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Carleman estimate for a linearized bidomain
model in electrocardiology and its applica-
tions
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Abstract. This paper concerns Carleman estimate and its applications
for a linearized bidomain model in electrocardiology, which describes the
electrical activity in the cardiac tissue. We first establish a new Carleman
estimate for this reaction—diffusion system. By means of this Carleman
estimate, we study two problems for the linearized bidomian model, a
Cauchy problem and an inverse conductivities problem. We prove a con-
ditional stability result for the Cauchy problem and a Hdlder stability
result for the inverse conductivities problem.
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1. Introduction

Let Q C R? be a bound domain with smooth boundary 9€2. We further set
Qr :=Qx(0,T), X7 := 9N x (0,T). Then the bidomain model describing the
electrical activity in the cardiac tissue can be written as follows [13]:

cmOw — V- (Mi(2)Vug) + Lion(v,w) = I;, (z,t) € Qr,
leatU + V- (Me(x)vue) + Iion(vaw) = Iev (l‘,t) € QTa (11)
Oyw — H(v,w) = h, (z,t) € Qr,

where u; = w;(x,t), ue = ue(z,t) represent the intracellular and extracellu-
lar electric potentials respectively, and their difference, v = u; — u, is called
the transmembrane potential. w = w(x,t) is the gating or recovery variable,
which represents the ionic current variables. The positive constant c¢,, is the
surface capacitance of the membrane. The anisotropic properties of the media
are modeled by intracellular and extracellular conductivity tensors M;(x) and
M.(z), details see [13].
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We denote by I; and I. the internal and the external current stimulus
respectively. Moreover, H (v, w) and I;,, (v, w) are functions which correspond
to the widely known FitzHugh—Nagumo model for the membrane and ionic
currents, i.e.

H(v,w) = av — bw, (1.2)
Tion(v,w) = —o(w —v(1 —v)(v —0)), (1.3)

where a, b, 0,0 are given positive constants, see [4].

As for the direct problem about the bidomain model, [7,25] and the
references therein, proved the existence of the weak or the strong solution in
the framework of the suitable Banach spaces. Additionally, different numerical
methods have been used for solving this type of bidomain model in [10,11,26].

When dropping the effect of w in (1.1) and letting

M;(z) = pM(z), z€Q (1.4)

with some constant p € R, the bidomain model (1.1) can be rewritten as the
following monodomain model [18]

{cmatv - ﬁv (M (z)Vv) + h(v) = f, (z,t) € Qr,
=V - (M(2)Vue) =V - (M;(2)Vv), (z,t) € Qr,

with M = M; + M, and suitable f, h(v). Bendahmane and Chaves-Silva [5]
proved null controllability of the approximating system of (1.5) by means of a
single control on w:

{cmﬁtv - ﬁv - (Me(x)Vv) + h(v) = fly, (x,t) € Qr,
edpue — V- (M(2)Vue) =V - (M;(2)Vv), (z,t) € Qr,

with any sufficiently small € > 0 by Carleman estimate. Further the null con-
trollability for a monodomain model (1.5) was shown. Ainseba, Bendahmane
and He [1] established a Carleman estimate for a linearized version of (1.6).
Then by using this Carleman estimate, a stability result for recovering the con-
ductivities was obtained. In these two papers, the weight function of Carleman

. .. . ap(z) _ 2 M Yle@y . . L .
estimate is singular like % with suitable 1, which is very diffi-
cult applied to study Cauchy problem for the bidomain model. Additionally,
Lassoued, Mahjoub and Zemzemi [19] studied a parameter identification in-
verse problem in cardiac electro-physiology. Boulakia and Schenone [6] proved
a Carleman estimate for a reaction—diffusion equation coupled with an ODE.
However, to the best of our knowledge there is no publications about Carleman
estimates for the bidomain model.

Carleman estimate is a class of weighted energy estimates connected with
the differential operator, which can be applied to many aspects, such as stabi-
lization and control theory [14,16], coefficient inverse problems [8,22,27] and
unique continuation [12,21,23,28] and so on.

The main objective of this paper is to obtain Carleman estimate for the
linearized bidomain model. As its applications, we consider the following two
problems, a Cauchy problem and an inverse conductivities problem.

(1.5)

(1.6)
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Cauchy problem. Letting I' be an arbitrary non-empty sub-boundary of 92
and I'p :=T x (0,T), we determine (u;, u.) in

cmOpv =V - (Mz(gj)vuz) +av = f, (xvt) € Qr, (1 7)
cmOiv +V - (Me(x)vue) +bv =g, (:C,t) € Qr, ’
by a lateral Cauchy data
(ui ue) [ry = (P, q)- (1.8)

Inverse conductivities problem. Letting w be a given sub-domain such that
Ow D 0N and ty be a given time, we determine M;, M, in

emOv — V- (M;(2)Vu;) + a11v 4+ ajpw = f, (z,t)
CmOv + V - (M (2)Vue) 4+ a1v + agew = g, (z,t)
Orw + az1v + azow = h, (x,t) € Qr, (1.9)
ui(z,t):ue(x,t):(), ( t)
(z,t)

by observation data
(wis te)|wx0,r) and (ui(w,to), ue(x, to), w(z, to)), =€ Q. (1.10)

Remark 1.1. Generally, the conductivities M; and M, are two matrices given
by

M, (2) = o ()1 + (o} () — o} (e))au(w)a] (2),

where Ué and (T;f, J € {i,e} are the intra- and extracellular conductivities along
and transversal to the direction of the fiber (parallel to a;(x)), respectively. In
the case of equal anisotropy [20], i.e. the so-called anisotropy ratios o!/ot =
1 and ¢! /o! = 1, the M; and M, are simplified as M;(z) = M;(z)I and
M, (z) = M. (x)I with M;(z) = ol(z), M.(z) = ol(z), which is the case we
discussed. If M; and M, in bidomain model are two metrics, such an inverse
problem is still open and more complicated. For example, Yuan and Yamamoto
[29] studied an inverse problem for recovering the matrix A in the following
parabolic equation:

Yy — V- (A(l’)vy) = h(zat)v (1‘,t) € Qr,

where A(z) = (ai;(@)),<; j<, With aij; = aji. In order to prove a stability
result, they need n(n + 3)/2 times measurement data to determine n(n +
1)/2 unknown a;;. Additionally, some technique conditions are included in the
stability results, details see [29].

We make the following assumptions for Cauchy problem.
(A1) M;, M, € C*(Q) such that
M;>e, M,>e inQ

with a positive constant eg;

(A2) g€ L2(QT)7 a,be C(@T)v
(A3) p,q € H'(I'r).
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Theorem 1.1. Let I' C 9Q be an arbitrary non-empty sub-boundary and (A1)-
(A3) be held, and let (u;,ue) € (LQ(O,T;Hl(Q)))2 be a solution of (1.7) and
(1.8). For any e > 0 and an arbitrary bounded domain 2y such that Qo C QUT,
0 N O is a non-empty open subset of O and 0 N O & T, there exist
positive constants C' and k € (0,1) such that

il L2 e 7—eim (o)) + el |2 e r =1 (00)) < CT' 7", (1.11)
where
I = |luil| 20,1581 () + tellL2 0,758 (),
J=1fllrz@r) + ll9ll2@qr) + 1Pz 0r) + gl mr s
Since ¢ > 0 and €y C 2 are chosen arbitrary provided that the constraints

on )y in Theorem 1.1 are fulfilled, we have the following unique continuation
result.

Corollary 1.2. Under the same assumptions as in Theorem 1.1, if
flz,t) = g(z,t) =0, (,t) € Qr, p(z,t)=q(z,t) =0, (z,t)€ T,
then u; = ue =0 a.e. in Q.

To state our second main result, i.e. Holder stability for our inverse con-
ductivities problem, we first introduce the set

W:{(M.;,ME)G (Cl(ﬁ))Q; M; > epg, Me > €o inﬁ,
(M;, Me)loa = (ai,ac), (VM;, VMe)loa = (bi,be),
[Vu; [M;, Mc](z,to) - (x — z0)| > €0, |Vue[M;, Mc](z,t0) - (x — x0)| > €0 in Q}

for fixed sufficiently smooth functions a;, a., b;, b on I' and a positive constant
€0, where 1o € RN \ Q is a fixed point. Here (u;[M;, M.], u.[M;, M.]) denotes
the solution of the problem (1.9) corresponding to (M;, M,).

Assumptions.(Al’) w C Q is a given sub-domain such that dw D 99, i.e. w is
a small neighborhood near 02 inside €2;
(A2) f,g,h € H*(Qr), aij € C*(Q7)(1 < i < 3,1 < j < 2), uj0,ueo €
H?’(Q), wo € Hl(Q);
(A3) uj,ue € C*([0,T];W>(Q)) N C([0,T); H*(Q)), w € W»*(Qr) N
C((0.7); H'(©)).

Remark 1.2. As [1] or [2], we need the technical condition |Vu; - (x —z¢)| > €
and |Vu, - (x — zg)| > € to apply Lemma 4.2 below. However, it is very hard
to find how a suitable condition should be imposed to (M;, M,) to guarantee
the existence of €q.

Remark 1.3. Similar to [3], the condition dw D 02 is used to apply Carleman
estimate to solutions with compact supports.

Remark 1.4. Condition (A3’) is a regularity requirement on wu;, u. and w for
our stability results. In fact, we could deduce such regularity as (A3’) from
the method proposed by Colli-Franzone and Savaré in [9], in which the global
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existence in time and uniqueness for the solution of the bidomain model is
proved. Since our paper focuses on the stability for our inverse conductivities
problem, we do not stick to the exact condition to yield the regularity condi-
tion (A3’). For this reason, without loss of generality we assume that a;; are
constants and the functions f, g, h, vy, wy are sufficiently smooth. By a simple
calculation, we obtain for j = 1,2, 3,4 that

_ , . , f, (@,1)
em0] v+ V- (Mo(2)VOue) + a210] v + az0djw = 8] g, (x,t) € Qr,
8{+1w+a318§v+a328§w = 8gh, (I,t) S QT,
Hui(x,t) = Ofue(z,t) =0, (x,t) € X,
O{v(x,0) = vj(z), fw(x,0)=w,(z), (x,t) € Q,

(1.12)
with
v; ()
1
= Cf |:V . (Minj,l(x)) +V- (MiVue,j,l(ac)) — a11’l}j,1(.’13)
_algwj,l(x) + 8§_1f(:1:,0)} y
w;(z) = —az1vj—1(z) — agaw;_1(z) + 8 h(x,0),

where u. j_1 is the solution of the following elliptic problem

=V (M + Me)(2)Vue j—1) = V- (M;(2) V1) ,
—(a11 — agl)Uj_l—(alg — a22)wj_1+8i_1f(x,0) — (9g_1g(.73,0), JEEQ,
Ue,j-1(z) =0, x €09
(1.13)

From Theorem 2 and Remark 3.2 in [9], we deduce that d}u;, Ofu. € L*(0,T;
H?(Q)), i.e. us,u. € H*(0,T; H?(2)) for sufficiently smooth £, g, h and vg, w.
Then by the standard theory for the ordinary differential equation, we obtain
dPw € C([0,T]; H*(2)) because of

{@ (O}w) + az20fw = OFh — az103v € L*(0,T; H*(K)),

dPw(z,0) = ws(x) € H*(9). (1.14)

Obviously,
-V (Mz($)V8SUZ) = 8t3f — cmafv — all(??’U — algaf’w S LQ(O,T; HQ(Q)),
PBu;i(z,t) =0, (z,t) € Ep.
(1.15)

From the regularity of the elliptic equation, it follows that d3u; € L?(0,T;
H*(Q)), i.e. u; € H3(0,T; HX(Q)) — C?([0,T]; W2>°(2)) N C([0, T); H3(Q2)).
Similarly, the same regularity also holds for u.. The regularity of w is easy to
obtain by the equation of w and v € H3(0,T; H*(Q)).

Now we state our second main result in this paper.
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Theorem 1.3. Let (M;, M.),(M;, M.) € W and (A1°)-(A3’) be held, and let
(ui, vy, w) and (@, e, w) be two solutions of (1.9) corresponding to (M, M)
and (M;, M.). Then there exist positive constants C and p € (0,1) such that

IM; = Mi|| () + [ Me = Me|| ) < CK#LU (1.16)
where
K =|[ui = @l|mr20,7522(0)) + [[ue = Uellmr2(0,7522(0)) + |10 — Well2(0,7;22(2)) 5
L =lu; — @il gz 0,711 () + [tte — el 20,7507 ()
+ ([ = @) (5 to) | 2 (o) + | (we = te) (-5 o)l 13 @) + | (w = we ) (- o) [l 1 (0)-
Remark 1.5. Similarly to [1], we can expect the~Lipschitz Stab}hty in place of
(1.16). For it, we have to estimate K by M; — M; and M, — M,.

The following uniqueness is a direct result from Theorem 1.3.
Corollary 1.4. Under the same assumptions as in Theorem 1.3, if
ui(z,t) = u;(x,t), ue(z,t) = ae(z,t), (z,t)€wx(0,T),
w;(x,to) = Ui, to), ue(x,to) = Ge(x,to), w(m, to) =w(x,to), x€Q,
then M; = J\Zfi, M, = M, a.e. in .

The remainder of the paper is organized as follows. In the next section,
we prove a Carleman estimate for the linearized bidomain model. In Sect. 3,
we give the proof of the stability result of Cauchy problem, i.e. Theorem 1.1. In
last section, we prove Holder stability for our inverse conductivities problem,
i.e. Theorem 1.3.

2. Carleman estimate

This section is devoted to prove a Carleman estimate for the linearized bido-
main model. In order to formulate our Carleman estimate, we introduce a
function v

1#(%15) = d(l’) - 6(t - t0)27 @(xvt) = e/\w(myt)v (Z’,t) € QTv (2'1)

with a parameter 8 > 0 and a large parameter A > 0, where d € C?(2) satisfies
[Vd| # 0 on §.
Now we state the main result in this section.

Theorem 2.1. Let D C Q1 with smooth boundary, F,G € L*(Qr) and (A1),
(A2) be held. Then there exist positive constants Ao = Ao(,T,0), so =
s0(, T, 8, o) and C = C(Q,T,3,\) such that

/ [0 + s(|Vus|® + [Vue|*) + 8% (Jus|* + |ue|?)] e**Pdadt
D

<C [ s(PP +1GE) ezt + s (Jusllniom) + e ricom)
(2.2)
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for all X\ > Xo and s > sg, provided that u;,u. € L*(0,T;H?*()), v €
H(0,T; L*(Q)) satisfies

emOw — V- (Mi(2)Vu;) = F, (z,t) € Qr, (2.3)
emOw + V- (M (2)Vu,.) = G, (z,t) € Qr. ’
Proof. By using u; = v + u., we have
cmOw —V - (M;(2)Vv) = V- (M;(z)Vu.) = F, (z,t) € Qr,
cmOw + V- (Me(z)Vu,.) = G, (z,t) € Qr.
Further, by the second equation in (2.4), we can obtain
em M (2)0pv — M ()G
Me(x)

(2.4)

~V - (Mi(2)Vu,) =

+ A(x) - Vue (2.5)

with

M;(x)VM(z) — Mc(xz)VM,;(x) '

A(z) = M)

Substituting (2.5) into (2.4) yields

m (1 T A%g;) O — V- (My(2)Vv) = F + 280G — A(x) - Vu, (2,1) € Qr,
cmOw + V - (Me(z)Vue) = G, (z,t) € Qr.
(2.6)

Further, letting 4, = @‘éue and then we have

M. (z) ) Me ()
—V - (Me(2)Vie) = ¢~ 2 (em0Osv — Q) + H(le, Viie), (z,t) € Qr,
(2.7)

{cm (1 + Mi(2) ) O — V- (M;(z)Vv) = F + M) G — A(z) - Vue, (2,t) € Qr,

where
N _ " 1 1.2 2 1 _
H (G, Viie) = AMe(x)V) - Ve + 5)\V¢ - VM, + Z)\ VY| + 5)\A¢ M. | te.

Applying the Carleman estimate for the parabolic equation (Theorem
3.2, [28]) to the equation of v in (2.7), we obtain that there exist positive
constants A1, s1(A) and C' such that

/ {s_lap_l|8tv|2 + s 20| Vol? + 53)\4<p3|v|2] e* e dxdt
D
< C/ (IF]? + |G +|Vue|?) e**?dzdt + C’ec(k)s/ (Vo 0l® + [v]?) dadt
D oD

(2.8)
for all A > A1, s > s1(\), which yields

/ (@1 0w|* + s> X% Vo ? + "M% |v]?) e**?dadt
D

gc/ s(|F|2—|—|G|2—|—|Vue|2)dxdt+6’sec(’\)s/ (1Vaof? + [0]?) dadt.
D oD
(2.9)
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Note that Theorem 3.2 in [28] holds also for elliptic operator, since all terms
on the left-hand side of Carleman estimate are derived from the decomposition
of elliptic operators e*¢V - (M, (z)Vi,). Then similar to (2.8), we obtain the
following Carleman estimate for i.:

/ (sA 20| Viie|? + 83X Pt |?)e?* P dadt
D
< C/ [wl (IG]? + 1000]?) + (M iel* + A Ve |?) }ezwdxdt
D

+ CeCWs / (Vg ttie|® + |tie|?) dadt. (2.10)
oD

Obviously,
C(p_%|Vue| — O~ 7 |ue| < |Vie| < Cap_%|Vue\ + C)\cp_%|ue|. (2.11)

Noticing that ¢ has positive lower and upper bound depending A and using
(2.10) and (2.11), we have

/ {5/\2|Vue|2 + (s°AMp? — sAY) |u€|2} e**?dadt
D
<C [ (G + o) v dad
D

+ C(\)eCMs / (1Vactte]? + ue?) dadt, (2.12)
oD

if we choose s such that s > 2C¢ 1. Multiplying (2.9) by (C+1) and adding up
(2.12) to absorb the term of vy on the right-hand side of (2.12), and choosing
A such that A > C(C + 1) to absorb the term Vu, on the right-hand side of
(2.9), we can obtain

/ (@7 o] + >N Vu|* + 'A% |v]?) e**¥ddt
D
+ / (sN?|Vue | + s° A0 [ue[*) e**?dadt
D

<O /D s (FP+IGP) e#dadt-+C(N)se“D* ([ol3 o) +luell3rs o) )

for sufficiently large s. Finally, noting that v = u; — u., we can obtain the
desired estimate (2.2). This completes the proof of Theorem 2.1. O

3. Proof of the Theorem 1.1

Now we prove the conditional stability of our inverse problem, i.e. Theorem
1.1. The proof is based on the idea used in [24].

Proof of Theorem 1.1. We first choose a bounded €; with smooth boundary
such that

0GQ, T=00NnQ, 0Nl Co (3.1)



NoDEA Carleman estimate for a linearized bidomain model Page 9 of 20 4

where Q, is constructed by taking a union of Q and a domain Q such that
00N Q =T. Furthermore, we introduce d € C?(€2;) such that

d(z) >0 x€Q, dsa, =0, |Vd@)|>0, =xe. (3.2)

Then, since Qg C €, we can choose a sufficiently large N > 1 such that

4 _
{x € Qy;d(x) > N||d||C(Ql)} NQ DY (3.3)
Moreover for any given 0 < € < 1, we choose § > 0 such that
1
52 > o, > 502 (3.9
For 0 < € < 1 and given NN, there exist ﬁnite tj,j =1,2,...,n9 such that t; €
[e,T—¢] and (e, —¢) C U2, (t; — \/L + 5% ) Further we set ¢;(z, t)
e i@ 4 (z,t) = d(z) — B(t — t;)? and D = {(z,t);z € Q,0j(x,t) > 1}
for fixed j, where p, = exp(A(%|ldl| oo,y — 5 5e)),k = 1,2,3, 4. Similar to [24],

we can verify that

Q()X(j F F)CD CQX( €,tj+€) (35)

and 0D; C T'p UX; with X1 = {(z,t);2 € Q, ¢;(z,t) = p1 }.
Let x1 € C°(R"*!) such that 0 < x; <1 and

1) Py .’I,',t) > 3,
Xl(‘rat) = J<
0, @j(x,t) < pa.

We set @; = X1Us, tle = X1te, f = X1f,§ = X19,© = x1v, and see that (ii;, )
satisfies

Cmat”[) — V . (Ml(x)Vﬁz)

= [+ cmOix1v — ab — V - (Mi(x)u; Vx1) — Mi(2)Vx1 - Vg, (2,t) € Dy,
em0t0 + V - (Me(2)Viie)

=g+ cmOix1v — b0+ V- (Me(z)ueVx1) + Me(z)VX1 - Ve, (x,t) € Dj.

Additionally, by p; < pe and the definition of xi, we see that u; = G, =
|Vii;| = |Viie| =0 on X. Hence by Theorem 2.1 we find that

/ [s (IVQi]> + |Vite|?) + 8° (Ja|* + |te|?)] e**# dzdt
D;
<0 [ s (11 + 101 + [0 22 dadt+ e (Iludl By o,y + el ooy
D;

£C [ 5800+ 1930 +1A% ) X (Fuf+[Tue 4P+ e )2 dodt
D;
(3.6)
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for all s > sg. Since [9;x1]? + |Vx1|? + |[Ax1|?> # 0 on {(x,t) € Q7 | p2 <
@;(x,t) < ps} and |0] < C(|d;] + |Ge]), we further have

/ [s IVl + [Vatel?) + 5 (Jaal? + [iel?)] 297 dadt

< Cse®3 1% 4+ CseC* J2. (3.7)

On the other hand, by ¢;(z,t) > p4 for (z,t) € Qo x (t; — \/%,tj +
g

\/ﬁ) C Dj and 4; = u;, 4e = u. when @;(z,t) > pa, we find that

/ (s (IVal? + [Vatel?) + 5 (Jaal? + | l?)] 2% dedt
D.

U‘FL
> 2 / v / [s IVl + [V ) + 8% (i + Jue )] daclt
tj*% Qo

oy (3.8)

Hence, by (3.7) and (3.8) we have

112 2
S<|ul||L2<tj\/ZfN7tj+\/;fN§Hl(Qo))+||UG|L2(15]‘\/;vatj‘F\/;*N?Hl(QO)))
< COse?s =) 12 4 CgeCs J2 (3.9)

for all s > sp and j =1,2,...,np. Summing up over j, we obtain
||ui||%2(e,T—a;H1(Qo)) + ||u€||%2(e,T75;H1(Qg))
< Qe 2 | s g2 (3.10)

for all s > sq. Setting s := s + so and replacing C' by Ce“*0, we obtain (3.10)
for all s > 0. Finally, minimizing the right-hand side of (3.10) with respect to
s, we obtain

||ui||%2(s,T75;H1(Qo)) + ||UE||%2(5,T75;H1(QQ)) <2070 " (3.11)
with kK = % The proof of Theorem 1.1 is completed. O

4. Proof of the Theorem 1.3

This section devotes to proving Holder stability for our inverse conductivi-
ties problem, i.e. Theorem 1.3, by means of Carleman estimate (2.2). In this
section, we choose

dz)=(z —z0)>+ M, z€Q
with a fixed point xop € RV\Q and a constant M such that
Y(x,t) = (. — 20)* = B(t —t0)> + M >0, (2,t) € Qr.
Obviously, we have |Vd| # 0 on Q. Fix § > 0 and 8 > 0 such that
Bmin {3, (T —to)*} > I;léi%((x —x0)% + 26. (4.1)
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Then the function ¢ satisfies the following properties

max(z,0) < M —26, maxp(x,T) < M —26 (4.2)
z€N €l
and
miny(z,tg) > M. (4.3)
el

By (4.2), we can choose ¢ sufficiently small to satisfy

max(z,t) < M — 8, te0,2e]U[T — 2, T). (4.4)
e

In the following we fix A = A\¢ and use C' to denote a generic positive constant
depending on xg,Q, T, 3, €y and Ay, but not independent of s.

Let (u;, e, w) and (U;, Ge,w) be two solutions of (1.9) corresponding to
(M;, M,.) and (M;, M.) respectively, and let (@;,Ue, W) = (u; — Uy, Ue — U,
w— ), T =T — T, (M, M) = (M — M, M, — Me). Then for j = 1,2,3

we have

emOiT =V - (M;(2)VO] ') + a110! " @+a126{f1w = Fj, (z,t) € Qr,
Cma v+ V- ( ( ) 8]_ ue)+a218] v+a226g_1w:Gj, (Ji,t) € Qr,
W + az10] T + az00] " 'w = Hj, (z,t) € Qr,
O (2, t) = 8 e (x, t) =0, (x,t) € X,
(4.5)
where
Y (Mz(x)va{‘lal), i=1,
Fj=4V (MZ(I)VQ,{*HL) — 8/ a1 — 87 araw, ji=2,
v (m(m)vag’*l ) 2 k0 a1 08 o — 2 kol a100F 1w, j =3,
-V (Me(x)vag‘lae), i=1
Gj=4¢ -V (Me(m)vag'*lae) - 8{71a210 — 0] azow, j=2,
—V~(ME(E)V8g71 ) S kol " Fag 0F 52, k0! Fagdf~'w, j =3,
07 . . ] = 17
H; = —6{’1a315f 35711132W, ) Jj=2
— Zi:l kafkaglafflﬁ — Zi:l kagikaggafilﬁ, 7 =3.

In order to apply Carleman estimate (2.2) to (4.5), we need to introduce
a cut function xa(z,t) = £(x)n(t) € C§°(Qr) such that 0 < £ <1,0<n <1
and

{f(x)zl, z € Q\w, {n(t):, t € (2,T — 2¢], (4.6)

1
E(x) =0, zeRVN\Q, nt)=0, te[0,e]U[T —e,T).
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Letting (@, tie, w) = (x20] "0, x20] e, x20] "' W), D = @ — G and F =
X2Fj, G = x2Gj, H = x2Hj, by a direct calculation we obtain

emOd — V - (Mi(2) Vi) = F + cm0ix2 (0] a0 — 8] ')

—a1® — a2 — V - (Mi(2)8) ' uiVxa) — Mi(2)Vx2 - VO ', (x,t) € Qr,
emOd + V- (Me(2)Vie) = G + cmdex2 (0] 1 — 0] ')

—a210 — ago 4+ V - (Me ()0 "0 Vx2) + Me(2)Vx2 - VO ., (z,t) € Qr,

O + a310 + azsw = I;[ + 60(28,{71@7 (.T, t) S QT.
Then we have

Lemma 4.1. Let (A1’)-(A3’) be held. Then there exist positive constants si
and C' such that

T—2¢

3
S [ [ sl v+ tvar)
=1 2e Q
+ 53 (|3tjflﬂi|2 + |3§71ﬂe|2)] e?*Pdxdt
< c/ 2 (BL + VL + [P + |VILP) ¢ dadt
Qr
+ Csexp(2se M=) K2 4 O35 [2 (4.7)
for s > s1.
Proof. By applying Theorem 2.1 to (4, e ), we have
/ [s (IVits]? + Vit [2) + s* (i + Jiie]?) ]emdxdt
Q

T
< C’/ s (\F\Q +1G)? + \111|2) e* e dxdt
Qr

+c/'ﬂ@mﬁ(

+ C/ s (|Vxal® + |Ax2[?)
Qr

x (VO "' 2 4 VO ') + 100 |2 + 100 e [P)e? Pdadt (4.8)

12
o | +

2
7 ﬂe’ >e2s‘pd:cdt

for all s > sg. On the other hand, we can write w as
't
w@w—f%%“”“ﬁwm>

t X ‘
+ oo a32(:5)ds (H + &gxgaf_lﬁ — aglf)) (z, T)dT] ,

to
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which leads to

(/ lw|2e®*dadt < C | |8) 'w(x, to)|?e®*Pdadt
T Qr
2

¢
+C / ey as2(x5)ds (ﬁ + amag‘lw — aglﬁ) (z,7)dr| e**?daxdt

Qr
< c/ 87 1w (x, to) 2P dadt
T

t
vo | (-t /
Qr to

<C 10 Wz, to)|2e® P dadt
Qr

CSI/T/§<

< c/ 187 w2, o) 2P ddt

. ) 2
(H + 3tx28f_1@ — aglf)) (z, 7')‘ dre®*¥dxdt

A~ . 2
H + 0yx20] 1w — a31f)) (z, T)’ dr (625“”))5 dzdt

+ cs*/ (|H|2 1001 1P + [0 ) P dadr.
T
Namely,

/ s2|w|2e**Pdadt < C $210 W (w, to)|?e2* P dadt
T Qr

vof s (|1@r|2 + 1920w + \@F) e2edrdt.  (4.9)
Qr
Therefore, by adding up (4.8) and (4.9) we find that for j = 1,2, 3,

[, (i)
Qr

+/ (52 (e Tl + podl ) + 5% e8] W e duat
T

+ ’V (XQag'*lue)

2
) e2*?dadt

< C/ S|X2|2 (|Fj|2 + |Gj|2 =+ |Hj|2) EQSL’OdIdt
Qr

+C $2100 W (w, to) |22 P dadt
Qr

+C/ (V22 + [Axsl2) (IVOI ]2 + (VoI a2 + 001
+ 0] ?) e P dadt

+C s|Oxal? (‘(ﬁ_lu
Qr

+ ‘8{‘%6

, 2
+ ‘3,?_1@‘ ) e**?dxdt.

(4.10)
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Obviously,
3
> el (IF5 + 1G] + | Hjl)
j=1
2
C(|Mi\+|vﬂi\+|ﬂe|+|vﬂe|)+CZ|X2|(aﬂ o] + |00 'w |)
j=1
C (|M;| +|VM;|+ M| + |[VM.]|)
2
+C Y (il + Ixa0f Tl + |x20] ) (4.11)

j=1
By (4.5), we obtain

3
> 1077w (- 1)
=1

< C([w(-to)| + [0(-, to)| + [0¢0(+, t0)])

< C([@(-s to)| + [@ (-, to)| + [Te (-, to)| + [AT; (-, to)| + [Mi| + [VM;]) .
(4.12)

Then summing up over j in (4.10), substituting (4.11) and (4.12) into (4.10)
and choosing s sufficiently large to absorb the terms &/~ 'u;, 8/ ', and 8/ 'w
on the right-hand side of (4.11), we find that

T—2¢ 1 .
/ / s (107719 4+ 1077 ae ) + 5 (107l + 107 wel?) | €% dadt
2e

<cC $2 (IMi]? + VM| + [Me|* + |[VMe|?) €22 dzdt
Qr

+ Csexp(2se0(M—9)) (Hﬂi||§12(07T;L2(Q)) el 320, 7:1.20)) + HEH%ﬂ(O,T;L?(Q)))
+Cs%eC* (”Hi(HtO)”%{Z(Q) + e (s to)l72q) + ||W('vt0)||2L2<Q)>
+ Cse®s (HﬂillQHZ(O,T;Hl(w)) + Hﬂ@”?—ﬂ(o,T;Hl(u))) ’ (4.13)

where we have used Supp(Vxz2), Supp(Axz) C w, Supp(dixz2) C [g,2e] U [T —
2e,T—e¢], (4.4) and (4.6). This yields the desired estimate (4.7). This completes
the proof of Lemma 4.1. O

To prove our stability result, we also need a Carleman estimate for the
following first-order partial differential equation:

B(z) - VY(z) + Bo(z)¥(z) = R(x), x €, (4.14)

where B € (I/Vl’o"(Q))3 and By € W1°(Q). The follow Lemma can be found
n [15] or [2].

Lemma 4.2. We assume

B(z)-Vd| >0, ze€f.
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Then there exists positive constants ss and C such that
s / [9]2es¢@t0)de < C / |R|?e>#(@:t0) dy: (4.15)
Q Q
and
52/ (V9| 2es?(@to)dz < c/ (IR)? + |VR?) ex?(=to)dy (4.16)
Q Q

for all s > sy and 9 € H*(Q) satisfying 9(z) =0, VI(z) =0, z € 9.
Now we prove Theorem 1.3.

Proof of Theorem 1.3. By (4.5), we have
VM;(z) - Vi (z,to) + M;(z) Aty (z,to)
= mO0(x, ) — V - (M;(2) VT, (x,to))
+ ar1(x, to)v(x, to) + ar2(x, to)w(z, to) (4.17)
Applying Lemma 4.2 to (4.17), we find that

[ (T 4 (9T et
Q
< C/ (10:0(z, t0)|* + |0: V(2 t0)|?) e259(:t0) 4 o
Q
+CeC® <‘|Ui(~,t0)||§{3(ﬂ) 1T (- to) 130y + ||@(.7t0)||§{1(9)> (4.18)
for all s > so. A similar estimate holds for M. Therefore we obtain
/ 2 [V [2 + [MLo|? + |VM|? + [V [2) e2¢(@t0) dy
Q
< C/ (103(x, to)|? + [0, VT (2, t0)[?) e2¢ @) da + CeC* L2 (4.19)
Q

Let 7 € C§°[0,T] such that 7(tg) = 1 and Supp(7}) C [2e,T — 2¢]. Then we
have

/ (10e0(z, t0)|? + |0: VO (2, to)[?) e2*¢(*:10) dg
/ / (t) (100(, ) +10078(z, ) 290 dzdt
S/O /Q(atﬁ+2s778tso) (10012 + 8. V|?) e2*?dadt
+ /0 K /Q 27} (00O} + 9, VT - IFVT) €25 dadt

3 T—2e X .
<C Z/ / s <|8§71ﬁ|2 + \8g71V5|2) e25?dadt
j=2 2e Q

3 T—2¢ . . . .
<oy [ [ s(0 w100 el + 10 Vil o [0 Ve [?) 2,
e Q

(4.20)
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From (4.19) and (4.20), it follows that
/Q $% (IM]? + [Me|? + |VM|? + [V [?) €209 (700 da
Scié / (1077 a2 + 107 e + 10 7 Va4 0] Ve ) e dadt
— Joe
+CeCo L2, (4.21)
Substituting (4.21) into (4.7) leads to
/ (M2 + M| + [VM|? + |V M [?) €290 da:
< c/ (M + VM2 + | Mo |* + |V, |?) e**?dadt

+ Csexp(2se M=) K2 4 05352 (4.22)

for all s > s* = max{si,s2}. Since ¢(z,t9) > ¢(x,t) for t # ty, Lebesgue’s
dominated convergence theorem yields

/ (|M]?> + |VM|* + [Mc|)* + [VM|*) e**?dadt

T

:/ (M2 + [M.J? + VM ? + |[VM|?) e2#(@:to)
Q

T
X(/ o~ 250 t0) (e, )))dtdx
0

/ (TP + (M + |VIT,2 + |VIL[2) 2¢@t)de (4.23)

for sufficiently small € > 0, as s — +00. We can choose ¢ sufficiently small to
absorb the first term on the right-hand side into the left-hand side to obtain

& [ (WL + BT + (VAL + |VOL ) =00
Q
< Csexp(2seM M=) K2 4 Cs3eC5 L2, (4.24)
Additionally, since ¢(z,t9) > exp(AgM) in €2, we have
82/ (‘MZF + |Me|2 + |VM1|2 + |Vﬂe|2) 62S&P(x,t0)dx
Q
> Os? exp(2se*oM) (Hmn‘;‘{l(m L2 (Q)) . (4.25)
Therefore, it follows from (4.24) and (4.25) that
||Mi||%11(sz) + HMeH%H(Q) < Ce 7 K? 4 Csexp(—2se’M)e* L?
< Ce 27" K? 4+ Ce* L2 (4.26)

for s > s* with s* exp(—2s*e*M) < 1, where ¢ = e*oM — }o(M=9) Getting
s := s+ s* and replacing C' by Ce®*", we obtain (4.26) for all s > 0. Finally,
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minimizing the right-hand side of (4.26) with respect to s, we obtain
1M1 () + 1Ml ) < CKP# L2070 (4.27)

with p = ﬁ This completes the proof of Theorem 1.3. O

5. Conclusion

In this paper, we prove two stability results for a linearized bidomain model in
electrocardiology. One is a conditional stability for Cauchy problem (Theorem
1.1), which shows that we could determine (u;, u.) in an arbitrary sub-domain
Qo by the lateral data of (u;,u.) on arbitrary non-empty sub-boundary of
09. In other words, in order to obtain the data in interior domain, we only
need to measure the lateral data on some sub-boundary rather than the whole
boundary in engineering environment. This can greatly reduce the measure-
ment data. In equal anisotropy case, our another stability (Theorem 1.3) gives
a Holder stability for recovering two conductivity functions by the data in
a suitable small interior domain and the data at a fixed time. Such kinds
of inverse problems of determining the physical parameters in applied model
have not only a great theoretical value but also a certain realistic value, which
would provide theoretical support for researchers to develop stable and effi-
cient numerical methods. Widely open is the case of strong anisotropy. Since in
this case the conductivities in the longitudinal direction are higher than those
across the fiber, one has to identify the unknown o}, 0!, 0!, 0! and a direction
a; in matrices M; and M_., which needs more measurement data and more
elegant mathematical analysis.

Our stability solves what data could determine the conductivities in
mathematics. However, how to measure the data without injury, especially
in the interior of the heart, is still a hard problem. A method in medicine is
using catheter interventions. Measuring the data on the surface of the torso
is noninvasive and much easier to manipulate. Therefore, similar inverse prob-
lems for a more complicated model consisting of a geometric torso model and
a model of the electric activation in the heart [20] have more realistic meaning.
Our future research will focus on this subject.
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