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1. Introduction

In this work we examine the existence and regularity of solutions to the magnetohydrodynamics equations
(MHD) in 3d cylindrical domains. The governing system of equations reads

vi+(v-V)v—rvAv+V <p+;|H|2> —H-VH=f inQ":=Qx(t,,T),

H,+(v-VVH-(H-V)v—-y,AH=0 in Q7

divv=0, divH=0 in QT (1.1)
rotvxn=0, v-n=0 on 90T := 90 x (to,T),
rotHxn=0, H-n=0 on 907,

V|tet, = Vi, Hlimt, = Hy, in Q x {t =1},

where Q = ' x (—a,a), a > 0 and ' C R? is a bounded subset with the C?-boundary. Here, the
unknowns are:

e the velocity field v: Q — R3, v = v(x,t) = (v (21, T2, x3,1), v2(21, T2, T3, 1), v3(T1, T2, T3,1)),

e the magnetic field H: Q — R3, H = H(z,t) = (H (71, 72, 73,t), Ho(x1, 72, 23,t), H3(21, T2, 3,1)),

e the pressure p: Q@ — R, p = p(x,t) = p(z1, x2, x3,1).

The external force f: Q — R3 f = f(x,t), £ = (fi(21,22,23,1), fo(x1, 22, 23,1), f3(x1, 22, 73,1)), the
viscosity coefficients v, v, > 0 and the initial conditions v, H;, are given.

System (1.1) describes the motion of a viscous, incompressible and resistive fluid filling a region
(see e.g. [1,2]). This motion under the presence of the magnetic fields generates electric field and electric
currents, thereby evoking forces which alter the magnetic field and the fluid motion itself. Clearly, (1.1)
is a combination of the Navier-Stokes equations (NSE) and Maxwell’s equations. Since the problem of
regularity of weak solutions to the 3d NSE for arbitrary smooth data is still open, we cannot get any
better results for (1.1) than there are for the ordinary NSE. Therefore, to obtain a new result for (1.1)
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we need to make further assumptions. Two basic strategies are: either take the initial data small enough
or require some conditional regularity of v (see e.g. [3]).

In the following paper we are interested in proving the existence of strong solutions (see Definition 2.1)
to system (1.1) without any assumptions on the magnitude of the Lo-norms of the initial and external
data. Instead, we assume that the Lo-norms of the derivatives of the initial and external data along the
axis of the cylinder (2 are small. More precisely, we prove the following:

Theorem 1. Suppose that v, ,Hy, € H'(Q),divvy, = divH,, = 0,f € Ly(Q7),f,, € La(to, T; Ls ().
Let us introduce ‘

2 2 2
EX(T) == IVeo g1 ey + It 21y + 1€l 2y 0y »
2 2 2
d*(T) = Veo l 2,0) + Hao 7000 + 117, 10,7526 0)) -
5
2 2 2
52(T) = Hvto,m:s”LQ(Q) + HHto,m:s”LQ(Q) + Hf,fm”Lz(to’T;Lﬁ(Q)) .

Fiz T > to. If §*(T) is sufficiently small then there exists a unique strong solution to (1.1). This unique
solution satisfies the following exponential growth estimate for all t € [to,T]

2 2 d42 2
V1% o) + LI ) < cBA(T)e D),
where a generic constant ¢ depends on v, v, and S but not on T.

Before we briefly discuss the proof, we should clarify that all constants in the sequel are denoted by
¢ and they may vary from line to line. They may depend on v, v, and € but neither on ¢ nor on the
initial and external data. The definition of the space V& (QT), k € N, is given in Sect. 2. The proof of
the above theorem is based on the refined energy estimates and a fixed point principle. We derive these
estimates by utilizing the multiplicative Sobolev inequality (see e.g. [4, Remark 2.1], [5, Remark (iii)]),
which distinguishes the differentiation with respect to x3 from the whole gradient (see Lemma 3.7). To
exploit this inequality we introduce an auxiliary problem for (v ,,,H ,,) (see Lemma 4.2). The first
energy estimate for the solutions to this problem reads

2 2 2 2
v e ey + 1o gy < coxp (IAVIE, o) + e [AHI, (g0 ) 8%(T), Vier.

Next, we test (1.1); 2 with —Av and —AH, respectively, and use the multiplicative Sobolev inequality
to estimate the non-linear terms (see Lemma 6.1). First we obtain

4
(V)3 ) + IO I3 @) ) + IAVIE, @) + IARIT, 00y < e (IAVIE 00 + 1A, o0, ) 63(T)

3, ¢
+eB (ke sup (V05 o) +IHOIGq)) 6 1)+ / (V) ) + IO 1)) 97 i,
0

to<t<
T
where ¢ is a positive, increasing function of exponential type and g(¢) is a function such that [ g(¢)d¢
to

is bounded only by the data. Using the continuity argument (see e.g. [6, Ch. 1, §1.3]) it is clear that for
sufficiently small 6%(7T") we can eliminate ¢ from the right-hand side. Next, we use the Gronwall inequality,
basic energy estimates and the continuity argument again. In the end we can conclude the estimate for
v and H (see Lemma 6.1). Finally, the existence of solutions to (1.1) follows from the Leray—Schauder
fixed point theorem (see Lemma 7.1).

There is a slight problem with the above idea, namely the multiplicative Sobolev inequality cannot
be utilized directly for v and H because of the boundary conditions (1.1)45. They do not imply that
H' = (H;, H,,0) and v’ = (v1,v2,0) vanish on the bottom and the top of the cylinder, therefore we have
to subtract from v/ and H' their mean values along the zg-variable. More precisely, we introduce (cf.
Sect. 3)
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v = (/ 1}1(371,.’1?2,5) dS,/ ’112(331,3)2,5) d8a0> )

H= < Hi(x1,x9,5)ds, Hy (1,22, 5) ds,O) .

—a —a

Now we easily observe that the functions v — v and H — H satisfy the assumptions of the multiplicative
Sobolev inequality (see Remark 3.8), whereas the functions v, H are two-dimensional, i.e. they depend
merely on x; and x5. The mean value operator that we have just introduced, was successfully used in
e.g. [4] or more recently in [7].

Let us shortly discuss the consequences of the smallness of §?(T). Let u € {v, H}. By the definition

2 2 2 2 2
i1y = gy + 0 12, )+ Tt 12y + a2, -

In (3.2) we shall see that conditions (1.1)4 5 imply that v = Hz = 0 on the top and the bottom of the
cylinder. Thus, we have the Poincaré inequality for us with respect to x3 and we easily get

2
Lo

2
L2($2)

/

@ T | H, o

Hvt0||2Hl(Q) + ||Hto||2Hl(Q) < HvzltoHiQ(Q) + HH{toHiQ(Q) + HV;fmr/

+ (1 +2a)6*(T),

where ¢’ = (x1,22),v' = (v1,v2),H = (Hy, H). This means that the third components of the initial
velocity and magnetic fields must be close to zero. Thus, the initial flow is close to two-dimensional flow
and in light of Lemma 4.2 it remains so for any time 7". Note that this limitation is a direct consequence
of the boundary conditions for v and H on the top and the bottom of the cylinder. It would not hold if 2
was e.g. a cylinder periodic with respect to z3. Then, [[vs(to)l| 1, o) and ||[Hs(to)| 1, o) could be arbitrarily
large.

For further discussion and references of MHD equations in periodic, cylindrical domains we refer the
reader to e.g. [8] and [9]. Cylindrical domains play an important role in studying plasma physics (see [10]
and [11]) and to some extent are used as approximations of a torus (see [12]).

We end this Introduction remarking that to the best of our knowledge results like Theorem 1 have not
appeared in the literature. However, in case of the whole space and slightly more general system (i.e. with
the fractional Laplacian) a result similar to ours follows from [13][Theorems 1.2 and 1.4]. Furthermore,
if we assume v = 0 on the boundary, then (1.1) was studied in [14-16] and [17], where the existence
of regular solutions was proved either for short time or for any time but under the assumption of the
smallness of the initial data. For a detailed summary of various results related to MHD equations we refer
the reader to the Introduction in [18].

2. Notation
The Boundary of the Domain

The boundary S := 9 is a union of three sets:

Sp={zeR®: p(z1,22) =c,,—a <3 <a} (thelateral surface),
Sp={zeR®: p(x1,22) < cp,x3 =—a} (the bottom),
S ={z € R®: p(z1,22) < ¢, 23 = a} (the top),

where ¢(1,22) = ¢, is a closed C?-curve in the plane x3 = const.
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Shorthand Notation

Some formulas appear often in the sequel. To shorten the notation we use
| R—"
pr=p+ 5 [H,
d*(T) — a constant from the energy estimate, see Theorem 1,
8%(T) — the smallness assumption from Theorem 1,
FE?(T) — a sum of some norms of the initial and the external data from Theorem 1,

I'":=T x (to,T), whereT €{Q,S,Sr,Sps, 57},
N:={0,1,2,...}.

Function Spaces

Throughout the paper we use the standard Lebesgue L, (£2) and Sobolev W¥(Q) = H*(Q2) spaces. We
also need VJF(Q7), which is defined as follows:

1

2

T
. 2
VEQT) ={ u: [ally qry = esssup [[ul| gu o) + </ )7+ (0) dt) <oop, keN.
to<t<T to

Weak and Strong Solutions

Definition 2.1. By a weak solution to problem (1.1) we mean a pair of functions (v, H) € V3 (QT)x VY (QT)
such that divv = div H = 0 and satisfying

/(—v-go7t+(v-V)v~go+urotv-rotcp+(H-V)go-H)dxdt
[9XA
+/v~cp|t=de—/v-cp|t=t0dx:/ f-pdrdt,
Q Q Qr
/(7H"¢,t7(V~V)’¢-H+(H~V)¢~V+l/,<,I‘OtH~I‘Ot1,b)dxdt
QT

+/H"‘/’|t:Td$*/H'¢|t:tode:07
Q Q

where @, € HY(Q7), o -n =0, -n =0 dive = diveyy = 0. If the pair (v,H) € V;(QT) x V}(QT)
satisfies the above integral identities then we call (v, H) a strong solution.

3. Auxiliary Remarks and Tools
Boundary Conditions

Since 2 is a cylinder, we can easily determine the unit outward normal vector n and the unit tangent
vectors T;, @ = 1,2. We have:

1
on St n= w [(P,mlvso,zw 0} T1 = W [_Qp,ww 90,90170] T2 = [Oa 0, 1] >
on SB n= [050’ _1] T1 = [17070} T2 = [05 170]a (31)

on St n=[0,0,1] 71 = [1,0,0] T4 = 1[0,1,0]
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Using the above formulas in (1.1)4,5 we immediately get the following identities on St and Sg
vy = H3 =0, V3.4, = Hs gz, =0 i€ {1,2},
Vigy = Hiwy =0 i€{1,2}, V32505 = H3,052, =0, (3.2)
(V100 = V2,00) o, = (H12, — H2ay) ., =0.
On Sy, we only obtain
Vigy — V2,5, = Hiy, — Hayp =0. (3.3)

Let us observe that the discussed boundary conditions suggest the following integration by parts
formula: Let u and w belong to H!(€) and satisfy rotu xn =rotw xn =0 and u-n = w-n = 0. Then

/rotu-wdx:/rotw~udx+/u><n~wd5
Q Q s

:/rotWoudxf/wxn~udS.
Q s

Finally, let us note that there are other possible choices for the boundary conditions for the magnetic
field. For an insightful discussions we refer the interested reader into [19-21] and [22].

(3.4)

Divergence-Free Magnetic Field

At first sight it might seem that system (1.1) is overdetermined since it contains four equations for H
while H has only three unknown components. This is perfectly fine and consistent with the MHD theory
(see e.g. [23, Ch.2 |). However, it may appear that condition (1.1)5 violates the equation div H = 0. This
issue was partly addressed in [15, Lemma 2.1]. In Lemma 3.12 we show that if div H;, = 0 and H satisfies
(1.1)5, then divH = 0 for all ¢ > ¢,.

Mean Value Operator

The proof of Theorem 1 is based on the multiplicative Sobolev inequality, which requires that a given
function u satisfies: us|ls, = usls, = 0 and fQ uj(z1,22,23)dzs = 0 for j = 1,2. Since we do not
know whether fQ v; drg and fQ Hjdzs are equal to zero for j = 1,2, so we define the mean value for
v/ = (v1,v2) and H' = (Hy, Hy) with respect to the xs-variable as follows: if z: R® — R then we write

Z(xy,29) = L /a 2(x1, 29, 5)ds (3.5)

2a J_,
and
V(z1,22) = (01(21,22), U2 (21, 22),0), H(z1,22) = (Hy(21,22), Ha(21,22),0) .

Such defined functions have several properties, which we summarize in lemmas below.
Lemma 3.1. Let z: Q — R?, 23]s, = 23|s, = 0. Then z = (21, 22,0) has the following properties:
(1) oy z=0k= je{l,2}, ke,
@ [ @-adn-o

3) 1 (2—2), dug =0, je{1,2}, (3.6)

(4) rotz=10,0,21 4, — 22,2,
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where ' means restriction to the two first coordinates, i.e. z' = (z1,22). If diva = 0, then
(6) divz =0.

Finally, letrotzxn=0,z-n=0 on S. Then
z-n=20

on S.

rotzxn=0
Proof. Properties (1) and (2) follow immediately from (3.5). Property (3) is a direct consequence of (1)
and (2). The computation of rot z in (4) is straightforward. For the justification of (5) we refer the reader

to [4, Lemma 1.1].
To prove (6) we note

1 [ 1 [
divz 2 —/ (21,0, (T1, 22, 8) + 224, (21, 22, 8)) ds = —— 23,25 (T1,%2,5)ds = 0.
2a J_, 2a J_,
Finally, we deduce (7) from (3.1) and (1.1)45. This completes the proof. O

Lemma 3.2. Let a, b: @ — R® belong to H'(Q), diva = divb = 0. Suppose that a and b satisfy the
Navier boundary conditions (i.e. (1.1)45). If a = [a1,a2,0] and b = [b1, b2, 0], then

/rot(a—é)-rotﬁdxzo
Q

and

/A(afé)ABdsc:O.
Q
Proof. Consider the first integral. We see that in light of (3.6)4 we only need to examine
/ rot(a — 5)3 dIg = / (2’17_%2 — 21@2 — (2'27371 — 227351)) dl‘g.
From (3.6); it follows that the above integral vanishes. B
To investigate the second integral we use (3.6)4 twice. Since divb = 0 (see Lemma 3.1) we conclude

that the third component of Ab is zero and the first two components do not depend on z3. Thus, we

need to examine

a a

A(a—a) dzs = / (02 ., +02.,,) (a—a) dz; —|—/ 92, (a—a) das.

The first integral on the right-hand side vanishes due to (3.6);. The second integral is equal to
afzg(:cl,xg,a) — afzs(xl, To, —a).
The boundary conditions for a imply &/, = 0 (we saw it in (3.2)2). This concludes the proof. O
Lemma 3.3. Suppose that z € H*(Q), 23]s, = 23|s, = 0. Then
||Z||ig(sz) =z - ZHi2(Q) + ||Z||iQ(sz) ,
HZH?LP(Q) =z - ZH?P(Q) + HZ”?LP(Q) ,
HZH?LI?(Q) =z - Z||?1r2(9) + ”Z”?LIQ(Q) -

Proof. We have

|z =(z—2+4+2) (z—2+12z),
\Vz|> = (V(z—2)+Vz) (V(z—2)+ Vz),
|Az|” = (A(z—2) + AZ) - (A (z — 2) + Az)
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From Lemma 3.1 it follows that the integrals

/(z—2)~2dx and /V(Z—Z)-Vidx
Q Q
vanish because z and Vz do not depend on z3. The integrals containing A were analyzed in Lemma 3.2.
This concludes the proof. O
Remark 3.4. From the above Lemma we instantly deduce that

120l rx () < M2l gr)  and |z — 2 1) < |zl gr (o)
for k=0,1,2.

The subsequent lemma will be very useful for estimating the integrals originating from the non-linear
terms.

Lemma 3.5. Leta, b, w: Q — R3. Then
/(a~V)b~v‘vdm:/(é-V)B-v‘vdx—&—/((a—é)-V)(b—b)w‘vdx (3.7a)
Q Q

Q
and

/(a~V)b~(W7v’v) dx:/((afé)oV)l_y(wfv’v) dz
Q Q

+/Q(5~V) (b—b) - (w—w) dx+/g((afé)~V) (b—b) - (w—w) dz. (3.7b)
Proof. We have
(a-V)b=((a—a+a)-V)(b—b+b)
=((a—a)-V)(b—b)+((a—a)-V)b+(a-V)(b—b)+(a-V)b.
Multiplying the above formula by c and integrating over () results in four integrals on the right-hand
side. We denote these integrals by Ji. If ¢ = w then

ng/ﬂ((a—é)-V)bw_vdx:/l(/_L;(a—é)dxg-V)bw_vdx':O,

which follows from Lemma 3.1. Similarly J3 = 0 and (3.7a) is proved.
We now set ¢ = w — w. Then, Lemma 3.1 implies that Jy = 0 which justifies (3.7b). This ends the
proof. ([

Remark 3.6. From the above Lemma it follows that

/Q(a~V)b-Awdm:/Q(a-V)b-Ade—i—/Q(a-V)b~A(w—\7v) d

:/Q(a-V)B-Adejt/Q((a—a)~V)(b—5)-Av‘vdx

+/Q((a—5)-V)B-A(w—v‘v) dx—l—/ﬂ(é~V)(b—b)-A(w—v‘v) dx

+/((a_5)-V) (b—b)-A(w—w) de.
Q
Thus

/Q(a-V)b-Awdx:/Q(é-V)b~Av_de+/Q((a—é)-V)(b—b)~Awdx

+/Q((a—5)-V)B-A(W—v_v) dx—l—/g(é~V)(b—B)-A(w—v‘v) dz.

In light of the above Remark we see that every integral containing the non-linear term generates four
new integrals. As we shall see these new integrals will be much easier to handle.
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Auxiliary Tools

Lemma 3.7. Suppose that u € HY(Q), usls, = us|s, = 0 and Jouj(x1, 2, x3)dag = 0 for j = 1,2.
Then

1 2
lall gy < €l 13,0 190015, -

Proof. In cylindrical domains we have the following Sobolev inequality (see [4, Remark 2.1]

: :
1l ey < e (11l + el (100 + el ) + el 0))
Using the Poincaré inequality with respect to x3 we conclude the proof. (]
Remark 3.8. Lemma 3.7 is valid for u = w — w, where w € {v, H}. Thus
1 2
hu =l 0 < el o IV @ =), 0 -
Moreover, if w satisfies rot w x n = 0, w - n = 0 on the boundary, then we also have
1 2

||V/ (u— ﬁ-)HLp(Q) <c Hv/u,mHzQ(Q) ||v2 (u— U—)HEQ(Q) )

where 2 < p < 6. Indeed, let g = u ;. Then
Vu-tu)=uy -0, =g-g,

where the first equality follows from (3.6);. From (3.6)2 we infer that

/a@—gymazu

—a

Since g3 — g3 = Uz 4 — Us,»r = 0 (see (3.2) and Lemma 3.1), all assumption from Lemma 3.7 are satisfied
and the Remark is proved.

Lemma 3.9. (see Theorem 1.1 in [24]) Suppose that z is a solution to the following problem

rotz = «,
divz = (3,

zxn=0 or z-n=0.
Then
Il sy < € (el gy + 18y ) .k EN.
The direct consequence of the above Lemma is the following useful inequality:

Lemma 3.10. Suppose that (w — w) € H?(2) and rotw x n =0, w-n = 0. Then

W =Wl < cllAW=W)lL,q-
Proof. We set z=w —w in Lemma 3.9. Clearly z-n =0 on S (see Lemma 3.1), thus

W = Wl g2 () < cllrot (W = W)l| g1 -

Next we set z = rot (w —w). Then z x n = 0 (see Lemma 3.1). Then, by Lemma 3.9 and the above
inequality we get

W =Wl 1120y < ¢llrot (w = )| 11y < elrotrot (w =), ) -

and since div (w — w) = 0 we conclude the proof. O
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Lemma 3.11. (Gagliardo—Nirenberg interpolation inequality, see [25]) Suppose that u: Q@ — R, Q C R™.
Fiz 1 < gq,7r < oo and m € N. Suppose that a real number a > 0 and j € N are such that

1 7 (1 m 1—a
—==4|(-——]a+——, where
P n roon q

<a<l

3|~

Then
“Dj““Lp(Q) < ¢ [D™ul

e} e’
L@ lullp, @)+ c2 llul

where s > 0 is arbitrary and the constants ¢y and co do not depend on w.

L.(Q)"

Finally, we justify why (1.1)5 does not violate the condition div H = 0.

Lemma 3.12. Suppose that H satisfy (1.1)5 and divHy = 0. Then divH =0 for allt > 0.
Proof. Let h := div H. We take div of both sides in (1.1)2 and we get

hi—viAh =0 in QT

hli=t, =0 on Q x {t =tp}.
From (3.2) we immediately deduce that

Vh-nls, = Vh-nlg, =0.
We only need to find the boundary condition for i on Sp. Using the vector identities
—A = rotrot —V div,
rot(AxB)=A(V-B)—B(V-A)+(B-V)A - (A-V)B,
we rewrite (1.1)2 in the form
H;+rot(Hxv)+v,rotrot H— v, VdivH = 0.

Multiplying this equation by n and projecting the result onto Sy, yields

1
Vh-n|g, = V—rot(Hxv)~n|5L+rotrotH-n|sL. (3.8)

K

Using the identity
div(A xB)=B-rotA — A -rotB
we see that

1 1 1
——rot(Hxv) -nlg, =—divinx (Hxv))|s, ——Hxv-rotn|g, .
v v

K K K

Now
nx(Hxv)=n-vH-(n-H)v=0
because of (1.1)45. From (3.1); we get

1 1 1
rotn S — \Y <) X ()0,:1617@#?270 S, — |:0a 07 a3161 <) Pay — 83?2 <) ¢7x1:| St
| vl ) <! ! Vel Vol ) o]

and
H - n|s, = Hiny + Hongls, =0,
v-n|g, =ving + vanals, = 0.
Thus
(Hxv); = Hyvy — Hyv = —HgZ—j (—1)1:;> — Hovy = 0.
Hence

1
—H xv-rotn|g, =0
K
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Vh-nlg, =rotrot H-nlg, .

Using (3.1) we obtain
1

rotrot H - n|5L = TV . [(HQ,IL%Q - Hl,mzrz - Hl,msms + H372?13?3) P,z

Vel

+ (H3,$2$3 - H2,$3I3 - H2,I1I1 + Hlyxle) 90,12] :
Since e3 = [0,0, 1] is tangent to S; we add to the above equality 9., (rot H x n) =0

tottotH -nls, = e (Hassey = i) oy + (g = Hain) 2.0
Using (3.3) we eventually get
rotrot H-n|g, =0,
thus
Vh-n|g, =0.
Summarizing, we get
hi—viAh =0 in QT
Vh-nlg=0 on ST,
hli=t, =0 on Q x {t =tp}.

Multiplying the first equation by h, integrating with respect to 2 and ¢t we easily see that h = 0 for all

t € (to,T) a.e. This concludes the proof.

Existence and Estimates of Solutions to Evolutionary Systems

Lemma 3.13. Let us consider the Stokes problem
vi—VvAv+Vp=F
divv =10
v-n=20
rotvxn=0

V‘t=t0 = Vi,

O
in QT
in QT
on ST, (3.9)
on ST,

on Q x {t =1tp}.

IfF € Ly(QT) and vy, € Wf_g(Q), where 1 < s < oo, then there exist a unique solution such that

v e WHHQT), Vp € Ly(QT) and

Ivllwz1 o + VDI, @r) < ¢ (

IFlmy + Vil o2 )

Sketch of the proof. An identical problem but with slip boundary conditions with friction was considered
in [26]. In cylindrical domains there is a tight relation between the Navier and slip boundary conditions,
see e.g. [27, Lemma 6.5]. If we were to follow the details from [26], we would have to make sure that the
problem for p has proper boundary conditions. Applying div to both sides of (3.9); yields

Ap=divF.

To derive the boundary conditions we multiply (3.9); by n and project the result onto S. From (3.9)34

and (3.2) we immediately obtain

—vAv-n+Vp-n=F .n

on S.
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The first term on the left-hand side is zero. Indeed, we have
—Av-n=rotrotv-n=20

because the tangential component of rotv is zero and therefore by the Stokes’ theorem the normal
component of rotrot v is zero, too. Summarizing, we have

Ap =divF in Q,
Vp-n=F-n onlf§,

which is a simpler version of Problem (2.29) from [26] (in [26] condition (3.10) reads Vp-n =F -n + b).
Therefore, the whole proof of the main Theorem in [26] can be safely repeated. O

(3.10)

Lemma 3.14. Consider the following initial-boundary value problem
H;,-v,AH=G inQT,

Hn=0 on ST,

(3.11)
rotHxn=20 on ST,
H‘t:to = Hto on ) X {t = to}

2

Assume that G € L,(Q7), Hy, € Wj_” (), 1 < p < oo. Then, there exist a unique solution H such that
He Ww2'(Q") and

IEilwzs ary < ¢ (190, 0 + B8l oz )

Sketch of the proof. Since the boundary is not smooth we proceed as follows. First we reflect H outside
Q with respect to x3. This is possible due to (3.11)2 3, which imply (3.2). In that way we obtain (3.11)
in Q:=Q x (—3a,3a).
N
In the second step we introduce a partition of unity > (x(x3) =1 on Q,ie. Q C |J,_, ysupp (. For
1=0

a given [ two situations may occur: either supp(; NS = @ or supp G NS # 0. In the first situation we
get a model problem in the whole space. In the second situation after straightening up the boundary we
obtain the model problem in the half-space. For further investigation of these model problems we refer
the reader to e.g. [28]. O

4. Basic Energy Estimates

In this Section we establish energy estimates for (v, H) and (v ,,, H ,,).

Lemma 4.1. Suppose that vi,, Hy, € Lo(2), divvy, = divHy, =0, and £ € La(to, T L (2)). Then, for
any t € (to, T) we have v, H € VL (Q!) and

2 2
1112000y + IEZp gy < cd(T). (4.1)

Proof. We multiply )1,2 by v and H, respectively, integrate over Q and add to each other

(1.1
1d 2 2 2 2
3@ <||V||L2(Q) + ||H||L2(Q)) +vrot vi[7, ) + v Irot H|[7 )
:/(H-V)H~vdx+/(H-V)v~de+/f-vdx.
Q ) Q

The sum of the two first integrals on the right-hand side is equal to zero. To the last integral we apply
the Holder and Cauchy inequalities. To get H'-norms we use Lemma 3.9. We have

d 2 2 2 2 2
i (V2 1B 0y ) ¥l ) + el ) < €17, o)
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Integration with respect to time concludes the proof. 0

Lemma 4.2. Suppose that divvy, = divH,, = 0,Vv, VH € Ly(to,¢; L3()) for any to < t < T and
5(T) < co. Then v ,, H ., € V2(Q) and

(|| Av]|? AH|?
||V,:1:3||%/20(Qt)+||H,m3||%/20(9t) Scec(l\ vz, ot |\L2(m))52(T).

To make the proof of the above Lemma more readable we introduce a temporary notation

Wi= vV, Ki=H,,
1

Differentiating (1.1)1 2 3 with respect to x3 and using (3.2) we get the following systems for w and K:

W — VAW + Vg

in Q7
=—w-Viv-(v-Viw+(K-VH+H - V)K+f,,
divw =0 in Q7
T (4.2)
rotwxn=0, w-n=090 on Si,
w =0, w3, =0 on S% and S¥,
Wli=t, = Wy, on Q x (to,T)
and
K’t - VKAK
in Q7
=K -V)v+H-V)w—(w-VH- (v-V)K
divK =0 in Q7
4.3
rotKxn=0, K:-n=0 on ST, (4:3)
K'=0, Ks,, =0 on SE and S%,
K|t=t0 = Kto on €)X (to,T)

Proof of Lemma 4.2. We multiply (4.2); and (4.3); by w and K, respectively, integrate over Q and add
to each other

1d 2 2 2 2
L (Il + T, ) 0 ot Wi, oy + 1 [0t K

— [ V) = (v O)w ok (K V)H - (H VK 4 £s)
Q
+(K-V)v+(H-V)w—(w-V)H - (v:-V)K) K] dz.
On the right-hand side we have nine terms under the integral sign. The second and the ninth terms vanish
due to (4.2)2 and (4.3)3. The fourth and the seventh terms have opposite sign. Hence
Ld
2 dt
:/ (-w-V)v-w+(K-VH-w+f,, - w)+(K-V)v-K—(w:-V)H-K)| dz.
Q

2 2 2 2
(113, + 1K1 ) + 2 ot Wl ) + v R0t K

Next, we apply Lemma 3.9 on the left-hand side and the Holder, Young and Sobolev inequalities on the
right-hand side

1d 2 2 2 2 2 2
5 7 (W13 + 1K 0 ) + ¢ (W10 + 1K) < cex (1wl 0 + 1K o)

c 2 2 2 2 2 c 2
= (W0 + 1K I2, @) (1991, 0y + IV, o)) + ez Iwlipoy + = 17, -
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Choosing €; and e; small enough we get

d 2 2 2 2
= (1917 s + NI ) + ¢ (1w ) + 1K s )
2 2 2 2 2
< ¢ (Wl 700 + 1K) (IVV1Z, 0 + IVEILL @) ) +cliEasllf, - (4.4)
The Gronwall inequality yields

||W(t)|‘i2(g) + HK(t)”QLQ(Q) < cexp (C ||Vv||iz(t07t;L3(Q)) + CHVH||2LQ(tO,t;L3(Q))) 5(T).

Integrating (4.4) with respect to time and using the above inequality along with the Sobolev inequality
ends the proof. O

5. Auxiliary Estimates

We start this section with a simple observation that follows from the Gagliardo—Nirenberg inequality.
Remark 5.1. If weset p=4,r =q=2,7=0and m =1 in Lemma 3.11, then
12l ey < IVEIZ, o IZ1E, oy + € 12 g
1920y < el D?2I12, o) 19211, ) + €192 ey -
If additionally z]pg = 0 or fQ, zda' =0, then (see e.g. [29, Ch. 2, §2, Thm. 2.2 and Rem. 2.1])
120 2ygary < NV, 1211y -

Below we prove a couple of results related to integrals corresponding to non-linear terms. We saw in
Remark 3.6 that every integral involving a non-linear term splits into four integrals. These four integrals
are estimated separately in a series of Lemmas 5.3-5.6.

Lemma 5.2. Suppose that divw =0 and rotw x n = 0. If w = (w01, W2,0), then
/(W.V)WAwdx = 0.
Q

Proof. First we note that the given integral does not depend on x3. Next, we use that —Aw = rot rot w
and integrate by parts

—/(W-V)W-Ade:Qa/ (w- V)W - rot rot w dz’
Q

’

:2a/ rot((W-V’)W)-rothx’—/ rotw xn- (w-V)wds".
Q/

’

The boundary integral vanishes due to Lemma 3.1. Moreover,

_ N Ly, _ _ o _ _ o
2a/ rot (w-V')w) -rot wdz' = 2a/ (W01,2, W1 3y + W1W1 3125 + W2,2, W12, + W21 gy
!

— — [ _ _ o _ _ /
— W1,z W2,y — W1W2 212 — W22y W2y — waQ,IQIl) (w175r2 - w27l’1) da’.

Since divw = 0 we infer that the above integral is equal to

2&/ (wl (71}1,372 - wQ,ﬂ?l),zl + w2 (lez - w2»$1)7m2> (wLwQ - 117)2711) .
’

Integrating by parts and using divw = 0 and w - n = 0 we conclude the proof. (I
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Lemma 5.3. Suppose that a € H'(Q), b, w € H?(Q) and divb = 0. Then
— - _ 2 c 2 2
/Q(a- Vb - Awdr < el|Aw|lp, ) +- (HaH@(Q) IVall ) IVl L, q) 1ADb]l L, q) + lall%, @ ||VbHL2(Q))
C 2 2
+ (HaHLg(Q) VBl 1, @) 1ABl 1, @) + VDI, 2l @) ”VaHLQ(Q)) :
Proof. In light of the Hélder and Young inequalities
[ @b Awde < A%, o) + £ 1l o VB, o
To estimate the Ly-norms we use Remark 5.1 and the Young inequality
1 1 2 1 2
_ 12 =112 s s _ =5 2
11130 [9B13, 0 = (111,00 IVaE, 0y + 18l ) (IVBN1E, 0 192BI1E, gy + [1VB ] )
_ _ -~ 21 _
<c Ha”Lg(Q) ||Va||L2(Q) HvaLg(Q) HV bHLQ(Q) + C||a||L2(Q) HVbHLz(Q)
2 - oF =2 _ _
+C||a||L2(Q) HVbHLg(Q) ||V bHLg(Q) tc HVbHLQ(Q) ||a||L2(SZ) HVallmz) :
Using divb = 0 we get l_)i,mjzi = —l_wjyzjxj for i, j € {1,2}. To conclude the proof we use Remark 3.4. O
Lemma 5.4. Suppose that a, b € {v,H}. Then

[ (@=2)-9) (b= 5) - Awds < ¢ (AWl 0 + 8B, 0

€ a4 : 2
+g ||a,x3||L2(Q) ||VaHL2(Q) ”Vb”Lz(Q) :
Proof. Using the Holder and the Young inequalities we get
- - 2 c =2 12
/Q ((a—2) ) (b~ b) - Awdr < c|Awl2, g, +  a—al, o) [V~ B2,
By the interpolation inequality between L,-spaces
_i2 So2 2 = =
a— a||L6(Q) HV(b - b)”LB(Q) <la— aHLs(Q) HV(b - b)HLQ(Q) HV(b - b)HLG(Q) ‘

Remark 3.8, the embedding theorem and the Cauchy inequality yield
—2 - -
la—allL,q) [V(b— b)||L2(Q) [V(b— b)HLG(Q)
A(b - b)|? ¢ 5 (b—b)|’
<A -B)? )+ Nl IV @~ ), ) [V B[, o
We conclude the proof using Lemma 3.10 and Remark 3.4. O

Lemma 5.5. Suppose that a, b € {v,H}. Then
/Q ((a—2) V)b A(w—w) de < e (| Aw[2, ) + [AB2, o))

¢ la i} :
+ . ||a,z3||L2(Q) ||vaHL2(Q) ||Vb||L2(Q) :
Proof. The proof is identical to the proof of Lemma 5.4. O

Lemma 5.6. Suppose that a, b € {v,H} and b satisfiesrotbxn =0, b-n =0 on Sg and on Sr. Then
_ - _ 2 2
/Q(a V)(b—b) -A(w—w)dz <e (||AW||L2(Q) + ||Ab||L2(Q)>

C 6 2
+ = lall @) IVbaslz, @) -
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Proof. Since a3 = 0 we get from the application of the Holder and the Young inequalities
_ - _ —\n2 C . _,2 s\ (12
/Q(a V)(b—=b) -A(w—w)dz <ellA(w— W7, ) . lallzy@ V' (b— b)HLS(Q) ,
where V' = [0y,, 0y,]. By Remark 3.8 we get

|V’ (b - D) < c||Vb,m3||§2(Q) |V (b —Db)

2 3
HLg(Q) HLz(Q)'

Application of the Young inequality along with Lemma 3.10 and Remark 3.4 ends the proof. (]

6. Higher Order Estimates

Lemma 6.1. Suppose that vy, Hy, € HY(Q),divv,, = divHy, = 0, and £ € Ly(QT). If §*(T) is suffi-
ciently small, then
(& 2 2
VI35 ) + 1Ell 0y < cB>(@)eH4T) (6.1)
for any t € (to,T).

Proof. We multiply (1.1); 2 by —Av and —AH respectively, integrate over {2 and add to each other

—/v,t~Ade—/H}t-Ade+u/Av-Avdx—i—un/AH-Ade
Q Q Q Q
1
z/V<p+2|H|2>~Avdz—0—/(v-V)v-Avdx—/(H~V)H-Avd:¢
Q Q Q

6
+/(v~V)H~Adef/(HoV)v~Ade7/f~Avda: =Y Ji (6.2)
Q Q Q el

In the two first integrals of the left-hand side we integrate by parts using (3.4). Thus, the left-hand side
of (6.2) is estimated from below by

1 d 2 2 2 2
S 3 (||rotv||L2(Q) + ||rotH||L2(Q)) te (||Av||L2(Q) + HAH||L2(Q)> :

On the right-hand side in (6.2) we have 6 integrals, which we denote by Ji. In light of (3.4) and
Lemma 3.1 we see that J; = 0. To estimate integrals Jo—J5 we first use Remark 3.6

Jg:/Q(\7~V)\7-A\7da?+/9((v—\7)~V)(V—\7)-Avdx

4
—I—/Q((v—\_/)-V)\_I-A(V—\_I) dx—i—/Q(V-V)(v—\_f)~A(v—x_f) dmzzmzz:ngm,

Jg,:—/(I:I-V)I:I-Ax‘/da:—/ (H-H).V)(H-H) Avds

4
—/Q((H—I_{)-V)I_{-A(v—\‘/) dx—/(ﬁ.V)(H—H)-A(v—v) do=:— > Jsm,

Q

J4:/Q(x7~V)fI~AfIdx+/Q((v—v)~V)(H—ﬂ)~AHda:

+/Q((v—\7)-V)I_{-A(H—I_{) d:c—i—/Q(\7~V)(H—H)~A(H—FI) dr =" Jim
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and

J5:—/Q(I_{-V)\‘r-AfIdx—/Q((H—I_{)-V)(v—\‘r)~Ade

4
—/Q((H—ﬂyV)VA(H—FI) dx—/ﬂ(ﬂ~V)(v—\7)~A(H—ﬁ) do == 3" Jom.

We have obtained 16 new integrals, which we estimate using various lemmas from Sect. 5. Using Lemma 5.2
we see that Jo; = 0.
Next, the Holder and Cauchy inequalities along with the following lemmas yield:

e Lemma 5.3:

2 2 c 2 4
—Ja1 < € (IIAHT, o) + 1AVII7, @) + = (IHIZ0) IVHI 0
2 2 4 2 3
+ I, o) IVELI, o+ IHEI L, ) I VEIE, ) + L) ) IV EE )
2 2 c 2 2 2
Ju < € (I8HI, q) + 1AVIE 4 0)) + = (IVEIL @) V000 19917, )

2 2 2 4 2
+ IVHI 7, ) IV, T IVEIL, @) V7,0 + VI, @ VYL, @ ||VHHL2(Q)>
and
C
—Js1 < € (IAHIZ, ) + 1AV, 0 ) + = (IHIE, o) IVEIL, @ 199117, 0)
4
+ HHHi(Q) HVVHZLz(Q) + 187, @ HVVHQLz(Q) + [Hll 1, o) IVHI| 1, () ||VV||2Lz(Q)) .

e Lemma 5.4:

9 c H 3
J22 S € ||AVHL2(Q) + E | V,I?,HLZ(Q) IlvV”Lz(Q) ’
2 2 ¢ 5 )
Ty < € ||AV||L2 o+ ||AH||L2 o) t- ||H,:C3||22 Q ||VH||L32 Q)
(@) @) * ¢ (@) )
2 c 5 3 2
i < eI AHL, 0 + 2 IVaall 0 19V, 0) I VHIL o)
and
Jso < ¢ (| AH| Av|? SN 13 o IVHIE o [I9v]?
- 52_6(” IZoe) + | VHL2(Q>)+2” sz o) IV, o) IV VI 2, )
e Lemma 5.5:

3 )
V,w:«;”Lz(Q) ||VV||L2(Q) )

2 C

Jo3 S €||Av][7, @) + |

Jas < e (I1AV]2 AH|? CUHLIE o (IVH|E

—Jss < € (I1AVI @) + 1A, q)) + = [Hay I, ) IVHIE, o

2 c H H 2

Jis < e 1AHI 0y + < Vsl 0 19V, oy IVHI

and
—Jss < e (IAHI2 o) + AV, @) ) + S [Has 13, IVHIE o IVV]?
53 = L2() Ly(Q) P 231 Lo () L2(Q) L2(Q)
e Lemma 5.6:

2 €livl® 2
Jaa < €AV, ) + = VI ) | VV.aa 70 -
2 2 ¢ 6 2
—Jsa < € (IAVIZ, ) + IAHI, @) + = IE @) IVELo, 1, 0
2 C 8 2
Jig <€ ||AHHL2(Q) * € HV”Hl(Q) ”VH,wa”LQ(Q) )

2 2 c 6 2
—Jsa < € (IAHI} 0y + 1AVIIE @) + = IH 5 o) IVV.0allF -



Vol. 20 (2018) Strong Solutions to MHD Equations in Cylindrical Domains 1029

Finally, the estimate for the last term on the right-hand side in (6.2) is straightforward

2 c 2
[ £ avar < elavi, g + S0 -
In the end we obtain

1d 2 2 2 2
5 35 (Irot vIZ 0 + lrot HIZ, o)) + (IAVIE, o) + IAHIS, g )

2 2 c 2 2
< 16 (| AVIE, 0 + IAHIT, o)) + £ (IVVIE,0) + IVHIE o))

2 2 2 2

: (HHHLQ(Q) ||VHHL2(Q) + ||H||L2(Q) ||VH||L2(Q) + ||V||L2(Q) ||VV||L2(Q) + HV||L2(Q) va||L2(Q)
4

+ VI, + ||V||iQ(Q) + ||H||i2(9) + ||HH%2(Q))

c 2 2 3 3 3 g
+ S (V91 + IVE @) ) (a1, ) + V.o ) (IVELIE, ) + 19911, )

c 2 2 6 6 c 2
te (”VH%”LQ(Q) + ”V"%Hm(m) (HVHHl(ﬂ) + ||H||H1(Q)) + Mz -

Now we chose € =

35, multiply the result by 2, apply Lemma 3.9 on the left-hand side and estimate
some Ly-norms by H'-norms and use the Young inequality on the right-hand side. We obtain

d

1t (VO oy + 1B 510 ) + ¢ (I1AVIZ, @) + IAH, q))

2 2 2 2 2 2 2 2
< ¢ (Iv13 ) + 1By ) (I ) I ) + IR ) + IV IV 33 gy + V1 )
2 2 3 S
+ ¢ (I¥lrs o+ B @) (WL )+ |

4
4 2
Vs HEQ(Q) +[H z, ”Hl(Q)Jr |

Vel @) el @)
(6.3)
Let

y(®) == (VO 1) + IHO G20y ) -
We integrate (6.3) with respect to ¢ and get

t
)+ [ (1AVE 0+ IAHO)IE, o) o

t
< C/t y(t) <||H(7')||2L2(Q) HH(T)H?P(Q) + HH(T)H?P(Q) + HV(7')||2LQ(Q) ||V(T)H12L11(Q) + ||V(7')||i11(9)) dr
0

, ¢ 4

v swp () [ (a0 + |
to<7<t to

+cEX(T).

4
V.,z3 (T)Hz?(ﬂ) + HH,xa (T)”izl(g) + Hv,xa (T)H?{l(g)) dr

(6.4)

To estimate the second integral on the right-hand side we utilize Lemma 4.2. Since 62(T) < 63 (T)) we
have by the Cauchy inequality

t
e sup () [ (B 0]
to<7<t

4 4
; 22(9) + 1V, (T)sz(g) + HH,zs(T)”?{l(Q) + V.25 (T)Hip(g)) dr
0

<c¢ sup y6(7)5%(T) + ceC(HAVHiz(Qf,)+\|AH|@2(m))6§(T).
toSTgt

(6.5)
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Using the above estimate in (6.4) and taking §(7") small enough yields

) < e [ yte) (I o B e

to
HIBO ) + VO ) VO ) + VOG0 ) ar

+c sup y°(r)63(T) + cEX(T).
to<7<t

By the Gronwall inequality

y(t) < ( sup ()03 (7) + cE2<T>)

to<T<t
t
- exp (C/t (||H(7')H2L2(Q) ”H(T)H%{l(ﬂ) + ||H(7')H12Hl(ﬂ) + ||V(T)H22(Q) ||V(7')H§{1(Q) + ||V(7')Hi11(9)) dT)
0

In light of Lemma 4.1 the above integral is bounded by ¢(1 + d?(7T'))2. Therefore, if §(T) is small enough,
then

2
y(t) < sup y(r) < BT+ M)
toSTgt

We use the above estimate along with (6.5) in (6.4). By Lemma 4.1 and the smallness of §(7") we obtain

t
c 2 2 2
sup (1) + ¢ / (IAv L0 + IAB@) ) dr < B @) CHEON (14 a?(1))* 4 B(T)
to

to<t<t
< eB*(T)ec 1+ D),
This completes the proof. ]

Remark 6.2. Using (6.1) in Lemmas 3.13 and 3.14 we obtain the following estimate
2
IVliwz1qry + [Hllp21gry) < CES(T)eC(1+d2(T)) ’

where 1 < s < +o00.

7. Proof of Theorem 1

The key tool for proving the existence of solutions to problem (1.1) is the Leray—Schauder fixed point
theorem, which we recall below following [30, §3]:

Theorem 2. Let B be a Banach space. Assume that ®: [0,1] x B — B is mapping with the following
properties:

(i) The mapping ®(A,-): B — B is completely continuous for any fived X € [0,1].
(ii) For any bounded X C B the family of mappings ®(-,x): [0,1] — B, z € X, is uniformly equicon-
tinuous.
(iii) There exists a bounded subset X C B such that any fized point of ®(\,-) in B for 0 < XA < 1 is
contained in X.
(iv) The mapping ®(0,-) has exactly one fixed point in B.

Then, ®(1,-) has at least one fized point in B.
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First we rewrite (1.1)

_ _ 1,
Vi —VAV+Vp= -\ <(v V)V — (H-V)HW5 yH|2> +f in QT

H, v, AH= -\ (—(v-V)H+ (H- V)V) in Q7

divv =0, divH=0 in QT (7.1)
rotvxn=0, v-n=0 on ST,

rotHxn=0, H-n=0 on ST,

Vii—to = Vig, Hli=¢, = Hy, on  x {t =to},

where \ € [0,1] and v, H are considered as given. We introduce the space
MmO = {u: lallz,, @r) < o0, [[Vullp,, @r) < oo, diva = O}.
3 7

We see that (7.1) determines the mapping

o: M(QT) x MQT) x [0,1] — M(QT) x Mm(QT),
o(v,H,\) = (v,H).

Lemma 7.1. Under the assumptions of Theorem 1 there exists a strong solution to problem (1.1).
Proof. We have to check all assumptions from Theorem 2.

Assumption (i). To check this assumption we will show that ®(\,-): B — B is compact and continuous.
Indeed, assume that @, w € 9(QT), where 4, w € {v, H}. Then

[(@- V)Wl 1, @r) < 1Ullz,, @) IVWIL,, @r) < [8llon@r) 1Wllon@r) -
3 d

In light of Lemmas 3.13 and 3.14 we see that the solution to (7.1) belongs to W3 (QT). Since the
embeddings

(7.2)

are compact we have justified that ® is a compact mapping.
To prove the continuity of ® we introduce

)

_ _ 1,
vh = vAVF 4 VpF = -\ ((vk V)V — (HF - V)H” + & |Hk|2> +f inQ7

HY, — v, AHY = -\ (—=(vF - V)H" + (HF - V)vF) in QT
divvF =0, divHF =0 in Q7
rotviE xn=0, vF.-n=0 on ST,
rotH* xn=0, H*.n=0 on ST,

Vk|t:t0 = Vfo, Hk|t:t0 = Hf{) on €2 x {t = t()}7
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where k € {1,2}. Let V=v! —v2 h=H!-H? P = p' —p% Then (V,h) is a solution to the problem
V,—vAV+VP=-\((V-V)vi+ (v - V)V

—(h-V)H; — (H;-V)h+h- (VH,;) + Hy - (Vh))

H, - v,AH=-\(—(V-V)H; — (V2-V)h+ (h-V)v; + (Hy-V)V) in QT

in Q7

divV =0, divh=0 in Q7
rotVxn=0, V.n=0 on ST,
rothxn=0, h-n=0 on ST,
Vl0i=ty = Vio,  hli—s, = hy, on Q x {t =to}.

From (7.2), Lemmas 3.13, 3.14 and the Holder inequality we immediately deduce

IVl + Ilsmr) < ¢ (IV 21 or) + iz qr) )
< ¢ (¥l ry + 19y amy + 1Bl + VB ar))

: (V‘_’1||L270(QT) + ”‘_IQHL%(QT) + HVIrIlnL@(QT) + Hﬂ2HL20(QT)> :
7 3

In view of Remark 6.2 and (7.2) we can estimate all terms in the second bracket in terms of data only.
This shows that

[Vllanary + [Bllon@ory < o(T, 9, data) (HVHDJI(QT) + ||BH£)JI(QT)> )
which justifies the continuity of ®.

Assumption (ii). In light of definition of ® we easily see that this assumption is met.
Assumption (iii). This follows immediately from Lemma 6.1.

Assumption (iv). To check this assumption we take two different solutions (v, H!') and (v2, H?) to (7.1)
with A = 0. Then, the pair (V,h), where V = v! —v2 h = H! — H? is a solution to the problem

Vi—vAV+VP =0 in Q7
h;—-v,Ah=0 in QT
divV =0, divh=0 in Q7
(7.3)
rotVxn=0 V-n=0 onS7,
rochxn=0, h-n=0 on ST,
Vl0t=t, =0, hl|;—y, =0 on Q x {t =to}.
Multiplying (7.3)1 2 by V, h, respectively, integrating over € yields
% % (||VH2LZ(Q) + Hh”iQ(Q)) +v vt V|7, ) + v [[rot b7, ) = 0.
Integrating with respect to ¢ gives
”V(t)lliz(ﬂ) + ||h(t)”2L2(Q) <0,
which proves that V.= h = 0 a.e. Thus, assumption (iv) is met.
O

Proof of Theorem 1. The existence of strong solutions follows from Lemma 7.1, whereas their estimate
from Lemma 6.1. The uniqueness of solutions is straightforward. O
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