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ABSTRACT: In this work we explore the physics associated to Calabi-Yau (CY) n-folds
that can be described as a fibration in more than one way. Beginning with F-theory
vacua in various dimensions, we consider limits/dualities with M-theory, type IIA, and
heterotic string theories. Our results include many M-/F-theory correspondences in which
distinct F-theory vacua — associated to different elliptic fibrations of the same CY n-
fold — give rise to the same M-theory limit in one dimension lower. Examples include
5-dimensional correspondences between 6-dimensional theories with Abelian, non-Abelian
and superconformal structure, as well as examples of higher rank Mordell-Weil geometries.
In addition, in the context of heterotic/F-theory duality, we investigate the role played
by multiple K3- and elliptic fibrations in known and novel string dualities in 8-, 6- and
4-dimensional theories. Here we systematically summarize nested fibration structures
and comment on the roles they play in T-duality, mirror symmetry, and 4-dimensional
compactifications of F-theory with G-flux. This investigation of duality structures is made
possible by geometric tools developed in a companion paper [1].
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1 Introduction: multiple fibrations and string dualities

F-theory has proven to be a flexible and extensive framework for studying the possible
effective field theories arising from string compactifications in various dimensions. Because
F-theory itself is defined via “geometrizing” the axio-dilaton of Type IIB string theory [2],
any systematic study of F-theory vacua must necessarily be linked to a study of the geometry
of elliptically (or more generally genus one) fibered Calabi-Yau (CY) manifolds. Significantly,
the set of all genus one fibered CY 3-folds is known to be finite [3] and recent progress [4] has
given evidence of finiteness for genus one fibered CY 4- and 5-folds. A central motivation of
the classification of fibered CY 3-folds in [3, 5] was that these results may be an important
step towards establishing the finiteness of the set of all C'Y 3-folds.

Within this framework, the forms that elliptically fibered CY manifolds can take have
been of interest in both mathematics and physics. A key result due to Nakayama [6]
guarantees that any elliptically fibered manifold is birational to a so-called Weierstrass
model. As a result, Weierstrass models have played a significant role not only in classifying
CY geometries, but also in defining the physics associated to F-theory in various dimensions.
From the point of view of F-theory, Weierstrass models correspond to a minimal, irreducible
form of the torus fiber that can be directly linked to the axio-dilaton. In addition, in the
study of F-theory effective field theories, Weierstrass models are useful in that they can
correspond to generically singular geometries (“non-Higgsable” effective theories [7, 8]) and
as their moduli are tuned, give rise to many different singularity types and hence, CY
resolutions. Taking this point of view, a Weierstrass model at a suitable singular point
in its moduli space can often be resolved to produce a smooth CY n-fold. This provides
a method of constructing elliptically fibered CY manifolds with distinct Hodge numbers,
Chern classes, etc. which must be counted in the current “zoo” of known CY manifolds.

With these observations in mind, here we will take the reverse viewpoint and begin
with F-theory on a given elliptically/genus one fibered CY manifold of a more general form.
We will work towards Weierstrass models and F-theory EFTs by starting from resolved
geometries and more generally with the known datasets of CY manifolds. The goal will be
to observe whether or not there are global features of the CY total space that are “hidden”
from the Weierstrass description?

We will note that there is at least one significant feature which is difficult to observe
from the Weierstrass-focused approach described above. This is the possibility of multiple
fibrations within a single CY total space. We will refer to a CY n-fold as multiply elliptically
fibered (or genus one fibered in the case without section) when it admits multiple descriptions
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Figure 1. An illustration of multiple genus-one fibrations in a single Calabi-Yau n-fold: 7 : X — B
and 7’ : X — B’

For each fibration, the structure of the singular fibers, discriminant locus, fibral divisors
(4)

n—1-

and Mordell-Weil group can be different, as can the topology of the base manifolds B
This is illustrated in figure 1. According to Nakayama’s theorem [6], a Weierstrass model
can be formed for each of the fibrations above! and the resulting F-theory vacua explicitly
determined.

The goal of this work is to study such multiple fibrations in explicit CY geometries and
to enumerate the F-theory vacua they lead to, as well their relationship to string dualities.
In this work we focus primarily on correspondences between F-theory and M-theory vacua
in 5- and 6-dimensions and heterotic/F-theory duality in 8-, 6- and 4-dimensions. Related
questions about multiple fibrations and weakly coupled Type IIB orientifold limits [10-14]
or more general weakly coupled limits [15, 16], we leave to future work.

In order to have explicit examples of multiply fibered geometries, the tools developed
here and in a companion paper [1] are illustrated using the dataset of CY manifolds
constructed as complete intersections in products of projective spaces (CICYs) [17-21].
However many of the tools and observations could equally well be applied to complete
intersections in toric varieties [22-24] or the recently constructed gCICY manifolds [25-27].
A complete survey of multiple fibrations in the context of CICY 3- and 4-folds is currently
underway [28]. Here we will focus on highlighting the types of multiple fibrations that can
arise and relate these geometric results to known and novel string dualites.

Central results of the present work include the following;:

o We relate distinct F-theory vacua associated to different fibers in (1.1) via their shared
M-theory limits. Because they all arise from a single CY n-fold (and its associated
complex structure moduli space), we find networks of distinct theories that all inherit
their infinitesimal deformations from the same manifold. They are all limits of one
moduli space of theories.

'More specifically, a Weierstrass model can be found for each fibration which admits a section and in the
case of genus one fibrations without section, the Jacobian can be found [9].



e The possible collection of linked fibrations in (1.1) can frequently include non-flat
fibers [29-31] and hence the effective physics includes superconformal theories (SCFTSs)
coupled to the usual N/ = 1 supergravity + gauge theory in 6-dimensions.

e In the case of non-flat fibers, we find Weierstrass models and verify the presence of
superconformal loci in the associated discriminant locus arising at higher co-dimension
in the base geometry. Systematic studies of such superconformal loci in the literature
to date have focused on blowing up the base geometry to obtain smooth CY resolutions.
The geometries with non-flat fibrations studied here provide alternate CY resolutions
and thus may have interesting consequences for systematic constructions of fibered
CY geometries (see e.g. [32]).

e In the context of heterotic/F-theory duality (and heterotic/Type ITA duality) we
observe the important role played by nested fibrations. To study F-theory, we require
the existence of an elliptic fibration and in order to have a heterotic dual one must
further demand a K3 fibration (usually also with section). The compatibility of such
fibrations — i.e. the K3 fiber itself admitting an elliptic fibration — plays a key role
in the duality map [33]. In the presence of multiple K3 fibrations the role of nested
fibrations becomes important. We explore the consequences in heterotic/F-theory
duality for multiple K3 fibrations (of a single CY geometry Y,, ;1) and study three
important classes of fibration:

1. Case 1: Y,y1 contains multiple K3 fibrations — all sharing an elliptic fibra-
tion. In this case there is a single F-theory vacuum dual to multiple heterotic
backgrounds.

2. Case 2: Y,4+1 contains multiple K3 fibrations with distinct elliptic fibrations. In
this case we find distinct F-theory vacua, each with a heterotic dual all leading
to the same effective theory upon dimensional reduction on S?.

3. Case 3: Y,41 contains a single K3 fibration with multiple elliptic fibrations.
In this case there are multiple F-theory/heterotic backgrounds possible, all
associated to the same heterotic manifold X,,.

e Most of the heterotic/F-theory dualities we study involve multiple fibrations appearing
in the F-theory geometry (as above). However, we also find novel dualities by consid-
ering the role of multiple elliptic fibrations in 4-dimensional, N' = 1 compactifications
of the heterotic string. In this case the heterotic effective theory is independent of
the choice of an elliptic fibration — leading to a collection of possibly distinct dual
F-theory geometries, Yy and G-flux, all of which share the same EFT.

The structure of this paper is as follows. In section 2 we lay out a brief geometric
survey of elliptic and K 3-fibrations in known datasets of CY 3-folds and 4-folds and observe
that the presence of multiple fibrations appears to be ubiquitous in all known systematic
constructions of CY n-folds. In section 3 we begin our study of multiple fibrations by
exploring the consequences of such geometries for M-/F-theory correspondences in 5/6-
dimensions. F-theory vacua associated to distinct elliptic fibrations of a single CY 3-fold



are systematically analyzed. As expected, dimensionally reducing these theories on S! and
moving to the Coulomb branch leads to the same 5-dimensional theory in all cases. We find
networks of theories linking F-theory vacua with Abelian, non-Abelian gauge symmetries
and even theories coupled to SCFTs. Examples of CY 3-folds with higher rank Mordell-Weil
group (i.e. tk(MW') = 4) are presented. In section 4 we turn to heterotic/F-theory duality
(and heterotic/type ITA duality in 4-dimensions) and study possible structures for multiple
K3 fibrations. We review how many known string dualities — including Fg x Eg/SO(32)
heterotic duality [34] in 8-dimensions and the well-known 6-dimensional duality of Duff,
Minasian and Witten [35] can be realized geometrically via multiple fibrations. Moreover,
we find examples of new dualities in 6- and 4-dimensions by considering the structure of
nested elliptic and K3 fibrations in geometries serving as backgrounds for both the heterotic
theory and F-theory. In section 5 we summarize our results and outline a host of other
areas in which multiple fibrations in CY manifolds may play a role in new physics. The
appendices provide a collection of useful results on genus-one fibered CY manifolds and
their discriminant loci.

We turn now to explicit studies of multiple elliptic and K 3-fibrations in known datasets
of smooth CY geometries.

2 The geometry of multiple fibrations

It appears that the vast majority of all known Calabi-Yau manifolds are genus-one
fibered [20, 23, 32, 36, 37]. It is also suspected that they are multiply fibered, that is
that they can be written in more than one way as a genus-one fibration. Indeed this has
been shown to be true in the case of CICY three and four-folds [20, 28].

As an example consider the following configuration matrix.

(P11
P21 2
X = (2.1)

P11

P11

This matrix defines a family of Calabi-Yau manifolds in the ambient space P* x P? x P! x P!,
Each column of integers specifies a defining relation of the manifold by giving its polynomial
multi-degree in the homogeneous coordinates of the ambient projective spaces. One can see
the multiple fibrations in the configuration matrix (2.1) as follows. Consider splitting the
configuration matrix up into two pieces, one describing the base and the other the fiber. In

this example we can achieve this in two ways.

P71 1] P11
P21 2 P11
(2.2)
P11 P11
P11 P21 2
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In the above the first rewriting of the configuration matrix (2.1) is as a genus one fibration
over the base P! x P'. To see this, consider picking any point on the direct product of the
last two P'’s in the ambient space. Substituting the coordinates of this point into the two
defining relations we would obtain a specific complex structure for two defining relations
depending only upon the coordinates in the first two projective space factors. The degrees
of the equations in the remaining variables are described by

P11
P2|12|

This is the configuration matrix of a Calabi-Yau one-fold — a torus. As we change the

(2.3)

point we choose in P! x P! the complex structure describing the associated torus fiber will
change, and so we have a non-trivial fibration of a genus-one curve over that base.

Similarly, the second configuration matrix in (2.2) describes the configuration as a
genus-one fibration over P2. Clearly these two fibrations are inequivalent (they do not even
have the same base) and thus even this very simple configuration matrix admits multiple
genus-one fibrations.

Fibrations of the type we are describing here are referred to as Obvious Genus-One
Fibrations (OGFs) as they are manifest in the configuration matrix. As was briefly
mentioned above, almost all CICYs admit multiple fibrations of this kind. Of the 7,890
CICY three-fold configuration matrices 7,837 admit at least one such fibration, with the
average number of inequivalent fibrations per manifold being 9.85. For the CICY four-folds
921,420 out of 921,497 cases admit such a fibration with the average manifold being OGF’d
in 54.6 different ways [20]. Extreme cases also exist — there is one CICY four-fold that
admits 354 different OGFs [20]. This rich structure of multiple fibrations in CICYs is
illustrated in figures 2 and 3.

Fibrations in CICYs are not restricted to genus-one curves. The vast majority of known
CICYs of dimension n are fibered by CICYs of dimension n — 1, which are themselves



fibered by CICYs of dimension n — 2, and so forth [28]. For example, 7,768 out of 7,890
CICY three-folds have obvious K3 fibrations, with an average of 3.1 different K3 fibrations
per configuration. Almost all of these K3 fibers are also genus-one fibered and there are
103,513 different pairs of nested genus-one fibrations within K3 fibrations in the CICY
data set [28]. Note that this number is larger than the total number of elliptic fibrations
of the CICY three-folds since a given elliptic fiber may appear in multiple different K3
fibrations of a given manifold. For more details, classifications and complex examples of
such structure see [1, 20, 28].

Clearly, the above kind of fibration analysis generalizes to complete intersections in
other types of ambient spaces, and indeed some completely general statements can be made.
The existence of a genus-one fibration in a Calabi-Yau n-fold has been conjectured by
Kollar [38] to be determined by the following criteria:

Conjecture [38]: Let X be a Calabi-Yau n-fold. Then X is genus-one fibered iff there
ezists a (1,1)-class D in H*(X,Q) such that D - C > 0 for every algebraic curve C C X,
Ddim(X) =0 and Ddim(X)—l 7& 0.

In the case that X is a Calabi-Yau threefold this conjecture has been proven subject to the
additional constraints that D is effective or D - co(X) # 0 [39, 40]. Phrased simply these
criteria are characterizing the existence of a fibration by characterizing the existence of
the base manifold of that fibration. In particular, the role of the divisor D above is that
of one pulled back from the base, B, where the fibration of X is written 7 : X — B. The
existence of D = 7*(Dp,se) makes it possible to define the form dual to points on the base
(i.e. DIMX)=1) which in turn determines the class of the genus-one fiber itself. This allows
us to cleanly explain in general cases what we mean both by “choosing a fibration” of X
and “exchanging a given pair of fibrations” within X .2

As a simple example, consider the second of the two genus-one fibrations in (2.2). This
manifold has Hodge numbers h! = 4, h?! = 50. By inspection of the Kéhler cone of X
(spanned by the restriction of the hyperplanes, Dy, Dy, D3, Dy, from each factor of the
ambient space P! x P! x P! x P?) and from the triple intersection numbers, d,.s;, of X, it
can be readily verified that one divisor, D in X satisfying the criteria given above is given
simply by Dy4. For the first fibration in (2.2) a relevant divisor is D3 + D4 (where in this
fibration the two divisors, D3 and Dy, are associated to the base P! x P! factors).

In the above we have started with a description of the total space of the Calabi-Yau
manifold being considered, being agnostic about what should be chosen as fiber and base.
We have then identified the multiple genus-one fibrations explicitly given this starting
point. Such an approach is somewhat different to that pursued in much of the F-theory
literature. There, it is often the case that one simply picks a base manifold and writes down
a Weierstrass model over that choice. Such a construction has the disadvantage that the
multiple fibration structure might not be as easy to see as in the examples above. However,
the physics of the associated F-theory model is easier to obtain in such an approach as much

2Tt should be noted that the existence of a fibration structure within a smooth Calabi-Yau n-fold with
n > 2 is a deformation invariant quantity (i.e., given a fibered manifold, every small deformation is also
fibered) [38, 40, 41]. Indeed this must clearly be the case if the above conjecture is to make sense.



of the technology that has been developed in this regard revolves around a Weierstrass
description. It is important, therefore, if we are studying fibrations such as those in (2.2),
that we know how to put them in Weierstrass form.

In order to put an elliptically fibered Calabi-Yau manifold in Weierstrass form, one
must first obtain an explicit section to that fibration. Given a section one can then use a
procedure due to Nakayama [6, 42] to blow down those components of the fibers which do
not generically intersect the zero section and obtain a Weierstrass description. Importantly
for the program being pursued here, the technology to perform such computations explicitly
has been developed in a companion paper to this one [1] (see also [43]). We refer the reader
to that discussion for the details of how such analysis is performed, along with a review of
how the Jacobian of a fibration is obtained and other details.

In the following sections, we will explore many examples of geometries with multiple
fibration structures and examine ways that the choice of a fibration (i.e., an “orientation” of
the total space into fiber/base) can yield insights into effective theories and string dualities
in various dimensions.

3 Multiple fibrations and the M-theory/F-theory correspondence

In this section we will consider the consequences of multiple elliptic fibrations in a single
smooth Calabi-Yau manifold for the correspondence between F-theory and M-theory com-
pactifications (for recent work on this correspondence see [44]). More precisely, we will
consider F-theory compactified on a multiply elliptically fibered, Calabi-Yau threefold Xj.
For each choice of elliptic fibration, we can obtain a Weierstrass model associated to the orig-
inal geometry by the procedures discussed in [1]. The associated F-theory compactification
then gives rise to a particular N' = (1,0) effective theory in 6-dimensions. While the details
of the effective theory obtained in this manner depends upon the choice of elliptic fibration
and thus the F-theory torus, these 6-dimensional theories all share the same M-theory limit.
That is, if we compactify further on an S' and go to the Coulomb branch of the resulting
5-dimensional ' = 2 theory,? then all of the seemingly disparate theories corresponding to
different fibrations result in the same physics. The resulting 5-dimensional gauge theory is,
in fact, the same as that obtained by compactifying M-theory on the original Calabi-Yau
threefold X3. This relationship between different F-theory and M-theory compactifications
is depicted schematically in figure 4.

In studying examples of this phenomenon, we will need to extract the physics of the
various effective theories from the associated geometries. We will begin by briefly reviewing
how this is achieved, before proceeding to give explicit examples of families of theories
descending from multiply elliptically fibered CICY three-folds.

3.1 Matter in 6-dimensional F-theory compactifications

We will begin by computing and comparing the massless spectrum of the lower dimensional
theories that we consider. For a review of the the well-studied effective physics of F-/M-
theory in 6/5-dimensions see [44, 45]. Briefly, there are a variety of multiplets that arise in

3With 8 real supercharges.
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Figure 4. Correspondences between different compactifications of M-theory and F-theory associated
to geometries with the same total space.

the effective theories obtained in six dimensions by compactifying F-theory on an elliptic
fibration described by a Weierstrass model. These include

e A single gravitational multiplet.

e Tensor multiplets. In the simple cases that we will consider, the multiplicity of tensor
multiplets are determined by the topology of the base of the Weierstrass model.

ny =h(B) -1 (3.1)

e The number of vectors is determined by the gauge group associated to the low energy
effective theory. This can be decomposed into two components.

G=]]GaxUQ) (3.2)
A

Here [[, G4 is the non-Abelian factors in the gauge group which can be found
by an analysis of the codimension one behavior of the discriminant locus of the
elliptically fibered threefold [46-48]. Each such factor G 4 is associated to an irreducible
component of the discriminant, which we denote by S4. The Abelian factors, U(1)",
are associated with the Mordell-Weil group of rational sections of the fibration being
considered. Indeed r = rk(MW (X)) is the rank of this group. We will defer a more
detailed computation of these geometrical quantities to the examples sections and
will content ourselves here by noting that the number of vectors is given by

ny =r+ Y dim(adj Ga) . (3.3)
A
e Finally the number of hypermultiplets, ng, in the 6-dimensional theory is given by
(see e.g. [49])
ng =0y P 137 ga(dim(adj Ga) — tk(Ga)) + h*1(X3) + 1 (3.4)
A



Here, g4 is the genus of the divisor S4 in the base, which can be determined by the
following formula,

1
94 =14 584 (Sa+ Kp,), (3.5)
where Kp, is the canonical divisor of the base.
The contribution n%Odim 2 in (3.4) arises from fibers over codimension two points

in the base. For example, at specific codimension-two loci in the base, where self-
intersections of the discriminant locus occur, the rank of the non-Abelian singularity
of the fiber will enhance. Such enhancements generically lead to matter states and
their representations can be obtained from the branching rules from the adjoint
representation of the enhanced gauge algebra into the low energy gauge group of the
theory [50]. Counting U(1) charged matter that is neutral under the non-Abelian gauge
group factors is somewhat more involved. Such degrees of freedom are associated
with I fibers appearing over nodes of the self-intersection of the I; locus of the
discriminant [51]. The computation of this U(1)-charged matter is discussed in detail
in appendix A.

3.1.1 Anomaly cancelation

The spectrum that is found from a consistent F-theory compactification is always anomaly
free. Given this, freedom from anomalies is an excellent check of the calculations we will
present. In this paper we will concentrate on anomalies involving only gravitational and
non-Abelian degrees of freedom. The relevant constraints on the spectrum are then as
follows. Firstly, in terms of pure gravitational anomalies we have [29, 30]

ng —ny + 29ngy = 273, (3.6)

9—npr=a-a.

Here the vector a® is defined in terms of an expansion of the canonical divisor of the base
Kp, with respect to a fixed basis of divisors in that space, AE where o = 1,..., hb(By).

Kp, = a“D} (3.8)

Cancellation of the mixed non-Abelian/gravitational anomalies leads to the following
constraints [52-54],

¢ (Aagj, — ZpzrAr) =a- (ﬁ—j) : (3.9)
and cancelation of the pure non-Abelian anomalies leads to,
Bade — ZxRBR =0
f )\ (3.10)
A
3 Cr2rCR — Caqjy) = (AA> :

In both (3.9) and (3.10), zr represents the number of matter fields in the R representation
of gauge group G 4. The factors A4 are, for the cases we will need in this paper, Agy(y) = 1.

~10 -



The vector by is defined by expanding the divisor associated to the gauge group factor G4
in terms of a basis of divisors:

Sh=0v4DP . (3.11)

Finally, the coefficients Ag, Br and Cg are group-theoretic in nature, being defined by the
following formulae,

trp F?2 = Aptr F2,  trg F* = Bptr F* + Cr (tr F?)?, (3.12)

for any representation R, where the unlabeled trace is with respect to the fundamental
representation. For SU(N) with N > 3, these coefficients take the following values:

Representation | Dimension Ap Bgr Cgr

Fundafnr%ental 2N 1 1 0 (3.13)
Adjoint N°—1 2N 2N

Antisymmetric | N(N—-1)/2 | N—-2 | N—-8 | 3

For SU(2) and SU(3), the Ar coefficients in the above table are still correct, while the Br
vanish. The coefficient Cg, for SU(2) and SU(3), can be computed as the combination
Cr+ %BR using the values for Br and Cg in the above table.

3.2 Matter of 5-dimensional M-theory compactifications and 6D — 5D reduc-
tions

The matter content of the 5-dimensional theory obtained when M-theory is compactified on
a smooth Calabi-Yau threefold X3 is rather straightforward in comparison to the structure
seen in the previous subsection. We have the following (see e.g. [55]):

e A single gravitational multiplet.

e Vector multiplets with multiplicity given by

nPP) = pbl(X3) — 1. (3.14)

e Hypermultiplets with multiplicity given by

nSP) = h21(X3) +1. (3.15)

If we start with one of the 6-dimensional theories described in the previous subsection,
compactify further on an additional S*, and go to the Coulomb branch, we obtain an N = 2,
5-dimensional supergravity theory. The resulting multiplet content is determined in terms
of the spectrum seen in 6-dimensions. In particular, we will find a theory with

nng) =ny+np+1 (3.16)
ngD) = pheutral (3.17)

- 11 -



where in a slight abuse of notation we use the same notation for the vector and hyper
multiplets in this theory as we did in that obtained by dimensional reduction of M-theory.

In fact, given what we have learned about the spectra of the 6- and 5-dimensional
theories, it is easy to see that the F-theory/M-theory correspondence always works at the
level of multiplet content, independently of which fibration we pick to be the F-theory torus.
For the hypermultiplets, in going to the Coulomb branch it is clear that all of the complex
structure of X3 will become neutral. These, in addition to the universal hypermultiplet,
then give nieutral = p2:1(X3) + 1. Comparing this to (3.17) and (3.15) then makes it obvious
that we obtain the correct number of 5-dimensional hypermultiplets to agree with the
associated M-theory compactification.

In going to the Coulomb branch the gauge group in the 6-dimensional theory is broken
down to its maximal Abelian subgroup. After undergoing such a process we are left with
ny = Y. 4tk(G4) + r vector multiplets. According to (3.16), we should then see

ng;f)D) = Zrk(GA) +r4+nr+1= Zrk(GA) +r+ hl’l(B) (3.18)
A A

vector multiplets in the 5-dimensional compactification of this theory on a circle. According
to the formula of Shioda-Tate-Wazir [56-58], applied to this example we have

WM (Xg) = WV (B) + ) rk(Ga) +7r+1. (3.19)
A

Finally then, we arrive at the expression,
nGP) = W)~ 1, (320)

which agrees precisely with the result of the M-theory reduction as given in (3.14).

Having described the basics of the M-theory/F-theory correspondence in generality,
we now move on to construct some explicit examples of this structure in multiply fibered
Calabi-Yau three-folds.

3.3 Example of a (non-)Abelian/Abelian correspondence

As our first example of the M-theory/F-theory correspondence let us consider the family of
Calabi-Yau three-folds described by the following configuration matrix.

Pl1100
P211020
P2l0111
P2l1011

Xs (3.21)

As we shall see, this configuration admits 4 different OGFs which we will consider in turn
in what follows. The Hodge numbers of (3.21) are h!'!(X3) = 4 and h?!(X3) = 47. Given
this, and (3.14) and (3.15), we see that M-theory compactified on such a manifold leads

(5D) (5D)
H

to a 5-dimensional theory containing ny,~ = 3 vector multiplets and n = 48 hyper

multiplets.
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3.3.1 A fibration E; with G = SU(2) x U(1)
The first OGF we will consider of the configuration (3.21) is as follows.

P1100

P?/1020
X5 = 3.22
3 P20111 (3.22)

P?1011
Here the base of the fibration is P? and thus h''}(B) = 1. We wish to obtain the Weierstrass
form associated to this fibration, and from this obtain the gauge group and matter content
of the associated F-theory model. To achieve this, we will make use of the techniques

developed in the companion paper to this one [1].

Obtaining Weierstrass form and the gauge group. To put (3.22) in Weierstrass
form, we first need to isolate a section of the fibration. Following section 2.2 of [1], the
first step in doing so is to obtain a set of possible (or “putative”) sections. These are
divisor classes that intersect a generic fiber once and which satisfy an additional topological
constraint that follows from the requirement that the divisor be birational to the base (in
this case P?). We then follow the discussion of section 2.3 of that same paper in order to
isolate a divisor Sy such that h*(O(Sp)) = (1,0,0,0) before obtaining an explicit description
of that divisor class which is proven by direct computation to describe a section to the
fibration.

In the case at hand, all of this analysis leads us to conclude that
O(Sy) = Oym (—1,1,0,1) (3.23)
3

is a line bundle corresponding to a suitable divisor which describes the image of a rational
section of the fibration (3.22). Since h''!(X3) = 4 and the manifold is “favorable” [59] in
that a basis of divisors restricts from the ambient space, the degree of the line bundle is
expanded in a basis of restricted hyperplanes from the ambient P™ factors.

Once a section of the fibration Sy has been isolated, the next step is to follow the
Deligne procedure [6, 42| to put (3.22) in Weierstrass form. This procedure is described
for such examples in detail in section 3.1 of [1]. In the case at hand we obtain a specific
Weierstrass from,

y? =2 + fa?2t 4 g2b, (3.24)

the details of which are lengthy and dependent upon the initial choice of complex structure
made for the defining relations of (3.21). In particular, the functions of the base coordinates
f e H(B, K;l) and g € H°(B, K5°) are rather complex and obtained numerically in our
analysis. Due to their length, we refrain from including them explicitly here.

Given a Weierstrass form such as (3.24), the discriminant locus of the fibration can be
determined simply as

Aw = 27¢* + 413 (3.25)
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Computing Aw in our case, we find that this discriminant locus factorizes as follows.
Aw = (Ap)(An) (3.26)

That is the discriminant is made up of an Iy and an I; locus according to Kodaira’s
classification [46, 47]. We thus see that the F-theory compactification associated to this
Weierstrass model will have an SU(2) factor.

Finally, we can use the theorem by Shioda-Tate-Wazir [56-58], together with the above
analysis and the fact that the fibration (3.22) is flat, in order to determine the Abelian
component of the gauge group in this example. From Shioda-Tate-Wazir, applied to this
example we know that

WP (Xs) = hVN(B) + ) rk(Ga) + 7+ 1 (3.27)
A
= r=h""(X3) =" (B) =) 1k(Ga)—1=4-1-1-1=1. (3.28)
A

Thus we see that we have a MW group of rank one and thus a single abelian factor in the
gauge group. We conclude that the gauge group of the theory obtained by compactifying
F-theory on this Weierstrass model is SU(2) x U(1).

It should be noted that the loci in (3.26) are obtained numerically in the above
analysis and so it is useful to confirm this result using another technique for calculating the
discriminant locus, to which we now turn.

The discriminant of the Jacobian of the fibration (3.22) is identical as a locus in the
base P? to that obtained from the Weierstrass model described above. Indeed, as described
in section 3.2 of [1], the process of “contractions” of the CICY fiber [17] in (3.22), followed
by taking the Jacobian (J(X)), also turns out to give rise to the same discriminant locus
and also benefits from being easier to compute. We follow such a procedure below in several
different ways, in order to get codimension 1 or 2 fiber whose Jacobian may be taken
easily using results in the literature [60]. We will consider two different contractions of the
configuration matrix (3.22). The first of these involves contracting the P? in the third row
of the configuration matrix. The second will involve contracting the first P! and then the
P? in the third row.

We first consider contracting the P2 in the third row of the fiber. Under such a blow
down, the configuration matrix becomes:

P11
X5 = | P21 2 (3.29)
P2|1 2

This codimension two fiber is labeled by PALP ID (4,0) [61] and we can directly obtain the
associated Jacobian by using the results of [60]. One can check explicitly that that the two
discriminant loci Ay and Ay, associated to the Jacobian of (3.29) agree exactly. Moreover,
it can be explicitly verified that Ay, factorizes as an I» locus times an I; locus.

Api, ~ pipsa = (Ar,)(Ar). (3.30)
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Here, p1 and p34 are polynomials of degree 1 and 34 respectively in the homogeneous
coordinates of the base P?. We also find that f and g vanish linearly on the locus where
p1 = 0 and thus we do indeed obtain an Is locus.

As a second method for blowing down the configuration (3.22) we can contract the first
P! and the P? in the third row. This leads to a configuration matrix,

E P2(3
xE = [IPQ%] . (3.31)

We follow the procedure described in [9, 60] to get the discriminant Ay, of the associated
Jacobian. Once again, we find it factorized as:

Ay, ~ pipss = (AR)(AL). (3.32)

Once again Ay of the original manifold exactly matches Ay, and vice versa and we
conclude that all three of the discriminants we have obtained are identical as expected [1].

Aw ~ Ay, ~ Dy, (3.33)

In short, via numerous complementary analyses we have been able to show that the gauge
group of this compactification is SU(2) x U(1) and we have obtained an explicit expression
for the discriminant locus of the Weierstrass model. We now turn to an identification of the
matter spectrum seen in 6-dimensions.

Matter content and anomaly cancelation in 6-dimensions. From (3.4) we see that
there are several contributions to the number of hypermultiplets in a compactification such
as the one we are considering here. In the case at hand, it can be seen from the analysis
of the previous section that the genus of the I locus g = 0. This is a straightforward
consequence of the fact that this locus is described as a linear constraint p; = 0 inside
P2 and is thus simply a P!. As a result, the second term in (3.4) does not contribute to
the number of hypermultiplets. We also know that h*!(X3) = 47 in our case and the
Weierstrass model is birational to the original configuration (3.22). Thus we need only
compute the remaining contribution nEOdim %) \which is associated with points (co-dimension
two loci) in the base P2,

One contribution to the number of hypermultiplets comes from charged matter arising at
the intersections of the I and I loci of the discriminant. In total these two loci intersect 34
times at 28 distinct points, 22 with intersection multiplicity 1 and 6 points with intersection
multiplicity 2. The 22 points associated with single intersection multiplicities are associated
with I3 degenerations of the fiber while the 6 points of double intersections correspond to
type III singularities of the fiber.

The 22 type I3 fibers correspond to transverse intersections of the I; and Is loci.
Examining the decomposition of the adjoint of SU(3) to SU(2), given by the branching
rule 8 = 1 4+ 2 + 2 + 3, we see that we expect each such intersection to contribute a
hypermultiplet associated to the 2 representation of SU(2). Thus, in total, we expect such
charge matter to contribute 22 x 2 = 44 hypermultiplets to the low energy spectrum. The
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type III fibers are located at intersection points where the I and I loci are tangent, and
we do not expect such points to contribute further charged matter.

Next, we must count the matter that is uncharged under SU(2) but which is charged
with respect to the abelian factor in the gauge group. These are counted by the number
of nodes of the I locus. In this example, using the techniques described in appendix A,
we find that there are 185 such nodes, each of which corresponds to a single U(1) charge
hypermultiplet. The important question of determining the U(1) charges of this matter, we
leave to future investigation.

Now that we have determined the matter content of the 6-dimensional theory associated
to the Weierstrass model of the fibration (3.22), it can be verified that the result is consistent
with anomaly cancelation. We begin by considering the gravitational anomaly cancelation
condition (3.6).

In the case at hand the base manifold is P? and thus h%!(B) = 1, which indicates that
nr = 0 in the 6-dimensional N = (1,0) effective theory. Given that the gauge group is
SU(2) x U(1) we have ny = 4. Finally, combining all of the contributions listed above to the
total number of hypermultiplets, we have from (3.4) that ny =44 4+ 18540+ 47+ 1 = 277.
Combining these three values we find that ng — ny + 29np = 277 — 4 + 0 = 273 as desired.

The cancelation of the non-Abelian gauge anomalies and mixed non-Abelian/gravi-
tational anomalies can also be seen to hold correctly. When the base is P? we have that
a = —3 and (3.7) is satisfied. Furthermore, b = 1 given that the I locus is a hyperplane in
P2. The anomaly cancelation conditions (3.9) and (3.10) then simplify to the following.

18=Y Ag, — Awgjy 0= Br,—Bagj, 3= Cr —Cag (3.34)

Recall that in our case, in terms of SU(2) charged matter, we have 22 multiplets in the
doublet representation. The relevant coefficients appearing in the above equations are then:

Ag =1, Aggj =4, B2a=0, By =0, Cz= %, Cagj = 8. (3.35)
These numbers satisfy the anomaly cancelation condition (3.34). Thus we see that the
matter content we have obtained is consistent with 6-dimensional anomaly cancelation,
providing a highly non-trivial check of the tools we have used to analyze the complete
intersection manifold above.

The final comment that we should make in this subsection is that the 6-dimensional
SU(2)x U(1) theory that we have obtained consistently reduces to the expected 5-dimensional
supergravity, derived from the compactification of M-theory on (3.21) if we go to the Coulomb
branch and dimensionally reduce on a circle. We have h*!(X3) + 1 neutral hypermultiplets
in 6-dimensions which give rise to the same number of hypermultiplets in the 5-dimensional
supergravity. In addition, the 4 vector multiplets that we have in 6-dimensions reduce
to just two massless degrees of freedom in going to the Coulomb branch of the theory.
Dimensionally reducing to 5-dimensions, and remembering that we have no tensor multiplets
in 6-dimensions, (3.16) tells us that this will lead to 3 vector multiplets in that theory. This

is indeed h''!(X3) — 1 and thus agrees with the M-theory compactification.
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3.3.2 Other fibrations with purely Abelian gauge groups

A fibration E; with G = U(1). The configuration matrix (3.21) admits another OGF
with R (B) = 2.

P2/0/120
P2l0!111 P{1
X]EQZ 777‘77,, B: :F 336
T P00 P21] ' 1230
IP211011

Following the same procedure described in previous subsection, for this fibration it is
possible to identify a rational section as

O(So) = Oy (1,-1,1,1) (3.37)

X3
with h*(X,0(Sp)) = (1,0,0,0). Starting with such a section, we can compute the Weier-
strass Model as before and study its discriminant locus. In this case, the discriminant is
simply comprised of a I locus: Ay = Ayp,.

Our result for the discriminant of the Weierstrass model can once again be checked by
computing the discriminant of Jacobians of contractions of the original configuration (3.36).

We can blow down one P2 to obtain:

Lglt)
Xy = Pl | (3.38)
P?|112

Using the results of [9, 60] we again find that the discriminant Ay; only contains an I3 locus.

Given the above results, and the theorem of Shioda-Tate-Wazir (3.19), we see that we
must have a single U(1) gauge group factor associated to this compactification. That is,
the Mordell-Weil group is of rank one (see [1] for details on constructing the Mordell-Weil
lattice explicitly in configurations such as this). Since the base has h''}(B) = 2 we then
have that ny = 1 and ny = 1. Finally, we need to count the number of U(1) charged
hypermultiplets. Counting the number of nodes in the I locus as before we find that there
are 197 such charged matter fields. Combining this result with (3.4) we see that we have
ny = 197 + h%1(X3) + 1 = 245 in this example.

The results we have obtained here can once again be checked to be consistent with
anomaly cancelation. In particular, we see that

ni —ny + 290y = 245 — 1429 = 273, (3.39)

as required by the cancelation of the gravitational anomaly. It is also trivial to check
from (3.16) and (3.17) that the theory has the correct M-theory limit.

A fibration E3 with G = U(1)2. A third OGF admitted by the configuration ma-
trix (3.21), once more with a P? base, is as follows.

Pl1100
P2l0111
P2j1011}|’
P2[1020

X33 = B =P? (3.40)
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We identify rational sections as before and find that one appropriate choice for a zero section
is given by
O(S) = Oxxag(—l, 0,1,1) (3.41)

3
with h*(X,0(Sp)) = (1,0,0,0). The Weierstrass Model constructed using this section
results in a discriminant which is not factorizable. In other words, Ay, = Ay, and there are
no non-Abelian factors in the gauge group.
As in previous cases, the structure of the discriminant can be checked by comparison
to that of the Jacobian of a contraction of the original configuration matrix. Contracting
one of the P?’s we arrive at:

P11
X550 = P21 . (3.42)
P2(3 0

This fiber is of the same form as that obtained in (3.29) and its Jacobian can be obtained
in the same way. The resulting discriminant Ay agrees with that of the Weierstrass model
discussed above.

Given that the gauge group has no non-Abelian component, we find from (3.19) that
the rank of the Mordell-Weil group must be two in this example. Thus we have a U(1)?
symmetry in 6-dimensions. This tells us that ny = 2, and given that the base is P? we
know that np = 0. All that is left for us to compute is the U(1) charged matter.

Analyzing the I; locus, we find that it contains 227 nodes, thus giving rise to the same
number of charged hypermultiplets. The formula (3.4) then tells us that ng = 227+47+1 =
275. As in previous examples these results are consistent with anomaly cancelation,

ng —ny + 29y =275 —-240 =273, (3.43)
and reduce to the correct result in the M-theory limit described in section 3.2.
A non-flat fibration E4. The geometry admits a fourth OGF with h1(B) = 1.

P'l1100
P211020
P2l1011
P2lo111

X3t = , B="P? (3.44)

This fibration, however, is not flat and as such we do not analyze it further here. Studying
the physics associated to such fibrations [29-31, 62, 63] is beyond the scope of this paper,
although we will make a few comments in this direction at the end of this section. As has
been noted in other contexts [62], many geometries in the CICY list exhibit at least one
such non-flat OGF and that such structures seem to be fairly common.

At the end of this lengthy analysis, we have identified four different 6-dimensional
compactifications of F-theory E;,Es, Es and [£4 which share an M-theory limit. The four
theories which are linked in this way are illustrated in figure 5. For three out of four of the
6-dimensional theories involved in this correspondence, we have been able to describe the
multiplet structure that arises in detail and check our computations explicitly by considering
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E; : SU2) x U(1)

/ nv = 4nr = 0,np = 277 \
A

Ey @ U(1) Es; : U(1)?
ny =2,npr = 1,ng = 245 ny = 2,nr =0,nyg = 275

Ta E4 : non-flat fiber “”

Figure 5. 6D F-theory compactifications that share the same 5D M-theory limit with n%fD) =

3, ngD) = 48. The double dashed line denotes a link between two Abelian theories while the thick

line denotes a correspondence between non-Abelian and Abelian theories.

both anomaly cancelation and the M-theory limit. It is interesting that such a wide variety
of different theories, including non-Abelian models, purely Abelian theories, and even the
more exotic physics associated to non-flat fibrations, can be related in this way by a common
dimensional reduction of their Coulomb branch. The advantage of the construction we
have described here is that because all of these theories were derived from the same initial
configuration matrix (3.21), it was guaranteed from the start that they would share an
M-theory limit in this manner.

3.4 Example of a non-Abelian/non-Abelian correspondence

By starting with different initial configuration matrices we can generate a huge variety
of families of F-theory compactifications with the same M-theory limit. To give another
example, let us consider a geometry which gives rise to a correspondence between different
non-Abelian 6-dimensional theories. The three-fold we will consider

P11000]
Pll10100
X3=|P201020 (3.45)
P2l00111
P211000 2]

has Hodge numbers hl'1(X3) = 5, h?1(X3) = 25 and exhibits six different OGF structures.
Here we will focus on three of those OGFE’s which admit rational sections.

A fibration E; with G = SU(2) x SU(2)’ x U(1). The first OGF of (3.45) that we
will consider is as follows:

Pl11000]
Pl10100
X3'=|P201020]|, B=P. (3.46)
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Using the same techniques as in previous subsections we identify O(Sy) = O xE (—1,0,1,0,0)
as a rational section. We can then obtain the associated Weierstrass model and compute its
discriminant locus Ayy. The same locus in the base can be obtained by following contracting
the two P’s and the second P? in (3.46) to obtain a fiber described as a a simple cubic in
P2, and then taking the Jacobian. This Jacobian has a discriminant Ay = Ay and both
computations agree to give the following result.

Ap = (Ap)(Ap)(Ar) (3.47)

We see that in this example we obtain a 6-dimensional theory with two SU(2) factors in
the low energy gauge group. Use of the Shioda-Tate-Wazir formula (3.19) then tells us
that rk(MW) = 1 in this example. Thus we conclude that the resulting 6-dimensional
compactification of F-theory exhibits a gauge group SU(2) x SU(2)" x U(1).

Next we must compute the number of charged hypermultiplets in the effective 6-
dimensional theory. The genus of each of the two Is components in this example is zero,
and as such the second term in (3.4) vanishes. We need then only consider the intersection
between the Iy, I} and I; loci and the nodes of the I; locus itself:

e Az, NAyp: 32 points in the base corresponding to I3 singular fibers and 12 points
corresponding to type III singular fibers. These contribute 32 doublets under SU(2):
32 x(2,1).

o A N Arp,: 32 points in the base corresponding to I3 singular fibers and 12 points
corresponding to type III singular fibres. These contribute 32 doublets under SU(2)":
32 x (1,2).

e AL, NA ;- 4 points in the base corresponding to Iy singular fibers. These contribute
4 bi-doublets under SU(2) x SU(2)": 4 x (2,2).

o Ay, self-intersection: the I locus exhibits 110 nodes which contribute 110 SU(2) x
SU(2)’ singlets charged under the U(1) gauge group factor.

Combining all of these results together, and including the h%!(X3) + 1 neutral hyper-
multiplets that arise in this configuration, we find that we have ngy =32 x 2432 x 244 x
4+ 110 + 25 + 1 = 280. Using this information, together with the fact that ny = 7 and
ny = 0 we can now proceed to consider anomaly cancelation. The gravitational anomaly
cancelation condition is clearly satisfied with ng — ny 4+ 29y = 280 — 74+ 0 = 273 as
desired. A slightly lengthier computation also shows that the anomalies associated with the
two non-Abelian factors in the gauge group also cancel.

A fibration Ep with G = SU(2) x U(1). The second OGF of (3.45) that we consider
has h'!'(B) = 2 and is described as follows:

[PL[011100]
P2(0,011 1 )
X% = | P2[0'1002 =Bt = (3.48)
3 — - 7‘77777, — ]P)l]_ — 1- .
P?/110020
[ P1111000 ]
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For this elliptic fibration, we identify O(Sy) = OXg}:b(—l,O, 1,0,1) as a rational section.
Following either the procedure for obtaining the associated Weierstrass model or the
procedure involving contracting the configuration matrix and then taking the Jacobian we
obtain the same description of the discriminant locus in the base F1. In particular, we find
that Ay = Ay = (Ar,)(Ar) and thus we have a single SU(2) non-Abelian factor in the
gauge group. Using the Shioda-Tate-Wazir theorem as in previous examples we can then
show that the Mordell-Weil group is of rank one leading to a total low energy gauge group
of SU(2) x U(1).

The charged matter in this fibration comes from both the intersection of the Is and
I; loci and the self-intersection of the I; locus. Using the techniques we have described,
one can show that the Is locus intersects the I locus at 52 points. Of these points, 40
are associated with I3 fibers, and 12 with type III fibers. In total, then, this leads to 40
hypermultiplets which are doublets of SU(2). To compute the charged U(1) matter we
examine the I; locus and show that it exhibits 142 nodes. In total then, using (3.4) and
the fact that the genus of the Is component of the discriminant is zero, we see that we have
nyg =40 x 2+ 142 4+ 25 + 1 = 248 hypermultiplets in the 6-dimensional theory associated
to the fibration (3.48).

Combining the information we have obtained about the 6-dimensional theory associated
to the fibration (3.48), we can easily see that gravitational anomaly cancelation holds.
Indeed we have that ng — ny + 29np = 248 — 4 + 29 = 273. A slightly more involved
calculation, following along exactly the same lines as those described in earlier subsections,
also shows that the non-Abelian anomalies cancel too.

A non-flat fibration Eg. As was the case for the configuration (3.21), the geometry (3.45)
also admits a non-flat fibration with a section:

P11000]
P10100
X33 =|P200111|, B=P. (3.49)
P2(1000 2

P2[01020 ]

Once again, we will save a discussion of non-flat fibers for the end of this section.

After completing our analysis of the configuration matrix (3.45) we conclude that it
exhibits 6 OGFs. Of these three admit a section and one of those is a non-flat fibrations. We
have computed the spectrum associated to the Weierstrass model of the two flat fibrations
with section and have shown that we achieve a consistent anomaly free theory in both cases.
Both 6-dimensional theories are non-Abelian, with different gauge groups, and have the
same 5-dimensional M-theory limit with nEfD) =4 and ngD) = 26. The structure we have
elucidated here is depicted in figure 6.

3.5 Higher rank Mordell-Weil group

There is currently no known bound on the rank of the Mordell-Weil group that can be
achieved in an elliptically fibered Calabi-Yau three-fold, and as a result, it is interesting to
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E, : SU(2)? x U(1)
ny = 7,nr =0,ng = 280 N

e > E3 : non-flat fiber

() u(1)
r =1,y = 248

nV:4

Figure 6. 6D compactifications of F-theory that share a M-theory limit. In this example the 6D
theories have different non-Abelian gauge groups but nevertheless give rise to the same theory in
5D with n{)”) = 4 and n{3"”) = 26.

consider whether the novel fiber types explored here can naturally give rise to examples
with high rank? For recent systematic studies of fiber-types with non-trivial Mordell-Weil
group see [64-72] (and for genus one fibrations [51, 73, 74]). Here we note that the favorable
CICYs exhibit a rich structure of cases with higher rank Mordell-Weil groups that can
easily be studied with the techniques we have been discussing. As an example, we present
an example of a geometry which exhibits nine different fibration structures and where the
total space has h1''(X3) = 7, h%1(X3) = 26. Among the nine fibrations, two of them, E;
and Eg, are of Mordell-Weil rank r = 4.

Let us begin our discussion with the fibration,

P0i01100000]
P2/0,01011000
P2/0,00100011
X3t =|P20110010010] . (3.50)
P2m00001101

P1P10000000
W1@010010q

In this case, we can identify O(Sp) = Oxgl(l’ —1,0,0,1,0,0) as a good choice of zero
section. Computing the discriminant locus of the fibration in the same manner as for
previous examples, we find that it only contains an I; locus. Since hb!(B) = 2, the
Shioda-Tate-Wazir decomposition of the Picard lattice tells us that the Mordell-Weil group
is of rank 4. Thus the gauge group of the associated 6-dimensional compactification of
F-theory is simply U(1)*.

It is possible to study this rank 4 Mordell-Weil group of sections explicitly. Following
the discussion in [1], we can find “putative sections” that obey certain necessary topological
constraints that must hold for any true section. Parameterizing a general line bundle
associated to a putative section as O(S) = Ongl (b1, ba, b3, by, b5, be, by), the relevant objects
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form a four-parameter family of possibilities:

b = —1 — 3ky — ks — ka,

b2 - kl )
5321—k1+2k2,
by = ks,
LT (3.51)
bs = kg,
be = —ki + k2 + 3ko — 2k ko + 4k3 + 2koks + k3 + ky + 3koky + ksky + k3,
by = 1 — 3ky + 2k} + 11k — Thykg + 14k3 + 3k — k1ks + 8kokz + 2k3 + 2k
— kyky + Thoky + 2ksky + 2k3 |
where ki,--- , kg € Z. If we further require that the zeroth cohomology of the line bundle

associated to the putative sections should be equal to one, we can narrow down our search
for rational sections and, in fact, find explicit generators for the Mordell-Weil lattice. For the
case at hand, a suitable set of generators is Oxfl (1,-1,0,1,0,0,0), OX;El (1,0,-1,0,1,0,1),
(’)Xgl (0,0,1,—1,0,1,0) and OXEI (—1,0,1,0,0,0,1). More details of how such computations
are performed, as well as a detailed discussion of the addition law and Shioda map in
geometries like this can be found in [1].

We can again calculate the matter content of the F-theory compactification associated
to the fibration I£; and check that gravitational and non-Abelian gauge anomaly cancellation
holds. The case at hand has np = 1, nyy = 4 and ny = 248 and indeed all such consistency
checks are passed.

Let us analyze the other eight OGFs associated to the configuration matrix (3.50).

P0111000000] P001100000
P2(0,10100100 P2/0,01011000
P2/0,00100011 P2(0,10100100
X352 = |P2001010010|; X3*=|P*000100011]|;
21000001101 P2/0,00001101
P1q00100000 qulooooooo
[ P2|100011000 | | P2|1100010010
[P1{110000000] [P2(001011000]
Pl001100000 P2(100100100
P2l001011000 P2l000100011
X5t =|P2[000100011|; XP=|P*010010010];
P21010010010 P2l000001101
P2l000001101 PH110000000
(P2[100100100] [P'001100000]
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[P110000000] [P1110000000]
P'001100000 P'001100000
P2l001011000 P2001011000
X3¢ = [P?100100100|; X37=|P?[100100100];
P2l000100011 P2l000100011
P2l010010010 P2l000001101
[P2[000001101 | (P2[010010010]
[P11110000000] [P11110000000]
PH0,01100000 P001100000
P2/0,01011000 P?2(100100100
X33 =|P?1/00100100|; X3°=|P?[000100011
P20'10010010 P2l010010010
P210100001101 P21000001101
| P21000100011 [ P2001011000 ]|

Direct computation shows that the genus of the components of the discriminant
associated to non-Abelian gauge group factors are all zero in these examples.

e [Ey: we can identify O(Sy) = (’)X;]::2 (1,—1,0,0,1,0,0) as a good choice of zero section.
The gauge group is G = SU(2) x U(1)3, containing ny = 1 tensor multiplets, ny = 6
vector multiplets and ny = 250 hyper multiplets. Among these hyper multiplets,
there are 22 SU(2) doublets and 179 SU(2) singlets charged under the U(1)s. The
generators of the rank 3 Mordell-Weil group can be taken to be OXEQ (0,0,-1,1,1,0,0),

0,5, (~1,1,0,0,0,0,0) and O z,(0,1,0,0 — 1,0, 1).
3 3

e [E3: we can identify O(Sy) = O 23 (0,—1,0,0,1,0,1) as a good choice of zero section.
3

The gauge and matter content is the same as Es. The generators of the Mordell-

Weil group can be taken to be O, &; (0,0,—1,0,1,1,0), O,r;(0,0,0,-1,1,0,1) and
3

0.,x,(0,1,1,0,—1,0,0).

E3
X3

X33
e [E4: is a non-flat fibration.

e [E5: we can identify O(Sp) = (’)XE5 (0,—1,0,0,1,1,0) as a good choice of zero section.
The gauge group is G = SU(2) x U(1)3, containing ny = 1 tensor multiplets, ny = 6
vector multiplets and ng = 250 hyper multiplets. Among these hyper multiplets,
there are 28 SU(2) doublets and 167 SU(2) singlets charged under the U(1)s. The

generators of the Mordell-Weil group can be taken to be O ks (-1,0,0,0,1,0,1),
3
0455(0,0,1,1,0,1,0) and 0=, (1,1,0,0,~1,0,0).

e Eg: we can identify O(Sp) = OX:;EG (—=1,0,0,0,0,1,0) as a good choice of zero section.
The gauge group is G = SU(2)? x U(1)3, containing ny = 0 tensor multiplets, ny = 9
vector multiplets and ny = 282 hyper multiplets. Among these hyper multiplets,
there is 1 bi-doublets, 40 doublets and 171 SU(2) singlets that are charged under
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Ei: U(1)4

ny =4, np=1, ng = 248

~
Eg Eo: SU(2) x U(1)?
non-flat fiber ny =6, np =1, nyg = 250
Es: SU(2) x U(1)4 Es: SU(2) x U(1)3

5D M-theory Limit

ny =7, nr =0, nyg =280 ny =6, nr =1, ng = 250
with
\ nEf:’D) =6, nE;':;D) =27 /
E; E,
non-flat fiber non-flat fiber
N\ /
Eg: SU(2)? x U(1)? Es: SU(2) x U(1)?
ny =9 nr =0, nyg =282 ny =6, np =1, ng = 250

Figure 7. F-theory models in 6D with the same 5D M-theory limit where n%,SD) =6 and nSD) =27.

the U(1) factors. The generators of the Mordell-Weil group can be taken to be
(’)Xg:6 (0,0,-1,0,0,1,1), OX§6(0,0,0,0, —1,1,1) and (’)Xg:G(l,O,O,O, 1,-1,0).

e [E;: is a non-flat fibration.

e Eg: we can identify O(Sy) = (’)ngs (0,—1,0,1,0,0,1) as a good choice of zero sec-
tion. The gauge group is G = SU(2) x U(1)%, containing ny = 0 tensor multiplets,
ny = 7 vector multiplets and nyg = 280 hyper multiplets. Among these hyper mul-
tiplets, there are 22 SU(2) doublets and 209 SU(2) singlets that are charged under
the U(1) factors. The generators of the rank 4 Mordell-Weil group can be taken
to be Oxgg(o,—l,l,0,0,0,0), OXgZS(—l,O,O,].,O,O,O), (’)ng::g(l,0,0,—l,O,l,O) and

OX;EB (0,0,1,0,—1,0,1).
e [Eg: is a non-flat fibration.

The gravitational and non-Abelian anomaly cancellation conditions hold for all the six
effective theories (arising from flat fibrations). The nine 6-dimensional F-theory models
we have described in this subsection share the same M-theory limit in 5-dimensions with
n&fD) =0, n(H5D) = 27. These results are summarized in figure 7.

In the discussions so far, we have not gone into details in the cases of fibrations which

are not flat. For the rest of this section we will give several comments on the geometry of

— 95—



non-flat fibrations, based on one of the explicit examples above:

[P11110000000]
Pll001100000
P2/001011000

X3t =|P2000100011] . (3.52)

P2/010010010

P2l000001101

P2100100100]

To begin with, from the first column of the configuration matrix, one can immediately see
that there exists a point in the P? base, the fiber over which is two-dimensional. Explicitly,
defining the polynomial associated to the first column as P; = x1 op1(x7) + z1,1p2(x7), the
fiber is non-flat above the unique point given by the intersection of the two linear functions
p1 = p2 = 0 in the base P2.

Such a non-flat fiber is, in particular, itself a divisor, and is defined by vanishing of the
global holomorphic section of O B4 (—1,0,0,0,0,0,1) (see appendix A of [1] for a detailed
analysis). Even in the presence of a non-flat fiber, however, one may still proceed to find
sections to the genus-one fibration and can confirm that the following line bundles,

OXE‘l (SO) = OX,]§4 (17 07 17 07 _17 07 0) )

(’)X§4(5’1) OX§4 (0,—1,1,0,0,0,0),
(’)X§4(5’2) = (’)Xg:4(0, -1,0,1,0,0,1), (5.5
OXE‘*(S?’) = 0X§4(0,1,—1,0,1,0,0),
OX§4(S4) = OX§4(0,1,—1,0,0,1,0),
OX§4(S5) = (’)X§:4(0,0,0,—1,1,1,0),
correspond to smooth, rational sections, which we denote as oqg, 01, - , 05, respectively.

When naively applied with respect to the zero section og, the usual section arithmetic [65, 75]
leads to a general integer combination of the form,

5 7
Div(> laoa) ~ > Bidi, (3.54)
a=1 i=1

where the coefficients §; are given in terms of the [, as
Br=1—1l1 —lp—1l3—14—15,
B2 =—l1 —la+ 13+ 14,
B3=1—1o—2l3—2l4—I5,

=15,
Ba =1l — 15 (3.55)
Bs=—14+1 + 1o+ 203+ 14+ 2l5,

Be =la+1s5,

Br = =31y + 313 — 6ly + Tlyly + 713 — 8l3 + 4lyl3 + ols + 813 — 5ly + 111y
+ 6loly + 101314 + 513 — 615 + 61115 + 6lals + 91315 + 61415 + 612 .
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The following two observations teach us that the section arithmetic must be modified in
the presence of a non-flat fiber. Firstly, non-effective putative sections can be generated
by (3.55): for instance, with (la)f;:1 = (0,0,1,—1,0), one obtains the associated line bundle,
@ B4 (1,0,1,0,0,—1,0), whose bundle valued cohomology is computed as

h*(X3,0 r,(1,0,1,0,0,—1,0)) = (0,0,0,0) . (3.56)

Ey
X3

Secondly, via (3.55) one can generate putative sections that are a true sections with a
vertical-divisor piece attached. For instance, with (la)2:1 =(2,—1,0,1,—1), one obtains the

putative section class, O B4 (0,0,1,0,—1,0, 1), which proves, using the techniques developed
in [1], to be the zero section (~ OX§4(1, 0,1,0,—1,0,0)) attached to the non-flat divisor
(~ OX13E4(—1,0,0,0,0,0, 1)).

With these observations, one must first recall that the arithmetic being used here was
proven in [75] under the assumption that the blow-up divisors do not contribute. Such
an assumption was motivated by the consistency of F-theory effective theories. In the
presence of a non-flat fiber, on the other hand, we have just learnt that a modification to
this arithmetic is necessary. In particular, it is interesting to note that in the second case
above the naive application of the usual rules has lead to a true section, up to a shift by
the non-flat fiber class.

Independently of discussions on section arithmetic, it is worth mentioning that in all of
the non-flat examples we have analyzed, a naive application of the Picard lattice decom-
position of Shioda-Tate-Wagzir gives rise to a six-dimensional spectrum that is completely
free of (non-Abelian) gauge and gravitational anomalies. To be specific, we note that
the anomalies are apparently satisfied when the number of Abelian vector multiplets is
identified as the (potential) rank of the Mordell-Weil group obtained by naively applying
the Tate-Shioda-Wazir theorem to the non-flat fibration. It should also be emphasized that
the ngf,Odimm in (3.4) appears to require contributions not only from nodes but also from
“tacnodes” of the I; locus (see appendix A for the description of tacnodes).

Section arithmetic, as well as the Shioda-Tate-Wagzir decomposition structure, in the
presence of a non-flat fiber provides an interesting topic for further investigation. We leave
a careful study of the geometry and the physics of such non-flat fibrations to future work.

4 Multiple fibrations and heterotic/F-theory duality

In the following sections we will briefly outline some of the dualities and relationships
between theories that can be understood through heterotic/F-theory duality in the presence
of multiple fibrations. To begin, compactifications of the heterotic string and F-theory are
believed to be dual whenever the underlying geometries of the two theories take the form

Heterotic on 7, : X, E, B,_1 ¢ F-theory on 7;:Y,41 K3 B,_1 (4.1)

where X, is an elliptically fibered (with section) CY n-fold and Y,4; is a compatibly
K3 and elliptically fibered (both with section) CY n + 1-fold. This correspondence is an
adiabatic extension of an 8-dimensional duality [2] (i.e. heterotic theory compactified on T2

—97 —



related to F-theory on a K3 surface), fibered over a shared base manifold B,,—; to obtain
lower-dimensional dualities.

As has been recently noted [76], heterotic/F-theory duality is one form of a weakly
coupled limit of F-theory (similar to so-called Sen limits [11-15] which connect F-theory
to weakly coupled Type IIB orientifold theories and even more general weakly coupled
limits of the theory [16, 76]). The universal framework for discussing such a duality is the
notion of a semi-stable degeneration [76, 77], in which the CY manifold degenerates from a
smooth manifold into a fiber product of two log Calabi- Yau varieties, M1, Ma, glued along
a common effective divisor, D C M;, i = 1,2:

Yn+1 — My Up My . (42)

A log Calabi-Yau variety is defined to be a pair (M, D) where M is a variety and D C M
an effective divisor with Ky py = Ky + D trivial (i.e. vanishing log canonical class). Such
a variety admits a unique (n + 1,0)-form which is holomorphic on M\ D and has at most
logarithmic poles along D, whose residue is the holomorphic n-form on D. In general the
fiber product in (4.2) is a singular variety which can be deformed back into a CY manifold
by the smoothing theorem of [78].

The canonical example of such a degeneration is the well-known stable degeneration
limit [29, 30, 33] of heterotic/F-theory duality in which the F-theory geometry Y41 in (4.1)
degenerates as in (4.2). In this limit the log-CY “halves” of Y;,1; take the form of fibered
(n 4+ 1)-folds, m; : M; — B,_1 with fibers given by rationally elliptically fibered surfaces
(commonly referred to as a dPy surface in the physics literature). Here the (n + 1)-folds
M; are not themselves Calabi-Yau manifolds, but the divisor upon which they are glued
(as in (4.2)) is Calabi-Yau. In fact, here D is simply the CY n-fold, X,, — the heterotic
compactification geometry in (4.1). Moreover, in the stable degeneration limit, the geometric
moduli of M7, My correspond to the moduli of the pair of slope-stable, holomorphic bundles
(with structure group embedded into Eg x Eg) appearing in the heterotic compactification
(see [33, 79, 80] for reviews). To understand the results of the following sections, it will be
useful to briefly review here some of aspects of this standard correspondence to remind the
reader of several key geometric features of this duality.

First, the fibration structures in (4.1) can be written even more explicitly. The paired
heterotic/F-theory geometries given in (4.1) involves both elliptic and K3 fibered manifolds.
In particular, the F-theory geometry, Y, 11 must be compatibly K3 and elliptically fibered.
The requirement of these two fibration structures implies further that Y, ;1 be elliptically
fibered over a complex n-dimensional base, B, which is in turn rationally fibered:

E
Yor1 — By
K3 l l P! (4.3)
anl <;> anl
The existence of a section in any two of the non-trivial fibrations above is enough to guarantee

1
the existence of a section in the third fibration (i.e. if B, L Bp_1 and Y11 £> B,, both
admit sections then so does the fibration Y, ﬂ B,_1).
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For heterotic/F-theory duality then, there are three possibilities that are immediately
relevant in the context of multiple fibrations in the F-theory CY geometry, Y, 11:

1. Case 1: Y, 1 admits multiple K3 fibrations which share an elliptic fibration. In order
for this to occur the nested fibration structure in (4.3) implies that B,,, must admit
multiple rational (i.e. P!) fibrations:

B (4.4)

!
n—1*

with p: B, =+ B,_1 and p' : B, — B
depends only on the structure of the elliptic fibration 7y : Y,,41 — B, it is clear that the

Since the effective physics of F-theory

theory does not change depending on “which way up” the base B,, is oriented in (4.4).
However, clearly the construction of the dual heterotic theory is markedly different
(i.e., different base manifolds B,—1 in (4.1) and different semi-stable degenerations as
in (4.2)). In this case we see that in order for heterotic/F-theory duality to hold there
must exist a further heterotic/heterotic correspondence between compactifications on
two different CY geometries (with vector bundles over them),

i Xy — By and  w: X, — Bl_q, (4.5)
which yield the same effective theory. In this case we see that the multiple fibration
structure of Y, 11 yields a true string duality in the usual sense.

2. Case 2: Y 41 admits multiple K3 fibrations with distinct elliptic fibrations. In this
case we are once again led to multiple heterotic geometries as in (4.5), but if the
condition of a shared elliptic fiber to the two K3 surfaces is dropped, the effective
physics for each choice of fibration can be different. This is similar to the examples
encountered in F-/M-theory correspondence in section 3. As in those examples, the
expectation is that the related heterotic geometries (as in (4.5)) and the F-theory
vacua (corresponding to the two choices of elliptic fibration) will all lead to the same
effective physics upon a circle reduction and Higgsing in one dimension lower. In
this case, we see not a duality of theories, but a correspondence leading to a shared
Coulomb branch in a lower dimensional theory. This correspondence includes a shared
region of moduli space and the structure of the common lower dimensional theory can
yield important insights into the distinct higher dimensional theories. See [44, 81-83]
for useful tools in such uplifts of M-/F-theory in 5(6)- and 3(4)-dimensions.

At the level of the effective theory, the dimensional reduction and shared Coulomb
branch of these theories is the same as that analyzed in section 3. As a result, we will
not further explore such correspondences in this section.
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Case || K3 Fibration | Elliptic Fibration
1 distinct shared
2 distinct distinct
3 shared distinct

Table 1. Three different Cases for the multiple nested-fibration structures of the K3 and elliptic
fibrations that can be found within a Calabi-Yau manifold. Such multiple fibrations lead to
novel links between various effective theories via either heterotic/F-theory duality or F-/M-theory
correspondence.

3. Case 3: Y 41 admits only one K3 fibration with multiple elliptic fibrations. In this
case the geometry takes the form

Yo (4.6)
PN
Bn B/TL
P! P!
Bn—l

The dual heterotic geometry must be a Calabi-Yau n-fold which is elliptically fibered
over B,_1 but in general the two “orientations” of the elliptic fibration (and hence
the two different P! bases to that elliptic fibration) correspond to distinct weakly
coupled limits of the F-theory geometry. As a result, the dual heterotic theories
will be different, but clearly connected in a broader moduli space. In addition, it is
important to note that these different heterotic theories will be defined over the same
compactification CY geometry, mp : X — Bp_1.

See table 1 for a summary of the fibration structures in the above three cases.

In the following subsections we will explore each of the possibilities above in various
dimensions. In each it is important to realize that in determining the heterotic/F-theory
dual theories, the notion of a weak coupling limit implicit in a semi-stable degeneration is
characterized by two limits in the dual geometries. In the heterotic theory, we require the
limit of large volume of X,, and weak coupling and in the F-theory geometry this corresponds
to a limit in which semi-stable degeneration occurs as in (4.2) and the volume of the P
fiber in p : B,, — Bp—1 (which is related to the heterotic dilaton under the duality [29, 30])
is also taken to the appropriate limit. In the situation where the CY geometry admits
multiple fibrations as described above it is clear that the semi-stable degenerations and the
role of the heterotic dilaton will, in general, differ for distinct choices of fibration. Thus,
it should be expected that these correspondences should generically involve relationships
between perturbative and non-perturbative degrees of freedom in the theory and different
values of the heterotic coupling. These possibilities will be concretely illustrated in the
following subsections.

As a final observation, it should be noted in the context of this work that heterotic/F-

theory duality has proven to be a rich framework in which to explore the possible vacua of
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heterotic and F-theory compactifications. Far from being a rare occurrence within known
constructions of CY manifolds, the fibration structures in (4.1) seem in fact to be generic (see
section 2 and [1] for a discussion). Moreover, since it is known (in 8-, 6- and 4-dimensions)
that the number of distinct classes of heterotic compactifications over elliptically fibered
manifolds is finite [80], heterotic/F-theory duality presents a well-constrained framework
with which to explore the effective theories. This has been employed in [80, 84, 85] to
characterize and bound degrees of freedom in both heterotic and F-theory compactifications.
We will further explore such constraints in section 4.3.3. In addition, heterotic/F-theory
duality has recently shed further light on U(1)’s and discrete symmetries in F-theory [86-88].

To explore the effects of multiple fibrations in heterotic/F-theory duality we will consider
8-, 6- and 4-dimensional compactifications in turn and see that multiple fibrations can play
a role in a number of correspondences — some well-known string dualities and some novel
relationships.

4.1 Heterotic/F-theory duality in 8-dimensions and T-duality

The duality between the Eg x Eg heterotic string and F-theory in 8-dimensions played a
fundamental role in initially defining F-theory itself [2]. As we will see below, the dual
8-dimensional theories provide one of the simplest contexts in which the role of multiple
fibrations and string dualities can be completely described.

In the 8-dimensional theory we consider the heterotic string (either Eg x Eg or SO(32))
compactified on a two torus, T2, and F-theory as defined by an elliptically fibered K3
manifold:

Heterotic on 7% < F-theory on 7y : K3 2, pt (4.7)

Phrased in the language of log-semi-stable degenerations given above, the possible dualities
available to F-theory in 8-dimensions are remarkably constrained. As shown in [89], a K3
surface admits only two classes of the log semi-stable degenerations. The first is the usual
“stable degeneration limit” [33] to the weakly coupled Eg x Eg heterotic theory. This takes
the form of the limit described above in which the K3 surface degenerates as a fiber product
of two rationally elliptically fibered surfaces

K3 — dPy Ur2 dPy (4.8)

glued along a torus (the heterotic compactification geometry). In 8-dimensions, the only
other log semi-stable degeneration limit is of the form

K3 — My Up2 My (4.9)

where My, My are rationally fibered surfaces (the generic fiber to the degenerate geometry
in (4.9) is two smooth rational curves meeting in two points [89]). As shown in [89] this
limit corresponds to the SO(32) heterotic string and is essentially the only other distinct
log semi-stable degeneration of a K3 surface (see [76] for a discussion).

In the context of this work, an important observation was made by Candelas and Skarke
in [34] where it was noted that these two limits can be thought of as two elliptic fibrations
of the same K3 surface. Note that this is an example of “Case 3” fibration structure in
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table 1, as depicted by (4.6), where in this simple geometry the base B, is a point. A
simple toric realization was provided in [34].

In terms of the toric data,* the dual polyhedron A* for the geometry in question is
determined by the convex hull of the following lattice points in N ~ Z3,

(1,0,0), (0,1,0), (-2,-3,6), (—2,—3,—6). (4.10)

The corresponding K3 surface has a Picard lattice of rank 18, with two moduli appearing
as embedding (i.e., complex structure) moduli for the given toric realization. The fiber
associated to the Eg x Eg theory is the standard “Weierstrass” [Py 2 3[6] fiber, realized by
the convex hull of the points,

(1,0,0), (0,1,0), (—2,-3,0). (4.11)

In this case the two (dPy) “halves” of the K3 and the appropriate stable degeneration limit
of (4.8) can be identified from the halves of the polyhedron divided by the triangle in (4.11).
Each half is an Fg “top” in the notation of [34, 37, 91] and corresponds to an extended
Dynkin Diagram of Eg (i.e., the resolution of an Eg x FEg singularity).

The second elliptic fibration is described by the convex hull of the points,

(0,1,0), (0,—1,-2), (0,-1,2). (4.12)

This triangle is dual to the Newton polyhedron of Py 1 2[4]. This fiber type is compatible with
the existence of two sections to this elliptic fibration as required for the SO(32) theory [92]
(note that in addition to the zero section, the second section in this case is a torsion element
of the Mordell-Weil group). Here the decomposition in (4.9) is asymmetric and this can be
seen by the way that the triangle in (4.12) divides the divisors: one side consists of a single
point, while the other side contains 17 divisors filling out the extended Dynkin diagram of
SO(32) (see [34] for further details). The polyhedron with the two elliptic fiber “triangles”
highlighted is shown in figure 8.

In this simple case the fact the two fibers are respresentative of Eg x Eg and SO(32)
heterotic theories provides a simple link between interchanging two elliptic fibrations and
string dualities. It is well known that the Eg x Eg and SO(32) heterotic theories can be
related to each other by T-duality whenever the compactification geometry includes a circle
factor. Thus, by dimensionally reducing both sides of these heterotic/F-theory dual pairs
on S' (and choosing appropriate Wilson lines), it is clear in this case that fiber orientation
and T-duality must correspond.

Indeed, one can go further and note that in this case since the heterotic geometry of
T2 is topologically S* x S!, it should be possible to understand the two limits of the theory
even in 8-dimensions. It is helpful to recall the steps leading to a correspondence between
the two heterotic theories in the case of compactification on S!: 1) First, beginning at a
general point in the moduli space of the SO(32) theory, Wilson lines can be chosen to break
the symmetry group to SO(16) x SO(16). 2) Considering SO(32) theory with large radius

4Readers are kindly referred to [90] for an introduction to toric geometry.
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Figure 8. A toric polyhedron from [34] that can be used to define a K3 manifold with rk(Pic(X)) =
18 as a toric hypersurface. As noted in [34] this polyhedron admits two distinct elliptic fibrations.
The two fibrations of the manifold can be viewed as the resolutions of singular varieties with gauge
group Fg x Eg and SO(32), respectively. The highlighted triangles represent the two elliptic fibers.

for the S!, one can let 7 — 1/r. This leads in the T-dual description to an Eg x Eg theory
with SO(16) x SO(16) symmetry. 3) In the Eg x Fg theory, one can continuously deform
the Wilson lines to return to a generic point in the moduli space of the Eg x Eg theory. It
is really the second step which is crucial to understand the duality and this argument can
be applied to the heterotic theory on an n-torus, 7™ [93].

In the context of the concrete geometry given above, these two, T-dual limits can be
understood using the criteria of Kollar [38] discussed in section 2. An application of the
criteria, as outlined in Conjecture 1 in section 2, shows that there are two fibrations and
hence, two divisors D1, Dy capable of describing the P! bases of the two elliptic fibration.?
In the F-theory geometry then, the T-duality of the heterotic theory can be manifested as
an interchange of these base P's and and hence, the elliptic fibrations. That is,

Heterotic: SO(32) O By x By & F-theory: Dy 29%p,  (4.13)

The fact that there are manifestly two elliptic fibrations in this K3 surface is a confirmation
of the known/simple structure of the 8-dimensional effective theories theory (and the log-
semi-stable degenerations mentioned in the previous subsection). In general, it is possible for
CY n-folds to admit many more than two fibrations and the corresponding string dualities
in consideration must necessarily be more complex. We turn now to these lower dimensional
theories.

SNote that for K3 surfaces with high rank Picard lattices, there can be many fibrations. See for
example, [94] for tools to systematically find all such fibrations and [95] for more general (U-duality)
correspondences possible in 8- (and lower) dimensions.
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4.2 Multiple fibrations and 6-dimensional theories

In 6-dimensions multiple fibrations can begin to play an even more non-trivial role. Unlike
K3 surfaces, for CY 3-folds, the existence of a fibration structure (i.e., E- or K 3-fibration)
is a topological invariant [38] and cannot change under infinitesimal deformations of the
geometry. We will briefly review here a few of the canonical 6-dimensional dualities and
their relationship to fibration structures. It should be noted that many of the observations
about heterotic/F-theory duality can be extended/linked to heterotic/Type ITA duality in
4-dimensions. For the sake of brevity we focus only on the F-theory description here and
leave the logical extensions of these results to Type IIA dualities implicit.

4.2.1 Heterotic Fs x Eg and SO(32) duality

To begin simply, it is clear that having established the 8-dimensional duality described in
the previous subsection, this can be fibered over a shared base manifold P! to provide a
6-dimensional example of the “Case 3” correspondence of fibrations in table 1. It is well
known that an elliptically fibered CY 3-fold in Weierstrass form over the base Fy:

TF I}/3—>F4 (4.14)

is generically singular with a non-Higgsable SO(8) symmetry [30]. This geometry can be
dual to either the SO(32) (with instanton number 24) or the Eg x Eg theory (with instanton
embedding (8,16)). The Weierstrass model in (4.14) can be tuned to become still more
singular, ranging over possible subgroups of each theory. In the case of resolution of such a
geometry (including the generic SO(8) singularity) we expect that the K3 fiber of Y3 will
admit more than one elliptic fibration as described above. With this expected adiabatic
realization of the familiar dual theories in hand, we turn next to a correspondence that
cannot be realized in the 8-dimensional theory.

4.2.2 Heterotic/heterotic duality and the dual F-theory geometry

One of the most well established and understood examples of a 6-dimensional duality is the
detailed heterotic/heterotic correspondence discovered by Duff, Minasian, and Witten in [35].
There it was observed that the Eg x Eg heterotic theory compactified on a K3 surface
with G;-bundles, V; — K3 (i = 1,2) chosen such that G; C Eg and c2(V7) = co(V2) = 12
(the so-called “symmetric embedding”) admits a self-duality. This duality not only inverts
the gauge coupling and dualizes the antisymmetric tensor, but also acts non-trivially on
hypermultiplets and relates perturbative and non-perturbative gauge sectors of the heterotic
theory [35].

The relationship of this remarkable duality to F-theory was realized immediately [29]
and in particular, it was observed in [29, 96] that the existence of the two dual heterotic
theories on K3 implied that each heterotic theory must give rise to an F-theory dual — and
that, in fact, this could be understood as a single dual CY 3-fold geometry with multiple
fibrations. The requirement of a symmetric embedding of equal instantons into each Ejg factor
indicated that (under the usual heterotic/F-theory dictionary in 6-dimensions [29, 30, 97])
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the F-theory dual geometry should be
mp:Ys = Fo =P x P!, (4.15)

and the heterotic/heterotic duality of [35] could clearly be realized as two K3 fibrations of
the same CY 3-fold simply by choosing which P! in Fy to consider as part of the K3 fiber.
These two K3 fibrations clearly share an elliptic fibration and are a simple example of the
“Case 1”7 fibration structure in table 1.

To study multiple fibrations more generally, it will be useful to review several ob-
servations about the duality given above, first made in [29]. The dual theories must
involve an interchange of perturbative/non-perturbative origins for gauge fields in the dual
heterotic/F-theory geometries. This can be realized readily even in the simplest form of the
doubly-fibered theory. Consider a Weierstrass model

y? = 2% + fig5)(0,v)x + giz,12)(u, v) (4.16)

where u = (ug : u1) and v = (vg : v1) are homogeneous coordinates on PL x PL f ¢
HO (P! x IP’l,Kgf) and g € HY(P! x IP’l,Kgf) and Kp, = O(—2,—2). For general choices
of the complex structure moduli this Weierstrass model is smooth — corresponding to a
completely broken Eg x Eg symmetry in the dual heterotic theory. By tuning the complex
structure it is possible to consider larger unbroken symmetry groups in 6-dimensions. Let
us consider here the effect of such a tuning on both K3-fibrations: py : Y3 — IP)II1 and
pv : Y3 — PL_ where the two P! bases are defined by choosing a rational fiber /base in (4.15)
and (4.16).

To choose a heterotic dual, a base P! to the K 3-fibration is selected and the coefficients
of fs and g2 expanded with respect to such a basis. Let ug,u; be coordinates on the
fiber IP)} and vg,v; be coordinates on the base IP’; of By = Fy. Following the notation
of [29, 30, 97] consider the patch in Fy where ug = vg = 1 and expand f, g in (4.16) as

8

£l 10 (o) (4.17)
=0
12 ) )

g~ ulgd (v1) (4.18)
j=0

For this orientation of the P! fiber of By, it is possible to tune a non-abelian singularity
while keeping the dual heterotic K3 surface smooth. The argument that will follow can be
done for any symmetry G C Ejg, but here we will illustrate it for the simple example of Fr
symmetry. An F7 singularity in the fiber of Y3 requires (f, g) vanish to degrees (3,5) on a
divsior within By [46, 47]. This means that f, g take the form

Froudf 3 ) +udfD ) + (4.19)

g~ ug) (v1) +u$g\ (1) + ...

(i.e., all coefficients féi) and g%) with i < 3 and j < 5 are set to zero). For this choice, an
E; singularity is associated to a stack of 7-branes wrapping the IP% divisor, located at the

point u; = 0 in the P}.
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To read off the heterotic dual theory, a semi-stable degeneration limit must be identified
as in (4.2). In this case, the heterotic dual K3 surface (D in (4.2)) is determined by the
order 4,6 coefficients in f, g respectively [29, 30, 33]. The K3 Weierstrass model takes
the form,

V2= X3+ fP )X +¢\9 (v), (4.20)

with f§4) and gg) general polynomials over the base P! of the elliptically fibered K3 surface
7+ K3 — P! In this case, the heterotic dual theory would consist of a smooth K3
surface with a perturbatively realized E7 symmetry obtained from an SU(2) bundle on a
smooth K 3.

The tuning above is standard in heterotic/F-theory duality in 6-dimensions. However,
as noted in [29] a more interesting observation is possible if the roles of fiber and base P*
in By are switched above while holding the complex structure fixed. Under this exchange,
the elliptic fibration of Y3 is unchanged, and thus, the 6-dimensional F-theory effective
theory is still manifestly the same (i.e., non-Abelian E7 symmetry). However, exchanging
the two P's in (4.19) clearly changes which divisor D serves as the dual K3 surface in the
stable degeneration limit of (4.2). Upon interchanging of the roles of the P's, we have a
new expansion (again, without changing the complex structure in (4.16)):

8
F Y 0l i (w), (4.21)
1=0
g~ 0l (u) . (4.22)
§=0

With the tuning given above, it is possible to once again read off the coeflicients, fé4)
and gg), which will form the coefficients of the new dual K3 surface. With the complex

structure fixed as described, the heterotic geometry takes the form,
Y2 = X3 4 (a3l + aqui + .. )X + (bsul + bgub +...), (4.23)

with a;,b; constants. Rather than the general K3 Weierstrass model of (4.20), here we
see that choice of the tuned complex structure for Y3 in (4.19) has forced the dual K3
to be singular for this choice of fibration in Y3. Moreover, the form of the singularity
is exactly an E7 type singularity, as expected. Thus, the interchanging of fibrations in
Y3 results in changing the gauge symmetry from one with a perturbative origin to a non-
perturbative origin in the dual heterotic theory. This was illustrated above for F7 symmetry
but an analagous calculation can be obtained for any tuning of a G-type singularity in
the Weierstrass model (4.17) over P! x PL. As a final note, it was demonstrated in [93]
that the heterotic/heterotic duality of [35] was once more related to T-duality and that
the non-perturbative physics described by the singular K3 surface described above could
be understood in the context of SO(32) small instantons on the singular K3. Unlike the
example of the previous subsection, in this case the bundle with structure group in SO(32)
satisfies c2(V) = 12 (and the symmetric, (12,12) embedding in the Eg x Eg theory).
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Another confirmation [29] that the duality of [35] is realized by interchanging the K3
fibrations in Y3 can be seen by inspection of the heterotic coupling and its image under
heterotic/F-theory duality. As explained in [29, 30], given F-theory on 7y : Y3 — F,,, the
heterotic string coupling in the 6-dimensional theory is mapped to the following ratio of
the volumes of the P! base and fiber of F,,:

2 (4.24)
ky
where k; and ky denote the volumes of the two PYs. Thus, it is clear that the interchange
of the two K3 fibrations in 7y : Y3 — P! x P! (i.e. ky <> k) corresponds to an inversion of
the heterotic coupling, exactly as expected. In summary, the heterotic/heterotic duality in
6-dimensions of [35] is manifested in the simple case of By = Fy as the interchange of K3
fibrations in the F-theory dual.

With this review in hand, there are several important generalizations of this idea
in 6-dimensions that can be studied. First, it can be readily seen by considering more
general CY 3-folds, Y3, that forms of the heterotic/heterotic duality of [35] can be realized
for geometries much more general than the Weierstrass form illustrated above in (4.16).
For example, geometries with multiple sections to the elliptic fibration will still obey the
principles described above. For example this complete intersection:

P11
P?|1 2
P11
P11

Y3 = (4.25)

is a smooth manifold 7y : Y3 — Fo with h!(Y3) = 4, h»!(Y3) = 50. In this case there are
two rational sections to the fibration (i.e. Tk MW = 1, see [1] for details), leading to a
dual heterotic K3 surface with an elliptic fibration that also admits two sections. Once
again, the interchange of the two K3 fibers leads to the same perturbative/non-perturbative
correspondence described above for non-Abelian gauge fields. However, the Abelian (i.e.
U(1)) gauge fields share an origin from reducible bundles in both the smooth and the
singular cases. This generalization can also involve the presence of Green-Schwarz massive
U(1) symmetries in the 6-dimensional theory [98, 99] and has been the subject of several
recent explorations in the context of heterotic/F-theory duality [86-88].

4.2.3 Example of non-perturbative heterotic/heterotic duality and its F-
theory dual

In view of the above results, it is natural to go further and ask whether or not there
are more general forms of multiple K3 fibrations in F-theory (with different bases to the
elliptic fibration, other than Fy) and whether they can lead to any generalizations of the
heterotic/heterotic duality. Beginning with K3 fibrations which share an elliptic fibration
(Case 1 in table 1) it is clear that we require a base By which admits more than one P!
fibration (as in (4.4)). For 6-dimensional heterotic/F-theory dual pairs that are purely
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perturbative in the heterotic theory® the only possible bases, By, are the Hirzebruch surfaces,
F,, [29]. Considering these first then, the only Hirzebruch surface that admits more than
one rational fibration is Fy = P! x P!, which we have already studied.

However, for more general rationally fibered surfaces, Bs, it is easy to see that there can
be more possibilities — corresponding to non-perturbative 6-dimensional theories [63, 100].
In terms of F-theory geometry, the difference between perturbative/non-perturbative het-
erotic dual theories is visible in the structure of the base By. The Hirzebruch surfaces are
P!-bundles over P! (i.e., with nowhere degenerate fiber). More general rationally fibered
surfaces fall under the category of P! fibrations rather than bundles (see for example, “conic
bundles” [101]), in which the P! fiber can degenerate over points in the base. Unlike elliptic
fibrations, the possible degenerations of P'-fibrations are quite simple and generally consist
only of a single P! becoming multiple P's over points in the base. One simple example of this
is the del Pezzo surfaces [101] which are rationally fibered for n > 0 (as are the “generalized
del Pezzo surfaces” [102]). For example, in addition to viewing dP, as P? blown-up at two
points, the surface can also be viewed as a single blow-up of dP; = F;.

The heterotic duals to F-theory on a blown-up Hirzebruch surface are well-understood
to include additional tensor multiplets in the 6-dimensional theory [30, 100, 103]. That is,
the effective theories include non-perturbative effects such as NS5 branes in the heterotic
theory (i.e., M5-branes along the S!/Zs interval direction in the language of heterotic
M-theory [104]). Anomaly cancellation in the heterotic theory is generalized in this case to

CQ(Vl) + 02(‘/2) +np =25 (4.26)

where np is the number of tensor multiplets. It is clear that as additional tensors are
included in the theory, the net instanton number of the two vector bundles over K3 must
decrease. The extremal situation (for a smooth K3) consists of 24 instantons (either
point-like [105, 106] or in the interval).

Let us consider such non-perturbative vacua in the context of heterotic/F-theory duality.
It is clear that F-theory on rationally fibered bases can generically involve more than one
choice of P! fibration. As an illustration, consider the following complete intersection
threefold with h':1(Y3) = 5 and h?1(Y3) = 43, described by:

[P0 0i1 1]
P2(0 0,1 2 P2[1 1
Ya= |P2[11/01|, Ba=dPy= |P'10]. (4.27)
P! 1010 P01
[ P10 111 0]

This manifold is a smooth fibration, 7y : Y3 — dP%». The elliptic fiber, described as a
Pl
P2(2
given by the unique global section O(—1,1,0,1,1) and a second rational section associated

degree-(1, 1) hypersurface in dP; = , admits two rational sections (a zero section

5I.e., a large volume, smooth K3 surface and only one tensor multiplet in the 6-dimensional effective
theory.
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to O(2,—1,1,3,3)) [1]. The divisors in Y3 are divided according to those pulled back from
the base and sections (in this case there are no other additional vertical divisors). Since
h11(Bs) = 3, and there are two rational sections: hb!(Y3) =5 = h'1(By) + 1+ tk MW as
expected from the Shioda-Tate-Wazir theorem [56-58].

For this complete intersection description of dP,, there are clearly two manifest ways
to view dP, as a P!-fibration over P!. The first is

P21 1
By =dP,= |P'10 |, (4.28)
P01
where the P! fiber is described as
P21 1 [ Pl)1
1
P = [P1]_0] ~ P11] , (4.29)

and the second is given by the equivalent configuration matrix with the last two P! rows
interchanged in (4.28). As a result the CY threefold in (4.27) once again inherits two
distinct K3-fibrations.

In this case, the heterotic/heterotic duality will exhibit a structure in some ways similar

¢

to that explored in the previous subsection. In general, once again the “weakly coupled”
heterotic limits of the K3-fibration will be different and can involve a shift between a
perturbative and non-perturbative origin of gauge fields. However, some features will differ.
For instance, the instanton numbers of the two bundles on the K3 surface need no longer
be equal (i.e., an asymmetric instanton embedding into Eg x Eg). In addition, the presence
of a 5-branes in the interval direction indicates that the number of tensor multiplets will be
ny > 1. The duality will act non-trivially not only on the hypermultiplets, but also on the
two tensor multiplets in the example above.

The link between the heterotic coupling and the possible tensor multiplets in F-theory
can be more complicated than the map (4.24), derived in the case of np = 1. However, a
logical conjecture is that as in the perturbative theory, the heterotic coupling is fixed by
the F-theory geometry to be

(P}
=20 ., YO (Py)

. (4.30)
vol (IP’})
Applying this to the concrete geometry given in (4.27), for the first K3-fibration we have
28 t?
e P~ el (4.31)

where t!, 2, t3 are the Kéhler parameters of each P -hyperplane in the CICY base description
of By = dP; given above. Similarly, for the second fibration we find

2 t?
e "~ s (4.32)

Thus, the action of “interchanging” the two K 3-fibrations takes 2 <+ t3 and is not simply an
inversion of the coupling in this case (though it will clearly generically involve a strong/weak
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coupling correspondence). The validity of the formulae above can be tested by considering
the blown-down limit in which dP, — F;. In this case, this is realized by

P21 1 P2y

dPQZ ]P)l 10 —>F1: 1 s (433)
ST Pl
P01

which can be obtained by sending the volume of either the first or second ambient P! to
zero. In the case of the first K3 fiber then, we see that the limit back to the perturbative
heterotic theory can be taken by considering t?> — 0 which leads to exactly the form expected
by (4.24). Explicitly this sends (4.30) to

ﬁ _S+E  wol(P})
B vol(IP’})

(4.34)

in the usual notation of F; with S = -1, S- F =1 and E? = 0 (with S and S + E both
corresponding to sections and F to the fiber class of Fy). Likewise the second K3 fibration,
(obtained by interchanging ¢?> and %) also limits correctly to the case of F; realized by
sending 3 — 0.

From the above it can be seen that for some geometries with ny > 1, the F-theory
compactification can correspond to a Calabi-Yau threefold with dozens of K 3-fibrations,
corresponding to various non-perturbative dualities of the form described above. It would
be intriguing to characterize these more systematically in the future.

4.2.4 Mirror symmetry and heterotic/F-theory duality

It is worth observing briefly that the dualities described above — including the interchange
of perturbative/non-perturbative sectors under heterotic/heterotic duality — share many
similarities with features of mirror symmetry [107] as it appears in 6-dimensional heterotic/F-
theory dual pairs (or equivalently 4-dimensional heterotic/Type ITA pairs). It has been
conjectured (see e.g. [106, 108, 109]) that if a CY 3-fold is K3-fibered, its mirror must also
admit a K3-fibration (see [106] for some evidence of this fact in heterotic/TypellA duality)
and one can construct the following links:

Heterotic ~ F-theory

K3 & Ys
I I . (4.35)
mirror
K3 & Y

This has lead to interesting observations regarding the expectation for the heterotic
theories connected by mirror symmetry of a CY 3-fold [108]: the dual heterotic theories
to the mirror pair of threefolds are expected to exchange a gauge background consisting
of a smooth vector bundle and K3 surface with one on a singular K3 surface involving
non-perturbative gauge fields. This is reminiscent of the correspondences seen in the
previous sections.
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Moreover, mirror symmetry and T-duality once again appear in the context of N' = 2
Type ITA compactifications where it has been observed that given a mirror pair of CY 3-folds
(M3, W3) will lead to the same effective theory upon reducing on an S* to three-dimensions
— the same type of relationship seen in the previous sections.

If it is true that the mirror of a K3-fibered CY 3-fold is also K3-fibered this raises an
interesting possibility concerning multiple fibrations and mirror symmetry (see also [110]).
If a generic CY 3-fold admits multiple K3 fibrations (see [23, 28] for explorations of
K3-fibrations in known datasets of CY n-folds) we propose the following conjecture:

Conjecture: Calabi- Yau three-folds in a mirror pair admit the same number of K3 fibrations.

Such a geometric conjecture would lead to an important topic of future exploration and
could yield further insight into the dataset of Calabi-Yau three-folds as well as string
dualities.

4.3 Multiple fibrations and 4-dimensional theories

In what follows, we turn to heterotic/F-theory duality in 4-dimensions and highlight ways
that multiple fibrations can provide new windows into the structure of the N/ = 1 effective
theories in 4-dimensions.

Heterotic/F-theory duality in 4-dimensions is best understood in the case that both the
CY 3- and CY 4-fold geometries are in minimal (Weierstrass) form with a single holomorphic
section. We will restrict ourselves to the case of a heterotic theory without 5-branes and in
which the holomorphic vector bundles are irreducible, and will briefly review the geometric
correspondences below. By the required fibration structure of the CY 4-fold (4.3), the
base Bz must be P!-fibered. As in the case of the Hirzebruch surfaces in the 6-dimensional
theory, the simplest class of geometries will correspond to bases that are P! bundles over
Bs. As in [33], such a bundle can be defined as the projectivization of two line bundles,

By =P(O®L), (4.36)

where O is the trivial bundle and L is a general line bundle on Bs. In this case the topology
of Bs is completely fixed by the choice of line bundle £. More precisely, it is fixed by the
so-called “twist”of the rational fibration which is determined by a (1, 1)-form, T, on By —
corresponding to ¢1(£). It is the twist which allows for a geometric matching of the degrees
of freedom in the 4-dimensional heterotic/F-theory dual pairs.
In the Eg x Eg heterotic theory, the topology of the bundles V; (i = 1,2) can be
decomposed as
c2(Vi) = mi Nwy + G s (4.37)

where 7; and (; are respectively (1,1)- and (2, 2)-forms pulled back from By, and wy is the

(1,1)-form dual to the zero section of 7 : X3 =, B,. For any CY 3-fold in Weierstrass
form as described above, c2(TX3) = 12¢1(Ba) A wg + (c2(Bz) + 11e1(B2)?) [33]. Anomaly
cancellation then requires

Mo =6c1(B2) =T (4.38)

— 41 —



where T" is a (1, 1)-form on Bs. This choice of labels is not an accident and is indeed exactly
the “twist” introduced in the geometry of the F-theory base, Bs. The correspondence
between 7; and T" was explicitly made in the stable degeneration limit in [33] and generalized
in [45]. Note that the form of the geometry assumed — exactly one (holomorphic) section
and Weierstrass form for both X3 and Yy — is restrictive and natural extensions of this
geometric correspondence (including higher rank Mordell-Weil groups, multisections, etc.)
would be interesting to explore in future work. For now, we stay with the standard
correspondence and explore the consequences of multiple fibrations.

4.3.1 Adiabatic 4-dimensional realizations of higher dimensional dualities

To begin, we should note that all the dualities given above will have 4-dimensional realizations
obtained by fibering the higher-dimensional correspondences over a shared base manifold.
Briefly, this structure includes the following possibilities:

e As seen in previous sections the “Case 2” correspondence — Calabi-Yau 4-folds with
multiple K3 fibrations and distinct elliptic fibrations — will lead to a collection
of 4-dimensional heterotic F-theory dual pairs with very different effective theories.
However, as in section 3 this network of 4-dimensional theories will all lead to identical
3-dimensional theories upon reduction on a circle (and going to the Coulomb branch).
This is more than a shared branch to the paired theories. Since they are all described by
the complex structure moduli of a single CY 3-fold, these very distinct 4-dimensional
theories have a shared (infinitesimal) moduli space.

e The “Case 3” correspondence of a single K3 fibration with multiple elliptic fibrations
can once again play a role in SO(32) and Eg x Eg dual theories in 4-dimensions. In
4-dimesnsions it has been established [45] that the twist

T = 261(32) (439)

gives rise to the paired heterotic theories (the analog of the F4 base in F-theory in
6-dimensions). Once again, the generic symmetry of this CY 4-fold is SO(8).

e Lastly, the “Case 1”7 geometries — multiple K3 fibrations with a shared elliptic
fibration — are once again a rich playground for 4-dimensional heterotic/heterotic
correspondence.

Within the standard set-up of heterotic/F-theory duality described above, we will
consider first the case that each of the K3 and elliptic fibrations of Y, admits a section
and that the two fibrations are compatible (i.e., the K3 fiber is itself elliptically
fibered with section, etc.). This structure is summarized by the following diagram in
4-dimensions:
Y, —— By
K3 l l p! (4.40)

BQ<;>B2
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with the requirement of compatibility of the K3/elliptic fibrations and sections for
each. In the case of multiple fibrations in “Case 17, the base, B3, must admit more
than one rational (i.e. P') fibration.

B3
pl pl
p o
By B,

Examples of such bases are easy to observe in all known constructions of CY 4-folds.

(4.41)

As in the previous subsection, it is useful to begin with the heterotic theory in the
absence of 5-branes. This class of bases will correspond to the Hirzebruch surfaces in
6-dimensions and the multiple fibration structure in this case will be the analog of
the heterotic/heterotic duality of Duff, Minasian and Witten [35].

A class of 3-(complex) dimensional bases that are of this form are the “generalized
Hirzebruch” manifolds, sometimes denoted F,,,,x in the literature (see [108]). These
are P! bundles of the form described in (4.36) where the subscript denotes a twist of
T = nS + mFE over the Hirzebruch surface F;, (with $? = —k, S- E =1 and E? =0).

In this case, the analog of [35] and the base Fg = P! x P! explored in section 4.2.2 is
the threefold defined by the (m,0) twist over Fy or equivalently, the zero-twist over
IF,,. This 3-fold can be denoted:

Fo,0,m =~ Fom,0 = Fm.0,0 (4.42)

An inspection of the toric description of such a manifold yields immediately that

Bs3
pl pl
P o
F, F,,

both with section. As pointed out in [108], it is clear that as in the 6-dimensional corre-

(4.43)

spondence, these pairs will generically correspond to a perturbative/non-perturbative
interchange of gauge fields in a 4-dimensional heterotic/heterotic duality. The het-
erotic CY 3-fold Weierstrass models over Fg are generically smooth, while those over
F,, for m > 2 are generically singular [30]. Thus, a symmetry group realized by
a smooth bundle V — X3 and CY 3-fold, 7w : X3 — [y for one heterotic theory
(i.e., one K3-fibration) will correspond to gauge fields associated to singularities in
X% — F,,, in the other (i.e., the second K 3-fibration). As in section 4.2.3, the inclusion
of 5-branes in the heterotic theory will vastly extend the possible geometry of the
threefold bases Bs in (4.40) (see for example [111]).

4.3.2 Multiple elliptic fibrations in 4-dimensional heterotic compactifications

In NV = 1 compactifications to 4-dimensions, not only can we adiabatically fiber the
Heteterotic/F-theory dualities from previous sections over shared base manifolds, we also
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have a quantitatively new set of string dualities at our disposal. Perhaps the most interesting
of these involves the study of multiply-fibered Calabi-Yau threefolds as the base manifolds
of 4-dimensional heterotic compactifications. In particular, suppose that X is a CY 3-fold

X3
E E
i 7Tl
By B,

That is, it is genus-one fibered over two different base manifolds, = : X3 — By and

with the following form
(4.44)

7' . X3 — B). Several important observations must be made about the heterotic theory
in this case. First, the structure of the heterotic theory is completely independent of the
‘orientation’ of the heterotic fibration. That is, the massless states of the theory, the gauge
symmetry and couplings, a priori do not depend on the fibration structure of X3!
However, it is clear that under the heterotic/F-theory dictionary [33] described above,
the F-theory duals of the two possibillites in (4.44) can look very different. That is, in the
case that both fibrations in (4.44) admit a section, we have in principle two well-understood
F-theory duals, consisting of CY 4-folds with K3 fibers over the distinct base manifolds By

and B
, K3

B, v 2B (4.45)
These 4-folds will be potentially topologically distinct, with different G-flux backgrounds.
However, by the observation above, they must give rise to truly identical 4-dimensional
dual theories. This then, is a new example of string duality appearing in 4-dimensions
and it will be our goal here to briefly sketch some of the possible structure of Y; and Y.
It should be noted as well that for known datasets of CY 3-folds, the number of such
inequivalent genus-one fibrations can number in the dozens — implying that there can exist
vast networks of dual CY 4-folds whose effective theories can be linked. We will illustrate
this phenomenon for a pair of fibrations below.

In order to apply the standard maps of heterotic/F-theory duality [33], we will focus
here on the case where X3 is smooth and has no fibral divisors (i.e no blow-ups in the fiber).
In this case, h'''(X3) = R (B) + 1k MW + 1 for each of its fibrations. Having chosen a
given fibration, say, 7 in (4.44), we can divide the divisors into “horizontal” and “vertical”
types with respect to this choice:

Om @ sections to fibration 7: X - B (m=0...tk MW),

o o . (1.46)
D, : divisors pulled back from base B, as 7*(D,) (a=1...h""(B)).

The fact that a single threefold X3 is multiply elliptically fibered as in (4.44) means that
its topology can be expanded in a basis of forms dual to (4.46) in distinct ways. Focusing,
in particular, on cases with rk MW = 0, the second Chern class of a bundle in the Fg x Eg
theory, as described in (4.37), takes the form:

a(V)=nAwy+ =7 ANwy+¢". (4.47)
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This leads naturally to the twists over By and Bj,
n==6c1(B2)+T and 1 =6c1(By) +1T, (4.48)

and a natural question arises as to how T and T' are related. The divisors (equivalently
(1,1)-forms) on X3 are fixed and must be expanded as in (4.46) in two different ways,
related by an integral basis change. This schematically takes the form

o, Om
() () »

where My is an invertible matrix and A, Y run over the full range of h*!(X3). Note that
although the length of the vectors is fixed by h':}(X3) the fiber/base division in (4.46) can
be very different in By and Bj.

For a given example, this correspondence can be determined explicitly. Moreover, in
general the basis change Mys;, will be constrained by the topology of X3 itself. For simply
connected manifolds, Wall’s theorem [112] says that the diffeomorphism class of X3 is
determined by the collection of numbers,

{dqu; , C1 (X3) s C2(X3) s Cg(Xg) R hl’l(Xg) R h2’1(X3)} s (4.50)

where dpsy for A, X, ¥ =1,... A (X) are the triple intersection numbers of X3. But for
an elliptically fibered manifold with section (and no fibral divisors), the Chern class and
triple intersection numbers take a constrained form. See appendix B for a collection of such
useful results. In general these can be used to determine the relationship between T and T’
for any given example.

To illustrate this, for simplicity, we will consider an example in which there is a
single section o to each fibration. In this case, h''1(X3) = 1 + hY1(B) (with hbY(B) =
hbY(By) = hYY(BY)). Furthermore, the triple intersection numbers and links between
c2(TX) and ¢(Bzg) are highly constrained (see appendix B). It is clear however that some
bases could satisfy these conditions — including the Hirzebruch surfaces with h!(F,) = 2
and x(F,,) =4 for all n > 0. Simplifying still further, the heterotic/F-theory duality map is
most easily defined in the case that both fibrations are in fact holomorphic (rather than
merely rational). As we can see from the examples of previous sections, requiring both
fibrations to have exactly one holomorphic section and no fibral divisors is by no means
generic, however even this case can demonstrate some interesting possibilities.

In the constrained case of exactly one holomorphic section for each fibration, the triple
intersection numbers obey [33]:

doop = 1105 K" K" dooa = e K” (4.51)
doap = Nap dapy =0 (4.52)
where K are the coefficients in the expansion of the base canonical class, K = — [¢1(B2)] =

K aDg, and 7,5 = Dg . Dg are the double intersection numbers for the divisors on Bj.
For illustration, let us choose the two bases to be Hirzebruch surfaces, Bs = F,,, and
B, = F},. To avoid singular Weierstrass models that must be resolved (and added fibral
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divisors), we will restrict ourselves to the case when m, k < 2. In this case, it can readily
be observed that the equivalence of the intersection numbers in (4.51) for integral basis
changes fixes the choice of integers to k£ = 2 and m = 0. Then, many changes of basis
in (4.49) are possible. These include the following map from the description of X3 — Fy to
that of X3 — Fgl

ol 10 0 0
Wl=|01-1 hol (4.53)
i 00 1 f

with h2 = f2=0,h-f=1, 12 = -2 K- f =1, and f? = 0. Note that this solution is
purely a basis change within the Hirzebruch base itself, a fact that is not surprising since
Fyp and [Fy are infinitesimally close in moduli space [113]. For this choice, the twists (and
hence the F-theory geometry) are related as

TIE'Q :ah/+bf/ = T]Fo :ah_|_(b_a)f . (4‘54)

More novel possibilities that actually mix fiber/base descriptions include for example:

o 12 2 00
Wl=(o-11]|][n (4.55)
7 00 1)\ ¢

which yields (by choosing to look at the n = 6¢1(B) + T case)
Tp, =ah' +bf" & Tp,=—(a+24)h+ (b+24)f . (4.56)

It would be an intriguing prospect to construct such a duality explicitly for specific
bundles on a realistic CY 3-fold and construct the F-theory duals, including G-flux. It
has been observed [80, 114, 115] that in the context of heterotic/F-theory duality novel
solutions for G-flux (such as T-branes) depend on the decompositions such as (4.47). We
hope to explore such examples in future work.

4.3.3 Exploring the moduli space of stable bundles

It has recently been observed [80, 84, 85] that heterotic/F-theory duality in 4-dimensions
can provide a useful window into the allowed geometry of both heterotic and F-theory
compactifictions. In particular, it was noted that simple criteria in F-theory could help to
constrain how possible structure groups are linked to the topology of slope-stable vector
bundles over Calabi-Yau 3-folds. In the context of heterotic model building, the following
question is a notoriously difficult one, with few mathematical tools available to address it:

Given a CY 3-fold, X3, does there exist a stable bundle, V' — X3, with given rank, rk(V),
structure group, H C Eg, and total Chern class, ¢(V')?

In general, very little is known about the structure of the moduli space M x,(c(V)) of
semi-stable sheaves on X3 with fixed rank and total Chern class.

In [80], the singularity structure of Yy was used to link the form of 7 in (4.37) to
the structure group of V' — Xjs. In particular, the existence of generic (non-Higgsable)

— 46 —



H a in n>aci(Bs)
SU(n) n (n>2)
SO(7) 4
SO(m) & (m>38)
Sp(k) 2k (k> 2)

Fy 4

G 3

Eg 3

Er L

Eg 2

Table 2. Constraints on the “size” of 1 required for certain structure groups H of heterotic bundles
derived in [80, 84, 85]. Here, n > ac;(Bs) indicates that n — acy(B2) is an effective divisor on Bs.

symmetries on Yy provides a simple criteria for the triviality/vanishing of Mx,(c(V)).
Briefly, if a generic symmetry G (arising from singular fibers in Yj) cannot be Higgsed in
the 4-dimensional effective theory, it follows that for the given topology of the bundle (n
in (4.37)) there cannot exist a bundle with a structure group larger than H, the commutant
of G C Eg (i.e., in order to build a bundle with structure group H over the elliptically
fibered CY threefold, there is a minimum “size” for ). Table 2 gives a sample of such
constraints on 7 in the case of a dual 4-fold (without G-flux).

Importantly, these bounds involve only a part of the second Chern class of the bundle,
V (i.e., the twist T', or equivalently, 7 in (4.38)). In this context then, multiple fibrations to
the heterotic threefold play a remarkable role in that each fibration constrains a further
component of (V). A systematic exploration of the bounds on all possible 7,7's in the
context of (4.44) could provide information on the full c2(V') and a more complete view of
the moduli space of heterotic bundles. Information linking structure group (and further, the
zero-mode spectrum [80]) to the topology of a bundle would make the large scale systematic
searches [116-118] for phenomenologically relevant heterotic vacua dramatically simpler.

5 Conclusions and other dualities in diverse dimensions

In this work we have taken some first steps in an exploration of some of the rich duality
structures that can be brought to light by multiple fibrations in CY geometries. Our primary
results include the following

e Within the M-/F-theory correspondence, the use of M-theory to determine the
structure of the F-theory effective field theory has been a powerful tool which has lead
to considerable recent progress (see e.g [44, 75, 81, 82]). In this work, we have seen
that the multiple fibration structures explored in section 3 provide numerous examples
of related EFTs — e.g. in section 3.5 for example, 9 different elliptic fibrations arise
from a single CY 3-fold. The 6-dimensional F-theory compactifications are all distinct
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theories — with different numbers of vector, tensor and hypermultiplets. However, the
correspondence of a shared M-theory limit indicates that in some way, the collected
F-theory vacua share a broader moduli space. Since the complex structure moduli of
one CY n-fold controls the deformations of all of the F-theory limits, any deformation
of the geometry will deform the EFTs linked by different fibrations in a correlated and
anomaly-cancelling way. This suggests that essential properties (and deformations)
of these theories can be connected in deep and previously unseen ways. It will be
intriguing to further explore the consequences of such multiple CY fibrations on the
effective theories in more detail in future work.

One area of particular interest includes the linking of non-flat fibrations (known
to give rise to superconformal theories [29-31, 62, 63]) to ordinary, flat fibrations
through the shared M-theory limits seen in section 3. As expected, we find that
the construction of the Weierstrass models for CY geometries with non-flat fibers
give rise to discriminant loci with vanishing orders (f, g, A) > (4,6,12), as expected.
Interestingly, the occurrence of such superconformal points in discriminant loci has
primarily been systematically studied to date via blowing-up points in the base [29, 30].
This work highlights the fact that by considering more exotic, non-flat fibers (at higher
co-dimension) there are other choices of resolution leading to smooth CY geometries.
These possibilities are all clearly linked to such superconformal theories and they may
have a further role to play in string dualities.

Within heterotic/F-theory duality (and heterotic/Type ITA dualities), we find that
multiple fibrations are present in most known correspondences — including het-
erotic/heterotic duality in 6-dimensions, T-duality and Mirror symmetry.

Perhaps most novel in this collection of results is the observation that the choice of
an elliptic fibration does not effect the form of a N' = 1 heterotic compactification on
a (multiply) elliptically fibered CY 3-fold in 4-dimensions. However, the form of its
4-dimensional F-theory dual can appear very different — with topologically distinct
CY 4-folds and G-flux being linked by these common heterotic duals. It seems that
these observations could shed light on the notoriously difficult problem of classifying
(and explicitly constructing) G-flux in 4-dimensional compactifications.

Finally, the tools developed here and in [1] make it possible to systematically scan for
fibration structures and the corresponding string dualities in known datasets of CY
n-folds. Already in this work we have found examples of CY geometries with high
rank Mordell-Weil groups, intriguing non-flat fibration structures and novel examples
of dualities. As observed in section 2 and in [1] the vast majority of known CY 3-
and 4-folds admit multiple elliptic and K 3-fibrations and it has been conjectured
that in fact, all C'Y n-folds with large enough Hodge numbers may be elliptically
fibered [3]. As a result, we hope in future work to use these tools to complete a
“duality cartography” [28] and survey fibrations and dualities in CY datasets beginning
with the CICY 3- and 4-folds.
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To conclude we briefly outline a number of other interesting areas in which multiple
fibrations in CY geometries may play a role in new string dualities and other correspondences.

5.1 Further directions and applications

(0, 2) target space duality and heterotic/F-theory duality. It was observed in [119]
that apparently distinct (0,2) Gauged Linear Sigma Models (GLSMs) [120] can be related
to one another by a shared non-geometric phase. The nature of this correspondence and
extensions of it which allowed for topologically distinct geometric limits (with CY 3-folds
with different Hodge numbers and vector bundles over them) were explored and extended
in [121, 122]. Despite numerous examples of target space dual GLSMs, thus far, a concrete
linking of the underlying (0, 2) sigma models has remained elusive. It is an open question
as to whether this target space duality corresponds to two distinct (0,2) sigma models with
a shared locus in their moduli space (akin to a conifold transition between CY 3-folds in
Type II theories [123]) or is instead a true duality of the underlying theories. Some recent
evidence in favor of the latter possibility was assembled in a landscape scan [124, 125] which
systematically explored the zero mode spectrum of thousands of models and in [126] which
explored the N' = 1 potential (i.e., D-terms and F-terms) and the vacuum structure of
the paired theories. In both cases the target space “dual” theories agreed to a high level
of detail.

One simple class of target space dual theories involves Calabi-Yau threefolds that are
related by simple conifold-type transitions [124]. In this case, if the CY 3-fold associated
to the starting GLSM is elliptically fibered, in many cases the dual theory will be as well.
In this case, it is expected that both theories will admit F-theory duals defined by CY
4-folds. It was conjectured in [124] that perhaps the F-theory dual geometries of the two
heterotic target space theories could be the same CY 4-fold. This could be possible if the
single geometry Yy, was of the “Case 1”7 type and admitted two K 3- fibrations of the form
discussed in section 4 and equation (4.4) — that is, a single 4-fold, Yy, which admits two
distinct K 3-fibrations with a shared elliptic fibration. It would be intriguing to put this
conjecture to the test using the tools developed here and in [1].

Finally, it should be noted that understanding the target space duality (and the
corresponding relationships in F-theory vacua) could play an important role in highlight-
ing key structures and removing “redundancy” from systematic/algorithmic searches for
phenomenologically relevant 4-dimensional, N = 1 vacua such as the scans undertaken
in [59, 116-118, 127-131].

Superconformal theories in 6-dimensions and multiple fibrations. Multiple ellip-
tic fibrations and T-duality have been recently observed to play a role in Little String
Theories (LSTs) [132-134]. Both LSTs and superconformal theories (SCFTs) in 6-dimensions
have been systematically studied as geometric phases of F-theory. Recent results [135-138]
include a demonstration that all 6-dimensional superconformal theories can be classified
according to an “atomic classification” of blow-ups of the base By of an F-theory elliptic
fibration, and that in addition, all 6-dimensional SCFTs naturally embed into an LST. These
results also shed light on SCFTs in 4-dimensional compactifications [139]. Importantly, in
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the context of LST examples have been found [132, 134] of geometries admitting multiple
elliptic fibrations. As in the examples presented here, distinct 6-dimensional vacua were
linked through further dimensional reduction on a circle — with T-duality of the circle
radius mapping distinct LSTs into one another.

In view of the present study of multiple fibrations in CY geometries, an intriguing open
question remains how the structure of non-flat fibers in 6- and 4-dimensions can be linked
to the superconformal theories studied above? In addition, in geometries admitting SCFT
or LST limits, there can be many more than two fibrations and it would be fruitful to see
how this network of theories could be linked.

2-dimensional (0, 2) theories and multiple fibrations in Calabi-Yau 5-folds. In-
teresting recent results [140, 141] have demonstrated that F-theory compactifications on
CY 5-folds give rise to (0,2) supersymmetric theories in 2-dimensions. The form of the
2-dimensional sigma models are directly linked to the structure of the elliptic fibration of
Y5 and its singularities. Many non-trivial features of the elliptically fibered CY geome-
try appear in the cancellation of anomalies, Chern-Simons terms and more. In addition,
the resulting 2-dimensional (0, 2) theories can be linked to, and interpreted as, heterotic
worldsheet theories (and GLSMs).

In this context, it is clear that CY 5-folds admitting multiple fibrations could play a
significant role in dualities linking 2-dimensional (0, 2) theories. In particular, as seen in
section 4, nested fibration structures in which Y5 admits any combination of the following
chain of possible sub-fibrations

T Z}/g, £>B4, 7['22Y5£)Bg (51)
w3 Vs 2By, my Yy S4 P! (5.2)

with potentially nested or distinct sub-fibers
ECK3cCcCYsCCY,CYs (5.3)

and rationally fibered bases, B,,, could have consequences for the (0,2) GLSMs introduced
in [140, 141].

In summary, we view the tools developed here and in [1, 28] as an important first step
towards understanding how the geometry of CY fibrations sheds light on fundamental string
dualities. We hope the questions above and many others will be explored in future work.
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A Counting of nodes in a complex curve

Here, we give a brief review of how the nodes of a complex curve are counted. In general,
for complex curves the singularities can include nodes, cusps, tacnodes (See figure 9) and
multiple point singularities. In the context of the main text of this paper, the algebraic curve
C in question is defined as a component (i.e. the I; component) of the discriminant locus,
{A =0}, in a two-fold surface B, which may itself be defined as a complete intersection of
N polynomials, Pj—; .. v in Apg. Defining C via the zero locus of a polynomial {F' = 0}

we have
F Pj
C—B< Ap. (A.1)

We denote by z; € C for i = 1,--- , N + 2, the affine coordinates of the (INV + 2)-dimensional
ambient space, Apg.

A.1 A hypersurface curve

When N = 0, the algebraic curve C is a single hypersurface, C = {F'(z1,22) =0} C B, and
the singularities are associated with the following ideal,

I =(F,dF) = (F,Fy,, Iy,) (A.2)

where, by an abuse of notation, we denote the polynomial coefficients of the expansion of a
differential form in a basis of forms of an appropriate degree, by the form expression itself.
Here, F,, denote the first derivatives of F' with respect to x;. Next, we form the ideal,

H=(h), (A.3)

generated by the determinant, h = Det(H), of the Hessian matrix,

g = [ oo Foee ) (A4)
F;maq Facgacg

The ideal associated with the nodes can then can be obtained via the commutative algebra
procedure of “saturation” as follows:

Toode = (T : H®) . (A.5)

Intuitively, this corresponds to (the algebraic closure of) the part of the ideal Z that remains
when the generators of H do not vanish. Then we arrive at last at

#(Nodes) = dimy (Zyode) , (A.6)

where by dimy (Z,04e) we mean the vector space dimension of the zero-dimensional ideal
Zhode- This counting can be done practically with the tools in [142-144].

In general, there may arise double point singularities that are not nodes but either cusps
or tacnodes. Tacnode singularities never appear in any of the examples of flat fibrations
analyzed in this paper. Nevertheless, they do appear in non-flat cases and we believe that
they are relevant to the physics of non-flat fibrations. To complete the story, let us also
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Figure 9. Examples of double point singularities from left to right: node, cusp, and tacnode.
See [145] for details of multiple point singularities.

describe the relevant ideals that can be used to count both cusps and tacnodes. We first
define a combined ideal

z-non—node = <F7 Fz1 ) Fx27 h) (A7)
and then form the ideal associated with cusps as a saturation
ICusp = (Inonfnode : HVOO) (AS)

where Hy is defined by taking the derivative of the determinant of the Hessian (itself as
defined in (A.4)), and forming the following ideal,

Hy = (hays hay) (A.9)

which yields a count

#(Cusps) = dimV (Icusp) , (A.lO)

Finally, to count the number of tacnodes, it is necessary to quantify the possible multiple
point singularities,

Imult = <F7 FCB17FZ‘27Fa?13317F$1$27FLB2$2> b (All)

where F,, and Fmimj denote the first and the second derivatives of F' with respect to the
respective variables. With these definitions in hand, we can then describe the following ideal

Inonfnodefnonfcusp = <F7 Fac1 y F;r27 h7 h;m 3 hz2> . (A'12)

The tacnodes are then simply counted by removing the multiple point singularities from
the dimension of Z,on—node—non—cusp aS

#(TacnOdeS) = dlmV (Inon—node—non—cusp) - dlmV (Imult) (A 13)

Again, we note that tacnodes (and multiple point singularities) only appear in the context
of the non-flat examples considered in this work. See section 3.5.
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A.2 A complete intersection curve

The node-counting algorithm for a complete intersection curve, with N > 0, is given as a
straightforward generalization of that for the hypersurface case. The formula (A.6) still
applies once the relevant ideals, Z and H, are defined in an appropriately generalized manner
as follows. Firstly, the ideal describing all of the singular points of the curve is given by

I=(F Py, Py, (AL dP) ANdF) . (A.14)
The ideal H is then defined as in (A.3) where the Hessian matrix H, in the presence of base
defining equations, Py, - - , Py, is constructed as [146]
opP oP
0 --- 0 = g
S
H= w1 TN +2 : (A.15)
oP, oP,
G O Fray o Fray,
op,_ ... o ' '
BCEN};'_Q T B:cN]j_Q FIN+2961 T FwN+2$N+2

As in (A.6) this allows us to obtain a count of the number of nodes (with analogous formulae
for cusps, tacnodes, etc) for a more general description of the base manifold, B.

B The topology of an elliptically fibered Calabi-Yau 3-fold

In this section, a brief review is provided of a collection of useful results regarding the
geometry and topology of elliptically fibered Calabi-Yau 3-folds (see [33, 82, 147] for a more
complete treatment).

In the case of a flat fibration, 7 : X3 — Bs, the Shioda-Tate-Wazir theorem [56—58]

guarantees that we can decompose the divisors Dj of X3, for A =1,..., Al (X3), as
DP = 7*(DP) : divisors pulled back from the base (B.1)
Dy : fibral divisors (B.2)
Dy : the zero section (B.3)
D,,, : rational sections, elements of the Mordell-Weil group of X | (B.4)

where the indices of different types run over the following ranges:
o, B,---=1,..., k" (By); I,J,---=1,....,7%kG; m,p,---=1,....,tk MW . (B.5)

Here, G denotes the non-Abelian fiber symmetry associated to the resolved singular fibers
of X, whose rank counts the fibral divisors. In particular, we have

hY(X3) = hMY(By) + #(fibral divisors) 4 1 + rk MWV . (B.6)
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We will denote the basis of (1,1)-forms dual to the different types of divisors above as
wp = {Wa, w1, Wy Win} (B.7)

with the index A running over the full range of h'!'(X3).
We begin by exploring the triple intersection numbers of Xj:

dAZF:DA-Dz-DFZ/ WA N wy Awr . (B.S)
X3

First, since the base is a 2-fold it is clear that
DY-Dj-D>=0. (B.9)

Moreover, from the very definition of what it means for Dy and D,, to be rational sections
(rather than multisections), it is guaranteed that for any four-form ¢ on Bs, the following
relation holds:

[ane=f 510
X3

Bs

~

where ¢ = 7*((), and likewise for w,. That is, a section intersects the generic elliptic fiber
precisely once. It then follows that for either a holomorphic or rational section,

Dy, - D2 Dy = nag (B.11)

where 7,5 = DY - Dg.
The observations above are enough to derive the following important double intersection
formula which holds for holomorphic sections, Dy,

Dot - Dhot = KB, - Dhor (B.12)

where Kp, is the canonical class of the base. In the case that a section D, is merely
rational, the (slightly weaker) triple intersection formula holds (frequently used to help
identify rational sections in X3 [1]),

Dyat - Drat - D2 = K, - Dyps - D2, for a=1,..., k5 (By), (B.13)

which in particular must hold for Dy and D;,.

Following [75, 82] it is possible to define a simple, shifted version of the zero section
which obeys convenient “orthogonality” properties under the Shioda map. These can
be found in general in [75, 82]. For the zero section Dy, a shifted version, Dy, can be
obtained from

1
Dy = Dy — 5(Dy - Dy - D>*)D}, (B.14)
where the indices «, 3, --- are raised and lowered using the 7,5 = Dg . DE. Such a shift
guarantees that Dy - Do - D2 =0, for a = 1,...,h"1(By). Then, with respect to this basis
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(with the shifted zero section), whether the zero section is holomorphic or not, the triple
intersection numbers are given as

dapy =0 doas = Nap dooe = 0 (B.15)
dopr =0 daor =0 dory = —C15(S - Db) (B.16)
dopm =0 darm =0 doam =0 (B.17)
damn = T(Dm - Dn)a (B.18)

Here, S is a divisor in By over which the elliptic fiber develops singularities and C7; is the
co-root matrix. See [75, 82| for further details.

For the analysis in section 4.3.2 we will consider the form of the intersection numbers
in the blown-down limit in which all fibral divisors D; go to zero volume. Furthermore, in
the case that the zero section is holomorphic we have that

Dy Dy =0, (B.19)

and it follows that the remaining intersection numbers take the simple form [82]:

1 1
dooo = 7 1as K K" domn = =57 (Din - Dn)aK® (B.20)
doom =0,
where K are the coefficients in the expansion, Kp, = — [c1(Bz)] = K*D?Y, of the base

canonical class. Once again the equalities in (B.20) only hold in the case of a holomorphic
zero section.

The fibration structure guarantees if X3 has a holomorphic zero section and no fibral
divisors, then the second Chern class of X3 can be written as [33]

CQ(TXg) = 12¢; (BQ) ANwy + CQ(BQ) + 11 (32)2 , (B21)

where in addition the topology of By satisfies
X(B2) = /B ca(B2) =2+ h'(By), /B (By) = K“KPnop =10 — kM (By) . (B.22)
2 2
In general, the second Chern class of an elliptically fibered CY 3-fold obeys [33]
/X wa A c2(X3) = —12K, . (B.23)
3

Finally, in the case of a single section obeying (B.12) the second Chern class of any bundle,
V', on X3 can be written:
(V) =nAws+¢, (B.24)

where 7 and ¢ are pullbacks through 7 of (1,1)- and (2, 2)-forms on Bs, respectively.
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