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Liouville-type theorems with finite Morse
index for semilinear A )-Laplace operators

Belgacem Rahal

Abstract. In this paper we study solutions, possibly unbounded and sign-
changing, of the following equation

—Asu = |z§]ufru  inR",

where n > 1, p > 1, a > 0 and A, is a strongly degenerate elliptic opera-
tor, the functions A = (A1,..., A\x) : R™ — R” satisfies some certain con-
ditions, and |.|» the homogeneous norm associated to the Ax-Laplacian.
We prove various Liouville-type theorems for smooth solutions under the
assumption that they are stable or stable outside a compact set of R™.
First, we establish the standard integral estimates via stability property
to derive the nonexistence results for stable solutions. Next, by mean of
the Pohozaev identity, we deduce the Liouville-type theorem for solutions
stable outside a compact set.
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1. Introduction and main results

In the last decades, the nonnegative solutions of the semilinear elliptic equation
~Au=[ufP"'u inR", p>1, (1.1)
has been studied by Gidas and Spruck [5]. They proved that if 1 < p < 242

n—2’
then the above equation only has the trivial solution v = 0 and this result
is optimal. In an elegant paper, Farina [3] proved that nontrivial finite Morse
index solutions (whether positive or sign changing) to (1.1) exists if and only

n+2

if p > pe(n) and n > 11, or p = 25 and n > 3, where p.(n) is the so-called

Joseph-Lundgren exponent. The study of stable solutions in the Hénon type
elliptic equation: —Au = |z|*|u[P~ u, in R™ p > 1 and a > —2 has been
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studied recently, Wang and Ye [14] gave a complete classification of stable
weak solutions and those of finite Morse index solutions.

In the past years, the Liouville property has been refined considerably
and emerged as one of the most powerful tools in the study of initial and
boundary value problems for nonlinear PDEs. It turns out that one can obtain
from Liouville-type theorems a variety of results on qualitative properties of
solutions such as universal, pointwise, a priori estimates of local solutions;
universal and singularity estimates; decay estimates; blow-up rate of solutions
of nonstationary problems, etc., see [12] and references therein.

Liouville-type theorems for degenerate elliptic equations have been
attracted the interest of many mathematicians. The classical Liouville the-
orem was generalized to p-harmonic functions on the whole space R™ and on
exterior domains by Serrin and Zou [13], see also [2] for related results. The
Liouville theorems for some linear degenerate elliptic operators such as X-
elliptic operators, Kohn-Laplacian (and more general sublaplacian on Carnot
groups) and degenerate Ornstein—Uhlenbeck operators were proved in [7-9].

More recently, Yu [15] studied the equation

—Lou = f(u) in R™ x R",

where Lou = Azu + (1 + a)?[z]**Ayu, a > 0 and Q = ny + (1 + a)ny is
the homogeneous dimension of the space. Under some assumptions on the
nonlinear term f , he showed that the above equation possesses no positive
solutions and the main technique used is the moving plane method in the
integral form.

In this paper, we are concerned with the Liouville-type theorems for the
following equation

—Azu = |z|%ulPtu, inR":=R™ xR"™ x ...x R™, (1.2)
where n >1,a >0, p > 1,

k 20
A)\ = /\%Amu) —|—...—|—/\iAz<k), |],‘|)\ = ZHA?(x)eflx(J)P ;
J=1i#j

c=1 —I—Zf:l(q —1),1<eg < ... < e, = (x(l),...,w(k)) € R™. Here

the functions )\; : R” — R are continuous, strictly positive and of class C!

outside the coordinate hyperplanes, i.e. A; > 0,7 =1,...,k in R™\ [], where

[I={z=(z1,...,2,) € R" : [[[_, & = 0}, and A, denotes the classical

Laplacian in R™, ¢ = 1,..., k. As in [4] we assume that \; satisfy the following

properties:

(Hy) M(z) =1, \i(z) = Ni(2D), .. 207D), 6 =2, .. k.

(Hy) For every x € R, A\i(x) = N\i(z*), i = 1,..., k, where z* = (JzM)],...,
le®))) if 2 = (2D, ... 2(®).

(H3) There exists a group of dilations {d; }+>o

6t R® = R”, §y(z) = 6,V ..., 2Py = (2@ perg(R)y,
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where 1 < €1 < ey < ... < €, such that A; is d;-homogeneous of degree ¢; — 1,
i.e.

Ni(6:(2)) =t N(2), Ve eR™, t>0,i=1,...,k
This implies that the operator Ay is §;-homogeneous of degree two, i.e.
Ax(u(8¢(2))) = t*(Axu) (8:(2)), ¥ ue CF(R™).

We denote by @ the homogeneous dimension of R™ with respect to the group
of dilations {d;}4~0, i.e.

Q :=eng + eang + ... + €xng.

The Ajy-Laplace operator was first introduced by Franchi and Lanconelli [4],
and recently reconsidered in [6] under an additional assumption that the oper-
ator is homogeneous of degree two with respect to a group dilation in R™. It
was proved in [1], that the autonomous case, i.e. a = 0, (1.2) has no posi-
tive classical solution if 1 < p < %, with Q@ = €1+ e+ ...+ €, (n; = 1,
i=1,...,n).

The Aj-operator contains many degenerate elliptic operators. We now
give some examples of Ay-Laplace operators (see also [10]). We use the follow-
ing notation: we split R™ as follows R” = R™ x ... x R™ and write

z=(2W,.. . z®) O = (xg”,,ng}) e R™,

2P =Y 1al"2 i=12.. 0k
j=1
We denote the classical Laplace operator in € R™ by

Mg
_ § : 2
Ax(i) — 330“)
. J
Jj=1

Ezample 1. Let a be a real positive constant and k£ = 2. We consider the
Grushin-type operator

Ay = A, + |74,
where A = (A1, A2) with
M) =1, Xo(z)=]zM|®, zeR™ x R™,
Our group of dilations is
6p(x) = 8 (2, 2@ = (b2 o t123),
and the homogenous dimension with respect to (d¢)t>0 is @ = n1 + (@ + 1)na.

Ezample 2. Given a multi-index a = (a1,...,05-1), 0 > 1, 5=1,..., k—1,
define

A= Apw + 2D AL 4 4 BT PoRA
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Then A, = Ay with A= (Aq,...,\;) and \; = [0 D|*-1 i =1,... k. Here
we agree to let |2(9]|* = 1. A group of dilations for which \ satisfies (H3) is
given by

6 R" = R”, §y(z) = 6.V, ...,y = (912 perg(R)),

with e = 1 and ¢; = ;16,1 + 1, ¢ = 2,..., k. In particular, if oy = ... =
ag_1 = 1, the operator A, and the dilation §; becomes, respectively

Ao =Am + 2P PAe + .+ [25YPA 0,

and
6 (x) = (bW 22P) . k),

Ezxample 3. Let o, 8 and v be positive real constants. For the operator

Ay =40 + 2D + 2Pz A @),
where A = (A1, A2, A\3) with
M) =1, Xo(z) = |zW]*,  As(x) = [zDP|z@7, 2z e R™ x R" x R"3,
we find the group of dilations

6p(x) = 6,(axM, 2@ 23y = (12D o+l pFHlat )yl (),
The aim of the present paper was to establish the Liouville-type theorems

with finite Morse index for the equation (1.2). In order to state our results we
need the following:

Definition 1.1. We say that a solution u of (1.2) belonging to C?(R™)
e is stable, if

Q)= [ 9awP=p [ lalglal it 20, Ve CIRY)

where V)\ = (Alku) yoeey /\kVN)).

e has Morse index equal to K > 1 if K is the maximal dimension of a
subspace Xy of C1(R™) such that Q,(¢) < 0 for any ¥ € Xx\{0}.

e is stable outside a compact set  C R™ if Q,(v) > 0 for any 9 €
C:(R™M\K).

Remark 1.1. a) Clearly, a solution stable if and only if its Morse index is equal
to zero. b) It is well know that any finite Morse index solution u is stable
outside a compact set  C R". Indeed, there exists mo > 1 and X,,, :=
Span{e1, ..., ¢m,} C CL(R™) such that Q,(¢) < 0 for any ¢ € X,,,\{0}.
Hence, Q. (1) > 0 for every ¢ € CZ(R™\K), where K := UJ2, supp(¢;).

In the following, we state Liouville-type results for solutions u € C?(R")
of (1.2). In what follows, we divide our study to stable solutions and solutions
which are stable outside a compact set.
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1.1. Stable solutions

To state the following result we need to introduce some notation. We set
Tar(p) =2p—1+424/p(p— 1) and denote by Qr = B1(0, R*') x By(0, R°2) x

. X Bg(0, R®*), where B;(0,R“) C R™, ¢ =1,...,k, the Euclidean balls of
center 0 and radius R®.

Proposition 1.1. Let u € C*(R™) be a stable solution of (1.2). Then, for any
v € [1,Ta(p)), there exists a positive constant C independent of R, such that

— _2(pty)+(v+Da
/ (121l + VA (ul "2 w)?) de < CRO™ 070 forallR> 0. (1.3)
QR

Proposition 1.1 provides an important estimate on the integrability of u
and Vyu. As we will see, our nonexistence results will follow by showing that
the right-hand side of (1.3) vanishes under the right assumptions on p when
R — +00. More precisely, as a corollary of Proposition 1.1, we can state our
first Liouville type theorem.

Theorem 1.1. Let u € C*(R™) be a stable solution of (1.2) with,

pe(@. ) = {+oo if Q@ <10+ 4a,

Q—2)2—2(a+2)(a+Q)+2+/(a+2)3(a+2Q—2) ‘
(Q—2)(Q—4a—10) if Q@ > 10 + 4a.

Then u=0.

1.2. Solutions which are stable outside a compact set

In this subsection we prove some integral identities extending to the Ay setting
the classical Pohozaev identity for semilinear Poisson equation [11]. Pohozaev
identity has been extended by several authors to general elliptic equations and
systems, both in Riemannian and sub-Riemannian context, see, e.g., [6] and
the references therein. To prove our identities we closely follow the original
procedure of Pohozaev, just replacing the vector field P = >"" | z;0,, in [11],
page 1410], by

k
T = Z 6i$(i)vm(1) 5
i=1

n [6], page 4642], the generator of the group of dilation (d;);>0 in (Hs)(we say
that T generates (0:):>0 since a function u is d;-homogeneous of degree m if
and only if Tu = mu).

Proposition 1.2. Let u € C*(R™) be a solution of (1.2) and ¢ € CH(QR). If
T (|z|x) = |z|x, then

Q_2 2_Q+a’ al, |p+1
|| E st - L] ¢

:/QR [vwvwﬁT( [ S|Vl + @%W’“} T(ﬂb)] (1.4)

Thanks to Proposition 1.2, we derive
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Theorem 1.2. Let u € C?(R™) be a solution of (1.2) which is stable outside a
compact set of R™, with

Pt @2t i Q>0
If T (Jz|x) = |x|a, then u = 0.
2. Example which satisfies T' (|z|)) = |x|x

The degenerate elliptic operators we consider are of the form
Ay = )\%Ag;(l) + ...+ )\iAw(k).

We denote by |2()| the euclidean norm of (/) € R™ and assume the functions
\; are of the form

k
Ni(z) = [[ =D, i=1,... .k, (2.1)
j=1
such that
)y >0fori=2,.. kj=1,. i1
2) a;; =0 for j > 1.
3) Zleqajl =¢—1,j=1,...kwithl =¢ <e < ... <¢.
Clearly, \; is 6;-homogeneous of degree €¢;—1 with respect to a group of dilations

{6t}e>0
0t R™ = R”, §4(x) = 5t(x(1), .. ,x(k)) = (tflx(l), ... ,tekx(k)).

Now, using the relation Zle aaj =¢€; — 1, we get T (|z|x) = |z|x is satisfied.

This paper is organized as follows. In section 3, we give the proof of
Proposition 1.1 and Theorem 1.1. Section 4 is devoted to the proof of Propo-
sition 1.2 and Theorem 1.2.

3. The Liouville theorem for stable solutions: proof of
Theorem 1.1

In this section we prove all the results concerning the classification of stable
solutions, i.e., Proposition 1.1 and Theorem 1.1. First, to prove Proposition 1.1,
we need the following technical Lemma.

Let R > 0, Q2r = B1(0,2R) x B2(0,2R?) x ... x By(0,2R), where
B;(0,2R%) C R™, i =1,...,k, and consider k functions ¥1 g,..., ¥k g such
that

(1) (k)
1/J1,R(7“(1)) = djl (;u) PRI ¢k,R(T(k)) = 1/% (%) )
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with ¥1 g, ... Yr.r € CX([0,+00)), 0 <1 R, ... Ypr <1,
bt) = {1 in [0, 1],

0 in [2, +00),
and for some constant C' > 0 and 91 g, ... ¥y, g satisfy
Voo Y1rl SCR™, oo [Vawm e r| < CR™F,
A1l < CRT*, L |A 0k, r| < CRT2F,
where ) = [zD| i=1,... k.

Lemma 3.1. (1) There exists a constant C' > 0 independent of R such that
a) |\i(z)] S CRS™ Y, Vo e g, i=1,...,k
b) [Vavr|? + [Axvr| < CR™2, where yr = [Ti, i r.
(2) The homogeneous norm, |.|x, is d;-homogeneous of degree one, i.e.
[0:(2)|x = tlz]x, V2 eR"™ t>0.
(3) There exists a constant C' > 0 independent of R such that
|.’I}|)\ < CR, Ve Qg

Proof. Proof of (1) a). For any x = (zfl),...,x(k)) € Qor, we have 209 €
B;(0,2R%), i = 1,...,k, this implies I‘ﬁ:' <2,i=1,...,k. Therefore, if we

write

2 2 (k)
T = (x(l),...,x(k)) = <R61 X i Y A REk) ,
and let y = (y),. .. ,y(k)) = (%, ol %), then y € Q5. Hence by assump-
tion (H3) made on functions \;, we get
Aix) = Ai(Rey @ Ry )
= R“*l/\i(y(l), ce y(k))
= R\ (y). (3.1)
Moreover, since \;, ¢ = 1, ...,k are continuous, then
Ni(y)] <O, Yy ey, (3.2)

Therefore, from (3.1) and (3.2), we obtain
Ni(2)] SCRS™H, Va € Qap, i=1,... k.

Proof of (1) b). Using assumption (Hy) made on functions A;, i = 1,... k,
with 7 = (r(M, ... r®)) = (|aM], ..., |z®)|), we have

M(r) =1, Xi(r) =MW, 0TY), Vi=2, k.
If we denote by ¢¥p = Hle Vi r, We get
Vg = (Al(T)Vx(l)'I/JR, ceey )‘k(r)vx(’”wR)
k k—1
= (Al(r)ku)ﬂ)l,}% H 1;[}i,R7 ey Ak(’f’)vw(k)'l/}k,R H 1/%‘,R> )
i=2

i=1
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and

A)ﬂbR = A?(T)Ag;(l)wR + ...+ )\i(T)AI(k)wR

k k—1
=XNMA 0Lk [[Yir+-- + M)A w0 kg [[ ik
=2 i=1

Since [\ (r)] = [Ni(z)] < CR“™!, V€ Qap, i = 1,...,k, then there exists a
constant C' > 0 independent of R such that

IVavgr|? < CR™2 and |Aypr| < CR™2
Proof of (2). Let © € R™. The homogeneity of the functions \; implies that

1
214581 (e;—1)

k
6:(@)x s = | D T[N(6(@))) e t92D)?
Jj=li#j
2<1+zi-°:11<ei—1>>
_ ZHt%JtQ(Q ( ))2 2|I(] |
J=li#j
1
k 201458 (e;—-1)
= t2(1+21 1(ei—1)) ZH 2 §|x(y)|2
J=li#j
= t|lz|x (3.3)

Proof of (3). For any x = (a:(l), ..,z € Qar, we have z() € B;(0,2R%),
i=1,....k, this implies 21 <2 i =1,... k. Therefore, if we write

(1) (k)
— @V, ey = (R x T R xZ
x (x ) 7x ) < X Rsl’ b >< Rsk b)

and let Yy = (y(1)7 s 7y(k)) = (a]%(: PR 3132(6’;))7 then y e 92(0)
Using (3.3), we get

[z = [(Ry™M, .. Rry®))
= R|(y",...,y™)]
= R|Z/|A-

Since |\i(y)| < C,Vy € Qa, i =1,...,k, then there exists a constant C > 0
independent of R such that

|z|x < CR, ¥V € Qap.
This completes the proof of Lemma 3.1. 0
Proof of Proposition 1.1. The proof follows the main lines of the demon-

stration of proposition 4 in [3], with more modifications. We split the proof
into four steps:
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Step 1. For any ¢ € C?(R™) we have

21 1)
[ watul = apere = T [ papgpupostas
Rn Rn

4y
1
Lo+l
4’}/ Rn

Multiply equation (1.2) by |u|""'u¢? and integrate by parts to find

a7 AN (67)do.

Page 9 of 19 21

(3.4)

o / Vul*u] " ¢*dx + / VauVa(¢?)|u]"u do = / |3 |ulP 7 p2 de,
]Rn RTL RTL

therefore

4 _
/ 2l up Y gPde = / V(] 5 w) PP
RTL

(7+1)

v /
= — Via(Ju Ty d*dx
- o [ I P
1
o AL (0% dx.
Tt Rn|u| A(97)dx
Identity (3.4) then follows by multiplying the latter identity by the factor
(v+1)*
4y

Step 2. For any ¢ € C2(R") we have

(v +1)? o

1
< [ s+ (- 5) v

(3.5)

The function |u|walu¢ belongs to CL(R"), and thus it can be used as a test
function in the quadratic form @Q,. Hence, the stability assumption on u gives

p [ ISt dr < [ 9 wo) P
n R™

A direct calculation shows that the right hand side of (3.6) equals to

y—1 1
/ D“PHVW'Q*'VAW = u) P97 + S Vad*Va(lul ") | da
]R’!L

(3.6)

= [ w9 - Jase s [ st orste. 6
Rn R™

From (3.6) and (3.7), we obtain that

p [ lalgluirt ot
RTZ

< / Juf 7+
]Rn,

Vool = Jas@)] do+ [ 190l 0P
R‘/I,

(3.8)
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Putting this back into (3.4) gives
+1)? o
(= CEE) [ bl reotas
+1 1
< /R Ju| 7+ {|V/\¢|2 + <ly - 2) AA(&)} dx.

Step 3. For any v € [1, Ty (p)) and any integer m > max{g’%{, 2} there

exists a constant C'(p,m,v) > 0 depending only on p, m and v

z|¢uPTr 2 dr
A R
Rn

—(v+1a

—(y+l)a Pty
< C(p,m, ) / 2l P (1Vawrl? + [0l Aaerl) T de,  (39)
RTI,

/ V(] 5 ) P2 da
Rﬂ,

—(v+Da pty

< C(p,m, ) / 2l 7 (IVawrl? + [0l Aaerl) P de,  (3.10)
R’n

where Yp = Hle ;. r- Moreover, the constant C(p,m,~y) can be explicitly
computed. From (3.5), we obtain that

a/ |x|§|ulp+7¢2d:cs/ \u\”“wwﬂ?w/ lu " ' Axgdz.  (3.11)
Rn R R~

where we have set a = (p— %) and [ = %. Notice that a > 0 and

0 <0, since p>1and v € [1, Ty (p)).
Now, we set ¢ = 1’7". The function ¢ belongs to C?(R"), since m > 2 and
m is an integer, hence it can be used in (3.11). A direct computation gives

a / |2 ufP YR
n

< / a2 (102 Vg
Rn

+8m(m = 1)|Vayrl* + BmyrArr) dr, (3.12)

hence
[ Jalglup s
< [l (Vavel + ol Asnl) dz, (313)

: _ m?+pm(m—1) B8
with C) = #—Z220—=2 > — B > (),
An application of Young’s inequality yields

/ el < Oy / 22 (1T agpnl? + (]| Axpr]) do
R’IL RTL

(v+1)a | oo, =Gl
e / PR P
RTL
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(IVAvrl® + [¥rl|Axyr]) do

v+1 “ (2m—2) 241
S / |97|/\|u‘p+7’l/)3 y+1
P+ Jrn

-1 C —(”vj—l)a p+
+% /Rn 2, P70 (IVavr|* + [¢rlAxYr])?

Q

/\

3.14)

At this point we notice that m > max{ZX7, 2} implies (2m — 2)25 > 2m
_oypty
and thus wgm 25 < 2™ in R™, since 0 < ¢ < 1 everywhere in R™.

Therefore, we obtain

v+1 9
x up+"’w2m< z|% |uP T
| Jal3ia el e

p—1)C =Ode bty
H DG (9l + i)

The latter immediately implies

—(y+Da Pty
[ el s < 00 [ el (9avn + onllAse)
(3.15)

which proves inequality (3.9) with C(p,m,~) = Ci.
To prove (3.10), we combine (3.4) and (3.5). This leads to

[ Vatul s wPstdr < a [t aolde+ B [ ossods

where A = (’Y4J;(11) + (PYH) >0and B = Q(Z;r;) + ('YH) € R.

Now, we insert the test function ¢ = ¢ in the latter inequality to find,

/ V(] T ) PeEnde < / 1G22 (Am2 |V b
R‘n
+Bm(m —1)|Va¢r|* + BmyppAxyg) do

and hence

[ VAl S P de<Cy | R (9ainP el Avv) da.
(3.16)

with Cy = max{Am? + Bm(m — 1), |B|m} > 0. Using Holder’s inequality in
(3.16) yields

/R V(] T ) Py

m— P
<o ([ )
R™
p—1

_("’7'*'11)‘1 9 p+’v Py
><</R [z, 70 (IVavrl® + [¥r||Ax¢R]) " )
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y+1

4 9 p+
<0, ( [ et wR’”)
Rn
p—1

*(%Jrll)a 5 ,,_*_7,{ P
x / 2l 7T (IVawrl? + Lol A P )

Finally, inserting (3.15) into the latter we obtain

/ Va5 w) Py de

+la Pty

1+~ —(v+1 Pty
< GO /R ), T (IVavrl® + [¥rl|Axyr]) 7T da,
which gives the desired inequality (3.10).

Step 4. For any v € [1, T'y/(p)), there exists a constant C' > 0 independent of
R such that

/ (1alglul™ + 9 (jul "% w)[2) do < CROT5555 v R > 0,
Qr
(3.17)
The proof of (3.17) follows immediately by adding inequality (3.9) to
inequality (3.10) and using Lemma 3.1. O

Proof of Theorem 1.1. By Proposition 1.1, there exists a positive constant
C independent of R such that

2(p+y)ta(y+1)
p—1 .

/Q ]2 [P+ < CRO- (3.18)
R

Then it suffices to show that we can always choose a v € [1, I'y(p)), such that
Q — 2ettetl) o Therefore, by letting R — +o00 in (3.18), we deduce

p—1
that
/‘@mmﬁ”za

which implies that v = 0 in R”.

Next, we claim that, under the assumptions on the exponent p assumed
in Theorem 1.1, we can always choose v € [1, I'p/(p)) such that

2(p+v) +aly+1)
Q-
p—1
As in [3], we consider separately the case @@ < 10+4a and the case @ > 10+4a.
Case 1. Q < 10+ 4a and p > 1. In this case we have
2(p+Tu(p) +aTum(p) +1) >
2Bp—14+2(p—1))+a2p+2(p—1) > (10+4a)(p — 1)
and therefore
Q- 2(p+Tm(p) +alm(p) +1)
p—1

<0. (3.19)

< Q— (10 +4a) < 0. (3.20)
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2(p+a)+a(atl)

The latter inequality and the continuity of the function x — @ — pras)

immediately imply the existence of v € [1, T'ps(p)) satisfying (3.19).

Case 2. Q > 10+ 4a and 1 < p < p.(Q,a). In this case we consider
2(x+T p (2))+a(T(x)+1) on (1 +OO)

x—1

Since ¢ is strictly decreasing function satisfying lim, .+ g(z) = +oo and
lim,—, 40 g(2) = 10 + 4a, there exists a unique py > 1 such that @ = g(po).
We claim that pg = p.(Q, a). Indeed,

RQ=g9p) © (Q—-2)(p—1)— (4+2a)p = (4+2a)y/p(p—1)
& (Q—10—4a)(Q —2)p” + (—2(Q — 2)’+4(a + 2)(Q + a))p+(Q — 2)* = 0,
which implies that

(Q—10—4a)(Q — 2)pg + (—2(Q = 2)* + 4(a +2)(Q + a))po + (Q — 2)* =0,

the real-valued function z +— g(z) =

(3.21)
and
(Q—=2)(po—1) — (4 +2a)po > (4 +2a)(po — 1). (3.22)
The roots of (3.21)
Q=22 —-2(a+2)(a+Q)+2\/(a+23(a+2Q—2)
p1= Q-2 —1a—10) =pe(@, a),
(3.23)
Q=22 —-2(a+2)(a+Q)—2y/(a+2)3(a+2Q —2)
P2 = (Q—2)(Q —4a—10) < po, (3.24)
Q—6—2a

while (3.22) easily implies pg > O—da—i0 > P2 This proves that py = p;i.
Hence

(Q—-2)?—-2(a+2)(a+Q)+2y/(a+2)>3(a+2Q —2)
(Q —2)(Q — 4a — 10)

as claimed. Since we have just proven that g(p.(Q,a)) = @ and g is a strictly
decreasing function, it follows that

V1<p<peQ,a), Q<g(p). (3.25)

Now we can conclude as in the first case, i.e, the continuity of x — @Q —

w immediately implies the existence of v € [1, T'y/(p)) satisfying

(3.19). O

pc(Qv a) =

4. The Liouville theorem for solutions which are stable outside
a compact set of R™: proof of Theorem 1.2

In this section, we prove Proposition 1.2 and Theorem 1.2.
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Proof of Proposition 1.2. Let u € C?(R™) be a solution of (1.2) and ¢ €
CL(Qg). Multiplying equation (1.2) by T'(u)¢ and integrating by parts in Qg,
we obtain

- AuT (u)pdr = — Aju € 2 Vi u odx
QR QR

= / >‘12 V;x(i)u me <€j1'(j)vx(j)u¢) dx
Qr
= / )‘12 Vi €05 Vamu ¢pdx
Qr
+/ >‘22 Vi u € z¥) V.o (Veou) ¢dz
Qr

+ )\22 Vm(qz)u €; l‘(j) Vm(j)u Vw(z:)d)dl‘
Qr

= Il+.[2+13, (41)

Here and in the sequel, we use the Einstein summation convention: an index
occurring twice in a product is to be summed from 1 up to the space dimension.
Obviously

I : = / /\?Vzu)u Ej(sij vw(j)u ¢d$
Qr

= AV, oul® e ¢d. (4.2)
Qr

Moreover, an integration by parts in I gives

I : = / Afvw(i)uejx(j)vxm (Vo u) pdx
Qr

= - Vz(j)()\f) |Vz(i>u|2 €jx(j)¢dm . )\? |Vw<i)u|2 e;n;pdx
Qr Qr
— /\12 |Vz(i)u|2 ejx(j)Vx(j)(bdx
Qg
=2 XN|Veoul?T\)pds — I — Q/ |V ul>pdx
Qr Qr

—/ |V aul*T(¢)d.
Qr

Since A; is d;-homogeneous of degree €; — 1, then T'(\;) = (¢; — 1)\;. Hence
I, = 72/ (6; — DN |V, ul? ¢pda — Iy — Q/ |V aul?pda
QR QR
- / [Vaul*T(¢)dz
Qr

—(2-Q) /Q Vaul2ods — 21 — I — /Q V2T () dz.

R
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Then
2— 1
I, = 2-Q |Vaul>pde — I — 7/ |V aul> T (¢)dz. (4.3)
2 QR 2 QR
It is easily seen that
13 L= A?Vmu)uejx(j)vi(j)uvz(i)(bdx
Qr
= VauVoT (u)dz. (4.4)
Qr
Hence, by (4.1),
9 _
- AyuT (u)pde = 2-Q |V \ul? pdx
Qr 2 Qr
1
—*/ |V)\u‘2T((b)d$ + VauVoT (u)dz.
2 Qr Qr
(4.5)

On the other hand, an integration by parts gives
1 ,
/ [ S ful”™ T (w) pdr = 7/ |25V a0 ([ulP )z gda
QR p + 1 QR
Q

= z|$|ulP e
] el

a a“
o el T el
R

1 a
o [ el T (@)
R

If T(|z|x) = |z|x, then
1 .
| el T wods = = [ el Vo (u e da
Qr p+1Ja,

Q+a a
= - jz|§[ulP o
Qr

p+1
=y
- z|¢u|PHT(¢)dx. 4.6
P+ 1o, [} [u["T(9) (4.6)
Clearly (1.4) follows directly from (4.5) and (4.6). O

Proof of Theorem 1.2. Let u be a solution of (1.2) which is stable outside
a compact set. We begin defining some smooth compactly supported functions
which will be used several times in the sequel. More precisely, for R, > 0, we

choose a function ¢; r € C2(R™), i =1,...,k, 0 < (;r < 1, everywhere on
R™ and
Gr(z®) =0 if |J¢@| <R,+1 or |2®|>2R,
Grz®W)=1 if R, +2< 2| < R,

Voo Girl? + |Agiy G r| <CR™2% for {R% < 2| < 2R},




21 Page 16 of 19 B. Rahal NoDEA

The rest of the proof splits into several steps.
Step 1.Let p > 1. There exists R, > 0 such that for every v € [1, T'ss(p))
and every R > R, + 2, we have

2(p+)+(yv+Da

[ (lolshul + 9 (ul = w)) do < Cr, + RO (4)
2o (R)

where Xo(R) = Qg\ [B1(0, R. +2) X ... X Bi(0, R. + 2)], Cgr, and C are pos-
itive constants depending on p, v, R, but not on R.

Since u is stable outside a compact set of R™, there exists R, > 0 such
that, similar to that of Proposition 1.1 we derive

/ (log ™ + VAl 7 ) ?) da
Zo(R)

—a(y+1) P+~

< C(p,m, 7)/R [, " (IVACRI® + CrIIANCR]) 7" da

2(ptN+(v+Da
p—1

<Cp. +CRY ™ w1 |

where (g =[]\, ¢;,r- Hence, the desired integral estimate (4.7) follows.

Step 2.If Q =2and 1l < p< 4ooor @ >3 and 1 < p < ng;a,then
u = 0.

By choosing v = 1 and using Step 1, we get |z|}"'u € LPTH(R") and
|Vaul € L2(R") for 1 < p < ps(Q, a).

Take ¢ = Yr = Hle ¥; r in (1.4) where ¢; p defined as above. Since

a

|z|3* w € LPTH(R™) and |Vu| € L?(R™), then

/ |V)\u\2d:z: — 0, as R — +00
YR

and / |z|§ |ulP T dz — 0, as R — 400, (4.8)
2R

where ER = QQR\QR.

Recalling that A; and \;V_uyu are d;-homogeneous of degree ¢; — 1 and
one respectively. Then, since T generates (d¢)¢>0, we have
Integrating by parts and using (4.9), we derive

V)\UV)\QL’RT(U) = / )\ivx(i)U/\iku)’d)Rij(j)vx(j)u

QZR Q?R

= - T(AiVpou) iV YR U — / AiVeouT(N)V YR u

Qor Qar

_/ )‘?VEWUT(VWWR) u— Q VauVatyr u
Qsn Qar

= (@+1D [ ViuVsdru-— / (61 — A2V, u¥ o u
921?

b Q2R
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f/ A2V _ouT (V0 WRr) u
Qor

+1 " € — 1
= L/ U2A,\¢R+/ ———u* N A 0 YR
2 QR Qr 2

1
+3 / WAV, o [T(V ot 6m)] (4.10)
Q

2R

By Lemma 3.1, (4.10) and using Hoélder’s inequality, we obtain

C
V)\'LLV)\’(/JRT(U) < ﬁ/ ul
Q2r YR
C 1 1
_ 7 |:B‘p+ |{E|>\+ ul

R

2
P+T
< or@ #05E ([ o)
YR

(4.11)

Similarly, we get

1
/ [—mzﬂ ey, |p+1]T<wR>\<c [ (sl + felglul ).
Qor 2 +1 Yr
(4.12)

From (4.8), (4.11) and (4.12), we obtain

/Q <V,\uV,\¢RT(u) + {—;|V,\u|2 |2 |>\ lu |p+1] T(%//R))‘ —0

lim
p+1

R— 400

As a consequence, (1.4) becomes
-2
el R el BTl S N (BT

On the other hand, multiplying equation (1.2) by ut)g and integrating by parts
yields

1
[ WaiPunde— [ jaltluptonde = 5 [ A
R’ﬂ RTI n

Since 1 < p < ps(Q, a), we get

1

o p+1 pil 72(1 A 1 p+1
< |z [X [P de oI5 | An| P da
n Sr

< CRQ%H*%% — 0as R — +o0.

/ u?Axpde

Then

/|V>\u\2dx:/ || u[P T da. (4.14)
RTL n

To complete the proof we combine (4.13) and (4.14) to get

-2
@-2 Q+a / 2l ufP+dz = 0,
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but % — gj_’f # 0, since p is subcritical, hence u must be identically zero,

as claimed. O
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