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ABSTRACT: N'=1 super Liouville field theory is one of the simplest non-rational conformal
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In both setups, the N'=1 Liouville field is accompanied by an additional free fermion.
Recently, Belavin et al. suggested a bosonization of the product theory in terms of two
bosonic Liouville fields. While one of these Liouville fields is standard, the second turns
out to be imaginary (or time-like). We extend the proposal to the R sector and perform
extensive checks based on detailed comparison of 3-point functions involving several super-
conformal primaries and descendants. On the basis of such strong evidence we sketch a
number of interesting potential applications of this intriguing bosonization.
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1 Introduction

In this work we consider an interesting bosonization of N'=1 Liouville field theory that
was proposed recently in [1]. A'=1 Liouville field theory contains one fermionic field + in
addition to the Liouville field ¢. These fields are coupled through the standard interaction
term. For bosonization we need to add another free fermion 7. The product theory appears
naturally in several applications of A'=1 Liouville field theory. In particular, it has been
used in [2] and [3] to compute various structure constants of the OSP(1|2) WZW model.
More recently, it was considered in the context of the AGT correspondence [4] between
supersymmetric 4D gauge theories and 2D conformal field theory [1, 5-8].

In the bosonization, the two fermionic fields ¢/ and 7 are replaced by a single boson
Y. What Belavin et al. proposed was that the two bosonic fields ¢ and Y can me mapped
to a new set of bosonic fields, X and X , where X is an ordinary (non-supersymmetric)
Liouville field and X an imaginary cousin. The latter may be thought of as a Liouville field
which takes values in imaginary numbers. Because of its internal structure, we shall often
refer to the fully bosonic model as double Liouville theory and to the factor associated with
the field X as imaginary Liouville theory.

Imaginary Liouville theory is far from being an established model of 2D conformal
field theory. In fact, there exist several different proposals for its structure constants but



consistency (crossing symmetry) has never been established (see discussion in section 3).
It is remarkable that one version of imaginary Liouville theory now appears through the
bosonization of a consistent local conformal field theory.

The relation between N'=1 and double Liouville theory has a suggestive ancestor in
rational conformal field theory. In that context, double Liouville theory gets replaced by
a product of two minimal models and AN'=1 Liouville theory by its rational counterpart.
We can give a highly suggestive argument for their relation if we represent both models as
coset conformal field theories. It is well known that ordinary minimal models arise through
the cosets

where k£ = 1,2,.... This family of rational models includes the Ising model MM; for a
single fermion 7 when k = 1. Similarly, A'=1 supersymmetric minimal models are obtained
from the coset

SMM;, = (SU(2)x x SU(2)2)/SU(2)x12 -

If we allow ourselves to extend and reduce both numerator and denominator by the required
additional factors we can easily see that

SMMk,1 X MM1 ~ MMk X MMk,1 . (1.1)

Similar relations between 'generalized minimal models’ and Virasoro minimal models were
first discussed in [9, 10] and later (it seems independently) by [11, 12]. More recently,
results for the 4D gauge theories [8] inspired Wyllard [13] to propose an extension to cosets
of the type (SU(N), x SU(N),)/SU(N)x4p where & is a free parameter. Soon after this
paper had appeared, the case of N = 2, p = 2 was considered in more detail by Belavin et
al. [1].

Let us now describe the content of this work in more detail. We shall begin with a brief
review of Liouville field theory and its N'=1 supersymmetric version in the next section.
Both theories were solved long ago, see section 2 for references to the original literature.
Then we turn to imaginary Liouville theory. As mentioned before, this model is very poorly
understood. After a few historical comments we shall describe the 3-point functions that
were proposed by Zamolodchikov in [14]. Our new results are formulated and analyzed in
section 4. There we shall spell out a precise relation between an infinite tower of fields
in N'=1 Liouville field theory and double Liouville theory. This relation will be checked
through extensive comparison of 3-point functions on both sides of the correspondence.
Applications and extensions of our results are sketched in the concluding section.

2 Review of Liouville field theory

In this section we simply review some basic facts about Liouville field theory and its N'=1
supersymmetric cousin. Most importantly, we shall discuss the spectrum of primary fields
along with their 2- and 3-point functions. For a more details see the reviews [15-17].



2.1 Bosonic Liouville field theory

Liouville field theory involves a single scalar field with an exponential interaction term.
On a 2-dimensional world-sheet with metric % and curvature R, the action of Liouville
theory takes the form

1
sulx] = o [ o7 (fyabaaxabx + ROX + 4WL62*>X) (2.1)

where p7, and b are two (real) parameters of the model. The second term in this action
describes the background charge of a linear dilaton. The value of the constant ) must be
adjusted to the choice of b in order for Sy, to define a conformal quantum field theory. We
shall state the relation in a moment.

Liouville theory should be considered as a marginal deformation of the free linear dila-
ton theory. The Virasoro field of a linear dilaton theory is given by the familiar expression

T(z) = —(0X)*+Q0*X .

The modes of this field form a Virasoro algebra with central charge c;, = 1 + 6Q?%. Fur-
thermore, the usual closed string vertex operators

Va(z) = :exp2aX(z,2): have hy = a(Q —a) = hy . (2.2)

Here and in the following we shall not explicitly display the dependence of our vertex
operators on the complex conjugate z of the world-sheet coordinate z. Note the conformal
weights h, h are real if o is of the form o = Q/2+iP. In order for the exponential potential
in the Liouville action to be marginal, i.e. (hy, hy) = (1,1), we must now also adjust the
parameter () to the choice of b in such a way that

Q=>b+b""

Weyl invariance of the classical action S7, leads to the relation Q. = b~' and the additional
shift by b may be considered as a quantum correction of the classical relation. The extra
term, which certainly becomes small in the semi-classical limit b — 0, renders Q = Q. + b
(and hence the central charge) invariant under the replacement b — b1

The solution of Liouville field theory is completely described by the 2- and 3-point
functions of the model. The vertex operators V,, are introduced such that their 2-point
function is canonically normalized, i.e.

(Van (22) Ve (21)) = 2127127 (80t + a2 — Q) + Dp(01)d(cr2 — 1)) (2.3)

where

(@-20) (2ab — b?)
Dr(a) = b)) ° J
r(@) = (muzy (1) b2y(2 — 2ab—1 4+ b72)

Here and throughout the main text we use y(z) = I'(x)/I'(1 — ). In order to spell out the

(2.4)

3-point functions we need to introduce Barnes’ double I'-function I'y(y). It may be defined
through the following integral representation,

2
e e VT _ e—QT/2 ( — y) Q _ Y
InT = — - T2 2.5
n Iy (y) /0 7 | (1—e b)) (1 —e7/b) 2 T (25)



for all b € R. The integral exists when 0 < Re(y) and it defines an analytic function which
may be extended onto the entire complex y-plane. Under shifts by b*!, the function I’
behaves according to

by—2 —¥4d
Ty +8) = Var s Thls) - Tuly+b7) = VEr g Ty - (26
These shift equations let ', appear as an interesting generalization of the usual I function
which may also be characterized through its behavior under shifts of the argument. But in
contrast to the ordinary I' function, Barnes’ double I' function satisfies two such equations
which are independent if b is not rational. We furthermore deduce from egs. (2.6) that I',
has poles at

Ynm = —nb—mb~t for n,m = 0,1,2,... . (2.7)

From Branes’ double Gamma function one may construct the following basic building block
of the 3-point function,

Typ(a) = Dolalb,b™ )1 T9(Q —alb,b~H) ! . (2.8)

The properties of the double I'-function imply that Y possesses the following integral
representation

nTy(y) = /Ooo d (Q - y>2 o S (5-v) | (2.9)

b o E
t 2 sinh % sinh 5

Moreover, we deduce from the two shift properties (2.6) of the double I'-function that
To(y+0) = vy L(y) , Toly+b71) = A0 )T N() L (2.10)

Note that the second equation can be obtained from the first with the help of the self-duality
property Tp(y) = Ty-1(y).
After this preparation it is easy to spell out the 3-point function of primary fields in
Liouville field theory [18, 19],
Cr(as, az, a1|b)

<Va3 (Z3)Va2 (ZQ)Val (Zl)> = ‘212‘2]112 ‘313’2}113 ’223’2’123 (211)

with hia = ha, + hay — has etc. and coupling constants C', of the form

2212 & Y9 Y, (2a1) T (2a2) Tp (2003) |
T (0123 — Q) Ty (a12) T (a13) T (cr23)

Here and in the following, the constant Y{ is given by Y9 = Y} (0). Furthermore, the

CL(ag,ag,al\b) = 7r,uL*y(b2) (2.12)

parameters 23 and «;; are certain linear combinations of o,
Q123 = o1 g a3, ag =a1 + a2 —ag  etc.

The solution (2.12) was first proposed by H. Dorn and H.J. Otto [18] and by A. and
Al. Zamolodchikov [19], based on extensive earlier work by many authors (see e.g. the



reviews [15, 16, 20] for references). Full crossing symmetry of the conjectured 3-point
function was established much later in two steps by Ponsot and Teschner [21] and by
Teschner [15, 22]. The proof of consistency of the DOZZ structure constants for Liouville
field theory was completed recently by establishing modular invariance of 1-point functions
on a torus [23].

2.2 N=1 Liouville field theory

N=1 supersymmetric Liouville field involves one real superfield that contains a real bosonic
scalar ¢, the two components v and v of a Majorana fermion and an auxiliary field F.
After integrating out the latter and fixing the world-sheet metric, the action of N'=1 super
Liouville field theory takes the form

Ssrlp, ] = % / d*z [0p0p + YO + O] + 2ipb? / d?zpipe? (2.13)

The background charge for the boson ¢ is related to the parameter b by @ = b+ 1/b.
As in the case of bosonic Liouville field theory, the supersymmetric cousin is obtained by
perturbing a free field theory, namely the product of a linear dilaton with a 2-dimensional
Ising model. The spectrum of the Ising model contains six conformal blocks including the
identity field, the two components v and 9 of the fermion and the energy density 1),
which are all part of the Neveu-Schwarz (NS) sector. In addition, there are two blocks in
the Ramond (R) sector. These are generated from the spin field ¢* = ¢ and the so-called
disorder field ¢~ = u. After multiplication with the linear dilator, the model contains an
N=1 super-conformal symmetry with central charge cs;, = %(1 +2@Q?). The holomorphic
half of this symmetry is generated by modes of the following fields

T(z) = —% ((09)* = QP+ o) , G(z) = —i(dp — QOY) . (2.14)

Anti-holomorphic fields can be constructed similarly. The interacting theory has been
solved soon after the DOZZ proposal had been put out, see [24, 25]. Vertex operators in
the NS sector are super-descendants of

da(z) =texpap(z,z):  with A, =a(Q —a)/2=A7, (2.15)
The 2-point function of these NS primary fields takes the form
(b (22) B0y (21)) = |z12|*2127 [§(c1 + a2 — Q) + 6(aa — 1) Dys(an)] ,  (2.16)

with

Dys(a) = — (WT’Y <b§2>> B FE(: EZ : g;; ; Eiga(a?é))) : (2.17)

Whereas the first term in eq. (2.16) is fixed by normalization, the second term involving
Dy contains dynamical information on the phase shift of tachyonic modes upon reflection
off the Liouville wall.



To spell out the 3-point functions of the model we need to build two new special
functions from the Y-function we introduced in the previous subsection, see eq. (2.9).
These are given by

TS (@) =1 (5) X0 <”“;Q> . TR =T, (x;b> Ty <x+2b1> L (21)

Properties of these new functions can easily be derived from the properties of T} we listed

above. In particular, we note that the functions T})\IS and T? possess the following behavior
under shifts of their argument,

1 bx bx

THS (x4 b) = b0y <2 + 2) TR(x), Tz +b)=bl"0% <2> TS (x), (2.19)

1 x 1 x 1 14z Xz
TS (ﬂs + b) =bbry <2 + 2b> TH(z), TR (x + b) =b1Toy (27)) TS (x) . (2.20)
The functions le\ls, T}} suffice to state the 3-point structure constants of the NS sector,

Cns(as, g, oq|b)

(Pas (23) by (22)Pas (21)) = (2.21)

o ‘212‘2h12 ’213’2h13|z23‘2h23

o éNS(Oé?,,OéQ,Oél‘b)
- |212‘2h12+1 |213|2h1371 |223|2h23+1

(Pas (23) Paz (22) P (21)) (2.22)

where ¢, = {G_%7 [@_%7%]}7 and
Q—«a
Cns(as, as, 6)21[ i (Qb>] - 95 (200) TS (202) THS (203)
NS, G2, A 2 [2p—17 TS (23 — Q)35 (a12) THS (r23) THS (0n13)
(2.23)

2

Q—«
T <Qbﬂ S (200 1) (200) 1) (203)
opbr—1 T},}”(ams - Q)TbR(aw)TbR(a?S)Tll?(aB)

éNg(a3,a2,a1|b):i [ 9
Any 3-point function of descendent fields can be written in terms of the correlator (2.21)
or (2.22) and 3-point blocks which are completely determined by the super-conformal Ward
identities (see e.g. [26]).

Let us now turn to the R sector of the model. As we recalled before, the 2-dimensional
Ising model possesses two local fields of conformal weight A = 1/16 = A which we denoted
by ¢T = o and ¢~ = p, see chapter 12 of [27] for more details. Using these spin fields, we
can define the following two vertex operators in the R sector of A’=1 Liouville theory

_ 1 _
SEz) = F(z,2) 12930 with AR = ga(Q —a)+— =AR, (2.24)
Our conventions are the same as in [25, 29] and they imply

Go¥y(2) = iBeT55(2), Go¥y(z) = —ife™i5i(2), = - (Q - a> - (2:25)



The 2-point functions of the vertex operators Xf, possess the following form
1
(Can (2225, (21)) = |z1o| 817327 [§(on + a2 — Q) £ 8(an — 1) Dr(an)]  (2.26)

with a reflection coefficient given by

Dg(a) = <WW <b§>> - ; g J_F Z EZ : 2; E Ei i i EZ : 2; : (2.27)

Let us also provide explicit expressions for the 3-point functions involving two RR fields.
These were determined in [24, 25, 30] and we shall simply quote the results along with all
the necessary notations,

C}%(%; az, a1|b)

23)0F (20)2F (2 = . 2.28
(90 a8) 2, (2200, (1)) = oo (2.28)

The structure constants C}% are constructed from the special functions YN5 and TR as
follows,

1 b
C;%(Oq;; g, Oéllb) = 5 |:M27r7<;2>b1—b2:|

Q—-ajo3

T T3 (200) T (202) T3 (203)
T3t (23 — Q)T (ca2) TS (ca3) TS (a3)
(2.29)

Q—oja3

1 [‘“H <bQ> blb?] T T3 (200) T (2a2) T (203)
2|2 2 TbNS(Ozlzg — Q)TbNS(alg)Tg(agg)’r?(alg) ’

Crossing symmetry of 4-point functions in the NS sector of AN'=1 Liouville theory with

structure constants (2.23) and (2.29) was first checked numerically, see [31, 32], and later
proved analytically in [33, 34] using braiding and fusion properties of the 4-point blocks.
In the case of 4-point functions containing R fields, crossing symmetry of N'=1 Liouville
theory was verified numerically in [35]. The first step necessary for an analytic proof was
presented in [36] where braiding properties of the 4-point blocks were derived.

3 Imaginary Liouville theory

Before we can state the main results of this work, we need one more ingredient, namely a
version of Liouville field theory with central charge ¢ < 1. In contrast to the models we
described in the previous section, the status of the theory we are about to discuss is less
clear. In particular, the issue of crossing symmetry has not been settled. We shall begin
our exposition with a few historical comments in the first subsection. Then we continue
by listing the proposed structure constants without much further discussion.

3.1 Some comments on history

In usual Liouville theory, the parameter b is taken to be real so that the corresponding
central charge ¢ > 25. The explicit expressions for 2- and 3-point functions admit analytic



continuation to complex values of b with a non-vanishing real part. Formally, the central
charge takes values 1 < cin this regime. Purely imaginary values of b have been a subject of
several previous studies mostly because such values are relevant for time-like Liouville field
theory and tachyon condensation in string theory, see e.g. [37-43] and further references in
the more recent papers.

At least for b = i, it is possible to define the theory by taking a limit starting with
b = e +i. The resulting theory has central charge ¢ = 1 and it agrees with a certain limit
of unitary minimal models. This limit was shown to satisfy crossing symmetry [44]. Tt is
likely that similar limits can be taken for other purely imaginary values of b. But even if
such limits describe consistent local quantum theories, they would at most be defined for
a discrete set of b-parameters.

There is an alternative approach to defining Liouville theory for imaginary b, i.e. for
¢ < 1. In order to describe how this works, let us recall a few facts about the usual con-
struction of the 3-point couplings in Liouville field theory. The main idea is to evaluate
crossing symmetry for 4-point functions with three physical and one degenerate field in-
sertions. The operator product of a physical with a degenerate field involves a finite set of
terms whose coefficients can be computed in free field theory. More precisely, if we take
the degenerate field to be V_y+1 /5, then the 4-point function must satisfy a second order
differential equation and hence only two terms can possibly arise on the left hand side of
the operator product, e.g.

+
Va(w, @) Vipja(z,2) = Y lzcﬁ@"’) Vosoja(2,2) + - (3.1)
+

w|h+

where hy = Fba + Q(—b/2 F b/2). A similar expansion for the second degenerate field is
obtained by replacing b — b~!. We can even be more specific about the operator expansions
of degenerate fields because the coefficients ¢* may be determined through a simple free
field computation in the linear dilaton background. One finds that

& (@) = —pr / @22 (V_35(0,0) Va(1, 1) Vi (2, 2) Vg2 (00, 50) )1

(1 + b)) y(1 — 2ba)
v(2 + b2 — 2ba)

see [16] for more details. The result in the second line is obtained using the explicit

= —pLm (3.2)

integral formulas that were derived by Dotsenko and Fateev. The corresponding field
is then degenerate and it possesses an operator product consisting of two terms only.
Teschner’s trick converts the crossing symmetry condition into a much simpler algebraic
condition. Moreover, since we have already computed the coefficients of operator products
with degenerate fields, the crossing symmetry equation is in fact linear in the unknown
generic 3-point couplings. One component of these conditions for the degenerate field
V_y/2 Teads as follows

b b
0=0CL (Oﬂ + 27043,Oé4> ¢, ()P~ +Cf (al - 2,043,044> ¢ (a)P{T , (3.3)
b, b,
where Py = Faiqp20,-bp2l 2 o3 Foyrb/2,aatb/2l 2 00] - (3.4)



Note that the combination on the right hand side must vanish because in a consistent
model, the off-diagonal bulk mode (a4 — b/2, g + b/2) does not exist and hence it cannot
propagate in the intermediate channel. The required special entries of the Fusing matrix
can be expressed through a combination of I' functions. Once the expressions for ¢t and
P are inserted (note that they only involve I' functions), the crossing symmetry condition
may be written as follows,

Crlar +bag,a3) — y(b(2a1 +b))v(2ba) ~v(b(aa3 — b))
Cr(ar,ag,03)  wpupy(1+02)y(b(eazs — Q)) y(bauz)y(baia)

with v(x) = I'(z)/I'(1 — z), as before. The constraint takes the form of a shift equation
that describes how the coupling changes if one of its arguments is shifted by b. Using

(3.5)

the symmetry b <> b~! we obtain a second shift equation that encodes how the 3-point
couplings behave under shifts by b~!. For irrational values of b, the two shift equations
determine the couplings completely, at least if we require that they are analytic in the
momenta. The unique solution turns out to be analytic in b as well so that it may be
extended to all real values of the parameter b.

We are now prepared to take a fresh look at the problem of constructing imaginary
Liouville theory. While the structure constants (2.12) are not analytic in b so that their
extension to imaginary b (or ¢ < 1) may be ill-defined, the coefficients of the shift equa-
tion (3.5) involve only I" functions so that a continuation to imaginary values of b is straight
forward. If we postulate that the 3-point couplings of imaginary Liouville theory are ana-
lytic in the parameters «; and exists for all ¢ < 1, then there is again a unique solution [14].
We shall describe this solution in the following subsection.

3.2 Zamolodchikov’s solution

Imaginary Liouville theory may be thought of as a model whose action is formally given by
< 1 2 aby ¥ ¥ A —2bX
SelX] = - [ oy (ﬂ 8. XX + ROX + Ampuce ) (3.6)
b

One can obtain it the usual action of ordinary Liouville theory by the formal replacements
X — —iX,b— —iband QQ — i(Q). Vertex operators in this model take the form

Va(z) = 205G with  ha = —0(0 — &) = hyg - (3.7)

They are obtained from the vertex operators of ordinary Liouville theory if we replace o by
o — —a. For conformal invariance, the parameter Q must be adjusted to the parameter b
such that
Q=b"1-b . (3.8)

In terms of these parameters, the central charge of the Virasoro algebra is now given by
ce=1-— 6@2.

As we have argued in the previous subsection, it is somewhat natural to introduce the
3-point coupling of this imaginary Liouville theory such that it the shift equation (3.5) is
satisfied. In terms of the real parameters & and I;, the shift equation reads

Cr(dy — b, G, 63) v(b(2a1 — b))y(2bén)  y(b(ags + b))

Cr(an, a2, a3) ey (1 — 02)(b(Anos — Q) v(barz)v(bars) |

(3.9)



Here we have simply carried out the substitutions we listed after egs. (3.6) and (3.7). If
we shift &1 by 8 and invert the relation we obtain,

Cr(én +b,do,63)  muey(b(Gaas — b1 +2b)) y(b(dus + b))y (b(duz + b))

Ce(dn,02,05)  y(02)9(b(21))7(2b(d1 + b)) 7(béizs) (3.10)

Note that all the factors that depend on linear combination of the variables &; are the same
as in eq. (3.5), except for a simple shift by b. Factors depending on o are not universal
since they are effected by the normalization of vertex operators. Following [14] we fix the
normalization such that

(Va(22)Valz1)) = |212| "4 G(a)

o o\ v(26b 4 6%) (2 - D72
G(@) = (mer(-H) V(24 2ah 1 — b2)~(02)

The expression on the left hand side is obtained from the second term in eq. (2.4) by
our standard substitutions. Once this normalization is adopted, the associated 3-point
couplings take the form

G123

Cr(&s, Go, G1|b) = (mm (—132)) b b2(b+bl)(d123+”ﬂ<j(3j>2> B (3.11)
Ty (Ao — 071+ 25) T (a1 + 5) T (a2 +5) Ty (g + )
107, (241 +5) 1 (202 + 5) T (205 + )

X

It is easy to check that these structure constants solve the shift equations (3.10), though
with a different «;-dependent prefactor. This concludes our presentation of imaginary
Liouville theory.

4 Bosonization of N'=1 Liouville field theory

It is well known [27] that a certain orbifold of the product of two real fermions can be
bosonized, i.e. it is equivalent to a compactified free boson with compactification radius
R = 1. We will now show that a similar bosonization exists for an orbifold of the product
of N'=1 Liouville field theory with a free fermion 7. In this case, the bosonic description
involves two Liouville fields, one with real and the other with imaginary parameter b. This
relation was first conjectured in [1] for the Neveu-Schwarz sector of the supersymmetric
Liouville field theory. We will extend the correspondence to the Ramond sector and perform
extensive tests for a number of local 3-point functions.

4.1 Product of ’=1 Liouville and a fermion

Before we discuss the product of N=1 Liouville theory and a free fermion 7, let us briefly
review a few things about a product of fermions. As before, we shall denote one of our

,10,



fermions by 1,4 and the other by 7,7. Both v and 1 are assumed to possess the same
standard operator product, i.e.

Yw) ~ —— )~
While the first fermion ¢ is assumed to be real, i.e. ¥T = ¥* = v, we will modify the
usual conjugation for n such that T = —7. In this sense, the fermion 1 may be considered
imaginary. Note that the usual conjugation n* = 7 differs from the conjugation T by a
simple automorphism of the fermionic theory. In fact, the map n — —n preserves the
operator product of the fermion 7. While the algebraic properties of the two fermions are
identical, we will use a different bilinear form on their state spaces, one that preserves
T rather than the usual *. As one can easily see, this form is indefinite. Our choice
will be motivated a posteriori through the relation with double Liouville theory (see next
subsection). Alternatively, one may observe that an imaginary fermion 7 emerges naturally
in the reduction from the OSP(1|2) WZW model to A'=1 Liouville field theory (see formula
(2.17) of [2]).

The theory of a single fermion possesses six conformal primaries, namely the identity,
the fermion fields, the energy density and two spin fields. The latter will be denoted by ¢*
and o for fermions 7 and 7, respectively. In order to fix our conventions for o, let us
state the analogue of the relations (2.25)

j:_I:Fz‘E:F —ﬂ:_lj:iE:F
Mo = —=e 1o, Mo~ = —=e ‘407" . (4.1)

V2

Here, 1y and 79 denote the zero modes of the fermionic fields 17 and 7, respectively. Due
T

to the conjugation rules of the fermion, i.e. n',, = —n, and ﬁT_n = —17)p, the norms of the
R fields satisfy (0~|0~) = —(cF|oF). Hence, one of the states |c*) has negative norm.
Coming back to the product theory between the fermion v and 7, we note that it

contains a closed subset of even local fields given by

Ll Y, B, B0, g = (et R (42)

The associated conformal blocks give rise to a modular invariant partition function

Zfermion (4, 7) = [X(0,0) + X(%,%)‘Q + ‘X(o,%) + X(%,o)’2 +2/x(1 1 )‘2 (4.3)

16°16

where x(p,n) = X}LX}QZ' are the characters of ¢ = 1/2 Virasoro representations with lowest
weight h = hy and b/ = h%. All the fields that are included in Zgermion can be bosonized
through a single bosonic field Y at compactification radius R = 1 [27]. The exponential
fields exp(ikY’) possess a rather simple expression in terms of x = v + in along with the
two spin fields 7 we introduced in eq. (4.2). For k € Z and k > 0 one finds

k—1
. Uiy =
R :] I H3(%)Xa(l)>z; : (4.4)
i=0 "

— 11 —



When k € Z + % we need to use the spin fields r*. For k& > 1/2 one has

k— 1/2

Vo=t H oW aWy: (4.5)
We shall now replace the first fermion by N'=1 Liouville field theory with a Liouville
field ¢ and a fermion . The total central charge of our product theory is

1 1\?
c:ch+2:2+3<b+b) =8+3b24+3b2. (4.6)

In our construction of fields we restrict to the even ones, just as for the free fermion model
we described above. For & =0,1/2,1,3/2,... we set

k) (2, 2) =: exp (ap(z, 2) +ikY (z,2)) : . (4.7)

The fields @) differ from those introduced in [1] by their normalization (see also com-

k)

ments below). For negative k = —1/2,—1,—-3/2,... we introduce o through the simple

prescription

dF)(z,z) = @gf) (2,2) =:exp ((Q — a)p(z,2) —ikY (2,2)) : . (4.8)

«

kl)

Up to the normalization we mentioned before, the fields <I>((1_| D also agree with those defined

n [1]. The conformal weight of o i given by
k1 k?

We note that fields with |k| < 1/2 are primary with respect to the product of the N'=1
super-conformal algebra and the free fermion n. These primary fields are given by <I>£?) =
¢ and

1 1 1 1
o2 = (078 —o7xy) . 8 = xoxe®s

5 = (sl +073%,) . (4.9)

For all other values of k, the fields @&k) are descendent fields. Our explicit computations
below will only involve the case of k = £1,£3/2. Using the definition (4.7) and eq. (2.14)
one can rewrite the first few fields as descendants with respect to the super-conformal
algebra and the fermion 7, see also [1],

+V§Qig(a)<§ip>(771@1—01G1)i\f9ig(a) (n-1L-1Go—1-1L_1Go)

1
252
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Here we wrote equations between states rather than fields by means of the usual state-
field correspondence. The variable P is related to a through @ = /2 + P. Finally, the
pre-factor Qi («) is given by

i+j=2|k|

Q@) = ny 1T (sign(k)(2a — Q) + ib+ jb 1), (4.10)
2|k| Z—jz fjl’e 2N

where sign(k) = k/|k| denotes the sign of k when k # 0 and we set sign(0)=1. The first
two constants take the values

Njw

n1:2_1, nsy =2

(4.11)

Njw

There exists a straightforward but cumbersome algorithm that computes the numbers ny
for higher values of k. In [1], the factors ) were absorbed in the normalization of the
fields (.

4.2 Relation with double Liouville theory

We are now prepared to state the main result of this work. It relates the model described
in the previous subsection to a product of a Liouville field theory with ¢) > 25 and an
imaginary Liouville theory with ¢(® < 1. We shall often refer to this product as double
Liouville theory. According to [1], the b-parameters of the two factors must be chosen as

2% o\ L 2
w__ 2 @\ ' __2
b = =, (b ) = = (4.12)

So that the central charge is
1) 4 (2> 1 4 1)’ (2 _ 1 ’
_ (2 _ 2 -2
c=cp —2+6<b b(1)> —6<b _5(2)> =8+3b"+3b

Note that the sum of central charges agrees with the central charge (4.6) of the model we
discussed in the previous subsection. Moreover, as was observed in [9-11], the two Virasoro
algebras of double Liouville theory can actually be reconstructed from the super-conformal
currents 7' and G along with the fermion 7,

1 1420 & b >
L(l) - n—rltr - T 19 n—rr
n =i _ple 222 Zr =l 1—b?r_z_oo77 Gr,
- (4.13)
1 1+ 2b—2 > [ —
(2) _ _ Z : LA
Ln 1-— b—QL" 2 —2b—2 T}oo"” STl f T goo: Mn—rGr

Similar formulas apply to the anti-holomorphic sector, of course. As anticipated in the
previous subsection, we now note that the familiar relation (L( )) o », Tequires T to act
as 77}: = —n_, on the modes of the fermion 7. In other words, the Vlrasoro modes in double
Liouville theory possess the usual conjugation rules provided that the modes L,, and G,

do and we take 1 to be imaginary.

,13,



Given such a close relation between their chiral algebras it seems natural to look for
relations between vertex operators. Following [1] let us introduce

V¥ (z,2) = Vo ke /2(2, 2) Va1 g oba (25 2) (4.14)

where 2k is an integer, « is a complex parameter and we defined

V2 —2p2’ V2 —2p2°

The conformal dimension of the vertex operators (4.14) is easy to compute with the help

NE P N (4.15)

of the expressions (2.2) and (3.7) for conformal weights in (imaginary) Liouville theory,

ha x50 2) T Pia@ iy = (@D + k6 2)( QW — otV — kb /2)

2
—(a® + /20 (QW — 6@ — k/20?)) = %a(Q —a) + % .

These weights agree with the weights of the fields <I>((1k) we introduced in the previous

section. Hence, with proper normalization, the 2-point functions of the fields CID&k) and V&k)

agree. In addition, it is not difficult to check that the fields @gk) are primary with respect
to Virasoro algebras (4.13) of the Liouville field theory and its imaginary cousin. Given

these observations it is certainly tempting to contemplate that the relation
P (2,2) = NB VP (2, 2) (4.16)

might hold in arbitrary correlation functions. Through comparison of 3-point functions we
shall provide very strong support in favor of this proposal. These computations determine
the normalization J\fc(yk) to take the form

N = (—1)k ), (417)
when k € N, i.e. in the NS sector of the theory, and
NE = 25 N, (4.18)

in R sector, i.e. when k takes the values k € N + % The common factor Nék) is given by

k(D)

A (6@ 4k _/p2)
[ﬂ’uL'y ((b(l))2)](oz(1)+T)/b(1) [WM’V (—(b(z))z)} (@2 +—13)/b
2 ok2 b 1% o (1-p2) 22
ny, 2 [77#’7(7)] b (T)

The factors nj were introduced in eq. (4.11), at least for some special values of k. In order

to check that the fields (ID&IC) and V((f) can be identified in all correlation functions, we must

N = (4.19)

verify that their 3-point functions agree,
(k3) g (k2) @ (k1)y — Ar(Rs) ar(k k (k3) y(k k
@ (ki) R(b) (@ @k @)y = AL Nk AR (yis) k) )y (4.20)

at least up to some constant x(b) that can be absorbed through an appropriate normal-
ization of the vacuum state, see eq. (4.22) for a concrete formula. The factors w will be
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shown to satisfy w®* = 1. Given the complexity of the fields ®*), checking eq. (4.20) is a
rather non-trivial task. We are not prepared to establish the relation (4.20) for all possible
3-point functions, but we have performed a number of highly non-trivial tests. These are
described in the next subsection. A proof of the simplest example involving NS sector
fields only was sketched in [1]. A closely related observation was made earlier in [28] for
the special value b = i, see eq. (13) of that paper.

4.3 Comparison of 3-point functions

Our goal is to check relation (4.16) in a few selected examples, involving both NS and R
sector fields and also super-descendent fields. Most computations are somewhat lengthy
but in principle straight forward to carry out.

4.3.1 NS sector

In our first example, we take all three fields of the A'=1 Liouville theory to be super-
primaries in the NS sector. These are multiplied with the identity field of the free fermion
theory, i.e. we consider a 3-point correlator with @&k) = <I>§?) = ¢. Since we have checked
already that the conformal dimensions on both sides of the correspondence (4.16) match,
we shall put the fields at the points z3 = 00, 20 = 1 and z; = 0 so that we can omit all

dependence on world-sheet coordinates. The 3-point function of @&O) is given by

(@ B2LY) = Cuslas, az,0ap)

1

with Cyg as given in equation (2.23). We will use the notation a; = @ — «; for reflected
momentum of the fields located at infinity. The other side of the correspondence (4.16) is
given by

& V) V) = Cr(af”, el af " pM) C 6l 657, o o).

as [} [e%1

(v

The arguments agy) and b(™) that appear in the arguments of the structure constants were
introduced in egs. (4.15) and (4.12). Explicit expressions for the structure constants can
be found in egs. (2.12) and (3.11). Using the identities

Ty (aV)

— = B(a)T%(a), (4.21)
Ty (62 +52)
where (O0a)s
0 2.0 a 19 al\Y—a)—a
B(a) = gt b5 5 (1 b) o
TE(Q)Tb 2

stated in (A.9) of [1], one can check that
Cr@’, ol oV p®y cpal?, a8, 6'2 5?) = A Cns(as, ag, ar|b)

with

4 2 (#0)) T n(55) () ()
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Comparison of this a-dependent factor with the product of the three normalizations Né?)
we introduced in the previous subsection gives

NEDNOND Ay = 5(b) .

The function k(b) depends on the parameter b, but it is independent of the labels «;.
Explicitly, it is given by

QM

T (1)2)7%M _op2 2
r(b) = 2 [musy (€ )Q] v<1_2bb2>v<b ;1> . (4.22)

[wv(@)} ’

In conclusion, we have established eq. (4.20) for k; = 0 with w(0,0,0) = 1.

Let us now proceed to the next and slightly more complicated example of the rela-
tion (4.16) in which at least one of the vertex operators involves super-descendants in the
N=1 Liouville field. More specifically, let us insert one of the operators @éﬂ) along with
two of the operators @Eﬁ”. Looking back at the explicit formulas we spelled out at the end
of section 4.1, we observe that only the second term from these expressions can contribute
since (n) = (1) = (n7) = 0. Hence we obtain

(@) o) of)y = 91_2(042)<¢a3G_%@_%¢a2¢a1> = oy Cns(as, az, 01b)

where the evaluation of the correlator in the N'=1 Liouville theory uses the structure
constants (2.23). On the other side of our correspondence (4.16) one finds

pD)

1 N
(vl V) V) = Cul0f, 05" + 7, alVbY) Co(af? 6 + ol b))

If we insert the explicit formulas (2.12) and (3.11) for the structure constants Cr, and Cp
along with the shift properties (2.6) and the identity

(1)
o e T (a0
Tr(a) = gy Yvs(a+b) =B (a+b) = — (4.23)
v (*%57) (13#) Y (d<2>+28<2) +b(2))

where B(«) is the function defined after eq. (4.21), we can check that

A o . 1 (- N
Cy (aé”, ay) + =, a§1>rb<1>> Cr (a&f% 6+ o a§2>|b<2>) = 4> Cys (a3, a2, 1 |b)

equation where As are given by

2 7(?_(;_17 2 ba+% 2 2
2 _ — _
(reer(25)) ™ ((75)) () ()
Ay = — Q—a 7
. b2 1 b 2 2
() (582) T e (20)" o3
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As in the previous subsection, it is not difficult to see that the functions A may be
factorized into a product of three a-dependent factors NV, i.e.

NEINDND Az = in(b) az? .

The constant x(b) was introduced in eq. (4.22) above. Combining these results we conclude
that eq. (4.20) also holds for k1 = k3 = 0 and k2 = 1 with the same constant x(b) as in the
previous computation and w(0, 1,0) = 1.

As a final check for fields from the NS sector we want to consider a correlation function
in which two fields have k =1,

@) o) o)) = 72(01)27(a2)
2

+ <C22+P1> (Cj‘l-PQ) <<¢a3 777%67%¢042 77,%@7

Q. \(2. ) - -
X <<+P1> (2+P2) <¢a3 777%77,%%2 n7%ﬁ7%¢a1>+<¢a3 GL%Gf%Qsaz Gf%G7%¢a1>

N

Gas)+ (0371 1G 162 n;G;W))

It can be reduced to the basic structure constants with the help of the super-conformal
Ward identities [26]

kol

.
(03 Grpa(z 2) 1) = (’f*é) (=)™ (Gt 92(2: 2) 1)

m=0

—€ <<P3 p2(z

(03 Grpa(2,2) 1) = Z <k_3+m> (Grmps p2(z,2) ¢1)

NI

)Gremep1)), k> —1,

—e(—l)k+2 Z(kijm) —k—m+3 2 (3 a2, 2) Gm_%§01>7 k>1,

m=0
I(k—3)
1
(G_rip3 pa(2,2) 1) = (3 pa(2,2) Grgpr) + @Iﬂf) P M3 Gy 102(2,2) 1)

m=—1

where € denotes the parity of the field ¢9 and I(n) = n for n +1 > 0 while I(n) = oo for
n+1 < 0. The result reads

2 2
@ 2 31} = 07 (1) 2(a) ( (9+n) (S+n) +@Go-a0-ap

12 (Cj ; p1> (Cj n P2) (A5 — A — Ay) ) Cnis (as, a2, 0 b)

Q 2(Q 2
(§+P1+P2—P3) (§+P1+P2+P3)

= C asg, g, a1|b) .
40[%0[% NS( 3, &2, 1’)
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On the other side we find
0
(ve) v v))

(1) (1) )
_o, <a§1>7ag>+b,a(n+b,bu)) Oy <d§2>,dg2>+ 1 &<2>+1|b<2>>

2 'L 2 252" 1 9p(2)

As before, comparing structure constants and using eqs. (4.21) and (4.23) we can check
that

y @ b gy b ~(2) A (2 |G 1
o <ag g+ an 4 o ) O (857,657 + o a6

= A3CNS(043, a2, Oél’b)

where
Q—ay93—2b bajoz+2
(wm(ff&)) * (WMV(bZQ_I» o v(ffii)v(b%l)
3= Q-oq23

(o)

x2b~* < : >_2 (202) 72 (201) 2 (o1 + a2 — a3)? (o1 + a2 + a3 — Q).

=

1—02

Thus we have

Q ) 2
($+P+P-P) ($+P+P+R)

2 2
4o af

Noy NEINE) A3 = (1)

Once more we have established an instance of eq. (4.20), this time for k3 = 0 and k) =
ko = 1. The constant factor x(b) is given by the same expression as in the previous two
cases and w(0,1,1) = 1.

4.3.2 R sector

So far we have only looked at operators @&k) with k& € Z that involve fields from the NS

sector of the N'=1 Liouville field theory. The correspondence (4.16) we have formulated also
involves fields from the R sector. These appear for values k € Z + % Actually, correlators
of fields in the R sector have been one of the crucial motivations for this work, see next
section. Therefore, we would like to perform a few tests involving @gk) with k € Z + %
The simplest possible 3-point function involving R sector fields is the correlation func-
tion ) )
(@0 052 307) = (9o, 03 £L,07 SE) + (Pay 03 207 Sa) (4.24)

as
involving two fields from the R sector along with one from the NS sector. The primary
fields ©F of the N'=1 Liouville field theory are accompanied by the spin fields o* of the
free fermion. We added a subscript to these fields in order to keep track of the insertion
points. The fields aéc and af are inserted at z = 1 and z = 0, respectively. The field
inserted at z = oo involves the identity field of the free fermion model. Hence, for the

,18,



3-point function we consider, we only need to insert 2-point functions of the free fermion
model. In passing from the left hand side of eq. (4.24) we have inserted the definition
(£3)
of @,
remaining 2-point functions are (03 (1)o7 (0)) = +1 so that we obtain

and we used that (o5 0F) = 0. Assuming that o have been normalized, the

+1 +1
@ 557 052)) = (bay TLEL) + (fay BayZay) = 205 (azian, anlp).  (4.25)

a3z Q2]

The relevant correlation functions in N'=1 Liouville field theories were spelled out after
eq. (2.28). With their help we find

1
= (Ch(as, ag; o |b) + Cp (as; g, ai|b))

CI(%+) (043; a9, 041!5) = 5

Q-ajy23

_ 1<W <Qb> 1 b2> T T3 (201) T (202) T3 (203)
2\ 2 "\ 2 Tt (aes — Q)T (12) Ti® (azs) TyS(ans)

Similarly, we can compute

( 1

D80, =20 (as 02, 01]0) (4.26)

(3
<<I>( ) Dy2
where

Cz(%_)(a?); ag,aq|b) = (CE(O@; g, a1|b) — Cﬁ(%; a2, 041|b))

Q—oajo3

<w7<Qb> 1 b2> 1) T3 (200) T (2a2) T (203)
2\ 2 5 (123 — Q)T () T3 (23) T (an3)
On the other hand we can compute the 3-point functions of the corresponding fields in

double Liouville theory. Using the explicit formulae (2.12) and the relations (4.21), (4.23)
one may check that

o= Nl

0) g (ED () W @, 0 @y g NI SN T )
(Va; Va, \2 >—CL<O‘3 0 i ) Cr(ag™, i4b(2) 1 _43(2)“}

= ATC;F) (043; 9, ] ’b)

where

Q—c193+b/24b/2 b(agoz—1/241/2)

o 2lm(#) () T (2 ()
((%) 7(“31))%@ p—(F1) (12b2>éi1

As in all our previous computations, it is straight forward to show that the functions

Ajf may be factorized into a product of three a-dependent factors NV, up to the familiar
a-independent term (4.22) , i.e.

1 _1
NONED N2 gt = o)

a3
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Combining these results we conclude once more that eq. (4.20) holds, with the familiar
k(b) and a factor w(0,£1/2,—-1/2) = 1.

3
Next let us consider two correlation functions containing the field @&2). In this case
in order to express the correlators in terms of the structure constants (4.25), (4.26) one
should use the Ward identities [29, 45]

o0

(G} 2(2,2) 1) = € (@R 02(2,2) Gad) + D0 (1132) 2" (0 Grepalz,2) 1),

=t
/1 1 B 1 g B
> (#) 47 (A Gpanle o) = X (57) (-4 (Gpuicyil a2l
p=0 p=0
Sy S 1 _
—ey (210 >(—2’)2 MR (o 09(2,2) Gy
p=0

where gozR denotes a R field and ¢ is the parity of the NS field. Similar Ward identities

apply to the fermion 7. With the help of these identities one can see that the simplest
correlator with ®() has only a few non-vanishing terms

+1 3 _ +1 _ - 1
(@52 @) @:d)) = 03%() (0,72l <2P1 2L 1GoL1Go + 5(Q + 2PG

-36-4
+P7HQ +2P)(L_1GoG—1 + G1L1G0)> CDg‘%l)>7
so that
(@%é)é(g@&%)> % (ial) ((A3 — Aoy —Ay) — <C§ + P1) (P + P3)>2 <‘I>%%)‘I>goz)¢&:%)>
2
- +iglPJ1r%2—P22bi2b]—D§))22((§PJ1r—2kil+_ 2251_321§ 2B 0 agsancult)

The second correlator is more complicated,

+1 3 -~ _
<(I)((132) (I)((xlg) (I)&zl)> _ Q%Q(al)gl 2(@2)

1 _ 2 _
<@S;2) (G_1G_1 + (Q +P2> n_1m_1+ (Q +P2> (n_;G_; —?7_1G_1>>@80)
p) 2 2 P 2 p) 2 p} 2 2

% (271(Q +2P)*G1 Gy + 27794 (a0)(Q + 2P) (11 Gy — 71G)

N

+2P172L,1G0[_/,160 + QQ% (011)77717771 + ﬂQ%(al)Pfl(n,1[_x,100 — ﬁflLflG[))

= - 1
+P7H(Q + 2P)(L1GoGoy + leIGO))@&%>> |
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Using the Ward identities we arrive at
(£3

as

= QQZ(OQ)Q;2(O£2) ((b + 2b_1 + 2P1) (2b -+ b_l + 2P1) (PQ =+ g)

—2(P1 F Pg) (Ag — A9 — Ay — 1/2) + 2(2P1 + Q)(A3 —2Ay — Al)

2
’ (P2 " g) (Bs = Ao = A1) = (P F P3)(2P1 + Q) <P2 + g) ) @52 o o))

(2P 4+ 2P, £2P; + 3b+ b~ 1)2(2P, 4 2P, £2P; + b+ 3b71)? CH)(as; ag, a1 |b)
T 8(2P + 2P, F 2P + Q) 2(2Py + b+ b= 1)2(2P; + 20+ b=1)2(2P, + b + 2b-1)2

Within double Liouville theory we find

3
@5 a1 o)

M M
LN OB 3b ,b )

+1 3
(Ver® VI ViR) = Cuaf £ 2, afl) of

1
Ce(a® s 1 a2 4@ (@) = Ai(]m(aQ;ag?allb)

3 46(2)>O‘2 , O
+3 3 S b 35(

<V332) V((y12) V(a21)> — CL(aél):I: y 7@9)"‘7,(19) |b(1))

1 1 3 .

Cr ():Izi A2 A(2) Aib() :Aic(i) ] b
(& 462’ @ 2h(2)’ ot 4b(2)‘ ) 6 Cr ' (a2; a3, an|b),
where
Q-a= 31’/2“/2 b(at+3/241/2)

g () (e (7)) T (26)()

b2 + b p3El 2 21
1-b2
(Q+2P, + 2P, + 2P3)2( Q+ 2P — 2P, £2P5)?
8(2P +2b+b"1)2(2P + b+ 2b~1)2

X Q—a—5b/2Fb/2 5 b(a+5/241/2) , )
. (ma() T (=) T A(ER)(F)
A6 = Q-a 1344
(#)(5)) " v ()
(2P +2P, F2P3 + Q)?(2P1+2P, £ 2P + 3b+ b7 1)? (2P +2P, £ 2P + b+ 3b71)?
32(2P2 + b+ b"1)2(2P, + 2b+ b=1)2(2P; + b+ 2b~1)2

Comparing with the correlators from the first part of the computation in A’'=1 Liouville
theory we obtain,

Q + 2P, + 2P, £ 2P3)%(Q + 2P, — 2P, + 2P3)?

(£5) 0 r(0) \r(3) 4 _ (
Ny Nog Nai" A5 = 2n(0) 8 (2P +2b+ b=1)2(2P; + b+ 2b~1)? ’

(£3) (%)
Nay P NN AT = 4k (D)
(2P1+ 2P F 2P + Q)?(2P1+ 2P £ 2P + 3b+ b 1)2 (2P, + 2Py £ 2P3 + b + 3b71)?
32(2P,+b+b"1)2(2P, + 20+ b 1)2(2P, + b+ 2b71)2
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so that we verified two additional cases of eq. (4.20) with @w(+1/2,0,3/2) = —i and
w(+1/2,1,3/2) = 1. This concludes the tests of our main correspondence (4.16).

5 Outlook and conclusions

The main result of this work is our formula (4.16) that relates fields in the product of N'=1
Liouville field theory with a free fermion to primaries in double Liouville field theory. We
have tested this proposal through a number of non-trivial calculations. The correspon-
dence (4.16) extends related observations in [1] to the R sector. In addition, we have been
able to normalize the fields in both R and NS sector such that the 3-point functions agree
up to a simple b-dependent factor ~ x. Since this factor does not depend on the fields we
insert, it can be absorbed through a normalization of the vacuum state.

Our results may be extended in a number of different directions. It clearly seems worth-
while to study the correspondence (4.16) for correlation functions e.g. on discs with non-
trivial boundary conditions or higher genus surfaces. N'=1 Liouville field theory possesses
one continuous family of boundary conditions which preserve the N'=1 super-conformal
algebra. Though boundary conditions in imaginary Liouville theory have not received as
much attention as the bulk model, see however [40], it seems likely that double Liouville the-
ory admits conformal boundary conditions that are parametrized by two continuous labels.
A subset of these boundary conditions should preserve the larger N'=1 super-conformal
symmetry along with simple gluing conditions for the fermion 7.

In an interesting recent paper [46] Gaiotto engineers a conformal interface between
the minimal models MM, and MM;,_;. Gaiotto’s construction makes essential use of the
relation (1.1) between the product theory and supersymmetric minimal models. It seems
likely that a similar interface between Liouville theory and its imaginary version also exists.
Constructing this interface explicitly might be of some interest as it could provide more
insight into the relation between standard Liouville field theory and its imaginary cousin.

The main motivation for this work, however, came from the results of [2] which relate
correlators of the OSP(1|2) WZW model at level k to those of N'=1 Liouville theory
with 572 = 2k — 3. In order to compute N-point functions of primaries Vi(plz) in the
WZW model, one needs to calculate higher correlators in a product of A’=1 Liouville field
theory with a free fermion. The latter involve N fields from the physical spectrum of the
supersymmetric Liouville theory along with N-2 degenerate ones whose insertion points
yi = yi(py) depend on the complex parameters p,. It turns out that all these fields must
be taken from the R sector of the model. More precisely, one finds

N 1 (1
<H V€V(M1/|ZV (Z Hu) H <(I)gzy_/)(zu) - 26,/@05, 2y ) H (I> (z

v=1 1/1

~

(5.1)

cr"‘

up to some simple factors. In the present article we have argued that the correlation
functions on the right hand side can be calculated in double Liouville theory. We believe
that such a relation between the OSP(1]2) WZW model and double Liouville theory could
become a crucial ingredient in finding a supersymmetric analogue of the celebrated FZZ-
duality between the SL(2)/U(1) black hole sigma model and sine-Liouville field theory,
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much along the lines of [47]. In this context it is crucial to observe that, according to
eq. (4.16), the degenerate fields we have to insert at points y; on the right hand side of the
correspondence (5.1) are trivial in imaginary Liouville theory, i.e.
%) () ~ V_1 (y) .
—L Y -1y

Hence, the imaginary Liouville theory is merely a spectator throughout most of the com-
putations performed in [47]. Consequently, we can express correlation functions in the
OSP(1]2) WZW model through a product of sine-Liouville and imaginary Liouville theory.
It then remains to rewrite the latter in terms of a more conventional theory. We shall
return to these issues in a forthcoming paper.
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