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Sign-changing solutions for elliptic problems
with singular gradient terms and L1(Ω) data

Stefano Buccheri

Abstract. In this paper we deal with singular boundary value problems
of the type

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

− div (a(x, u)∇u) + b(x)
|∇u|2
|u|θ sign(u) = f(x), in Ω,

(0.1)

u = 0, on ∂Ω,

where Ω is a open bounded set of RN with N > 2, a(x, t) is a Carathéodory
function with polynomial growth with respect to t, b(x) is bounded and
measurable, θ ∈ (0, 1) and f(x) belongs to L1(Ω). The main concern is

to consider sign-changing solutions outside the energy space W 1,2
0 (Ω).
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1. Introduction

This paper deals with the study of existence of solutions for a class of quasi-
linear elliptic problems, with unbounded coefficients and a quadratic-singular
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lower order term satisfying a sign condition. A simple model problem is
⎧
⎨

⎩

−div
([

a(x) + |u|1−θ)
] ∇u

)
+

(1 − θ)
2

|∇u|2
|u|θ sign(u) = f(x), in Ω,

u = 0, on ∂Ω,
(1.1)

where Ω is a bounded, open set of RN (N > 2), θ ∈ (0, 1), a is a measurable
function satisfying, for α, β > 0,

α ≤ a(x) ≤ β,

and f(x) belongs to L1(Ω). The foremost feature of (1.1) is the lower order
term that grows quadratically with respect to the gradient and that is singular
where u vanishes. These types of nonlinearities have been considered at first in
[1] and [2]. The main motivation for the study of this kind of singular equations
comes from the Calculus of Variation; indeed, at least formally, (1.1) is the
Euler–Lagrange equation of the following functional

J(v) =
1
2

∫

Ω

[a(x) + |v|1−θ]|∇v|2 −
∫

Ω

f(x)v,

defined on a suitable subset of the energy space W 1,2
0 (Ω). It is thus interesting

to study the influence of the singular quadratic lower order term in a class of
more general, non necessarily variational, problems.

After the already cited [1] and [2], a number of papers has been devoted
to the study of positive solutions of problems like

{
−div(M(x)∇u) + g(u)|∇u|2 = f(x), in Ω,

u = 0, on ∂Ω,
(1.2)

where M is a bounded, uniformly elliptic matrix and the function s → g(s) is
singular at the origin, see for instance [4] and [3]. The methods developed in
the previous papers require non negative data f(x), in order to conclude that
u > 0 in Ω. In this case the lower order term is well defined inside Ω, even if its
singular character is not lost because of the Dirichlet boundary conditions. We
refer also to [6] where problems with an unbounded divergence operator and
a singular quadratic lower order term are studied, assuming again f(x) ≥ 0.

The main problem in considering sign-changing data, and in turn possibly
sign-changing solutions, is that the region {x ∈ Ω : u(x) = 0} can be of
positive measure and thus the meaning of the lower order term in (1.1) is not
clear. This issue is addressed for the first time in [7] and [8], where the authors
give a precise meaning to the singular l.o.t. even if the set where u vanishes
has non-zero Lebesgue measure.

2. Main assumptions and statement of the existence result

The general problem for which we prove existence of a solution is
⎧
⎨

⎩

−div (a(x, u)∇u) + b(x)
|∇u|2
|u|θ sign(u) = f(x), in Ω,

u = 0, on ∂Ω,
(2.1)
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where a : Ω×R → R is a Carathéodory function that satisfies, for α, β, q > 0,

α(1 + |t|q) ≤ a(x, t) ≤ β(1 + |t|q), (2.2)

b : Ω → R is a measurable functions such that, for ζ, η > 0,

ζ ≤ b(x) ≤ η, (2.3)
0 < θ < 1, (2.4)
f ∈ L1(Ω). (2.5)

With respect to the existing literature our main references are [6] and [7]. In
[6] problem (2.1) is studied in the special case

a(x, t) := (1 + |t|q) and f(x) ≥ 0, f �≡ 0;

existence of positive solutions is proved in the same spirit of [4] and it is shown
that the unbounded divergence operator can have a regularizing effect (as in
[10]). In [7] the authors consider the case

a(x, t) = 1, b(x) = 1, f ∈ Lm(Ω) with m =
(

2∗

θ

)′
; (2.6)

they give a meaning to the possibly ill defined lower order term, combining a
differentiation lemma for non-Lipschitz compositions with Sobolev functions
and Stampacchia’s Theorem; thanks to the regularity of the datum, they prove
existence of W 1,2

0 (Ω), possibly sign-changing, solutions.
In this framework, the contribution of this paper is that we consider sign-

changing data with really poor summability, namely f ∈ L1(Ω). This case is
not included in [3,4,6], where f has to be positive, nor in the results of [7] and
[8] where only solutions in the energy space W 1,2

0 (Ω) are considered.
The main difficulties that we have to overcome are, on one side, that our
solutions live in the larger space W 1,ρ

0 (Ω) with ρ < N
N−1 , and, on the other

one, that the nonconstant bounded coefficient b(x) makes the structure of
the equation more difficult to handle. This facts force us to design a special
test function that allows us, in some sense, to desingularize the problem (see
Lemma 3.4 below).

As already said in the Introduction, the first step is to give a proper
meaning to the singular lower order term in (2.1). Let us recall here Lemma
2.5 of [7].

Lemma 2.1. Let v ∈ W 1,1
0 (Ω). If |∇v|2

|v|θ is integrable in {v �= 0} then

|v|1− θ
2 ∈ W 1,2

0 (Ω).

Moreover

∇(|v|1− θ
2 )(x) =

{(
1 − θ

2

) ∇|v(x)|
|v(x)| θ

2
a.e. in {v �= 0}

0 a.e. in {v �= 0}.

Roughly speaking we can say that, if the singular lower order term is
integrable on the set {v �= 0}, then the function h(v) = |v|1− θ

2 belongs to
W 1,2

0 (Ω); moreover its gradient is evaluated as if s → h(s) were Lipschitz in
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{v �= 0} and using Stampacchia’s Theorem otherwise. Hence with a slight
abuse of notation and following Definition 2.2 of [7], we give the following
meaning to the singular lower order term.

Definition 2.2. If the function v ∈ W 1,1
0 (Ω) is such that |v|1− θ

2 ∈ W 1,2
0 (Ω), we

define

|∇v|2
|v|θ (x) :=

4
(2 − θ)2

∣
∣
∣∇(|v|1− θ

2 )(x)
∣
∣
∣
2

=

{ |∇v(x)|2
|v(x)|θ a.e. in {v �= 0}

0 a.e. in {v = 0}.

In line with the previous definition, we give the notion of weak solution
for the singular problem (2.1).

Definition 2.3. We say that a function u is weak solution of (2.1) if

a(x, u)|∇u| ∈ Lρ(Ω), ∀ ρ <
N

N − 1
, |u|1− θ

2 ∈ W 1,2
0 (Ω),

and
∫

Ω

a(x, u)∇u∇ϕ +
∫

Ω

b(x)
|∇u|2
|u|θ sign(u)ϕ =

∫

Ω

f(x)ϕ ∀ ϕ ∈ C1
c (Ω). (2.7)

We state now our existence result.

Theorem 2.4. Suppose that the assumptions (2.2), (2.3), (2.4) and (2.5) hold
true. Then there exists u solution of (2.7).

We prove Theorem 2.4 by means of an approximation procedure. Recall-
ing assumption (2.2), we set for any n ∈ N

an(x, t) :=
a(x, t)

1 + 1
n |t|q and fn(x) :=

f(x)
1 + 1

n |f(x)| .

Let us consider the function un ∈ W 1,2
0 (Ω) ∩ L∞(Ω), solution of the following

approximated problem
∫

Ω

an(x, un)∇un∇φ +
∫

Ω

b(x)
un

(|un| + 1
n )θ+1

|∇un|2φ =
∫

Ω

fn(x)φ (2.8)

for every test function φ in W 1,2
0 (Ω)∩L∞(Ω). For the existence of such a solu-

tion we refer to [5] and the references therein. We split the proof of Theorem
2.4 in the following steps:

• preliminary estimates and weak convergence of the sequence {un};
• strong convergence of the sequence {Tk(un)} in W 1,2

0 (Ω) for every k > 0;
• equi-integrability of the lower order term in (2.8);
• passage to the limit.

Remark 2.5. It is well known in the literature that both the lower order term
with sign condition and the polynomial growth in the divergence operator can
improve the summability of the solution (see [5] and the references therein).
Indeed our problem exhibits a superposition of two regularizing effects, in
particular the solution given by Theorem 2.4 enjoys the following enhanced
regularity properties:
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• if 0 < q ≤ 1 − θ, u belongs to W 1,r
0 (Ω), with r = N(2−θ)

N−θ ;

• if 1 − θ < q ≤ 1, u belongs to W 1,r
0 (Ω), for every r < N(q+1)

N+q−1 ;
• if q > 1, then u belongs to W 1,2

0 (Ω).

In the first case, that includes the variational one, the better regularizing effect
is due to the presence of the quadratic lower order term. In the remaining two
cases, corresponding to higher values of q with respect to 1 − θ, the enhanced
regularity is given by the polynomial growth of the divergence operator. Notice
that the interaction between the two regularizing effects is continuous, namely
when (1 − θ) = q it follows that N(2−θ)

N−θ = N(q+1)
N+q−1 . Since it is possible to

deduce these summability results through minor modifications of the proof of
Theorem 1.1 in [6], we omit here the proof.

3. Proof of the main result

In the sequel we will use the following auxiliary functions, with k ≥ 0 and
n ∈ N,

Tk(s) = max{min{k, s},−k}, Gk(s) = s − Tk(s),

γn(t) :=
∫ t

0

τ

(|τ | + 1
n )θ+1

dτ, γ(t) :=
|t|1−θ

1 − θ
and ϕλ(t) = teλt2 . (3.1)

Note that limn→∞ γn = γ and that, for any constants c, d > 0, the choice
λ = c2

4d2 implies

dϕ′
λ − c|ϕλ| ≥ d

2
. (3.2)

Let us also recall the standard notation for the positive and negative part of
a measurable function w(x)

w(x) = w+(x) − w−(x) where w+(x) = wχw≥0 w−(x) = −wχw<0.

In the next Lemma we give some preliminary estimates on the solution
un and on the lower order term of problem (2.8).

Lemma 3.1. (Lemma 2.1 of [6]). Under the same assumptions of Theorem 2.4,
for every n ∈ N and for every k ≥ 0, the function un, solution of (2.8),
satisfies

∫

{|un|>k}
b(x)

|un||∇un|2
(|un| + 1

n )θ+1
≤

∫

{|un|>k}
|f(x)|, (3.3)

α

∫

Ω

(1 + |un|q)|∇Tk(un)|2 ≤ k

∫

Ω

|f(x)|, (3.4)
∫

Ω

|un|qρ|∇un|ρ +
∫

Ω

|∇un|ρ < C for any ρ <
N

N − 1
, (3.5)

where C = C(S, f, α, q,N,Ω) is a positive constant that does not depend on
un.
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Proof of Lemma 3.1. Let us prove at first the estimates (3.3) and (3.4). Taking
φ = Tj(Gk(un))

j , with j > 0 and k ≥ 0, as test function in (2.8) and dropping
the energy term we get
∫

{|un|>k+j}
b(x)

|un||∇un|2
(|un| + 1

n
)θ+1

≤
∫

Ω
b(x)

|un||∇un|2
(|un| + 1

n
)θ+1

|Tj(Gk(un))|
j

≤
∫

{|un|>k}
|f(x)|.

Letting j tend to 0 we deduce (3.3) by Fatou’s Lemma. Using Tk(un) as test
function in (2.8) and dropping the positive lower order term, it follows that

∫

Ω

an(x, un)|∇Tk(un)|2 ≤ k

∫

Ω

|f(x)|.

Hence, thanks to assumption (2.2), we deduce (3.4).

To prove (3.5), let us chose [1 − (1 + |un|)1−σ]sgn(un), with σ > 1, as a
test function in (2.8). Dropping the positive lower order term and using (2.2),
we obtain

α(σ − 1)
∫

Ω

1 + |un|q
(1 + |un|)σ

|∇un|2 ≤
∫

Ω

|f(x)|,

that is ∫

Ω

|∇un|2
(1 + |un|)σ−q

≤ 1
α(σ − 1)

∫

Ω

|f(x)|, (3.6)

which holds for every σ > 1. Let us set ρ = N(2+q−σ)
N(q+1)−(σ+q) and note that

lim
σ→1+

ρ(σ) ↗ N

N − 1
> 1.

Using Hölder inequality, estimate (3.6) and Sobolev inequality it follows
that

Sρ

(q + 1)ρ

( ∫

Ω
|un|(q+1)ρ∗

) ρ
ρ∗

≤
∫

Ω
uqρ

n |∇un|ρ

≤
∫

Ω

|∇un|ρ

(1 + |un|) ρ(σ−q)
2

(1 + |un|) ρ(σ+q)
2 ≤

(‖f‖L1(Ω)

α(σ − 1)

) ρ
2 ( ∫

Ω
(1 + |un|)

ρ(σ+q)
2−ρ

) 2−ρ
2

.

Noticing that ρ
ρ∗ > 2−ρ

2 and that the previous choice of ρ implies (q +

1)ρ∗ = ρ(σ+q)
2−ρ , we deduce, at first, an estimate for the sequence |un|(q+1)ρ∗

and, secondly, that
∫

Ω

|un|qρ|∇un|ρ ≤ C1 for any ρ <
N

N − 1
,

where C1 = C1(f, α,S, q,N,Ω). As far as the estimate for the sequence |∇un|
is concerned, we have that for k > 0
∫

Ω

|∇un|ρ =
∫

Ω

|∇Tk(un)|ρ +
∫

Ω

|∇Gk(un)|ρ

≤ |Ω| 2−ρ
2 ‖∇Tk(un)‖

ρ
2
L2(Ω) +

1
kqρ

∫

Ω

|un|qρ|∇un|ρ ≤ C2 ρ <
N

N − 1
,
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where the last inequality comes from the previous parts of this proof and
C2 = C2(f, α,S, q,N,Ω). �

Remark 3.2. Thanks to the estimates (3.5), we deduce that there exists u ∈
W 1,ρ

0 (Ω), with ρ < N
N−1 , such that, up to a not relabeled subsequence, {un}

weakly converges to u in W 1,ρ
0 (Ω) and almost everywhere in Ω. Moreover esti-

mate (3.4) implies that, for every k > 0, Tk(u) ∈ W 1,2
0 (Ω) and that {Tk(un)}

weakly converges to Tk(u) in W 1,2
0 (Ω).

In the next result it is proved that the sequence {Tk(un)} actually strongly
converges to Tk(u) in the energy space W 1,2

0 (Ω). As we shall see such a strong
convergence is crucial in order to pass to the limit in (2.8).

Remark 3.3. The difference with respect to Proposition 4.7 of [7] is that in that
case it is available an estimate in W 1,2

0 (Ω) for the sequence un and it is possible
to take advantage of some cancellation phenomena due to the assumption
b(x) ≡ 1.

Lemma 3.4. Under the same assumptions of Theorem 2.4, for any k > 0,
the sequence {Tk(un)} strongly converges to Tk(u) in W 1,2

0 (Ω) and {∇un}
converges, up to a not relabeled subsequence, almost everywhere to ∇u, where
u is given by Remark 3.2.

Proof. We adapt to our case some ideas of [9]. Let us choose as a test function
e−νγn(Ts(u−

n ))ϕλ(w+
n ), where ϕλ, γn are defined in (3.1), ν = η

α , s > 0 and:

wn = T2k[Gl(un) + Tk(un) − Tk(u)] 0 < k < l.

We get:
∫

Ω
an(x, un)∇un∇w+

n ϕ′
λ(w+

n )e−νγn(Ts(u−
n ))

+ν

∫

Ω
an(x, un)|∇Ts(u

−
n )|2 Ts(u−

n )

(|Ts(u
−
n )| + 1

n
)θ+1

e−νγn(Ts(u−
n ))ϕλ(w+

n )

+

∫

Ω
b(x)

un|∇un|2
(|un| + 1

n
)θ+1

e−νγn(Ts(u−
n ))ϕλ(w+

n ) =

∫

Ω
fn(x)e−νγn(Ts(u−

n ))ϕλ(w+
n )

(3.7)

We stress that the second integral on the left hand side above is positive (recall
that for us u−

n ≥ 0) and our aim is to use it in order to absorb the singular
part of the third term. Notice that

∫

Ω

b(x)
un|∇un|2

(|un| + 1
n )θ+1

e−νγn(Ts(u−
n ))ϕλ(w+

n )

≥
∫

{un≤0}
b(x)

un|∇un|2
(|un| + 1

n )θ+1
e−νγn(Ts(u−

n ))ϕλ(w+
n )

≥
∫

{−k≤un≤0}
b(x)

un|∇un|2
(|un| + 1

n )θ+1
e−νγn(Ts(u−

n ))ϕλ(w+
n ),
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where the last inequality comes from the fact that w+
n = 0 where un < −k.

Thus it follows that
∫

−k≤un≤0

b(x)
un|∇un|2

(|un| + 1
n )θ+1

e−νγn(Ts(u−
n ))ϕλ(w+

n )

≥ −η

∫

−s≤un≤0

|un|
(|un| + 1

n )θ+1
|∇ Ts(un)|2e−νγn(Ts(u−

n ))ϕλ(w+
n )

− η

sθ

∫

Ω

|∇Tk(un)|2e−νγn(Ts(u−
n ))ϕλ(w+

n ). (3.8)

Being possible to absorb the second integral in the right hand side of (3.8)
with the second integral of the left hand side of (3.7), we get

∫

Ω

an(x, un)∇un∇w+
n ϕ′

λ(w+
n )e−νγn(Ts(u−

n ))

≤
∫

Ω

fn(x)ϕλ(w+
n )e−νγn(Ts(u−

n )) +
η

sθ

∫

Ω

|∇Tk(un)|2e−νγn(Ts(u−
n ))ϕλ(w+

n ).

(3.9)

In order to rewrite (3.9) in a more convenient way, let us recall that k < l and
set K := 2k + l. It is easy to show that

∇w+
n χ{|un|≤k} = ∇T2k[Tk(un) − Tk(u)]+χ{|un|≤k} = (∇Tk(un) − ∇Tk(u))+χ{|un|≤k}

(3.10)
and that

∇TK(un)∇(Gl(un)−Tk(u)) = ∇TK(un)∇Gl(un)−∇TK(un)∇Tk(u) ≥ −∇TK(un)∇Tk(u).

(3.11)
Hence, using (3.10) and thanks to the fact that ∇w+

n = 0 if |un| ≥ K, it
results

∫

Ω
an(x, un)∇un∇w+

n ϕ′
λ(w+

n )e−νγn(Ts(u−
n ))

=

∫

Ω
an(x, un)∇Tk(un)∇(Tk(un) − Tk(u))+ϕ′

λ(w+
n )e−νγn(Ts(u−

n ))

+

∫

{|un|>k}
an(x, un)∇TK(un)∇T2k[Gl(un) + k − Tk(u)]+ϕ′

λ(w+
n )e−νγn(Ts(u−

n )).

Moreover using (3.11) it is possible to rewrite the last term in the right hand
side above as

∫

{|un|>k}∩{0≤Gl(un)+Tk(un)−Tk(u)≤2k}
an(x, un)∇TK(un)∇(Gl(un) − Tk(u))ϕ′

λ(w+
n )

≥ −
∫

{|un|>k}∩{0≤Gl(un)+Tk(un)−Tk(u)≤2k}
an(x, un)∇TK(un)∇Tk(u)ϕ′

λ(w+
n ).

Thanks to the weak convergence of ∇Tk(un) in W 1,2
0 (Ω) for any k > 0 (see

Remark 3.2), the a.e. convergence of un and the fact that ∇TK(un) is not zero
where |un| ≤ K, it follows that the right hand side above converges to
∫

{0≤Gl(u)≤2k}
a(x, u)∇TK(u)∇Tk(u)ϕ′

λ(T2k(Gl(u))+)e−νγ(Ts(u−))χ{u≥k} = 0.
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Therefore we deduce that
∫

Ω

an(x, un)∇un∇w+
n ϕ′

λ(w+
n )e−νγn(Ts(u−

n ))

=
∫

Ω

an(x, un)∇Tk(un)∇(Tk(un) − Tk(u))+ϕ′
λ(w+

n )e−νγn(Ts(u−
n )) + εn,

(3.12)

where εn converges to zero as n → ∞. Moreover
∫

Ω

|∇Tk(un)|2e−νγn(Ts(u−
n ))ϕλ(w+

n )

≤ 2
∫

{|un|≤k}
|∇(Tk(un) − Tk(u))+|2e−νγn(Ts(u−

n ))ϕλ(w+
n ) (3.13)

+ 2
∫

{|un|≤k}
|∇Tk(u)|2e−νγn(Ts(u−

n ))ϕλ(w+
n )

where the last inequality follows from the fact that
∫

{|un|≤k}
|∇(Tk(un) − Tk(u))−|2e−νγn(Ts(u−

n ))ϕλ(w+
n ) = 0,

because, being k > l

{|un| ≤ k} ∩ {Tk(un) − Tk(u) < 0} ∩ {wn ≥ 0} ⊂ {un − Tk(u) < 0}
∩ {un − Tk(u) ≥ 0}

Thus, taking into account (3.9), (3.12) and (3.13), we get:
∫

Ω

an(x, un)∇Tk(un)∇(Tk(un) − Tk(u))+ϕ′
λ(w+

n )e−νγn(Ts(u−
n ))

− 2
η

sθ

∫

Ω

|∇(Tk(un) − Tk(u))+|2e−νγn(Ts(u−
n ))ϕλ(w+

n )

≤
∫

Ω

fn(x)e−νγn(Ts(u−
n ))ϕλ(w+

n )

+ 2
η

sθ

∫

Ω

|∇Tk(u)|2e−νγn(Ts(u−
n ))ϕλ(w+

n ) + εn.

Adding to both sides the term

−
∫

Ω

an(x, un)∇Tk(u)∇(Tk(un) − Tk(u))+ϕ′
λ(w+

n )e−νγn(Ts(u−
n ))

and choosing λ = η2

α2s2θ , in order to apply (3.2), we get:

α

2

∫

Ω

|∇(Tk(un) − Tk(u))+|2e−νγn(Ts(u−
n )) ≤

∫

Ω

fn(x)e−νγn(Ts(u−
n ))ϕλ(w+

n )

−
∫

Ω

an(x, un)∇Tk(u)∇(Tk(un) − Tk(u))+ϕ′
λ(w+

n )e−νγn(Ts(u−
n ))

+ 2
η

sθ

∫

Ω

|∇Tk(u)|2e−νγn(Ts(u−
n ))ϕλ(w+

n ) + εn.
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To take the limit with respect to n note at first that

lim
n→∞

∫

Ω

an(x, un)∇Tk(u)∇(Tk(un) − Tk(u))+ϕ′
λ(w+

n )e−νγn(Ts(u−
n )) = 0,

because ∇Tk(un) ⇀ ∇Tk(u) in (L2(Ω))N , un → u almost everywhere and
∇Tk(un) is not zero where |u| ≤ k. Moreover, as the sequence {w+

n } con-
verges almost everywhere and in the weak-∗ topology of L∞(Ω) to w+ =
(
T2k(Gl(u))

)+, we deduce that

lim
n→∞

(∫

Ω
fn(x)e−νγn(Ts(u−

n ))ϕλ(w+
n ) + 2

η

sθ

∫

Ω
|∇Tk(u)|2e−νγn(Ts(u−

n ))ϕλ(w+
n )

)

=

∫

Ω
fn(x)e−νγ(Ts(u−))ϕλ(w+) + 2

η

sθ

∫

Ω
|∇Tk(u)|2e−νγ(Ts(u−))ϕλ(w+)

≤ ϕλ(2k)

∫

{u>l}
|f(x)|.

Hence, being l a free parameter, we let it tend to infinity in order to obtain:

lim
n→∞

∫

Ω

|∇(Tk(un) − Tk(u))+|2 = 0.

Similarly, using e−νγn(Ts(u+
n ))ϕλ(w−

n ), it is possible to prove that

lim
n→∞

∫

Ω

|∇(Tk(un) − Tk(u))−|2 = 0.

Thus we have proved the strong convergence of the sequence {Tk(un)} in
W 1,2

0 (Ω), from which we can infer that, up to a subsequence, ∇Tk(un) →
∇Tk(u) almost everywhere in Ω. This in turn implies that, up to a subse-
quence,

∇un → ∇u a.e. in Ω.

�

Now we focus on the lower order term of (2.8), proving that is uniformly
equi-integrable with respect to n.

Lemma 3.5. Under the assumptions of Theorem 2.4 it follows that the sequence
{

b(x)
un

(|un| + 1
n )θ+1

|∇un|2
}

is uniformly equi-integrable in Ω.

Proof. Following Proposition 4.7 of [7], fix ν = η
α and define for every δ > 0

vn(t) :=

⎧
⎪⎨

⎪⎩

1 − e−νγn(δ) if t > δ

[1 − e−νγn(t)]sgn(t) if |t| < δ

e−νγn(δ) − 1 if t < −δ.
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Note that by construction vn ≤ ω(δ) where ω(δ) → 0 as δ → 0. Thus using
vn(un) as a test function in (2.8) it follows,

∫

{|un|≤δ}
b(x)

|un|
(|un| + 1

n )θ+1
|∇un|2

≤ ν

∫

{|un|≤δ}
an(x, un)|∇un|2 |un|

(|un| + 1
n )θ+1

e−νγn(un)

+
∫

{|un|≤δ}
b(x)

|un|
(|un| + 1

n )θ+1
|∇un|2(1 − e−νγn(un))

≤
∫

Ω

|f(x)||vn(un)|.

Thus it holds true that

lim
δ→0

sup
n

∫

{|un|≤δ}
b(x)

|un|
(|un| + 1

n )θ+1
|∇un|2 = 0 (3.14)

Then for every ε > 0 thanks to (3.3), (3.14) and Lemma 3.4 there exist δ, k, μ >
0 such that, for every E ⊂ Ω with |E| < μ, it holds true that

∫

E
b(x)

|un|
(|un| + 1

n
)θ+1

|∇un|2 =

∫

{|un|<δ}
b(x)

|un|
(|un| + 1

n
)θ+1

|∇un|2

+

∫

{|un|>k}
b(x)

|un|
(|un| + 1

n
)θ+1

|∇un|2 +

∫

{δ≤|un|≤k}∩E
b(x)

|un|
(|un| + 1

n
)θ+1

|∇un|2

≤ ε

2
+

η

δθ

∫

E
|∇Tk(un)|2 ≤ ε.

�

Now we are in position to pass to the limit in equation (2.8) and prove
our existence result.

Proof of Theorem 2.4. As already said, thanks to Lemma 3.1, there exists a
function u ∈ W 1,ρ

0 (Ω), with ρ < N
N−1 , such that un ⇀ u weakly in W 1,ρ

0 (Ω).
Thanks to the the almost everywhere convergence of both un and ∇un, we
can conclude also that

a(x, u)|∇u| ∈ Lρ(Ω)

an(x, un)∇un ⇀ a(x, u)∇u in (Lρ(Ω))N with ρ <
N

N − 1
. (3.15)

Thus, for every ϕ ∈ C1
c (Ω), we can pass to the limit with respect to n in the

first integral in the left hand side of (2.8). Moreover estimate (3.3) with k = 0,
assumption (2.3), the almost everywhere convergence of both un and ∇un and
Fatou Lemma imply that

∫

{u	=0}

|∇u(x)|2
|u(x)|θ ≤ 1

ζ

∫

Ω

|f(x)|.

The latter information allows us to apply Lemma 2.1 and infer that

|u|1− θ
2 ∈ W 1,2

0 (Ω).
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Hence, in order to conclude the proof, we have to pass to the limit in the lower
order term of (2.8). At first let us prove that for every δ > 0

b(x)
un(x)|∇un(x)|2
(|un(x)| + 1

n )θ+1
χ{|un(x)|>δ} → b(x)

|∇u(x)|2
|u(x)|θ χ{|u(x)|>δ} a.e. in Ω.

(3.16)
In order to show it, note that

un|∇un|2
(|un| + 1

n )θ+1
χ{|un|>δ} =

un|∇un|2
(|un| + 1

n )θ+1
χ{|un|>δ}∩{|u|>δ}

+
un|∇un|2

(|un| + 1
n )θ+1

χ{|un|>δ}∩{|u|<δ} +
un|∇un|2

(|un| + 1
n )θ+1

χ{|un|>δ}∩{|u|=δ}.

The first term converges almost everywhere to |∇u|2
|u|θ sign(u)χ{|u|>δ}, the second

converges to zero almost everywhere as n diverges and for the third we have
that

un|∇un|2
(|un| + 1

n )θ+1
χ{|un|>δ}∩{|u|=δ} ≤ |un||∇un|2

(|un| + 1
n )θ+1

χ{|u|=δ} ≤ |∇un|2
|un|θ χ{|u|=δ},

that converges as well to zero almost everywhere thanks to Stampacchia’s
Theorem. Thus (3.16) is proved. Now, following the approach of [7], take φ ∈
C1

0 (Ω) and ε > 0. Thanks to Lemma 3.5 we can chose δ such that
∫

{|un|≤δ}
b(x)

|un||∇un|2
(|un| + 1

n )θ+1
≤ ε

2‖φ‖L∞(Ω)
.

By means of Fatou’s Lemma and recalling Definition 2.2, this also implies
∫

{|u|≤δ}
b(x)

|∇u|2
|u|θ =

∫

{|u|≤δ}∩{u	=0}
b(x)

|∇u|2
|u|θ ≤ ε

2‖φ‖L∞(Ω)
.

Hence we have
∣
∣
∣
∣

∫

Ω

(

b(x)
un|∇un|2

(|un| + 1
n )θ+1

φ − b(x)
|∇u|2
|u|θ sign(u)φ

)∣
∣
∣
∣

≤
∣
∣
∣
∣
∣

∫

{|un|>δ}
b(x)

un|∇un|2
(|un| + 1

n )θ+1
φ −

∫

{|u|>δ}
b(x)

|∇u|2
|u|θ sign(u)φ

∣
∣
∣
∣
∣
+ ε.

(3.17)

Recalling the equi-integrability property of Lemma 3.5 and (3.16), we deduce
that the term in the absolute value in the right hand side above goes to zero
as n goes to infinity. Thus for every φ ∈ C1

0 (Ω)

lim sup
n→∞

∣
∣
∣
∣

∫

Ω

(

b(x)
un|∇un|2

(|un| + 1
n )θ+1

φ − b(x)
|∇u|2
|u|θ sign(u)φ

)∣
∣
∣
∣ ≤ ε.

for any arbitrary ε > 0. Hence we can pass to the limit with respect to n in
(2.8) and the Theorem is proved. �
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