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ABSTRACT: We introduce the transverse momentum dependent fragmenting jet function
(TMDFJF), which appears in factorization theorems for cross sections for jets with an
identified hadron. These are functions of z, the hadron’s longitudinal momentum fraction,
and transverse momentum, p |, relative to the jet axis. In the framework of Soft-Collinear
Effective Theory (SCET) we derive the TMDFJF from both a factorized SCET cross
section and the TMD fragmentation function defined in the literature. The TMDFJF's
are factorized into distinct collinear and soft-collinear modes by matching onto SCET .
As TMD calculations contain rapidity divergences, both the renormalization group (RG)
and rapidity renormalization group (RRG) must be used to provide resummed calculations
with next-to-leading-logarithm prime (NLL’) accuracy. We apply our formalism to the
production of J/v¢ within jets initiated by gluons. In this case the TMDFJF can be
calculated in terms of NRQCD (Non-relativistic quantum chromodynamics) fragmentation
functions. We find that when the J/v carries a significant fraction of the jet energy, the pp
and z distributions differ for different NRQCD production mechanisms. Another observable
with discriminating power is the average angle that the J/1) makes with the jet axis.
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1 Introduction

In recent years, jet physics has played a prominent role at high energy colliders, particularly
the Large Hadron Collider (LHC). Jets provide an opportunity to test our understanding
of Quantum Chromodynamics (QCD) and appear in both Standard Model and beyond
the Standard Model cross sections, making them important for searches of new physics as
well. Due to the enormous energies available at the LHC, top quarks, W=, Z°, and Higgs
bosons are frequently produced with transverse momenta much greater than their mass, and
studies of jet substructure have proved essential in identifying these highly boosted particles
when they decay hadronically [1, 2]. For all these reasons, precision jet calculations have
become increasingly important in particle physics. At the heart of analytic calculations
of jets are factorization theorems which separate jet cross sections into perturbative and
non-perturbative pieces. Non-perturbative functions such as parton distribution functions
(PDFs), fragmentation functions (FFs), and fragmenting jet functions (FJFs) offer ways
to analytically probe the structure of the proton as well as the nature of hadronization.
FJFs were first introduced in ref. [3] within the framework of Soft-Collinear Effective
Theory (SCET) [4-7]. They appear in factorization theorems for cross sections for jets
containing an identified hadron h carrying a fraction z of the jet energy (z = 2E), /w, where
Ey, is the hadron energy and w =}, p; ). Ref. 3] also showed that one can construct a



factorization theorem in SCET for the differential cross-section do”/dz from the inclusive
jet cross section by applying a simple replacement rule,
1
Ji(s, 1) — mgi/h('S»ZvM)dzv (1.1)
where J; is the standard jet function and G; /), is a FJF. In eq. (1.1), s is the jet invariant
mass and p is the renormalization scale. Additionally in the limit Agep < /s we can
evaluate the FJF as a convolution of perturbative short distance coefficients and the more
commonly studied fragmentation functions (FFs).

1
d
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Past studies of FJF's involve the jet invariant mass [3, 8, 9] and were generalized to angular-
ities [10] in ref. [11]. In refs. [12-14] FJFs independent of jet substructure observables were
used to study the production of light quarks, heavy mesons, and quarkonia. The properties
of FJFs have also been studied in refs. [15-22]. In this work we extend FJF's to transverse
momentum dependent distributions (TMDs). Recently, TMDs have been studied exten-
sively within and outside the framework of SCET [23-31]. TMDs offer a new technology
for the study of hadron substructure in hadron colliders (TMD parton distribution func-
tions (TMDPDFs)) and hadron production (TMD fragmentation functions (TMDFFs)).
TMDPDF's have been used in SCET for studies of Higgs production in the small transverse
momentum limit at the LHC [31-36]. TMD fragmenting jet functions (TMDFJF) depend
on three kinematic variables: the jet energy, w/2, the fraction of this energy carried by
the identified hadron, z, and the hadron transverse momentum with respect to the axis of
direction of the original parton, p}i. The modes that give important contributions to the
transverse momentum are

collinear-soft: ph ~ w(Ar,\/r,\), A=p)/w
collinear: pk ~ w(\2,1, ), (1.3)

where collinear-soft modes are soft modes collinear to the direction of the jet axis first
introduced in ref. [37] and r = tan (R/2) for jet cone size R. Similar modes are also
studied in [38]. To incorporate contributions from soft-collinear modes, we make use of
the SCET, formalism. SCET. and other similar extensions of SCET have been used
to study processes with multiple well-separated scales and distinct phase space regions
(e.g. [29, 37-39)]).

Recent work [11, 13] shows that jet substructure observables may be able to shed light
on outstanding puzzles in the production of quarkonia such as J/¢ and Y. Our modern
understanding of quarkonium production comes from non-relativistic QCD (NRQCD) [40],
an effective field theory that writes cross sections and decay rates for bound states of heavy
quarks as expansions in the strong coupling as(2m.) and v, the relative velocity of the
quark-antiquark pair. NRQCD provides factorization theorems [41-44] for cross sections
in terms of perturbatively calculable short-distance pieces multiplied by non-perturbative



long distance matrix elements (LDMEs). The perturbative piece describes the creation of
a heavy quark-antiquark pair in a given color and angular momentum state while the non-
perturbative LDMEs describe the hadronization of the heavy quark-antiquark pair into the
physical quarkonium state. The different intermediate color and angular momentum states
of the pair define different NRQCD production mechanisms for quarkonia.

Ref. [13] studied the dependence of the cross section for the production of J/v¢ within
jets initiated by gluons on z, the fraction of the jet’s energy, E;, carried by the J/¢. The
authors showed that the z dependence is sensitive to the underlying quarkonium production
mechanism. Thus, simultaneously measuring the z and E; dependence of the cross section
for J/4 production within jets provides a new and independent way of extracting the values
of the LDMEs. Ref. [11] extended these results to .J/t¢ production in ete™ collisions where
the angularity of the jet was probed. Ref. [11] also found that NLL’ resummed analytic
calculations of the z distributions were quite different from those predicted by PYTHIA
simulations. The authors attributed this large discrepancy to an unrealistic modeling of
the shower radiation from color-octet quarkonium production mechanisms.

Intuitively, one might expect color-octet quark-antiquark intermediate states to radiate
more gluons relative to color-singlet pairs. This would result in J/1¢ produced with higher
py relative to the jet axis. Also, since different color-octet production mechanisms have
different FFs in NRQCD, FJFs should be able to distinguish between the different color-
octet production mechanisms. In addition to generalizing FJFs to TMD distributions, this
paper also shows that these TMDFJFs do in fact provide discriminating power between
the different mechanisms.

In section 2, we give a definition of the TMDFJF and show how it emerges from
definitions of TMDFFs in the literature. We then perform a matching calculation at
next-to-leading order (NLO) onto SCET, and derive a result that is completely factor-
ized into hard, collinear, collinear-soft, and ultra-soft modes. We present a calculation
of the matching coefficients J;; between the TMDFJF and the more traditionally studied
FFs. Additionally, we present a perturbative calculation of the corresponding collinear-soft
function at NLO. In section 3, we use renormalization group (RG) and rapidity renormal-
ization group (RRG) techniques to resum logarithms to next-to-leading-log-prime (NLL’)
accuracy. The TMDFJF formalism is applied to the production of .J/v in gluon jets where
the FFs are calculated to LO in NRQCD. We find that distributions in p; and z as well
as the average angle of J/1 relative to the axis of the jet can discriminate between the
various NRQCD production mechanisms. Conclusions are given in section 4. Appendix A
gives calculational details of the matching of the TMDFJF onto the FF, appendix B has
an alternative derivation of the TMDFJF from an SCET factorization theorem for a jet
cross section, and appendix C has details about the RG and RRG evolution.

2 Transverse momentum dependent fragmenting jet function

In this section we will present the definition of the TMDFJF, connecting it with definitions
of TMDFFs from the literature. We first show the matching calculation of the TMDFJF
onto SCET and its factorization into pure collinear, soft-collinear, and hard pieces. We



then present perturbative calculations of the matching coefficients, J;/;, from matching the
pure collinear function onto the FF as well as the one-loop expression for the soft-collinear
function.

2.1 Definition and factorization

The operator definition of the quark FF is given by [45]:

Dunteon) = L 3 gt =5 —9i) T G OWO)XRXAGOI0) (2.1)

2N,

)
pY=-p"

where () is the quark field in QCD. The TMDFF is given by a similar expression but is
unintegrated in the transverse components of the hadron momentum. It is defined by [46]

Doz =1 | ff; 00— = ) T [ 501000, ) XA XHIBO)0).
(2.2)

such that,
/dQPZI_ Dq/h(pﬁb_aza/‘) = Dq/h(zmu)' (2'3)

Here, p}i is the transverse momentum of the hadron h with respect to the direction of
the original fragmenting quark. In order to identify the experimentally measured jet axis
with the direction of the parton initiating the jet, there needs to be a constraint that only
ultrasoft radiation is outside the jet. Alternative definitions of the TMDFF often involve
the transverse momentum measured with respect to different axes (e.g., the beam axis).
In order to extend this concept to identified hadrons within jets we consider the collinear
limit of eq. (2.2) by matching onto SCET where now z = Ej/E;. This yields the operator
definition of the TMDFJF
1 1 2 Xy | 7
Ga/n(PLs 2, 1) = Z N, o 03, )0 (L +pY) Tr <O|5wan (0)|Xh)(XhIx(0)]0)
(2.4)
where in the equation above the states |Xh) corresponds to the a final state of collinear
particles within a jet, in contrast with the the state |Xh) in eqgs. (2.1) and (2.2) which
correspond to the inclusive case. The index (0) indicates that the field has been decoupled
from the ultra-soft gluons via BPS field redefinitions
Xio(@) = Vi (@)xa(z) and  AD(z) = V] (2) An(2) Y (), (2.5)

n

and y, = W,J{fn is defined in terms of the collinear quark fields of SCET and the ultrasoft
and collinear Wilson lines are

YJ(x):IP’eXp<ig /0 Oodsn-Aus(ﬂz—l—sn)> and W, (z) = Zexp<ﬁf;3n.Anx). (2.6)

perms

As we show in appendix B, the expression for the TMDFJF given in eq. (2.4) is closely
related to the FJF introduced in ref. [3].



As discussed in the introduction, the TMDFJF receives contributions from two differ-
ent modes, collinear and colllinear-soft or csoft. In order to make the contribution of the
csoft modes explicit, we now match our expression onto SCET |

Guyn(p» 2 1) = CLHC (1) > o 000D (. + )
< T [ﬁmmvj OO ORI OVI O] @)
where
VO = 3 e (7 40 ). (2.8

are Wilson lines of csoft fields (the csoft analogue of W,,) and C4(u) are SCET matching
(0)

coeflicients. In order to decouple the collinear fields A( ) and Xxrn~ from the csoft gluons,
we now perform field redefintions similar to those of the BPS procdure [37]

Gop(pa 21 = CLIC ) 3 0930, )57 (s + )

< T [?mrawvn* O OUL 0 (0))xh)

< CXHIREO OU; O OV 00| (2.9
where
Ul O(z) = Pexp <zg/ dsn- Agg)cs(ns + ac)) , (2.10)
0

and the superscript (0,0) denotes that the corresponding fields are decoupled from both
ultra-soft and collinear-soft modes. Having factorized our operators, we now factorize the
phase-space into collinear and collinear-soft Hilbert states.

[Xh) = | Xnh)|Xes), (2.11)
Z Y (2.12)
X”L XCS
5(2)(m+pl) — 6@ (p, +pl" +pl*). (2.13)

This allows us to factorize the TMDFJF into three pieces

Gon(PLs 1) = Hi() x [Py @ Sc| (b1 2m). (2.14)

where H. is proportional to the square of the matching coefficient from G,/ in SCET] to
SCET4, and Dy, and Sc are the contributions collinear and the collinear-soft modes of



SCET to the TMDFJF, respectively. These are defined by
H (1) = (27)*Ne T (1)C (), (2.15)

1 1 73
Dyn(pT,2) = Z 0P )0 (n,) T [2<0\6w,pxn<o>5<2> (PE +pD)| Xnh)

x <thxn<o>|o>} , (2.16)

E ZTI‘ |: 0|VJf ( ) )(PJ_ +pL)‘Xcs><Xcs|U1I(O)Vn(O)‘O> ’ (2‘17)
€ Xes

where the Tr is over Dirac and color indices in D, and color indices in S¢. From now on,
we drop the (0) and (0, 0) superscripts since the different collinear, soft-collinear, and ultra-
soft modes are now factorized. We also employ the following shorthand for the convolution
in the 1 components

d2p/
Dy @1 Sc(pL) = /(%)lg Dy/n(p1 — P )Sc(p))- (2.18)

Analogously for gluon fragmentation we have

1 w — 2 X
Dg/h(pj_’ z“u) = _gw/; %: (d _ 2)(]\702 _ 1)6(th;r)6( )(pJ_ + pL)
x (0[8,, B (08P (P 4 pT)| X 1) (X h|BLS (0)[0), (2.19)

where the collinear gluon field is

By, (y) = ! Wiy )ZDnJ_Wn(y)] , (2.20)

S

and iD,, | = Pﬁ |+ gAZ | is the standard L-collinear covariant derivative in SCET.

At this point, only the purely collinear term D;/, contains information about the
hadron h. The collinear-soft function (S¢) and the hard function (Hy) are universal
functions dependent on the fragmenting parton ¢ but not on the hadron h. Additionally,
in the limit that |p,| > Aqcp, we may use the operator product expansion to factorize
D1, into short distance coefficients and the more commonly studied FFs, D, via,

dx A
Di/h(pJ_aZ’IU’a V) :/ o j/](pj_vx w, v ) ]/h( ) +0O ( |5 |]2)> ) (221)

where J;/; are the short distance coefficients that do not depend on the final hadron and
can be calculated order by order in perturbation theory.
2.2 Perturbative results

The O(a;) diagrams contributing to the gluon and quark TMDFJFs are shown in figures 1
and 2, respectively. At NLO, the matching coefficients J;/; are directly related to the



Figure 1. Feynman diagrams that give non-scaleless contributions to the gluon TMDFJF at NLO
in as. Diagram (b) also has a mirror image that is not explicitly shown.

& | X %

(a) (b)

Figure 2. Associated non-scaleless diagrams that contribute to the quark TMDFJF at NLO.
Again, Diagram (b) has a mirror image that is not explicitely drawn above.

matching coefficients Z;/; between TMDPDFs and the more commonly studied PDF's cal-
culated in refs. [29, 31] by the substitution Z;); — Jj/;.- See appendix A for additional
details of the matching calculation. Following ref. [31], a rapidity regulator is used to
regulate rapidity divergences in the perturbative calculation. This is implemented by first
modifying the form of the collinear and collinear-soft Wilson lines

2 |5 -n
B gw |n-739] _

B (2.22)
f§: gw [n-Py™" _
Vo = exp <_TL P —n/2 An,cs s

3



with similar modifications to U,. This introduces a regulator 7, a bookkeeping parameter
w, and a new dimensionful parameter v. The dependence of our results on v should of
course cancel amongst the terms in our factorization theorem. The renormalized results
for the J;/; in the MS scheme can be written,

Tiji(PL, 2, p,v) = 656(1 — 2)6@ (p,) (2.23)
T W2\
Slej {<5 9(1=2)In < >+Pji(z)> Lo(pt, 1) + Cij(Z)fs(?)(m)’}’

V2

with
7qq(z) = Pyg(2) —7g6(1 —2) = (1 + 22)50(1 - 2),
_ 1+ (1—2)?

9q(2) = Pgq(2) = fa

09(2) = Pyg(2) = 2% + (1 - 2)°,
1—z+22%)2

Pyy(2) = Pyg(z) — 740(1 — 2) = 2( Lo(1l —2), (2.24)

and

1—-2 z

9 Cag(2) = 2 Cgq(2) =0, cgq(z) = 2(1 = 2), (2.25)
where Toy = Tyg = Cp, Tyg = Ca, Tyq = Tr, 74 = 3/2 and 74 = [y/(2C4). For convenience
we use the following shorthand notation for the vector plus-distributions,

Cqq(2) =

Latwt i) = gt (1) = o (Lt /p¢>)+. (2.26)

- 2mp [ 2mp? \ p?

Performing the convolutions in the energy ratio parameter z we get,

2 _ @) as [ o w1 —2)?
,Dz/h(pL)Zuuﬂ V) Dz/h(z7l~b)6 (pJ_) + T TZZDz/h(Zv M) In 2
e )}[’o(Pb ) 1 it u><><m>}, (2.27)

where

fhep(zm) =Y {%Tn‘ /: 1%: [ i(@)Dign (2#) — 2Dy, (zm)]

J
Uda z
+(1— 5ij)Tij/ % Pji(x)Dj/p, (;M) }, (2.28)
with py(z) = (1 4+ 2%)/z, py(z) = 2(1 — x + 2%)? /2% and

Jilip(zm) = Z%/?%)%d@& (2.29)



(a) (b)

Figure 3. Real gloun emission diagrams that contribute to the collinear-soft function
SL(p 1,2 i,v) at O(as). The gluons passing through the shaded oval indicate they are contained
within the phase-space of the jet.

At NLO, the collinear-soft function, defined by eq. (2.17), receives contributions from
the two diagrams shown in figure 3. The real gluon is contained within a jet defined by a
cone or kp-type jet algorithm with cone size parameter R. A global soft funciton of similar
form has been calculated at NLO in ref. [31] and at NNLO in ref. [33] in studies of Higgs
pr spectrum. The two diagrams in figure 3 yield identical contributions and thier sum is
given by,

i,B(1) 9299 evE % \¢ - '/dk:erk_dd_Qk:l 2 2 <(2)
S0 p1) =+t (T ) e [ e I L+ p) O

_ oGy <m«>"1 1 <u2>1+5+"/2 (2:30)
T T(l—e) \p) n2mp? \pi ’ '

where ©,), defines the jet algorithm, r = tan(R/2), and Cy = Cp, Cy = C4. After an
expansion in 7 followed by an expansion in € and summing both diagrams we get,

i aswC; (2 1
SeP(pr,pv) =0P(pL) + { (—265(2)(m) + Eo(pi,u2)>

T n
1 1 2 (i
9 2 2 2 2
_ 325(2)( ) (2.31)
24° \PLI '

The renormalized result (where we have now set w — 1)in the MS scheme is thus

{ﬁo(pi,u2)1n< -

2 2

T
) - £ty + 3000 .
(2.32)
While in general this expression receives contributions from virtual gluon emission diagrams

asC;

SéR(Pm,ua v) = 5@ (pL) — 72,2

at NLO, these diagrams yield scaleless integrals when using this particular set of regulators.
Thus virtual diagrams are neglected and all singularities from these real emission diagrams
are interpreted as UV divergences. We also verified, using a set of regulators where such



virtual gluons give non-zero contributions, that the result is identical.! Note if pure dimen-
sional regularization is used for ultraviolet and infrared divergences then H, = (27)2N, as
discussed in ref. [29].

3 Numerical results

3.1 Renormalization group (RG) and rapidity renormalization group (RRG)

Individual diagrams for the collinear-soft function S¢ and the matching coefficients J;/;
suffer from infra-red (IR), ultra-violet (UV) and rapidity divergences (RD). We use dimen-
sional regularization and a rapidity regulator (as introduced and developed in refs. [31, 47])
to regulate these divergences. IR divergences in the collinear-soft function cancel when
summing over all diagrams. In the matching coefficients J;;, IR divergences cancel in the
matching of the collinear functions D;/;, onto traditional FFs, D;/,. The remaining poles
(UV and rapidity), are removed by renormalization. In addition to the scale p introduced
by dimensional regularization our use of a rapidity regulator requires the introduction of an
additional scale, v. With this scale are associated rapidity renormalization group (RRG)
equations which can be used to resum large logarithms by evolving each function from its
canonical scale to a common scale. Bare and renormalized quantities are related through
the following convolution with the renormalization factor Z,

FB(pL) :ZF(anua V) L FR(pLauay)v (31)

where I’ can be either D;;, or S%, and satisfies the following RG and RRG equations,

d
dlnluFR(pJ_v/'L? 1/) = 75(:“71/) X FR(pJ_nuaV)
d
mFR(pJ_aM>V) :75(pj_a/~477/) XL FR(pJ_mu’ V)' (32)

Here 75 and v are the anomalous dimensions associated to RG and RRG respectively
and are defined by,

_ d
[(2ﬂ)25(2)(PL) X 75(/% v) = _ZFI(PL/%V) ®1L mZF(pL,U, V)

YL ) =—Zp (P, pv) @1 Zp(py, 1), (3.3)

dlnv

For the renormalization factors we find,

2 1
22(p..ov) = @00 (p) + ()’ Cod =2 (= 1600 + oo )

+ 2% (ln (:Z) + %) 5 (m)} (3.4)

2/ 1
Z5%¢(p,, p,v) = (2m)%6P (py) + (477)0‘5U)ZCF{ + <—2€5(2) (pL)+ Eo(pi,ﬂz)>

. (m (7};;) " 1) 5(p,), } (35)

n order to verify that all IR divergences do indeed cancel, we used a gluon mass, rapidity regulator,

and dimensional regulator where diagrams with virtual gluons give non-scaleless contributions.

~10 -



The p anomalous dimensions are found using eq. (3.3),

VP(v) = O‘;Ci <ln (:Z) + —i) (3.6)

Vi€ () = asCilﬂ( i > , (3.7)

T r2p?

For the v anomalous dimensions, our bookkeeping parameter w plays an analogous role
to the coupling g for the case of the p anomalous dimension, although w itself is not a
coupling, such that,

9 n
v W= T 5w, (3.8)
thus yielding

v W1, p) = —(8m)asCi Lo(py, 1) (3.9)
%° (P, 1) = +(8m)asCi Lo(p, 1) (3.10)

The anomalous dimensions satisfy

OzSCi ,uz _

P+ w) = = 2 (i (5 ) +3) -

where 7 is the anomalous dimension of the unmeasured quark jet function [48] and

Y (P p) +75 (P, 1) =0. (3.12)

In order to resum our results to NLL’ accuracy we evolve the purely collinear function
and the collinear-soft function from their characteristic scales where logarithms are mini-
mized to common scales in p and v using the RG and RRG respectively. To perform the
evolution, we first solve the Fourier transforms of both the RRG and RG equations. We
then perform the evolution using the RG and RRG before finally performing the inverse
Fourier transform. The simplest resummation procedure is, in this case, to first evolve our
collinear-soft function in RRG space and choose the common scale to be v = vp. We then
evolve both functions in RG space to the common scale u = wr. Notice that S¢ and D
have the same characteristic renormalization scale ug, = pp = pc. The equivalence of the
virtualities of the soft and collinear modes is a defining feature of SCET1;.

To make the interpretation of our plots easier, we study the quantity G; /h(p 1,2, [4)
which is related to the TMDFJF by the change of variables from vector transverse momenta
(p ) to the amplitude (p; = |p,|). Performing the evolutions described above we find,

Gijn(pL, 2, 1) = (27)? PL/ db bJo(bp )Usc (1, pise, mse )Up (i, pp, 1) (3.13)
0

X VSc(ba /’LSca Vp, VSc)FT[Di/h(pJ_u Zy, WD, V'D) ®J_ SiC(pJJ,uSca VSc)]7

where b is the Fourier conjugate variable of p |, Jy is a Bessel function of the first kind,

1o wr (p,10)
U, ) = exp (o)) (22) (3.14)
Iu 'r]F(;U':VvVO)
and Vp(b, g, v, 1) = (MC@) where pc(b) = 2exp(—yg)/b,  (3.15)

- 11 -



Function (F) | RG scale (ur) | RRG scale (vp) | mp

Dy, e (b) w n.a.
St pc(b) po(b)/r vr

Table 1. Characteristic scales of the different functions in the factorization theorem.

v Esthy | ol eEs) (O (L5 (/10 (3R
3 7 7 7

~ U

1.32GeV? | 2.24 x1073GeV3 | 4.97 x 1072 GeV? | —1.61 x 1072 GeV?®

~ U ~ v ~ U

Table 2. LDMEs for NRQCD production mechanisms. Here v is the relative velocity of ¢¢ pair.
For charmonium v ~ 0.3. For the numerical result we use central values taken from global fits in

refs. [49, 50].

are the evolution kernels resulting from solving the RG and RRG equations respectively.
The pure collinear term D; /5, in eq. (3.13) involves the convolution of the perturbatively
calculated short distance coefficients and the standard fragmentation functions evolved
from their canonical scale to the canonical scale of the collinear term in momentum space,
= p1. The form of the fragmentation functions is fixed during the Fourier transforms in
eq. (3.13). The scales pup, vp and mp for each of the functions are given in table 1 and
more details of the RG and RRG evolution are provided in appendix C.

3.2 Applications to quarkonium production

In this section we apply our TMDFJF formalism to the production of quarkonium in
jets. We will focus on J/1 production within jets initiated by gluons, though our results
can be easily generalized to T or other quarkonia and jets initiated by quarks. For J/u
production the leading production mechanism in the NRQCD v expansion is 3S£1], where
28 +1L9’8] indicates the color and angular momentum quantum numbers of the c¢ produced
in the short-distance process. This mechanism scales as v®, whereas the leading color-
octet mechanisms, 35?1, 15([)8], and 3PL[]S], scale as v”. Table 2 shows this scaling along with
numerical values of the corresponding LDME extracted from the fits in refs. [49, 50] (which
we use below). The extracted LDME are consistent with the v* suppression expected from
NRQCD. As was done for the FJF’s in ref. [11] we use the leading order NRQCD [40]
FFs for gluon fragmentation to J/1 for each of the four mechanisms. In the as expansion
the leading order contribution to gluon fragmentation to J/v¢ via the 3SF] mechanism
scales as as(2m.)?, while for 1Sc[]g] and 3P}8} the leading contribution scales as ag(2m,.)?
and for the 35’?] mechanism the fragmentation function scales as as(2m.). Thus for gluon
fragmentation the v* suppression of color-octet mechanisms is compensated for by fewer
powers of ag and all four contributions are roughly the same size. Our goal is to see
if the z and p, dependence of the TMDFJF can discriminate between these competing
mechanisms.

The TMDFJF as a function of p, for fixed z, for z = 0.3,0.5,0.7, and 0.9, are shown

figures 4 and 6, for jet energies of 100 GeV and 500 GeV, respectively. In order to make it
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Figure 4. The TMDFJF as a function of the p, of the J/1 for the 3S£1], SSF], 15([)8], 3P}8] produc-
tion mechanisms where the for jet energies £y = 100 GeV. Theoretical uncertainties are calculated
by varying the renormalization scales by factors of 1/2 and 2.

easier to view all distributions simultaneously, we have rescaled the 35’?% 1S [8}, 3Pt[Ig],and
3S£1] distributions, by factors of 106, 10°, 3.010° and 4.010°, respectively. The same
rescaling factor is used in all eight plots in figures 4 and 6, and theoretical uncertainties
are calculated by varying the RRG and RG scales vg,,, vp, and p by a factor of 2 and 1/2.
The central dashed lines in the figures correspond to the scale choices v = vp = w and
1 = wr. Though we plot our distributions in the range 0 < p; < 20GeV, it is important

that to keep in mind that our calculations are only reliable for p; > 2m. = 3 GeV.

These plots show that the TMDFJF does in fact provide discriminating power amongst
the four mechanisms. For z = 0.3, all four distributions look similar for both E; = 100 GeV

and 500 GeV. The distributions peak at roughly the same location and they have same
slope for large p,. For z > 0.5, the color-singlet 35{1] mechanism and the color-octet
15([)8] mechanism peak at lower values of p, and fall more steeply with p, than the 3S£8]

]

order to obtain a positive FF we need to have a negative LDME, as is found in the fits of

and 3P£8} color-octet mechanisms. The 3P£8 mechanism has the peculiar feature that in
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Figure 5. The TMDFJF as a function of the z of the J/4 for the 3S£1] , 3S£8], 15([)8],3 P}g] production
mechanisms, with p; = 10 GeV for E; = 100 and 500 GeV. Theoretical uncertainties are calculated
by varying the renormalization scales by factors of 1/2 and 2.

refs. [49, 50]. The peaks in the p; distribution for the 35@ and 15’([)8] mechanisms are at very
low p; where perturbation theory is not reliable. On the other hand, the peaks of the 35?1
and 3PL[]8} distributions are at larger values of p; ~ 6 — 8 GeV where perturbation theory
can be trusted. The 3P£8] gives a slightly harder p| distribution than 3S£8] mechanism,
and both are significantly harder than the other mechanisms.

It is interesting to study the dependence of the TMDFJF as a function of z with
py fixed to be a perturbative scale. In figure 5 we plot the TMDFJF as a function of
z for p; = 10GeV for jets with energy E; = 100 and 500 GeV. Large logarithms and
shape function effects will affect these distributions in both the z — 0 and z — 1 limits,
but our calculations should be reliable for intermediate values of z. While for z < 0.5
the distributions have similar shapes, in the range 0.5 < z < 0.9, the shapes of all four
mechanisms are different. The z dependence of the TMDFJF for fixed p; can be used to
differentiate between the NRQCD production mechanisms.

The TMDFJF formalism also allows us to calculate the angle at which J/v are pro-

duced relative to the jet axis. The average production angle for the J/v is given by

[ 6d8(do /dodz)

(6)(z) = [d6(do/dodz)

(3.16)

Using the small angle approximation the differential cross section can be written as

do 2p do
dodz /dpL 6( 2w ) dp,dz (3:.17)

Substituting this into eq. (3.16) yields

2 [dpipi(do/dp)dz)
(0)(2) = 2w [dpy(do/dpidz)

(3.18)
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Figure 6. The TMDFJF as a function of the p, of the J/1 for the 3S£1], SSF], 15'([)8],3 P}S] produc-
tion mechanisms where the for jet energies E; = 500 GeV. Theoretical uncertainties are calculated
by varying the renormalization scales by factors of 1/2 and 2.

As discussed in appendix B, the cross section do/dfdz can be factorized into hard, soft
and collinear terms in SCET. In general the hard and soft contributions will not cancel
because there is a sum over partonic channels in both the numerator and denominator
of eq. (3.18). However, they will if gluon fragmentation dominates production, then the
expression above can be written as

2 [dp1 p1Gyn(pL,z 1)
W f dpL gg/h(pLa 2y /‘L)

(0)(2) ~ = f4(2), (3.19)
where G/, (p1, 2, ) is the gluion TMDFJF. Figure 7 the function f;,l/w(z) is plotted at
points z = 0.3,0.5,0.7, and 0.9 for w = 2F; = 200GeV and 1TeV for J/i¢ with p, €
[5,20] GeV and p,; € [5,60] GeV, respectively. As was done earlier we have fixed the scale
i = wr. Note the typical angles are small enough that the small angle approximation
is justified. The dashed lines in figure show the results of a fit to the functional form,
Coexp(—zCh), the values of Cy and C for each mechanism at each energy are shown in
table 3. Again we see that differences between the various NRQCD mechanisms become
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Figure 7. The function fu}]/w(z) (as defined in the text) as a function of z relative to the jet axis
for each NRQCD production mechanism where the jet has E; = w/2 = 100 GeV (left) and 500 GeV
(right). The J/1 is restricted to have p; € [5, 20] GeV in the 100 GeV jet and p, € [5, 60] GeV in
the 500 GeV jet.

more pronounced as z increases. This shows that the average angle does in fact yield
some discriminating power between the octet mechanisms. In particular the slope on the
semilog plot, which is determined by the parameter C; in table 3, differs by as much as
20% between the various NRQCD mechansims for F; = 100 GeV and and as much as 40%
for £y = 500 GeV. Note however that 13([)8] and 3SP give very similar predictions for this

observable.

4 Conclusions

In this paper we introduce the transverse momentum dependent fragmenting jet function
(TMDFJF) in the framework of SCET and show how it is related to the previously intro-
duced TMDFFs and fragmenting jet functions (FJFs). TMDFJFs describe the transverse
as well as longitudinal momentum distribution of an identified hadron within a jet. TMD-
FJFs evolve with the renormalization group (RG) scale u and obey RG equations similar
to jet functions. Using SCET, we show that this new distribution can be further factor-
ized into soft and purely collinear terms. The purely collinear factor can be written as a
convolution of perturbatively calculable short distance coefficients and the standard FFs,
where the soft factor is given by a vacuum matrix element of product of Wilson lines. This
factorization introduces rapidity divergences that are regulated with the rapidity regulator.
We check that at NLO the regulator dependance vanishes in the final product. Associated
with rapidity divergences are rapidity renormalization group (RRG) equations. By evolv-
ing the collinear and soft terms separately using the RG and RRG equations all orders
resummation of large logarithms in the TMDFJF can be performed.

As an example we implement this formalism for the case of quarkonium production. In
the case of quarkonia the TMDFJF can be calculated in terms of the NRQCD FFs which
are perturbatively calculable at the scale 2mq. For the gluon TMDFJF for J/1, we study

the p; and z dependence predicted by the four production mechanisms: 3S£1], 3S£8], 15([)8},
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Ej; =100 GeV E; = 500 GeV
25+1 LBLS] a | o 25+1 LBLB] C | o
sl 13021 0.92 selll 1375 | 1.68
sl 1386 | 0.84 36l 1348 1.39
5B 1 3.88 ] 0.90 158 | 3.66 | 1.64
spll | 375 | 0.74 spl¥l | 3.28 | 1.20

Table 3. Results of fits of In (f,,(z)) shown in figure 7 to the function Cyexp(—zCh).

and 3P}8]. We use the leading order (in ag) NRQCD FF for each of these mechanisms,
and the RG and RRG equations are used to calculate the TMDFJFs to next-to-leading-
logarithmic-prime (NLL’) accuracy. We find that the z dependence (for fixed p ) is different
for all four mechanisms. We also find that the dependence on p, and the average angle of
the J/4 relative to the jet axis can discriminate between the various NRQCD production
mechanisms.
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A Matching calculation

In this appendix we provide details for the evaluation of the matching coefficients, J;/;.
From the sum of diagrams in figures 2a) and 2b) we get:

DA (p, 2 pyp) = SCE S _(vyr L "
q/q P15 MK, F(l—ﬁ) W 27T,U2 p%_

« {22 <1iz>1+n+(1—e)(1—z)}

a,w?Crp 2 L 2 2 2
W{ [ 3 (‘265 (pL) + Lo(pL, 1 )>

+ % (ln (:Z) + 2) 5(2)(m)] 6(1—z) - %pqq(z)(s(?)(pg

# (=021 () + Pul)) Loloh o) + 250 61) )
L Om.o), (A1)
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where we define ¢4q(2) = (1 — 2)/2. The superscripts B and R denote bare and renor-
malized quantities, respectively, and the superscript (1) indicates that this is the O(ayg)
contribution. The NLO matching coefficient is given by

R(1 R(1
jq/((z )(pL,Z,M) Dq/(q)(pJJZa:u’) - Dq/((])(zau)é(2)(pL)7 (AZ)
where . X
1 _asUF
Dq/(q)( )= . qq(z)i- (A.3)

The 1/¢ pole appearing in the FF is interpreted as an infrared divergence. Although for
extracting the renormalized matching coefficients J;/; we can ignore scaleless integrals
and interpret the finite terms as the renormalized result to that particular order, here we
are interested in the origin of the poles since this will allow us to extract the anomalous
dimensions. Performing the matching we get:

TE (b1, 2rm,v) = 6O(p, )5(1 - 2) + aSCF{ (5(1 2 (f) + Pz )> FolpL )

s

a3 p.) . (A1)

For the coefficient 7/, we simply perform the replacement z — (1 — z) and drop 6(z) and
plus-distributions since these functions are always integrated for values of z greater than
zero. Thus

a,Cr

TP L2 pv) = { a(2)Lo(PT, 1 )+cqg(2)5(2)(m)}, (A.5)

where ¢4q(2) = cqq(1 — 2) = 2/2. For the gluon splitting we get

2 EYE 2\ 1+e
B(1) _asCaw” e vyn 1 1

I'(1—¢) \w/ 27p?
wo |2 U= gy (A6)
S ~ z 2)|. .

Expanding in 7 and € we have
ozsC w?

Dﬁ(g)(plvz w, v ) = 4 |: 5(2) pJ_ +‘C0 va :| (A7)

2 _
[ 2502 -1 () 602+ Py (o)]

ozsC'sz

2 (5P + e )

e
zi (12 () + 33) 0] 11— 2)
1
2

2

3 Pal001) + (=30 = )1 (%) + Pu()) £ato )}
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and since the corresponding FF is given by:

asCy 1
DJ(2) =6(1—2) — 7ng(2)2? + O(a?), (A.8)
where the 1/e pole is an infrared divergence, we have
R 2) asCa w? 5 2 2
jg/g(pj_aznu'v v) =6 (pL)0(1l—2)+ - 6(1=2)In 2 + Pyg(2) | Lo(P, 1)
(A.9)
A similar calculation yields the kernel 7,
2 EYE 2\ 14e
B(1) _ aTrw e 1 I _ _
D by m) = s (b)) < (Bt - (A10)
asTrw? 1 - _
= TP P05 p) + Lolb2 1) i) + (021

where c4q(2) = 2(1 — z). Performing the matching and since the corresponding FF is

1

« TF
DE (2) = - 7

9/a _qug(z) +0(3), (A.11)

where again the 1/e pole is an infrared divergence, we get

asT)
TE (01,2 pmv) = 6P (p)o(l - 2) + 2L

{EO(P2¢7/~L2)qu(Z) + ng(z)fs@)(pj_)}- (A12)

B Factorization theorems in SCET

Much like the standard FJFs, TMDFJFs appear in factorization theorems for cross-sections
that are differential in z, the fraction of a jet initiating parton’s energy carried by an iden-
tified hadron, and p |, the transverse momenta of the hadron measured from the parton’s
momentum. It is shown in ref. [48] that the cross-section for the production of two jets in
electron-positron annihilation can be written as,

do = do'®) Hy (1) x Sa(p) x J&(w, 1) x JH(w, ), (B.1)

where do(® is the Born cross section, Hj(p) is the hard function resulting from matching a
2-jet operator in full QCD onto the corresponding SCET operators, Sy (1) is a soft function
that describes soft scale cross-talk between the jets and the soft out-of-jet radiation is
constrained via Eqyy < A, and J,(w, p) is a jet function that describes collinear radiation
within a jet in the n direction that has energy F; = w/2 (here w = E¢p,). The jet function
can be defined in SCET as

i
JHw, p) :/Cgl{;r/d4$ exp(ik+x_/2)]éCTr 2(0\6%7) do.p, Xn()Xn(0)]0)|. (B.2)
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To study jets with identified hadrons, we insert the following expression for the identity

LIPS & ded pHXh P )X h(z B (.3)
X heH;
ded®p, [ dk* [ .
JH(w, d*zr ex (zkx/Z)
=3 [ e [ e [t vt g
XZTr[ (016, o0, X () XDz D)} (XA, D )OI (B)

where h is an identified hadron within the jet. Performing the integration over x, which is
the Fourier conjugate of the residual momenta, and the residual kT yields

Tl w, ) = /zdzd PL Gy/n(PL, 2, ). (B.5)

heH;

Insetrting this back to eq. (B.1) we have

do= 3 [ adedp. do®Ha(p) x Sx(1) X Gyp(pr ) X T (BO)
heHt;
which directly implies
do.i/h
dzd?p |

_ A A2
= do®) () x Sa(1t) X Gy/n(D, 2, 1) X J(w, 1) + O <EJ jj;’D). (B.7)
1

This suggests a rather powerful rule (already known to be true for the standard FJFs)
for constructing the factorization theorem in SCET with identified hadron with measured
transverse momentas:

dai/h

dod’p, do [Ji(wau) = Gin(PL, 2 1) - (B.8)

C Solving the RG and RRG equations

C.1 RRG evolution

The RRG equation in momentum space for a renormalized function F'® is given by

d
v FRDL /) = 7 (P ) @1 PR (P, i p/Y), (C.1)

where the anomalous dimension can be written in the following generic form,

vy v) =T ag Lo, 1?) + 7 asd® (p), (C.2)

where )
5@ (PL) = ;5(91) . (C-3)
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Function (F) re A T, 0
Din —(8m)asCi + O(a2) | O(a?) | 0 | 4C;(In(v?/w?) + ;)
Se (8m)asC; + O(a2) | O(a?) | 4C; 0

Table 4. Values of the cusp and non-cup parts of the anomalous dimensions for the collinear and
collinear-soft functions.

The cusp and non-cusp parts of the anomalous dimension are listed in table 4. Taking the
Fourier transform of eq. (C.1) yields,

d

~ F ~
dlnyF(b"u’V) =M (b,,u,y)F(b,,u, V)a (04)

where the Fourier conjugate of p | is b where |b| = b and using the form of the anomalous
dimensions in eq. (3.9), (3.10) gives that,

- Ff Qg 5 Qg

where pc(b) = 2e772 /b. Integrating eq. (C.4) yields

F(baM7V> :F(b7u7VO>VF(bau7V7VO>7 (CG)
where
M nE (1,v,10)
Vr (b, p, v, 19) = exp [GF(M, v, 1/0)} <> , (C.7)
126
with
F F
Y los] (v Iylad, (v
= In | — d =— In{—|. .
GF(/‘Lal/a 1/0) (27_‘_)2 n <VO> an UF(#, v, VU) (271')2 n v (C 8)
C.2 RG evolution
Evolution in g begins with the following RG equation
mFR(pL,M7V):75(/J,,I/) XFR(anU’aV)a (Cg)
where the anomalous dimension can be written in the generic form
F F s F
0 = Thlaln (25) + 5ol (.10
F

The coefficient Ffj [as] is proportional to the cusp anomalous dimension, I'cysp[aes], which

can be expanded in oy
o0

Tensp(s) = ) (Z—;)Hn e, (C.11)

n=0
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and 1“5 = (I%/TY)Ccusp. The non-cusp part, 75 [as], has a similar expansion
oo .
e% 1+7 .
Wl =Y (32) ok (C.12)
=0

The solultion to the RGE is thus given by

FR(p,p,v) = FR(p, po, v)Ur (s po, mr) (C.13)
where again
1o wp (p,h0)
Ur (ks po, mp) = exp (Kr(, ko)) (mF> (C.14)
and the exponents K and wg are given in terms of the anomalous dimension,
Kooy =2 [ 8 gy [ A0 [ cas)
=2 [ By [ e
a(w Ba) aluo) B@")  Jagy  Bl)
o =2 [ e c10
WE(H, fo) = i rla), .
a(pw) B(al)

and for up to NLL and NLL’ accuracy are given by

0 0 1

Ve 2mly [r—l—l—rlnr <FC 51>1—r—|—lnr B1 o
Krp(p, po)=—=—=-Inr— ——— + In®r|, (C.17
Pk o) 200 (Bo)? | as(p) I Bo Am 87 5o (G17)

F% I} B as(o)
S e A1 1 1
where 7 = a(u)/a(up) and (3, are the coefficients of the QCD S-function,
dog L S\ 1

Blas) = pg - = 20 > (E) Bu - (C.19)

n=0
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