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Dynamical solutions of singular parabolic
equations modeling electrostatic MEMS
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Abstract. We study the electrostatic MEMS-device parabolic equation,
A
ur — Au = % with Dirichlet boundary condition and a bounded

domain Q of RY. Here \ is positive parameter and p is a nonnegative
continuous function. In this paper, we investigate the behavior of solu-
tions for this problem. In particular, we show small initial value yields
quenching behavior of the solutions. While large initial data leads global
existence of the solutions.

Mathematics Subject Classification. 35B44, 35K10, 35K20, 35K58, 35K91.
Keywords. MEMS equation, Quench, Globally bounded.

1. Introduction

We consider the parabolic problem

up — Au = Ap() . (x,t) € Q2 x(0,T),

(1 —w)? (1.1)
u(xz,t) =0, x,t) € 00 x (0,T),
u(z,0) = ugp(z), x €8,

where Q C R” is a bounded domain, A > 0, p is a continuous nonnegative
function in , ug(x) satisfies

up € LY(Q), 0<wug<a<l, up(x) =0 on IN. (1.2)
The associated stationary equation is
Ap(z)
—Aw=—"> Q
YT e TS (1.3)
w =0, x € 0f).

Problem (1.1) arises in the study of micro-electromechanical systems (MEMS)
devices consisting of a thin dielectric elastic membrane with boundary sup-
ported at 0 below a rigid plate located at +1. When a voltage-represented
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here by A-is applied, the membrane deflects towards the ceiling plate and a
snap-through may occur when it exceeds a certain critical value A* (pull-in
voltage). This creates a so-called “pull-in instability” which greatly affects
the design of many devices. (see [13,22,23] for more details). The mathemat-
ical model lends to a nonlinear parabolic problem for the dynamic deflection
of the elastic membrane which has been considered in [10,11]. The relative
researches on the model are also discussed in [2-8,12,16-20,25,26] and the
references therein.

We say the solution w to (1.3) is classical or regular, if |Jw||e < 1. It is
known in [9,10] that for any given p, there exists a critical value A* > 0 such
that if A € (0, A*), problem (1.3) has a unique stable classical solution w) and
the solution to (1.1) is global with ug = 0. Moreover wj, is the minimal solution
and A\ — w) is increasing. Here the minimal solution means that wy < v for
any solution v of (1.3). Furthermore from [3,5], we can see 1 < N < 7,

A :=1inf{\ > 0: for any A € (A, \*), (1.3) has exactly two solutions} < \*
(1.4)

In particular, if N = 1, then A\, = 0. For A = \*, it follows from [9,27]
that problem (1.3) admits a unique weak solution w* := )\lin;* wy, called the

extremal solution, in the sense that

—/Qw*qudx:A/Qﬁdx,

for any v € C?(Q) N H}(Q), where w* € L'(Q2) and W € L'(Q).
—w

Moreover, w* is stable, which means the first eigenvalue p; x~ of the linearized
2%

operator Ly« y» = —A — ﬁ is nonnegative. While for A > A\*, no
—w

solution of (1.3) exists, and the solution w of (1.1) with ug = 0 reaches the

value 1 in finite time T, called quenching time, i.e., the so called quenching or

touchdown phenomenon occurs. More precisely ||u(-,t)|l < 1 for t € [0,T*)

and l(i;n) [lu(-,t)]|oo = 1. We say the solution u to (1.1) quenches if it reaches
t—(1T*)~

1 in the time T* < 400 (T = 400 means u quenches as t — +00).

For any given ug(x) satisfying (1.2), we say that u € C%1(Q x (0,T))
C(Q x (0,7)) is a solution (subsolution, supersolution respectively) of (1.1
in @ x (0,7), if w satisfies (1.1)(<,> respectively) with u(z,t) = 0 (<,
respectively) on 9Q x (0,7T),

sup Ju(t)|e <1, VO<T <T,
t€(0,T7)

and
thi% (5 t) —uol[z1 () = 0.
Define
0(x) = dist(x,00). (1.5)
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By a nonnegative weak solution of (1.1) in ©Q x (0,7) we mean u > 0, ug < 1,
and there holds

u e LNQ % (0,T)), (15(2)2 e LY(Q x (0,7)), (1.6)

/OT/Q(IT/’U)dedt/OT/QU(@z;t+A¢)dxdt/Quow(.,o)dx, (1.7)

for any ¢ € C?(Q x (0,T)) such that ¥(x,T) = 0 and ) = 0 on 9.
It is known in [27] that if there exists a weak H{(£2) solution S of (1.3)
with A < A*, then the solution w(z,t) of (1.1) is unique, global and

Jlim (., 8) = wx e = 0,

where w) is the minimal steady-state of (1.3), provided that 0 < ug < a <
1(not necessarily smooth), ug < .S and ug # S. While for A > \*, with any wuy,
the solution quenches in finite time 7.

Let G(x,y,t), z,y € Q, t > 0, be the Dirichlet Green function of the heat
equation in  x (0, +00). That is for any =,y € Q,

G = A,G, (z,t) € Q% (0,T),

G(z,y,t) =0, x e, t>0, (1.8)

}ir% G(z,y,t) =0y,
where 0, is the delta mass at y. So G(z,y,t) = G(y,z,t). By the maximum
—e =y . The parabolic MEMS equation
(4mt) =
(1.1) with nonzero initial data was addressed earlier in [15]. In [14], Hui also

discussed problem (1.1) with general ug. Some classic results are in the follow-
ing.

principle, 0 < G(z,y,t) <

Theorem 1.1. [14] Let ug satisfy (1.2) for some constant 0 < a < 1. Let p be a
continuous nonnegative function in 2. Then for any A > 0, there exists T' > 0
such that (1.1) has a solution which satisfies

u(z,t) /Gacy7 Yug (y)dy

5y77) re)
+>\// 1_u ol dyds, YVzeQ, te(0,T). (1.9)

Corollary 1.2. [14] Let p be a continuous nonnegative function in Q0 and ug
satisfy (1.2) for some constant 0 < a < 1. Suppose u is a bounded solution of
(1.1) in Q x (0,T). Then u satisfies (1.9) in £ x (0,T).

The main purpose of this paper is to consider the effect of initial value ug
on the quenching phenomenon of problem (1.1). More precisely, we will show
the solution u with sufficiently large initial data must quench in finite time
T, even if A < A*. While u exists globally in time with small initial value, for
A < A*. Throughout this paper, we will use the notation

po = inf p(). (1.10)
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We present our results (Theorems 2.1, 2.2, 3.3, 3.6) in the following sections.

2. The influence of initial data

In this section, we are going to investigate the influence of initial value on the
behavior of the solutions. We first introduce an energy functional

1
7/ |Vul>dz — A pu
2 Q Q 1—u

1 2 P
— d A dz — \ dzx. 2.1
2/Q|Vu| x+/ﬂpx /Ql_ux (2.1)

Theorem 2.1. Let A\ > 0,p be a continuous nonnegative function in €2, such

E(1)

that / p_ﬁd:c < 400 for some p > 1, and u be a solution of (1.1) with

Q
initial value ug. Suppose that

1
E(0) < —f)\cp/ pdz,
2 0

where

% 2u? —u
cp = max (uP — —— ),
0<u<1 (1—w)

or suppose that

B(0) + Al < -2

for some constant co > 0. Then the solution u must quench in finite time T™.

Proof. Define G(t) = / u?dz < |Q|, and let E(t) be as in (2.1). Then we have
Q

G'(t) —Q/uutdx—Q/uAudx—l—Z)\/ ﬁdx

=—2/|vu| dx+2/\/ P dx
1—u)?

— _4E(t) — 4) P da, (2.3)

Ql o (1—u)?

_ _ _put
= /QVuVutdx )\/Q (17u)2dx
Put
| A _ Pt
/Q s A/Q T

—/ ufdx <0, (2.4)
Q

Since



Vol. 22 (2015) Dynamical solutions of singular parabolic equations 633

1
we have E(t) < E(0) = 5/ | Vg |*da — )\/ PU0_ 4z Then we get
Q Q

1-— (%)
G'(t) > —4E(0) +2/\/ ’de
Q — U
> —4B0) = 3 [ pdo = —4B©) - 3lolwl) (29

1
for any ¢ > 0, as long as v < 1. If E(0) + é)\Hp||oo|Q\ < 7%0, then G'(t) > co

and G(t) > G(0) 4+ cot — 400, as t tends to infinity. This is impossible, so
T* < +oo0.

On the other hand, if there exists p > 1, such that / pfﬁdx < 400,
Q
then we have

G'(t) > —4E(0) + 2/\/qu2pdx - 2/\cp/ﬂpdx, (2.6)

where ¢, is as in (2.2). The above identity and Holder’s inequality, along with

q:= P yield
p—1

G'(t) > 2\ (/Q pfidm>

1
for any ¢t > 0, as long as u < 1. It follows from E(0) < _5)\%/ pdx and the
Q

_P
q

Gty — 4 (E(O) + %Ac,, /Q pdx) @

above inequality that

P
aq

G/(t) > 2\ </Qp-f>> GP(t), G(0) € (0,]9]). (2.8)

We now compare E(t) with the solution F'(t) of

P

F'(t) = 2\ (/Q p—2> "FP(),  F(0) = G(0) € (0,]9)). (2.9)

Standard comparison principle yields that E(t) > F(t) on their domains of
existence. Therefore,

Q] > G(t) > F(t). (2.10)

It is easy to see from (2.9) that the quenching time T; for F(t) is finite.
Therefore, the solution w of (1.1) must quench in finite time 7 < T3, and the
proof is finished. U

Now let Q = [~ R, R] be a interval in R!. It is clear that %COS gx is the

1
first normalized eigenfunction of —A in C2([—1, 1]) such that % / Ccos gxdm =
0

2

A
1. The corresponding first eigenvalue is A\g := % Hence R—g is the first eigen-

value of —A in C?([~R, R]) and % cos % is the first eigenfunction of —A in
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R
C?([-R, R]) normalized such that L/ cos = dz = 1. Then we have the
iR | 2R

following theorem.

Theorem 2.2. Let Q = [-R, R] and X € (0, \*). Assume that p is a continuous

2,2 HT T
— . I = —
" 1 7)o <f) iR C;S 2R’
where p € (2R50, — ), sp € (g,l) is the unique root of Z};; - q _/’;)0)27

positive function in Q, such that A\poR> > g(l —

then the solution u must quench in finite time T*.

Proof. We shall apply some similar ideas in [13] to prove this theorem. Denote
2
;? and %COS% by A1 and ¢(x), then ug(x) = pp(z). Since |uplleo < 1,

1 4
—R. Multiply (1.1) by ¢ and integrate over [—R, R] to get

< e =
plloe
R R Ap
/_Rgoutdx = /_R<p (Au + (1—u)2> dz. (2.11)

Using Green’s theorem, together with the lower bound pg of p, we get

R R R 0
/ purdr > —/\1/ updr + )\po/ ——dr
-R -R —r(1—u)

> =) /Ru da:—i——)\po (2.12)
R 7 (1 =12 pupdz)?” '

Here Jensen’s inequality is applied in the second inequality. Next, we de-

R
fine X(t) := / pudz, such that X(t) < / edx = 1. Moreover X (0)
R R

R
= u/ @2dx. Then we obtain
-R

d A "
Sxranx> 2 x)= u/ p2da. (2.13)
We then compare X (t) with the solution Y'(¢) of

dy iy My /R 2q (2.14)
dt 1 —(1_Y)2a =K _RSO Z. .

Standard comparison principle gives that X (¢) > Y(¢) on their domains of
existence. Therefore, 1 > X (t) > Y (t). Next, we separate variables in (2.14)
R

to determine ¢t in terms of F, and it is easy to see from 1 = / pdr <
R
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R
(/ <p2da?)%(2R)% that the quenching time T for F is given by
-R

! Ao\ ! o\
T = / (—)\18+ 2) ds:/ (—/\13+ 2) ds
Y (0) (1 - 5) ik p2de (1 - S)

< /: (Aler (1)\_[)(;)2>1d5. (2.15)

2R

Note that T5 is finite whenever the integral in (2.15) converges. Now define
4\

g(s) = —Xis+ (1{%)2. Since A < A* and it is well known that A* < 27—1

Lo

[9]), a simple calculation shows that there exists two zeros si,sg, such that

(see

0<s < 3 < sp < 1and g(s) > 0in (sg,1). Then T3 is finite whenever p >

2Rsg. Hence, if T4 is finite, then X (¢) > Y (¢) implies that the quenching time
T* of (1.1) must also be finite. This completes the proof of Theorem 2.2. [

3. Sharp threshold behavior of initial value

In this section, we investigate the threshold behavior of solutions of problem
(1.1) with uo(z) = p¢(x), according to the value of p. It is obvious that

O<pu< W In this direction we establish the claims in Theorems 3.3 and
3.6 in the following.

We say the solution u of (1.1) is globally bounded, if u exists globally,
sup [Ju(-, t)|lee < 1.
>0

We prove in Sect. 3.1 the global existence and finite-time quenching in the case
A < A*. In Sect. 3.2, we discuss the case A = \*.

We now recall a useful result. Let G(z,y,t) be the Dirichlet Green func-
tion of the heat equation, as in (1.8). Then for any a(z) and f(x,t),

/ G(z,y,t)a(y)dy is a solution of
Q

up = Au in Q x (0, 400),
u(z,t) =0 on 01, (3.1)
u(z,0) =a(x) in Q,

t
and / / G(z,y,t —s)f(y, s)dyds is a solution of
0 Jo

up — Au = f(z,t) inQx(0,7),
u(z,t) =0 on 09, (3.2)
u(x,0) =0 in

for any t € [0,T).
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3.1. The case: A\ < \*

First, we note the following results.

Lemma 3.1. Assume p is a continuous nonnegative function in ) and ug sat-
isfies (1.2), |luolleo < 1, and XA < A*. Suppose that the solution u of (1.1) does
not quench in finite time. Then for any 0 < vo(x) < ug(x), vo(x) # uo(x), the
solution v(x,t) of problem (1.1) with v(x,0) = vo(z) is global bounded.

Proof. Take now vy as in the statement of the lemma. Consider the function
V(xa t) = ’U(xv t) + o G(x7 Y, t)(uo(y) - vo(y))dy

It is a consequence of the maximum principle that V(z,t) > v(x,t). The
difference u(x,t) — V(z,t) then satisfies

2Mp(z)
- Vi-Au-V)> ——=
(u )t (u ) > 1-V)3
with initial data u(x,0) — V(z,0) = vo(x) > 0 and zero boundary condition,
where T is the maximal time for existence. The comparison principle and Hopf
lemma yield that v >V and

u(w,t) — v(w, 1) > / Gz, 5, 8)(uo(y) — voy))dy > c()d(z),  (3.4)

where ¢(t) is a continuous function of ¢, and d(z) is defined in (1.5). Fix now
7 > 0, and let ¢g := ¢(7). Without loss of generality, take u(x,7) and v(z, )
instead of ug(x) and vo(z). Then

uo(z) > vo(x) + cod(x).

(u—V) inQx(0,T) (3.3)

Define now
1 vl
U) = ——=, hu:/ ——ds, 0<u<l. 3.5
F) = e )= [ (35)
For any € € (0,1), we also define

- 1 -~ vl
flu) = = Ke, h(u) = /0 %ds, 0<u<l, (3.6)

and @ (u) := h~(h(u)). It is easy to check that ®.(0) = 0 and 0 < ®.(z) < z
for x > 0, and ®. is increasing and concave with
D, — Ke)t
(f(®@e(@) —Ke)™ oS 0.
f(z) (3.7)

lir% &’ () — 1 uniformly in z.
e—

1> ®(a) >

A direct calculation leads to

-
lim lim Uo = De(ug)s =0 uniformly in z, (3.8)
s—1e—0 (S({E)

which shows there exists s € (0,1) and €; > 0 such that for any 0 < € < €1,
we have

P (ug) > ug — cod(x) > vo. (3.9)
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Setting U. = ®.(u), we have U, is a super solution of the following
problem

+
— AU = Mp(x) ((1—1U)2_KE> in Qx (0,7),

U(z,t) =0 on 02,
U(Z‘, 0) = (I)e(uo) in €2,

(3.10)

where T is the maximal time for existence. Since ®.(u) < u for any € > 0 and
u does not quench at a finite time, we have
0 < Ud(x,t) <u(z,t) <1.
Thus the solution U of (3.10) is global and 0 < U < 1 by the maximum
principle.
Fix now s,e1 as in (3.9). Consider the solution z of

1 K
~ Az = () (2 b5 ) in Q x (0,7),
(1-2) 1—s (3.11)
2(x,t) =0 on 01, ’
2(x,0) =0 in Q.

Since A < \*, there exists 0 < 2 < g7 such that for any € € (0,e3), 2z is a
global solution and z < 1.
To complete the proof of Lemma 3.1, we set ¢ € (0,22) and
Z(x,t) = sU(z,t) + (1 — s)z(x, t).
Then 0 < Z(z,t) < 1 satisfies
Asp(z) | AML—s)p(x) _ Ap(z)
—AZ > > 3.12

Shovpt e S -2y 12

with initial data Z(z,0) = s®.(uo(x)) > vo(z) and zero boundary condition.

Now the maximum principle gives that v(x,t) is global and v(z,¢) < 1, which
finishes the proof of Lemma 3.1. O

Lemma 3.2. Assume p is a continuous positive function in §2, and assume ug
satisfies (1.2), |luolleo < 1, and X < A*. If u is a global solution of (1.1) with
u(z,0) = ug(x), then there exists 0 < C < 1 such that ||u(-,t)¢||r < C, for
all t > 0, where ¢ is the first normalized eigenfunction of —A in H}(Q), such

that / pdx =1, and C is independent of ug and t.
Q

1
Proof. We prove it by contradiction. First, observe that hm ﬁ = 400,
so that there exists a constant 1 > M > 0 such that
Apo Apo
- A —, f >M 3.13
(—s? M8Zgq_gz rs=ih (3.13)
where A is the first eigenvalue of —A in H} (). It follows from (1.1) that
d App
u(pdx + M / updr = / ———dx. (3.14)
dt Q o (1—u)?
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Indeed, applying / edx = 1 and Jensen’s inequality in (3.14), we find
Q

d Apo
— > . 1
a /., updz + A /Q updz > = ], upda)? (3.15)

If there exists ¢y > 0 such that / u(-,to)dxr > M, where M is as in (3.13),
Q
then it follows from (3.13) and (3.15) that

d Apo
el d ‘ > —‘ , 3.16
dt /Qw'o Plicte = 2(1 — [, updx)? li=to (3.16)
which implies that / updz is increasing with respect to ¢ > tg. Hence for any
Q
t > to, we have / updx > M, and then
Q
d Apo
— de > ——F——— 3.17
dt /S)’U,(p = 2(1 — [, updz)?’ (3:17)

1
1
for t > tp, which is impossible, since / (1 —5)%ds = 3 So we have
0

/ updr < M <1, (3.18)
Q
for all t > 0. m

Indeed from the above proof, we see
Moo =20 M1 —M)?, 0< M <1. (3.19)
Let & be the first normalized eigenfunction of the following problem:

CAE= o in By (0),
{g ~0 " ondB,(0), (3.20)

such that / &dx = 1.
B1(0)
Define now a cut-off smooth function n(x) = n(|z|) such that
0<n<1 fnfe=17(1) <0, n(1)

1
=0, n>01in B1(0), and / Ende > —. (3.21)
B1(0) 3

Let N, \ satisfy

{N =1, and X € (0, \*);

or 2< N < 15, and A € (A, A*), A, is as in (1.4). (3.22)

Then we can introduce the following theorem.
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Theorem 3.3. Let Q = Bgr(0) and N, \ satisfy (3.22). Assume that p is a
continuous positive function in Q, and assume that n is as in (3.21), &, Ao are
as in (3.20). Suppose that X, po, R satisfy

2
ApoR? > 2\ <1 — / §77dx> / &nde. (3.23)
B1(0) B1(0)

Then if ug(x) = /m(%), there exists u* € (0,1) such that we have the follow-
mg:
(1) When 0 < p < p*, the solution u(x,t) of (1.1) is globally bounded and
converges to its unique minimal steady-state wy .
(2) When p = p*, the weak solution u(x,t) of (1.1) does not quench in finite
time.
(3) When 1 > p > p*, the solution u(z,t) of (1.1) must quench in finite
time.

Proof. Denote n(R) by ¢(x), and denote the solution of (1.1) with initial

value pu¢ by u, for simplicity. It is obvious that ||¢|lc = 1 and g < 1. This
theorem is in fact a direct consequence of Lemma 3.1 and the following claims:

(i) For > 0 small enough, the solution w,, is globally bounded.
(ii) For all < p*, the solution u, converges to wy in L*(Bgr(0)).
(iii) When p = p*, (1.1) admits a global weak solution.
(iv) For 1 > p > p*, the solution u, will quench in a finite time.
Since u, € C(BRr(0) x (0,T")), for any a € (0, 1), there exists 1 > 0 and
71 > 0 such that for € (0, 1) and 0 < ¢ < 71, u(x,t) < a < 1. Then together
with the regularity of the solution of (3.2) we reach that

! p(y)
/\/ /BR G(x,y,t—s)(l_uu(y’ ))2dyds

Al*{f’!m / /B gy Clat = 9)duds < A*”p(|1°°_ CE)) AlPlloe AWT) (5 o)

where }H% A(t) = 0. Note that Hopf lemma indicates that the minimal solution

wy of (1. 3) satisfies wy(z) > ¢d(x), for some ¢ > 0. Therefore we can find a
79 € (0, 7], such that for all ¢ € [0, 73],

ot — ) PB4 < MlelleA)3()
//BR i )(1—uu(y78))2dyd = (1-a)? (3.25)
<gon

Fix now 7o, then we have / G(x,y,m2)¢(y)dy € C*(Bg(0)), and then
Br(0)
there exists po € (0, n1], such that

uo/ G(z,y,72)p(y)dy < poc(r2)d(x) < %wx. (3.26)
Br(0)
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Therefore the above two inequalities and Corollary 1.2 give that for all 0 <
< poand 0 <t < 7o,

wu(z,t) = / G2y, )o(y)dy
Br(0)

' vt PY e (327
+)\/0 /BR(O) G(z,y,t )(1—uu(y,s))2dyd ( )

<L +1 <
< Swat 5wWa S Wi

The comparison principle leads to w,(z,t) < wx(x), for all x € Br(0) and
t > 79, which yields the claim (i).
From Lemma 3.2 we see that if w, is a global solution, then ||u,(,t)

ol (Br(oy) < M, for all t > 0. In particular, ,u/ opdr < M. Tt is clear
Br(0)

1 1
that o(x) = R—Ng(%) Since /BR(O) opdr = /Bl(o) nédx > 3 the condition

(3.23) gives / nédx > M. Then p < < 1. This indicates that

B1(0) Jo dpda
p* :=1inf{p > 0 : the solution of (1.1) quench in finite time} < 1. (3.28)
Hence the claim (iv) is correct. Furthermore,

i :=sup{p > 0 : the solution of (1.1) is globally bounded} < p* < 1.
(3.29)

If there exists a fi > . such that the solution u; does not quench in a finite
time, then by Lemma 3.1, we get for any p € (p1«, 1), the solution u,, is globally
bounded, which contradicts to the definition of p.. Hence p, = p*.

Next we show t_l§+moo lun(-,t) —walloe = 0, for all p < 1. Indeed it is suffi-

cient to show there exists a sequence t,,, such that ¢,, — +o0, lirf luu(- tn)—
n—-+0oo

wWxlloo = 0, since wy is stable. Assume by contradiction that there exists no
subsequence t,, such that w,(z,t,) converges to wy(x). Since u is globally
bounded, the w-limit set of w contains a function w such that there exists a
sequence t, — +oo and u, (-, tg;ug) — w in C*(Bg(0)). By Proposition 2.2
in [21], we have w is steady state of (1.1). From assumption above, we have
w Z wy, 8o w > wy. Then Hopf lemma yields w(x) > wy(x) + ¢od(z), for some
cop > 0. Therefore for large k we have u,(x,t;) > wi(x) + c16(z), for some
c1 > 0. By possibly taking wu,(z, ) instead of ug(x), we may suppose that
ug(x) € CY(Bg(0)) and ug(z) > wy(z) + c10(x).

Set now v(z,t) = u,(z,t) —wx(z), so v(x,0) > ¢16(z). Hence there exists
ca > 0 such that |[v(-,)[|z(Bgr(0)) = c2, for all £ > 0. Using the parabolic

regularity, we see
LY <
Glz,y,= |0 (x)dy | <C. (3.30)
Br(0) 3
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Then we obtain

1
E G(l’,y, 1)U(y,t)dy
Br(0)
IBR(O)G(xv Y, 1)U(y7 t)dy
()

18,(0)G (@, ¥, 3) (180G (Y, 2, 3 )v(2, 1)dz)dy

e
/BR(O) ¢ <y - §> v(z t)dz

/ G (amy, 1) 5 Ha)dy
Br(0) 3
Lo°(Br(0))

(3.31)

IN

Le(Br(0))

<C

/ G (y, z, 2> v(z,t)dz
Br(0) 3

Using (3.30) again we find
2
/ G <y,z7 3) v(z,t)dz
Br(®) L5 (BR(0)

/ G <y,z, 1) (/ G (z,é, 1> v(é,t)dé) dz

Br(0) 3 Br(0) 3 Lo (Br(®))

< C’/ / G (z,é, 1) |v(2,t)|d2dz (3.32)
Br(0) /B (0) 3

1
=C ‘v(é,t)’ / G (73,2’, ) dz | d2
Br(0) Br(0) 3

5 o N1Br)G (2,2, %) dz
<C lo(2,)|6(2)ds || 22© 5((2) )
Br(® L (Br(0))
< Cllv(t)0() 21 (B (0))-
We conclude
1
E G(LL', Y, 1)U(y> t)dy < C”U(7 t)(s()HLl(BR(O)) (333>
Br(0)

By the strong maximum principle, we find v(z,t) > 0, which means u,, > wj.
Therefore from direct calculations, letting (z, s) = v(x, s + t), we have

_ 2) 55 _ 2) 58
(e (=Twll goo (% (0,7))) 5) —A(e (=Tl Lo 2x(0.7))) f;) <0, (3.34)

S

with positive initial value v(z,t) and Dirichlet boundary condition. Then the
standard comparison principle gives rise to

_ 2
/ G,y Do(y, )dy > e O T =wxom y(z,t +1),  (3.35)
Q
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which together with (3.33) implies [|v(-,#)5(-)|| L1 (B (0)) > cv(z,t+41), for some
¢ > 0. This inequality shows that for all ¢ > 0,

[v(-, )0 ()L (Br(0)) = cC2, (3.36)

due to the arbitrary of x.
Consider the positive solution of

ft—Af:(li/\j)Bf in Br(0) x (0, +00),
flz,t) =0 ' on 0Bg(0), (3.37)
f(z,0) = d(x) in Br(0),

then by letting g(z,t) = f(x, T —t), for any T € (0, +00), we get

d (up —wy)gdr = / (uy —wy)gedx + / guydx
dt /B0 Br(0) Br(0)
2\p )
= U, —wy) | —Ag— ——=g | dx
/BR(O)( g ) ( (1 —uy)?
Ap
—|—/ (Au + ) gdz
Br(0) " (1- Uu)Q
2A
= / (—Auy, + Awy)g — / %(u# —wy)dx (3.38)
Br(0) Br(0) (1- Uu)
Ap
+/ (Au + ) gdx
Br(0) g (1- Uu)z
1 1 2
= Ap ( — — U, — W)y ) gdx
Jow (= ~ T ~ =)
<0.

Therefore by the regularity of ug — wy,
/ f(z, T)é(x)dx :/ g(x,0)0(z)dx
Br(0) Br(0)

>C 9(x,0)(uo(z) — wx(z))dz
Br(0)

>C 9(x, T)(uy(z,T) — wy(x))dx
Br(0)

=C g(x, T)v(z, T)dx > C,
Br(0)

(3.39)

where (3.36) is applied in the last inequality.
Choose now p’ € (u, p1+), and let z be the solution of

2z — Az = e in Br(0) x (0,7,
z(xz,t) =0 on 0Bg(0),

z2(x,0) = ' in Br(0).

(3.40)
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Since z is globally bounded, there exists a sequence t; — oo such that
2(- tg;ug) — W oin CH(Bg(0)), where W is a solution of (1.3). The direct
calculations show that z — u,, satisfies

Ap Ap
(2 —up)e — Az —uy,) = W(z—u#) in Br(0) x (0,7),
(2 — up) (@, t) = 0 " on OB (0),
2(z,0) —uy(z,0) = (1 —p)o >0 in Br(0).

(3.41)

It follows from (3.21) that (1 — p)¢ > ¢d(x), for some ¢ > 0. Since the
strong maximum principle yields z > w,, applying the comparison principle,
we obtain that z —u, > cf, which implies z > wu, + c¢f. By (3.39), we now
conclude that W > w > w) are three solutions of (1.3), which contradicts

to (3.22). This indicates there exists a sequence t,, such that ¢, — —+oo,
liril luu(-,tn) — wallo = 0. Then Theorem 4.1 and Theorem 4.2 in [24]

imply tiigrnoo llup (-, t) — walloo = 0, which yields the claim (ii).

Consider now a nondecreasing sequence p, — p*, p, < p*. Since u,,
is globally bounded, ||u, (-,t)d(-)||z1(Br(0)) < ¢, by Lemma 3.2. Applying the
similar techniques in [1], we deduce that

T+1 T+1
[ [ wosmasise [ ], @osen <
T Br(0) T Br(0)

(3.42)

Define u,- := lim wu,, . Then together with the definition of weak solution
Pn—p*

(1.7), we obtain that u,~ is a global weak solution of (1.1), by taking p, — p*.

This gives the claim (iii). O

3.2. The case: A = \*

We now discuss the threshold behavior of (1.1) at A = A*. For this critical
case, there exists a unique steady-state w* of (1.1) obtained as a pointwise
limit of the minimal solution wy as A — A*. We begin with two lemmas.

Lemma 3.4. Assume p is a continuous nonnegative function in Q0 and ug sat-
isfies (1.2), |Jugllo < 1, and X = X*. Let u be the solution of (1.1). Sup-
pose that u does not quench in finite time. Then for any 0 < vo(z) < up(x),
vo(x) # uo(x), the solution v(x,t) of problem (1.1) with v(x,0) = vo(z) does
not quench in finite time.

Proof. We prove Lemma 3.4 by adapting similar methods in [1]. Set
1 “ 1
g(u) = —, hu:/ ——ds, 0<u<l. 3.43
W= awr " e 349
For any € € (0,1), we also set

1 ~ vl
g(u,t) = =mE et h(u,t) = /0 i) ds, 0<u<l, (3.44)
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and define @, (u,t) as h(®-(u,t),t) = h(u), where A, is the first eigenvalue of
—A in H}(Q). Let u be a solution which does not quench in finite time, and
let Vo(x,t) = ®-(u,t) < u, then V. is a supersolution of

Vi — AV = Xp (12 —66_2)‘”) in Q x (0,7,

(1-V) (3.45)
V(z,0) = & (ug,0) in Q, '
V(z,t) =0 on J0.

The comparison principle gives V' < V., and V does not quench in finite time.
Hence V is a global solution. Take now vy as in the statement of the lemma.
Similar to (3.4), we then have there exists 7 > 0, such that

w(z,7) - v(z,7) > /Q G2y, 7)(uo(y) — vo(y))dy > cod(z).  (3.46)

Taking u(x,T),v(x,T) instead of wug,vg, similar to (3.9) we get there exists
g1 > 0, such that for all € € (0,¢1),

vo < 1o — cod(x) < Do (g, 0) — %CO(S(J;) V(2,0 — %COCS(x). (3.47)

Considering the first eigenfunction ¢ of —A in H}(€), and a smooth
solution of the following equation

—Ax =Xp in Q,
{X =0 on 0N). (3.48)

Standard regularity theory for elliptic problems and Hopf lemma give ¢1 > ¢y,

201

for some ¢ > 0. Setting g(z,t) = ( — x)e Mt > 0, it is easy to observe

that g is a subsolution of
Zy — AZ = —Npe~ 2t in Q x (0,7T),
Z(xz,0) = 2% in Q, (3.49)
Z(x,t)=0 on Of.
Then one can get Z > g > 0 by the maximum principle.
Set now z(z,t) = V(x,t) — eZ(x,t), for £ small enough, such that

2
eZ(2,0) = = < Do(a)

by the regularity of 1. Some calculations give
A*p S A*p

=V~ (-2 )

z(x,0) = V(x,0) —eZ(x,0) > V(z,0) — 505(:10) > in Q,

z(xz,t) =0 on 0N2.

2z — Az = in Q x (0,7,

(3.50)

Applying the comparison principle, we obtain v < z, and v does not quench
in finite time. O
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Lemma 3.5. Let 1 < N < 7, A = X*, and w* be the extremal solution of
(1.3). Assume p is a continuous positive function in §, and ug satisfies (1.2),
lluolloe < 1. Suppose that ug > w* and ug £ w*. Then the solution u of (1.1)
must quench in finite time.

Proof. It is known that |[w*||cc < 1, since 1 < N < 7. We assume for contra-
diction that u does not quench in finite time. The same calculations as in (3.4)
indicate there exists ¢ty > 0, such that

u(z,to) —w*(x) = 5 G(z,y,t0)(uo(y) — w*(y))dy = cod(x).  (3.51)

Taking u(z, o) instead of ug, then we get ug > w* + cod(x). Consider
ﬂ(l‘,t) = U(:C,t) - w*(x)a

then u satisfies

1
—u - —w* ~ 2 ~ .
ﬁt—Aﬂ:/\*p(l ks (1* P> p* z0  in Q2 x(0,7),
w(x,0) = ug — w* > cpd(x) in £,
(z,t) =0 on 9f).
20"
On the other hand, we denote by v the first eigenfunction of (—A — ﬁ)
—w

in H}(Q), the corresponding eigenvalue being 0. Choosing 1 such that |[t)]|oc =
1, then there exists C' > 0 such that ¢ < C§(x). We now conclude that
u > C11, for some C4, by the maximum principle.

We introduce the function

Plt) = /Q wpdz. (3.53)

F'(t) = /Qutz/;das = /sz; <Au+ (1A—Z>2> dz

_ /Q (ump + (1A—*Z)2¢> dz (3.54)

= [ (e~ =)

2 *
Since (1.3) gives / Ldm = / de, it follows that
o (1—w*)?

P = [ (o~ e )

X u 2 2
=) /Q’”” - (<1s>3 B <1w*>3)d8d“"

. u S 6
— /pr ( 5 (1_0_)4do> dsdz > 0. (3.55)

Then we have
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It is clear that there exists two subsets 1 C Qo C Q, such that |Q], |Qa| # 0,

C1Cy K
1> Wx* [y Z K, ’IZJ‘QQ 2 CQ, and U)*|Ql [K mlH{K+ 12 2 7—’_}} Then
we derive from @ > Cy that
1> u|91 = (ﬂ’ + w*)|Q1 > (Cl’(/} + w*)‘Ql > 010y + K, (356)

and

F'(t) > 6)\*/)002/1 /u (/ da) dsdx

C1Ca+K s
2 6)\*p()02/ / / do | dsdz
iR+ 1) \min{ R 972 G

>C >0. (3.57)
Therefore
F(t) > F(0) + Ct — +o0,

as t — 400, which contradicts to Lemma 3.2, so we are done. 0

Now we shall establish the following theorem.

Theorem 3.6. Suppose Q@ = Br(0), 1 < N <7, A = X\* and p is a continuous
positive function in 2. Let ug(z) = ,un(%), where n is as in (3.21). Then there
exits p*, iy € (0,1) such that

(i) For0 < p < px, the solution u of (1.1) is globally bounded and converges
as t — 400 to its unique minimal steady-state w*.
(ii) For pu = p*, there exists a global weak solution u* of (1.1).
(iii) For p. < p < p*, the solution u of (1.1) is global and

lim |u*(x,t) —w*(z)]d(x)dx = 0.
t——+4oo BR(O)

(iv) For 1> u > p*, the solution of (1.1) must quench in finite time.

Proof. Denote n(%) by ¢(x), and denote the solution of (1.1) with initial

value p¢ by u, for simplicity. It is obvious that ||¢|l = 1 and p < 1. We
define p*, p, as in the proof of Theorem 3.3. Of course p,. < p*.

Note that the conclusion of the case where > p* can be derived from
the proof of Theorem 3.3 similarly, then we need only to show the statement
(1), (ii), (iii).

For p < p*, we deduce from Lemma 3.4 that the solution u, is global.
Then by a similar method in the proof of Theorem 3.3, the weak solution u*
corresponding to p* is obtained as the limit of the solution u, for p — p*.

It is clear that the extremal solution w* of (1.3) is regular, since 1 < N <
7. Then a similar proof as in Theorem 3.3, yields u,, is globally bounded and
converges to w* as t — 400, in the case where u < p.. We now show that
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. lir+n |u*(x,t) — w* (x)|d(x)dz = 0. This result will follow for p, < p <
T JBRr(0)
w*. Let vae the unique classical solution of

v — Av = (1fi)2 in Br(0) x (0,7),
v(z,0) = 0 in By(0), (3.58)
v(x,t) =0 on 0BR(0).

Standard comparison principle gives w* > v and u* > v. Using Theorem 2.2
in [10], we get

| o
Jimo(-1) =l = 0.

Consequently, there exists s,, > 0 such that for all ¢t > s,

1
0 <w'(z) —v(x,t) < —. (3.59)
n
Suppose for contradiction that there exists C > 0 and t,, > s, such that
/ |u*(x,t,) — w*(x)|d(x)dx > C. (3.60)
Br(0)
Since (u* —w*)” = (w* —u*)T <w* — v,
* * — * 1
(™ (@, tn) = w*(2)) " [loo < [lw*(2) = v(@, tn)lloo < . (3.61)
Let U(z,t) = u*(z,t) — w*(x). Then U satisfies
1 1 2X\*
_ )\ * _ > ;
Ui—AU=\"p <(1—u*)2 (1—w*)2> > (1—w*)3U in Br(0) x (0,7),
U(z,0) = p*¢d — w* in Br(0),
U(z,t) =0 on 0Bg(0).
(3.62)

By (3.60) and (3.61),

/ U™ (z,tp)0(x)dz < —, (3.63)
Br(0)

Vv
81 Q el Q

/ Ut (x,t,)6(z)dx (3.64)
Bgr(0)

L . 2
This implies U™ > 0 and U™ # 0. Letting cq := ||m||Loc(BR(O)X(0,+oo)),

we have

Ui — AU > —X¢opU~, in Br(0) X (t,,T) (3.65)

with U(z,t,) > Ut (x,t,) — % Fix 7 > 0, we now claim that there exists
n > 0 such that U(z, T + t,) > 0. Indeed, consider z1, zo the solutions of
(z1)t — Az1 = N*copz1 in Br(0) x (0,7,
z1(x,0) = % in Br(0), (3.66)
z1(x,t) =0 on dBg(0),
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and
(22)t — Az =0 in Br(0) x (0,7,
29(x,0) = U™ (z,t,) in Br(0), (3.67)
zo(x,t) =0 on 0Bg(0).

c
Clearly, there exists ¢1,co > 0 such that z;(z,7) < !

—o(x), z2(x,7) > c26(x).
n

Then we see for n large enough, there holds 21 (z,7) < 29(x, 7). Applying the
comparison principle, we obtain U(z, 7 +1,) > (22 — z1)(x,7) > 0, for large n.
That means u*(z,7 + t,) > w*(z), and there exists a function w* < p(z) <
u*(z, 7 4+ t,). Applying Lemma 3.4, we get the solution of

Gy — Al = % in Br(0) x (0,T),
i(x,0) = p() in Br(0), (3.68)
u(x,t) =0 on OBR(0),

must quench in finite time. However, it is easy to see @ < u*, which means 4 is

a global solution. So we get a contradiction. Therefore , ligrn |u* (z,t) —
T JBg(0)
w*(x)|d(x)dx = 0. This completes the proof of this theorem.
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