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1. Introduction

In insurance mathematics, risks are usually represented by mnon-negative
bounded random variables on a given probability space. A premium principle
is a functional assigning to every risk a non-negative real number. There are
several methods of defining principles. In this paper we deal with the principle
of equivalent utility, belonging to the so-called economic methods of insurance
contracts pricing. The principle, introduced by Biihlmann [2], involves the no-
tion of a utility function and postulates a fairness in terms of utility. In order to
recall the principle, assume that w € [0,00) is an insurance company’s initial
wealth level and < is its preference relation over a family A’y of risks. Then
the relation < in a natural way induces on X} the indifference relation ~:

X~Y < (X <Y)and (Y < X)

for X,Y € X,. The principle of equivalent utility for the risk X € X is a real
number H<(X) such that

w+ H<(X) - X ~w. (1)
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This condition has the following interpretation: the company is indifferent
between rejecting the contract and entering into it. Thus, H<(X) is a minimal
price for which the insurance company would be ready to insure the risk X.

In general, the principle of equivalent utility need not exist and, even if it
exists, it need not be uniquely determined. Under the Expected Utility theory
(1) becomes

Elu(w + Hy(X) = X)] = u(w), (2)
where u : R — R is a continuous strictly increasing utility function. One can
prove that, for every X € X, there exists a unique real number H,(X) such
that (2) is valid. Therefore, Eq. (2) determines a functional on X, called the
principle of equivalent utility. For more details concerning the properties of
the principle of equivalent utility under the Expected Utility Theory we refer
e.g. to [1,2,8,14].

The principle of equivalent utility under the Rank-Dependent Utility model
and under the Cumulative Prospect Theory, has been introduced and consid-
ered by Heilpern [7] and Kaluszka and Krzeszowiec [9,10], respectively. Under
the first of these models, the premium H, 4)(X) for a risk X € A, is defined
as a solution of the equation

Eglu(w + Hy,g)(X) = X)] = u(w), (3)

where u : R — R is a continuous strictly increasing utility function and E,
is the Choquet integral with respect to a probability distortion function g.
Let us recall that ¢ : [0,1] — [0,1] is called a probability distortion function,
provided it is non-decreasing and satisfies the boundary conditions g(0) = 0
and ¢g(1) = 1. For every bounded random variable X, the Choquet integral
with respect to the probability distortion function g is defined as follows

0 00
B, [X] :/ (g(P(X > 1)) — 1) dt—i—/o g(P(X > 1)) dt. (4)

— 00
It has been proved in [4] that, if ¢ is a continuous probability distortion function
and u : R — R is a continuous strictly increasing utility function, with «(0) =
0, then for every X € X the number H, ,(X) is uniquely determined by
(3).
Under the Cumulative Prospect Theory, the premium H, 4 5)(X) for a risk
X € X is defined as a solution of the equation

Egnlu(w + Hy g, (X) = X)] = u(w) (5)
where, for every bounded random variable X,
EgnlX] = Bylmax{X,0}] — Ey[max{~X,0}] (6)

is the generalized Choquet integral related to the probability distortion func-
tions ¢ (for gains) and h (for losses). According to [4, Theorem 3.1], in the
case where w € (0,00), for every continuous and strictly increasing function
u : R — R satisfying u(0) = 0 and every continuous probability distortion
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functions g and h, Eq. (5) uniquely determines H, g5 (X) for X € A, If
w = 0, then H(, 4 )(X) is uniquely determined by (5) for every X € A if
and only if

hip)+g(1—p) >0 for pel0,1]. (7)
Furthermore (cf. [9]), we have
0< Hpgn(X)<esssup X for X €X,, (8)

Hy,g,n)(c lg)=c for ceR

and
H(%g’h)(X +c- ]19) = H(u,g,h)(X) +c for Xe X, ce [0,00)

These properties are usually referred to as: non-excessive loading, no unjus-
tified risk loading and translation invariance (or consistency), respectively.
Furthermore, as the generalized Choquet integral is monotone (cf. [9, Lemma
1]), from (5) one can easily derive that the principle of equivalent utility under
the Cumulative Prospect Theory is monotone, that is

H(u,g,h)(X) < H(u,g,h)(y) for X,Y € Xy, X <Y (9)

It turns out that, under the Expected Utility model, every functional of
equivalent utility can be uniquely extended from the family of all binary risks,
i.e. risks taking exactly two non-negative values with positive probabilities,
to X4 (cf. e.g. [5, Theorem 6]). In fact, in [5] only the case w = 0 has been
considered but, making a straightforward substitution, from [5, Theorem 6]
one can easily derive the analogous result for w > 0. In a recent paper [3],
some aspects of the extension problem for functionals of equivalent utility
under the Cumulative Prospect Theory have been investigated. In particular,
the functionals whose restriction to the family of binary risks reduces either
to the net principle or to the exponential principle, have been characterized.
Tt follows from the results in [3] that under the Cumulative Prospect Theory a
counterpart of [5, Theorem 6] does not hold. Therefore, the following question
naturally arises: does there exist a reasonable, in a sense, family of risks such
that, under the Cumulative Prospect Theory, every functional of equivalent
utility defined on this family can be uniquely extended to X;. The aim of
this paper is to show that the family of ternary risks, taking exactly three
non-negative values, one of them being 0, with positive probabilities, possesses
such a property.

2. Auxiliary results

Assume that (€, X, P) is a non-atomic probability space and X is the family
of all non-negative bounded random variables on (2, %, P). According to (5)
the premium for a given risk depends only on a probability distribution of
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the risk. Therefore, in what follows we identify the risks with their probability
distributions. Let

PS = {ﬁ = (plap21p3) 1Pp1,P2,P3 € (07 1) ip1tp2t+p3= ]‘}

Since (2,3, P) is non-atomic, for every x1,x2,23 € R, with 21 < 29 < w3,
and every p = (p1,p2,p3) € Ps, there exists a random variable X on the space
(Q,%, P) such that P(X = x;) = p; for i € {1,2,3} (cf. e.g. [12, Lemma 2.7.1]).
We denote such a random variable by (z1, z2, 23; B). Furthermore, X (3) denotes
the family of all such random variables and

X = {(0,2,y:p) : 0 < w <y, pe Ps}.

In the whole section we assume that w € [0,00), v : R — R is a strictly
increasing continuous function with «(0) = 0 and g,h : [0,1] — [0,1] are
continuous distortion functions such that g(p), h(p) € (0,1) for p € (0, 1). Then
(7) is satisfied and so, as we have already noted, the principle of equivalent
utility H,, g5y is uniquely defined by (5). Applying (4) and (6), we get that,
if X = (21,20, 23;p1,02,p3) € X, then

Egn[X] = (1—=g(p2+p3))z1+(9(p2+p3) —g(x3))r2+g(ps)zs if 21 >0, (10)
Egn[X] = h(pr)zy + (9(p2 + p3) — g(p3))z2 + g(ps)rs if x1 <0<, (11)
Egn[X] = h(p1)z1 + (h(p1 + p2) — h(p1))ze + g(ps)zs if 20 <0 <23 (12)

and

Egn[X] = h(p1)z1 + (h(p1 + p2) — h(p1))z2 + (1 — h(p1 + p2))zs if 23 <O0.
Let

T :={(z,y) € (0,00)? : & < y} (13)

and, for every p € Ps, let ¢p, ¢ : T'— R be defined as follows
dp(2,y) = w4 Hey g ny((0,2,;0)) —x for (2,y) €T, (14)
Up(z,y) = w+ Hiygn((0,2,y:D) —y for (z,y) €T. (15)

Obviously, we have

VYp(z,y) < dp(a,y) for (x,y) €T, p € Ps,

and
Yp(z,y) — dp(z,y) =2z —y for (x,y) €T, pe Ps. (16)
Moreover, in view of (8), we get
w—z < ¢p(z,y) <w4+y—x for (z,y) €T, pePs (17)
and
w—y < Pp(z,y) <w for (v,y) €T, b e Ps. (18)

Lemma 2.1. Let (z,y) € T and p = (p1,p2,p3) € Ps. Then:
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(i)

Yp(a,y) >0 (19)
if and only if
(9(p1 +p2) — g(p1))uly — ) + g(p1)uly) < u(w); (20)
(i)
Yp(z,y) <0< ¢p(z,y) (21)

if and only if
h(pz)u(z —y) + g(p1)u(z) < u(w) < (g(p1 +p2) — g(p1))uly — ) + g(p1)u(y);

(22)
(iil)
dp(z,y) <0 (23)
if and only if
u(w) < h(ps)u(z —y) + g(p1)u(x). (24)

Furthermore, the left (right) inequality in (21) is strict if and only if so is
the right (left) inequality in (22).

Proof. Let X := (0, z,y; D) and let dx : R — R be given by
dx(t) = Egplu(w+t — X)] —u(w) for teR.

Since the generalized Choquet integral is monotone and wu is strictly increas-
ing, dx is non-decreasing. Furthermore, as g(p),h(p) € (0,1) for p € (0,1),
applying [4, Lemma 3.3] we conclude that dx is injective. Hence, dx is strictly
increasing. Moreover, we have 0 < u(y — ) < u(y), u(z —y) < 0 < u(zx),

u(y — X) = (0, uly — x),u(y); ps, p2, 1)
and
w(x — X) = (u(x —y),0,u(x); ps, p2, p1)-
Thus, considering (10) and (11), we obtain
dx (y—w) = Egnlu(y—X)]—u(w) = (g(p1+p2)—g(p1))uly—=)+g(p1)uly) —u(w)
and
dx (x —w) = Egnlu(z — X)] —u(w) = h(ps)ulz —y) + g(p1)u(z) — u(w),

respectively. On the other hand, considering (5), from (14) and (15) we derive
that

dx (¢p(x,y) + 2 —w) = dx (Vp(2,y) +y — w) = dx (Hu,g,n) (X)) = 0.

Therefore, as dx is strictly increasing, we obtain (i)—(iii) as well as the second
part of the assertion. O

Corollary 2.2. Assume that (z,y) € T and p = (p1,p2,p3) € Ps.
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(i) If (20) holds, then
(1 —g(p1 + p2))up(w,y)) + (g(p1 + p2) — g(p1))u(Pp(z,y))

(25)
+9(p1)uldp(z,y) + ) = u(w).
(i1) If (22) is valid, then
h(ps)u(Pp(z, ) + (9(p1 +p2) — g(p1))ul(ep(z, y)) 26)
26
+9(pr)u(p(z,y) + 2) = u(w).
(iil) If (24) holds, then
h(ps)u(vp(z,y)) + (h(p2 + ps) — h(ps))u(dp(z, y))
(27)

+9(p)u(p(z,y) + 2) = u(w).
Proof. Let X := (0,x,y; D). Then, in view of (14)-(15), we get
w + H(u,g,h)(X) -X = <1/)T7(x7y)7 %('xay)7 ¢ﬁ(x7y) + $§p37p27p1>-

Moreover, as w € [0,00), from (8) and (14) we derive that ¢p(z,y) + = =
w4 Hy,g.1)(X) > 0. Therefore, making use of (5) and (10)-(12), in view of
Lemma 2.1, we obtain assertions (i)—(iii). O

Lemma 2.3. Assume that w > 0 and put L = lim,_,o u(x).

(a) If L = oo, then for every D € Ps there exists (x,y) € T such that

Vp(e,y) <0 < dp(,y). (28)
(b) If L < 00 and p = (p1,p2,p3) € Ps is such that
9(1 —p3) > u(w)/L, (29)

then (28) is valid for some (z,y) € T.
(¢) If L < 0o and (21) is satisfied for some p = (p1,p2,p3) € P3 and (z,y) €
T, then (29) holds.

Proof. (a) If L = oo, then taking x € (0,w) and sufficiently big x € (0,w), we
conclude that (x,y) € T and (22) holds, with both inequalities being strict.
Thus, according to Lemma 2.1(ii), (28) is valid for such (z,y).

(b) Assume that L < co and p € P is such that (29) holds. Then, for every
x € (0,00), we have

S ((9(p1tp2)—g(p1))uly—2)+g(p1)uly)) = g(p1+p2) L = g(1=ps) L > u(w).

Thus, for every z € (0,w) and sufficiently big y € (w, 00), (22) is valid, with
both inequalities being strict. Hence, applying Lemma 2.1(ii), we conclude that
(28) holds for some (z,y) € T.
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(c) Assume that L < oo and (21) holds for some p = (p1,p2,p3) € P3 and
(z,y) € T. Then, according to Lemma 2.1(ii), (22) is satisfied and so

u(w) < (g(p1+p2) —g(p1))u(y —z) +g(p1)u(y) < g(p1+p2)uly) < g(1—ps3)L.
Thus, (29) is valid. O

Lemma 2.4. For every D € Ps, the functions ¢p and 5 are conlinuous.

Proof. Let p € Ps. In view of (16), it is enough to show that ¢ is continuous.
Furthermore, it follows from (9) and (14) that ¢ is monotone in y for each
z. Thus, in order to prove the continuity of ¢p, it suffices to show that it
is continuous in x and y separately. Since in both cases similar arguments
work, we prove only the continuity of ¢ in x. Suppose that, for some y €
(0,00), ¢5(-,y) is not continuous at the point x € (0,y). Then there exists
a sequence (z, : n € N) of elements of (0,y) such that lim,, . z, = = but
(¢5(n,y) : n € N) does not tend to ¢p(z,y). According to (17), the sequence
(¢p(xn,y) : n € N) is bounded, so there exists a subsequence (z,, : k € N) of
the sequence (z,, : n € N) such that lim_.o ¢p(zn,,y) =: d # ¢p(z, y). Note
that, in view of (16), we have

klim Vp(@n,,y) =d+z—y. (30)
Moreover, the following three cases are possible:
L ¢p(z,y) 20,
2. %(xay> < O < QSP?(I,y),
3. ¢p(z,y) <0.

Case 1 1If p(z,y) > 0, then in view of Lemma 2.1(i), (20) is valid and so, for
sufficiently big k € N, we get

(9(p1 + p2) — g(p1))uly — zn,) + g(pr)uly) < u(w).
Furthermore, applying Corollary 2.2(i), we obtain (25) and

(1= g1 + p2))u(p(zn,,y) + (9(p1 + p2) — 9(p1))u(dp(Tny, v)) 1)
31

+9(p1)u(dp(Tny,y) + Tny) = u(w)

for sufficiently big k € N. Letting k — oo in (31) and subtracting the equality
obtained this way from (25), in view of (30), we get

(1= g(p1 + p2)) (u(¥p(z,y)) —u(d + 2 —y))
+(g(p1 + p2) — 9(p1)) (w(p(z,y)) —u(d))

+ 9(p1) (w(dp(z,y) + ) — u(d + z)) = 0.

On the other hand ¢ is non-decreasing, with g(p) € (0,1) for p € (0,1), and u
is strictly increasing. Thus, making use of (16), we conclude that the left hand
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side of the last equality is positive whenever d < ¢5(x,y), and it is negative
whenever d > ¢5(x,y). This yields a contradiction.

Suppose that ¢¥5(z,y) = 0. Then, in view of (16), ¢5(z,y) =y —x > 0 and
so, applying Lemma 2.1(i) and Corollary 2.2(i), we obtain

h(ps)u(z —y) + g(p1)u(z) < u(w) (32)

and
(9(p1 +p2) — 9(p1))uly — ) + g(p1)uly) = u(w). (33)
If d > y — x, then making use of (30), we get limy_ o ¥p(2n,,y) > 0. Hence,
for sufficiently big k € N, we have ¢p(zn,,y) > 0 and so, according to
Lemma 2.1(i) and Corollary 2.2(i), (31) holds. Thus, passing in (31) to the

limit as kK — oo and subtracting the obtained equality from (33), in view of
(30), we get

(9(p1 +p2) — g(p1))(uly — z) — u(d))

+9(p1)(u(y) —u(d +2)) = (1 = g(pr + p2))u(d + 2z —y) = 0.

However, as u is strictly increasing and ¢ is non-decreasing, with g(p) € (0,1)
for p € (0,1), the left hand side of this equality is negative, which gives a
contradiction.

If d < y— x, then in view of (30), we get limy_ o ¢5(2y,,y) < 0. Thus
Yp(zn,,y) < 0 for sufficiently big k& € N. On the other hand, making use of
(32), for sufficiently big k£ € N, we get

h(p3)u(Tn, —y) + g(p1)u(z,,) < u(w)

whence, by Lemma 2.1(ii), ¢5(xn,,y) > 0. Therefore, applying Lemma 2.1(ii)
and Corollary 2.2(ii), we get

h(p3)u(Vp(Tn,, y)) + (9(p1 + p2) — 9(p1))w(Pp(2n, s y))
(34)
+9(p1)u(dp(Tn,, y) + 2n,) = u(w)
for sufficiently big k € N. Letting in the last equality ¥ — oo and subtracting
the obtained equality from (33), in view of (30), we obtain

(9(p1 +p2) — 9(p1))(u(y — ) — u(d))

+9(p1)(u(y) — u(d + ) — h(ps)u(d +z —y) = 0.

Since d < y — x, arguing as previously, we conclude that the left hand side of
this equality is positive, which yields a contradiction.

Case 2 Applying Lemma 2.1(ii) and Corollary 2.2(ii), we obtain (22), with
both inequalities being strict, and (26). Hence, we have

h(ps)u(n, —y)+9(p1)u(zn, ) < uw(w) < (g(p1+p2)—9g(p1))u(y—zn,)+9(p1)uly)
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for sufficiently big k € N. Therefore, according to Corollary 2.2(ii), for suffi-
ciently big k € N, we get

h(p3)u(Vp(n,, y)) + (9(p1 +p2) — 9(p1))w(Pp(Tn,, )

+9(p1)w(Pp(ny,y) + @ny) = u(w).

Thus, making use of (26) and arguing as in the previous case, we obtain
h(ps)(u(tp(z, y)) — u(d + z —y)) + (9(p1 + p2) — 9(p1)) (u(dp(z,y)) — u(d))

+9(p1)(u(p(z,y) + 2) — uld + 2)) = 0,

which gives a contradiction.
Case 3 If ¢p(x,y) < 0, then according to Lemma 2.1(iii), we have (24).
Thus

w(w) < hips)u(@n, —y) + g(pr)u(en,)

for sufficiently big k € N. Furthermore, applying Corollary 2.2(iii), we obtain
(27) and

h(p3)u(%($nk,y)) + (h(pQ +p3) - h(p?)))u(¢z7($nk7y))

+ g(pl)u(%(xnk ’ y) + xnk) = u(w)

for sufficiently big k € N. Hence, repeating the arguments from the first case,
we get

h(ps) (u(vp(z, y)) — u(d + z —y)) + (h(p2 + ps) — h(ps)) (u(dp(z,y)) — u(d))

+9(p1)(w(¢p(2, y) + ) — u(d + 2)) = 0,

which yields a contradiction.
If ¢5(z,y) = 0, then in view of (16), Y5(z,y) = v —y < 0. Hence, according
to Lemma 2.1(ii) and Corollary 2.2(ii), we have

u(w) < (g(p1 +p2) — g(p1))uly — ) + g(p1)u(y) (35)
and
h(ps)u(z —y) + g(p1)u(z) = u(w). (36)
It follows from (35) that, for sufficiently big k € N,
u(w) < (g9(p1 +p2) — 9(p1))uly — zn,) + 9(P1)u(y)

whence, in view of Lemma 2.1(iii), ¥5(zp,,y) < 0. Therefore, if d > 0, then for
sufficiently big k € N, we have ¥5(x,,,y) < 0 < ¢p(x,,,y) and so, according
to Lemma 2.1(ii) and Corollary 2.2(ii), (34) holds. Passing to the limit in (34)
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as k — oo and subtracting the equality obtained this way from (36), in view
of (30), we get

h(ps)(u(z —y) —uld + 2 —y)) + g(p1)(w(z) - u(d + z))

= (9(p1 +p2) — g9(p1))u(d) = 0.

Since d > 0, the left hand side of this equality is negative and so we get a
contradiction.

If d < 0, then ¢5(zp,,y) < 0 for sufficiently big k& € N. Thus, applying
Lemma 2.1(iii) and Corollary 2.2(iii), we conclude that

h(p3)u(p(xn,,y)) + (h(p2 + p3) — h(ps))u(dp(2n, . y))

+9(V)u(dp(Tn,,y) + Tny) = u(w)

for sufficiently big k& € N. Hence, arguing as previously, we obtain

h(ps)(u(x —y) —uld+z —y)) + g(p1)(u(z) — u(d + ))

= (h(p2 + p3) — h(p3))u(d) = 0.
However, as d < 0, the left hand side of the last equality is positive. So, we
have a contradiction.
This proves the continuity of ¢5(-,y) at x. O

Lemma 2.5. Letp € Ps.
(a) If w =0, then for every y € (0,00), 0 is an interior point of ¢5((0,y) X

{y}).

(b) If w > 0, then for every y € (0,w), w is an interior point of ¢5((0,y) x

{y})-

Proof. Note that, for every y € (0,00), we have

Jim (h(ps)u(x —y) +g(pr)u(@)) = g(pr)uly). (37)
tim (h(ps)u(z —y) + g(p1)u(z)) = hips)u(-y) (38)

and

lim ((g(p1 +p2) = g(p1))uly — 2) + 9(p1)uly)) = g(p1 + p2)uly).  (39)

x—0

Therefore, if w = 0, then taking an arbitrary y € (0,00), from (37) we derive
that, for € (0,y) sufficiently close to y, (24) is valid. Thus, according to
Lemma 2.1(iii), (23) holds for some z € (0,y). Furthermore, as u is strictly in-
creasing, making use of (38) and (39), we obtain that, for z € (0, y) sufficiently
close to 0, (22) is satisfied, with both inequalities being strict. So, applying
Lemma 2.1(ii), we conclude that ¢z(x,y) > 0 for some x € (0,y). Hence, as
¢p is continuous, 0 belongs to the interior of ¢5((0,y) x {y}).
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Now assume that w > 0 and fix y € (0,w). Then, for every z € (0,y),
(20) is satisfied and so, according to Corollary 2.2(i), (25) holds. Suppose that
op(x,y) > w for € (0,y). Then, in view of (16) and (17), we get

oy #p(:0) = i vplmy) = w.

Hence, letting in (25) x — y—, we obtain g(p1)(u(w + y) — u(w)) = 0. Since
u is strictly increasing and g(p;) > 0, this yields a contradiction. In this way
we have proved that ¢z(z,y) < w for some = € (0,y). On the other hand, if
¢p(x,y) < w for z € (0,y), then applying (17), we get lim, .o+ ¢p(x,y) = w.
Thus, in view of (16), we have lim, o+ ¥5(x,y) = w — y and so, letting in
(25) z — 0%, we obtain (1 — g(p1 + p2))(u(w — y) — u(w)) = 0. Since u is
strictly increasing and g(p1 + p2) < 1, this gives a contradiction. Therefore
¢p(x,y) > w for some z € (0,y) and so, as ¢ is continuous, w is an interior

point of ¢5((0,y) x {y}). O

Lemma 2.6. A family {¢5(T) : D € Ps} is a cover of [w,00) and a family
{¥p(T) : D € P} is a cover of (—oo,w), that is

[w,00) € | ¢p(T) (40)
PEPs
and
(—o0,w) € | ¢p(T), (41)
PEPs
respectively.

Proof. In order to prove (40), fix (z,y) € T. Since g and h are continuous,
with g(0) = 0 and h(1) = 1, in the case where w = 0, for sufficiently small
p1,p2 € (0,1), we have

h(1=p1—p2)u(z—y)+g(p1)u(z) <u(w) <(g(p1+p2)—g(p1))u(y—z)+g(p1)u(y).
Hence, applying Corollary 2.2(ii), we obtain
h(]- —DP1— pQ)U(z/}(pl,pQ,l—pl—pQ)(‘r? y))

+ (g9(p1 +p2) — 9(P1) U D(p1 2.1 —p1—p2) (T, Y))

Jrg(pl)u((b(php%l—pl—m)(xa y) + .CC) = u(w)
for sufficiently small p1,ps € (0,1). Thus, taking into account (17) and (18),
we get

lim u(dj(m ,D2,1—p1—p2) (93, y)) = U(w)
p1,p2—0F

Since u is a continuous, strictly increasing function, this implies that

lim 1/J(P1»p271—P1 —p2) (:L’, y) =w. (42)

p1,p2—0+F
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If w > 0, then for sufficiently small py,ps € (0,1), (20) holds and so, applying
Corollary 2.2(i), we get

(1= g(p1 + p2))u(¥(py pa,1—p1—po) (%, 1))
+ (g(pl + p2) - g<p1>)u(¢(p1,p2,1fplfp2)(x’ y))

+g(pl)u(d)(;ﬂhpz,l—lh—;ﬂz)(‘Ty y) + .Z’) = u(w)

Thus, repeating the previous arguments, we obtain (42). In this way we have
proved that (42) holds for every (x,y) € T. Therefore, taking z¢ € [w, o0) and
(x,y) € T, with y — x > 29 — w, in view of (16), we get

lim ¢(1*P1*p2,1711p2)<x’ y) = lim (w(17p17p27p1’p2)(m, y) ty-— x)
p1,p2—0+F p1,p2—0F

=w+Yy—x> 2.

Hence, there exists p € Ps such that ¢p(x,y) > x¢. On the other hand, from
Lemma 2.4 and Lemma 2.5 we deduce that ¢5(T) is connected and w is its
interior point, respectively. Thus zy € ¢5(T"), which proves (40).

Now, we show that (41) holds. To this end, fix z¢ € (—oo,w). Let (z,y) € T
be such that < w and y > max{w,w — xo}. Then, for sufficiently small
p2,p3 € (0,1), we have

h(p3)u(z —y) + g(1 — p2 — p3)u(r) < u(w)

< (9(1 —p3) —g(1 — p2 — p3))uly — =) + g(1 — p2 — ps)u(y)
and so, applying Corollary 2.2(ii), we obtain

h(p3)u(¥(1—ps—ps.pa.ps) (T, ) + (9(1 = p3) — g(1 = p2 — P3))u(P(1—ps—ps.p.ps) (T, Y))

+g(1—p2— p3)u(¢(1*P2*P3»P2;P3)(x7y) +z) = u(w).

Thus, arguing as previously, we get

lim u(qb(l*m*m,}?zxpz)(xv y) =+ 1‘) = u(w)
p2,p3—0+

and so

lim ¢(1—P2—P3,P27P3)(x’ y) =w-—2.
p2,p3—0t

Hence, considering (16), we obtain

lim w(l—Pz—P37P27P3)(‘T7 y) =w —y < To.
p2,p3—0t

So, there exists p € Ps such that ¢5(x,y) < zo. Furthermore, in view of
(18), we get lim, o+ ¥5(y/2,y) = w. Since, in view of Lemma 2.4, ¢5(T) is
connected, this means that zy € ¢5(T") and so, (41) is proved. O
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Lemma 2.7. Let p = (p1,pa,p3) € Ps and Fy : T — R? be defined as follows

Fﬁ(x’ y) = (¢17(x7 y)’ wﬁ(xv y)) for (l‘, y) eT. (43)
Then F5(T') is open.
Proof. It follows from Lemma 2.4 that Fy is continuous. We show that it is

injective. Suppose that Fp(x1,y1) = Fp(x2,y2) for some (z1,y1), (x2,y2) € T
Then

bp(21, Y1) = dp(w2,2) (44)
and

V@1, y1) = ¥p(w2, y2). (45)
Therefore, applying Lemma 2.1 and Corollary 2.2, we obtain

g(p)u(dp(z1,y1) + 1) = u(w) — yu(dp(z1,y1)) — ou(p(z1,y1))
= u(w) — yu(dp(x2,y2)) — du(vp(zr2, y2)) = g(p1)u(dp(r2, y2) + 22),

where
— g(p1 +p2) —g(p1) whenever ¢5(21,91) >0,
. h(p2 + ps3) — h(ps) otherwise
and
5= 1 —g(p1 +p2) whenever ¢p(x1,y1) >0,
’ h(ps) otherwise.

Thus, as u is strictly increasing and g(p1) > 0, we get

Op(x1,91) + 1 = dp(z2,y2) + x2.

Hence, in view of (44), we obtain 21 = xo. Furthermore, considering (16), (44)
and (45), we conclude that

Y1 = ¢p(z1,y1) — Yp(z1,v1) + 21 = ¢p(x2,y2) — Vp(w2, y2) + T2 = Yo,

which completes the proof of the injectivity of Fj.
Now, as Fy is continuous and injective, applying the Invariant Domain
Theorem, we obtain that F5(7") is open. O

The following lemma, concerning the solutions of the general linear equation
on a region, will play an important role in the proof of our main results. For
more details concerning the general linear equation we refer to [11, Chapter
13.10].

Lemma 2.8. Assume that D is a nonempty, open and connected subset of R?,
f + R — R is a nonconstant continuous function, a,b,A,B € R\{0} and
c¢,C € R. Then f satisfies the equation

flax+by+c)=Af(x)+ Bf(y)+C for (z,y) €D (46)
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if and only if there exist v € R\{0} and p1, 02 € R such that

fla)= Lot for we Dy, (47)
f(z) = %})I + B2 for x € Do (48)

and
flx)=~(x —c)+ A1+ B2+ C for xz € {as+bt+c:(s,t) € D}, (49)

where

Dy :={zeR:(x,y) € D for somey € R}
and

Dy :={y eR: (x,y) € D for some x € R}.
Proof. Assume that f satisfies (46). Replacing in (46) z and y by x/a and y/b,
respectively, we conclude that a triple of functions (f1, fo, f3), where fi(z) =
Af(xz/a) for x € R, fao(x) = Bf(x/b) for x € R and f3(x) = f(x 4+ ¢) — C for
z € R, satisfies the Pexider equation

f(o+y) = ful@) + faly) for (z,y) € (a,b)- D,

where (a,b) - D := {(as,bt) : (s,t) € D}. Moreover, f; for i € {1,2,3} are
nonconstant continuous functions and, as D is nonempty, open and connected,
so is (a,b) - D. Therefore, applying [11, Theorem 13.3.5] and [13, Theorem 1],
we obtain that there exist v € R\{0} and 41, d2 € R such that

filz) =~yx+86 for z€a-Dy:={as:s € D1},

fa(x) =~yx + 02 for w€b-Dy:={bt:te Dy}
and

fa(x) =y + 6+ for x € {as+0bt: (s,t)€ D}.

Hence, considering the definitions of f1, fa and f5, we get (47)—(49) with
51 = 61/14 and /82 = 52/3

The converse is easy to check. O

We complete this section with one more result, which will be useful in our
further considerations.

Lemma 2.9. Let I C R be an open interval and let ui,us : R — R be strictly
increasing functions. Assume that, for every x € I, there exist a, € R\{0},
Bx €R and r, € (0,00) such that

uz(z) = apuy(2) + B for z€ Uy :=(x—ry,x +1y). (50)
Then there exist o € R\{0} and 8 € R such that
ug(z) = aui(z) + 08 for zel. (51)
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Proof. 1t is enough to show that, for every z,y € I, we have a, = a, and
By = By. To this end, fix z,y € I. Let 2z, € U, and 2z, € Uy. According to
[6, Lemma 2.4], there exist n € N and xg, z1,...,x, € I such that z, € Uy,
2y € Up, and Uy, , NU,, # 0 for i € {1,...,n}. Thus, in view of (50), we get

azu1(2) + By = agour(2) + Bz, for z € Uy NU,,. (52)

Hence, if o, and ay, were different, then we would have

ui(z) = Bag = Bo for z € U, NUyg,,
Qg — Qg
which is not possible, as U, N U,, is a nonempty open set and wu; is strictly
increasing. Thus «a,, = a, and so, in view of (52), 8;, = Bz. Then, we have

Qzo1(2) + By = gy ur(2) + B, for z € Uy, NU,,.

Hence, arguing as previously, we obtain that a,, = a,, and 85, = B4,. There-
fore, oy = o, and [y = B, . Repeating this procedure, we conclude finally
that o, = oy and B, = 3,. O

3. Main results

The following three theorems, concerning the extension problem for functionals
of equivalent utility under the Cumulative Prospect Theory, are the main
results of the paper.

Theorem 3.1. Let w € [0,00). Assume that, for i € {1,2}, u; : R - R is a
strictly increasing continuous function with u;(0) =0 and g;, h; : [0,1] — [0, 1]
are strictly increasing continuous probability distortion functions. Furthermore,

assume that Hy,, g, n,y and Hy, g, n,) are the functionals of equivalent utility,
defined by (5), such that

Huy gri)(X) = Hiug gy (X) for X € X2, (53)

(a) If w =0 or lim,_ ui(z) = 00, then g1 = go, h1 = hy and there exists
a € (0,00) such that

us(x) = auy(z) for x €R. (54)

(b) If w > 0 and L := lim,_, ui(x) < oo, then g1 = go and there exist
a, B € (0,00) such that
B _
ha(p) = ahl(P) for pel0,1—g; " (ur(w)/L)] (55)
and

_ Jauw(z) for xe€ (—o0,0),
uz(x) = {5u1(x) for x €]0,00). (56)
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Proof. Let T be given by (13) and let, for every p € Ps and 7 € {1,2},
gi)g), 1/11(;) : T — R be defined as follows

0 (@,y) = w + Hu, g, (0,2,5:5)) —x for (z,3) €T,
wg)(xay) =w+ H(ui,gi,hi)(<07x7y;ﬁ>) ) for (xay) € Tv

respectively. Then, in view of (53), for every p € Ps, we have ¢ := qﬁ(ﬁl) = gbg)
and ¢y = 1/11(71) = 7,/)%2). Furthermore, for every p € Ps, define Fp: T — R? by
(43).

First we show that (56) holds for some o, € (0,00). To this end, fix
xo € R\{0}. If 9 > w, then in view of (40), there exists p = (p1,p2,p3) € Ps
such that zg € ¢5(T). Moreover, applying Lemma 2.7, we obtain that the set
{y € R: (z0,y) € F5(T)} is nonempty and open. Thus, (z9,y0) € Fp(T) for
some yo € R\{0}. In the case where yo > 0, there is r,, > 0 such that

B((0,Y0): Tzo) = (0 = Tags @0 + T29) X (Y0 = Tgs Yo + 70) € F(T) N (0, 00)°.
Therefore, taking (z,y) € B((zo,¥0),7z,) and putting (s,t) := Fﬁ_l(x,y),
in view of (43), we get ¢p(s,t) > 0. Hence, according to Lemma 2.1(i), for
i €{1,2}, we have
(9i(p1 + p2) = gi(p1))us(t — 8) + gi(pr)wi(t) < ui(w)
and so, applying Corollary 2.2(i), we obtain
ui(¢p(s,t) + s)

[ui(w) = (1 = gi(p1 + p2))ui(¥p(s, 1) = (gi(p1 + p2) — 9i(P1))ui(¢p(s, t))]

gi(p1)
1
= m[ui(w) — (1= gi(p1 + p2))ui(y) — (gi(p1 + p2) — gi(p1))ui(z)].
Thus. setting q = 9®P=91(1+p2) 4 . 92(p)=g2(prtp2) . g1(patpz)—1
’ ga: g1(p1) ’ ’ g2(p1) L gi(p1) 7

-1 u(w ug (w
B:= t%, c:= gll((pl)) and C := 922((]01)),f0r every (z,y) € B((%0,Y0), "z )s
we ge

uy Hauy (@) + bu (y) + ¢) = uy ' (Aus(z) + Bua(y) + C).
Therefore, a function
fi=ugou! (57)
satisfies Eq. (46) with
D= {(ui(2), ur(y)) : (z,9) € B((x0,40),70)}-

Moreover, as u; is a continuous injection, D is open and connected. Thus,
according to Lemma 2.8, there exist oy, € R\{0} and 8,, € R such that

f(x) = agyr + By, for € ui((zo — rag, To + 7a0))-
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Hence, in view of (57), we get
uz(x) = agour(x) + Bry for x € (xg — r2g, To + T )- (58)
In the case where yo < 0 there exists r,, > 0 such that
B((x0,Y0):Tze) C Fp(T) N [(0,00) X (—00,0)].

Furthermore, arguing as previously, we obtain that the function f, defined

by (57), satisfies Eq. (46) with a, A, ¢, C' and D as above, b := —Zigf)) and

B = —%. Hence, (58) holds with some «,, € R\{0} and ., € R.

If 2y < w, then in view of (41), there exists p € Ps such that z¢ € ¢¥5(T) .
Thus, repeating the previous procedure, we conclude that (58) is satisfied with
some oy, € R\{0} and f,, € R. .

In this way we have proved that for every x € R\{0} there exist o, € R\{0},
By € R and r,, € (0,00) such that (50) is valid. Thus, as u; and ug are strictly
increasing and continuous, with uq(0) = u2(0) = 0, applying Lemma 2.9 with
I = (0,00) and then with I = (—o00, 0), we obtain that there exist a, 8 € (0, )
such that (56) holds.

In the remaining part of the proof we consider two cases:

1. w=0,
2. w>0.

Case 1 Let p = (p1,p2,p3) € P3 and y € (0,00). Then, according to
Lemma 2.5, ¢5(z,y) = 0 for some = € (0,y). Thus, in view of (16), we have
Yp(z,y) = ¢ —y < 0. So, applying Lemma 2.1(ii) and Corollary 2.2(ii), we
obtain

hi(ps)ui(x —y) + gi(p1)ui(x) =0 for i€ {1,2}.
Hence, considering (56), we get

ha(ps) _  wa(x) B wi(x) _ Bh(ps)

92(p1) up(z—y) awm(z—y) aglp)
Since p = (p1,p2,p3) € Ps is fixed arbitrarily, this means that

ha(ps) _ B g2(p1)
hi(ps) — agi(p1)
Thus, taking ¢1,¢2 € (0,1) and p € (0,min{l — ¢; : i € {1,2}}), we obtain

ha(q) _ Bg2(p) _ ha(ge)
hi(g)  agi(p)  Thilge)’

which means that the function hj /hs is constant on (0, 1). Since, for i € {1,2},
h; is continuous, with h;(1) = 1, this implies that hy = hy. Furthermore, from
(59) we derive that % = % for p € (0,1). Therefore, using the fact that, for
i € {1,2}, g; is continuous and g;(1) = 1, we get = . Hence g; = g2 and,
considering (56), we obtain (54). This completes the proof in the case w = 0.

for pi,p3 € (0,1), p1 +p3 < 1. (59)
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Case 2Fix D = (p1,p2,p3) € Psand y € (0,w). Then, in view of Lemma 2.5,
there exists « € (0,y) such that ¢5(z,y) = w. Moreover, making use of (16), we
get Y5(x,y) = w+xz—y > 0. Thus, applying Lemma 2.1(i) and Corollary 2.2(i),
for ¢ € {1,2}, we obtain
(L=gi(pr +p2))ui(w+z—y) +(9i(pr +p2) — gi(p1))ui(w) + gi(p1)ui(w+ ) = ui(w).
Hence

1—gi(p1+p2) _  wi(w) —wi(w + )
9i(p1) ui(w+ 2 —y) — ui(w)
Therefore, since p = (p1,p2,p3) € Ps is fixed arbitrarily, in view of (56), we
get

for i€ {1,2}.

1—gi(pr+p2)  1—g2(p1+p2)
g1(p1) 92(p1)
Thus, as g; and g are continuous, taking p; € (0,1) and letting p; — 0T, we
obtain that g1(p1) = g2(p1). Since g;(0) = 0 and ¢;(1) = 1 for ¢ € {1, 2}, this
implies that g1 = go.
Suppose that p = (p1,p2,p3) € Ps is such that (28) holds for some (z,y) €
T. Then, in view of Lemma 2.1(ii) and Corollary 2.2(ii), for ¢ € {1, 2}, we get

hi(p3)ui(Vp(; y)) + (i (pr+p2) — gi(p1))ui(Pp(2, ¥)) +9i(p1)ui(¢p(2, y) +2) = wi(w).

Since g1 = g2, making use of (56), from the last equality one can easily derive
that

for py,p2 € (0,1), p1 +p2 < 1.

ha(p3) = ghl (p3)- (60)

Now, if lim,_. o u1(z) = oo, then applying Lemma 2.3(a), we conclude that
(60) holds for every p3 € (0,1). Since, for i € {1,2}, h; is continuous with
h;(1) = 1, letting in (60) ps — 1~ we obtain that 8 = a. Thus, in view of (56)
and (60), we get (54) and hy = ha, respectively. If L := lim,_, o u1(2) < oo,
then according to Lemma 2.3(b), (60) holds for every ps € (0,1) such that
91(1 — p3) > uy(w)/L. As hy and hy are continuous, this implies (55). O

Theorem 3.2. Let w € [0,00). Assume that, for i € {1,2}, u; : R — R is a
strictly increasing continuous function with u;(0) = 0 and g;, h; : [0,1] — [0, 1]
are strictly increasing continuous probability distortion functions. Furthermore,
let Hy, g, n) fori € {1,2} be the functionals of equivalent utility, defined by
(5). If

(i) g1 = g2, h1 = ha and (54) holds with some o € (0, 00)
or

(il) w > 0, L :=lim,;— o u1(z) < 00, g1 = g2 and (55), (56) hold with some
a, B € (0,00),
then

H(u1,g1,h1)(X) = H(u27g2’h2)(X) fO’I" X e X+. (61)
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Proof. Since the generalized Choquet integral is positively homogeneous (cf.
[9, Lemma 1]), in view of (5), in the case of (i), we get

E92h2 [UQ(w + H(u1,g1,h1)(X) - X)] = aEglhl [ul (w + H(u1,g1,h1)(X) - X)]

= ouy(w) = uz(w) for X € Xy,
which implies (61).
Assume that (ii) holds and fix X € X,. We claim that
P(X > w+ Hyy gy 0y (X)) 1= g7 (ur (w)/L). (62)

Suppose that this is not true. Then, as the space (2, 2, P) is non-atomic, there
exists B € ¥ such that

B CA:={X>w+ Hy, g,1)(X)}
and

1 — g7 H(w(w)/L) < P(B) < P(A). (63)
Hence, setting

Y =we :“A\B + (w + H(ul,gl,hl)(X)) : ]lBa
we get X < X which, in view of (9), gives
H(u17917h1)<y) S H(U1,g1,h1)(X)' (64)

Furthermore, we have

3)

X = (0,w,w + Heuy gony)(X); D) € X (65)

where
=(1-P(A ) P(A\B), P(B)).
Let T be of the form ( 3) and let ¢> 1/} V.7 S Rbe given by
05 (2.9) = w+ Hiu g,y ((0.7,4:9)) —x for (2,) €T,
Ui (@,y) = w+ Heuy g, ) ((0,2,955) =y for (z,9) €T,
64
)

respectively. Then, considering (8), (64) and (65), we obtain

1
wz() )(w w+HU1 291, hl)(X )

w + H(ul,gl,hl)(y) - (w + H(ul,gl,hl)(X))
= H(u1,g1,h1)(y> - H(ul,ghhl)(X) <0< H(ulygl,hl)(y)

1
= ¢1(7)(w’w + H(u1791,h1)(X))~
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Therefore, according to Lemma 2.3(c), we have ¢, (1 — P(B)) > uy(w)/L and
=)

P(B) <1—g; " (u(w)/L),

which contradicts (63). In this way (62) is proved.
Tt follows from (62) that

P(—ug(w+ Hey, gy ) (X) = X) >1) <1 - gl_l(ul(w)/L) for te€0,00).
Thus, in view of (4), (55) and (56), we get
Ehz [max{—ug(w + H(ul,gl,hl)(X) - X)’ 0}]

_ /OOo ha(P(=us(w + Hgy gy 1y (X) = X) > 1)) dt

_ g 7y (P(—oun (w + Heuy gy (X) — X) > 1)) dt
0

= ﬂ hl(P(*ul(w+H(ul,gl,hl)(X)7X) >t)) dt
0

= BEBp, max{—ui(w + Hu, g, n,)(X) = X),0}].

Furthermore, since the Choquet integral is positively homogeneous, making
use of (56), we obtain

E92 [max{u2 (U) + H(u1,91,h1)(X) - X)a OH
= ﬁEgz [max{ul(w + H(ul,ghhl)(X) - X)a O}]
Thus, as g1 = g2, considering (5) and (6), we conclude that
E92h2 [UQ(UJ + H(u1,91,h1)(X) - X)]

= BEgn [ur(w + Hu, g, 0y) (X) = X)] = P (w) = uz(w)
and so H(u1,g1,h1)(X) = H(u27g27h2)(X)- O
From Theorems 3.1 and 3.2 we derive the following result.

Theorem 3.3. Let w € [0,00). Assume that, for i € {1,2}, u; : R - R is a
strictly increasing continuous function with u;(0) = 0 and g;, h; : [0,1] — [0, 1]
are strictly increasing continuous probability distortion functions. Moreover,
let Hy, g, n,) fori € {1,2} be the functionals of equivalent utility, defined by
(5). If (53) holds then

H(u1,g1,h1)(X) = H(u27g2’h2)(X) fO’I" X e X+.

Remark 3.4. According to Theorem 3.3, every functional of equivalent utility,
defined by (5), can be uniquely extended from the family X()(3) to Xy. It has
been already mentioned, in the Introduction, that such a functional need not
be uniquely extended from the family of all binary risks. We complete the
paper with a suitable example.
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Ezample 3.5. Let w € [0,00) and let uj,us : R — R be of the form
up(z) =z for z€R
and
Vw+Vr—w  for x € (w,00),
respectively. Furthermore, let g;, h; : [0,1] — [0,1] for ¢ € {1,2} be given by
91(p) = ha(p) =p for pe0,1]

uz(x):{f\/ﬂ for z € (—o0, w],

and

= _7\/}3 or
92(P)*h2(P)*\/]3+m for pe[0,1].

Then, according to [3, Theorems 3.1-3.2], Hy, 4, 4,) and H,, g, 5, coincide
on the family of all binary risks. On the other hand, since lim, - u;(z) = oo,
applying Theorem 3.1, we conclude that Hy, g, 4,) and H(y, g, k) do not

coincide on Xég) .
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