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ABSTRACT: We show that holographic RG flow can be defined precisely such that it corre-
sponds to emergence of spacetime. We consider the case of pure Einstein’s gravity with a
negative cosmological constant in the dual hydrodynamic regime. The holographic RG flow
is a system of first order differential equations for radial evolution of the energy-momentum
tensor and the variables which parametrize it’s phenomenological form on hypersurfaces
in a foliation. The RG flow can be constructed without explicit knowledge of the bulk
metric provided the hypersurface foliation is of a special kind. The bulk metric can be
reconstructed once the RG flow equations are solved. We show that the full spacetime can
be determined from the RG flow by requiring that the horizon fluid is a fixed point in a
certain scaling limit leading to the non-relativistic incompressible Navier-Stokes dynamics.
This restricts the near-horizon forms of all transport coefficients, which are thus determined
independently of their asymptotic values and the RG flow can be solved uniquely. We are
therefore able to recover the known boundary values of almost all transport coefficients at
the first and second orders in the derivative expansion. We conjecture that the complete
characterisation of the general holographic RG flow, including the choice of counterterms,
might be determined from the hydrodynamic regime.
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1 Introduction

One of the least understood features of the holographic correspondence [1-4] is the construc-

tion of the field-theoretic renormalization group flow from the classical theory of gravity.

Indeed the radial coordinate of the one higher dimensional spacetime, in which the theory

of classical gravity lives, has been readily identified as the scale of defining the dual effective

field theory, since early days of holography. This identification of the radial direction with

the scale of the dual field theory has been used to define holographic renormalization [5-9],



which has been instrumental in making the holographic correspondence precise. Neverthe-
less, it is not clear, what is the precise nature of the coarse graining at a given scale in the
field theory that the radial direction corresponds to. It is certainly possible that a lot of
notions of coarse graining or integrating out degrees of freedom can be defined in the field
theory, each of which has a holographic dual.

In recent literature, there has been various suggestions of replicating Wilsonian renor-
malization group in holography (see for instance [10-21]).! It is not entirely clear if the
coarse graining of the dual field theory is being done in momentum space or in real space,
or with unitary operations like minimising entanglement amongst directly interacting parts
added to the repertoire before the coarse graining is done. It is also not clear how to de-
fine the rules for constructing counterterms generally, and also what is the precise role of
multi-trace operators in the holographic renormalization group (RG) flow.

In this paper we will take a different approach. We will adopt the point of view
that before interpreting holographic renormalization group flow in field-theoretic terms,
we will need to understand first how Einstein equations can be equivalent to the first
order evolution of physical data with the scale of averaging. This physical data lives on
the hypersurfaces of a spacetime foliation and is typically constructed out of the explicit
metric of the bulk spacetime. The question is if we reverse this procedure. Firstly, can we
define a radial flow of the physical data along a hypersurface foliation without knowing the
bulk spacetime explicitly? Secondly, can we reconstruct the bulk spacetime metric which
will be a solution of classical gravity from this holographic RG flow? This also necessitates
that we should determine the properties of the solutions of classical gravity, like absence
of naked singularities, from the holographic RG flow itself, as without knowing the explicit
bulk spacetime metric, we have no other way of analysing regularity.

Our approach is built on the usual notion that the holographic RG flow should be
equivalent to emergence of spacetime, in particular the emergence of the radial direction.
The non-trivial part apparently is that the equations of gravity are second order in radial
derivatives and involve the explicit metric of spacetime. On the other hand, the RG flow
equations are first order and involve couplings and physically measurable quantities like
transport coefficients built out of the couplings. Our aim will be to establish that solutions
of Einstein’s equations of pure gravity with negative cosmological constant are equivalent to
first order radial flow of only physically measurable data. The latter should be constructed
without any explicit knowledge of the bulk spacetime metric. In other words, we will
show that we can construct the holographic RG flow without requiring to solve Einstein’s
equations first. Furthermore, we will show that the solutions of Einstein’s equations of a
given class can be reconstructed from the holographic RG flow.

We will also demonstrate that this holographic RG flow can be constructed in a unique
way up to trivial scale reparametrizations. We will require that:

e the holographic RG flow can be constructed without knowing the bulk spacetime
metric explicitly, and

e the physical data in the infrared is sensible.

! An instance of an earlier work is [22].



Based on these requirements, we will give evidence that:
e only a certain kind of hypersurface foliation works, and also
e the counter-terms can be determined uniquely.

It is known that in the holographic correspondence, there is a special limit of long wave-
length solutions on the gravity side, which corresponds to hydrodynamics in the dual sys-
tems [23-29]. We will call this limit of the holographic correspondence as the fluid/gravity
limit. In this paper we will be mainly concerned with what we can learn about the general
repertoire of holographic RG flow on the gravity side from this limit. This limit poses a
major challenge for showing emergence of spacetime from holographic RG flow. In this
limit, we expect the full spacetime to be determined by horizon dynamics, i.e. the nature
of the horizon fluid alone. This horizon fluid should be close to the membrane paradigm
fluid [30-36], and the relativistic boundary fluid with corrections to Navier-Stokes equa-
tions to all orders in the derivative expansion should also be reconstructed from the horizon
fluid via RG flow.

We will show that in the fluid/gravity limit the horizon emerges as a natural endpoint
of the holographic RG flow - it is the hypersurface where the temperature, pressure and
speed of sound blow up at late time, thus the notion of a thermodynamic equation of
state does not exist beyond the thermal scale corresponding to the radial location of the
horizon.? It is important to remark that by the horizon we strictly mean the late-time
horizon. We will elaborate on this issue later.

Under a certain rescaling of the radial coordinate (corresponding to the renormalization
scale), time and the hydrodynamic variables, the horizon fluid turns out to be a fixed point
of the RG flow at the leading order in the derivative expansion. This fixed point is precisely
described by the non-relativistic incompressible Navier-Stokes equations, if the shear and
bulk viscosities are finite at the horizon. Demanding that this fixed point is not altered
by higher derivative corrections is what allows us to restrict near-horizon behaviour of the
higher order transport coefficients. We find sufficient evidence by explicit calculations that
these restrictions lead us to solve the RG flow uniquely, thus allowing us to determine the
boundary values of the shear viscosity and higher order transport coefficients.

Our RG flow indeed reproduces the known values of first and second order transport
coefficients at the boundary. The latter have been derived earlier in the literature by con-
structing solutions of Einstein’s equations corresponding to long wavelength perturbations
of black branes and then requiring existence of smooth late time (future) horizons in these
solutions (the most complete method is as in [28]).

Our procedure typically simplifies the calculations involved in determining these
boundary transport coefficients. However in some cases, our procedure is slightly more
complex than the usual procedure, as we need to go to higher orders in derivative expan-
sion to fix values of a few lower order transport coefficients, like in the case of the shear

2At the horizon, the speed of sound diverges giving rise to incompressibility. We will see later this
makes the equation of state ill defined, because the pressure instead of becoming determined by the local
temperature, becomes a non-local functional of the velocity fields.



viscosity 1. We will see this complexity is unavoidable in the RG flow approach. Neverthe-
less we believe that our results give us sufficient evidence that the RG flow determines the
values of all transport coefficients at the boundary to all orders in derivative expansion,
which can equivalently be determined from regularity of the late time (future) horizon of
the explicit bulk spacetime metric.

The fact that the horizon originally appears as an end point rather than a fixed point
of the RG flow is quite reminiscent of the situation in multi-scale entanglement renormal-
ization Ansatz (MERA) [37, 38]. In the latter case, the RG flow ends at the thermal scale
or the scale of mass gap simply because the operations involved cannot be defined any
more. In fact, similarities between MERA and holographic RG have also been pointed out
in the literature from the Euclidean point of view [10, 17]. In our case, we additionally
learn the virtue of Lorentzian holographic RG flow is immense - we can determine all the
information at the boundary from the dynamics at the infra-red scale in which the RG
flow terminates. The end point of the RG flow is also a fixed point in disguise. Demand-
ing that the dynamics at the fixed point is of a special kind allows us to fix the data in
the ultraviolet.

We will find out that constructing holographic RG flow without a priori knowledge
of the bulk spacetime metric implies the choice of Fefferman-Graham foliation. In the
fluid /gravity limit, this foliation has a natural end-point where the Fefferman-Graham co-
ordinates have a coordinate singularity, which coincides with the horizon at late time in the
fluid/gravity limit. It is precisely here where we expect the fluid to follow incompressible
Navier-Stokes equations. The Fefferman-Graham foliation can be defined for any asymp-
totically anti de-Sitter spacetime. Therefore, even generally beyond the fluid/gravity limit,
we should impose good behaviour of the physical data on the infrared screen. This should
determine the RG flow uniquely. We will have more to say on this in the Discussion section.

Our results and discussion here will indicate that the fluid/gravity limit itself will be
good enough to define a unique holographic RG flow (up to trivial scale re-parametrisation)
which will satisfy the requirements mentioned earlier. Though we need to generalize our
methods beyond the hydrodynamic limit, we will argue that the choice of foliation and the
counter-terms will be generally valid. We will also comment later that our considerations
can be extended beyond pure gravity as well.

In this paper, we will not attempt to interpret the holographic RG flow in field-theoretic
terms. Nevertheless, let us point out here that the holographic RG flow achieves some-
thing remarkable. The couplings of a field theory, and also the transport coefficients (as
functions of thermodynamic variables and coupling constants) are defined independently of
the background metric in which the field theory lives. The averaging procedure described
by the holographic RG flow defines scale dependent transport coefficients in a background
independent manner. In particular, there is no assumption about the boundary metric
other than it is weakly curved. The behaviour of the fluid variables at any scale will de-
pend on the choice of boundary metric. Still the radial flow of transport coefficients will
be independent of this choice.

Let us see a bit closely what happens if we coarse grain the velocity field u* over a scale.
It is clear that the coarse grained velocity field (u*) will not satisfy (u#)(u”)g,, = —1, with



g being the fixed background metric unless the background metric g, is also defined in
a coarse grained manner. Our holographic RG procedure also averages g, in a simple and
consistent manner - by identifying it with the physical hypersurface metric at any scale.

In a way, in the fluid /gravity limit, the holographic RG flow is close to the RG flow of
partial differential equations with singular perturbations as defined by Barenblatt, Chen,
Goldenfeld and Oono [39-41].> In their method, a specific construction of RG flow is
used to derive generic long term behaviour of solutions and this is applicable to forced
non-relativistic incompressible Navier-Stokes equation. The goal is to define a consistent
averaging of a generic solution, such that the end point of this averaging is the so-called
unique scaling solution which determines the long-term behaviour. This procedure has
successfully reproduced the drag coefficient on a body moving in the fluid at low values of
Reynold’s number, though it has been difficult to implement it for large values of Reynold’s
number which is the realm of turbulence [42].

The holographic RG flow seems to be the natural choice of RG for relativistic fluids
as it can average both u and the metric g,, in a consistent way maintaining the norm
of w#. Morally it is similar to Barenblatt, Chen, Goldenfeld and Oono approach as the
endpoint of the holographic RG is the horizon fluid, and the horizon is indeed expected to
control the dynamics at large time scales. In the future, we will like to explore whether
our construction of holographic RG flow leads to a better understanding of turbulence. We
will have more to say about this in the Discussion section.

The explicit metric has a coordinate singularity at the horizon in the Fefferman-
Graham coordinates, but this does not affect the RG flow procedure. This is because
the transport coefficients on hypersurfaces of the foliation depend only on choice of the
foliation up to trivial redefinitions of the radial coordinate as a function of itself, and are
independent of the choice of the bulk coordinate system. The reason is that the hyper-
surface energy-momentum tensor is after all uniquely determined by the embedding of the
hypersurface. The Landau-Lifshitz definition uniquely determine the fluid variables u* and
T at each hypersurface and hence the transport coefficients. Thus the hypersurface trans-
port coefficients can be evaluated in any bulk coordinate system if the explicit spacetime
metric is known. Since the foliation we choose naturally involves the Fefferman-Graham
radial coordinate for reasons described before, we will stick to this coordinate system for
our convenience.

The hydrodynamic derivative expansion parameter is the ratio of the typical scale
of variation of fluid variables to the mean-free path. It flows radially with the RG flow
because the hydrodynamic variables and also their covariant derivatives are defined at each
hypersurface individually. The derivative expansion, when defined in this scale dependent
manner, is expected to become better as we flow to the horizon. The fluid approximation
should work better in the infra-red. Unfortunately we cannot make this more precise
because we cannot determine the scale dependent mean free path from hydrodynamic
considerations alone. At a given scale, this should be a function of the effective temperature
and the scale as well. It will be interesting to determine the scale dependent mean-free
path precisely in the future. Regardless, such considerations do not affect our results here.

3For a similar perspective see [20].



Comparison with other approaches. The Wilsonian approach to fluid/gravity corre-
spondence was initiated by Bredberg, Keeler, Lysov and Strominger [43] (see also [44-50]).
They adopted the procedure of cutting off the geometries along hypersurface foliation of
Eddington-Finkelstein coordinates and solved for the metric in the region bounding the
horizon and the cut-off hypersurface. The interpretation was that the ultraviolet part
of the geometry is removed. Then Dirichlet boundary conditions were imposed on the
cut-off hypersurface such that the induced metric there remained flat to all orders in the
derivative expansion. The bulk metric was found in the long-wavelength approximation.
This generated a hydrodynamic energy-momentum tensor on the cut-off hypersurface with
cut-off dependent equation of state and transport coefficients. Clearly this gave a method
to investigate fluid/gravity correspondence with many possible asymptotic conditions in a
cut-off dependent way.

In our previous work [48], we showed that one can obtain the velocity and temperature
fields on the cut-off hypersurface by cut-off dependent field redefinitions of the boundary ve-
locity and temperature fields. We assumed asymptotically AdS boundary conditions. The
cut-off dependent bulk solutions are related by field redefinitions of the fluid velocity and
temperature fields. These field redefinitions are uniquely fixed by the Landau-Lifshitz defi-
nitions of the velocity and temperature fields applied to the hypersurface energy-momentum
tensor which is covariant with respect to the induced metric. This directly leads to the
cut-off dependent transport coefficients. We implemented this in the Fefferman-Graham
coordinates and a similar approach was later developed in Eddington-Finkelstein coordi-
nates [49].

We also noticed that having a flat induced metric at the cut-off was not necessary for
fixing the cut-off dependent transport coefficients. The regularity at the horizon determined
the RG flow uniquely. This result actually forms the basis of our present work. If transport
coeflicients at the cut-off depend only on the regularity of the horizon but not on the precise
nature of the cut-off metric, then somehow we should be able to obtain the flow of transport
coefficients from first order equations.

In a way, our work here makes the Wilsonian RG program for holographic fluids precise.
We construct a first order system of equations for evolution of all physical variables in
asymptotically AdS spaces.

It should be also possible to generalize to other asymptotic spacetimes provided we
find the right choice of hypersurface foliation which is crucial to our construction. For
asymptotically Ricci-flat spaces one can also try to use methods of [51] which map asymp-
totically AdS solutions to Ricci-flat solutions. If the equations can also be mapped, then
we can map the RG flow as well. We leave this investigation for the future.

The other related approach is due to Igbal and Liu [52] which defines an RG flow of
response functions. One can show by this approach that the ratio of shear viscosity n to
the entropy density s, i.e. /s does not flow and is determined by the regularity of the
horizon only. Crucially the RG flow equation for the response function is non-linear but
first order in r-derivative. The drawback of this approach is that we can only define the RG
flow in the equilibrium black brane geometry - thus we can only probe limited transport
coefficients. Knowing the RG flow of the response functions of non-equilibrium geometries,



or of multi-point correlators in equilibrium geometries, we can define the RG flow of all
transport coefficients. In our approach we reproduce the basic result that 7/s does not
run radially. In the future, we would like to explore the RG flow of response functions in
non-equilibrium geometries.

Finally we would like to mention that the black-fold approach of generating approxi-
mate solutions of Einstein’s equation [53-55] has a similar spirit to our RG flow approach.
Just like we construct the spacetime from the horizon fluid, the black-fold approach gen-
erates the (approximate) solution from long wavelength perturbations of membrane like
sources. These long wavelength perturbations have fluid interpretation in the extended
direction but also elastic shear interpretation in the compact directions. In the future we
would like to investigate if we would be able to reconstruct the spacetime from horizon
dynamics via RG flow in the hydro-elastic approximation by adding compact directions to
the hypersurfaces. Once we understand how to choose hypersurface foliation for various
asymptotic conditions, it will be possible to make the black-fold approach more rigorous
via construction of the RG flow.*

Organization of the paper. The organization of the paper is as follows. In section 2,
we review fluid mechanics briefly and introduce the systematics of the holographic RG flow
Ansatz. In section 3, we formulate our basic Ansatz for the RG flow of the holographic fluid.
In section 4, we show why we require to choose Fefferman-Graham foliation and also deter-
mine the method for renormalization of energy-momentum tensor from general principles.
In section 5, we give the general algorithm for construction of holographic RG flow order by
order in the derivative expansion. In section 6, we discuss how should transport coefficients
behave near the horizon for the horizon fluid to be governed by non-relativistic incompress-
ible Navier-Stokes equations. In section 7, we present the results up to second order in the
derivative expansion explicitly, demonstrating how the RG flow recovers known values of
boundary transport coefficients. Finally, in section 8 we discuss the broader lessons we can
learn from our results and possible future developments. The appendices contain details
of our calculations corroborating with the main line of development of the paper.

2 A brief review of fluid mechanics

In this section we will first briefly review fluid mechanics in an arbitrary weakly curved
background metric. Our presentation will mostly follow [57], though we will emphasize
some points which may not be completely familiar.

The basic data of uncharged fluid mechanics are:

G, u' and T, (2.1)

namely the background space-time metric g, the velocity field u* which is of norm —1
with respect to the background metric (i.e. u#u”g,, = —1) and the temperature 7. The
velocity and temperature fields are directly measurable.

4For a recent work connecting the holographic RG flow with the blackfold approach see [56].



We also require the background metric g, to be weakly curved, i.e. the typical curva-
ture radius to be larger than the mean free path. In such a background, the hydrodynamic
approximation is valid near equilibrium. The fluid energy-momentum tensor takes a co-
variant form with respect to the background metric. This form is a functional of g, u", T,
covariant derivatives of u# and T, and the Riemann curvature R" vpo constructed out of g,,,
and it’s covariant derivatives. This functional form can be expanded phenomenologically
in the derivative expansion, where the expansion parameter is the typical length scale of
variation of the curvature, u* and 1" with respect to the mean free path.

The equations of fluid mechanics are simply given by the conservation of this hydro-
dynamic energy-momentum tensor, i.e. V#t,, = 0. These determine the d independent
variables in 7" and u*.

Thermodynamics is an important input in construction of fluid mechanics. The
equation of state is used locally to define pressure P(T') and the energy density e(7")
as functions of temperature. Conversely, we can also use thermodynamics to define
the temperature 7' and the entropy density s from P and e locally using the following

thermodynamic identities:

d
d—Z:T, e+ P=Ts. (2.2)

The speed of sound is given by:
o dP dInT

c,=—= , 2.3
® de dlns (2:3)
where in the second equality we used the thermodynamic identities (2.2).
The equilibrium energy-momentum tensor ¢, takes the form:
tfj}, = euyuy + PAy,,  with Ay, = uuuy + g (2.4)

being the projection tensor on the spatial plane orthogonal to u*. Here u* plays the role
of an arbitrary relativistic boost. Obviously this is the most general form of the stress
tensor that does not involve space-ime derivatives of u# and 7. The conservation of the
equilibrium energy-momentum tensor V# ¢}, = 0 gives the covariant Euler equations which
can be written as:

DInT = -2V -u, Du'=-VihT (2.5)
or equivalently,
Dlns= -V -u, Du"=-c2V/Ins, (2.6)
where
D=wu-V, V,,=A}V, (2.7)

are the covariant derivatives along the vector u* and orthogonal to it.
In the full hydrodynamic energy-momentum tensor, 7" and u* are space-time depen-

dent and the equilibrium form is corrected by non-equilibrium contribution ¢, . The

full energy-momentum tensor is then ¢y + ;" “%. At a given n order in the derivative

expansion each term in ¢, “! will have exactly n space-time derivatives acting on u/, T

and the metric.



In any phenomenological description it is useful to eliminate quantities which are equiv-
alent on shell. In hydrodynamics one may use Euler equations of motion (2.5) in order
to reduce the number of possible scalars, vectors and tensors terms in ¢, “! at the same
order in the derivative expansion. The non-equilibrium corrections to the equilibrium Euler
equations are relevant to relate quantities at different orders.

We should, however, emphasize that neither fluid mechanics, nor the fluid/gravity
correspondence, nor our holographic RG flow construction depends on the removal of the
phenomenological redundancy. In fact the full construction of the energy-momentum ten-
sor, the explicit space-time metric and the holographic RG flow can all be constructed
completely off-shell. The removal of redundancy using Euler equations order by order in
derivative expansion merely reduces our labour.

We will denote independent scalars (i.e. those unrelated by Euler equations) as Si(”),
where superscript (n) will denote the order in the derivative expansion and the subscript
¢ will be a counting index. Note we can readily construct a vector out of a scalar at Eh)e
n

same order in the form of Si(n)u“. We will therefore consider only transverse vectors Vin's
)

which are orthogonal to u#, namely those satisfying VI(Z ut = 0, with the same meaning for

the superscript (n). Furthermore, we can built a symmetric tensor of the form Si(n)uuul,,

SZ.(n)AW or uMVZ.(;) + ul,Vi(n) out of the same order scalars and vectors. Therefore we are

left only with traceless and transverse symmetric tensors 7;5;:,) that satisfy 7,,g"" = 0
and ut7T,, = 0.

Before presenting independent scalars, vectors and tensors at the first and the second
orders we would like to make the following remarks:

e It is useful to eliminate local time-derivatives (denoted by D) in favour of local spatial
derivatives (given by V). It can always be achieved using Euler equations.

e Despite the fact that we treat the temperature, and not the entropy density, as
the “fundamental” thermodynamic variable, we will prefer V,Ins over V,InT as
a building block for the scalars, vectors and tensors. This choice will make many
expressions in the paper significantly shorter. One can always go the V, InT" basis
using the thermodynamical relation V, Ins = C?Vu InT.

e Throughout this paper we will consider only parity even contributions to the energy
momentum tensor. One example of such an odd parity contribution in d = 3 is
(EaﬁvuaV5u7)Auy.

We will denote the number of independent scalars, transverse vectors, and symmetric,
(n) (n) (n)

traceless and transverse tensors at n-th order in derivative expansion as ms *, my ~ and m;

W <1)) _

respectively. At the first order in the derivative expansion we find that (mS ,My My

(1,1,1). In other words, there is only one independent scalar, one independent vector and

one independent tensor. They are:’

V-u, Vi,lns, and o, = (Vi,u) (2.8)

®Notice that the definition of ¢, varies in the literature by a factor of two.



respectively. We will use (4,,,) to denote the symmetric, traceless and transverse (orthog-
onal to u*) part of A, which can be obtained by using:

1 o 1 .
<A“”> - iAupAV (APU + AUP) - HA/LVAP Apo- (2.9)

We note that we can also construct a transverse anti-symmetric tensor at the first order in
derivative expansion, which is the vorticity tensor w,, which is given by

Wy =

%(v Ly — V MW). (2.10)

@),

At second order in derivative expansion, there are seven independent scalars S,

s =R, S = w. R S¢ = (V-u), (2.11)

S£2)ZVJ_MVJ_#IHS, SéQ):VJ_MIHSVJ_MlnS, 8(2)—0“0}“ SéQ):w"Vw”M.

Notice that our definition of S; = w? is different from conventions adopted in some papers,
where w? is defined as wH” Wyy- Since wy, is antisymmetric, one picks up a minus sign
compared to our definition.

As an illustration of the use of Euler equations to eliminate redundant quantities, we
may consider the scalar D(V-u). In appendix A we list various off-shell identities involving
covariant derivatives of u#. Starting from (2.12) and using equations of motion to eliminate
Dut we get:

1
D(V-u) = -8 - ﬁs?(f) — 8P + ( ¢ 881 ) S _s?_s® (212

(2

There are six independent transverse vectors V; JE at the second order in derivative

expansion, namely:

« 2
V o0 — uto”,

WV, Ins, (V-u)V/Ins, A"yP R, . (2.13)

2

V g™ — utw?, oc"'V ,Ins,

Finally there are eight independent symmetric, traceless and transverse tensors 7;(13

at second order, namely

Ti*, = (R™,), <O‘R“5 >7

73 , = (V-u)ot,, =(V/Vi,Ins), (2.14)
=(V, "*InsV, ,Ins), 7'6 L, = (c".07,),
= (W), = ("W).

Similarly to the scalars, it is necessary to use Euler equations and the tensor identities

from appendix A to express terms like, for instance, (Do",) in terms of T;*,’s.
@ @ (2

To summarize, we see that at the second order we have (ms”,my ', m;”) = (7,6,8).

Our goal now is to express the non-equilibrium correction to the energy-momentum

(n)

tensor, ¢, %, in terms of scalars Si(n), vectors V; " and tensors 7;(71). Before doing so we

,10,



have to adopt a new definition of u* since away from the equilibrium, it is not anymore a
relativistic boost. It is customary to use the Landau-Lifshitz field definitions of u* and T'.
In these field definitions, u* is the local velocity of energy transport, and the local energy
density €(7T') is then given by:

th u” = —e(T)u" . (2.15)

The temperature 7' is then defined locally via the equation of state. Since (2.15) trivially
holds for the equilibrium tensor (2.4), the non-equilibrium part of the hydrodynamic tensor
satisfies tpy k= 0. This means that the Vi(n)’s don’t appear in the full hydrodynamic

energy-momentum tensor, which can be written now in the following form:

[e'e) mg") m&")
tur = ewpty + P+ > [ ST M7 4 | ST s A | (2.16)
n=1 =1 i=1

Above the phenomenological coefficients d,); are the scalar transport coefficients. At the
first order there is only one such coefficient (mgl) = 1), the bulk viscosity ¢ which is given
by 5%1) = —(. The phenomenological coefficients v(™? are the tensor transport coefficients.

At the first order, there is one such coefficient (mgl) = 1), namely the shear viscosity

1 given by %1) = —2n. All scalar and tensor transport coefficients are functions of the
entropy density s or alternatively the temperature 7', which like the equation of state can

be obtained from the underlying quantum field theory.

In this paper we will not go beyond the second order in the derivative expansion.
We will, therefore, omit in the rest of the paper the (2} superscript used in (2.11), (2.13)
and (2.14).

In a conformal fluid, most of the scalar transport coeflicients vanish, except those
required for satisfying the conformal anomaly. Furthermore, the energy-momentum tensor
except for the anomalous part should be Weyl covariant. At each order in derivative
expansion, only a certain combination of symmetric, traceless and transverse tensors are
Weyl covariant. At the first order o, is Weyl covariant, therefore the shear viscosity 1 will
be non-vanishing in a conformal field theory. At second order, only five linear combinations
of the eight independent symmetric, traceless and transverse tensors are Weyl covariant.
These are:

1 Tk TiH Tk
m no v v v
a2 Py T Y o e

T2t — Teb,, T, and Tgh,. (2.17)

Thus, a conformal fluid has only five second order transport coefficients, one corresponding
to each of these Weyl covariant tensors.

Also in a conformal fluid, the temperature is the only scale for hydrodynamics. There-
fore all the non-vanishing tensor coefficients at n-th order will be of the form k(n)de_” or

d—n .
K(nyis @1, where k(,); are numerical constants.
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The conformal fluid relevant for our discussion is the one dual to Einstein gravity with
a negative cosmological constant. It has the following stress tensor [27, 28]:

1
d—2
T, T, T, }

t“l, = eputu, + PbA“V — 277b0"uy —2m,b - |:7-2MV — 7-1“,/:| (2.18)

9 _ v —

2070 T6", + 20 (10 — b) o7, T2, + 47, Ts",
Here we intentionally added the ; subscript in order to distinguish the boundary conformal

fluid and a cut-off fluid we will introduce further in the paper. The constants in (2.18)
are [58]:

er = ( )Py, b = KAdS ( 477Tb> ; My = KAdS ( 47rTb> ,
oo ,,d—2
yr -1 d 167G N
7, =b Z _ dy, b= ——, RAdS = —7—— 2.19
/1 yy -1 4mT, A 1538 249

where [aqg is the AdS radius and Tj, is the Hawking temperature.

3 A general formulation of the Ansatz

We will now formulate our holographic RG flow Ansatz in the fluid/gravity limit. This
Ansatz will make an assumption about how u* and 1" flow radially along the hypersurface
foliation, along with our basic assumption that the energy-momentum tensor ¢,, is purely
hydrodynamic on each hypersurface of the foliation. We will impose no restrictions on the
induced metric on each hypersurface other than that it is weakly curved.

As we will explain in the next section, gravity equations of motion provide a first
order differential equation for the radial evolution of the hydrodynamical stress tensor ¢, .
At the moment we will need neither the general form of these equations nor even the
definition of the radial foliation. For the aim of this section it is sufficient to realize that u*
and T both necessarily have non-trivial radial evolution, for otherwise we cannot preserve
the Landau-Lifshitz gauge of ¢, and the norm of u* with respect to the induced metric
(u'guu” = —1). In other words, u* and T have to be properly redefined at each radial
slice. Moreover, for given boundary values of u* and T" we should be able to reproduce
their values at any cut-off surface.

The main observation that drastically facilitates our calculations is that instead of
focusing on the explicit solution for u* = w*(r) and T' = T'(r) in terms of their boundary
values, it suffices to determine the first order differential equations for their radial evolution.
Furthermore, these two equations should express u*/(r) and T"(r) in terms of u*(r) and
T'(r) (and their space-time derivatives) on the same hypersurface.

— 12 —



Our Ansatz, therefore, will be similar in spirit to the form of the hydrodynamical stress
tensor in (2.16):

0 m™ m{
ut = aput + Z Z a§”>5§”>u“ + Z BZ-(R)V(”)? ,
n=1 \ i=1 i=1
T/ . mgn)
R R DY Alm g (3.1)
n=1 i=1

Clearly this is the most general way to express u*’ and T” in terms of the induced metric,
u* and T and their derivatives (the overall T' factor on the right hand side of the second
(n)

equation is introduced to make A;’’s dimensionless). In general it is not immediately clear
that the differential equations for u*(r) and T'(r) are of the first order and so a priori our

minimalistic Ansatz may not be sufficient. We will see that this is not the case.

The coefficients in (3.1) are not the only unknown parameters in the problem. We
also have transport coefficients 7; and d; in (2.16), which is just the general form of the
Landau-Lifshitz hydrodynamic energy-momentum tensor presented in the previous section.
Overall we see that at a given order there are 3m§n) + ml(,n) + mgn) parameters, namely:

(n)

e mg ~ of agn)’s and )\Z(n)’s each, needed for defining u#*' and T’ respectively;

ml(}n) of Bfn)’s, also needed for defining u*’;

(n)

e myg ’~ of scalar transport coefficients 51(");

° mgn) of tensor transport coefficients 71-(”).

Of these ozgn), ﬁz(") and )\En) are auxiliary variables which are required for scale dependent

field definitions. These are analogues of redundant couplings in field theory. Therefore

they should be determined by algebraic equations.
(n)

The physical parameters are the scalar and the tensor transport coefficients, §;” and

'yi(n), which are directly measurable. They should follow first order ordinary differential
equations, exactly like physical couplings in field-theoretic RG flow follow corresponding
S-function equations.

We will see that if we substitute the Ansatz (3.1) in Einstein’s equations we will have
exactly 2m§n) + m&”) + mgn) equations for these variables at the n-th order in derivative
expansion, of which mgn) + mq()n) will be algebraic and m§”) + mgn) will be first order.
There will be additionally a set of mgn) algebraic equations which will be equivalent to
satisfying u#u”g,, = —1, but without using the metric explicitly. Thus we will have
3m§”)+m§,”)+m§”) equations determining 3m§")+m£”)+m§”) variables in (3.1) and (2.16) at
each order in the derivative expansion. Moreover, we will see that the equations determining

the redundant variables agn), Bi(n) and )\En) will be indeed by algebraic.
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Figure 1. The induced metric and the hydrodynamic tensor on a fixed hypersurface change as we
move from the conformal boundary to the horizon. Similarly the vector u* and the temperature T’
have to be properly redefined on each cut-off surface. Their radial evolutions are governed by (3.1),
while the hydrodynamical stress tensor ¢,, takes the form (2.16).

4 Preliminary issues

In this section, we begin with the details considerations for defining holographic RG flow.

Let us outline the main issue we will address:

4.1

o The proper hypersurface foliation: We will show that the choice of the Fefferman-

Graham foliation is necessary to construct the holographic RG flow without needing
to solve for the bulk spacetime metric explicitly. Later in the paper we will see how
to find this metric out of the flow. The radial coordinate in this foliation directly
corresponds to the energy scale in the problem. We will also address the coordinate

singularity at the horizon.

The stress tensor counterterms: We will argue that the nature of the counter-
terms can be determined from very general considerations without specifying bound-
ary condition on the metric at the hypersurface where the transport coefficients
are evaluated.

Einstein’s equations of motion: We will write these equations of in terms of useful
variables which will help us to eliminate the metric.

Which hypersurface foliation to choose?

In order to develop a holographic RG scheme, we need to choose a hypersurface foliation

of spacetime first. We also demand that we should be able to obtain the evolution of

data along the hypersurface foliation, i.e. construct the holographic RG flow, directly from
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Einstein’s equations, without knowing the spacetime metric explicitly. We will show that
this requires a specific choice of foliation.

A choice of foliation is equivalent to a choice of coordinate system. Once a coordinate
system is chosen, we can separate the coordinates into those coordinates which span the
boundary (which we collectively denote as =) and the radial coordinate (which we denote
as ). Any hypersurface foliation is given by r = r..

As Einstein’s equation has general covariance, we need an appropriate gauge to choose
a coordinate system. The most obvious choice for our purpose is to choose a gauge of the
following kind:%

Grr = f(T/lAds) and Gru =0 (4.1)

with a definite function f(r/laqs). With such a choice of gauge, G,, and G,, do not
involve any hydrodynamic variables. This will allow us to write G,,, (with * denoting the
radial derivative) in terms of ¢,,, and subsequently derive an equation for ¢,,, directly from
Einstein’s equations without using the metric G/, explicitly. In due course of the paper,
this procedure will be laid bare.

The most well known choice in this class of gauges is the Fefferman-Graham gauge
f(r/laas) = l34g/r% where | denotes the AdS radius. Any other gauge choice in this
class is related to the Fefferman-Graham gauge by a trivial reparametrization of the radial
coordinate as a function of itself.

Let us illustrate the difficulty in implementing the above procedure in other choices of
gauge fixing with the example of the ingoing Eddington-Finkelstein gauge. The latter is
fixed by requiring:

Grr =0, Gpy=—up(x), (4.2)

b
I

explicitly, this is the canonical choice for doing perturbation theory in the derivative expan-

where u;)(x) is the velocity field of the boundary fluid. If we are solving for the metric
sion []. One can readily see the manifest regularity at the late time (future) horizon order
by order in the perturbation expansion. Nevertheless, for direct construction of holographic
renormalization group flow, this is not an appropriate choice. This is because when the
energy-momentum tensor t,, is constructed on hypersurfaces r = r. from the full space-
time metric Gsn, one can readily see that it involves uz(:n) On the other hand, the phys-
ical velocity field u,(z,7) out of which the hypersurface hydrodynamic energy-momentum

tensor is constructed, in a manner which is covariant with respect to the induced metric

b
"

of ¢,,,, one should eliminate uB(x) in favour of w,(x,r).

on the hypersurface, is different from u,(z). Therefore, in order to eliminate G, in favour

Let us argue that the latter cannot be achieved without knowing the metric explicitly.
Indeed, in order to write u,(z,r) in terms of uB(az), we need to directly integrate the right
hand side of the u’ equation in (3.1). However, it cannot can accomplished without know-
ing the explicit metric because the covariant derivatives and raising/lowering operations,
etc. are defined using the explicit induced hypersurface metric. As for illustration:

/ i (Vu) £V, / Wy (4.3)

SThroughout the paper Gasrn stands for the d + 1 dimensional metric.
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To summarize, we cannot construct the RG flow without determining the metric explic-
itly first.
In order to remove this difficulty one may attempt an alternative gauge choice:

GT‘T‘ = 07 Gr,u = —’U,#(.CI?, 7’) ) (44)

where wu,(z,r) is the hypersurface velocity field. This will require computation of uﬁ(x, T)
as this will appear in Einstein’s equations explicitly through the Ricci tensor. As a result
the auxiliary variables az(»n), ﬁfn) and /\Z(»n) will not follow algebraic equations, but rather first
order ordinary differential equations in r-derivative. Eventually in order to fix integration
constants for these auxiliary variables, we will need to know the relation between u}j(:p)
and uy,(x,7) at r = 0. This in turn will require us to also solve for the metric at least near
the boundary.

Also, this gauge choice is not good even to solve the explicit metric perturbatively. We
will see that u,(x,) is singular at the horizon due to the red shift, as a result the metric
is not invertible at the horizon. This is unlike the situation in the ingoing Eddington-
Finkelstein coordinates.

As far as we have checked there are similar problems with any other gauge choice,
other than that given by (4.1).

There is also a pragmatic argument in favour of the Fefferman-Graham gauge. If one
solves for the metric explicitly in the derivative expansion in Eddington-Finkelstein coordi-
nates, up to say the n-th order, the regularity at horizon is preserved at higher orders also,
in the sense that all higher curvature invariants (of the d + 1 dimensional metric Gp;y) are
finite at the horizon. However, the anti-de Sitter (boundary) asymptotics of the n-th order
solution will be violated from the (n 4 1)-th order, as can be deduced from the fact that it
can be translated to Fefferman-Graham coordinates only up to n-th order [59]. Conversely,
if the metric is solved explicitly in the Fefferman-Graham coordinates perturbatively to
the n-th order, the solution this time could be made regular at the horizon only up to
this order in the expansion and already some of the order n 4+ 1 curvature invariants will
diverge there even if the transport coefficients are chosen correctly [59]. Nevertheless, the
metric is manifestly asymptotically anti-de Sitter to all orders in the expansion, because
any asymptotically anti-de Sitter space must match the Fefferman Graham expansion at
the boundary. Thus, solving up to n-th order in one of the two gauges renders the metric
either smooth to all orders at the horizon or asymptotically AdS to all orders but not both.
This is directly related to the general fact that n-th order solution in one gauge can be
translated into the other only up to the n-th order itself.

In our construction of the holographic RG flow we want to ensure that we end up
with the same UV fixed point at all orders of the perturbation theory. Even though we
have solved up to a given order in perturbation theory we want the asymptotic behaviour
to be maintained even at higher orders. More specifically the conformal structure of the
boundary fluid is better to be established to all orders.

Before concluding this subsection let us emphasize that one should not be concerned
about the Fefferman-Graham coordinate singularity at the horizon, simply because our
prime goal is to find only the transport coefficients of the energy momentum tensor.
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Though the metric is singular at the horizon and the velocity vector u* and the tem-
perature are both infinitely red-shifted there, the transport coefficients are uniquely fixed
by the Landau gauge and so should be the same for a given hypersurface independently of
the coordinate choice.

4.2 Einstein’s equations of motion

In the Fefferman-Graham coordinates, any asymptotically anti de-Sitter metric in d + 1
dimensions takes the form:

13 5
ds?® = % (dr2 + g (x,7)d2t dx ) (4.5)

As we discussed in the previous subsection, these coordinates are always valid in a finite
patch away from the boundary, r = 0, for any asymptotically anti-de Sitter spacetime. For
the metrics of fluid/gravity correspondence, these are good till the location of the horizon
in the far future at each order in perturbation theory.

In this subsection, we will not specialize to fluid/gravity correspondence - our results
will be valid for any asymptotically anti-de Sitter spacetime. For the rest of this paper, if
not specified otherwise, g,,, will denote the d dimensional metric appearing in (4.5).

Einstein’s equations with a negative cosmological constant A = —d(d — 1)/2I3 ;5 in
d + 1 dimensions are: g
Ryn =—m— Gun (4.6)
AdS

where M and N run over r and the d dimensional index. Let us now introduce a new tensor:
2, =g"g,,, (4.7)

where ’ denotes derivative with respect to the radial coordinate 7. In terms of 2, Einstein’s
equations (4.6) takes the following form in Fefferman-Graham coordinates:

- s o
z“/_d 1zu +T‘rz<zy—5l/>:2Ruy,
T 2 r

VHTrz —VVzt, =0, (4.8)
Trz' — 1T1r,z+ 1Tlr (22) =0.
r 2

Above both the covariant derivative V# and the Ricci tensor R”,, are constructed out of the
d dimensional g, and all traces are taken by contractions with §",. Also, all indices are
lowered (or raised) with g, (or it’s inverse g"*). In particular, it implies that z#* = —gH"’
and z,, = g’

The three equations in (4.8) come from the (u,v), (r,p) and the (r,r) components
of Einstein’s equations (4.6). For reasons that will be immediately clear, we will refer to
the first equation above as the dynamical equation, and the second and third equations as
the vector and scalar constraints respectively. Note that all three equations are of second
order, since there is already one r-derivative in the definition of z*,.
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The dynamical equation of motion determines the metric in the bulk with given data
at r = 0 boundary. This data is the boundary metric:

gzy(x) = guu(r =0,z) (4.9)

and the boundary energy-momentum tensor which we will define precisely later in the
section. Importantly there is a residual class of diffeomorphisms which keep the form of
the metric (4.5) invariant. These diffeomorphisms are in one-to-one correspondence with
conformal transformations of the boundary metric, and so (4.9) can be defined only up to
conformal transformation.

The vector and scalar equations merely constrain this boundary data. Once they are
satisfied at » = 0, the dynamical equation ensures they are satisfied at all radial slices [59].
The vector constraint amounts to conservation of the energy-momentum tensor, for any
hypersurface r = 7. and thus gives the equations of fluid mechanics, V#t,,, = 0. The scalar
constraint amounts to imposing a trace condition on the energy-momentum tensor at the
boundary. For a flat metric the trace of the energy-momentum tensor should vanish at the
boundary. If, on the other hand, the boundary metric is curved, the trace of the boundary
stress tensor is also completely fixed by conformal anomaly.

4.3 The renormalized energy-momentum tensor on hypersurfaces

Traditionally, we define the hypersurface energy-momentum tensor as a functional deriva-
tive of the on-shell gravitational action with respect to the induced metric. The renormal-
ized hypersurface energy-momentum tensor is the functional derivative of the renormalized
on-shell gravitational action, where counterterms have been added to regulate infra-red
divergences - divergences arising from infinite volume of space-time as the cut-off hyper-
surface is taken to asymptotic infinity.

In order to have a well-defined action principle, we need to specify a boundary con-
dition on the cut-off hypersurface, as well as add a variational counterterms, if necessary.
The traditional choice is the Dirichlet boundary condition, which necessitates addition of
Gibbons-Hawking counterterms.

The above procedure has been implemented in asymptotically anti-de Sitter space-
times. Let us choose a coordinate system in the bulk which gives a hypersurface foliation
of spacetime with p denoting the radial coordinate. The renormalized energy-momentum
tensor on each hypersurface p = p. in the foliation (for d > 2) is [5, 6]:

t :—lii K, — K +E _ lags R _EVR — (4.10)
1224 SWGNh(pC) 124 rYMV lAdS ’V;LV d—9 ] 5 '}/W/ . , .

where 7, is the induced metric on the hypersurface, K, is the extrinsic curvature of the
hypersurface, while "R,,, and "R is constructed from the intrinsic (Riemann) curvature of
the hypersurface. The ... denotes other counterterms which may be necessary to correct
infra-red divergences.

Despite the appearance of the p. factor this form of the cut-off stress tensor is co-
ordinate independent. The explicit form of the function h(p.) is uniquely fixed from the
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overall regularization of the energy-momentum tensor at the boundary. Notice also that
the Brown-York term and the Einstein tensor counter-term are separately conserved.
In the Fefferman-Graham foliation p = r with r given by (4.5) and we also have:

l 2 l g
d—2 AdS AdS (9
h(r) =T ) 7#11 - <T> g,uV: Kyy - T <:V —_ gy> . (411)

The renormalized energy-momentum on each hypersurface then takes the following form
(from now on we omit the . subscript in 7¢):

1 2, Trz 2 1
= s (r - =, <R”U - 2R5“V> v > L (412)

Here z,, is defined in (4.7), the Ricci tensor and Ricci scalar are constructed out of the
physical hypersurface metric g,,. Again, all raising and lowering is done with the inverse
of g,. We call g, the physical metric because it is finite in the limit » — 0, i.e. in the
limit the hypersurface is taken to the boundary. We have raised the first index of ¢,, for
later convenience and kaqs is defined in (2.19).

The boundary energy-momentum tensor, which is the expectation value of the energy-
momentum in the field-theoretic state dual to the specific bulk geometry, is:

b .
t(T) = ll_%tm,(r,x). (4.13)

This limit is indeed finite due to the 742 factor in (4.12). One of the consistency checks
can be done by using bulk diffeomorphisms which are in one-to-one correspondence with
conformal transformations of the boundary metric. Under such bulk diffeomorphisms,
which can be defined as those which preserve Fefferman-Graham form of the metric, the
energy-momentum tensor also transforms Weyl covariantly up to conformal anomaly [5, 6,
8]. The conformal anomaly is uniquely determined by central charges, which turn out to
be fixed by the d + 1 dimensional Newton’s gravitational constant.

We have the following issue in light of the discussion above. We want to reformulate
fluid /gravity correspondence as first order renormalization group flow equations, so that
finiteness of transport coefficients at the horizon alone determines the flow uniquely. How-
ever, the hypersurface energy-momentum tensor implicitly uses a boundary condition for
the induced metric - the Dirichlet boundary condition. The implicit use of the boundary
condition on the metric is in conflict with the idea of an emergent spacetime (where the
radial direction should be emergent).

This issue can be addressed as follows. The hypersurface energy-momentum ten-
sor (4.10) is defined by a variation of the gravitational action and according to the vari-
ational principle the induced metric is kept fixed [5, 8]. Nevertheless no specific form of
the induced metric is assumed. Thus the energy-momentum tensor (4.10) does not as-
sume any specific boundary condition from the point of view of the bulk equations of
motion, i.e. Einstein’s equation. This is in contrary to the previous approach [43], where
it was assumed that the induced metric on the cut-off surface remains flat to all orders in
perturbation theory.
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Assuming that there are no constraints on the induced metric other than it is weakly
curved, the most general perturbation at the first order is §7v,, = (c1/r*)nTo,, , with an
arbitrary r-independent ¢;. In our previous work [48] we have taken this issue into account
and showed that for any choice of ¢; we get the same RG flow for the shear viscosity.
Therefore, at the first order in the derivative expansion the RG flow indeed is independent
of the specific choice of boundary conditions.

We can also ask if we can give up the variational principle to construct the cut-off
energy momentum tensor (4.10) and thus getting rid of even implicit boundary conditions
at the cut-off. We will demonstrate now that, indeed, the form of the energy-momentum
tensor (4.10) can be obtained without relying on the variational principle.

With no variational principle at hand what are the other possible limitations on the
form of the energy momentum tensor? We will propose the following four conditions
that will set the form of the energy-momentum tensor up to some numerical constants
multiplying the counter-terms:

e The “bare” energy momentum tensor should satisfy the junction condition. In other
words, t}ﬁre is the physical source localized on the hypersurface one should add to
the right hand side of Einstein’s equation - choosing it appropriately allows for two
arbitrarily different solutions of vacuum Einstein’s equation on the two sides of this
hypersurface to be glued together.

e The form of the energy-momentum tensor should be universal meaning it is conserved
for any solution of Einstein’s equations.

e The dependence of the full energy-momentum tensor on the anti-de Sitter radius [
comes via an overall dimensionless factor K,K(lls = ldAaé (16wGy). This is because we
don’t consider here [~ corrections which translate to o/ or 1 / V) corrections in string
theory or dual field theory respectively.

e The UV stress tensor is finite.

The “bare” hypersurface energy-momentum tensor t}ﬁre in (4.10) is the Brown-York
stress tensor, and we will argue first why this should be so. We note that it is the only
functional of the extrinsic curvature K, which is covariantly conserved on-shell, i.e. which
satisfies V“tz,@re = 0 in an arbitrary solution of Einstein’s equation. Thus the “bare”
hypersurface stress-tensor should be proportional to the Brown-York energy-momentum
tensor, with the proportionality factor exactly as in (4.10) for the reasons explained above.

The universality principle makes the counter-terms be functionals only of the induced
metric, the intrinsic and the extrinsic curvature, since other variables, like u* and T', can
be ingredients in a conserved current only for specific non-generic solutions. Next, we
observe that the extrinsic curvature can contribute only to the Brown-York tensor. Higher
extrinsic curvature invariants will contain more than one r-derivative of the induced metric.
They will over-constrain the hypersurface data and hence will not be conserved in a generic
solution of the two-derivative Finstein’s equations.
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We are left only with terms built out of the induced metric and its intrinsic curvature.
Therefore no r-derivatives appear except in the “bare” Brown-York term. Constructing
conserved tensors out of the metric, the Riemann curvature and its covariant derivatives
is a standard well-known problem. There is a finite number of them at any order in the
derivatives. For example, at the second order, the Einstein tensor is the only candidate.

It then follows from the penultimate requirement that the r-dependence of the counter-

—d+k where k is the mass dimension of the

term coeflicients is necessarily of the form r
counter-term.” For example, the counter-term in (4.10) (the Einstein tensor) has two space-
time derivatives (dimension two) and so its coefficient goes like 7~%+2. Thus the coefficients
of all these counter-terms are determined up to numerical constants.

The on-shell gravitational action has finite number of ultra-violet divergences as the
cut-off moves to the boundary. Hence it can fix the numerical coefficients of a few leading
counter-terms only. For instance, the counter-term proportional to the induced metric
in (4.10) cancels the volume divergence which goes like =% and so its coefficient is fixed
uniquely. The coefficient of the Einstein tensor in (4.10) is also set exactly this way, since
it cancels r>~% divergence in the Brown-York tensor. The last UV divergence cancelling
counter-term in even dimensions will have d derivatives. It will be related to the conformal
anomaly and will cancel the log(r) divergence. In odd d the last counter-term will have
d — 1 derivatives cancelling r—! divergence.

To summarize, even giving up the variational principle we can uniquely fix the stress
tensor up to numerical constants that multiply counter-terms that do not cancel UV di-
vergences. Later we will conjecture that all these numerical constants can be fixed by
imposing constrains on the horizon fluid.

5 Construction of the holographic RG flow

In this section, we will construct the explicit algorithm for solving the holographic fluid
RG flow order by order in the derivative expansion. We will first sketch the basic proce-
dure, highlighting why it does not require explicit knowledge of the bulk spacetime metric.
We will then construct the RG flow for equilibrium variables and see how we can define
thermodynamics in a consistent way at each hypersurface in the foliation. We will then
demonstrate the iterative procedure of solving the RG flow of the transport coefficients
order by order in the derivative expansion. Finally, we will show that once the RG flow
is solved, we can also explicitly reconstruct the bulk spacetime metric from the scale de-
pendent physical quantities only. Therefore, we will establish that our construction of the
holographic RG flow is equivalent to emergence of spacetime.

5.1 How to eliminate the metric?

In order to show that holographic RG flow leads to emergence of spacetime, we should be
able to construct it without requiring explicit knowledge of the spacetime metric. Here we

"Multiplying the counter-terms by function f(r,T'(z)) will not only spoil universality but also the con-
servation of the energy-momentum tensor.
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will outline how this can be achieved in the Fefferman-Graham hypersurface foliation. In
subsequent subsections, we will give the full systematics of the algorithm.

Firstly to simplify expressions, it is convenient to redefine the renormalized hypersur-
face energy-momentum tensor t*, as follows:

tuu — KAdS _tMV’ (51)

where kagg was defined in (2.19). In the AdS/CFT correspondence, the above redefinition
simply strips off an N? factor, so now t*, has a finite large N limit.
With the above re-definition, we can now invert the relation (4.12) between ", and

2", as follows:

Trt 2r R
IJ] pu— d_l M —_— M - M _7/,1/ .« e . .2
2, =r (tl, d—15”> d—Q(R” 2(d—1)6”>+' (5.2)

Above the ... denotes corrections relevant only at higher order in derivatives and which

originate from the counterterms used to define the renormalized energy-momentum tensor.
We also see from above that

d—1

Trz:—;_lTrt—ﬁR+.... (5.3)

The strategy is simple. We substitute (5.2) and (5.3) in Einstein’s equations of motion

as given in the form (4.8). This gives the equation for evolution of #*, which is first order
in radial derivative. We actually only need to use the first equation in (4.8) as the other
two are merely non-dynamical constrains. Once they satisfied at the initial hypersurface,
they are preserved along the flow. The dynamical equation of motion for #", is explicitly

as below:
2T2_d d—1 27,,2—d
th, — Rt — <T t Q*dR> th, — RH 5.4
v =2t Ty U v gt (5.4)
1 r2=d Trt rd=1 r2=d
— [ Tt/ R+ —+——-x (T t 27dR) Trt — R| )"
+d—1< Tyt Ty U a2 v
+...=0.
Above ... again represents terms which are relevant only onwards from third order in

derivative expansion.

Here we encounter a conceptual difficulty. Notice that R", and R appear in the
dynamical equation for radial evolution of #, - this is not yet the problem, because this
does not involve any radial derivative of the metric. In fact, both R, and R can be readily
represented in terms of the scalar and tensor transport terms we introduced in (2.11)
and (2.14). However, their radial derivatives, i.e. R*,” and R’ also appear in (5.4). Since
we want to proceed without solving for the metric, we have to express these quantities in
terms of 2",, as the latter can be written in terms of t, using (5.2), and therefore the
equation of motion (5.4) will eventually involve only t*,, its r-derivative, R, and R.
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Let us show that the radial derivative of the Riemann curvature and other covariant
quantities constructed out of g,,, can be indeed written in terms of covariant derivatives of

2", only. Firstly, the Levi-Civita connection constructed out of gy identically satisfies:

1
Iy = 5 (Ve + V2t —VFz,) . (5.5)

We note though the Levi-Civita connection is not covariant with respect to g, it’s radial
derivative is. We recall that V denotes the covariant derivative constructed from g,,,,, and
this will be so for the rest of paper. Using the above, one can readily prove the following
useful identity:

1 1
R, = 3 (VpVu2ty = VoV, 2t =V V20 + Ve Viz,) + 3 (RM,)p2", — RE, .21 ) .
(5.6)
Tracing over (5.6) and using the vector constraint in (4.8) it follows that:
1
R, = 5 (VoVuz?, + V¥, 20 = VoV %0 — V,V, Tr 2) . (5.7)

Furthermore, contracting the above with g"” and using the vector constraint in (4.8) again
it also follows that:
R = —R,,z". (5.8)

The derivation of the four above formulae is completely general and does not rely on any
specific property of g,,,. One can also derive similar expressions for covariant derivatives
of Riemann curvature tensor; however, we will not need these in this paper.

To recap, we can use the identities (5.7) and (5.8) to eliminate R, and R’ from
Einstein’s equation of motion (5.4). Then we use (5.2) to rewrite (5.4) solely in terms of
t", ", R, and R. Schematically we obtain that:

t;w = tiw (tuua R/u/pa‘) . (5.9)

In our discussion so far, we have not used any specific form of the energy-momentum
tensor. In the hydrodynamic limit, the derivative expansion is the systematics on which
we can construct an iterative algorithm. In each step of the iteration, we bring in more
covariant derivatives of t*, and R*,, and higher order polynomials of RY, as well. To
see this explicitly, we now assume that t", is hydrodynamic on each hypersurface of the
foliation, namely takes the form (2.16).

In what follows it will be useful to have the leading order term in the explicit hy-
drodynamical form of 2", and Trz. Substituting (2.16) into (5.2) and (5.3) we obtain
that:

d—2
# = Td1<<d1€+P>“”“”+d€1N”> T

Tos — i1 <di1 _ P) T (5.10)

Above ... denotes the first and higher order derivative corrections.
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Once we have eliminated R" ,,/ and R’ in favour of t¥, and its covariant derivatives, we
can substitute the hydrodynamical Ansatz (2.16) into Einstein’s equation of motion (5.4).
Any time the radial derivative hits u# and T' we have to further use our Ansatz for u*’ and
T’ as given in (3.1). On the other hand, r-derivatives of V, need be treated with (5.5).
This way the only r-derivatives in the equation will be those of the transport coefficients
~v; and 0;. This will give ordinary differential equations for all the coefficients in (2.16).
We will later show that indeed there will be as many equations (both algebraic and differ-
ential) as there are parameters, and these can be solved iteratively order by order in the
derivative expansion.

Before we give the details of the algorithm, it is worth to illustrate our approach
with a simple example. The hydrodynamic stress tensor (2.16) has a bulk viscosity term
—((V - u). Plugging it into (5.4) produces a term (V - u)’. Let us show how this term can
be rewritten:

(V-u) = V' + T8, v’ = ag(V - u) + ddao

1
Dlns+ -DTrz+...
Ins 2

_ (ag - ddlios - ;((9 _ di1>(e+ P))(V )t (5.11)

In the first equality we have simply substituted the definition of the covariant derivative.
In the second we have used the Anstaz (3.1) (keeping only the leading term in the deriva-
tive expansion), (5.5)% and the definition of D = w*V,. Finally, in the second line we
have substituted (5.10) and have used the thermodynamic identities (2.2) and the Euler
equations in the form (2.6).

Here we have truncated up to first order in derivatives. As V-u is the only independent
scalar at the first order, it’s radial derivative can only be proportional to itself at the leading
order. It is clear from the above example we can systematically go to higher orders in the
derivative expansion. :

We note that just like in the example above, if we consider any scalar Si(n , Or a

transverse vector V(n)”

; or a symmetric, traceless transverse tensor 7;1(1;) at the n-th order

in derivatives, it’s radial derivative will involve n-th but also higher order scalars, transverse
vectors or symmetric, traceless and transverse tensors at higher orders.

This is in exact analogy with RG flow in quantum field theory. Operators of lower
dimension mixes with operators of lower dimensions in the RG flow. If we think of Si(n),
VZ-(n)“ and 7;89 as operators, then indeed their mixing with operators at higher order in
derivative expansion along the radial evolution is analogous to an operator mixing with
other operators of same dimension and also higher dimensional operators in RG flow in
field theory.

On the other hand, the parameters agn), 51(”), )\En), %-(n) and 51(”) in (2.16) and (3.1)
are analogous to couplings in field theory. Due to the nature of operator mixing, the RG
flow of couplings of a given degree of relevance, namely of a given mass dimension can

be calculated without involving couplings of lesser relevance, i.e. lesser mass dimension.

1
8Notice that F‘V‘H/ = §V1,Trz.
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Similarly, we will find that the RG flow of the transport coefficients %'(n) and 51(”), and the
(n)

field redefinition parameters agn), Bi(n) and A; " relevant at the n-th order in derivatives can
be calculated without involving those relevant at higher order in derivatives. We also recall
that the parameters of field redefinitions agn), Bi(n) and )\Z(n) satisfy algebraic equations, and
are analogous to redundant couplings in field theory which can be algebraically eliminated

as well by field redefinitions.

5.2 RG flow of thermodynamic data

In any iterative construction, we should understand the zeroth order first. Therefore,
we should begin by understanding how the holographic RG flow works for the thermal
equilibrium geometry, corresponding to the unperturbed black brane. Solving for the
black brane geometry should be equivalent to the thermodynamic data RG flow. We will
need to address the conceptual issue of how to define thermodynamic quantities at each
hypersurface of the foliation without knowing the bulk metric explicitly. Also the RG
flow should determine the radial location of the horizon without requiring to know the
metric explicitly.

The RG flow Ansatz of the black brane geometry is given by (3.1) together with (2.16).
We first show how «g which gives the cut-off dependent field definition of u* can be solved
without knowing the explicit form of the metric.

Differentiating u*u"g,, = —1 with respect to r we obtain:

utu’ 2y, + 2utu,, = 0. (5.12)

We recall that in equilibrium we can ignore higher order terms in z,, leaving only the
zeroth order term as in (5.10). Substituting (5.10) into (5.12) we find a linear algebraic
equation for ag. Solving it yields:

d—1 B
ag = - <P+d 2). (5.13)

2 d—1°

It is worth mentioning here again that raising/lowering indices does not commute with the
r-derivative, because the metric is itself r-dependent. For example we note that:

uy, = ul gy + UM 2, = —aguy. (5.14)

Substituting t,i?, = eutu, + PA", into the radial evolution equation of t,w given
by (5.4), truncating to zeroth order in derivatives and using (5.13) we obtain radial evolu-
tion of the energy density ¢ and the pressure P. Essentially we get two coupled ordinary
differential equations that can be conveniently written as follows:

rd=1 d
Trt' = (| ———~Trt+— | Trt
r <2(d1) r +r> rt,
d—1
, T 1
= | ——<e——|Trt 1
€ (2(d_1)€ r> rt, (5.15)

— 25 —



where Trt = (d — 1) P — €. The general solution of the first equation is:

rd

(5.16)
where ry is a constant of integration. Notice that one can reproduce a traceless thermal
stress tensor asymptotically at » = 0 as expected. On the other hand, Trt blows up at
r = rg. We will see immediately that rp is the radial location of the horizon.

The e-equation then yields:

const — 74
In order to get a finite € at the horizon r = rg we have to put const = T%.
Finally we get:
4(d—1 4+ (d—1)rd
_ A=l g poyg it @D (5.18)
g+ rqg —T

We see above that € is regular at the horizon and it’s horizon value is half of the boundary
value. The pressure P blows up at the horizon. We will see later this corresponds to
the fact that the fluid at the horizon is non-relativistic and incompressible. We will also
see that consequently the effective temperature and the speed of sound also blows up at
the horizon.

We now address the question how to define thermodynamics consistently at each hy-
persurface in the foliation. We note that the parameter ri; which gives the location of the
horizon actually parametrizes the curve P = P(e,r) which gives the equation of state at
a fixed value of r, i.e. on a given hypersurface. Using the thermodynamic identities (2.2),

Oe 1
/dTH<87’H> P /dln S. (5.19)

The above allows us to determine s up to an overall constant, as given by

we get:

d—1

_ "n
S_C(rIC_lI_i_rd)Z(l—l/d)' (5.20)

We note that thermodynamic identities alone do not determine the z-independent con-
stant C.
We can now determine 7' from 7' = (e + P)/s. We get

T = (5.21)

4d (r + rd)l_%
—_— TH—
C

d _ .d
™ r

From the above we can determine A\ in our equilibrium Anstaz (3.1) by calculating 7"/T.
We will, however, see later that for actual computations, the explicit form of Ay will not
be necessary.
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g or T

€

Figure 2. Solving (5.18) we find that € and P lie on a curve parametrized by 7y at a fixed r. This
allows us to find the temperature T using the thermodynamic identities (2.2). Eliminating rg in
favour of T we arrive at ¢ = ¢(T,r) and P = P(T,r).

It will also not be necessary to determine the constant C' appearing in s and T". This
constant is related to the scaling symmetry (7,s) — (C"l -T,C - s) that does not affect
the thermodynamic relations.

Nevertheless, we would like to fix C', merely because it will be useful later for the
comparison of our results with those in the literature. We can so by identifying 73,, the value
of T at the boundary r = 0, with the Hawking temperature Tiawking of the unperturbed
black brane. The relation is:

2/d—2
THawking = 20 andso  C =24"%dg, (5.22)

TrH
Again, this value of C can be set only knowing the black brane geometry, but we only need
this identification for thee future reference to the previous works on the subject. With this

relation we now have:

d—1 _ d dy1—2/d
s(r) = 2-2/d+ TH and  T(r) = 9—2+2/dg TH (rd +r?)
(rfe + pd)20-1/d) p rd —pd
(5.23)
We can also derive the speed of sound cg:
9  Op/Oorm r#d 4+ 2(d — 1)rgrd 4 12 (5.24)

Cs = Oe/Ory (d— 1)(7% — rd)2

In the above equations ry is a constant. In such a case, the fluid is in static equilibrium
at all hypersurfaces in the foliation with an equation of state that depends on the radial
location of the hypersurface. This is an exact solution of the RG flow. To go to non-
equilibrium, we need to promote 7y to a function of the hypersurface coordinates x. Then ¢,
P and u* will also depend on the spacetime coordinates through ri = rg(x). In such a case,
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when we substitute the spacetime dependent ", in it’s equation for radial evolution (5.4),
there will be higher derivative corrections. Thus we need to go to higher orders to find the
full solution of the RG flow. The systematic iterative algorithm for solving the RG flow
will be presented in the next subsection.

At zeroth order, rf or T" are interchangeable variables. At higher orders, T' will be a
fundamental thermodynamic variable, and we will eliminate ry in favor of T'. Nevertheless,
the equation of state given by €(7',r) and P(T,r) will remain unchanged to all orders. We
illustrate our approach in figure 2.

There is no reason to believe that the ri = r hypersurface is the event horizon of the
full non-equilibrium geometry, but it does coincide with the event horizon at late time,
when the geometry settles down to the static brane with constant u* and T'.

Before going to higher orders, it is useful to check the consistency of our construction
of thermodynamic variables at each hypersurface of the foliation. We note that once e, P
and u* become functions of the hypersurface coordinates, at the leading order they follow
Euler equations given by (2.5), or equivalently by (2.6). If we take the radial derivatives
of the Euler equations in the form of (2.6), we readily get:

, T‘d_l
§ = ——es,
d—1
2y _ T 2, d-
(c3) = 5 (e+ P) <2cs + 7= 1). (5.25)

We can check that s and c? as given by (5.20) and (5.24) indeed satisfy the above identities.

As we have mentioned earlier, since the equations of fluid mechanics follow from the
constraints of Einstein’s equations, they are automatically satisfied for all hypersurfaces
provided they hold at the initial hypersurface. The radial data evolution given by the
dynamical equation (5.4) preserves these constraints. Thus it is not necessary to check
that the radial evolution of the equations of fluid mechanics is consistent with the RG flow
obtained from (5.4). Nevertheless, the above check of the consistency of the radial flow
of Euler equations with the thermodynamics at each hypersurface shows that there is a
unique way of constructing the hypersurface thermodynamic variables, namely s, 7' and c2.

We also note that the total equilibrium entropy does not change along our RG flow.
From (5.25), we find (In s)’ = —r%le/2. It is easy to see that the spatial volume flows
radially as (In /g1) = (1/2)2",A”,. From (5.10), we find that (In \/g1)" = r?~'e/2. Thus
the rate of change of entropy density is compensated by the rate of change of the spatial
volume in static equilibrium, making total entropy invariant along the RG flow. A similar
feature was also found in [43].

5.3 The iterative algorithm and some simplifications

We now present a systematic algorithm for solving for the 3m§”) =+ mz(,n) + mgn) parameters

in our holographic fluid RG flow Ansatz given by (3.1) order by order in the derivative
expansion. We will also see that determining these variables will completely exhaust the
norm condition u*g,,u” = —1 and Einstein’s equations, or equivalently the equation for
radial evolution of #,,, which up to second order in derivatives is given explicitly by (5.4).
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Let us assume we have solved the RG flow up to (n — 1)-th order, meaning that
we have found all the transport coefﬁcients %(m) and 5(m) from (2.16), as well as the
reparametrization parameters a B(m and )\(m) from (3.1) for all m < n. In the previous
subsection we have solved the system at the zeroth order, so with an iterative algorithm
at hand one will be able to compute these coefficients for any n.

In subsection 5.1 we demonstrated how one can eliminate z",, and therefore the metric,
from the calculations. As an example we have calculated (V - u)’ up to the first order in the
derivative expansion. It is worth emphasizing again that the r-derivative does not commute
with the d-dimensional covariant derivative, since the latter is built form an r-dependent
induced metric.

Notice that in our Ansatz (3.1) as the r-derivatives of the zeroth order functions
ut(r,x) and T'(r, z) have infinite expansion in terms of the space-time derivatives. In order
to calculate the first order term in (V - u)’, we needed only the zeroth order coefficients,
e, P and ag. From our derivation it is clear that the second order contribution will be

(2,

spanned by S;”’s from (2.11) and this time it Will require also the first order coefficients

71(1) = -, 51( ) = —( from (2.16) together with a , ,8 . More generally, solving the
(k)

RG flow up to the m-th order provides enough mformatlon for expanding S;”" up to the
order (k 4+ m) in the derivative expansion.

The same observation holds also for the r-derivatives of the vectors Vi(k)ﬂ , although
this time the higher term expansion might include scalar terms of the form S®u# with

[ > k. Similarly, acting with 9/9r on the tensors 7;(k)
form uMVZ»(l)V + u,,Vi(l)M, S(l)uuu,, and S(Z)AW.

o We can a priori get terms of the

Note, however, that at the leading order (Vi(kw)’ is still orthogonal to u*, because at
the zeroth order u, is parallel to itself, u,’ = —aou, + .. .2 This implies that:

<Vi(’“)“> Z BV Lo (v’““) . (5.26)

Remarkably, we can achieve a similar simplification for the tensors 7;(71)“” just by keeping
one of the their indices lowered and another raised. If we take a radial derivative of such a
tensor, it will remain traceless to all orders in the derivative expansion, T(")uyléz = 0. This
can be easily seen from the fact that as 0", is a constant, contraction with ¢', commutes
with the radial derivative operation, which is definitely not true for g, and g"”. Precisely

!/ /
as VZ.(k)u the tensor ﬁ(k)uy is also orthogonal to u* at the leading kth order. Therefore:

(T9") =S EPTH" o (vi). (5.27)

Again, the higher order terms are still traceless, but not necessarily orthogonal to u*. They
will be of the form w*V" +u, V" or SO ((d — 1)uru, + A%,).

/ ’
9Indeed (Vi(kw) Uy = (Vi(kwuu) ka) uj, and both terms on the right hand side are zero.
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There is yet another issue we need to draw our attention to. Despite the fact that
€ and P are zero order quantities their radial derivatives contribute to the RG flow at
higher orders via the radial derivative of T'. Indeed, by construction ¢ and P depend on
two variables, the radial coordinate r and the temperature T', and this dependence is fixed
by the equation of state we have derived in the previous subsection. More explicitly, we
can use (5.18) and (5.21), eliminate rg and construct ¢(7',r) and P(7T,r). Note that these
relations are fixed by thermodynamics once and for all, and do not change at higher orders
by the method of phenomenological construction of the hydrodynamic equations. Therefore:

de Oe Oe dP 0P Oe
- = 7T’ - - 2 T -
dr Or + oT and dr or +e(Tr) oT

where in the second identity we used the thermodynamics definition of ¢ that also holds

T, (5.28)

at any order in the derivative expansion and can be obtained from (5.21) and (5.24) after
eliminating rig. The partial r-derivatives in (5.28) are zero order quantities, therefore higher
order contributions come only through 7" via our Ansatz (3.1). Therefore, for n > 1:

()0 = Sy, (P = 2 Dy (5.29)

There is a similar issue with the transport coefficients %'(m) and 5§m). At each value of

r they are definite functions of temperature. To be more precise, solving their ODEs for

radial evolution, we would obtain them as functions of ri; and r. Eliminating ry in favour

of T, we arrive at ’yl-(m) = %‘(m) (T, r) and 5i(m) = 5§m) (T,r). These dependences will not

alter at higher order, exactly as in the case of the equation of state. Therefore, analogously
to €(T,r) and P(T,r), for k > m:

(m)/ (k) . (9’)/2- 1 (k) (m)' (k) . 0(51 NG
(™) = @) (s) " = (1) (5.30)

Let us now show in details how starting from the norm condition and Einstein’s equa-
(n) (n)

tion one can derive the first order ODEs for %‘(n) and 9; ’ and algebraic equations for ",

BZ-(n) and )\1(”) assuming that we have already determined the lower order coefficients.

We will start with the tensor transport coefficients. For this goal we consider the
spatial traceless component of the radial evolution equation of #,. The corresponding
projection is defined by the () operator (2.9). Projecting Einstein’s equation E*, (5.4) we

find that up to the second order in derivatives:
B 2,,,27d <R/4 /> B Tdfl 27,27d
d—2 v

)y m”ﬁ"t ((t“l) -3 <R“l,>> =0. (5.31)

Here we dropped third and higher order curvature terms, since we will not consider them

in this paper. Our iterative algorithm, though, still goes through with these terms.
Next, for a fixed i = 1,... ,mgn), we consider the coefficients of ﬁ(n)“ , coming from
various terms in (5.31). At the k-th order:

() = 3" AT (5.32)

Let us study separately the contributions of each of the four terms in (5.31).
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(n)

e From our discussion it follows that (¢*,) has two different contributions to the T,

(m)’

term. The first one is ; and the second comes from the derivative expansion of

(7;(7” ) for m < n. For example, the r-derivative of the shear viscosity term —no*,
will contribute to the ODEs of the second order transport coeflicients. It is important
to remember that both contributions depend on 5§k)7 agk), ,Bi(k) or )\Ek) only for k < n.

e The (R",) terms contributes only at the second and higher orders. This contribution
will involve only £ < n — 2 order RG parameters.

e The third term in (5.31) gives a 72»(”) contribution for any i.
(2)

e The last term in (5.31) provides a source term only for the ;" equation.

To summarize, at the nth order we obtain overall ml(fn) first order differential equations for
each fy.(n) with i =1,... ,min). Again, these equations will explicitly depend on the lower

1
order coefficients, but nevertheless will completely decouple from the nth order coefficients

5(n), agn), Bi(n) and )\En).

7
We now proceed to the field reparametrization variables of w* multiplying transverse

vector like terms in (3.1), namely BZ-(n)’s. We can determine these paramedters by taking
the vector projection of the equation of motion E*, in (4.12), i.e. by considering A’ ua B,
and extracting n-th order terms. Up to the second order the relevant equation is:

Ay (o)~ 2 par T qyupa _g. (5.33)
Bod—27"8 " (d-1)(d-2) A

(n)#

Similar to the tensor analysis above we are interested here in the overall coefficient of V;

for fixed n and i = 1,..., m,(,”). We will show that this projection leads to an algebraic

equation for Bi(n). First, the contraction of A*5u, with the two curvature terms in (5.33)

produces only terms depending on %-(m), 5(m), agm), ,Bfm) and )\Em) with m < n — 2.

(2
Secondly, the contraction with the first term involves relevant Bl-(n) terms:

mi
(A“ﬂuata5'> " (e+ P) Z B ")“ (5.34)

+terms with «; (m) ﬁ(m )\(m) -(m) and 5£m) forall m <n.

’L

Here we used the Landau-Lifshitz form of the energy-momentum tensor (2.16) and (5.27).
The Bi(n) term comes solely from the equilibrium part of the energy momentum tensor (2.4),
while all the other contributions follow from the O (VF*1) terms in (5.27).

We see that (5.33) naturally leads to mq(,n) algebraic equations expressing BZ-(H) with

izl,...,mq(,)m terms ofa ’s, ﬂ )\(l S, %(l)sand 51@78 with [ < n.

In the final step of the algorlthm, we will determine the scalar transport coefficients

(n),

s and the auxiliary reparametrization variables o

52(”) ’
like terms.

s and )\Z(-n)’s multiplying scalar
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For our convenience, let us define the non-equilibrium trace part of ¢,,, as S, so that

§=3"% s (5.35)
n=1i=1
Then
Trt=—e+ (d—1)(P+S) . (5.36)

We also note that the Landau-Lifshitz form of the energy-momentum tensor gives:

th uut = (4 uta,) — (uu” +uu’) = € + e (u

LUt uut’) =€, (5.37)

where in the last identity we used the norm condition.
We can now take the projection of E",, the equation for radial evolution of t/, with
u,u” and (5;: to obtain two independent scalar equations. Nest we need to calculate the

coefficients of Si(n) in these two scalar equations.
Due to (5.36) and (5.37), among the (leading) n-th order RG flow parameters, only
/\En)’s and 51(”)’8 appear in these scalar equations which thus decouple from agn)’s, Bi(n

and 7.(")’

;’s. To see that, notice the only possible place of appearance is (Trt)" and t/ l,/uuu”.

Again, one needs to determine all these RG flow parameters at lower orders to define the

scalar equations at the n-th order. Also it is easy to see that X(n)i’s never appear in the

equations simply because 7" never appears.

n),

These scalar equations involve )\E s only through 7" (which, in turn, come from ¢

and P’) and 5§n)’s through S. We can eliminate T” from the two scalar equations to obtain

n),s

the equation for S only which will determine the first order differential equations for (51-(

This way we decouple the 52(”)’

s from the )\Z(-n)’s. The suitable linear combination of the
scalar equations which determine the scalar transport coefficients d(,);’s up to the second
order is:

(=1 +@=3) 5y
(d—1)(d—2) (d—1)(d—2)

g (e
- <d;1(c§+1)+rd_1 (P— (2 dl 1)
ey (4 57) 7 (i

(Cg(d — 1) — 1) o € w. R uY
CEDCED) <P <d—1>>(“R” )-

Once the 52(”)’8 are determined, we can use the second scalar equation obtained by

S+

2(d—1) = 1) (u, R u”)

) S (5.38)
1

)

contraction with &), below (showing terms relevant only up to second order) to derive the

n)as

algebraic equation which determines /\g

d—1

d
(Trt) + 72 9R — —Trt —

° ST ((Trt)2 +2r2 (T t)R) ~0. (5.39)

We thus have exactly 2m§") equations to determine the ngn) variables A(,,);’s and d(,,);’s
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The a(,);’s can now be determined algebraically from the norm condition obtained by
radially differentiating u*u”g,, = —1, which yields 2u*'u, + u"u"z,, = 0. We also need
to substitute the form of z*, in terms of t,, polynomials of Riemann curvature and their
covariant derivatives. Up to the second order in the derivative expansion, the relevant
equation is:

Trt 2 R
2uH/u“ e —Td_l (6 + d_ 1) + d _r2 (RV’VUHUV —+ 2((1—1)) . (540)

’s appear only via u/'u, and we thus get exactly m} equations to determine the
(n)

i

Clearly agn)
’s. We can readily see that in order to determine them, we need to solve

) (n)

7

m} number of «

for the scalar transport coefficients (55” s which appear via Trt. Again, «; '’s decouple
from all other RG flow parameters at n-th order.
Thus we can determine all the parameters in the RG flow Ansatz given by (3.1) at the

n-th order. To summarize:

e The equations giving radial evolution of the tensor transport coefficients 'y-(n)’s and

(n) '

scalar transport coefficients ;s decouple from each other and also from the other

parameters of the RG flow, namely the auxiliary variables az(»n)’s, BZ-(n)’s and )\Z(-n)’s.

e The algebraic equations determining the auxiliary variables ﬁi(n)’s multiplying vector
like terms in u*’ decouple from the auxiliary variables agn) ’s and /\gn)’s multiplying
scalar like terms. The algebraic equations for ﬂi(n)’s decouple from all other n-th
order RG flow parameters.

e The algebraic equations determining the auxiliary variables ozl(-n)’s and )\En)’s mul-
tiplying scalar like terms in u*’ and T’ respectively decouple from each other and

involve only the scalar transport coefficients (5§n)’s.

e To solve the RG flow for radial evolution of the n-th order RG flow parameters, one
needs to solve it completely at lower orders.

e At each order, we have exactly as many equations as there are parameters in the
RG flow which need to be solved. Thus determining the RG flow exhaust the norm
condition and the full dynamical content of Einstein’s equations.

5.4 Reconstruction of the metric

So far, we have presented the algorithm for construction of the holographic RG flow in the
fluid/gravity limit which requires no explicit knowledge of the bulk spacetime metric. We
have also seen that solving for the RG flow exhausts the full dynamical content of Einstein’s
equations. Therefore, it is intuitively clear, that solving the RG flow should also be equiva-
lent to solving for the explicit spacetime metric order by order in the derivative expansion.

Nevertheless, the RG flow equations are first order in radial derivatives, while Einstein’s
equations are second order in radial derivatives. Therefore, to determine the metric we need
additional integration constants - these are nothing but the boundary metric gy, and the
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boundary velocity and temperature fields, namely uﬁ and T},, amounting to a specific choice
of solutions of the equations of fluid mechanics at the boundary.

We recall that though the metric in Eddington-Finkelstein metric and Fefferman-
Graham coordinates are gauge equivalent at each order in derivative expansion, they differ
at orders higher than the order to which the bulk spacetime metric is explicitly solved. In
the former coordinate system, the metric is manifestly regular even at higher orders, but
is not asymptotically AdS. In the latter coordinate system, the metric is not regular at
higher orders even if the transport coefficients are chosen correctly up to the given order,
but is asymptotically AdS even at higher orders.

In the following sections, we will show that RG flow equations are sufficient to ensure
regularity of the solution at the late time (future) horizon. It is therefore useful to obtain the
bulk spacetime metric in a form which preserves the asymptotic AdS boundary condition.
Therefore, to demonstrate that the bulk spacetime metric can be reconstructed from the RG
flow, we will reconstruct the bulk metric in Fefferman-Graham coordinates which preserve
the asymptotic AdS boundary condition to all orders manifestly.

The explicit method is as follows. First, we have to make an Ansatz for the expressions
of ut(z,r), T(x,r) and g, (r,z), which appears in the bulk Fefferman-Graham metric as
given in (4.5), in terms the boundary metric gy, (7) and the boundary fluid variables,
up”(x) and T (x). For the induced metric we have:

(n)
Gu(r, @) = A go + B upyun, + > (Ty)" ( > Cf")ﬁfﬁ) (5.41)

n=1
g
+ Z B (Ubqugn)y + “bl'vbl(n)u>
=1
)

+ i (Dz(n)Ab/w + ﬁgn)ub#ub”) Sb(n)) ‘
i—1

Let us explain the notations in this formula. The traceless transverse n-th order tensors
’H)Eﬁ,), the transverse vectors ngl) and the scalars Sb(”) are all built from the boundary
variables gy, (2), up () and Ty, (z). Accordingly Ay, = gb, + Ubyup,. The temperatNure
factor (7})" is introduced in order to keep the parameters Ci("), EZ-(n), Dl(n) and DZ(n)
dimensionless. It also follows from the dimensional analysis that all of them depend on the

dimensionless combination 771}, (z):

A=A(Ty(2)), B=B(rTy(z)), (5.42)
o = c<" (rTi(x)) | EM = EM 1Ty () |
D™ = D" (1T (2)) D" = D" (rTy(x)) .

This metric (5.41) is the most general 2-tensor one can construct out of gy, (), uy, (x) and
Ty, (z) (see our discussion shortly after (2.6)). The C’i(n) and Dgn) terms are analogous to
the ’yz-(n) and 51-(71) terms in the hydrodynamic energy-momentum tensor (2.16), while the
El-(n) and lNDZ(n) terms do not appear in (2.16) due to the Landau-Lifshitz gauge.
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It is straightforward to write the Ansatz for up*(x) and T (x):

ut(z,r) = agub“+ZT€ Z agn)SbZ(n)ub“ + Z bgn)ngn)# ,
n=1 =1 i=1
oo mgn)
T(z,r) = loTh + Y T Y 1S, (5.43)
n=1 =1

Again, all the parameters are dimensionless and depend on the combination 7713, only.

At the next step, using (5.41) and (5.43) one has to express Si(n), Vi(n)“ and ﬁ(n)w

in terms of their boundary counterparts sz(n), Vbiﬁn) and 773“(3). This should be done
systematically in the derivative expansion parameter at the boundary. Obviously, the final
expression will be covariant with respect to the boundary metric gy,,. These algebraic
manipulations are straightforward and (up to the first order in derivatives) are exactly as
those in our previous work [48]. For example, one finds that:
A 2
O = A gy + 0 (V7). (5.44)
Once the above step is completed, we can substitute (5.41) and (5.43) in (3.1) and the
expression for 2", = g"®g/, , as given by (5.2). Knowing the reparametrization parameters
in (3.1) and the transport coefficients in (2.16) we may obtain a full set of first order
differential equations for all the parameters in (5.41) and (5.43). It is straightforward to
check that we have the same number of equations as the number of the functions. Contrary
to the «, 8 and A\-parameters in the Ansatz (3.1), now the equations for agn), bgn) and ll(n)
will be differential and not algebraic.
Solving these differential equations, we also need to satisfy the boundary conditions at

r = 0. By construction we need:
A0)=1, ao(0)=1, b(0)=1 (5.45)

with all other parameters vanishing for at the boundary. Notice that the norm condition
of uj, namely ujgp,,uy, = —1 then guaranteed by the norm condition we have already
imposed on u# while solving the RG flow.

One can wonder whether these UV boundary conditions will determine the functions
uniquely, as the corresponding differential equations may appear singular at » = 0. Let
us argue that this cannot be the case. We note that the first order RG flow equations
already determine the transport coefficients at the boundary from the constraints on their
near horizon forms which will be discussed in the following section. Having the transport
coefficients together with uﬁ and T}, completely determines ty,,,, the energy-momentum
tensor at the boundary. For fixed #p,, and gy, there is a unique solution of Einstein’s
equations in the bulk. This was shown explicitly in the power expansion near the bound-
ary [5]. Furthermore, as fixing the transport coefficients ensures regularity, the metric thus
reconstructed from the RG flow will indeed have a regular future horizon up to the given
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order. This can be readily checked by translating to Eddington-Finkelstein coordinates
order by order in the derivative expansion following the method of [59].

We will not further elaborate on these straightforward calculations as the explicit
metric does not contain additional physical information which will be relevant for us.
Nevertheless, the metric up to first order in Fefferman-Graham coordinates is explicitly
known, and is as in [59].1° The reader can check via explicit computations that it will
follow from our results for the solution of the RG flow which will be discussed in section
7, that the first order vector and scalar perturbations of the metric will vanish. This was
also the case in the explicit solution in [59].

There is an alternative algorithm for reconstructing the bulk metric from the RG flow,
which we would like to present in a future work. Inspite of this alternative algorithm being
simpler, we omit it here because it is not as illustraitive as the one presented above.

6 The nature of the horizon fluid

The parameters of the RG flow are the transport coefficients and the auxiliary variables
determining scale dependent reparametrization of the fluid variables. The latter satisfy
algebraic equations and do not require any boundary condition for their determination.
The physical variables, namely the scalar and tensor transport coefficients, satisfy first
order differential equations, whose boundary conditions should be determined from phys-
ical principles. We will show that these boundary conditions are simply provided by the
requirement that the fluid at the horizon is a well defined non-relativistic fluid.

It is quite clear from our construction that at each hypersurface, the fluid is relativis-
tic. Nevertheless, as we move towards the horizon, the energy density stays finite, while
the pressure and the speed of sound blow up. The horizon thus is an end point of the
RG flow because the notion of thermodynamics breaks down at the horizon. For proper
physical interpretation of the nature of the RG flow near the horizon, we need to define an
appropriate scaling of coordinates and variables such that the near-horizon fluid behaves
non-relativistically. After this rescaling, the horizon fluid will turn out to be a fixed point
of the RG flow. We may anticipate that the dynamics at the fixed point will be governed
by non-relativistic incompressible Navier-Stokes equations.

Our strategy will be as follows:

e We will define a near-horizon non-relativistic scaling that regularizes the otherwise
ill-defined equations of motion.

e We will show that at the leading order in the scaling and up to first order in the
derivative expansion, the horizon fluid is a fixed point of the RG flow, provided
the shear and the bulk viscosities do not blow up on the horizon. The dynamics
at the fixed point will indeed be given by non-relativistic incompressible Navier-
Stokes equations.

UHere it was assumed that the boundary metric is flat, however one can readily check that the solution
is valid up to first order replacing 7., by the boundary metric in the solution.
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e We will demand that higher derivative corrections will not destroy this horizon fixed
point, thus we will derive constraints on the near-horizon behaviour of all higher
order transport coeflicients.

e We will later claim that these constraints on the near-horizon behavior of transport
coefficients lead to a unique solution of the RG flow.

In the limit of linearised perturbations about equilibrium, a near-horizon scaling limit
was proposed in [43]. It was shown that if the radial and time coordinates are scaled as
follows:

rH—r=§7, t= (6.1)

-
¢
with £ as the scaling parameter, then in the limit £ — 0, one gets the non-relativistic
incompressible Navier-Stokes at the horizon as a fixed point up to first order in derivative
expansion. The spatial coordinates are not re-scaled. We will do something similar but also
consider the full non-linear fluctuations about equilibrium and go beyond the first order in
the derivative expansion.

There is a crucial point here that should not be overlooked. We have already seen that
in order to consider non-equilibrium non-linear corrections to the RG flow we need rpg to
be dependent on x and ¢. Replacing ¢ by 7/¢ and setting £ to zero means that we take
the long time limit where the fluid approaches equilibrium. Therefore, in this limit the
temperature becomes independent of hypersurface coordinates implying that rg becomes
constant as can be seen from (5.23).

As in our construction of the RG flow, we did not need to know the spacetime metric
explicitly, we should also not need the explicit form of the metric to define the near-horizon
scaling of the RG flow. We will introduce, therefore, the scaling limit of the RG flow in the
local inertial frame of a radially infalling observer in the near equilibrium geometry. This
infalling observer should also start with zero velocity at infinity with respect to the final
static equilibrium configuration before starting to infall. As this observer will be infalling
in the near-equilibrium geometry, the derivative expansion should also make sense for this
observer throughout the infall, provided she redefines the fluid variables as we have done
in the RG flow. Note this observer is fictional - she is not doing any real experiment on the
hypothetical holographic fluid at each hypersurface. We are merely using her local frame
to define a scaling limit of the RG flow.

We note in order to reproduce non-relativistic limit of a relativistic system, we indeed
need to choose a specific frame. In the case of fluid dynamics, the natural choice is the
inertial frame co-moving with final static equilibrium configuration. This is why when we
consider the scaling of the relativistic RG flow, we also choose the frame of an inertial (or
in other words infalling) bulk observer in the near-equilibrium geometry who is co-moving
with the final static equilibrium configuration.

We will use the re-scaled radial and time coordinates as in (6.1) in the frame of the
radially infalling observer as described above. We will not re-scale the spatial coordinates.
As this observer is infalling, the metric in her frame should be 7, along her trajectory.
Also the first derivatives of the metric should vanish along her trajectory.
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The fluid velocity field along the trajectory of the observer should be close u* =
(1,0,...,0) as she is co-moving with the final static equilibrium configuration. We note
this velocity vector has norm —1 with respect to the metric 7, Nevertheless, the geometry
will not be in exact equilibrium, so there will be small deviations characterized by a spatial
velocity vector v’. This spatial vector v should be O(£) as we have scaled the time-
coordinate like 1/¢, while not scaling the spatial coordinates. Thus the fluid velocity field
in this frame will take the form:

uf(r,x,t) = (1,§vi (rg + ff,x,7/§)> + O (52) . (6.2)

Essentially this forces non-relativistic dynamics as the above amounts to taking the ve-
locity fields small compared to the speed of light. Furthermore, this also signals that the
deviations from static equilibrium are small. To be consistent, we should also scale the
fluctuations of the temperature about a static equilibrium.

1 in order

As the temperature blows up at the horizon along the RG flow as (rg —r)~
to get a finite limit at the horizon we should re-scale the temperature at static equilibrium

as €71, We therefore scale the temperature field as follows:

e (7)
§

We also note that 7°1 will be 1/(277) as one can see directly from (5.23). As the energy

T(r,x,t) = +T (rg + &7, %, 7/€) . (6.3)

density is a function of T" and 7, the scaling of T" implies that the energy density should
scale as follows:

e(7,x,t) = eg + & - €(F,x,7/E). (6.4)

Above € is a constant, namely 2(d — 1)/r%, as can be seen from (5.18).

The fluctuation of pressure about equilibrium in the incompressible non-relativistic
limit should not depend on the temperature but rather only on the velocity field. We
will show later that this is rightfully so. Thus the scaling of only the equilibrium part of
pressure will be consistent with it’s temperature dependence, the consistent scaling of the
fluctuation will be O(&) instead of O(1). Since both the equilibrium temperature and the
equilibrium pressure will blow up at the horizon like (rg — r)~!, the equilibrium pressure
will be proportional to the equilibrium temperature at the horizon and it should also scale
like 1/£. Overall the pressure should behave near the horizon like:

P(r,x,t) = pog) + & PO (g 67, %, T/). (6.5)

Above py = QT%I_d/f (see (5.18)) has no hypersurface coordinate dependence. In fact, po

will become the constant mass density of the fluid at the horizon. This ties up with the fact
that the fluid will be incompressible at the horizon, so that mass density cannot depend
on hypersurface coordinates. Also, P"°* ™! will be the pressure of the fluid.!!

1Tt might seem bizarre that the mass density of the fluid comes from the relativistic pressure, but this
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We also recall that the transport coefficients are functions of T" and r - therefore if
(n) )

a tensor transport coefficient v, and a scalar transport coefficient 6§m

blow up at the
horizon like (rg — 7)~% and (rg — r)~! with k,I > 0 respectively, then their near-horion
scaling should be:

(n)
n Y\
,YZ( )(’I",X,t) — H ( ) + O(£k+1> ,

o (r,x, 1) = LB+ 0E). (6.6)

n)

We note that fy(H and 5](.771;) will be parameters of the fluid and have no dependence on

(2
hypersurface coordinates. Also they will constant times 1/7# and 1/# respectively, the
constants of proportionality being functions of 7.

We can now readily work out the near-horizon scaling limit of the RG flow up to the
first order in the derivative expansion. If the shear and bulk viscosities are constant on
the horizon, then, indeed, at the leading order we find that the horizon fluid obeys non-
relativistic incompressible Navier-Stokes equations. The near horizon scaling limit of the

equations V#t,, = 0 projected along u” and A", gives us the following equations:

po (O5vi) + O(§) = 0, (6.7)

f(po(&— + Ujaj)vi + az‘Pnon_rel — nHE)j(E)ivj + 8jvi)
(e 7)) + 0l = 0.

One should be cautious while performing the scaling of the RG flow. The incompressibility
condition 0;v; = 0 should be used only after obtaining the fixed point and not before. This
is precisely why we can conclude that the bulk viscosity at the horizon (i should be finite
in order to have the Navier-Stokes limit.

It is also easy to see that under the transformations 7 — 7/¢ (implying v; — &v;)
and 7 — &7 (implying po — po/€) and Pron—rel — ¢pron—rel the pon-relativistic incom-
pressible Navier-Stokes equations scales homogeneously. This is precisely how we scale the
coordinates and variables in the RG flow. Thus after rescaling the coordinates and the
variables, the horizon fluid is indeed a fixed point of the RG flow at leading order in the
derivative expansion.

We note that one can do a non-relativistic scaling to obtain incompressible non-
relativistic Navier-Stokes from any relativistic fluid [60, 61] (see also [62]). This non-
relativistic scaling is also a symmetry of the incompressible Navier-Stokes equations. How-
ever, this is different from our near-horizon scaling and it is not the scaling of any RG flow.

is related to the fact that the near-horizon geometry is Rindler space and it is known that the holographic
fluid dual to the Rindler space has the bizarre equation of state ¢ = 0 with P non-zero [44]. We note
that the non-relativistic mass density is nothing but the € + P of the relativistic fluid. Therefore, owing
to the peculiar thermodynamics of Rindler space, the mass density of the non-relativistic fluid receives
contribution from P only.
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Additionally this scaling assumes finite values of transport coefficients at finite tempera-
ture. On the other hand our near horizon scaling will be able to constrain the near-horizon
forms of all transport coefficients. At the first order in derivatives, this non-relativistic scal-
ing is equivalent to the near-horizon scaling up to some forcing terms in the Navier-Stokes
equations [43, 44].

Before moving to higher order in derivative expansion, we note a peculiar feature of
incompressible non-relativistic Navier-Stokes equations. The pressure P! is the only
additional variable (because pg, g and (jy are constant parameters), but actually it is not
an independent variable in the equation. This is expected as the time derivative of Pror-rel
does not appear in the equations, while we have an additional constraint on the velocity
fields only - namely the incompressibility condition - djv; = 0. This incompressibility
condition can be used to eliminate P"°""! from the equations of motion. It is easy to
see that after taking the partial derivative 0; of the Navier-Stokes equations and using the
incompressibility condition we get:

@@-Pnon‘rel = —poaiaj (Uﬂ}j) + ’I’}Haiaj (@‘Uj + @-vi) (6.8)

at the leading order. We can use the above equation to eliminate P"*™! from the Navier-
Stokes’ equations at the cost of getting an integro-differential equation for the velocity
fields. Thus the only dynamical variable in non-relativistic incompressible Navier-Stokes
equation is the velocity field v;.

We will demand the fixed point of the RG flow after the scaling limit given by the
incompressible Navier-Stokes at the horizon will be unaltered even after considering higher
derivative corrections. Let us consider for example the case of the ~g transport coefficient
- the corresponding tensor is (¢,,”0,,). We can readily see that,

(0,P0p) = E6,,8,0inow; + O(&%), (6.9)

where 0;; = (1/2)(9;v; + 9;v;) — (1/(d — 1))8;;(Ogvk). If v blows up like (rg — ) ~* at the
horizon, then it’s contribution to Navier-Stokes equation will be

& 6 n0;(iron;) (6.10)
and it’s contribution to the incompressibility condition is
E F e u(oikor;)Oiv;. (6.11)

In order to retain the same fixed point at the horizon, the correction to Navier-Stokes
equation should be subleading compared to O(&) and the correction to the incompressibility
condition should be subleading compared to O(1). Thus we need ~4 to behave weaker than
(rg — r)~! near the horizon.

We can similarly constrain the behaviour of other second order transport coefficients
near the horizon, except for 77 and 79 which involve the curvatures. The near horizon
scaling of V |, In s is obtained as follows. We use the leading order equations of motion (2.6)
to relate it to c2Du”. Thus, we obtain that at leading order, it scales like £&*. The final
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Transport coefficient | Corresponding tensor | Near-horizon behaviour will be weaker than

s (V-u) ot (rsg — 1)

Y4 (Vi*Vi,Ins) (rg —r)™3
s (Vi#InsVy,Ins) (rg —r)""
Y6 (0¥:07y) (rn—r)~"!
V7 (R (ru—r)~"
Vs (o¥w,) (rm—7)~"

Table 1. Constraints on near-horizon behaviour of ~3, 74, 75, 76, 77 and g from the non-

relativistic incompressible Navier-Stokes scaling limit.

result for the constraints on the near-horizon behavior of the second order tensor transport
coeflicients 3, 74, 5, 77 and g are as in the table 1. Remarkably, it will turn out that these
restrictions will also be sufficient to determine the near-horizon forms of v; and 79, as those
will appear as source terms in the equations for the radial flow of the other second order
tensor transport coefficients. We will soon provide an additional argument to constrain
the near-horizon behaviour of these transport coefficients independently by studying the
scaling of the hypersurface curvature.

We now turn to the possible behaviour of second order scalar transport coefficients
near the horizon. For this, we note that the rescaled pressure P"™ "l at the horizon is
not defined by the equation of state, but via incompressible Navier-Stokes equations as a
function of the velocity fields only as in (6.8). We therefore have an additional freedom
which involves reabsorbing some (not all) higher derivative corrections to the Navier-Stokes
equations via redefinition of Pron-rel,

For definiteness, let us consider the relativistic term (560a50af3 . If §¢ blows up like
(rg — )% at the horizon, then it’s contribution to Navier-Stokes equation will be

& 0610 (0jk0 1) (6.12)
and it’s contribution to the incompressibility condition is
fg_k(;ﬁH(O'ijO'ij)ak’Uk. (6.13)

In order to have a leading order contribution which should be the same as Navier-Stokes,
we require £ = 1. It might seem that by doing so we are changing the Navier-Stokes
equation at the horizon, which we have said earlier to be disallowed. Nevertheless, we can
readily see that if we redefine the pressure as below:

ﬁnon—rel — Pnon—rel + 56H(Ujk0jk)v (614)

we can again use the incompressibility condition and the Navier-Stokes equations to
show that:
@@P“mrel = —,0082-6]- (’Ul"Uj) + T]Haiaj(aﬂ)j + ajvi), (6.15)

e. Provrel gatisfies the same condition like POl as in (6.8). We thus have the same

equations for the velocity fields as in non-relativistic incompressible Navier-Stokes after
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Transport coefficient | Corresponding scalar | Allowed leading order near-horizon behaviour
03 (V-u)? (rg —7)~*
04 Vi#Vi,Ins (rg —7)73
05 Vi#InsVy,Ins (rg —7)~"
06 ot,o”, (ra — 7“)71
o7 whw”, (ru — 7“)71

Table 2. Allowed leading order near-horizon behavior of d3, d4, d4, 05 and &7 by the non-relativistic
incompressible Navier-Stokes scaling limit.

eliminating pron-rel, Thus, even if §g blows up like (rg — 7)~! at the horizon, the horizon
fluid still follows non-relativistic incompressible Navier-Stokes equations.

We can similarly constrain the behaviour of all second order scalar transport coefficients
except 01 and d9 which involve the curvatures. The result is as in the table 2. Once
again these restrictions on the near-horizon forms of other second order scalar transport
coefficients will be sufficient to determine the near-horizon forms of §; and do, as these will
be sourcing the radial flow of the above transport coefficients.

Let us now ask what could be the consistent scaling of the curvature of the metric
in the frame of the infalling observer. Clearly these curvatures need to be small as some
power of ¢ in order for a static equilibrium (about which we are expanding in £ expansion)
to exist. In order to obtain the scaling of the Riemann curvature, we need to understand
how the fluctuations of the metric scale with £&. We can adopt Riemann normal coordinates
for the infalling observer who is at say x = 0 and 7 = 0 and at a definite value of 7. The
hypersurface metric in the vicinity of this observer takes the form:

1
uv = Nuv — §Rupwxpxa + (’)(V3) (616)
Let us call g, — 1y as dgu,. Our results will require

dgrr = O(€%), 0gir = O(E%), dgi; = O(EY) (6.17)

which will imply that
Rijia = O(€%) and  Rirjr = O(€%). (6.18)

It is easy to see that with the above scaling the norm condition of u* is preserved, as up
to O(&?%), the form of u* given by (1,&v")/+/1 — &2vjv; satisfies the norm with respect to
the flat metric itself. It turns out that if the scaling of both R;;;; and R;j; are O3,
the near-horizon behaviour of vy, v2, 61 and do that we will find in the next section do not
change the fixed point given by non-relativistic incompressible Navier-Stokes equations at
the horizon. In this case, the constraints on the near-horizon behavior of these transport
coeflicients is as in table 3. It would be interesting to understand what determines the
scaling of the curvature independently of our results for near horizon behavior of 71, v2, 91
and do. We leave this for the future.

Clearly, we can adopt our procedure to constrain the near-horizon behaviour of the
higher order transport coefficients at any order in the derivative expansion. Our near-
horizon scaling will fix unambiguously the allowed leading order behaviour of the transport
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Transport coefficient | Corresponding tensor | Near-horizon behavior should be weaker than
" (R",) (o —r)"
72 (u"R,", ug) (o —7) "

Transport coefficient | Corresponding scalar | Allowed leading order near-horizon behaviour
1 R (T‘H — r)72

02 Ryutu” (rg —r)~2

Table 3. Constraints on near-horizon behaviour of 1, 72, 61 and Jo from the non-relativistic
incompressible Navier-Stokes scaling limit.

coeflicients even at higher orders in the derivative expansion. In the next section, we will
provide evidence that these constraints will be sufficient to determine the near-horizon
forms of all the transport coefficients independently of their boundary values, and thus we
can solve the RG flow uniquely. Furthermore, the value of the transport coefficients at the
boundary would be exactly those required for absence of naked singularities at the future
horizon. Therefore these boundary values should coincide with the results which can be
obtained from the traditional method of determining them from explicit construction of
the bulk metric.

We end this section with some comments comparing our near horizon limit with that
of [44]. Indeed our near-horizon limit is qualitatively similar to the latter, though we
have applied the scaling of the radial and time coordinates and the fluid variables as
in (6.1), (6.2), (6.3) to the RG flow while in the latter the same was applied to the bulk
metric. The horizon fluid was also incompressible non-relativistic Navier-Stokes fluid with
vanishing bulk viscosity and shear-viscosity equaling the membrane paradigm value [44].
In our case, the value of the horizon shear-viscosity will turn out to be different, though
n/s will be same at all scales and equal to the universal value 1/47 (see the next section
for details). The quantitative difference in the horizon shear viscosity will be because
in [44] there was a rescaling of spatial coordinates involved to make the induced metric 7,
everywhere on the cut-off hypersurface where the Dirichlet boundary condition was imposed
on the metric fluctuations. We recover our quantitative result if we undo this rescaling of
spatial coordinates in [44].'2 This rescaling of spatial coordinates is non-singular at the
horizon and hence do not change our results qualitatively.

Our approach is however essential to define the incompressible non-relativistic Navier-
Stokes fluid as a fixed point of the rescaled RG flow in a rigorous manner. As already shown
in the previous sections, we can define a unique first order RG flow without requiring to
know the explicit metric up to trivial scale reparametrizations and numerical prefactors in
the counter-terms. We will have sufficient evidence in the following section to show that
even these numerical prefactors will be fixed uniquely by requiring that the fixed point
of the rescaled RG flow will be the incompressible non-relativistic Navier-Stokes fluid at
the horizon.

12Note the Fefferman-Graham and Eddington-Finkelstein slices r = constant are the same far in the future
(in the static final equilibrium geometry) up to trivial radial reparametrizations. So it is no surprise that
the shear viscosity at the horizon turn out to be the same in both cases provided the units of measurement
are the same.
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7 Results for RG flow of transport coefficients

In this section, we will solve the RG flow of the transport coefficients at the first and second
orders in derivative expansion. We will follow the general algorithm of section 5.3, and then
determine the transport coefficients uniquely using the physical principle of section 6 that
the fluid on the infra-red screen will follow the incompressible Navier-Stokes equation in
well defined scaling limit. It will be clear that in our procedure we will need to go to higher
orders to completely determine some lower order transport coefficients. In particular, we
will see that the shear viscosity n gets determined completely at second order.

Solving the RG flow explicitly up to second order will allow us to determine four of
the five second order transport coefficients of the conformal fluid at the boundary. Our
computations will reproduce the boundary values of these transport coefficients already
known in the literature. We believe that the remaining second order transport coefficient
will be determined by a higher order calculation.

7.1 First order

At the first order, we have only one tensor coefficient (see (2.8)), namely the shear viscosity
n, which multiplies —20", in the energy-momentum tensor'® t*,. As shown in section 5.3,
in order to obtain the equation for n, we should first compute o*;,. At the leading order, i.e.
first order, it should be proportional to o', itself as there is no other transverse traceless
tensor at this order. We also recall from section 5.1 this can be calculated readily from the
zeroth order form of 2., as given by (5.10) without knowing the metric explicitly. The
result is as given in (the first order term of) (C.2). The equation for the shear viscosity
follows from the traceless transverse part of the equation of radial evolution of t, as given

by (5.31), of which we retain the first order terms only. We obtain:

€. (7.1)

The general solution of this first order ODE is:
Til(d_l)

n(r) = _ M -
(T%—{—T‘d)ﬂl 1/d)

(7.2)

The integration constant 7y, is actually the value of 1 on the boundary.

As we have discussed in section 6, in order to have a sensible horizon fluid, we need n
to be finite at the horizon, and this indeed so for any value of n,. Thus from the first order
RG flow equations we cannot determine the exact value of ) neither at the horizon nor at
the boundary. Nevertheless, we will be able to so at the second order. We will see that
unless 7y is adjusted properly, the source term for one of the second order tensor transport
coefficients will blow up at the horizon.

13We recall again that the definition of o*, varies in the literature, and so the 2-factor in the shear
viscosity term.
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Comparing with the result for s' as given by (5.25), we readily see that:

(Z)l = 0. (7.3)

This is the very well known result, first obtained in [52], that /s does not flow radially.

We now consider the vector projection of the equation for radial evolution of #*, as
given by (5.33). Again, at the first order there is only one vector, and so there is a single
Bil parameter. We find that'* (1) = 0. Thus the transverse contribution to u*’ vanishes
at the first order.

We are now in a position to determine the only scalar transport coefficient at the first
order, namely the bulk viscosity ¢ from . We use (5.38) of which we retain first order terms
only. This gives the following equation for the bulk viscosity:

C'—<d;1(c§+1)+7"d_1 (P—;C§€>>'C=0- (7.4)

In deriving this identity we used (5.11) together with (5.13). This homogeneous equation
for {(r) can be solved analytically:

d(nd o .dya—1
r (TH—i-r )d

(=)

¢(r) ~

(7.5)

We recall from section 6 that we need ¢ to be constant at the horizon. Obviously, the only
solution which is of this form is the trivial solution ((r) = 0. Therefore, the bulk viscosity
vanishes for all hypersurfaces in the foliation.

We can now determine the auxiliary variables A() and o)) from the first order terms
in (5.39) and (5.40) respectively. We obtain A() = o) = 0. Putting together these with
B = 0, we conclude that at the first order there both u* and T’ receive no contributions:

WM =0, (1M =0, (7.6)
The above leads to some simplifications for the second order calculations.

7.2 Second order

We will now compute the radial flow of second order transport coefficients. We have seen
from the general algorithm presented in section 5.3, which can be used at any order, that
to find the n-th order transport coefficients, we need not solve for (u’“)(n) or (T’)(n) at the
same n-th order. However, we do need to find (u*)™) and (T7)(™) for all m < n, i.e. we
have to solve the RG flow equations completely at lower orders. As we will be interested
in the second order transport coefficients only, which contains all the relevant physical
information up to thus order, we will not solve for (u*')? or (T")), i.e. the auxiliary
variables at second order. These will be relevant, however, if one is about to calculate the
third order transport coefficients.

MFor obvious reasons, we do not put an extra counting label
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7.2.1 Tensor transport coefficients

In order to obtain the second order transport coefficients, we should first calculate the
radial derivatives of all the second order transverse traceless tensors and write them as
a linear combination of the second order transverse traceless tensors. In other words, we
should solve (5.27) at second order. This can be done as the explicit equilibrium form of
2", (given by (5.10)) is known. The explicit solution of this “tensor mixing problem” is
given in (C.1).

Additionally we have to know the contributions coming from lower orders, as the
second order terms in the expansion of (—2no" ,,)/. There are some simplifications coming
from the result (7.6). First, following the arguments of subsection 5.3, (u*/)() = 0 implies
that o', is transverse and traceless at second order, i.e. it’s second order contributions can
be written as a linear sum of second order transverse traceless tensors. The result of the
calculation is in (C.2). In deriving this result it is sufficient to use u*’ = agu* + ... with
ag given by (5.13) and the first order expansion of 2*, as given by (5.2).!5 Second, the
solution for 7 as given in (7.2) can be expressed as n(7T,r) by eliminating 7y in favour of
T using (5.21). We, therefore, readily see that (') = (9n/0T)(T")") may contribute to
the second order of (—2nc*,)". It, however, does not since (17")(1) = 0.

Combining the projected equation for radial evolution of ¥, as given by (5.31)
with (C.1) and (C.2), and retaining the second order terms only, we arrive at the ra-
dial equations of motion for the second order tensor transport coefficients ~;(r)’s (from
now on we drop the (2 superscript):

L 2 S (-
T i—19) " " d—2 i—1°
-1 9-d
, T 2d -3 Y 2 _2r
Yo + <P+d 1 >72— T 2+ (P+e€)|m F)
-2
/ d—1
By "

d+1 44 5, 1t 2, 3 2724 2, d
=2-— —(P — - —
d—l/r 77 + 2 ( +6) cs+ d_1 71 d—2 + Cs+d 1 72
1 1 2r2d d—2
— gpd—1.2,2 P 2 _ 2
c 77 + 2 ( +E) CS d_l ’71 d—2 + CS d_l /72

Oc2
_ 9,d-1 s 4 2
=2 <alns CS) '
rd-1 or2—d oc 2 1

d—3 1 d—|—1

d—1 2

+ P+ ———— (54 1)y + = + —
T €)< 2(d—1)(cs )72 2 ( d— 1>W4>

5Notice that t#, is already known at the first order.
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d—1 2-d
Y6 + 5 <P+ d_16>’yﬁ—r 2+ (P+e|m 75
d—1 2-d
r T 2d —1 _d—1 2 o 2r o
R <3P+ d_16>77—r 2" = (Pte)(m——o—5 —2m
r2-

d
r T € _o.d—1 2 2
Vs 5 <P+d_1>vg—2r <277 +(P+e) <’yl d_2+72>) (7.7)

In deriving these equations we have also used (C.3).

Let us clarify our strategy for solving the 7;’s equations. All eight equations are first
order ODEs with non-vanishing sources. Dropping the sources on the right hand side,
one receives homogeneous equations. Imposing the horizon criteria of the previous section,
we may fix the integration constants, but, contrary to the bulk viscosity (7.5), this will
not necessarily set the corresponding functions to zero. This will only work provided the
solutions of the underlying homogeneous equations violate the bound at the horizon that
we summarized at tables 1 and 3.

In what follows we will refer to the near horizon behaviour presented in these tables
as reqular even if the function in question satisfies the bound while blowing up at r = ry.

As we will see momentarily, for 72 the related homogeneous solution goes to zero at
the horizon, and so it seems that (at least) for this function there is no way to fix the
integration constant, which in turn means that the boundary value of ~5 could not be
determined from this procedure.

This argument, however, is only partially correct. The integration constant of 7o,
indeed, cannot be eliminated based only on the “regularity” of o itself. Nevertheless,
since this function appears also as a source in the 3 equation, the restriction on 73 in
table 2 may impose an additional stronger constraint on the horizon behaviour of ~s.
Remarkably, this is precisely what happens. Even more surprisingly, the regularity of -3
fixes also the boundary value of 7 that we left unfixed in (7.2).

Let us start with ;. Substituting (5.18) we observe that the solution of the corre-
sponding homogeneous equation diverges as (rg — r)~! near the horizon. According to
table 3 the Navier-Stokes limit does not allow us to exclude this mode. Notice, though,
that v; appears as a source in the RG flow equations of all the other y-functions in (7.7).
A quick look at these equations reveals that this diverging mode necessarily leads to the
near-horizon divergences that explicitly violate the bounds in table 1. The easiest way to
see this is from the 4 equation. Since P ~ (rg — 7“)_1 near the horizon, v behaves there
exactly as v, does. To conclude, unless 7; is set to a constant at r = 71, we cannot satisfy
the conditions of the previous section. Moreover, as we will see immediately, eliminating
the “singular” (rg — 7)~! mode is sufficient for maintaining the “regular” near-horizon
solutions for all other ~’s.

Excluding the homogeneous (rg — r)~! solution we arrive at the following

i) == 2)5«% ~ ) (”C‘IIQ (Tﬂydyd_l - T2> ‘ 79

unique solution:
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For a reason unclear to us, this expression significantly simplifies if d = 4. Furthermore,
for any d the function ~;(r) is monotonically decreasing as one moves towards the horizon,
and its value there is:

m(r=rn) = <d32)r12{d. (7.9)

Substituting (7.8) into the v2 equation results in a very long expression, and so we will focus
mostly only the d = 4 case. Independently of the integration constant, Cs, the solution
of the 9 equation goes to zero as (rg — r) near the horizon. Thus, at this stage we still
cannot fix o completely, and consequently the boundary value of v at r = 0 also remains
undetermined. Overall 72 depends now on two free constants: Co and ny.

Let us now consider the v3 ODE. Because € takes a non-zero constant value at the
horizon, while P and ¢? blow up their as (rg — r)~! and (rg — 7) 2 respectively, v3 has

to diverge as (ry — r) 2.

The only way to avoid this, is to require that the combination
which multiplies c2:

2r27d
d—2

behaves like (rg — 7)3. This looks like a strong condition, since this expression has both

" - + 72 (7.10)

(ra—7), (ru —r)? and also two logarithmic terms, while we can modify only two constants
Cy and np. Amazingly, though, setting to zero only the (rg — ) and the (rg —7) In(rg —r)
terms renders (7.10) exactly the right (ry — )3 behaviour near r» = ry! The value of 7,
that does the job for d = 4 is:

v

=3

U (7.11)
"H
and the final solution for ~,(r) is:
A A 972 2 (12 + r2)2
=2rf 2 4 In(H—2 ). 7.12
) = (e o (o 2

Though it is possible to write down the result for d # 4, for general d this (and all
the other) expression(s) become extremely complicated, so we will restrict ourself in this
subsection to the d = 4 case, while presenting explicit solutions for the +’s. At the same
time, all the conclusions about the regular/singular behaviour of these functions will be
completely general.

With (7.11) and (7.12), the source on the right hand side of the 3 equation now
approaches a constant non-zero value at r = rg. However, the homogeneous solution of
the 73 equation is regular (non-zero constant) at » = rg. So, though we can guarantee that
~v3 does not blow up at the horizon by properly adjusting the values of 17 and o there, we
cannot still fix the integration constant in the 3 equation itself.

The situation almost repeats itself for 4, 75 and g, as these functions also cannot
be completely fixed just from the “regularity” condition. The solution of the related ho-
mogeneous equation of v4 behaves like (rg — 7) 2, while the source is finite similar to the

source of the 3 equation. According to table 1 any 74 solution will, then be consistent with
2

the non-relativistic limit of the previous section. Moreover, if 74 behaves like (rg —r)~2,

then the source in the 5 equation diverges only as (rg — 7)~°. Since the homogeneous s
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solution goes like (rg — 7)™ at 7 = ry, we see that 75 also respects the bound of table 1
for an arbitrary value of the integration constant.

Before reconsidering the functions 73, 74, 75 and g, let us address the vy; and ~g
equations. The homogeneous solutions for the corresponding equations behave near the
horizon as (rg — 7)~2 and (rg — 7)~! respectively. Requiring that v; and ~g gain finite
values at r = rg one can uniquely fix these two functions. The final solutions are:

o (R At )
r p) N4 + In 1 4
(rip +12) 2(ry + 1)

,r.4 _ 7“4 7”2 7’2 (T‘2 + 7“2)2
r) = —4r3 1 <2 H +1In <H >> .
8(7) Bt + 12 \ 70 +r2)2 2(rf + 1)

To summarize, using the finiteness of the second order tensor transport coefficients

on the horizon, we were able to determine completely 7 (left unfixed at the first order),
Y1, Y2, 7 and ~vg. We strongly believe that the integration constant in the remaining
four functions, ~vs,...,7vs, will be determined at the higher orders. Our expectations are
firmly supported by the results of this subsection. At the first order we managed to set the
integration constant in the bulk viscosity expression, but in order to determine the shear
viscosity we had to go to the next (second) order, where, again, requiring regularity we
could determine exactly half of transport coefficients appearing at this order.

Since, the third order calculation is not available for the moment, we can try to find the
remaining four integration constants by imposing conformality constraint on the bound-
ary fluid.

Indeed, we know that out eight transversal tensors only five are conformal, and we have
already presented them in (2.17). Notice that three tensors 73" , T4 and 75 appear
only in one conformal combination together with 73* . Therefore, knowing the boundary
value of 7, and requiring conformality, we can determine the boundary (and so the horizon)
values of 3, v4 and 75.'® The results are:

_ 2 7”1%1 4 2.2 4 7’12{_7"2
Y3(r) = _g( ﬁ+r4)2 2(ry + 5rgr” +r )TI%I + 72
(T% — 10ri‘fﬁ“4 +7®) . (r%l +72)?2 13
+ 7 1 n 1 1 (7.13)
TH—T 2(rg + 1)
and
2 7”12{
= —— X
T [ YL
X <2 (r% — 7“16{7“2 + 47"{4{7“4 — 7“12{7“6 + 7“8)
2 2\2
8 4.4, 8 (rig +77)
+(7"H+67“H7“ +r )ln (2(7“%4—7"4))) ) (7.14)

6Notice that the boundary values of v, and 72 in our calculation have automatically appeared in a
correct combination to reproduce the first conformal coefficient in (2.17).
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g e | o [P e
n(r) —20", (7T},)? /2v/2 (nTy)?
n(r) (R") 5 (T3 (T3’
o (r) (u*RPug) O ((ru — 1)) —In2 (xT})?
() (Voweh | Ou-7) | —5@2-h2)Eh)
alr) (ViAVi,ns) | O (g —r)) _%(2 —1n2) (#T})?
() (Vi sV, Ins) | O ((ri—r)~3) %(2 —1n2) (7T}
Y6(r) (o¥707,) O((ru—1)) (C6 +In2) (7 T})?
Yr(r) (WhwT,) O((ru—1)) —(2 - In2) (xT},)?
Ys(r) (0"5w7,) O((rm—r)) 21n2 (7 T)?

Table 4. To compare the boundary values (2.19) we have to multiply them by xaqs, because we
have rescaled the stress tensor in (5.1). Here we present our results for the boundary values of
the tensor transport coefficients. The boundary temperature, Tp, is identified with the Hawking
temperature, given by (5.22). For d = 4 it means that T, = v/2/7rg. Our method allows to fix
the boundary values of the shear viscosity and of four out of eight second order tensor transport
coefficients, v1, 72, 77 and ~g. The remaining four will be determined at higher orders. However,
three of these four, 3, 74 and 5 can alternatively be fixed requiring the boundary fluid to be
conformal. Our findings agree with [27, 28] with the exception of 7 that has to be determined at
higher orders.

2
2 T

%(r) = 9 (rg — r4)3(rg + r4)? )

X (4(7‘%1 + 7‘4)4 - 2(7“{4{ - 7“4)2 (Tﬁ + 7”12{7”2 + 7’4) (37“% — 27“%17”2 + 3r4)

r2 4 p2)2
+ (167‘%7’4(7% + 7’4)2 — (rf‘fl — r4)4) In <m> > .

Remarkably, imposing conformality at the boundary reduces the horizon divergence of the
functions -4 and ~5 by exactly one power of (rg — 7). They behave now as (rg — r)_l and
(rg — 7‘)_3 respectively respeecting the conditions of table 1. Analogously, =3, vanishes at
the horizon instead of approaching a constant non-zero value there. We have not found any
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deep physical explanation for this fact. Most likely it becomes obvious from the coupling
of these functions to higher order tensor/scalar transport coefficients.

Finally, the integration constant in v cannot be determined by imposing the boundary
fluid conformality, since the corresponding transverse tensor 72" is conformal by its own
right and does not mix up with other tensor in (2.17). We may, of course, fix the integration
constant by comparing the boundary value of vg to the previously known results, but we
prefer to leave the constant explicitly in the final expression for vg:'"

6(r) = 27"12&(74?{_# <C6 s L, (W» . (7.15)

r 4 rt)? (rfp + r4)? B 2(rf + 1)

Again, in order to find Cg one has to go the third (or higher) order in the
derivative expansion.

Our results for the boundary values of the tensor transport coefficients perfectly match
the known results of [27, 28] that we have presented already in (2.18) and (2.19). To make
comparison clear we have to use the relation between Ti, = THawking and rg shown in (5.22).
We also have to reintroduce raq4s, because we have rescaled t*, as in (5.1). The results are
presented in table 4.

7.2.2 Scalar transport coefficients

To obtain the equations for the RG flow of the second order scalar transport coefficients,
we should first solve the “scalar mixing problem”, namely to find the scalar analogue of
the expansions (5.27) and (5.26). Unlike in the tensor expansion, though, our task now is
a bit simpler, since we don’t have to keep in mind possible contributions coming from the

/
first order viscosity term. Our results for (SZ.(Q)> are summarized in (B.1). Using these

and retaining only second order terms in (5.38), we obtain the following RG flow equations
for the second order scalar transport coefficients:

/ d=1 5 -1 _ 1/is 1
51+< " (cc+1)+r P+2 sTgo1)¢ 0 (7.16)
r , 2d—5 , d—3
- P S
2<d—2>(<€s+d—1> *(C”(d—l)? ‘
/ _d_1 2 rd=1 B 9  d—2
52+< . (c5+1)+—2 P+ Gto—7)e 52

r

= m((05(d— 1) 4 (d—4)P+ (+(d— 2))6) NP 4 o)

85 + (_d;1(02+1)+rd_1 (—P+;(c§—1)e>>53:0

d—1 =1 2
d-2 4 2r2=d 1
T2d-1) (P+€)<52+d—2 ST a1

1"Contrary to the 3 example setting the “right” boundary value of s, see (2.19), does not result in an

extra (ru — r) power in the near horizon behaviour of ~g.
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Similar to the tensor transport coefficients we will refer to §’s as “regular” and “singular”

B d-1 B
8 + (—dr Lepny4r! <c§+2d 3)e>56

if they satisfy the incompressible Navier-Stokes criteria of tables 2 and 3.

Before analysing the full non-homogeneous equations let us solve first the corresponding
homogeneous ODEs. Those are obtained by dropping the right hand side of the equations.
The calculation is straightforward even for d # 4. We summarize the results in the third
column of table 5. We can learn from this table that for d1, d3, 04 and d7 we have to
eliminate the homogeneous solution in order to follow the rules of tables 3 and 2. This will
not yet be sufficient to guarantee the correct behaviour of these functions as we have also
consider the sources of the related equations. To provide a complete answer we will have
to address the near horizon behaviour of d5. The only exception here is d3 which has no

source and so:

53 =0 (7.17)

is the only possible solution. As for the remaining two functions, d5 and dg, we cannot fully
fix these functions using the criteria of the previous section, because they do not contribute
to the sources of the other ODEs and the solutions of their homogeneous equations are not
“singular” near the horizon.

We are now in a position to study the d;. Eliminating the (rg — r)~® mode we may
fix this function completely. For d = 48 the result is:

4 3 2 2 6 ,.2 2
61(r) = —=12 721{74_7243 + 12L3 <7r — arctan <g)> : (7.18)
9 (ri; +12) (rﬁ _ 7.4) 4 e

2 near r = ry and we respect the bound of table 3.

The solution goes like (rg — )~
Next we consider do. At the first glance, it looks that we cannot fix the integration
constant in its ODE solution as the homogeneous mode goes like (rg —r)~2 and therefore,

according to table 3, there is no constrain on it. Notice, though, that do appears as a

0ne can solve this equation straightforwardly for a general d, but exactly as for the tensor transport
coefficients v’s the final expression will look very lengthy.
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source in most of the equations in (7.16). Moreover, its contribution always comes in the

(P +e) (52 + f;:i <c§ - d:)) . (7.19)

If we want to satisfy the bounds of table 2, this expression has to go as (rg — )2 near

r = rp.!Y Recalling that ¢2 = 2r%/(d(d—1))-(ru—r) 2 +. .., we see that the d, integration
constant has to be fixed by requiring that the leading (rg — )2 term in the expansion of

following form:

d2 cancels the same order term coming from c2. This is the only way to assure that (7.19)
goes like (rg — r)~!, which subsequently guarantees that all the &;’s for i = 4,...,7 are
“regular” at the horizon, namely that they behave there like (rg —r)~! in conjunction with
table 2. For d = 4 we find:

4 r?

_ _= 2 22 8 6.2 4 4 2.6 8
do(r) = 9(74{4{_#1)3 (r%{—i—r‘l) (TH 7“) (GTH 22rgre — 11rgr™ + 2rgr —l—r)

2
+24r%r2 (r%_l + T4) (Z — arctan <g>> ] . (7.20)
"H
To conclude, the differential equations for §; and d3 can be solved unambiguously
by eliminating the “singular” (rg — 7)~2 modes. The horizon behaviour of &4, J5, &g,
07 determines do completely. Next, the “regularity” fixes uniquely d4 and &7, since their
homogeneous modes violate the bounds of the previous section. As for the remaining two
functions, 05 and &g, we cannot eliminate the homogeneous modes as they respect the
criteria of table 2. In order to fix the integration constants of these functions one has
to go to the next order in the derivative expansion, exactly like in the ~g case discussed
above. Importantly, contrary to the tensor transport coefficients, here we cannot fix the
integration constants by imposing conformality on the boundary, because all the d’s vanish
there independently of the horizon behaviour. This, of course, is of no surprise since the
boundary conformal fluid has no (first and higher orders) scalars in its energy momentum
tensor. To see that all the §’s do indeed vanish at r = 0, notice that for small r one finds
from (7.16) that 6, —d - &; = O (r¢*1) for i = 3,...,7 and so §; ~ r? near r = 0.2
We summarize the results of this subsection in table 5. We will not report the explicit
solutions for d4(r), d5(r), d¢(r) and d7(r), since the final expressions are very lengthy, while
the prime goal of our discussion was only to demonstrate that one can fix the integration
constants in all §’s, except d5 and dg, already at the second order.

8 Discussion

In the context of fluid/gravity correspondence, we have shown here that we can construct
a holographic RG flow such that spacetime emerges from the flow of physical data, namely

9For example, the left hand side of the d; equation looks like:
3

TH — T

6'/7 - 577

near 7 = . Therefore, the right hand side should go at most as (rg — ) 2.

205, () and 62(r) vanish instead as 72.
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The transport The The homogeneous | The full solution | Boundary | Solution fixed
coefficient scalar solution behaviour value uniquely
d dy—1+4/d
+ _
81(r) R d% O((ru —1)72) 0 Yes
H
d d\—2+4/d
v + -
d2(r) uuRYu d% O((ra —r)™h) 0 Yes
H
ri 4 rd
d3(r) (V- u)? rdﬁ 0 0 Yes
d d\—2+8/d
04 (1) Vi*Vi,Ins ’1% O((ru — )™ 0 Yes
H
d d\1+4/d
5 (r) Vi#InsVy,Ins d% O((ru —7)77) 0 No
H
d d\—3+4/d
v + _
de(r) ol ! (rHi(Tdr_) ) O((ru — 7)™ 0 No
H
d d\3
o7 (r) whw", d% O((ru — 7)1 0 Yes
(riy —r4)

Table 5. Here we sum up the results for the second order scalar transport coefficients. The
homogeneous solutions of d1, d3, 4 and d7 do not satisfy the bound of tables 2 and 3. We have to set
to zero these modes in order to get incompressible non-relativistic Navier-Stokes fluid on the horizon.
This uniquely determines these transport coefficients. Furthermore, to guarantee that the final
solutions for ¢4 and 07 still satisfy the bound one has to adjust properly the integration constant in
d2(r). The same form of d(r) leads to 05 and g that also satisfy the bound of table 2, but we cannot
determine these functions unambiguously. This might be done at higher orders. Finally, all §’s
automatically vanish on the boundary in accordance with the boundary fluid conformal symmetry.

transport coefficients and auxiliary variables that parametrize the flow of the hydrody-
namic variables. The RG flow is genuinely a system of first order differential equations,
meaning we do not require to impose any boundary condition even implicitly at the cut-off
hypersurface, which represents the scale where all physical variables are evaluated. The
RG flow is uniquely determined by requiring that the fluid on the infra-red holographic
screen, which coincides with the late-time horizon, follows incompressible Navier-Stokes
equations with precise forcing terms. The bulk metric, which can be reconstructed from
the explicit solution of the RG flow, should have a regular future horizon, order by order
in the derivative expansion.

The main lesson we can learn from our results is that the fluid/gravity limit probably
gives a unique definition of holographic RG flow which corresponds to an explicit emergence
of space-time. Interpreting this holographic RG flow in terms of field theory is beyond
the scope of the present work, however the RG flow, from the point of view of gravity,
is defined uniquely up to trivial scale reparametrizations, i.e. redefinition of the radial
coordinate as a function of itself. We have seen explicitly that we need to choose Fefferman-
Graham foliation of spacetime to be able to construct the RG flow without knowing the
bulk metric explicitly, indeed our arguments presented here can be readily generalized.
We have also argued that the form of the renormalized energy-momentum tensor which
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do not require any implicit boundary condition at the cut-off hypersurface, is fixed up
to numerical constants in the counter-terms. We will soon say more about this. It can
also be expected that quite generally the physical matter on the infra-red screen, where the
Fefferman-Graham foliation terminates, should follow forced incompressible Navier-Stokes’
equations, and this should determine the RG flow uniquely.

We conjecture that holographic RG in the fluid/gravity limit should be sufficient to
determine all numerical constants in the counter-terms which renormalise the hypersurface
energy-momentum tensor. Clearly, if this is true, the fluid/gravity limit indeed deter-
mines holographic RG completely, because the renormalization by our arguments should
be valid universally, i.e. for all states in the universal sector of the conformal field theory
holographically described by Einstein’s equations.

Our conjecture is based on the simple observation that adjusting properly only two
integration constants (coming from 7 and 72) we were able to set to zero four divergent
terms in the source of the 73 differential equation (see the discussion following (7.10)).
Similarly, the correct choice of do insured that the other ¢’s satisfied the bound imposed
by the non-relativistic incompressible Navier-Stokes limit as given in table 2. With a
different numerical coefficient of the second order counter-term (i.e. the Einstein tensor)
these cancellations would not have happened. This coefficient was also necessary to cancel
ultraviolet divergence, hence at the second order we could not have chosen the numerical
coefficient in any other way. At higher orders in derivatives, however, most of the counter-
term coefficients will not be fixed by the UV finiteness (see section 4.3). We believe that
in this situation the horizon limit itself should be sufficient to determine these coefficients.

We would like to test our conjecture by studying holographic RG flow of the per-
fect fluid energy-momentum tensor which describes a wide class of stationary black
holes [63, 64]. It turns out that the boundary fluid which describes these exact black
hole solutions has a non-trivial vorticity, therefore there will be corrections to infinite or-
ders in the derivative expansion. However, for these special solutions it is possible to re-sum
these infinite corrections. We would like to do a RG flow analysis of these solutions using
the methodology of this paper. This would allow us to explicitly see if (i) we indeed have
a perfect fluid at the horizon in the scaling limit even after considering the corrections to
all orders in derivatives,?! and (ii) whether all the counterterm coefficients also get deter-
mined from restrictions on the near-horizon forms of the transport coefficients imposed by
the horizon limit.

In another line of development, we should extend our construction of holographic RG
flow in hydrodynamic limit by including bulk vector fields, scalars and fermions. Holo-
graphic duals of charged superfluid hydrodynamics can be reproduces by coupling gravity
to charged scalars and gauge fields [65, 66]. Similarly holographic duals of supersymmetric
versions of hydrodynamics have also been considered in the literature by coupling fermions
to gravity [67-69]. We should consider the holographic RG flow of superfluid charged hy-
drodynamics in such cases, including the role of goldstinos. We should thus investigate

Zlnote that in absence of dissipation the shear is zero, therefore Navier-Stokes equations become just
Euler equations.
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whether the fluid/gravity limit uniquely determines the construction of holographic RG
flow for general classical theories of gravity.

Furthermore, we can also investigate the holographic RG flow along similar lines away
from the hydrodynamic limit. We can expect that holographic RG flow will lead us to
new understanding of quasi-normal modes and their non-linear dynamics. In order to
do this, we need phenomenological parametrization of the energy-momentum tensor away
from the hydrodynamic limit and also generalization of phenomenological equations which
include dynamics of non-hydrodynamic variables. The holographic RG flow of the general-
ized phenomenological coefficients and all physical variables, including non-hydrodynamic
ones, should lead to reconstruction of spacetime. It has been shown earlier that such phe-
nomenological equations can indeed be constructed and in certain situations can even be
derived from Einstein’s gravity systematically [70-72]. However the calculation of non-
hydrodynamic phenomenological coefficients and in fact the phenomenological equations
themselves are very complicated.?? It could be expected that as infra-red dynamics is
simple, in fact purely hydrodynamic, the holographic RG flow should lead us to extrapo-
late a simpler structure of the generalized phenomenological equations. This will require
us to generalize our Ansatz for the RG flow as given in section 3 incorporating the non-
hydrodynamic degrees of freedom.

It will also be interesting to consider the holographic RG flow of fluids in non-relativistic
versions of holography. In the non-relativistic limit, sometimes there is an enlarged sym-
metry group [73-75] which can be realized covariantly [74], meaning that the equations
of fluid mechanics transform covariantly under such transformations. It may be expected
that holographic RG will give us new insights about role of symmetries in the dynamics
particularly at long times, as these should be related to possible nature of the horizons in
the related classical gravity theories. In particular, as the holographic RG flow reconstructs
the metric from RG flow of the fluid, if we can understand how the RG flow preserves the
symmetries of the fluid, we would be able to understand the properties of the dual bulk
spacetimes in the non-relativistic limit better.

Finally, we should extend our methods to construct the holographic RG flow of cor-
relation functions, i.e. the holographic analogue of Callan-Symanzik equations of quantum
field theory. Since our method applies in very general geometries, we should be able to
construct the RG flow of correlation functions not only in equilibrium but also in non-
equilibrium situations. Recently, holographic prescriptions have been developed for calcu-
lating non-equilibrium two-point Schwinger-Keldysh propagators [76, 77]. In the context
of holographic RG flow, understanding of the right behaviour of the correlation functions
at the horizon should be enough to reproduce the results for the boundary correlators ob-
tained via these prescriptions. Furthermore, we should be able to independently verify our
results for holographic RG flow of transport coefficients which could also be obtained from
thermal multi-point correlation functions of the energy-momentum tensor.

22The complexity comes from the fact that we need to re-sum all local time derivatives in the amplitude
expansion (where the expansion parameter is the ratio of non-hydrodynamic shear stress to the local
pressure), because the non-hydrodynamic variables vary slowly in space but decay fast in time close to
thermal equilibrium.
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The above realization may open a door to new understanding of fully developed tur-
bulence via holographic RG flow.?? In particular, the structure functions of turbulence
are limits of multi-point non-equilibrium correlation functions of the velocity fields. The
late-time behaviour of these structure functions should be governed by horizon dynamics
in the holographic set-up. Furthermore, as the infra-red dynamics in the holographic RG
flow is forced incompressible Navier-Stokes equations, we can expect that the structure
functions in the holographic infra-red screen, should be the same as in realistic turbulence
at very late times. Thus it might be possible to derive the anomalous scaling of structure
functions of fully developed turbulence using holographic RG flow. At a more modest level,
holographic RG flow can give insights into the mechanism of energy cascade in turbulence.

Acknowledgments

We thank Vishnu Jejjala for collaboration in the initial stage of this work. SK is supported
in part by the ANR grant 08-JCJC-0001-0 and the ERC Starting Grants 240210 - String-
QCD-BH and 259133 — ObservableString. The research of AM is supported by the LABEX
P2I0, the ANR contract 05-BLAN-NT09-573739, the ERC Advanced Grant 226371 and
the ITN programme PITN-GA-2009-237920. A part of this work was done when AM
was visiting the CERN theory group for three months. AM also thanks the Neils Bohr
Institute for giving an opportunity to give a seminar on this work prior to publication. We
are grateful to G. Policastro, M. Petropoulos, Y. Oz and N. Obers for useful discussions.

A Various identities

The following identities do not rely on the zero order equations of motion and are valid at

any number of dimensions:

Vi, = ot + wh, + %A’*y — u*Duy, .
Contracting the free indices we get (here 0 = 0',0", and w? = whw?,):*!
2
VFu, Vi, = 0? +w? + (Z _ul) (A.1)
2
VHu, V,u” = o? — W+ (Zul) — Du'Duy, .
Using
[Va, Vgluy = uéRévﬁa (A.2)
we find (2.12).
Let us also write down tensor equations that follow from (A.1) and (A.2):
2
(VFuVuy) = (ot.07,) + (whw',) + 11 (V-u)ot,
2
<v#u7—vllu7'> = <JMTJTV> - <wuﬂ'w7—u> -2 <U“T(,UTV> + ﬁ (V ’ u) O—uu (AS)

ZFor similar views see [78].
24See the remark following (2.11).
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(VTulViu,) = (ot 07,) — (W' w',) +2(c"w",) + d% (V-u)ot, — (DutDu,)

2
D (VFu,) = uaRa<”V>Bu5 —(ot.07,) — (W' w,) — 71 (V-u)ot, +(V "Du,) .

The last equation can be used to find (Do*),):?°

<Da“l,> = <u°‘Ra“V'Bu5> - <O‘H7_O'TV> - <w“Tofl,>

— % (V-u)o”, + (V. *Du,) + (Du"Du,) . (A.4)

B Hydrodynamic scalar mixing

At the second order in space-time derivatives we have seven scalars listed in (2.11). The r-
derivatives of these scalars satisfy the following identities (dropping the third order terms):

ri=ds) = d 51 (P +€)S2
<p+
—3°

Tldsiz_;( gf;)s4_<za+e>(i+dil)ss

ridsl = < djl- 16) S5

ridS) = < Z 1 >56

d
riis, = — ( . 1e> Sy (B.1)

To derive these equations we followed the steps outlined in the main text together with

1
1—d !

Sy = -
T 2 9

1 d—2
>S2—2(P+6) (d—l (84+(c§+1)85)+86—387>

ridsh =

various identities from appendix A.

C Hydrodynamic tensor mixing

We also have eight tensors listed in (2.14). Following the rules described above and the
identities of appendix A we obtain the following r-derivatives of the transport coefficients
(for convenience we omit here the tensor indices in 7;*,):

rl=d € Ti 1/, 3 ) 1
Prc T TPie d-i 2<Cs+d—1>73_ (Cs_cz—1>ﬂﬁ1

1
2
1 2
w3 (- pi @ (8- 1)) R-Tr o om

Olns

*’Notice that by definition o*, = (o*,) but Do*, # (Do*,).
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LIRS

+% <2cf§ - éifs —(E+1) (ci - Z:f)) Ts — 2Tz — 275
rl_d7§'22<P—l—§:?e>7§
Tl_dﬂ:§<P+Zi—1€ T;<c§+ji)(P+€)7B
= (P )
g = (P ) T
Tl_dﬁ=—<P+ a 6)7’7

d—1

PR = T (C.1)

Apart from the derivative of the second order tensor transport coefficients we have to
consider the contribution of the shear viscosity term. We must calculate ¢, including
second order terms:

rl—d 1 d—2 Y o" 2 1 on
pr_ 2 (p Vo g - H 27 1 D)
. at, 2< +d—1€>77 75”+<d—1+7781ns)73”+cs71” (C.2)
4 0
+ | =g+ == ) ", + Te", + T, + 27", .
dlns

The term 0n/01n s can be computed using:

on  On (Olns 71_
Olns  Ory ( orn ) - (C.3)

where the last identity follows from (7.2) and (5.23). It is consistent with the fact that 7/s
is constant along the RG flow as in (7.3).
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