at x = 850 mm is attained. Figure 6b
presents the beam deflection for three values of force /. The
heights of punch pins at the start of calculation are assumed to
be 50 mm. From the numerical solution the new heights are
calculated by (68) and depicted in Fig. 7a.

The initial gaps at discrete points in Fig. 7b illustrate the effect
of load values on punch profile at constant contact pressure. It is
seen that the height differences become more significant at larger
distance from the force F application. The maximal height
difference is less than 0.15 mm.

The distribution of contact tractions is presented in Fig. 8 for
Fp =5 kN. The maximum value is reached for the control func-
tion Hermite 2, the least value for ¢(x) = const=1. In the latter
case the contact force is the same at each pin: P;=2.987 kN and
the punch load equals Fp = 14.935 kN. This means that the pres-
ent design requires the considerably higher load to execute the
control at the efficiency load factor f) = ]‘:—Z = 2.987. At other
force levels Fpo=4 kN, Fo=6kN, the maximal contact forces
(c(x)=const=1) are Pjpa=2.41 kN, Pjmax=3.56 kN, respec-
tively, and the external punch loads in these cases are F, = 12.07
kN, Fo=17.81kN, corresponding to load factors fo=3.0 and
2.987.

3.1.2 Model 2: continuous contact interaction

Consider now the continuous contact interaction for the elastic
punch in the plane stress state. The punch interaction is per-
formed in the segment 420 <x <480 (L; =420, L, =480), and
its height is 50 mm (see Figure 2b). The uniform pressure distri-
bution, c(x) =1, was assumed in the numerical solution and the

Deflection of the beam at FQ=5 kN

Q*

u_[mm]
I
[$)]
T

-2} :
c(x)=const : —
c(x)=Hermite1:— - N\

—25¢ c(x)=Hermite2:— . T

400 600 800
x [mm]

(a)

0 200 1000

normal displacement u(! (x,p,) was calculated by the finite
element method, using pversion technique, cf. Szabd and
Babuska (1991). The punch is loaded by pressure p,, = pax
at the contact boundary z = 0 and by the same pressure at
the upper boundary for z =50 mm. The elastic boundary
value problem has been solved for differing finite ele-
ment meshes (n=4,8,12;n.=5, where n,, n, is number
of elements in x and z directions) using polynomial order
3 <p <8 for quadrilateral finite elements with the shape
functions in the trunk space. NDOF atn,=4,n,=5,p =3,
8 is equal to 135, 735 at n, =8, n,=5, p=3, 8 is 270,
1470. The normal displacement distribution on the
boundary surfaces exhibits good convergence for in-
creasing p. For p>6, the numerical results differ very
little for all meshes, their difference being smaller than
0.15%.

The contact conditions are checked at the Lobatto integral
points. The discretized problem is solved in the following steps:

1. Calculation of the contact pressure by (6), and F, calcu-
lated by (3).

2. Calculation of the vertical beam displacement in contact
zone from contact pressure and load £ (see (65b)) and
(65¢))

3. Calculation of the elastic displacement
(5,2 = 0) = ) =~u))(p,. Fy) ) in punch
from a separate solution (see (70)).

4. From Signorini contact condition: d =0, we can find ini-
tial gap “g'® and rigid body displacement ™"\ (see (72),
(65c¢), (66).

5. As the initial gap modifies punch shape, the iteration pro-
cess must be used. The steps 3 and 4 are continued until

Deflection of the beam at ¢(x)=1

o=
-0.5¢ 1
W ;
W ’
\\\ Y
1t A 4
ey
E‘ N \\ //,/
E -15f Lo i 1
3N v s
\ \\ ////
\ \ / /
2" NEERY e .
Fo=4 kN: - NI L,
. \ o /
Fq=5 kN:- - N o
-2.5F Fy=6kN:= Yoo et 1
_3 i i i i
0 200 400 600 800 1000
X [mm]
(b)

Fig. 6 Deflection of the beam at a F'p, = 5000 N for different control functions and b beam deflection for c(x) = 1; the prescribed forces are Fp =4 kN,
Fp=5kN, and Fp =6 kN. Position of the punch is denoted by circles at Fp =5 kN, see Fig. 6b
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Height of punch pins at ¢c(x)=1
50

Fo=4 kN: -

49.95r

49.9r

49.85r

49.81

| [mm]

49.751
49.71

49.65f," 7

49- i i i i i i
gSO 400 420 440 460 480 500 520

x [mm]

(a)

Initial gap at c(x)=1
0.4 : . -

0.35[ v« 1

0.251

0.2f

Gap [mm]

0.15f

01l Fq=5 kN:- —

Fq=6kN:~ .
0.05[

880 400 420 440 460 480 500 520
X [mm]

(b)

Fig. 7 a Heights of the punch pins. b Initial gaps between the punch pins and beam at different load values at c¢(x) =1

the satisfactory convergence condition for shape modifi-
cation is reached (cf. Paczelt et al. (2016)].

The rigid body vertical displacement of punch, A = )\(FI) ,1s
a displacement in the —z direction at point x =420, z=150. In

our case for Fp=5 kN, the final value is )\(Fl) =2.511 mm.
The deflection and initial gap are presented in Fig. 9a, b for all
values of forces F. For the optimal solution, the values the
load Fy and pressure p,.x are collected in Table 1.

The beam deflection profiles for both discrete and contin-
uous punch actions are very similar (see Figs. 6 and 9). Note
that the contact zone for discrete punch action is much larger
(300 mm), than that for continuous action (60 mm) at the same
centre position x =450 mm. The force efficiency factors in all
cases are practically equal to 3.0.

Contact forces at FQ:5 kN

5000 .
c(x)=const : — RN

4500} c(x)=Hermite1:— — . N
c(x)=Hermite2:-. 7 N

4000r , N 1

3500 ; X |

_ o R
£ 3000} z oW ]
o

- 2 ~

2500 - ! Y S

20001 / \ 1

1500~ N

100

80 400 420 440 460 480 500 520
X [mm]

Fig. 8 Distribution of contact tractions at o =5 kN
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3.2 Example for the second variant: allowed beam
support translation

In this case, the load equilibrium requires that Fy=Fy (cf.

Figure 4). In the first step, the rigid body displacement >\<F2)
is calculated from Eq. (11). From contact condition between

beam and punch, the rigid body displacement )\(Fl) is deter-
mined from (18). Only several iterations are required to reach
the solution. The beam deflection is shown in Fig. 10a. The
punch pins profile is presented in Fig. 10b.

The force efficiency factor fo = Fo/Fy in this case is equal to
1. The rigid body punch and beam displacements are collected
in Table 2 at different F,.

3.3 Example for 3rd variant: beam allowed for rigid
body translation and rotation

Consider the beam of crosssection dimensions a; =20,
hy,=75mm (cf. Fig. 5). In this case, the load on the
punch is Fo= Fo + Fy, where Fgp = (1=¢)Fg,,
Fg, =4,5,6kN, and (=0.5. The prescribed vertical dis-
placements at the points Oy and O, are assumed: uj, = 5
mm and u,, = 10mm. Let us note that in the case of
contact interaction at Q; and (,, the displacements are
specified from the loadpenetration rules. The punch cen-
ter coordinate is.

_ Xo1 +x9,(1-()
= 72_<
= 850mm.

= 316.66 mm, becausexp, = 50,xp,

In the first step, the rigid body motion components )\(ﬁ) and

/\§§> are calculated form (24).
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Deflection of the beam at c(x)=1
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Fig. 9 Punch is an elastic solid body: a displacements of the beam interacting with punch contact surface (thick line, for punch action =5 kN) and b

initial gap between punch and beam

From the contact condition between the punch and

beam, the rigid body displacement )\(FI) is easily deter-
mined in the several iterative steps, see (31). The deflec-
tion of the beam is shown in Fig. 11a. The heights of the
punch pins constituting the contact gap are demonstrated

in Fig. 11b. The punch vertical translation A" and the
loading force F, are therefore required for proper opera-
tion of gripper at the points Q; and O,. The rigid body
displacements are collected in Table 3. Let us note that for
varying control requirements at the contact points, the
sliding or rotating punch can be applied assuring proper
load F| position at each case.

4 Localized and distributed punch action:
effect of design constraints

The numerical examples presented in Sect. 3 illustrate the
discrete and continuous punch action in order to control
the deflection at point Q (or at several points, as discussed
in variant 3). In the design of such control system, the
punch position x, and length L, _ 4= L4 — L, of the contact
zone are important variables, as the applied load value
and the maximal contact pressure should be minimized.
Also, the maximal beam stress o, in the loaded state

Table 1 Maximal

contact pressures and Fo (kN) Fo (kN) Prmax (MPa)
punch loads for the
optimal solution 4 12.13 10.11

5 15.02 12.51

6 17.90 14.92

should not exceed the critical stress value, 0. <0,
Assume first the contact pressure distribution as the de-
sign variable subject to optimization.

4.1 Contact pressure distribution: optimization
for deflection control

Consider the cantilever beam under punch action on the
contact zone L,_4=L4— L, inducing the deflection
wo= —u, at the location Q. Apply the unit force F=
1 at O, inducing the state M?(x), K (x), w'?(x) (bend-
ing moment, curvature, deflection) in the beam The in-
dependent punch action induces the state M(x), x(x), and
w(x).
The virtual work equation is

Ly

L L
Fwo = [MWkdx = [ MDdx = Jpw'Daydx (32)
0 0 L

where M = Elr, M? = EIx'?, and Mk = EIxPKx = Mr'?,

P 1s the contact pressure between punch and beam, g, is

the beam crosssection width in direction y, A, is the beam

crosssection height in direction z, I = abh?J /12 inertia mo-

ment of the cross section, and E is the Young’s modulus.
From (32), we have

Ly

w(x=xp) =wp = lenw<q>abdx (33)

Now, several optimization problems can be stated

1. Contact force specified: maximize deflection wg
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Deflection of the beam at c(x)=1
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Fig. 10 Deflections of the beam (a) and heights of the punch pins/number of pins =5 (b)

2. Deflection wg specified: minimize the punch force £
3. Deflection wg specified: minimize the maximal pressure

p max

Problem 1:

L Ly Ly
max | Mk Ddx = | pw@aydx  subjectto [ p,apdx—Fo =0 (34)
0 L Ly

Taking the functional
L L
Ly = Jpnw(q>abdx—>\< Jpna;, dx—F())
L] LI

its variation provides the stationary condition

Ly
0L, = Iép,, (w(")*)\> apdx =0, thatis w9 =\ = const (36)
L

It is seen that the problem formulation of optimal pressure
distribution has no extremum, since the displacement w? is
not constant, but \ is assumed constant. There is only the
singular optimal solution for the concentrated contact force
action located at womax in the contact zone.

Table 2 Punch and beam rigid body displacements and maximal
contact pressures for second variant: a; =20, i, =50 mm

Fo (kN) AW AP (mm) Prnax (MPa)
11.402, 13.752 8.0
14.003, 16.940 10.0
16.603, 20.128 12.0
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Problem 2:

The same result as for problem 1.

Problem 3:

Assume the penalty approach and the contact pressure
functional

Ly m
Ip3 = ) p) apdx,m > 1

: (37)
Li\Dg

where p, is the reference pressure, po = pmax, and po < Prax-
Then

Ly m Ly
Ly = J<p"> apde-\| IpwPa, dx—wQ] (38)
Li\Po L
The variation of L3 has the following form
L4 m—1
0Ly = f{m (ﬁl) @) }5pn apdx =0 (39)
Ly 0
and the stationary conditions are as follows
T A\p? Gl
py=X\ (w(q))m where N = <—O> (40)
m

The value of X~
Ly
wl =] pw@adx.
o] 1 n

is specified from the equality

Consider now the case of symmetric pressure distribution
relative to the contact zone center, assuming that
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Deflection of the beam at ¢(x)=1 Height of punch pins at ¢(x)=1
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Fig. 11 Deflections of the beam a and heights of the punch pins b for the solution of variant 3 (see Fig. 5)
Li+¢ Ly 41 NG
= — wf 4 "
pn( 1 +£) pn( 4 5) ( ) Py = A (W ) (45)

where ¢ specifies the position of two symmetrically located
points.
The virtual work relation now is

L Ly

[MEDdx = [p, w9 aydx
0 Ly

= (erl)/zpn (Ll + E) W(q) <L1 . Z>2+ W(q) <L4iz> ap dE
0
(42)
Denote

(9) I3 @ (,—€
() - v (L +§)2+Wq (1-¢) (43)
then we have

(La=L1)/2
D= 1 p, (1 +8)5" (@4

and from (40), there is

The analysis presented characterizes the optimal con-
tact pressure distribution. Figure 12 presents the optimal
pressure distribution for varying value of the exponent m
and minimization of the functional I,3. It is seen that for
m =4, the pressure tends to the uniform distribution for
both unconstrained and symmetry constrained cases. If
there is no constraint set on the maximal pressure value,
then the concentrated load action is optimal. Its value
and position are determined by requiring the deflection
u, =—u, at Q and accounting for the beam stress con-
straint o, <0o,. When the distributed punch action is
considered, and the integral constraint is set on the con-
tact pressure, then its distribution is uniform on the
whole contact zone. The required punch load for speci-
fied deflection u, = —u, will then be higher from the
concentrated load value.

4.2 Concentrated and distributed cantilever beam
control

Referring to Fig. 2, consider the cantilever beam under the
action of concentrated load F and the punch action is

Table 3 The maximal contact

Fo=Fp +F 1 2 2
pressure and rigid body Fo,, FQQl(kN) & A(p), )\(p)7 )\1(”)-103 Pmax (MPa)
displacements resulting from ! : (mm, mm, rad)
solution of variant 3
4.0,2.0 7.671,4.612,7.86 12.0
5.0,25 7.765, 4.586, 8.26 15.0
6.0,3.0 7.860, 4.566, 8.67 18.0
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Fig. 12 Contact pressure distribution obtained from the optimization procedure: a unconstrained distribution and b symmetry constrained distribution

simulated by the concentrated load F,. Assume first that the
load positions satisfy the inequality xo <x,. The bending mo-
ment in the beam is expressed as follows

M = M}, + (FQ*F())X OSXSXO, M = *FQ (XQ*X) X()SXSXQ

(46)

where M, = — Fpxg + Fox is the boundary moment.

The normal deflection at the point Q (along—zaxis) due to
force Fp (can be expressed from the formulae of Appendix 3)
equals

r 9.3

Wo = 3E] Q (47)

The deflection WOQ at Q due to load Fj is

Fo (3 1
0 0 P23

W = 3E]< XoX; 2x0) (48)

Introducing the nondimensional variables
Fo _ X0 _ My o . W
F7Q_~f07 X0 _67 FQXQ =M, = 1+f0€7 ‘WQ| = W (49)

Now, we can express the total deflection w, = wg + wOQ at
0 as follows

=—14+= (35 ~&)f, foré<l (50)

For the load F, acting on the right side of Q, xp <xo, the
total deflection at O equals

‘62

Fo _
WOQ AET (2 ) ) wo = 3E1r97 —lwol, Wr=-14= (3{— )fo for &1

(51)
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For specified w;, the required value of load Fy, is expressed
as follows

Fy 2(1 +w,)

2(1+w,
,7352_53 7( W> for £>1 (52)

0 3¢-1

ﬂ)iFQ for £<1 fo*F
Atw, =0 and wOQ + wg = 0, this means that there is no
interaction of gripper with the assembled element. For con-
tact interaction, the relative penetration depth equals § =w,
and |wp| < WOQ. The diagrams f,(£) for positive values of
6 =w,> 0 can be plotted. The region above the curve for w,
= 0 (see Fig. 13) corresponds to contact interaction. The
load efficiency factor fy=Fy/Fy strongly depends on the
punch load F position. Usually, the value of §=x/x is
selected in a specific design case with account for contact
pressure and beam strength constraints. For instance, as-
sume the punch load to belong to segments 0.4 <£<0.7 or
1.2<¢<1.5. Then the point £=450/850=0.529, fy=3
marked in Fig. 13 (point B) represents the design discussed
in Sect. 3.1, cf. (Fig. 9), for Fp=5kN, w, = u, = L mm,
| = 24.56 mm, and w,~0.04.
Consider the strength constraint. The critical bending mo-

|WQ| = |un Jload
ment results from the stress constraint M <M, = abh,z,au /6,
where o, is the ultimate stress. Denoting M=M / (F QxQ),
the maximal bending moment for £ <1 is reached at the sup-
port x= 0 and its absolute value equals

M| =—1+ fo€ (53)

For £ > 1, the maximal bending moment is reached at Q and
its absolute value is
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(M| = fo(&-1) (54)

Satisfying the strength conditions |Mj|<M,. and
|Mo|<M., in view of (52), (53), and (54), the limits of appli-
cable load positions are expressed by the inequalities

£2¢, = 1 [3—\/ 9—86} where 3= L+ v:v, (55)
2 1+ M.

< = Zﬁi where (3= ! —l:ﬁ/, (56)
23-3 i,

Figure 13 shows the admissible segment of punch ac-
tion satisfying the constraints (55) and (56). Calculated
values are & =0.5012, f, =331, & =14.76, and

= 0.048. At another beam cross section a, =20, h-
»=75mm, there are £ = 0.5613, f, =2.96, £ = 5.572,
and fg = 0.144. For the distributed punch action, the
contact zone length parameter L, 4 = L4 [xo = (Ls—Ly)
/xo affects the resultant punch load relative to the con-
centrated load action at the same position. The required
punch load value is higher for the same value of induced
displacement w;.

4.3 Translating beam control under concentrated
loads, variant 2

Consider the beam of Fig. 4 with the sliding support at the left
end, loaded by the concentrated load £, = F; at the distance x,
and the specified contact force Fy at Q located at the distance
XQ.

Consider first the case xo <xp or £ < 1. At the support, the
transverse force equals F,=0 and the moment is

Diagram fo(g)
6 :

\ w~=0.2:— .

A(&-.=0.5012,f—=3.31)
B(£=0.529,,=3.0)

|
|
l
1
0.5 1 15

Fig. 13 Diagram f; — £ of punch load dependence on its position for fixed
deflection w, at the contact point interaction Q. The strength constraints
& << provide the admissible segment for punch action. Beam cross
section a, =20, hy=50mm, £, = 0.5012, and & = 14.76

|M}| = 1—f . The deflection form now is expressed as fol-
lows

Fo

w= 2E1(xQ—xo)x +wp,  0=<x=<xo,
(57)

w=— FQ (x x—xz)x—O— ! (x —X ) +wp,  Xo<x=<x

2EI |9 3o ) H0=A=00
For xo>xp or £>1, we have

Fo (xo—x )x +w,, 0<x<xp, (58)

T2E[V Y by T

w:—Q (X()X*X2> 1<x3 X ) +Wp,  Xp=X=Xy
2FI )" 3 0 ' -

where wy, = )\(,3) denotes the beam translation at the support.
Requiring w = w;, at O, the beam translation w;, is determined,
thus

N -2 1 N 2) .3
Wp = Ap =w,+1—5(3§2—§3), €<1 and W, = Ap :wri(&l), &1

(59)

@ AP o) 3IE ow

= W, = .
wol "7 Foxy’ [wol

(60)

The diagram i, = \ = )\(,3) (W, &) can easily be construct-
ed, see Fig. 14. It is seen that the sliding displacement changes
signat&=1.

The present sliding support case differs essentially from the
previous builtin case. The applied punch force is constant and
does not depend on the position, but the deflection form rad-
ically changes when passing from £<1 to £>1. Figure 15
presents both deflection forms for concentrated (Fig. 15a, b)

Diagram A~(&)

2 ‘ :

A(£,=0.338,1~.=0.9851)

|

|

i

|

I

i

|

|

i

|

i

l
_2 L L L 1 L L
0.2 0.4 0.6 0.8 1 .

Fig. 14 Diagram for \ = X(Fz) (W,
20, hy=75mm)

,€). (Beam cross-section sides are a;, =
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and distributed (Fig. 15¢) punch action. The present case is
convenient for more precise control at Q by requiring both
deflection and slope to be kept at specified values and
allowing for sliding punch action. In Fig. 15a, ¢ the solutions
of the optimization problems satisfying stress constraint are
presented. In Fig. 15 the optimal solution point is marked by o.

5 Concluding remarks

The optimal design of punch action in order to control normal
displacement at a loaded boundary point in a structural ele-
ment has been discussed in the paper and illustrated by the
specific examples of beam deflection control. It was

demonstrated that the support constraint can affect essentially
the punch load and the beam deflected form. This new class of
problems is characterized by a set of design variables, such as
contact pressure distribution p,,(x), punch resultant load Fj,
punch centre position x,, and the size of contact zone L; _4.
The minimization of punch load or the maximal contact pres-
sure, required for displacement control, has been discussed,
also the effect of punch position and contact zone size on the
punch load value was considered.

The present problem formulation can be extended to more
advanced control problems. First, for the gripper operation
requiring varying load and displacement control at O, or fol-
lowing the loading path Fy = F (u;), the punch action
should be executed for properly varying load Fj. The other

Deflection Deflection
1 T 0.4 w w
X Xa %o
of 0 *a ] 0.2 ]
£,=0.33823, x,=287.5 mm
-1r 1 0 1
w,~=0.1374, 6__ =150 MPa, M ~=0.66177, A~,

—_ max —

£ -2 : 1 g -0.2 .

£ u*=1.mm M =2812500 Nmm, A,r=7.17 m £ £.=1.12, X,=950. mm

€ -3 1 T _0.4f .

2 Ayg=6.34 mm 2 w~=0.1374, 6 =26.66 MPa, M_~=0.1176, A~_=-0.0391

5 & t max c ¢

84 1 & 06[ u* =1, mm M;=500000 Nmm, A,r=—0.284%mm il

o Q.

8 -5 1 8-08F Ae=1.31mm 1
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Without optimization: — — ‘
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Fig. 15 Beam deflection forms: a for (<1, b for {> 1, and ¢ for distributed punch action at {< 1 (beam cross-section sides: a, =20, h,=75mm, \]

=2
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extension is related to control of both the deflection and its
slope at Q. Such control can be performed by varying loads of
two punches. Applying such punch action to plate elements,
the normal displacement and the orientation angles of the nor-
mal vector to the deflected surface at O can be controlled. Any
tool attached transversely at Q to the plate could then execute
both normal and inplane displacements. Such advanced con-
trol problems will be discussed in a separate paper.

6 Replication of results

The computer codes are written in FORTRAN and MATLAB
in the research form. To use them without additional com-
ments could be complicated. If anybody is interested in the
programs, please write to Istvan Paczelt.
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Appendix 1

The starting point of numerical analysis is related to
discretization of (7)

a = (40 + 1)~ (1) + 1) +2 =0

The displacements induced by the contact tractions are

kont
W (p,) = (x, p,)2ul® (xi, Pj) = '21 H (x,57)P;,
=

xi,i=1,...kont, a=1.2
(62a)

and from the given load Fy, the displacement of body 2 is
@

n,load

2

u n,load

(x)=u, (xi),i=1,... kont (62b)

Introduce the vectors (contact force, displacement from F,
initial gap).
2T 2 2 2
pT=[P1...Pj...Pk{,m]T, u( T {”(1 ). u< ). ungd

nload — i

T

n,/oad’

T
07 = [g0... 0. 60"

Next the vector e and the gap d after deformation are

el =[1..1..1)", d" =[d\...ds... dyom]" (63)

the influence matrices are

(iter) H=

(iter)H(l) + (iter)H(Z) (64)

the discretized gap after deformation can be written in the fol-
lowing form

= Mp -+ g0 (o
The displacements due to contact tractions are

(iter) g (0)* — (iter) g (65b)

and from (65a) we get

(iter) g(0)* _uf;nad_(iter)g(()) + eliter) ) (65¢)

In this equation g, “"\are unknown. Assume that
g(.gz; = min™)g()* that is minimum value is obtained
(0)

at the jmin component. Choosing the initial gap g min = 0,

(iter)

that is at the point j= jmin, the initial gap is assumed to
vanish.
Then, according to (65c¢) for jmin component we get

([ter))\ _ (iter)g(o)* + (iter) , (0)

 jmin un,load ;jmin

(66)

After calculation of "), the gap vector is (see (65¢))

(iter)g(O) - fﬁ[)oad_(iter)g(o)* + e(iter))\ (67)
The lengths of punch pins are
;= 150)—(”6") g§0)7i =1,..., kont (68)
and the influence matrix element is
(iter)l_
(iter')H(l) — !
W =— (69)

where A and E denote the crosssection area and Young’s
modulus. Usually, the convergent solution is obtained in
the fast iterative process.

Appendix 2

Consider now the case, when the punch (body 1) deforms elas-
tically in the plane stress state. In this case the discretisation is
performed by the finite element technique. The control of contact
conditions is made at the Lobatto integral points (Paczelt et al.
2015, 2016). The force Fy and the contact pressure p,(x) are
assumed as given. The value of p,,. is obtained from the equi-
librium equation, cf. (3). The punch displacement is assumed to
be composed of a rigid body translation A and an elastic transla-
tion ulV¢ = u(V(p,, Fo) reaching its value A + u(l¢ on the
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Fig. 16 Punch with its load F and contact pressure p,(x): elastic
displacement constraint ugl)" =0

contact surface. For calculation of this normal elastic displace-
ment u{V¢(x,z = 0) = —u'! (p,, Fo), the elastic boundary val-
ue problem is solved with the condition ugl)e = 0 at the upper
punch boundary point, Fig. 16. Discretizing the elastic problem
by finite element technique, we get the normal displacement ufll)
on the contact surface. Between the punch (body 1) and the beam
(body 2) the initial gap g results from the punch contact surface
shape. The geometrical contact condition is

d = (42 p,) + s )~ (1) (2 Fo) + 1) +2% =0 (70)

After discretization, using the earlier defined influence ma-
trix H®, the initial gap vector g is specified. As the initial
gap changes in consecutive iterations, the discretized equation
has the following form

d= H(2)p_(iter)ul(1|) + u(21>aad + (iter)g(O) _e(iter)/\ —0.

n,

(71)
After definition

(iter) gO*:H(2)p_(iter)u}(11) (72)

the steps (65¢)—(67) should be repeated.

Appendix 3

Using Betti theorem, the influence (Green) function for canti-
lever beam (Fig. 17) has the form.

; A0

‘vH(z)(xi,xj) X

A

L

Fig. 17 Load for calculation of the Influence function of the cantilever
beam

@ Springer

1
H (xv,x;) = HY) = = { (3xp=d]) + (vx)' |,

3.,
where <xi—x,>3 = { (xi=x7) ’lfxi ~ %} I'is the inertia mo-
’ 0, lfx,~§)c_,-

ment of cross section, and E is the Young’s modulus.
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