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Spherical twists, stationary paths
and harmonic maps from generalised
annuli into spheres

Ali Taheri

Abstract. Let X C R" be a generalised annulus and consider the Dirichlet
energy functional

Efu; X] := %/X|Vu(x)|2dw,

on the space of admissible maps
AL (X) = {u e WhA(X, 8" ) s ulox = go}.

Here ¢ € C(0X,S"™!) is fired and A,(X) is non-empty. In this paper
we introduce a class of maps referred to as spherical twists and examine
them in connection with the Euler-Lagrange equation associated with
E[-,X] on A, (X) [the so-called harmonic map equation on X]. The main
result here is an interesting discrepancy between even and odd dimensions.
Indeed for even n subject to a compatibility condition on ¢ the latter sys-
tem admits infinitely many smooth solutions modulo isometries whereas
for odd n this number reduces to one or none. We discuss qualitative
features of the solutions in view of their novel and ezplicit representation
through the exponential map of the compact Lie group SO(n).

Mathematics Subject Classification (2000). 58E20, 22CXX, 35RXX.

1. Introduction

Let X ={z € R" : a < |z] < b} with 0 < a < b < oo and consider the
Dirichlet energy functional

Efu: X ::%/X|Vu(a:)|2dx, (1.1)

® Birkhduser
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on the space of admissible maps
Ay (X) = {u e Wh(X,S" 1) ulpx = ap}. (1.2)
Here S™~! represent the Euclidean unit sphere and as customary we have set
wh3(x,s" 1 = {u € WH3(X,R™) : u(z) € S"! for Lae. x € X}.

Moreover ¢ € C(0X,S"!) is fized while the space A,(X) is non-empty. In
view of 0X = 90X, U 0X, := aS" 1 UbS™ ! it is convenient to set

Pa = 90|6Xa o 50,7
oy = ¢|oax, © 0y,

where d,, 0 are space dilatations by factors a and b respectively. As a result
we speak of ¢, o, € C(S"71,S"71). The Euler-Lagrange equation associated
with E[-, X] on A, (X) takes the form?

Au+ |[VulPu=0 in X,
lu| =1 in X,
U= on 0X,

which is the well-known harmonic map equation on X and into S*~!. Moti-
vated by the significance of Dehn twists in the study of mapping class groups
of surfaces (see, e.g., [2]) and the interesting role played by generalised twists
in the multiple solution problems of nonlinear elasticity (cf., e.g., [12]) in this
article we introduce their S~ !-valued counterparts, the spherical twists, and
out of pure curiosity examine them in connection with the above system of
Euler—Lagrange equations. Indeed a spherical twist by definition is a map
u € Ay(X) in the form

u:x=r0— Q(r)o,

where z € X,r = |z[,0 = z/|z| and Q € W12([a,b],SO(n)). It is evident that
subject to this assumption ¢ must take the form

{ va(0) = R0,
<pb(¢9) = Rbﬂ,

for € S"~! where R,, Ry € SO(n) (in fact Q(a) = R, and Q(b) = Ry). Now
by restricting the energy to the space of spherical twists we have that

;/ab /Si {:2 {(n —1)+ r2|Q0|2} }r”l dH" 1 (0)dr

1 ’ 1 |2 n—1
= 5Wn ’ n(n — 1)T—2 +1Q|* pr™ " dr.

LFor a comprehensive treatment of harmonic maps and some fundamental results cf. [5].
Also [6,10,11] for regularity, [9] for the role of domain topology and the monographs [3,8]
and the references therein.

E[Q(r)0, X]
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As this last expression has no explicit # dependence a natural starting
point is to analyse the resulting Euler-Lagrange equation, a second order dif-
ferential equation on the compact Lie group SO(n) and integrate the latter to
classify all extremals of this restricted energy. Interestingly with the aid of the
exponential map of SO(n) these take the form (see Theorems 2.1 and 2.2)

Q:[a,b] 37— ’MAQ, € SO(n)

with A € M, x,, skew-symmetric, Q. € SO(n) and 8 = §(|z|) the fundamen-
tal solution of —A on R™. The next step is to extract from within this class
those spherical twists that grant solutions to the original harmonic map equa-
tion on X and this requires a careful analysis of the full versus the restricted
Euler-Lagrange equations. The result points at a discrepancy between even
and odd dimensions. Indeed subject to a compatibility condition between R,
and Ry (cf. (3.1) in Remark 3.1) for even n the latter system of equations
admits infinitely many solutions all in the form
u(z) = u(rd) = R PuedMI Pt = R,P,R,[g](r)PL0,

where J,, = diag(J,J,...,J) and R,[g|(r) = diag(R[g](r), R[g](r),-..,
Rlg](r)) with the 2 x 2 skew-symmetric matrix J and the rotation (by angle
g) matrix R[g] as in (4.1) and (4.2) while P,, € SO(n) is suitably related to
R, and Ry. Furthermore the rotation angle g is related to § = f(|z|) and

depending on n can be expressed as:
[1] (n=2)

2] (n>4)

Here n € R is as in Remark 3.1 while m € Z. In sharp contrast for odd n
the number of such solutions severely reduces to one, i.e.,

u(z) = u(rf) = R,

when R = R, = Ry, and none otherwise (cf. Theorems 3.1 and 3.2). As E[, X]
attains its infimum on Ay it follows in particular that here the energy min-
imizer does not have the rotational symmetry one intuitively expects, i.e., is
not a spherical twists (cf. [12] for further results).

Finally it is well-known that Au + |[Vu|?>u = 0 for liftings u = €' is
equivalent to A¢ = 0. The result here gives a generalisation of this to all even
dimensions. This observation seems to have gone unnoticed before.

2. Spherical twists on annuli

Let X = {z € R" : a < [z| < b} and for x € X put r = |z| and 0 = x/|z|.
Then a continuous map w on X into S*~! in the form

u:xz— Q(r)d,
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with Q € C([a,b],SO(n)) is referred to as a spherical twist on X; Q is the
twist path and when Q(a) = Q(b) the twist loop.?

Proposition 2.1. Suppose that u is a spherical twist on X. Then u € A,(X)
provided that the following hold.

[1] Q(a) = R,
2] Q(b) = Ry,
8] Q € W'2([a,b],80(n)).

Proof. Evidently for u as described u € A, (X) if and only if the following hold:

[a] [lull1,2 < o0,

[b] u = ¢ on 0X.

Now anticipating on [a] a straight-forward differentiation gives
1 .
Vu=-(Q+(rQ-Queo) (2.1)
with z = rf € X and Q := dQ/dr. Therefore

Vul* = tr{[vu} [Vu]t} = ;tr{xn +QIe (rQ-Q)0+(rQ-Q)H® QY
+ [(TQ Q)Y ® 9} {9 ® (rQ — Q)G] }
= :Qtr{xn —QI® QI+ r’Q ® Qe}

— Lo, Qo) + 200, Q0)]

r2

1 .
= Ll 1) + Qo (22
where in concluding the last identity we have used (Q6,Q6) = 1 for all § €
S"~1. Thus recalling that |u[? =1 in X we can write

b 1 .
2 2 _ o 2 2 n—1 n—1
/x [ul” + |Vu|* = /a /S”*l <1 +o32 {(n 1) +r=|Q0| ]) T dH" T (0)dr

b 1 .
= / Wn, [n—l— T—Zn(n -1+ |Q2} L dr

and so [a] results from [3]. Finally [b] < ([1],[2]) and the proof is com-
plete. O

2In view of Q(r) € SO(n) on [a, b] we have |u(z)|? = |Q(r)8]? = |0|? and so u is S*~!-valued
and thus well-defined.
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Proposition 2.2. Let u be a spherical twist with twist path Q € C?(]a,b],
SO(n)). Then

Au= = 1)(rQ ~ Q) + 7280 (23

and subsequently

—1. .
Au + [Vulu = Q+nTQ+ 1Q0)?Q| 0 (2.4)
m X.

Proof. Indeed (2.3) follows by a further differentiation of (2.1) and (2.4) follows
upon substitution from (2.2) and (2.3). We abbreviate the details. O

It is plain that energy of a spherical twist with the aid of (2.2) in Prop-
osition 2.1 can be described by the integral

b
Bl X] = %/ /Sn_l {:2 [(n -+ r2|Q0|2] }r"l dH" () dr
b
= %O)n/a {n(n — 1>rl2 + QlQ}Tn—l dr.

Upon denoting the integral on the right by e[Q] in what follows we pro-
ceed by computing the first variation of this energy on the space of admissible
paths on the pointed space (SO(n),I,), that is,?

Q € W%([a,b],SO(n))
E=¢Ea,b] =< Qa) =1,
Q) =R

Proposition 2.3. (Stationary paths) The Euler—Lagrange equation associated
with e[| on £ takes the form

i“w%iqqﬂz (2.5)

on la, b[.

Proof. First fix Q as described and for ¢ € R put Q. = Q +&(F — F")Q where
F € C¥(Ja,b[, M, xn) is arbitrary. Then

Q.Q! = [Q +£(F -~ F)QJQ' — cQ'(F — F')] = I, — ¢*(F — F')?

3In view of the trivial identity A(Ru) + |V(Ru)|?Ru = R(Au + |Vul?u) (here R € O(n) is
fized) in what follows we assume without loss of generality that R, = I,, while R, = R.
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and so to the first order in e the perturbation Q. takes values on SO(n). Now
with a slight abuse of notation we can write

Ld,
wy, de

b . . . .
Ql = [@E-e+E-FQ
e=0 a

b
— Q. - E9Q) + (@Q.(F - FIQ)"

b
- / (QQL (F — B dr

d

b
- [~ raQn - r i —o.

Note that in concluding the last line we have used the integration by
parts formula together with the boundary conditions F(a) = F(b) = 0. The
conclusion now follows in view of QQ! being skew-symmetric. O

Remark 2.1. For the sake of convenience in what follows we often assume the
orthogonal matrix R (see the definition of £[a.b] preceding Proposition 2.3) to
have been expressed in block diagonal forms (cf. the Appendix for notation),
specifically,
1] (n = 2)

R = PrOrPr = Prdiag(Rlm], Rl - ... Rlm])Pr-
2] (n=2k+1)

R = PrOrPr = Prdiag(R[m], Rna], .., Rlnk], 1) P
The sequences (e=77)"_, in [1] and (1,e*")%_, in [2] consist of eigen-
values of R (here 71, ...,m, € [0,7]) while Pr € O(n). (Note that there is no

uniqueness associated with the choices of ®g and Pr yet in what follows we
pick one such pair and assume them fized throughout.)

Theorem 2.1. (Stationary paths) The general solution to (2.5) is given by the
matriz exponential

Q(r) = "4 Q.. (2.6)
Here Qo € SO(n), A is skew-symmetric and

logr n =2,

B(r) =
ﬁr%” n > 3.

Moreover subject to Q(a) =1, and Q(b) = R, depending on the dimen-
sion n being even or odd the following hold.
[a] (n = 2k)

A = PaDaPa = PrPdiag((1T, T, -, T )P Pr,
b] (n =2k +1)
A= s’131A©Ax§’ptA = mRPdlag(Clj7 C2J7 sy ija O)Ptm%



Vol. 19 (2012) Spherical twists, stationary paths and harmonic maps 85

In either of the cases [a] or [b] the sequence (Cj)?zl C R must satisfy the set
of conditions

G . {Wj + 27ij], (2.7)

T s
foralll < j <k where m; € Z,s = B(b) —B(a) and P € C[Dr] the centraliser
of Or in O(n). Finally for each such A the choice of Qo is unique; in fact
one precisely has Qo = e Bl@A 4

Proof. Since Q is a solution to (2.5), integrating once, there exits a constant
and skew-symmetric matrix A such that

d 1
—Q=——AQ.
dr rn-1

Integrating again gives (2.6). Note that here we have absorbed a constant
resulting from integrating »'~" into the special orthogonal matrix Q,. Next
enforcing the boundary conditions Q(a) = I,, and Q(b) = R we obtain

R = (B0 -B@)A

Thus with s = 3(b) — 3(a) it remains to characterise all skew-symmetric matri-
ces A for which

esA =R. (2.8)

In order to solve this equation for A consider expressing A in block diag-
onal form as described in Proposition 4.1. Denoting the spectrum of A by
o(A) = (%i¢;)5_, in [a] and o(A) = (0, =i¢;)¥_, in [b], (2.8) and the spectral
mapping theorem (see, e.g., [4]) lead to the identities:

[a] (n = 2Ek)
esa(A) _ (eiiSCj )?:1 _ (eiinj)k L= O’(R)

esg(A) _ (1,6iis<7 )?:1 — (Lej:inj);?:l = U(R)

Thus up to re-labeling and a possible re-naming upon sign differences in
either of the cases [a] or [b] we have

eliSCl = e’:m, 5¢1 = n1 + 2mmy,

eZSC2 — 617727 S<2 = ’]72 + 27‘[’m2’
eA=R = —

er5Ch = ¢l sCr = g + 2mmy.

4Recall that in a group G the centraliser of an element g € G denoted C[g] is the subgroup
consisting of all elements in G commuting with g, i.e., C[g] = {h € G : g = hgh™1}.
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[a] (n = 2k) Here without loss of generality using the above set of identities
we can write

eSA — eSmA’}DA‘pk

— o5PBadiag(G1T (2T o G T)Ba

= Padiag(R[sC1], R[sCz], - aR[SCk])‘BZ

= Padiag(R[m], Rn2], - ,R[nk])
= Prdiag(R[m], R[n2], .., Rlm))Pr
= PrOr PR

=R.

As a result the above chain of equalities enforces the following

PrPa € C[Dr] <= Dr = [PrPa|Or[PrPal’
= PrORPR = PaDrPA-
[b] (n =2k + 1) Again without loss of generality using (2.7) we can write
oSA _ sPADAThA

=€
— sPadiag(1T (2T o Cr T 0)Pa

= Padiag(R[sC1], R[sCa], ..., R[sCk], 1)BY
= Padiag(Rim], Rnal, -, Rlme], 1)Ba

= Prdiag(RIm], Rnal, -, Rlnkl, 1)Br

= PrOrRPR

- R.

Therefore the argument can be completed as in the previous case. Plainly once

A has been fized as described Q, can be uniquely expressed as the value of
—B(a)A O
e .

Remark 2.2. Note that apart from a scaling factor the function g is the funda-
mental solution for the Laplace operator on R™ (see, e.g., [7], p. 51). Indeed,
by utilising (2.5) this can be justified since here

1 df ,,dp
[ABIA = d{r dr}A

(S
([+dele)

Theorem 2.2. The solution Q described in Theorem 2.1 can be alternatively
expressed in the following form.
[a] (n = 2k)

Q= Q(T; a,b, m) = %deiag(R[gl](T),R[gg}(?"), s 7R[9k](r))Pt§Bila

d
~Ldr
d
~Ldr

with Q(r) = e#(MNAQ,.
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(b] (n = 2k + 1)

Q= Q(“ a,b, m) = mRPdia!J(R[Ql](TL R[QQ](T>7 s 7R[gk](r)7 1)PtmtR'

In either of the cases [a] and [b] above we have P € C[®gr| and m =
(mi,...,my) withm; € Z for all 1 < j < k while
B(r) — B(a)
() =

) = 56) ~ Ala)
Proof. Let Q denote the solution as described in Theorem 2.1. Then substi-
tuting for Q, we have that

Q(T‘) _ eﬁ(r)A Qo _ eﬁ(’r‘)Ae*ﬁ(a)A — e[ﬁ(r)*ﬁ(a)]A'

[77.7' + 27rmj} .

Now suppose that (mj)§:1 is an arbitrary sequence of integers. Then referring
to Theorem 2.1 and using the block diagonal form of A whilst observing the
identity
¢ = s"(n; +2mm;)
we obtain the following expressions for the solution Q.
[a] (n = 2k)
Q = Q(r;a,b,m)
— BMA Q.
— B =B(a)]PrPdiag((1T (2T ,...Cr T )P Br
= PrPdiag(R[g1](r), Rg2](r), .. .. Rgx](r)) P PR,
[b] (n =2k+1)
Q = Q(r;a,b,m)
— HA Q.
- e[ﬁ(r)—ﬂ(a)]’ﬁnpdmg(ﬁ«7,4257---7%«7,0)?“13{1
= PrPdiag(R[g1](r), Rlg2](7), .., Rlgx] (r), )P Pg.
In either of the cases [1] and [2] above we have set
g5 (r) == [B(r) — Bla)l¢;
_B(r) - Bla)
B(b) — B(a)
for all r € [a,b] and 1 < j < k. This completes the proof. O

(77j + 27ij)

Note that by referring to the definition of the function § given in Theo-
rem 2.1 we can alternatively express the twist angles g; in the following more
suggestive form.

[1] (n =2) As k =1 setting ¢g := g1 for m € Z and r € [a, b] we have that

o(r) = logr/a

~ logb/a

(n + 2mm). (2.9)
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[2] (n > 3) For the sequence of integers (m])k , and 7 € [a,b] we have that

(r/a)> " ~1

gj(r) = W(TU + 2mm;). (2.10)

We end the section by giving explicit expressions for the energies of the
solutions to the Euler-Lagrange equation associated with e[-] on £ from The-
orem 2.1. To this end we now proceed by considering the cases corresponding
to n =2 and n > 3 separately.

[1] (n = 2) Here we have that

b b r
Q=5 [ {5 +@0Pfrar=F [+ 1R =x1+¢)0s”.
(2.11)

where +i( denote the eigen-values of the skew-symmetric matrix A.
[2] (n > 3) Here, again, we have that

I 1 1
elQ] = w—/ {n(n - l)r—2 + 742(n_1)|AQ|2}r”1 dr

o]

2

:nw;{(n—l) = nQZgrﬂw n. (2.12)

where depending on n being even (n = 2k) or odd (n = 2k + 1) the quan-
tities +i(y,...,£i(x or +i(y, ..., +i(x, 0 denote the eigen-values of the skew-
symmetric matrix A.

Alternatively using Theorem 2.2 we can re-write the energy e[Q] in both
[1] and [2] above in the forms:
[1] (n = 2) with Q = Q(r;a, b, m) we have e[Q] = 7s[1+ (n+27m)?s~2] where
5 = B(b) — B(a) = logb/a,
[2] (n > 3) with Q = Q(r;a,b,m) we have e[Q] = w,s/2[n(n — 1)(ab)" 2 +
23 1<j<k(mj+ 2mm;)?s~2] where s = B(b) — B(a) = (a®*~" —b*>~")/(n — 2).

3. Harmonic twists as solutions to the harmonic map equation

We begin this section by introducing the notion of a harmonic twists, that is,
a twice continuously differentiable spherical twist that is a harmonic map.

Definition 3.1. (Harmonic twist)
Let X ={z € R":a < |z] < b}. A harmonic twist u on X is a spherical twist
on X that satisfies the following:
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[i] weCX,s"1),
2] we C*(X, 8",
8] Au+ |Vul?u=0 in X.

Here we aim to extract from amongst solutions in Theorem 2.1 those that
constitute the twist path of a harmonic twist. Before confronting this however
we find it helpful to discuss a condition on the matrix R that will indeed turn
to be both necessary and sufficient for the existence of such harmonic twists
(cf. Remark 3.1 below).

Remark 3.1. As seen the Euler-Lagrange equation (2.5) admits infinitely many
solutions (cf. Theorem 2.2). The situation is completely different for harmonic
twists. Indeed it will become clear that here solvability and multiplicity depend
crucially on a structural property of R. In fact a necessary and sufficient con-
dition for this can be formulated depending on the dimension being even or
odd as follows.

[1] (n = 2k) It must be that ny =179 = -+ = n, = n (with n € [0,7]) and
hence
R = PrOrPr
= deiag(R[nl]7R[n2]a i ’R[nk])mtR
= Prdiag(R[n], R[], ..., R1)Pr- (3.1)
[2] (n =2k + 1) It must be that n; =ny = --- =1 = 0 and hence
R=1I, (3.2)

(See Remark 2.1 for notation.)

Theorem 3.1. Let u be the spherical twist on X with twist path Q described in
Theorem 2.1. Then u is a harmonic twist if and only if the following conditions
hold.
[1] (n = 2k) R must be as in (3.1) while
A= ‘BRPde(Cljy C2j7 s 7ij)Ptq3§:{
= PrPdiag((T, (T ..., T)P"Bk. (3.3)

Here P € C[®Rr] and the sequence (Cj)?zl CRissothat G = (o = -+ =
(k. =: ¢ where

1

(= - [n + 27Tm] .

s
As before, s = 3(b) — B(a) and m € Z.
[2] (n =2k + 1) R must be as in (3.2) while

A=0. (3.4)

Proof. Let u be a spherical twist on X with twist path Q as in Theorem 2.1.
We show in order for u to be a harmonic twist the skew-symmetric matrix A
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has to be further restricted as described in [1] and [2] above. Indeed to begin
note that a straight-forward differentiation gives

. 1
Q=74AQ
r
. 1—n 1 9
Q - rn AQ + r2(n71)A Q

Therefore in light of Proposition 2.2 upon substituting for these quantities we
can write

Au+ |Vul*u = (Q + n; 1Q + |Q9|2Q) 0

_(1-—n 1 9 n—1 1 9
- (S AQ AT A A 6

1

Setting w = Q@ it is then evident that the above is equivalent to the identity
[A? + |Aw|*T,|w = 0,

for all w € S*~!. Hence an application of Proposition 4.3 to this gives A% =
—sI,, for some s > 0. Now in order to proceed further we consider the cases of
even and odd dimensions separately.

1] (n = 2k)

A2 = 781” — [g‘pRPdllag(Cljv CQa j7 ey ij)Pt‘;BtR]z - 751n
— PrPdiag(( 1y, (Cls, ..., GL)PIPY = I,
— diag((iIy, T, ..., (P1s) = 51,
= G=G=---=((=s (3.5)
As a result for 1 < j,j° < k we have that either ¢; = {; or (; = —(;. We

now describe the implication of each of these two identities separately. Indeed
using (2.7) we can write

(= = n;+2mm; =n; + 2mmy
= nj —ny = —2m(m; —myr)
< m; = my

< nj =1y,
as 1; — 1. € [—m,w|. On the other hand

§j = *Cj/ <~ 15 +27ij = 7(7]]‘/ + 27ij/)
= n;+nj = —2m(m; +my)
< n; =ny €1{0,7},
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as 1; + n; € [0,27] and so

nj =15 =0,

mj; = —myj,
<j = *Cj/ < or,

nj ="mny =m,

mj = —(my +1).

Hence, summarising, in either of these cases we have that 11 = 1y =
<o =1 = n with n € [0,7]. As a consequence depending on 7 we have the
following three distinct possibilities.

Case 1. (n=0)
Here m; € {#m} for all 1 < j < k with m € Z and so |(1| = [(o] = -+ =
¢l = [¢] with

¢ =2ns 'm.

Evidently n = 0 <= R = I,,. Therefore here C[®gr] = O(n). In par-
ticular as P € O(n) in (3.3) is arbitrary we can arrange without any loss of
generality that (1 =G =--- =, = .

Case 2. (n €]0,7|)
Here mi =mo=---=mp ==mwithmeZandso (G =@ == =(
with

¢ =s"Yn+2mm).

Evidently n €]0,7[ < R ¢ {£I,} and therefore here C[Dr| C O(n).
Case 3. (n =)

Here m; € {m,—(m+ 1)} for all 1 < j < k with m € Z and so |(1| = [(2] =
-+ = |G| = [¢] with
¢ =s"Hm+2mm).

Evidently n = 7 <= R = —I,,. Therefore as in [1la], C[®gr] = O(n).
Again as P € O(n) in (3.3) is arbitrary we can arrange without any loss of
generality that (; = (== (. = (.

[2] (n=2k+1)
A? = —sI, = 0= (det A)? = det A?
— s=10
= A=0.

(Note that in odd dimensions any skew-symmetric matrix has zero determi-
nant.) The proof is thus complete. O

Theorem 3.2. Let uw be the spherical twist on X with twist path Q =
Q(r;a.b,m) as given in Theorem 2.2. Then u is a harmonic twist if and only
if the following conditions hold.

[1] (n = 2k) R must be as in (3.1) and then

Q(r) = PrPdiag(R[g1](r), Rlg2)(r), ..., Rgu](r)) P PR
= PrPdiag(R[g](r), Rlg](r), ..., Rlg](r)) P Pkg-
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Here P € C|Dr| and the sequence (gj);?:1 issuchthatgy =go = =gpr =: g
where depending on n =2 orn > 4 we have that
[1a] (n=2)
logr/a
= 2 .
9(r) logb/a (n+ 2mm)
[1b] (n > 4)

r/a)®" —1
g(r) = Eb?a;2_"—l(n+2wm)'
(

[2] (n =2k + 1) R must be as in (3.2) and then
Q(T) =1L,
i.e., the twist path Q is the constant path at I,,.

Proof. This follows at once from Theorem 3.1 by substituting for A from (3.3)
or (3.4) into (2.6) and evaluating the corresponding ezponential term as in
Theorem 2.2. O

4. Appendix

Recall from linear algebra that all eigen-values of a [real] skew-symmetric
matrix have zero real parts. Hence they either appear as purely imaginary
conjugate pairs or zero. In particular when n is odd there is necessarily a zero
eigen-value. Thus distinguishing between the cases when n is even and odd
respectively we can bring every skew-symmetric matrix to a block diagonal
form. In what follows we set

J = [? ‘01}. (4.1)

Proposition 4.1. Let A € M, ,, be skew-symmetric. There exist P € O(n) and
(¥, C R such that the following hold.
1] (n = 2k)

A = Pdiag(C1j>C2J, “ee 7th7)Pt7
2] (n = 2k +1)
A = Pdlag(§1j7 CQJ, ey gkj7O)Pt'

Proof. Indeed, here, A is normal (i.e., it commutes with its transpose At =

—A) and so the conclusion follows from the the well-known spectral theo-
5

rem. O

5Note that the choices of P and (¢; );?:1 are in general non-unique. Indeed it is a trivial
matter to see that by suitably adjusting P one can replace any ¢; with —(j.
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With the aid of the above representation evaluating the exponential func-
tion for skew-symmetric matrices becomes remarkably convenient. In what
follows we set

Rls] = { (4.2)

coss —sins
sins coss

Proposition 4.2. Let A € M, ,, be skew-symmetric. Then using the notation
in Proposition 4.1 we have that
1] (n = 2k)

eSA = Pdiag(R[s¢1], R[sCa], . . ., R[sC])PY,
2] (n=2k+1)
eSA = Pdlag(R[‘SClL R[SCQL s 5R[5<k]7 1)Pt

Proof. A straight-forward calculation gives

— 1
et = Z Es"j" =R]s].
n=0
The conclusion now follows by noting that for any block diagonal matrix D
(as, e.g., in Proposition 4.1) we can write

t
e® = PP — pePPY

O

Proposition 4.3. Let A € M, ,, be skew-symmetric. Then the following are
equivalent.

[1] A? = —sL,, for some s > 0.

(2] [A2? + |Aw[*T,)w =0 for allw € S"~ L.

Proof. The implication ([1] = [2]) follows by direct verification. Now for
the reverse implication consider re-writting [2] in the form

Aw = —|Au|w.

Then for any w € S"~! the quantity —|Awl|? is the associated eigen-value.
However since A? has at most n distinct eigen-values it follows from the con-
tinuity of w — |Awl|? that the latter must be constant (say s) and this gives
[1]. O

Similar to the case of skew-symmetric matrices we can bring any orthog-
onal matrix to a block diagonal form. Below we specialise to the case of the
special orthogonal group.%

6Note that the exponential map acts between the Lie algebra of skew-symmetric matrices
in My, xn onto its corresponding Lie group SO(n).
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Proposition 4.4. Let R € SO(n). There exist P € O(n) and (nj)é?:l C R such
that the following hold.
1] (n = 20)

R = Pdiag(R[nl]v R[772]7 cee 7R[nkDPt
_ Pediag(”h.77U2s7,~-,77k.7)Pt
2] (n = 2k +1)
R = Pdiag(R[m], R[], . .., R[], )P’

— Pediag(mT 2T T 0) pt.

Proof. Again, R, here, is normal and so the conclusion follows from the spectral
theorem. 0
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