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Abstract. In this paper we study a phase transition model for vehicular
traffic flows. Two phases are taken into account, according to whether
the traffic is light or heavy. We assume that the two phases have a non-
empty intersection, the so called metastable phase. The model is given
by the Lighthill-Whitham—Richards model in the free-flow phase and by
the Aw—Rascle-Zhang model in the congested phase. In particular, we
study the existence of solutions to Cauchy problems satisfying a local
point constraint on the density flux. We prove that if the constraint F'
is higher than the minimal flux f. of the metastable phase, then con-
strained Cauchy problems with initial data of bounded total variation
admit globally defined solutions. We also provide sufficient conditions on
the initial data that guarantee the global existence of solutions also in
the case F' < f. . These results are obtained by applying the wave-front
tracking technique.
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1. Introduction

In this paper we study one of the constrained phase transition models of hy-
perbolic conservation laws introduced in [11]. The application of such model
is, for instance, the modelling of vehicular traffic along a road with point-
like inhomogeneities characterized by limited capacity, such as speed bumps,
construction sites, tollbooths, etc.
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The model considers two different phases corresponding to the congested
phase Q. and the free-flow phase . The model is given by a 2 x 2 system of
conservation laws in the congested phase, coupled with a scalar conservation
law in the free-flow phase. The coupling is achieved via phase transitions,
namely discontinuities between two states belonging to different phases and
satisfying the Rankine-Hugoniot conditions.

The first two-phase model has been proposed by Colombo in [8]. The
motivation stems from experimental data, according to which the density flux
represented in the fundamental diagram is one-dimensional for high velocities,
while it covers a two-dimensional domain for low velocities, see [8, Figure 1.1].
For this reason, it is reasonable to describe the dynamics in the congested
regime with a 2 x 2 system of conservation laws and those in the free regime
with a scalar conservation law.

Later, Goatin proposed in [15] a two-phase model obtained by coupling
the ARZ model by Aw, Rascle and Zhang [3,20] for the congested phase €.,
with the LWR model by Lighthill, Whitham and Richards [17,18] for the free-
flow phase 2¢. We recall that this model has been recently generalized in [4].

Both the models introduced in [8,15] assume that Q. N Qs = (. The first
two-phase model that considers a metastable phase Q. N Q¢ # @ has been
introduced in [6]. We also recall that, differently from [4,15], for the models
in [6,8] the density flux function vanishes at a maximal density, whose inverse
corresponds to the average length of the vehicles. Here we consider the case
Qe N Q¢ # (. For this reason, in order to ensure the well-posedness of the
Cauchy problems, see [8, Remark 2], we also assume that Q¢ is characterized
by a unique value of the velocity, V. At last, we consider an heterogeneous
traffic with vehicles having different lengths and allow the density flux function
to vanish at different densities.

These two-phase models have been recently generalized in [5,11] by con-
sidering Riemann problems, namely Cauchy problems for piecewise constant
initial data with a single jump, coupled with a constraint on the density flux,
so that at the interface x = 0 the density flux of the solution must be lower
than a given constant quantity F'. This condition is referred to as unilateral
point constraint and can be thought of as a pointwise bottleneck at x = 0
that hinders the density flow, see [19] and the references therein. In vehicular
traffic, a point constraint accounts for inhomogeneities of the road and models,
for instance, the presence of a toll gate across which the flow of the vehicles
cannot exceed its capacity F.

In the case in which no constraint conditions are enforced, existence re-
sults for the Cauchy problems for the above mentioned two-phase transition
models have already been established, see [4,6,10,15]. In the present paper,
we focus on the constrained version proposed in [11] for the model introduced
in [4] and prove an existence result for constrained Cauchy problems. More
precisely, we use the Riemann solvers established in [4,11] in a wave-front
tracking scheme and prove that the obtained approximate solution u, con-
verges (up to a subsequence) to a globally defined solution of the constrained
Cauchy problem with general BV-initial data, at least in the case F' > f_,
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FIGURE 1. Notations

where the threshold value f is the minimal density flux of the metastable
phase, see Fig. 1. At last, in the case F' < f- we give sufficient conditions on
the initial data that ensure the convergence of u,, to a globally defined solution
of the constrained Cauchy problem.

The paper is organized as follows. In the next section we introduce the
notations used throughout the paper, the model, the definitions of solutions
to the unconstrained and constrained Cauchy problems, the main result in
Theorem 2.8 and at last the Riemann solvers for the unconstrained and con-
strained Riemann problems. In Sect. 3 we apply the model to reproduce the
traffic across a toll gate. Finally, in the last section we defer the technical
proofs.

2. Notations, definitions and main result

In this section we state the main assumptions on the parameters, collect useful
notations, see Fig. 1, give the definition of solutions, state the main result in
Theorem 2.8 and at last introduce the Riemann solvers.

2.1. Notations

Denote by p > 0 and v > 0 the density and the velocity of the vehicles,
respectively. Let u = (p,v) and f(u) = v p be the density flux. If V' > 0 is the
unique velocity in the free-flow phase ¢ and p* is the maximal density in €y,
then

in{ue]Ri_:png“7 v:V},
where R} = [0, 00). If the velocity V is reached in the congested phase €. for
densities ranging in [p~, pT] C (0, 00), then
Qci{ueRi:USV, w” §U+p(p)§w+},

where wt = p(p™) + V. Above p € C%((0,00);R) is an anticipation factor,
which takes into account drivers’ reactions to the state of traffic in front of
them. We assume that

p(0)=0, p'(p)>0, 2p'(p)+p"(p)p>0 forevery p>0. (2.1)
Typical choice for p is p(p) = p?, with v > 0, see [3].
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Let ff = Vp* and R = p~!(w?') > 0 be the maximal density (in the
congested phase). Let
Q= Q¢ UQ, Q;i{UGQf:pE[O,pi)},
Q. =Q:\Qf, Qf ={ueQ:pelp,pl}

Notice that QN Q. = Q;r We assume that
v < p(p) p for every (p,v) € Qe. (2.2)

The (extended) Lagrangian marker w: Q — [w™ — 1,w™] is defined by

v+ p(p) if u € Q,

MU= S 1 2 rueqr
p

Let W: Q — [w™,w"] be defined by
W(u) = max{w™,w(u)}.

The 2 x 2 system of conservation laws describing the traffic in the con-
gested phase has two characteristic families of Lax curves. In the (p, f)-plane
the Lax curves in €. of the first and second characteristic families passing
through @ = (p,v) € Q. are respectively described by the graphs of the maps

[P~ (w(@) — V).p~ (w(@))] 3 p = Lugay(p) = fp,w(@) — plp)),
[p_l(w_ —0),p " (wh — 17)] Sp—op.

Remark 2.1. Conditions (2.1) and (2.2) ensure that for any w € [w™,w™]
the map p — £, (p) = (w — p(p)) p is strictly concave and strictly decreasing
in [p~H(w — V),p~}(w)]. Indeed, for any w € [w™,w*] and p € [p~H(w —
V),p~1(w)], we have that (p,w — p(p)) € Q. and therefore

L,(p)=w—plp)—p'(p)p<0,  Li(p)=-2p(p)—p"(p)p<0.

If for instance p(p) = VietIn(p/pmax) with Viee > 0 and pmax > 0, then
P'(p) p = Vier and (2.2) is equivalent to require V' < Vier, while (2.1) is trivial.
If for instance p(p) = p? with v > 0, then Qe = {u € R : v <V, w™ —v <
p? <wt — v} and therefore

g&(p’(p)p—v) =5giﬂnc(7p” —v)=qyw” —(y+ 1V,

hence (2.2) is equivalent to require (y+ 1)V < yw™, while (2.1) is trivial.
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We introduce the following functions, see Fig. 1:

w: Qe — QF, u = w(@) == {W(u) =w(a),
v=1V,

+\ _ .+

v Q— Q. uizvi(u)<:>{wiu )_—w ’
v =10,
) =W 5

w92 — Q. s = Uy (g, Uy ) <= {w(u ) (ue)

Vyx = Up,

Az {(uur) € ipr £ pr} — R, Aug,u,) = M

Notice that:

e the point w(@) is the intersection of the Lax curve of the first characteris-
tic family passing through @ and Qf+ , namely the Lax curve of the second
characteristic family passing through (0, V);

e for any w € [w,w"] the point (p~!(w),0) is the intersection of the Lax
curve of the first characteristic family corresponding to w and the segment
{(p,v) € Q¢ : v =0}, namely the Lax curve of the second characteristic
family passing through (p~!(w¥),0);

e the point v* () is the intersection of the Lax curve of the second charac-
teristic family passing through @ and {u € Q. : w(u) = w*}, namely the
Lax curve of the first characteristic family passing through (p~*(w%),0);

e for any ug, u, € €. the point u.(ug,u,) is the intersection between the
Lax curve of the first characteristic family passing through u, and the
Lax curve of the second characteristic family passing through u,;

o A(ug,u,) is the speed of a discontinuity (ue,u,), that in the (p, f)-
coordinates coincides with the slope of the segment connecting u, and
Up-.

Observe that v¥ (@) = u,((p~ ' (w*),0), %) and w(@) = u.(a, (0,V)).
We denote by R and Rp the Riemann solver and the constrained Rie-
mann solver introduced in [4,11], respectively, see Sect. 2.3 for more details.

2.2. The constrained Cauchy problem
We study the constrained Cauchy problem for the phase transition model

Free-flow Congested flow
u € Qy, u € Q, (2.3)
pr+ (pV)e =0, pt+ (pv)e =0,
v=V, (pw(u)), + (pu(u)v), =0,
with initial datum
u(0,z) = u’(x) (2.4)

and local point constraint on the density flux at z =0

fu(t,01)) < F, (2.5)
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FI1GURE 2. Geometrical meaning of wg, vljﬁ and Zp in the case
F € (0, f7). The curve in the figure on the left is the graph
of =p and corresponds to the horizontal solid segment in the
figure on the right. In particular w, = ZEg(v,). The points in
the figure on the left correspond to those in the figure on the
right

where F' € [0, f] is a given constant quantity. To this aim we apply the wave-
front tracking algorithm, which is based on the definition of the Riemann
solvers defined in the next sections.

Introduce, see Fig. 2, vi € [0,V] and wg € [w™ — 1,w*] defined by the
following conditions:

if = f5: =V v =V, wp=wt,
ifFE[fC_,fC"'); }_:‘/7 ’UF—‘rp(F/’U ) w""7 wFip(F/V)—FV
it Fe(0,f):
F
vh +p(F/vk) =w™, vy +p(F/vp)=wt, ngw*_H_fi_’

if F=0: vh =0, vp =0, wp=w —1

For any F € (0, fF), let Zp : [vp,v}] — [w™,w*] be given by Zp(v) =
v+ p(F/v), see Fig. 2. Notice that Zp is strictly decreasing because by (2.2)

F _ F\ F
(v’v> € = Er(v)=1-p (v) =<0,

moreover it is strictly convex because by (2.1)

F F\ F| F
= — oy (L 7N R T )
Ho= o (3) 0 (5) 3] 5520

The notion of solution to Cauchy problem (2.3), (2.4) necessarily involves
both the notions of solution to the Cauchy problems for LWR and ARZ models,
that have to be combined by defining which phase transitions are admissible,
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see [4]. Since the characteristic field corresponding to the free phase is linearly
degenerate, a discontinuity between states in ¢ is entropic if and only if it
satisfies the corresponding Rankine-Hugoniot condition, namely its speed of
propagation is V. For this reason we consider only the entropy—entropy flux
pair

. 0 if v >k,

Bfw)=4__ Py tp<k
p~t(W(u) — k) ’
0 if v >k,

Q" (u) = f(u) .
—— Lk ifv<k,
p~t(W(u) — k)

for u € Q and k € [0, V], which is obtained by adapting the entropy—entropy
flux pair introduced in [1] for the ARZ model.

Definition 2.2. Let u° € BV(R; ). We say that u € L*((0,00); BV(R;2)) N
Co(Ry; Ll (R;Q)) is a solution to Cauchy problem (2.3), (2.4) if the following
holds:

(S.1) Condition (2.4) holds for a.e. x € R, namely
u(0,x) = u(x) for a.e. x € R.
(S.2) For any ¢ € C°((0,00) x R;R) we have

/OOO/R(M + fu) ¢z) <w(1u)) dzdt = (8) :

(S.3) For any k € [0,V] and ¢ € C°((0,00) x R;R) such that ¢ > 0 we have

/Oo/(Ek(u) 60 + Q5 (u) 6) d dt > 0.
0 R

We recall the existence result proved in [4, Theorem 2.8].

Theorem 2.3. Cauchy problem (2.3), (2.4) with initial datum u® € LYNBV(R;
Q) admits a solution u in the sense of Definition 2.2; moreover there exist two
constants C° and L° such that for any t,s > 0

TV (u(t) < TV), [[ul®)llgmmay < C% Nut) = u()lga gy < L° It - .

In the following definition we introduce the notion of solution to con-
strained Cauchy problem (2.3)—(2.5), which is obtained by adapting that in-
troduced in Definition 2.2 for Cauchy problem (2.3), (2.4).

Definition 2.4. Let u® € BV (R; Q). We say that u € L* ((0,00); BV(R; )N
C° (R4; L, (R;Q)) is a solution to constrained Cauchy problem (2.3)—(2.5)
if the following holds:

(CS.1) Condition (2.4) holds for a.e. € R, namely

u(0,z) = u°(x) for a.e. x € R.
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(CS.2) For any ¢ € C°((0,00) x R;R) we have
/ / pd+ f(u) ¢y) dedt =0 (2.6)
and if ¢(-,0) = 0 then
/0 /R(p@ + f(u) ¢) W(u) dz dt = 0. (2.7)

(CS.3) For any k € [0,V] and ¢ € C((0,00) x R;R) such that ¢(-,0) = 0
and ¢ > 0 we have

/ /(Ek(u) ¢ + Q¥ (u) ¢) dzdt > 0. (2.8)
o Jr
(CS.4) Condition (2.5) holds for a.e. t > 0, namely

fu(t,01)) < F for a.e. t > 0.

In the following proposition we state which discontinuities are admissible
for the solutions to (2.3)—(2.5).

Proposition 2.5. Let u be a solution of constrained Cauchy problem (2.3)—(2.5)
in the sense of Definition 2.4. Then u has the following properties:

o Any discontinuity 6(t) of x — u(t,x) satisfies the first Rankine—Hugoniot
Jump condition

[p(t,8(t)4) = p(t.0(5)-)| 8(8) = f(u(t.6()1)) = f(u(t.6()-),  (29)

and if §(t) # 0, then it satisfies also the second Rankine—Hugoniot jump
condition

[p(t, 5(t)4) w<u(t,5(t)+)> — p(t,6(t)-) w<u(t, 5(t)_))} §(t)
- f(u(t,é(t)+)) w(u(t,é(t)+)) - f(u(t,a(t),)) w(u(t,é(t),)). (2.10)

o Any discontinuity of u away from the constraint is classical, i.e. it satisfies
the Laz entropy inequalities.

e Non-classical discontinuities of uw may occur only at the constraint loca-
tion x = 0, and in this case the (density) flux at © = 0 does not exceed
the maximal fluz F allowed by the constraint.

Proof. These properties follow directly from (CS.2), (CS.3) and (CS.4). Let us
just underline that (2.9), (2.10) are equivalent to

[0(8,04) = ()] p(t,04) = [v(2,0-) = (1) p(t,0-),
[w(u(t, 04)) — W(uft, o_))] [v(t, 0.)— 5(t)] p(t,0_) = 0.

In particular phase transitions and shocks are admissible because for them
W(u(t,04)) = W(u(t,0-)), while the contact discontinuities are admissible be-
cause for them §(t) = v(¢,04). O
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FIGURE 3. Geometrical meaning of 4 and u defined in (2.11)
in the case F € (f, f})

Remark 2.6. Differently from any solution to Cauchy problem (2.3), (2.4),
a solution u to constrained Cauchy problem (2.3)—(2.5) does not satisfy in
general the second Rankine-Hugoniot condition (2.10) along = =0

p(t,0-)W(u(t,0-)) v(t,0-) = p(t,04) W(u(t,04)) v(t,04) for a.e. t > 0.

Indeed the (extended) linearized momentum pW(u) is conserved across (clas-
sical) shocks and phase transitions, but in general it is not conserved across
non-classical shocks even if they are between states in .. As a consequence,
a solution to (2.3)—(2.5) taking values in €. is not necessarily a weak solution
to the 2 x 2 system of conservation laws in (2.3) for the congested flow. For
this reason in (2.7) [and then also in (2.8)] we consider test functions ¢ such
that ¢(-,0) = 0.

This is in the same spirit of the solutions considered in [5,11-14] for traffic
through locations with reduced capacity. However, with this choice for the test
functions in (2.7) and (2.8) we loose the possibility to better characterize the
(density) flux at © = 0 associated to non-classical shocks. In fact, differently
from what is proved in [9] for the LWR model and in [2] for the ARZ model, we
cannot ensure that the flux of the non-classical shocks of any solution is equal
to the maximal flux F' allowed by the constraint. Nevertheless, in Sect. 4.4 we
can give sufficient conditions ensuring that the solutions constructed with our
wave-front tracking algorithm have this property, see Proposition 4.4.

Let [w™ — L,w'] 2 w— d(w, F) = (2(w, F),v(w, F)) € Q. and [0,V] >
v a(v, F) = (£, F),7(v, F)) € Q be defined in the (v, w)-coordinates by,
see Figs. 3 and 4,

(
(v(w, F).a(w, F)) = § (vFw)  ifwp<w<w, (2.112)
(V,wp) if w < wp,
(V, wF) ifv> v;,
(V(v, F),u(v, F)) = Ev Er(v)) ifv € [vp,vf], (2.11b)

b)
vp,w) if v <vg,
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FIGURE 4. Geometrical meaning of 4 and u defined in (2.11)
in the case F' € (0, ;)

where w = wou and w = wou. As a consequence
t(w,F) =p~ ! (w(w, F) — ¥(w, F)),

(v, F) pt(u(w, F) —v(w, F)) if v <of,
r =
7 F/v if v > vf.

Remark 2.7. Notice that
f(@(w, F)) = f(a(v, F)) = F.

Moreover, w +— a(w, F') and v — u(v, F) are continuous if and only if F' > f,
and in this case they are Lipschitz continuous. On the other hand, if F' <
fo, then w — d(w, F) and v — 1u(v, F') are only left-continuous. Moreover
w(w, F) > w and v(v, F) > v. At last, w — W(w,F) and v — ¥(v, F) are
non-decreasing, while w — ¥(w, F') and v — w(v, F') are non-increasing.

Denote by TV, and TV_ the positive and negative total variations,
respectively. For any u: R — Q let

T(u) =TV, (f/(w(u), F); (~o0, 0)) LTV (ﬁ(w(u), F); (—oo, 0))7 (2.12a)

T(u) =TV, (\7(1}, F); (0, oo)) +TV_ <€1(v, F); (0, oo)). (2.12b)
For any v € Q and k € [0,V] let
k 1 .
IR A e k>L e
k it F=0,

], = w if w >0,
T 0 otherwise.

We are now in the position to state the main result of the paper.

Theorem 2.8. Let u® € L' N BV(R; Q) and F € [0, ] satisfy one of the
following conditions:

(H‘I) F € [fc_7f(j_]) R B
(H.2) Fel0,f7) and T(u®) + T(u°) is bounded.
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Then the approximate solutions u, constructed in Sect. 4.1 converge to a solu-
tion u € CO(Ry; BV (R;Q)) of constrained Cauchy problem (2.3)—(2.5) in the
sense of Definition 2.4. Moreover for allt, s € Ry the following estimates hold

TV(u(t) < C%, () — u(s) ey < Lot —sl, [u(®)lLequay < R+,
(2.13)

where C% and LY, are constants that depend on u® and F'. Furthermore, non-
classical discontinuities of u can occur only at the constraint location x = 0,
and if for any k € [0,V] and ¢ € CX((0,00) x R;R) such that ¢ > 0 we have

T T
lim NG (un(t,02)) ¢(t,0) dt = / NG (u(t,0-)) ¢(t,0) dt, (2.14)
0

n—oo 0

then the (density) flow at x = 0 is the mazimal flow F allowed by the con-
straint.

As in [1,4,10], the proof of the above theorem is based on the wave-front
tracking algorithm, see [7,16] and the references therein. The details of the
proof are deferred to Sect. 4. In particular condition (H.2) is relevant because
the Glimm functional we introduce in (4.2) to prove the global existence and
BV-bounds of wave-front tracking approximations involves T and T.

Remark 2.9. If F' € [f., f], then w — 4(w, F) and v +— u(v, F) are Lipschitz
continuous and therefore T (u°)+7 (u°) is obviously bounded if u° has bounded
total variation.

2.3. The constrained Riemann problem

For completeness, we conclude this section by giving the definitions of the
Riemann solvers R and Rp introduced in [4] and [11], associated to Riemann
problem (2.3), (2.15) and to constrained Riemann problem (2.3), (2.5), (2.15),
respectively, and used in Sect. 4 to prove Theorem 2.8.

We recall that Riemann problems for (2.3) are Cauchy problems with
initial condition of the form

w(0,7) = ue ifx <0, (2.15)
T w, if x > 0. '

Definition 2.10. The Riemann solver R: Q? — L>(R;() associated to Rie-
mann problem (2.3), (2.15) is defined as follows.

(R.1) If ug, u, € Qf, then Rlug, u,| consists of a contact discontinuity (g, u,.)
with speed of propagation V.

(R.2) If ug, uy, € Qc, then Rlug, u,] consists of a 1-wave (ug, u.(ue, u,)) and of
a 2-contact discontinuity (w.(ue,u,), u,).

(R.3) If uy € QF and u, € Qp, then R[ug,u,] consists of a l-rarefaction
(ug,w(ur)) and a contact discontinuity (w(ue), uy).

(R4) If ug € Qf and u, € Qf, then Ruy, u,| consists of a phase transition
(ug, v~ (u,)) and a 2-contact discontinuity (v (uy),u,).

We stress that the only changes of phase in the Riemann data producing
phase transition waves are those described in (R.4), as the change of phase
described in (R.%) is the result of the juxtaposition of two classical waves.
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i ue

FIGURE 5. The selection criterion (2.11) for 4, = G(w(ue), F')
and a, = u(v., F) exploited in Definition 2.11 in the case
(ug,ur) € Dy and F € (0, f;7). In the first picture uj, u?
represent the left state in two different cases and 4}, 47 are
the corresponding 4y. Analogously in the second and third

pictures for ul, u? and !, @2

Since (¢, z) — Rlug, u,](x/t) does not in general satisfy constraint condi-
tion (2.5), we introduce
{(w,ur) cOxN: f(R[w,ur](t,Oi)) < F}
{(w,ur) € Qe X Qg : flug) < F}
(ug, ur)
(ug, ur)

{ GQCXQ:f(u*(u[,uT))SF}
{ Up, Uy) € Qp X :min{f(ug),f(v_(ur))} < F},

Ugy Uy

Dy = Q2 \ D; and the constrained Riemann solver R in the following

Definition 2.11. The constrained Riemann solver Rp: Q% — L (R; Q) associ-
ated to constrained Riemann problem (2.3), (2.5), (2.15) is defined as

Rlue, ur](x) if (up,u,) € Dy,

Rrplue, up](x) = u '
Rlue bel(@) o <0y 0y ey,
R[ﬁra ur](aj) if z >0,

where 4y = d(w(ug), F) € Q¢ and 4, = u(v,, F') € Q are defined by (2.11).

In Fig. 5 we clarify the selection criterion (2.11) for 4, and q,.
We point out that 4, and 1, satisfy the following general properties.

If (wg, u,) € Do, then w(ug) > w(u,) and v, > Ty.
If (ug,ur) € Dy and up € Qp , then w(ty) =w™.
If (ug,u,) € Dy and u, € Qf, then v,, = V.

It is easy to prove that (t,z) — Rlug, u,](x/t) and (¢t,2) — Rplue, ur](x/t)
are solutions to Riemann problems (2.3), (2.15) and (2.3), (2.5), (2.15) in the
sense of Definitions 2.2 and 2.4, respectively.

We recall that both R and R are Llloc—continuous7 see [11, Propositions 2
and 3].
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Uug Up Uy P x

FIGURE 6. Notations used to describe the solution con-
structed in Sect. 3

3. Example

In this section we apply model (2.3)—(2.5) to simulate the traffic across, for
instance, a toll gate located at x = 0 and with capacity F'. More specifically,
let w™ and w™ be the Lagrangian markers corresponding to vehicles that
are initially at rest in [z4,2p5) and [z g,0), respectively. The resulting initial
condition is

ug ifx €xa,zp),
u’(z) = qu, ifze€lrp,0),
ug ifz e R\ [z4,0),

where ug = (0,V), ug = (p~*(w™),0) and u, = (p~*(w™),0), see Fig. 6.

The resulting solution can be constructed by solving the Riemann prob-
lems corresponding to the discontinuities of u° and by considering the inter-
actions of the waves between themselves or with the point constraint x = 0.
We describe below the solution and its construction in more details. Let

G =tG(w ,F), 4 =tw"F), a=uV,F), u=u.(ugd,).

At 2 = 0 we apply Rr and obtain a backward rarefaction Ro(u,,G,), a
stationary non-classical shock NSy(@,,1) and a forward contact discontinu-
ity CDg (2, up), which moves with speed V. At x = x5 we apply R and obtain
a stationary contact discontinuity CD g (us,u,). Let C' and E be the starting
and final interaction points between CDp and Ry. During such interaction we
have that CDp accelerates, while Rg crosses CDp and eventually changes its
values. After time ¢t = tg we have that CDg moves with speed ¥, > 0 and
interacts with NSy at G. At G we apply R and obtain a backward rarefaction
R (us, tr) and a stationary non-classical shock NS¢ (i, ).

At * = x4 we apply R and obtain a stationary phase transition
PT A(uo,ur). Let D and F' be the starting and final interaction points between
PT4 and Ry. During the time interval (tp,tr) we have that PT 4 accelerates
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tr 5L
2h

L

(t, ) |—>.;)(t,x) (t,z) — f(t,x) (t,z) — v(t, x) (t,az)li—> w(t, )

FIGURE 7. The solution constructed in Sect. 3. Above we let

f, = f(u*)

and Ry starts to disappear. After time ¢ = ¢y we have that PT 4 moves with
speed v, > 0. Let H and I be the starting and final interaction points between
PT 4 and Rg. Then, during the time interval (g, t;) we have that PT 4 accel-
erates and R starts to disappear. After time ¢t = ¢; we have that PT 4 moves
with speed ¥, > 0. Finally, PT 4 interacts with NS at L and then moves with
speed V.

In Fig. 7 we represent in different coordinates the quantitative evolution
of the solution corresponding to p(p) = p? and to the data

tp=-8, xp=-5 w =1, wr=6/5 V=3/5 F=+3/5

Such solution is obtained by the explicit analysis of the wave-fronts interactions
with computer-assisted computation of the interaction times and front slopes.
We finally observe that, once the overall picture of the solution is known,
it is possible to express in a closed form the time at which the last vehicle
passes through = = 0, indeed t;, = [(xg —xa) pe — x5 pr]/F ~ 24.4716.

4. Proof of Theorem 2.8

In this section we prove Theorem 2.8. More precisely, in Sect. 4.1 we construct
a grid G, approximate Riemann solvers R,,, R, and an approximate solution
Up, = (pn, Up) to constrained Cauchy problem (2.3)—(2.5). In Sect. 4.2 we prove
that the approximate solution wu,, is well defined globally in time by introducing
a non-increasing Temple functional 7,,, which strictly decreases any time the
number of the discontinuities of w,, increases. In Sect. 4.3 we prove that u,
converges to u, which is a solution to (2.3)-(2.5) and satisfies the estimates
listed in (2.13). At last in Sect. 4.4 we consider the flux density of the non-
classical shocks.

We choose to study the total variation in the (v, w)-coordinates rather
than in the (p,v)-coordinates. This choice is in fact convenient to describe
the grid, the approximate Riemann solvers and ease the forthcoming analysis,
because the total variation of wu, in these coordinates does not increase after
any interaction away from x = 0. Furthermore, the entropy pairs in the (v, w)-
coordinates are well defined, but in the (p, v)-coordinates are multi-valued at
the vacuum.
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12 f

FIGURE 8. The grid G,, corresponding to F € (0, f;) and
n = 2. The curve in the figure on the left is the support of
=, which corresponds to (a portion of) the horizontal line in
the figure on the right

For simplicity we assume below that n € N is sufficiently large. Moreover
we simplify the notation by letting

we = w(ug), Uy = u(wy, F), e = u(ve, F)
and so on, where @ and u are defined in (2.11).

4.1. The approximate solution

In this section we apply the wave-front tracking algorithm to construct an ap-
proximate solution u,, in the space PC of piecewise constant functions taking
finitely many values. To do so we introduce a grid G,, in 2 and approximate
Riemann solvers Ry, Rpn : Gn X G, — PC(R; G,,).

The grid. We introduce in Q a grid G, = QN P, see Fig. 8, with P given in
the (v, w)-coordinates by

(VHE" {v'}) > (UXE" {w'}),
where M, N, v* and w’, are defined as follows:
o If F=0, then welet M =1, N =2,

R R B ifie{0,...,2"},
T lw+G—2m) 2 (wh—wT) ifie{2n+1,...,2-27},

and

i =27V ifie{0,...,2"}.
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o If F € (0, f), then we let M =3, N =3,

wT —14+i27" (wp —w™ +1) ifie{0,...,2"},
w' = wp 4 (i —27) 27" (W™ — wp) ifie{2"+1,...,2-2"},
w™H(1—2-2") 27" (wh —w™) ifie{2-27+1,...,3-2"},

and
P27 ifi €{0,...,2"},
o' = ¢ ER (Wt ) ifie{2"+1,...,2-2"},

vh+(i—2-2") 27" (V —vf) ifie{2-2"+1,...,3-2"}.
o If F e [f, fF], then we let M =2, N =3,

wT—14427" ifie€{0,...,2"},
w' =S w4 (i —2") 27" (wp —w™) ifie{2"+1,...,2-2"},
wp+ (1—2-2") 27" (wt —wp) ifi€{2-2"+1,...,3-2"},

and

L iz if i € {0,...,2"},
v = n .
SR (w*? ) dfie{2n 41,227,

Notice that if F' € {f., fF}, then not necessarily w? # w'*!.

The approximate Riemann solvers. An approximate solution w,, to (2.3)—(2.5)
is constructed in PC(R;G,,) by applying the approximate Riemann solvers
Rn, Ren : Gn X G, — PC(R; G,,), which are obtained by approximating the
rarefactions. More precisely, for any (ug,u,) € G, X G,, such that w, = w,. and
ve = vP < v, = VPR we let

ue i & < Aug,uq),
Rnlue, (€)= quy i Alujo1,uy) <€ < Mujyujpn), 1< <k—1,
Uy lfg > A(uk—lau’r‘)7

where ug = u¢, ur = u, and u; € G, is such that v; = "7 and w; = wy. The
Riemann solver R, is defined as follows:

1. If f (Rpfue, ur](01)) < F, then Ry ue, ur] =Ry [te, wr].
2. If f (Rulue, ur](04)) > F, then

- R7 U 7ﬁ if &€ < O7
REnlue, url(§) = L[Vf J(€) ! §
Rn[uh ur](ﬁ) if f > 0.
The approximate solution. An approximate solution u,, € PC(Ry x R;G,) to

(2.3)—(2.5) can be constructed as follows. As a first step we approximate the
initial datum u® with u% € PC(R;G,,) such that
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o5l < o e 195 e < 5°loe
TV (vy,) < TV(v?), TV(WS) < TV (w°),

4.1
fim o)~ g, =0, Jim gy =0,
T(u) < O T (), T(u) < OX(w),

for a constant C. The approximate solution u, is then obtained by gluing
together the approximate solutions computed by applying Rr, at © = 0 at
time t = 0 and at any time a wave-front reaches x = 0, and by applying R,
at any discontinuity of u? away from z = 0 or at any interaction between
wave-fronts away from x = 0. As usual, in order to extend the construction
globally in time we have to ensure that only finitely many interactions may
occur in finite time. In Sect. 4.2 we prove that u,(t,-) is well defined for all
t > 0 and belongs to PC(R; x R;G,,). Finally, in Sect. 4.3 we prove that u,
converges (up to a subsequence) in Ll _ to a limit u, which results to be a
constrained solution to (2.3)—(2.5) in the sense of Definition 2.4.

4.2. A priori estimates

In this section we prove the main a priori estimates on the sequence of ap-
proximate solutions (uy),. We prove in Proposition 4.1 that w, takes values
in G,, and we estimate TV (u,(t,-)) uniformly in n and ¢. This together with
Proposition 4.2 guarantee that the number of interactions and the number of
the discontinuities of u,, are both bounded globally in time.

Observe that any Contact Discontinuity (CD) has non-negative speed (of
propagation), any Shock (S) or Rarefaction Shock (RS) has negative speed, all
the Non-classical Shocks (NSs) are stationary and the speed of all the possible
Phase Transitions (PTs) ranges in the interval (—f. /(p~H(w™) — p7), V).
Below we say that (ug,u,) is a null wave if uy = wu,. Notice that if (us,u,)
is a PT then uy € Q; and u, € Q, moreover if (ug, u,) is a PT with w, > w™
then pPv = 0.

Let u, be an approximate solution. Let #(¢) be the number of waves-
discontinuities of u, (¢, ) and introduce 7,,: Ry — R defined as

T (t) = TV (va(t,)) + TV (un(t, ) + 2T, (t) + 2T, (t), (4.2)

where T, (t) = T(un(t,-)) and T, (¢ ) = Y (un(t,-)). Conventionally, we assume
that w, is left continuous in time, i.e. uy(t,-) = u,(t—,-). Then also 7,, is left
continuous in time. By the monotonicity of w — ¥(w), w +— w(w), v — ¥(v),
v — w(v), see Remark 2.7, and the definitions of T and T given in (2.12), we
have that

Tn(t)

TV, (¥(n(t,)); (—00,0)) + TV (#(wn(t, )); (~00,0))
Z [¥(wn(t,24)) — \?(wn(t7x,))]+

z€CD,

+ Z (v (t, ) fﬁ(wn(t,xg)]_s_,

zeCD,
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Tu(t) = TV (¥(0n(t,), F); (0,00)) + TV ((va(t, ), F); (0,))
> [F(onlt.24), F) = v(vn(t-) F)]

z€RS,
+ Z vn (t,x_ F) —ﬁ(vn(t7m+),F)]+,
zERS,,
where
N C(un(tzo),un(t,zy)) is a CD in 2 < 0
0w = {w cR: such that w, (t,2_) > max{w, (¢, 1), wr}
RS, = dzcR: (wn(t,_),up(t,24)) isaRSinz > 0 such
" " that v, (t,24) > max{v,(t,z_),v5} '

Let €, > 0 be the minimal (v, w)-distance between two points in the grid G,
namely

€n = min max{\vl — 2], lw(u') — w(u2)|}
u', u?€g,
ul#u?

The next proposition ensures that the number of discontinuities of u,, is
uniformly bounded in time. Moreover, it gives uniform bounds on the total
variation of the approximate solution, which allows us to use Helly’s Theorem.

Proposition 4.1. For any fized n € N sufficiently large and u8 € PC(R;G,),
we have that:

a the map t — T, (t) is non-increasing and decreases by at least £,, any time
the number of waves increases;
b u,(t,") € PC(R;G,) for allt > 0.

Proof. By construction, for any ¢ > 0 sufficiently small w,(¢,-) belongs to
PC(R;G,), more precisely it is piecewise constant with jumps along a finite
number of straight lines. If at time ¢ > 0 an interaction occurs, namely two
waves meet or a wave reaches x = 0, then the involved waves may change speed
or strength, while new waves may be created. To prove that wu,(t,-) belongs
to PC(R; G,,) we have to provide an a priori upper bound for the number of
waves, which follows from a.

Clearly, if at time ¢ > 0 no interaction occurs then 7,,(t) = 7,,(¢t4). For
this reason we consider below all the possible interactions and distinguish the
following main cases:

e a single wave reaches x = 0 and no NS is involved;
e a single wave reaches z = 0 and a NS is involved;
e two waves interact away from x = 0;

e two waves interact at z = 0 and no NS is involved;
e two waves interact at z = 0 and a NS is involved.
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For completeness we estimate

and
A% = t(ty) — £(t-), AT, = To(ty) - Talt-).

For simplicity in the exposition, whenever a NS is involved we consider
separately the cases F' € [f., f) and F € [0, f7). Notice that w™ > wp if
and only if F' < f, or equivalently V # v}t. Notice also that if F' = f then
Dy = (), while if F' =0 then D; = ). At last, notice that if F' € [f., f) and
(ug,u,) € Dy, then Wy = wy and v, = v,..

We start with the interaction estimates.

o If a wave (ug,u,) reaches © = 0, u, (¢,0_) = u,(¢,04) and (us, u,) € Dy,
then the constraint has no influence on the wave and 0 = ATV, =
ATV, = At. Since any CD has non-negative speed, we have that AT, <
0. Since any RS has negative speed, we have that AT, < 0. As a conse-
quence A7, <0.

e Assume that a wave (ug,u,) reaches x = 0, un(t,0_) = u,(t,04) and
(ug, uy) € Da.

If F e[f;,f}), then one of the following cases occurs:

CD; (ug,u,) is a CD. In this case ¥, > vy = v, = ¥V, > Vg, Wp = Wy >

wp > W, > we and f(ue) > F > f(uy). Renlue, uy] has at most
three waves (ug,1y), (G¢, ) and (d,,u,) that are a S, a NS and a
possibly null CD, respectively. As a consequence

ATV, = 2(’1)@ — \7‘@) > 0,

ATV, =0,
A’fn = — [\A]r — ‘7[]+ — [VAJZ — V;Jr]+ < _(‘A/'r - ‘A/'K) <0,
AT, =0,

therefore Af € {1,2} and A7, < —2(¥, — vy) < 0.

RS; (ug,u,) is a RS. In this case vy = ¥y < v, = ¥, W, < Wp = Wy = Wy,
flug) = F < f(uy) and ue, ur € Qc. Rppnlue, ur] has two waves
(u¢,a,) and (4, u,) that are a NS and a CD, respectively. As a

consequence
ATV, =0,
ATV, = 2(wp —w,) > 0,
AT, =0,
AT, = —[7, — ¥e]y — [fg —wr]y = — (v, — vg) — (wp — @) <0,

therefore Af =1 and AT, = —2(v, — vg) < 0.
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If F € [0, f-), then one of the following cases occurs:

CDy (ug,u,) is a CD. In this case ¥, > vy = v, = 7, > ¥y, W > wp >
wr > 9, >w, and f(ug) > F > f(ur). Rpn|ue, ur] has at most three
waves (ug,dp), (4, u,) and (4, u,) that are a S or a PT, a NS and
a possibly null CD, respectively. As a consequence

ATV, = 2(’1}4 — X?'g) > 0,

ATVw = 2(6]@ - W() Z 0,
AT, = — [0, — O]y — [ie — W]y = — (9, — 0¢) — (W —w,) <O,
AT, =0,

therefore Af € {1,2} and AT, = —2(v, — vg) — 2(we — W,) < 0.

RSE (ug, u,) is a RS. In this case vp < v, < ¥, wp < W, < W, =W, = Wy,
flug) = F < f(uy) and ue, ur € Qc. Rppnlue, ur] has two waves
(ug,a,) and (@, u,) that are a NS and a PT or a CD, respectively.
As a consequence

ATV, =2(%, —v,) 20,
ATV, = 2(w, — ) > 0,
AT, =0,
AT, = —[7, — V)y — 5 —w0,]y = — (¥ — vg) — (wg — W) <0,

therefore A =1 and A7, = —2(v, — vg) < 0. Notice that v, > v,
if and only if wy = w,, = w™ and v, > vy = ’U;:.

Assume that two waves (ug, ty,) and (upy,u,) interact at time ¢ > 0. Let
W, = u.(ug,u,). Notice that u, = u, if and only if (up,u,,) is a S or a RS,
while u, = uy if and only if (ug, u,,) is a CD.

e If the interaction occurs at x # 0, then one of the following cases occurs:

CD-S (ug,u,) is a CD and (u,, u,) is a S. In this case vy = vy, > v, = Vs,
W, = Wp, We belongs to the closed interval between wy, and w,,
W(ug) = W(ws), W = Wp, f(Um) > f(ur) and wp,, u, € Qc. Ry lug, uy]
has at most two waves (ug,u.) and (u.,u,) that are respectively
either a S and a CD, or a PT and a possibly null CD. As a conse-
quence 0 = ATV, = ATV, = A’fn = ATY,,, therefore Af < 0 and
AT, = 0.

CD-RS (ug,up,) is a CD and (u,,u,) is a RS. In this case vy = vy, < v, =
Vi, Wo = Way Wy, = Wy, f(ug) < f(us), fum) < fu,) and wg, tpy,, s,
Uy € Qe. Ry [ue, u,] has two waves (ug, u.) and (u,,w,) that are a RS
and a CD, respectively. As a consequence 0 = ATV, = ATV,, =
AT, = AY,,, therefore Af =0 and A7, = 0.

CD-PT (uy,uy,) is a CD and (uy,,w,) is a PT. In this case vy = v,, =V >
Vp = Uy, Wy < W~ < W, Wy belongs to the closed interval between
we and wp, up € Qf, uy € Qp and uy, up € Qc. Ry [ug, u,y] has at
most two waves (ug, u,) and (u, u,-) that are either a PT or a S and
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a possibly null CD, respectively. As a consequence
ATV, =0, AT,
ATV, = |wp — wp| = ([we — Wy | + | — wy]) <0, AT, =

therefore Af < 0 and A7, <0.

S-S (ug, t,) and (U, u,) are Ss. In this case vy > vy > vy, W = Wy =
Wy > woand ug, Um, Up € Q. Ryfue, u,] has one wave (ug, uy),
which is a S. As a consequence 0 = ATV, = ATV, = AT, = AY,,
therefore Af = —1 and A7, = 0.

S-RS (u¢,ur,) is a S and (um,,u,) is a RS. In this case vy > v, > vy,
W =Wy =W, > w and ug, Uy, U € Q. Rplug, uy] has one wave
(ug, u,), which is a S. As a consequence

ATV, = —2(v, —vpy) <0, AT, =0,
ATV, =0, AY, <0

therefore Af = —1 and A7, < 0.

RS-S (ug,um) is a RS and (uy,,u,) is a S. In this case v, > v > vy,
Wo =Wy =W, > wand ug, Uy, Uy € Qe Rpfue, u,] has one wave
(ug, uy), which is a S. As a consequence

ATV, = —2(v,, —ve) <0, AT,
ATV, =0, AT,

therefore Af = —1 and A7, < 0.

PT-S (ug,un,) is a PT and (u,,u,) is a S. In this case vy = V > v,, > v,
W < w < Wy =W, ue € Qp and U, ur € Qo Ryfug, uy] has
one wave (ug,u,), which is a PT. As a consequence 0 = ATV, =
ATV, = A’fn = ATY,, therefore Af = —1 and AT, = 0.

PT-RS (ug,ty,)isa PT and (4, u,) is a RS. In this case vg = V' > v > vy,
W < W < Wy =Wy, g € Qp and Up, Uy € Qoo Ry [ug, uy| has one
wave (ug, u, ), which is either a PT or a CD. As a consequence

ATV, = —2(v, — v,) < 0, AT, =0,
ATV, =0, AT, <0,

therefore Af = —1 and A7, <0.
e If the interaction occurs at © = 0 and (ug,u,) € Dy, then one of the
following cases occurs:
CD-So (ug,ty,) is a CD and (uy,,u,) is a S. In this case vy = vy, > v, =
Vs, W = Wy, Wy belongs to the closed interval between w, and w,.,
W(1g) = W), ¥ = Wy F(1y) < () < F, mind f(ue), f(w)} < F
and Uy, Uy € Q. Rpn[ur, u,] has at most two waves (ug,u,) and
(u,u,) that are respectively either a S and a CD, or a PT and a
possibly null CD. As a consequence AY, <0=ATV, = ATV, =
ATY,,, therefore Af <0 and A7, <0.
CD-RSy (ug, ) is a CD and (tm,,u,) is a RS. In this case vy = v, < v,
W = Wp, Wy = Wy, f(ué) < f(u*)7 f(um) < f(ur)7 max{f(um)>

=
IN

0,

>

b

0
0,

IN
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CD-NS,

CD-PT,

ATV, =0, A
AT‘\/vw = |W€ - W7" - (|W€ - W?n| + IWm - er) < 07 ATn =

S-So

S-RSo

RS-So

NS-So

flu)} < F and g, U, s, up € Q. Rppfue, ur] has two waves
(ug,u.) and (us,u,) that are a RS and a CD, respectively. As a
consequence

ATV, =0, AT,
ATV, =0, AT,

therefore A =0 and A7, <0.

(ug, um) is a CD and (um, u,) is a NS. In this case vy < vy = vy, <
v <vf, wT <wp W < W, flug) < flu) < F = flum) = f(ur)
and ug, Up, W, Up € Q. Rpplue,ur] has a fan of RSs ranging
from u, to u, and a possibly null CD (u.,u,). As a consequence
ATV, = —2(w, —w,) < 0 = ATV, = AT,, = AT,,, therefore
Af e [-1,2" — 1] and AT, < 0.

(ug, up,) is & CD and (ty,u,) is a PT. In this case vg = v, =V >
Vp = Uy, Wen < W < W, Wy belongs to the closed interval between wy
and w,, min{f(ue), f(us)} < F, max{f(um), f(u.)} < F, ug € Q,
Uy € Qp and uy, up € Qo Rpn[ue, uy] has at most two waves
(ug,uy) and (u.,u,) that are either a PT or a S and a possibly null
CD, respectively. As a consequence

IN

Y

0
0

IN

3

3>
IN

n 07
therefore Af € {—1,0} and A7, <0.

(g, Upy) and (U, u,-) are Ss. In this case vy > vy > Uy, Wp = Wy, =
we > wo, f(ur) < flug) < F and ug, U, uy € Q. Rpplue, vy
has one wave (ug, u,), which is a S. As a consequence 0 = ATV, =
ATV, = AT, = ATY,, therefore Af = —1 and AT, = 0.

(ug,um) is a S and (um,,u,) is a RS. In this case vy > v, > vy,
W =Wy =W, > w, fur) < flug) < F and ug, Uy, up € Q.
REnlte, ur] has one wave (ug, u,), which is a S. As a consequence

ATV, = —2(v, — vyy) <0, AT, =0,
ATV, =0, AY, <0,
therefore Af = —1 and A7, <0.
(ug,um) is a RS and (um,u,) is a S. In this case v, > vy > vy,
W =Wy =W > w, fluy) < flug) < F and ug, U, ur € Q.
RFnlwe, ur] has one wave (ug, u,), which is a S. As a consequence
ATV, = —2(v,, —vg) < 0, AT, =0,
ATV, =0, AT, <0,
therefore Af = —1 and A7, < 0.
(g, Upy) is & NS and (ty,,w,) is a S. In this case vy, > vy > v, = vy,
We =Wg > Wy =W, 2 W, f(ul) = f(um) =F> f(ur) and Ug, Um,

up € Q¢ Rpplue, ur] has at most two waves (ug,u.) and (ws, uy,)
that are a possibly null S and CD, respectively. As a consequence
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ATV, = —=2(v,, —ve) < 0 = ATV, = AY,, = ATY,,, therefore
Af € {-1,0} and AT, <O0.

NS-PTy (g, up,) is a NS and (um,, u,-) is a PT. In this case v, =V > vy >
Up = Vs, Wg = Wy > Wp = W > Wy, fo > fug) = flum) = F >
flur), flu) < F, ug, up € Qo and uy, € Qp . Rpp[ue, ur] has at
most two waves (ug, u,) and (u, u,) that are a possibly null S and a
possibly null CD (but not both null), respectively. As a consequence

ATV, = —2(V — ) <0, AY, =0,
ATV, = —2(w™ —wy) <0, AY, =0,
therefore Af € {—1,0} and A7, < 0.

PT-So (ug,uy) is a PT and (up,, u,-) is a S. In this case vy =V > vy, > vy,
W < W < g = ey f() < () < max{[(ue), f(um)} < F,
ug € Qp and Up, uyp € Q. Rpp|ug, uy| has one wave (ug, u,), which
is a PT. As a consequence 0 = ATV, = ATV,, = ATn = A'Yn,
therefore Af = —1 and A7, = 0.

PT-RSy (ug,ur,)isaPT and (t,,w,) isa RS. In this case vy =V > v, > vy,
wp < wT < Wy =Wy, ug € Qp and Uy, U € Qoo Rpp|ue, uy] has
one wave (ug, u,), which is either a PT or a CD. As a consequence

ATV, = —2(v, — vy,) <0, AT, =0,
ATV, =0, AT, <0,
therefore Af = —1 and A7, < 0.

PT-NSo (s, U, )is a PT and (ty,, w,) is a NS. In this case vy = V > v, > vy,
v <w” <wp < W, fug) < flum) = flur) = F, up € Q and wy,
Uy € Qc. Rpn[te, ur] has one wave (ug, u, ), which is either a CD or
a PT. As a consequence

ATV, = —2(v, —vy) <0, AT, =0,
ATV, = —2(w, —w,) <0, AY, =0,
therefore Af = —1 and A7, <0.
e Assume that two waves (ug, Up,) and (Um,,u,) interact at © = 0 and
(ug,ur) € Dy.

If F e[f7,fT), then one of the following cases occurs:
CD-S; (wg, up,) is a CD and (ty,,u,) is a S. In this case ¥, > vy = vy, >
U =V > Vg, W = W > W > Wy = Wy, We > W, fug) > f(us) >
F > f(um) > f(uy) and ug, Um, vy € Q. Rpn[ug, uy] has three
waves (ug,dy), (4, 0,) and (4, u,), which are a S, a NS and a CD,
respectively. As a consequence

ATVU = 2(UT — \7[) > 0, ATn = — (\Alm — \7@) — (W@ — VAVm) < O,
ATV, =0, AY, =0,

therefore Af =1 and A7, = —2(¥, — v,) — 2(wg — W) < 0.
CD-RS; (wg, up,) is @ CD and (up,,u,) is a RS. In this case ¥y < vy = v, =
‘v’m<'Ur:‘v7r;{7€<‘7m7wf:€7€>€‘7mZwmzwrawr<‘v‘7m>
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flum) < flur) < flug) < flue), flum) < F < f(u) and ug, up,
up € Qc. Rpn[ug, uy] has at most three waves (ug, r), (Gg, u,) and
(4, u,), which are a possibly null S, a NS and a possibly null CD,
respectively. As a consequence

ATVU = 2(1}@ — ‘\7[) 2 07
ATV, = {Q(WT — ) i f () = F} >0,

0 if flum) < F
A’fn = - (‘}m - ‘A’K) - (VAV[ — W) < —(\Afm — KAfg) 0,
AYTL:_(UT_Um)_(ﬁm_ﬁr)<—(Y;7m—ﬁfr <0,

and therefore

A e {-1,0,1}, AT, < —=2(Fm —ve) + {O if f(um) = F} <0.

CD-NS}

(it — w,) if fum) < F

(we, Up,) is @ CD and (um,,u,) is a NS. In this case vy = vy, < vy,
Wy < min{wg, Wy}, wo # W, f(Um) = f(ur) = F # f(ug) and uy,
Uy Uy € .

If f(ug) < F, then Rp ,[ue, u,y] has a fan of RSs from ug to 4, and a
NS (d¢,u,); as a consequence ATV, = — 2(w,, —w;) < 0= ATV, =
AY, = AT,,, therefore Af € [0,2"—2] and AT, = — 2(w,, —wg) < 0.
If f(U,g) > F then ) < vy = vy = Vi, W = Wy > Wy = Wy,
R nlue, uy] has a two waves (ug, ) and (@, u,), that are a S and
a NS, respectively; as a consequence

ATV, = 2(vg — %) > 0, AT, = — (vp — %) — (wp — W) <0,
ATV, =0, AY, =0,

CD-PT}

therefore Af =0 and AT, = —2(w; — w,,) < 0.

(ug, up,) is @ CD and (um,u,) is a PT. In this case w,, < w~
W =Wy < Wp, Vg = Uy =V, =V >0, =V, > Ty, Wy, <w™ <
W < Wy <wp =7y, flu) > fue) > F > max{f(un), f(ur)}, ue €
Q?, U € Q and u, € Qc. Rpy[ug, uy] has three waves (ug, ),
(4¢,4,) and (4,,u,) that are a S, a NS and a CD, respectively. As
a consequence

VASIVAN

ATV, = 2(v, — ;) > 0, AT, = —(V =) — (wp —wp) <0,
ATV, = —2(w, —w,) <0, AT, =0,

NS-S&

NS-RS}

therefore Af =1 and A7, < —2(V —v,) —2(wy — wp) < 0.

(g, Upy) is @ NS and (uy,, u,) is a S. In this case vy, > v, = 7, > vy,
We > W > Wy =W > wp > w, f(u) > F = f(ug) = fum) >
fuy) and ug, Up, Uy € Q. Rpn[te, uy] has two waves (ug, 4,) and
(3, u,) that are a NS and a CD, respectively. As a consequence
ATV, = —2(v, —v,) < 0 = ATV, = AT, = AT, therefore
At =0and A7, = —2(v,, — v,-) < 0.

(we, up,) is a NS and (um, u,-) is a RS. In this case vy < vy, = ¥y,
Up = Vpy Wo > Wy = Wy = W > Wy f(ui) > fur) > F = f(ug) =

N
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fum) and ug, W, tr € Qc. REp[ue, ur] has two waves (u¢,d,) and
(4, u,) that are a NS and a CD, respectively. As a consequence

ATV, =0, AT, =0,
ATV, = 2(w, — ) > 0, AY, = — (vr — o) — (W, —W,) <0,

therefore Af = 0 and A7, = —2(v,, — vy,) < 0.
If F €0, f;), then one of the following cases occurs:

CD-Sy (ug, tm,) is a CD and (um,u,) is a S. In this case ¥, > vy = vy, >
’UT:Vr>\7g,wE:ﬁg>ﬁr>Wm:ﬁm:WTZ’wi,f(’LLg)>
f(ue) > F > f(um) > f(ur) and up, U, Uy € Q. Rpplue, ur] has
three waves (ug,¢), (4¢, ) and (4, u,), which are a S, a NS and
a CD, respectively. As a consequence

ATV, = 2(v, — ;) > 0, AT, = — (¥ — V¢) — (wg — W) <0,

ATV, =0, AT, =0,
therefore Af =1 and AT, = —2(¥,, — v,) — 2(wp — w,,) < 0.

CD-RSg (ug, uy,) is a CD and (um,u,) is a RS. In this case ¥ < vy = vy, <

'\A’ma ’Um:\vfm<’l}7‘§\vfr,Wg:Y:TgZ\':ImZWmZWTZU)_,Wg>Wm7
f(um) < f(ur) < f(uf) < f(u*)7 f(um) <F< f(ll*) and Ug, Ums
Ur € Qc. REn[ug, uy] has at most three waves (ug,0¢), (4, 4,) and
(4, u,), which are a possibly null S, a NS and a possibly null CD
or PT, respectively. As a consequence

ATV, = 2(v; — ) + 2(3, — v,) > 0,

20w, — ) if f(up) =F
ATV = {0 i Fum) < F} 20,

. . (wr — ) 3 f(um) = F
Arn——(vr—vm)_{(wm—m) iff(um)<F} =

and therefore

At e {-1,0,1}, AT, = —2(Fm —ve) — 2(0r — vm) — 200 — W)

A b )

CD-NSg (ug, ty,) is a CD and (s, u,) is a NS. In this case v, = vy, = ¥, <
Vpy Wp < min{wy, W, }, Wo = We, Wy = Win, f(um) = f(uy) = F #
fup) and wg, wy, € Q.
If f(ug)) < F, then v, > ¥y > vy = v, W < Wy < W, and
Rpnlue, ur] has a fan of RSs from uy to 4y and a NS (4, u,); as
a consequence ATV, = —2(w,, —wy) < 0=ATV, = AT, = AT,
therefore Af € [0,2" — 2] and A7, = —2(wy,, —we) < 0.
If f(ug) > F, then v, > vy = vy, = Uiy > Vg, wg > Wy, > W, and
R nlue, uy] has a two waves (ug, i) and (dp, u,), that are a S and
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a NS, respectively; as a consequence
ATV, =2(v, — ¥¢) > 0, AT, = — (v — %) — (W — W) <0,
ATV, =0, AT, =0,

therefore Af =0 and AT, = —2(w; — w,,) < 0.

CD-PTy (ue, trm) is a CD and (ws,, u,) is a PT. In this case vy = vy, = ¥y, =
V>u=%>0,w=WWw>W>u >w >Wp =W, > Wy,
flug) > f(ue) > F > max{f(um), f(ur)}, ue € QF, um € Q; and
Ur € Q. REpnlue, uy] has at most three waves (ug,Gr), (g, 0,) and
(4, u,) that are a S, a NS and a possibly null CD, respectively. As
a consequence

ATV, = 2(v, — 7¢) > 0, AT, = — (v, — ¢) — (wp —wp) < 0,
ATV, = —2(w, —w,) <0, AT, =0,

therefore Af € {0,1} and AT, = —2(v, — vy) — 2(Wy — Wy ) — 2(wp —
wr) < 0.
NS-Sgz (ug, um,) is a NS and (ur,, u,) is a S. In this case v, > v, = 7, > vy,
We > W > Wy = W > wo, flug) = flum) = F > f(ur) and
Ugy U, Up € Qoo Rpn[ue, uy] has two waves (ug,d,) and (@, u,)
that are a NS and a CD, respectively. As a consequence ATV, =
=2V — ) < 0= ATV, = AT, = AY,,, therefore Af = 0 and
AT, = —2(vy —v,) < 0.
NS-RSy (u¢,urm) is @ NS and (um,u,) is a RS. In this case vy < vy, = ¥, <
Up < Vpy Wo > Wy = Wy, = Wy > Wpy f(uy) > F = f(ug) = f(uy,) and
Uy Uy Up € Qoo R p[ue, ur] has two waves (ug, 4,) and (@, u,) that
are a NS and either a PT or a CD, respectively. As a consequence

ATV, = 2(¥, —v,) >0, AT, =0,
ATV, = 2(w, —,) > 0, AT, = — (¥ — vm) — (W, —¥,) <0,

therefore Af = 0 and A7, = —2(v, — v,,) < 0. Notice that v, > v,
if and only if w,, = w, =w™ and v,, =V > v, >vm:v;§.
NS-PT7 (ug,up,) is a NS and (wy,, u,) is a PT. In this case v, =V > v, =
Ve > Vg, W > W > W = W > Wy, f(uk) > f(uwe) = fluy) = F >
flur), ue, up € Qe and upy, € Qf . R n[ue, uy] has two waves (ug, i)
and (4, u,) that are a NS and a CD, respectively. As a consequence

ATV, = —2(V —v,) <0, AT, =0,
ATV, = —2(w™ —wy) <0, AY, =0,
therefore Af =0 and AT, = —2(V —v,) —2(w™ —wy,) < 0.
This concludes the proof. O

In Table 1 we collect the most relevant possible interactions considered
in the proof of Proposition 4.1 and list the corresponding possible results in
terms of wave types, Aff and A7,.
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TABLE 1. An overview of the interactions considered in the
proof of Proposition 4.1

Interaction Result At AT,
CD}. (S,NS,CD), (S,NS) € {1,2} <0
RS (NS,CD) =1 <0
CD, (S,NS,CD), (SNS), €{1,2} <0
(PT,NS,CD), (PT,NS)
RS, (NS,PT), (NS,CD) =1 <0
CD-S (S,CD), (PT,CD), PT <0 =0
CD-RS (RS,CD) =0 =
CD-PT (PT,CD), PT, (S,CD),S <0 <0
S-S S <0 =0
S-RS S <0 <0
RS-S S <0 <0
PT-S PT <0 =
PT-RS PT, CD <0 <0
CD-Sg (S,CD), (PT,CD), PT <0 <0
CD-RS, (RS,CD) =0 <0
CD-NSq (RSs,CD), RSs el-1,2"-1] <0
CD-PT, (PT,CD), PT, (S,CD),S <0 <0
S-So S <0 =0
S-RSy S <0 <0
RS-Sp S <0 <0
NS-Sg (S,CD), CD <0 <0
NS-PT, (S,CD), S, CD <0 <0
PT-S, PT <0 =0
PT-RS PT, CD <0 <0
PT-NS, CD, PT <0 <0
CD-S| (S,NS,CD) =1 <0
CD-RS}  (S,NS CD) (NS,CD), €{-1,0,1} <0
(S,NS), N
CD-NSE  (RSs,NS), (s NS) €0,2"-2] <0
CD-PT}  (S,NS,CD) =1 <0
NS-SH (NS,CD) =0 <0
NS-RS} (NS,CD) = <0
CD-S, (S,NS,CD) =1 <0
CD-RS,r  (S,NS,CD), (S,NS,PT), €{-1,0,1} <0
(NS,CD), (NS,PT), (S,NS),
NS
CD-NS.  (RSs,NS), (S,NS) €[0,2" -2 <0
CD-PT,  (S,NS,CD), (S,NS) €{0,1} <0
NS-Si (NS,CD) =0 <0
NS-RS, (NS,PT), (NS,CD) =0 <0
NS-PT,  (NS,CD) =0 <0




48 Page 28 of 42 M. Benyahia et al. NoDEA

Beside the bound on the number of wave-fronts proved in Proposition 4.1,
we need to bound also the number of interactions. This is the aim of the next
proposition, which together with Proposition 4.1 ensure the global existence
of u,. We underline that for any interaction Af < 2™ — 1, see Table 1.

Proposition 4.2. For any fized n € N sufficiently large and u8 € PC(R;G,),
we have that the number of interactions in (0,00) is bounded. In particular wuy,
1s globally defined.

Proof. From what we already show in the proof of Proposition 4.1, see Table 1,
we deduce that

T (t
t— 2" Ilt) +1(¢)
n
strictly decreases after any interaction, except the following cases.

A CD (ug,u,) interacts with (u,,,u,) and one of the following
conditions is satisfied:

o (Upm,ur)isaSand wy=w" —1; (4.3)
o (Up,u)isaSand w™ —1<w <w™ =w,; ’
o (Upm,u,) is a RS;

o (U, ur)isaPT and wp > w™.

For this reason it remains to bound the number of only the above type of
interactions. We observe that the number of waves of u,, do not change after
interactions as in (4.3). This implies that the number of waves is uniformly
bounded. We also observe that any interaction as in (4.3) has exactly one
incoming CD and exactly one outgoing CD. Since no wave can reach any CD
from the left [and then possibly have with it an interaction as in (4.3)], we have
that as long as a CD remains a CD (possible further interactions involving it
have to be taken into account), it can interact only once with another wave
W (or with waves generated by further interactions involving W), moreover in
this case W is slower then such CD and is not another CD. Since furthermore
we already know that the number of waves is uniformly bounded, there can
be only finitely many interactions involving CDs. It is therefore now clear that
also the number of the interactions described in (4.3) is bounded. O

4.3. Convergence
We first observe that

lpe = prl < L (Jve = vp| + e —wr|)
where L = max{p~, [|1/p'|lLe ([p-1(w),p— (wt)};r) } because
P~ (We,r — o) if we, € [w™,wt],
plr = {(ww +1—w7)p ifw, €lw —1lw").
As a consequence TV (p) < L (TV(v) + TV (w)), hence
TV(u) < (1+ L) (TV(v) + TV(w)).
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Moreover, by Proposition 4.1 and (4.1) we have that for any ¢ > 0
TV (vn(t,-)) + TV (wn(t,)) < Tn(t) < T, (0)
< TV(®) + TV(@°) + 2C (T(UO) + T(uO)).
As a consequence TV (u,) is bounded by
Cp = (14 L) [TV(*) + TV() +2C (Tw) + T)) | (44)

Since u? takes values in €, for any ¢ > 0 we have that also u,(t,-) takes
values in €2, hence

[[un () |Loe iy < R+ V.
Moreover
[un(t; ) = un(s, )l @a) < Li |t — s, (4.5)
with L% = C% max{V,Rp/(R)}. Indeed, if no interaction occurs for times
between t and s, then

”un(t’ ) - un(s’ ')”Ll(R;Q)

<y \(t— ) 8i(1) (pn(m;(t)f) — (504

i€D(t)

+ 3 [ =980 (vn (5400~ )_vn(t,(s;(t)+))‘

1€D(t)
L% |t — s,

where §%(t) € R, i € D(t) C N, are the positions of the discontinuities of
un(t,-). The case when one or more interactions take place for times between
t and s is similar, because by the finite speed of propagation of the waves the
map ¢ — uy,(t,-) is L'-continuous across interaction times.

Thus, by applying Helly’s Theorem, the approximate solutions (uy, ), con-
verge (up to a subsequence) in L (R; x R;Q) to a function

u € L®(R,; BV(R; Q) N CO(R,; L, (R; )
and the limit satisfies the estimates in (2.13).
Proposition 4.3. Let w° € L' N BV(R;Q) and F € [0, fF] satisfy (H.1)
or (H.2). If u is a limit of the approzimate solutions (uy), constructed in
Sect. 4.1, then u is a solution to constrained Cauchy problem (2.3)—(2.5) in
the sense of Definition 2.4.
Proof. We consider separately the conditions listed in Definition 2.4.

(CS.1) Initial condition (2.4) holds by (2.13), (4.5) and the L _
of u,, to u.
(CS.2) We prove now (2.6), that is for any test function ¢ € C2°((0, 00) xR; R)

we have
/Ow /R(p b+ f(u) 6, ) dwdt = 0.

-convergence
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(CS.3)

Choose T' > 0 such that ¢(¢,2) = 0 whenever ¢t > T. Since u,, is
uniformly bounded and f is uniformly continuous on bounded sets, it
is sufficient to prove that

/OT /R<pn b0+ flun) qsm) dadt — 0. (4.6)

By the Green-Gauss formula the double integral above can be written
as

/ 2 (51 ) Ap, (1) Afi(ﬂ) o(t, 05 (t)) dt

1€D(t)

where
AP = pu(t:55(0)1) = pu(t64(8)-),
AL = (un(t:050)1) ) = f (un (8. 640)-) )

By construction any discontinuity of the approximate solution w, (¢, -)
satisfies the first Rankine-Hugoniot condition (2.9), therefore

On(t) App(£) = Afy(t) =0, i€ D(1),
and (4.6) is trivial.
The proof of (2.7) is analogous because by construction any dis-
continuity of u, (t, ) away from x = 0 satisfies also the second Rankine—
Hugoniot condition (2.10).

We prove now (2.8), namely that for any & € [0, V] and test function
¢ € C((0,00) x R; R) such that ¢(-,0) = 0 and ¢ > 0 we have

/0 /R(Ek(u) B+ G (W) 62 dardt > 0,

where

. 0 ifv>k,

Ew)=y__ 2 ____ 1 ifo<k
p~t(W(u) — k) ’
0 if v >k,

k -

@ (u) = #—k if v < k.
pt(W(u) — k)

Choose T > 0 such that ¢(¢,2) = 0 whenever ¢ > T. By the a.e. con-
vergence of u, to u and the uniform continuity of EF and QF, it is
sufficient to prove that

lim inf /OT/R(Ek(un)(;ﬁt + Qk(un)qﬁx) dadt > 0. (4.7)

n—oo

By the Green-Gauss formula the double integral above can be written
as

/ S° (B0 ARL (1) — AGL (1)) 6(t,01,(1)) dt,

1€D(t)
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where

ABL (1) = B (1 (1, 65(1)1) ) — B (un (53,(1)) ).
AQE(1) = Qk(un (t, 5;@)9) _Qk (un (t,éfl(t),)).

To estimate the above integral we have to distinguish the following

cases.
e If the ith discontinuity is a PT, then we let 2 = 6’ (t) and observe
that
pn(t,l‘_ < min{pn(t7x+)?p_1(w_ - k)})
op(t, x

)
)=V >u,txy),

) = A(un(t,22),un(t,24)),
W(un(t,z)) =w™ <wlun(t,z4)) = W(un(t, 1)),

n(t,
pnlt,z4) -1 ifo,(t,zy) <k <V,

pn+
if k <w,(t,xy),

Ekz {
unter))
ifo,(t,ey) <k <V,
_Aka { pn+ ( +)

if k <w,(t,zq),
where pf | = w(un(t,z4)) — k). If v, (t,21) <k <V, then
0, (1) AER (1) — AQﬁ”(t)

+ k- f(ungfaer))

a(t,
— Aun(t o), un(t 1)) [p(m _
pn,—‘r

t l‘+
pn +
>0

e If the ith discontinuity is a CD, then we let = 4% (t) and ob-
serve that 6! (t) = vy, (t,7_) = v, (¢, 1) implies that 5% (¢) AEF?(¢)—

Alun(t,z2),un(t,z4)) — A((pﬁ7+,k),un(t,x+)) > 0.

AQRi(t) = 0.
e If the ith discontinuity is a S, then we let x = &’ (t) and observe
that
pn(tﬂv*) < pn(tvar)?
v (b, x2) > v (t, x4),
flun(t,z2)) > fun(t,zy)),
5 (t) = Alun(t,z-),un(t,z4)) <0
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hence
pn(t7x+) — pn(tvx*) :
ifo,(t,xy) <wvp(t,xz_) <k,
p_l(Wi — k‘) ( Jr) ( )
AEk’i(t) = pn(t,$+) :
n — 1 ifv,(t,xy) <k <wv,(t,z_),
pil(wj: 7 k) ( +) ( )
0 itk <w,(t,zy) <ovplt,z_),
f(un<t7x7)) B f(un(tanr)) .
P E— if v, (t,24) <ovp(t,z-) <Kk,
—AQy(t) = flun(t,ay)) .
" k— ———= ifo,(t,ey) <k <wv,(t,z_),
pil(wj: — k) ( +) ( )
0 itk <w,(t,zq) <wvp(t,z_).

If k > v,(t,x_) or k < v,(t,z,), then obviously &’ (t) AEF(¢) —
AQE(t) = 0. Furthermore, if v, (t,2,) < k < v,(t,7_), then

0, (1) AER" () — AQL (1)
f(un (tv LE+))

= Aun(t,z_), un(t, 24)) [W B 1] k= p~Hwe — k)

pl(we —k

nt

e
Wi—

X [A(un(t,m),un(t,m+)) - A((pfl(wi - k),k)7un(t7x+)>]

>0
> 0.

e If the ith discontinuity is a RS, then we let x = ¢’ (¢) and observe

that
pn(tﬂv*) > pn(t,$+)7
vp(t,x_) < vn(t,xy),
f(un(t,x_)) < (un(t,x+)),
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hence

pn(t’x+) — pn(tvx*) :
s — k) if v,(t,x_) <wvn(t,zy) <k,
AERI (1) ={ paltzo) .
w' (1) m—l if vn(t,z-) <k <wnl(t z4),
0 ifk<wv,(t,z_) < v,(t,z4),
flun(t,z-)) = fun(t,zy))
P Te— if v, (t,x_) <wvp(t,zy) <k,
—AQE (1) = { f(unlt,z2)) .
m—k‘ if v,(t,z2) <k <w,(t,zy),
0 itk <wvp(t,z_) < vn(t,z4).

If k > v,(t,xy) or k < v,(t,z_), then obviously &’ (t) AEF7(t) —
AQF(t) = 0. Furthermore, if v, (t,7_) < k < v, (t, x4 ), then

0y, (1) AEL () — AQy* (1)

= Aun(t, 2 ), un(t,24)) {p_pf((;’jjk) - 1} + Zf) Elf(’i :”_‘]2 —k
e

Hwy —
x {A(un(t, 2 ), un(t,30)) + A(un(t, 2), (p7 (ws — k), k:))]

<0

> 57 ) (07 2) [t ) = pu(t)]

because py,(t,x_) > p~(wy — k) > p,(t,z;) > p~ and because by
the concavity of £, (p) = (wx — p(p)) p we have

0> A(un(t,a: ), U (t x+ (un g — k:),k:))
> L0, (oalt,z)) = we —p(pn(t, 2 )) ( 2 )p' (pa(t,z-))
> & (p7'(we)) = —p H(wx) P (p (W )
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The above case by case study shows that

lim inf /OT /R {Ek(un) or + Q% (uy) qﬁx] dz dt

n—oo

T
= liminf / > [Sg(t)AEﬁvi(t)—AQﬁ’i(t)] o(t, 0% (t)) dt
" Jo ers, 1)
2
> —— max
P~ pElp~H(w™),R]

« liminf /O S [pult.550)-) = pu(t.550)1)] 08, 55(9) dt

n—oo
1€RS, (1)

lpp (p)]

2T
> —— o C'% max ! = M,
> == I6l= O max |op'(o)]
where 6, (t) € R, i € RS,,(t) C N, are the positions of the RSs of u,, (¢, -)
and C% is defined in (4.4).

We claim that for any fixed h > 0, there exists a dense set Kp, of
values of k in [0, V] such that

T
lim inf / Z
n—oo 0

i€RS,, (t

. , _ _ 1
|31, AL (1) — 205 (1) 9(2. 6, (1)) dt > —3.

()

To prove it we fix a, b € [0,V] with a < b and show that there

exists k € (a,b) such that the above estimate is satisfied. Let [ =

[2(M h+1)/(b—a)] and introduce the set

ON + 1
Ky = 2t

N (a,b).

Let &, > 0 be the maximal (v, w)-distance between two “consecutive”
points in the grid G, having the same w-coordinate, namely, with a
slight abuse of notations, we let

&= max (v’
(’U’l,w), .(,U'H»vl,w)egn
U1¢U1+1
Let nj, € N be sufficiently large so that &,, < 2/l. Take n > n,. We
claim that for any ¢ € RS,,(t) we have

Kn 0 (vn (t,00(t)-),vn (t,aj,(t)+))

has at most one element. Indeed, if X;, has more than one element then
for any i € RS,,(t) we have

_ . 2
O (6,00(t) 1) — v (6,05(t)-) <€ < 7= min |k' — K|
I k' k2ek,
kl;ékz
As a consequence the sum
> [fw Ak @) - adki)]

ke
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has at most one nonzero element; moreover

—m (pn(t,04(6)-) = pu(t.64(0)+) ) < D [3h(6) AR (1) — ARk (1)),
ke
where
M

. 2 !
m=-— max ‘pp(p)|zm.

P~ pElp~,R]
Therefore we find
>y {61 ) AER (¢ )—AQ’;’i(t)} > —mC%.
i€RS,, (t) keKs

By exchanging the sums, multiplying by the test function and inte-
grating in time we get

Z/ Z 5‘ E’“v"(t)—AQ’:;i(t)} o(t, 80 () dt > — M.

ke 1€RS,, (t)

Moreover, by construction we have that Kj is a non-empty set with a
finite number of elements (it has at most h M elements), hence

h M max 5L YAEM () — AQR ()| o(t, 0% () dt | > —M.
[ > | J 6(0.03.0)

ke RS,
7

In conclusion we proved that there exists k € K, C (a,b) such
that the above estimate is satisfied for any n > ny; therefore, since Ky,
has a finite number of elements, we have

liminf/ Z 51,) AR (1) — AGY ()] (¢, 01(1)) e >~

n— 00
i€RS,,

Since a and b are arbitrary, the above estimate holds true for a dense
set of values of k in [0, V].

Actually, the above estimate holds for any k in [0, V] because the
term in brackets in the above formula is continuous with respect to k.
Finally, for the arbitrariness of h, we have that

lim inf/ Z L (t) AER(¢) — AQﬁ’i(t)} o(t, 0% (t))dt >0
e i€RS,, (t)
and this concludes the proof of (4.7).

(CS.4) We prove now that (2.5) holds for a.e. t > 0, namely

f(u(t,04)) <F  forae. t>0.

By construction f(u,(t,0+)) < F for any ¢t > 0, namely the approx-
imate solutions satisfy (2.5). Since weak convergence preserves point-
wise inequalities, it is sufficient to prove that f(u,(t,0+)) weakly con-
verges to f(u(t,04)). If ¢ is a smooth test function of time with com-
pact support in (0,00) and ¢ is a smooth test function of space with
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compact support and such that ¢(0) = 1, then

| #lun0) otoyar
[T ][t 006t + ) 0) ) r .

The right-hand side passes to the limit, yielding the analogous expres-
sion with u,, replaced by u. By using again the Green-Gauss formula,
one finally finds that

oo

lim fun(t,02)) ¢(t)dt = / f(u(t,0-)) o(t)dt.
As a consequence we have that f(u,(t,0_)) weakly converges to f(u(t,
0_)), hence f(u(t,0_)) < F for a.e. t > 0. At last, since we already
proved that u satisfies the first Rankine-Hugoniot condition, we have
fu(t,0-)) = f(u(t,04)), hence f(u(t,04)) < F for a.e. t > 0. O

4.4. The density flow through £ = 0

Let u be the solution of constrained Cauchy problem (2.3)—(2.5) constructed
in the previous section. By Propositions 2.5 and 4.3 we have that non-classical
shocks of u can occur only at the constraint location x = 0, and in this case
the (density) flow at @ = 0 does not exceed the maximal flow F' allowed by
the constraint.

In the case of a constrained Riemann problem (2.3), (2.5), (2.15), we
know that u coincides with (¢, ) — Rp[us, u,|(z/t), moreover if (us, u,) € Do
then the flow of the non-classical shock of u coincides with F. In the next
proposition we show that also for a general constrained Cauchy problem the
flow of the non-classical shocks of u coincides with F' if the traces at = 0 of
the approximate solutions (), satisfy a technical condition.

Proposition 4.4. Let u® € L'NBV(R;Q), F € [0, ] satisfy (H.1) or (H.2)
and u be a limit of the approximate solutions (uy), constructed in Sect. 4.1.
Assume that the traces at © =0 of (u,)n and u satisfy (2.14), that is for any
k€ ]0,V] and ¢ € C°((0,00) x R;R) such that ¢ > 0

T T
lim [ W (un(t,0.)) 6(2,0) dt = / Wi (u(t,0_)) (¢, 0) dt,
0

n—oo 0

with

k 1 .
f(u) Fpl(w(u)—lc)]+ if F'# 0,

k if F=0.

N (u) =

If at time to > 0 the limit u has a non-classical discontinuity, then
f(u(to,04)) = F.
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Proof. We first prove that for any k € [0, V] and ¢ € C((0,00) x R;R) such
that ¢ > 0 we have

/Oo U [Ek(u) or + Q¥ (u) qﬁx} dz + N (u(t,0-)) é(¢, 0)] dt > 0. (4.8)
0 R

Notice that (4.8) differs from (2.8) not only for an extra term involving N% (u(t,
04)), but also because here we do not require that ¢(-,0) = 0.

Choose T" > 0 such that ¢(¢,2) = 0 whenever t > T. By (2.14), the
a.e. convergence of u, to w and the uniform continuity of EF and QF, it is
sufficient to prove that

lim inf /OT [/R [Ek(un) b0+ QF (un) qsx] dz + W& (un (£,0_)) (1, 0)] dt > 0.

(4.9)
As already observed in the proof of Proposition 4.3, by the Green-Gauss for-
mula the double integral above can be written as

/ Z [51 AE’C i) — AQvai(t)] ¢(t,5fl(t)) dt
ieD(t)

where
AEF (1) = EF (un (t, 5;(t)+)) —EF (un (t, 5;(:5),)),
AG (1) = 0 (1 (1, 5,(0)+) ) = 0 (ua (. 6,(0)-) ).

To estimate the above integral we can proceed as in the proof of Proposi-
tion 4.3, with the exception that here the ith discontinuity could also be a NS.
In this case, that is, if the ith discontinuity is a NS, then

6L(t) =0, f(un(t,04))=F, v < vt 0-) < v, (t,04),
Si(t) =0, w(tn(t,0-)) = W(un(t,0-)) > W(u,(t,04)),
hence
F _ F
p~1 (w(un(t,O,)) - k) p~1 (W(un(t70+)) - k)
_AQHi(H) = . if v, (¢,0-) < wv,(t,04) <k,
—k ifo,(£,0-) <k <wv,(t04),
P~ 1( (un(t,0-)) *k)
0 if k <w,(t,0-) <wv,(t,04),
F
k— if F =0,
Nl}%’(un(tao—)) = un(t 0_ )) — k’) N 7&
if ¥ =0.

Notice that if F' = 0, then u,(t,0,) = (0,V) and u,(t,0_) € [p~}(w™), R] x
{0}. We observe, see Figs. 9 and 10, that —AQF(¢) < 0 and that —AQF(¢) +
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P P P

FIGURE 9. Above F € (f7, f), v = v,(t,0+) and vng =
F/p~t(W(uy,(t,0+)) — k). With the first two pictures we show
that if v, < k < var, then vy < k. In the last picture we
consider the case vy < vd < k and show that Vo p < UIF <k

P P P

FIGURE 10. Above F € (0, f7), v = v, (t,04) and vng =
F/p~t(W(uy,(t,0+)) — k). With the first two pictures we show
that if v, < k < var, then vy, < k. In the last picture we
consider the case vy < vg < k and show that Vo p < U(T,F <k

NX (un,(t,0_)) > 0 and therefore
(61, AL (1) = AQY (1)] 6t 3, (1) + N5 (u(t,0) (2, 0)
_ [ﬂq’:f(t) +NE (un (t, o_))} é(,0) > 0.

Thus, by proceeding as in the proof of Proposition 4.3 it is easy to see that
(4.9) holds true. Let us just underline that beside the NSs, the only possible
stationary discontinuities at x = 0 are PTs and CDs, however in both of these
cases we have f(u,(t,0_)) = 0 and therefore N% (u,(¢,0_)) = 0.

We can now prove that if « has a non-classical discontinuity then f(u(t,041)) =
F'. This is of course obvious if F' = 0, due to (CS.4) and the fact that f(u) > 0.
We can therefore assume that F' > 0 and that x — u(to, z) has a (stationary)
non-classical shock (ug,u,), with v, < v, and f(u¢) = f(u,) = f < F. We
want to prove that f = F. Consider the test function
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,2) = [ [ e dz] [ [ e dz] ,

where ¢, is a smooth approximation of the Dirac mass centred at 04, 561 ,
namely

e € CSO(R;R+)7 e >0, supp((i;) - [078]7 ||90€||L1(]R;R) =1, Pe — 5(5

Observe that as € goes to zero

o(to,z) =0 — 0,
t—to+2e
o0 = [ pa)dz -5 ()
t—to+e
o (t, ) = [/I ‘ e (2) dz] [goe(t —to+2e) —p(t—tg+e)| — 0,

xR, (%) ba(t, ) — F 07, (x) 57 (1)-

Then by (4.8) for all k belonging to the interval (6(wy, F), v(v,, F')) we have

Q* (ue) — Q% (u,) + f

k 1

Foopt(W(u) — k)kr

_ lf Y Y S -
pt (W(ue) — k) Fo p=t(W(ue) — k)

Since f < F, the above estimate implies that f = F' and this concludes the
proof. O

+f I

[pieao

We underline that the entropy condition (2.8) “becomes” (4.8) if we do
not require that the test function ¢ satisfy the condition ¢(-,0) = 0. Even
if it is not necessary for the proof of Theorem 2.8, we conclude this section
by considering in (2.7) a test function ¢ which may not satisfy the condition

¢('7 0) =0.

Proposition 4.5. Let u® € L'NBV(R;Q), F € [0, f] satisfy (H.1) or (H.2)
and u be a limit of the approzimate solutions (un), constructed in Sect. 4.1.
If the traces at x =0 of (un)n and u satisfy for any ¢ € C((0,00) x R;R)

lim [ f(un(t,00)) [w(un(t, 0.)) = W(un(t, og)} L o(r0)dt

n—oo 0

T
_ /0 £ (ut,0_)) [w(u(t,O_))—w(u(t,0+))L¢(t,O)dt (4.10)

then u satisfies the following integral condition for any ¢ € C°((0,00) x R;R)
| Lo+ rwo] v avar
—/ £(u(t,00)) [w(u(t,o,)) - w(u(t,o+))]+¢(t,0) dt = 0.

0
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Proof. Choose T' > 0 such that ¢(¢,2) = 0 whenever ¢ > T. By (4.10), since
Uy, is uniformly bounded and f is uniformly continuous on bounded sets, it is
sufficient to prove that

(/oT ./R [on bt + f(un) o] W(up)dzdt

T
7/ F (1 (1,02)) [#(un (£,02)) = W(un(t,04))], 6(6,0)dt — 0. (4.11)
0
By the Green-Gauss formula the double integrals above can be written as
/ >[04 AYi(t) — AQL (1)] b (t, 64 (1)) dt
1€D(t)

where

) 'IL ? TL

AYE(t) = p (£, 6 (t) W(u (t, 8 (¢ )
~ pa(t: (1)) W (un (1, 04(1)-) ),

AQL®) = f (n (1,8, (1)1) ) W (un (£, (1)) )

I RICR) K CACLIOE)]

If u,(t,-) does not have a non-classical shock at &7 (¢), then by the Rankine-
Hugoniot conditions

O (1) AY () — AQE (1) =

moreover, if §%(t) = 0 and wu,(¢,-) has a stationary discontinuity at x =
0, namely a phase transition or a contact discontinuity, then vn(t,0+) =
vn(t,0) = 0 and therefore sign(v,(¢,04)) = 0.

On the other hand, if §? (t) = 0 and w,,(, -) has a stationary non-classical shock
at x = 0, then

5L (t) =0, f(un(t,04)) = F, W(wn (t,0-)) > W(un(t,04)),

and therefore
5;@) AY;@) - AQ:;(t) =-F [W(uvz(ta O+)) - W(Un(t, O—)):|
= Fun(t,02)) [W(un(t,02)) = W(un(t,0,)) |

As a consequence (4.11) is trivial. O

+
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