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1. Introduction

Consider the critical p-Laplacian problem

‘ulp*(6)72

—Apu=AulP?u+ G win Q (1.1)
u=20 on 0f,

where €2 is a bounded domain in RY containing the origin, 1 < p < N, A > 0
is a parameter, 0 < s < p, and p*(s) = (N —s) p/(N —p) is the critical Hardy—
Sobolev exponent. Ghoussoub and Yuan [6] showed, among other things, that
this problem has a positive solution when N > p? and 0 < A < ), where
A1 > 0 is the first eigenvalue of the eigenvalue problem

—Apu=AuP2uin Q
{u =0 on ON. (1.2)

In the present paper we mainly consider the case A > A;. Our existence results
are the following.
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Theorem 1.1. If N > p? and 0 < X\ < Ay, then problem (1.1) has a positive
ground state solution.

Theorem 1.2. If N > p? and A > )\ is not an eigenvalue of problem (1.2),
then problem (1.1) has a nontrivial solution.
Theorem 1.3. If

(N=p)(N =s)>(p—s)p (1.3)
and A > A1, then problem (1.1) has a nontrivial solution.

Remark 1.4. We note that (1.3) implies N > p?.

Remark 1.5. In the nonsingular case s = 0, related results can be found in
Degiovanni and Lancelotti [4] for the p-Laplacian and in Mosconi et al. [7] for
the fractional p-Laplacian.

Weak solutions of problem (1.1) coincide with critical points of the C''-
functional

p*(s)

|z[*

1 u

1 P\ |ulP) —
B = [ |5 0vup - al) -

Recall that I, satisfies the Palais-Smale compactness condition at the level
¢ € R, or the (PS). condition for short, if every sequence (u;) C WP (€) such
that I\(u;) — ¢ and I}(u;) — 0 has a convergent subsequence. Let

/ |Vul|P de
Q
p*(s) >p/p* (s) (14)

} dz, ueW,P().

s = inf
weWy P(Q2)\{0} (

|u

o lzP

be the best constant in the Hardy—Sobolev inequality, which is independent
of Q (see [6, Theorem 3.1.(1)]). It was shown in [6, Theorem 4.1.(2)] that I
satisfies the (PS). condition for all

c< LT (N=9)/(=9)

(N —s)p

for any A > 0. We will prove Theorems 1.1 — 1.3 by constructing suitable
minimax levels below this threshold for compactness. When 0 < A < Ay, we
will show that the infimum of I on the Nehari manifold is below this level.
When A > Ay, I no longer has the mountain pass geometry and a linking
type argument is needed. However, the classical linking theorem cannot be
used here since the nonlinear operator —A, does not have linear eigenspaces.
We will use a nonstandard linking construction based on sublevel sets as in
Perera and Szulkin [11] (see also Perera et al.[9, Proposition 3.23]). Moreover,
the standard sequence of eigenvalues of —A, based on the genus does not
give enough information about the structure of the sublevel sets to carry out
this construction. Therefore, we will use a different sequence of eigenvalues
introduced in Perera [8] that is based on a cohomological index.
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For 1 < p < o0, eigenvalues of problem (1.2) coincide with critical values
of the functional

\P(u):;, ue./\/lz{uEWol’p(Q):/|Vu|pda:=1}.
Q

/ |ulP dx
Q

Let F denote the class of symmetric subsets of M, let i(M) denote the Zs-
cohomological index of M € F (see Sect. 2.1), and set

Ap = inf sup ¥(u), keN.
MeF,i(M)>k yeM

Then 0 < A\; < Ay < A3 < -+ — 00 is a sequence of eigenvalues of (1.2) and
e < Npp1 = i(TM) =i(M\ Ty,,,) =k, (1.5)

where ¥ = {ue M : ¥(u) <a} and ¥, = {ue M : ¥(u) > a} for a € R

(see Perera et al. [9, Propositions 3.52 and 3.53]). We also prove the following

bifurcation and multiplicity results for problem (1.1) that do not require N >
2

p=. Set

V@) = [ faf V00 g,

and note that

p*(s) p/p”(s)
/ [ulP dz < V,(€)P=)/(N=s) ( / |“||x dx) Yu e WP(Q)  (1.6)
Q Q
by the Holder inequality.

Theorem 1.6. If
s
V,(Q)(=5)/(N=s)

then problem (1.1) has a pair of nontrivial solutions +u* such that

A1 — <A< A,

/ IVurP de < Ay (A — NN P/ =) v ().
Q

Theorem 1.7. If Ay < A < A1 =+ = Aetm < Mgpmy1 for some k,m € N
and

s
)\ > )\k;-‘,-l - VS(Q>(p_S)/(N_S), (17)

then problem (1.1) has m distinct pairs of nontrivial solutions :i:u;‘,j =
1,...,m such that

/ IVurP dz < My1 (Apsr — NN P/ =9y (). (1.8)
Q

In particular, we have the following existence result that is new when
N < p?.

Corollary 1.8. If

s
A = Py <A <A

for some k € N, then problem (1.1) has a nontrivial solution.
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Remark 1.9. We note that Ay > uS/VS(Q)(p*S)/(N*S). Indeed, let ¢; > 0 be
an eigenfunction associated with A;. Then

gop*(s) p/p"(s)
1
P s / —dz
Ve | d <Q 2| ) e
A== 2 Z V=)=
/ Py da / ¢ d ()
Q Q

by (1.4) and (1.6).

Remark 1.10. Since V() is the volume of 2, in the nonsingular case s = 0,
Theorems 1.6 & 1.7 and Corollary 1.8 reduce to Perera et al. [10, Theorem 1.1
and Corollary 1.2], respectively.

2. Preliminaries

2.1. Cohomological index

The Zs-cohomological index of Fadell and Rabinowitz [5] is defined as follows.
Let W be a Banach space and let 4 denote the class of symmetric subsets
of W\ {0}. For A € A, let A = A/Zs be the quotient space of A with each
u and —u identified, let f : A — RP™ be the classifying map of A, and let

f*: H*(RP*) — H*(A) be the induced homomorphism of the Alexander-
Spanier cohomology rings. The cohomological index of A is defined by

w_ [0 4=
= sup{m >1: f*(wm™ 1) £0} if A#0,

where w € H'(RP®) is the generator of the polynomial ring H*(RP*) =
ZQ[L«J].

Ezample 2.1. The classifying map of the unit sphere S™~! in R™, m > 1 is
the inclusion RP™ ™! ¢ RP*, which induces isomorphisms on the cohomology
groups H? for ¢ < m — 1, so i(S™71) = m.

The following proposition summarizes the basic properties of this index.

Proposition 2.2. (Fadell-Rabinowitz [5]) The index i : A — N U {0,00} has
the following properties:

(i1) Definiteness: i(A) = 0 if and only if A =10.

(i2) Monotonicity: If there is an odd continuous map from A to B (in partic-
ular, if A C B), then i(A) < i(B). Thus, equality holds when the map is
an odd homeomorphism.

(i3) Dimension: i(A) < dim W.

(i4) Continuity: If A is closed, then there is a closed neighborhood N € A of
A such that i(N) = i(A). When A is compact, N may be chosen to be a
0-neighborhood Ns(A) = {u € W : dist (u, A) < §}.

(i5) Subadditivity: If A and B are closed, then i(AU B) < i(A) + i(B).
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(i¢) Stability: If SA is the suspension of A # (), obtained as the quotient space
of Ax [=1,1] with A x {1} and A x {—1} collapsed to different points,
then i(SA) =1i(A) + 1.

(i7) Piercing property: If A, Ay and Ay are closed, and ¢ : Ax[0,1] — AgUA;
is a continuous map such that o(—u,t) = —p(u,t) for all (u,t) € A X
[0,1], p(A % [0,1]) is closed, p(Ax{0}) C Ay and p(Ax {1}) C Ay, then
i(p(Ax[0,1])NAgNAy) >i(A).

(is) Neighborhood of zero: If U is a bounded closed symmetric neighborhood
of the origin, then i(OU) = dim W.

2.2. Abstract critical point theorems

We will prove Theorems 1.2 and 1.3 using the following abstract critical point
theorem proved in Yang and Perera [13], which generalizes the well-known
linking theorem of Rabinowitz [12].

Theorem 2.3. Let I be a C'-functional defined on a Banach space W, and let
Ao and By be disjoint nonempty closed symmetric subsets of the unit sphere
S ={ueW:|ul =1} such that
i(Ap) = i(S\ By) < oc.
Assume that there exist R >1r >0 and v € S\ Ay such that
sup I(A) < inf I(B), sup I(X) < o0,

where

A={tu:u e Ay, 0<t < R}U{R7((1—t)u+tv) :u € Ag, 0 <t <1},

B={ru:u€ By},

X={tu:ueA |ul|=R,0<t<1},

and m : W\ {0} — S, u — u/|ul||l is the radial projection onto S. Let I' =
{ye C(X, W) :v(X) is closed and y| , = ida}, and set

c:=1inf sup I
V€L wey(X) ()

Then
inf I(B) < c¢<supl(X), (2.1)

in particular, c is finite. If, in addition, I satisfies the (PS). condition, then c
s a critical value of I.

Remark 2.4. The linking construction used in the proof of Theorem 2.3 in [13]
has also been used in Perera and Szulkin [11] to obtain nontrivial solutions
of p-Laplacian problems with nonlinearities that cross an eigenvalue. A sim-
ilar construction based on the notion of cohomological linking was given in
Degiovanni and Lancelotti [3]. See also Perera et al. [9, Proposition 3.23].

Now let I be an even C'-functional defined on a Banach space W, and
let A* denote the class of symmetric subsets of W. Let » > 0, let S, =
{ueW :Jul|=r}, let 0 < b < 400, and let T' denote the group of odd
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homeomorphisms of W that are the identity outside I=1(0,b). The pseudo-
index of M € A* related to 7, S,, and T" is defined by

i*(M) = min (M) N S,)

(see Benci [2]). We will prove Theorems 1.6 and 1.7 using the following critical
point theorem proved in Yang and Perera [13], which generalizes Bartolo et al.
[1, Theorem 2.4].

Theorem 2.5. Let Ay and By be symmetric subsets of S such that Ag is com-
pact, By is closed, and

i(Ag) > k+m, i(S\ By) <k
for some integers k > 0 and m > 1. Assume that there exists R > r such that
supI(A) <0< infI(B), sup I(X) < b,
where A={Ru:u € Ap}, B={ru:u € By}, and X={tu:uecA, 0 <t <1}.
Forj=k+1,....k+m, let
Ai ={M € A" : M is compact and i*(M) > j},
and set

cj == inf max I(u).
MeA: veM

Then
infI(B) <cjyq < < gy <supI(X),

in particular, 0 < c¢j < b. If, in addition, I satisfies the (PS). condition for all
c € (0,b), then each ¢} is a critical value of I and there are m distinct pairs
of associated critical points.

Remark 2.6. Constructions similar to the one used in the proof of Theorem 2.5
in [13] have also been used in Fadell and Rabinowitz [5] to prove bifurcation
results for Hamiltonian systems and in Perera and Szulkin [11] to prove mul-
tiplicity results for p-Laplacian problems. See also Perera et al.[9, Proposition
3.44].

2.3. Some estimates
It was shown in [6, Theorem 3.1.(2)] that the infimum in (1.4) is attained by
the family of functions

Cn s eN—P)/(P=5)p
us(z) = e €
[e + |a|w=9)/ (-1 7P/ Pme

when = RV, where Oy, s > 0 is chosen so that

p*(s)
/ |Vu€|p dr = / Ye dr = MgN—S)/(P—S)_
RN RN |.’E‘S
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Take a smooth function 7 : [0,00) — [0, 1] such that 7(s) =1 for s < 1/4 and
n(s) =0 for s > 1/2, and set

_ (=] _ Ue,5 (%)
weste) = 5w, vaslo) = e g
/ ue,é d
x
ry |7[°
so that
p*(s(S)
=0y = 1. (2.2)
/IRN ]
The following estimates were obtained in [6, Lemma 11.1.(1),(3),(4)]:
/ Ve 5P da < pug + CeN—P)/ (=), (2.3)
RN
ég(pfl)p/(pﬂ) if N > p?
/ vl sde > 1 (2.4)
RN

6 g(pfl)p/(pfs) |1og €| lf N = p2’

where C'= C(N,p, s,0) > 0 is a constant. While these estimates are sufficient
for the proof of Theorem 1.2, we will need the following finer estimates in order
to prove Theorem 1.3.

Lemma 2.7. There exists a constant C = C(N,p,s) > 0 such that

N— -5
/RN Ve 5P dz < pis + COLY P/ P72) (2.5)

1 e(r=1)p/(p—s) if N > p?

Ql—Q

/N Uf,a dr >
R — e=0p/(P=9) |log 0.5 if N =p?

where O, 5 = e = (p—s)/(p—1)
Proof. We have

Ue,5(0x) = §—(N=p)/p ue, s,1(z)

and
up*(S) uP*(S)
/ &0 z/ Oe.e:l dx.
Ry |2]® Ry [T
So
Ve s(0x) = §—(N=p)/p ve, 5,1(T)
and hence
Vo, 5(6z) = 6~ N/P Ve, ;,1(x).
Then

/ Vs ()P da = 5N / IVo..5(652) P da: = / Ve, s (@) do
RN RN RN
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and

/ ol s(z)de = (5N/ v s(0x) do = (5p/ v, 1 (%) da,
RN RN RN Y
so (2.5) and (2.6) follow from (2.3) and (2.4), respectively. O

Let ¢, M, ¥, and A\, be as in the introduction, and suppose that A\, <
Mit1. Then the sublevel set W+ has a compact symmetric subset E of index
k that is bounded in L>®(Q) N CL*(Q) (see Degiovanni and Lancelotti [4,

loc

Theorem 2.3]). Let 0y = dist (0, 92), take a smooth function 6 : [0, 00) — [0, 1]
such that 6(s) =0 for s <3/4 and (s) =1 for s > 1, and set

vs(x) = 9(?) v(z), vEE,0<§< %0.

Since E C W is bounded in C*(Bs, 2(0)),

ol

/ [Vus|? do < / |VolP de + C <|Vv|p + ) der <1+ CsN™P
Q 2\B5(0) B;(0) 0"

(2.7)
and

1
/\v5|pdx2/ |U\Pdm:/ \v|pdgc—/ WP de > 4 — sV, (2.8)
Q O\ B;(0) Q Bs(0) Ak

where C' = C(N,p,s,Q, k) > 0 is a constant. By (1.6) and (2.8),
p"(s)
|vs P> 1
o |z c

(2.9)

if § > 0 is sufficiently small.
Now let 7 : Wy P(Q)\{0} — M, u — u/|u| be the radial projection
onto M, and set

w=m(vs), véEE.

If § > 0 is sufficiently small,

/ [Vus|P dx
U(w) = 22— < N+ OV 7P < Ny (2.10)

/ lvs|P da
Q

by (2.7) and (2.8), and
|U6|p*(s)

P (s) s 1

o |z p*(s)/p — ('
(/ [Vus|P d:r)
Q

by (2.7) and (2.9). Since suppw = suppvs C €\ Bss/4(0) and supp (v 5) =
supp v, s C Bs/2(0),

supp w Nsupp 7(ve,5) = 0. (2.12)
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Set
Es={w:veE}.

Lemma 2.8. For all sufficiently small 6 > 0,

(Z) EsnN \IJ)\k+1 = Q),
(ii) i(Ey) = F,
(iii) m(ves) & Es.

Proof. (i) follows from (2.10). By (i), Es C M\V,,,, and hence
Z(Eé) < i(M\\I/)\kJrl) =k

by the monotonicity of the index and (1.5). On the other hand, since F —
Es, v+— m(vs) is an odd continuous map,

i(Es) > i(E) = k.

(ii) follows. (iii) is immediate from (2.12). O

3. Proofs
3.1. Proof of Theorem 1.1

All nontrivial critical points of Iy lie on the Nehari manifold
N = {u e WP\ {0} : I} (w) u = o} .
We will show that I attains the ground state energy
= inf I
¢:= inf ()

at a positive critical point.
Since 0 < A < A1, N is closed, bounded away from the origin, and for
ue WyP(Q)\ {0} and t > 0, tu € N if and only if ¢ = t,,, where

(N=p)/(p—s)p
/ (IVulP = X|ul?) d
Q

|u|P” (%)

w =

o |zl

Moreover,

p—s (N—=s)/(p—s)
I(t,u) =sup I\(tu) = ———— u ,
)\( ) t>18 A( ) (N S)p 1/})\( )

where

/ (IVul? = AJul?) do
Q

p*(s) p/p*(s) "
(")
o |zf*

Ya(u) =
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By (2.2)-(2.4),

(»—1)p/(p—s)

s — exr e + CeN=p)/(p—s) if N > p2

Ua(ve,5) < c(p=1)p/(p—5)
Hs — -

and in both cases the last expression is strictly less than ps if € > 0 is suffi-
ciently small, so

llog e| + Cep=Dp/(p=5) if N = p?,

pb—s (N=s)/(p—s)
< I (t, —_ .
‘ A 5'5%75) = (N—-s)p Hs

Then I, satisfies the (PS). condition by [6, Theorem 4.1.(2)], and hence I,],,
has a minimizer ug by a standard argument. Then |ug| is also a minimizer,
which is positive by the strong maximum principle.

3.2. Proof of Theorem 1.2

We will show that problem (1.1) has a nontrivial solution as long as A > A\;
is not an eigenvalue from the sequence (\;). Then we have A\ < A < Ay for
some k € N. Fix § > 0 so small that the first inequality in (2.10) implies

T(w) <A Ywe E;s (3.1)

and the conclusions of Lemma 2.8 hold. Then let Ag = Es and By = ¥y, ,,
and note that Ay and By are disjoint nonempty closed symmetric subsets of
M such that

i(Ag) =i(M\ Bo) =k (3:2)
by Lemma 2.8 (i), (ii) and (1.5). Now let R > r > 0, let vy = m(ve ), which is

in M\ Ap by Lemma 2.8 (iii), and let A, B and X be as in Theorem 2.3.
For u € By,

1 A p*(s)
Bz 5 (1= 2 ) -
D )\kJrl p*(S) NJ:Z (s)/p

Since A < Agy1, and s < p implies p*(s) > p, it follows that inf I, (B) > 0 if r
is sufficiently small.

Next we show that I, < 0 on A if R is sufficiently large. For w € Ay and
t>0,

by (3.1). Now let w € Ag and 0 < ¢t < 1, and set u = w((1 — t)w + tvy).
Clearly, [|(1 —t)w + tvg]| < 1, and since the supports of w and vy are disjoint
by (2.12),

P (s)

da + 7" / % gr.
o |z

|w[P” (%)

1— p*(s) .
|( t) w 4+ tU0| do — (1 _ t)p (s)
Q |z[* o |z
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In view of (2.11), and since
Fu0

P (s) / 8755 da
/Uo dor — o |z > 1

|| N p*(s)/p = C
(/ Ve 5P dm)
Q

by (2.2) and (2.3) if € > 0 is sufficiently small, it follows that
| (1 —t)w + tog|P" )

[, oF L1
o |zl (1 —tw -+t T C
Then
RP Rp (s) p*(s)
In(Ru) < -~ t/‘“' <0

if R is sufficiently large.

Now we show that

sup I\ (X) < _pb=s5 MgN*S)/(P*S) (3.3)

(N —s)p
if € > 0 is sufficiently small. Noting that
X={pr((1-t)w+tvy):we FE;;,0<t<1,0<p<R},
let we Es and 0 <t <1, and set u = w((1 —t) w + tvg). Then

p*(s) p*(s)
sup Ix(pu) < sup {'{; (1 - /\/ |u|P dx) P [ul dx}

p(s) Jo lzf®

0<p<R p>0
__b—s (N—)/(p—s) 4
(N—s)p%(u) : (3.4)

where

+
(1 — A |ulf da:)
w}\(u) _ Q

p*(s) p/p*(s)
( |u da:)
o |z

(/Q [\(1 —t) Vw +t VP — A|(1 —t)w+tv0|p} d1:>+

< | 1775 ertv |p *(s) >P/p*(s)
dx
|(®

+ +
(1t)p<1/\/|w|pdx) +tp<1)\/vgdx)
Q Q
- p*(s) p/p*(s)
(1—t)P*<s>/ Wl +t”()/7dm
a |z o |zf*

IN

(3.5)
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since the supports of w and vy are disjoint. Since

A
1—)\/ wPdr=1—-— ——<0
o W (w)

by (3.1),
Pa(u) < Ya(vo)

+
(/Q [\Vvs,g\p - )\vgé] dx)
- . /p*(s)
P b
/ £,0 dx
o |zf®

c(e=1)p/(p—s)
e

e(P—1)p/(p—s)
Hs — C
by (2.2)—(2.4). In both cases the last expression is strictly less than pg if € > 0
is sufficiently small, so (3.3) follows from (3.4).

The inequalities (2.1) now imply that

+ Ce(N=P)/(p=s) if N > p?

IN

lloge| 4+ CeP=Dp/(=5) if N = p?

P=5  (N-s)/(p—s)
0<c< b .
N —s)p"
Then I satisfies the (PS). condition by [6, Theorem 4.1.(2)], and hence ¢ is a
positive critical value of I, by Theorem 2.3.

3.3. Proof of Theorem 1.3

The case where A > )\ is an eigenvalue, but not from the sequence (), was
covered in the proof of Theorem 1.2, so we may assume that A = A\ < Agq1
for some k € N. Take § > 0 so small that (2.10) and the conclusions of Lemma
2.8 hold, let Ay, By and vy be as in the proof of Theorem 1.2, and let A, B
and X be as in Theorem 2.3.

As before, inf I, (B) > 0 if r is sufficiently small, and

L(Ra((1—t)w+twg)) <0 Ywe Ay, 0<t <1

if ©, s is sufficiently small and R is sufficiently large. On the other hand,

P A
Ly(tw) < — (1 - ’“) < CRPSN™P e Ay, 0<t<R
p U(w)
by (2.10). It follows that sup Ix(A) < inf I\(B) if § is also sufficiently small.
It only remains to verify (3.3) for suitable choice of §(g) and small e.
Maximizing the last expression in (3.5) over 0 < ¢ <1 gives

(p—s)/(N—s)

Pa(u) < d,/\(vo)(NfS)/(pﬂ) + q/,/\(w)(NfS)/(zofS) (3.6)
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By (2.2), (2.5), and (2.6),

+
(/Q [|VU6,5|p_)‘k U?ﬁ} d:v) e(r=1)p/(p—s)

= < —
¥a(vo) ) p/p* () = Hs C
/ £,0 d
T
( o |z* )

and by (2.10) and (2.11),

=+ C@é%‘?)/@_s)y

(3.7)

(1 - \IJA(Z)>+ < oN-P, (3.8)

= p*(s) p/p*(s)
( |wl dx)
o lzf*

Recalling that ©, 5 = £ 6~ ®=%)/(P=1) if there exist a € (0, (p—1)/(p—s)) and a
sequence £; — 0 such that, fore = ¢; and § = €5, 1x(vo) < ps/3, then ¥y (u) <
2us/3 for sufficiently large j by (3.6) and (3.8), which together with (3.4)
gives the desired result. So we may assume that for all @ € (0, (p—1)/(p — s)),
¥x(vg) > ps/3 for all sufficiently small € and § = e®. Since (p—s)/(N—s) < 1,
then (3.6)-(3.8) with § = e yield

1+ (%(w) ><Ns>/<ps>]

Ya(u) < Pa(vo) Ur(v0)

< Pa(vo) + Ciﬁx(w)(N*S)/(p*S) < g — (=1 p/(p—s)
“ {é GNP 9 aman/(r—s) _ GNP/ |

where

 (p—Dp (N—=p*)(p—1) Y |
(< =N N9 P9 2 s

by (1.3). Taking « € (a1, @) now gives the desired conclusion.

3.4. Proofs of Theorems 1.6 and 1.7
We only give the proof of Theorem 1.7. Proof of Theorem 1.6 is similar and
simpler. By [6, Theorem 4.1.(2)], I satisfies the (PS). condition for all
P75 (N=9)/(p=s)
(N=s)p"°

so we apply Theorem 2.5 with b equal to the right-hand side.
By Degiovanni and Lancelotti [4, Theorem 2.3], the sublevel set W +m
has a compact symmetric subset Ag with

i(Ag) = k+m.

c <

We take By = ¥, ,, so that
i(M\ By) =k
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by (1.5). Let R > r > 0 and let A, B and X be as in Theorem 2.5. For
u e \I/)\k+17

P p*(s)
I)\(TU)ZT<1— A )— " -
P )\k+1 p*(s) /’(‘ZS) (s)/p
by (1.4). Since A < Agy1, and s < p implies p*(s) > p, it follows that
inf I (B) > 0 if 7 is sufficiently small. For u € Ay C Wrk+1

P P (s)
IN(Ru) < L (1 - ) - ; i
p Mot ) pr(s) APV () -0/ (N =)

by (1.6), so there exists R > r such that I, <0 on A. For u € X,

/\k+1 1 p*(s)/p
In(u) < /\u|de o (3 Vo) (/Q |u|Pda:>

— p*(s)/p
< sup |:(>‘k+1 Np P }
p>0 D p*(8) Vi(2)(p=s)/(N—p)
__pr=s (N—=5)/(p—s)
= Aot — A Vi(Q).
(N —%)p (k1 = A) ()
So
sup In(X) € 275 (g = NV 0=y Q) < S LTE (IN=9)/ (=)

(N —s)p (N —=s)p

by (1.7). Theorem 2.5 now gives m distinct pairs of (nontrivial) critical points
j:u?, j=1,...,m of I such that

—s
0 < 1)) < ot (e = NNV V@),
Since
A|p*(s)
us T =ply(uy)+ us :r—i— 1 ‘
Vu|Pd L))+ X [ [u}Pd |
Q Q |33|S
s p/p ()
/Iu*Ipdx<V(Q (p—3)/(N— (/ |“A||p : >
€T S
by (1.6), and
|“/\|p N (N—S)p Ao Ay, A (N-s)p A
s p=e? [ - L | = 2 e

(1.8) follows. This completes the proof of Theorem 1.7.
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