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ABSTRACT: We calculate the strong isospin breaking and QED corrections to meson masses
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an inverse lattice spacing of a~! = 1.78 GeV and an isospin symmetric pion mass of m, =
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leading hadronic contribution to the anomalous magnetic moment of the muon is smaller
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we compare the precision which can be reached for the same computational cost using each
method. Such a comparison is also made for the meson electromagnetic mass-splittings.
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1 Introduction

In recent years, lattice QCD has made remarkable progress in calculating quantities relevant
to Standard Model phenomenology. Many of these calculations have reached a precision
of < 1% [1], e.g. the ratio fx/fr of kaon and pion decay constants or the K;3 form factor
f+(0). Such lattice computations are usually done in the isospin symmetric limit with the
masses of the up and down quarks equal (m, = mg). However, two sources of isospin
breaking (IB) are present in nature. The masses of up- and down quarks are different
mq # My, a correction which is of the order O((mg — my)/Aqcp). In addition, quarks
carry an electric charge, and thus also interact electromagnetically. The latter not only
applies to up and down quarks, but also to all other quark flavours. QED corrections are
of O(a), where « is the electromagnetic fine structure constant. Both of these isospin
breaking effects are expected to be of the order of 1% and thus, can no longer be neglected
in applications of lattice results to phenomenology at this level of precision.

In the last few years significant progress has been made in directly including isospin
breaking and QED corrections in lattice calculations. So far computations including QED
on the lattice have been mainly focused on determining electromagnetic corrections to
spectral quantities such as hadron masses (see e.g. [2-11]). Pioneering work on the calcu-
lation of the QED correction to matrix elements has recently been published in [12-14].
Another successful application of QCD+QED is the calculation of hadronic light-by-light
scattering [15-17].

Two methods are commonly used to include QED in lattice QCD computations. A
non-perturbative method using stochastically generated U(1) gauge configurations for the
photon fields was first proposed in [18]. We will refer to this method as the stochastic method
throughout the paper (see [2-9] for lattice QCD+QED calculations using the stochastic
method). On the other hand, the electromagnetic coupling « is small in the low-energy
regime, and thus, QED can be treated perturbatively. In [10] the authors proposed to
expand the Euclidean path integral in orders of « and explicitly calculate the leading order
QED corrections. We will refer to this method as the perturbative method in the following.
To our knowledge, a direct comparison of results and statistical errors of both methods
using the same setup and QCD gauge configurations has not yet been made.

In this paper we present an exploratory study with unphysical quark masses, in which
we calculate the QED correction with both the stochastic and the perturbative methods.
This allows us to directly compare results and statistical precision at the same computa-
tional cost obtained with both methods. In this study, we work in an electro-quenched
setup, i.e. we consider the sea quarks as electrically neutral and mass degenerate.



Details of our strategy to include isospin breaking and QED corrections in the calcu-
lation are described in section 2. The setup of the calculation is given in section 3. In
section 4 we present the results for the isospin and QED corrections to meson masses, as a
starting point for comparing the perturbative and the stochastic method. In particular, we
compare the statistical precision obtained from both methods and we discuss how to extract
the QED correction to meson masses to consistently compare results from the stochastic
and the perturbative method. In section 5 we discuss results for the QED correction to the
hadronic vacuum polarization (HVP). The HVP is the leading order hadronic contribution
to the anomalous magnetic moment a,, of the muon. We are currently observing a 30 [19]
deviation between the experimentally measured value for a, and the Standard Model esti-
mate. This has triggered increased efforts to determine the HVP in a lattice calculation (see
e.g. [20-27]) aiming at a precision of 1% to be competitive with the current most precise es-
timate [28, 29] from eTe~ — hadrons. At this level of accuracy, isospin breaking corrections
need to be included in the computation. To our knowledge, the present work constitutes
the first lattice calculation of the isospin breaking corrections to the HVP.! However, we
wish to emphasize that this is an exploratory study at unphysical quark masses and we do
not attempt to quantify finite volume effects for the QED corrections to the HVP in this
study. As for the meson masses, results and statistical errors for the QED correction to
the HVP calculated with the stochastic and the perturbative method are compared. Our
main results and conclusions are summarized in section 6. Some preliminary results of our
work have already been presented in [31].

2 Isospin breaking on the lattice

In the following we give details on our strategies to include isospin breaking effects. We
start with a discussion of the QCD+QED path integral in section 2.1. The stochastic
and perturbative methods to calculate the QED corrections to hadronic observables are
described in sections 2.2 and 2.3, respectively. The advantages and disadvantages of both
methods are compared in section 2.4. In section 2.5, we describe how we treat strong
isospin breaking corrections, i.e. m, # mq.

2.1 Lattice QCD+QED path integral

In lattice QCD the expectation value of an observable O is calculated in terms of the
discretized Euclidean path integral, which is given by

: - _
() =7 / DIU) D[W, ¥] O, T, U] e~ Srolt- TV =56l (2.1)
0

with quark fields ¥ and ¥ and SU(3) gluon fields U. The subscript “0” on (O), and Sg
denote that these quantities are without QED.

"We note, that shortly after this study was released an independent work [30] calculating the QED
corrections to the strange and charm HVP has been published.



However, quarks carry an electric charge and thus also interact electromagnetically.
To account for QED effects we consider the Euclidean QED+QCD path integral

)= / DIU) D[A] DIV, T] O[F, W, A,U] e SFITTAV] =Sl o=Sell] - (2.9)

with photon fields A. In the following, expectation values without a subscript (-) denote
the combined QED+QCD expectation value. The observable O can now, in general, also
depend on the photon fields A besides the quark fields U, ¥ and the gauge fields U. The
fermionic action Sgp[¥, ¥, A, U] in (2.2) also contains couplings of quarks to photons and
can be obtained from the action Sgo[V, ¥, U] by multiplying the SU(3) gauge fields by
appropriate U(1) phases

Uy(z) — e~reA@y, (z) (2.3)

with the elementary charge e and the charge gs of a given quark flavour, i.e. {qu, g4, ¢s} =
{2/3,—1/3,—1/3}. We define the non-compact photon action as

Sy 14 = 5 30 S0 0y () — 0y () (24)
T v

with the forward derivative

Ouf(@) = f(z+p)—f(z). (2.5)

Here and in the following we express all quantities in units of the lattice spacing a. The
Feynman gauge can be imposed in the photon action (2.4) by adding a gauge fixing term

2
1
Sypeyn. [A] = 55 [A,] + 5 > (Z A, (x)) : (2.6)
z I
Using integration by parts, the Feynman gauge action can be written as

Syern [A] = 5 303" 4,0 Au(x) 2.7)

with 92 = Y 1 0.0y , where ), is the forward derivative (2.5) and J}; the backward derivative
defined by

f(@)=f(z)—flz—p). (2.8)
One important point when including QED in the lattice calculation is the treatment of
the zero-mode of the photon field. This is associated with a shift symmetry of the photon
action (2.4)
Ay () = Ay (z) +cu, (2.9)
which cannot be constrained by a gauge fixing condition. In our work, we choose to remove
the spatial zero modes of the photon propagator on every time slice

ZAM (29,Z) =0 for all u,xq, (2.10)



or, in momentum space flu(kzo, k= 0) = 0. The formulation of QED resulting from this
particular treatment of the zero-mode is called QED and was first proposed in [32]. A
discussion about different prescriptions of QED in a finite box with periodic boundary
conditions can be found in [5, 18, 33-36].

Throughout this paper we work in the electro-quenched approximation, i.e. when
evaluating the path integral (2.2) we neglect QED effects in the fermion determinant
det(D[A,U]) = det(Dy[U]), where D[A, U] and Dy[U] are the Dirac operators with QED
and without QED, respectively. In the electro-quenched approximation effects from the
electromagnetic vacuum polarization are neglected and, thus, sea quarks are electrically
neutral. Effects from electro-quenching are SU(3) and 1/N, suppressed for O(«) contribu-
tions and expected to be of the order of ~ 10% [4] of the QED correction.

The stochastic [18] and perturbative [10] approach that we use to include electro-
quenched QED in the calculation of the path integral (2.2) are explained in detail in
the following.

2.2 Stochastic method

The stochastic method to include QED in lattice calculations has first been introduced
in [18]. Since then, this method has been used in several lattice QCD + QED calculations
(see e.g. [2-9]).

In this study, we work in the electro-quenched approximation and, thus, the U(1) pho-
ton gauge fields are generated independently of the SU(3) gauge fields. This allows us to
include QED using existing SU(3) configurations. In the electro-quenched approximation
sea quarks are electrically neutral. Including electromagnetic effects for the sea quarks
is computationally much more expensive, since it requires either the generation of new
QED+QCD gauge configurations, or the calculation of reweighing factors and an accom-
panying increase in statistical variance. Lattice calculations with dynamical QED using
the stochastic method have been done in [5-7].

In practice one stochastically draws appropriate U(1) gauge configurations for the
photon fields according to the Gaussian weight exp(—S,[A]). The new link variables are
then given as the SU(3) gluon gauge links multiplied by the U(1) phases

Uu(z) = e 4@y (). (2.11)

We define the lattice U(1) photon fields at the mid-links of the lattice, i.e. we define
Au(x) = Az + /2).

We choose to initially generate the photon fields in the Feynman gauge due to the
simple structure of the action in momentum space. In momentum space the Feynman
gauge action (2.7) is given by

Sy Feyn. [A] = % =53 ‘Au (k)) , (2.12)
I



where flu(k) is the photon field in momentum space, N is the total number of lattice points
and the lattice momentum &, is given by

. k
ky, = 2sin (;) : (2.13)

The sum over k, k # 0 in equation (2.12) indicates the removal of all spatial zero modes.

Equation (2.12) implies, that all components zzlu(k) of the photon field can be drawn
independently of each other from a Gaussian distribution with variance 2N/k2.

To check for gauge invariance in our calculation, we use photon fields in the Feynman
and the Coulomb gauge. A Feynman gauge photon field can be transformed into the
Coulomb gauge by using an appropriate projector [5]

—
~

-2, e ~ -
(Pe)y = S — k| (0, k)y with ASU(k) = (Pe),, AR (k). (2.14)

After generating the photon field in momentum space, it is converted to position space
using a Fast Fourier Transform (FFT).?2 Once the photon field configurations are trans-
formed into position space, they are multiplied with the SU(3) gauge links according to
equation (2.11). The calculation of hadronic observables then proceeds as in the case with-
out QED, but using the combined QED+QCD gauge configurations. With the stochastic
method QED corrections are calculated to all orders in « at once albeit in the electro-
quenched approximation.

Although the leading order QED corrections are of O(e?), the statistical noise contains
contributions at O(e), which would vanish in the limit of infinitely many QED configura-
tions because of charge conjugation invariance. However, this O(e) noise can be exactly
removed on every gauge configuration by averaging over calculations using +e and —e [2].
Since we are interested in QED corrections to hadronic quantities, we calculate correlation
functions once without QED (e = 0) and once with QED, while averaging over +e and —e.
Thus, the stochastic method requires 3 inversions per quark flavour and source position
(e =0, +e and —e).

2.3 Perturbative method

In addition to the stochastic method to include QED in our lattice calculation, we use a
perturbative method, adopting the approach developed in [10]. We will summarize this
method in section 2.3.1 and give details on our strategy to calculate the required correlation
functions in section 2.3.2. The perturbative method has been used in [12, 13] to determine
the QED corrections to matrix elements.

2.3.1 Introduction

Since the electromagnetic coupling « is small in the low-energy regime, QED can be treated
perturbatively. This is done by expanding the path integral (2.2) as a series in the electro-
magnetic coupling
1, 0
0) =(0)y+ s €e* = (O O(a?). 2.15
(0) =0k + 3¢ 55(0) _ +0( (2.15)

Zhttp://www.fftw.org/.
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Figure 1. The three quark-connected diagrams that determine the leading order QED correction to
mesonic two-point functions. The diagrams are from left to right: photon exchange diagram, quark
self-energy diagram and tadpole diagram. Red squared vertices denote insertions of the conserved
vector current, the blue triangle vertex an insertion of the tadpole operator.

At leading order, O(«), one finds contributions with either two insertions of the conserved
vector current V)¢ or one insertion of the tadpole operator 7}, [10]

0) = (0), - U -

2

<OTM($)>0 Apu(0)

<OV;(.%')VVC(3/)>O Auu(x - y) + O(a2> .
(2.16)

Note, that equation (2.16) is only valid, when the operator O does not depend on the
electromagnetic coupling e. If the operator itself depends on e, this has to be taken into
account, when expanding the path integral.’

The conserved vector current and the tadpole operator for the Domain Wall fermion
action used in this work are given in (A.7) and (A.8), respectively. The photon propagator
Ay (x —y) in equation (2.16) is given as

_ _ JDA] Au(2)A(y) e
ANV(‘T - y) - <AM(‘T)AV<y)>'y - fD[A] e_S'y[A] ) (217)
with u,v =1,...,4. In the Feynman gauge the photon propagator is given by
1 eik'(zfy)
A,u,z/(l' - y) = 5;“/ N Z T 5 (218)

k, k=0

where we subtract all spatial zero modes, i.e. we use the QED}, formulation [32] as in the
stochastic approach above. In addition, to numerically check for gauge invariance of the
observables studied in this work, we use the Coulomb gauge. The photon propagator in
the Coulomb gauge is given in the appendix in equation (D.2).

For mesonic two-point functions one obtains from equation (2.16) at leading order in
« three different types of quark-connected Wick contractions: a photon exchange diagram,
a quark self-energy diagram and a tadpole diagram. These diagrams are shown in figure 1.

We do not include any quark-disconnected diagrams in our study. In particular, we
neglect diagrams that correspond to photons coupling to sea quarks. These diagrams would

3This is not relevant for the QED correction to meson masses. However, for the HVP we use a setup
with a conserved vector current at the sink, which in the lattice discretized theory contains a link variable,
and thus, including QED, depends on e. A more detailed discussion can be found in section 5.2.



originate from an expansion of the fermion determinant, however, we work in the electro-
quenched approximation where QED effects for the fermion determinant are neglected. In
the perturbative method working in unquenched QED is possible by additionally calculat-
ing the appropriate quark-disconnected diagrams. For the stochastic method unquenched
QED requires the generation of combined QCD+QED gauge configurations at substantial
extra cost.

2.3.2 Numerical calculation

To illustrate how we calculate the diagrams shown in figure 1, we now consider as an
example the photon exchange diagram for a charged kaon. The corresponding correlation
function is given by

O™ (20) = 30 SOS T[S (2, 2) TG §7(,0) 15 5 (0, ) T 5 (5, 2) 75) A —y) , (2.19)

/'[/7,/ 2 x?y

where I', denotes a conserved vector current insertion Vji(r) = @(as)I‘z\Il(w) and S7(0, z)
is the propagator from 0 to x for a quark of flavour f.

We calculate the correlation functions such as (2.19) using sequential propagators.
For this, the photon propagator has to be factorized into a factor that depends only on
the position x of one of the photon vertices and another factor that depends only on
the position y of the other photon vertex, such that sequential sources with insertions of
the conserved vector current and a respective factor of A, (z —y) at = or at y can be
constructed. This factorization can be achieved by inserting sets of stochastic sources in
the photon propagator. In this work, we will do this in two different ways, which lead to
different numerical costs and different statistical errors. One possibility is to use the same
stochastic source for all Lorentz indices u,v of the photon propagator and to calculate
sequential propagators for every combination of u,v separately. We will call this method
single-p insertion in the following. On the other hand, one can use four different stochastic
sources [10] — one for every Lorentz index u = 1,2, 3,4 — and to include the sum over u or
v in equation (2.19) already in the sequential source. We will call this method summed-pu
insertion in the following. Both methods will be illustrated below.

We note, that it is also possible to use the stochastic photon fields generated for the
stochastic method as an insertion at x and y [11] by using

Az —y) = (Au(@) A, W), (2.20)

However, this is simply the exact O(«a)-truncation of the stochastic method. Higher order
O(a?) effects that differentiate the two methods are, as we argue later, small and barely
significant at this level of precision. Thus, we consider the setup of [11] effectively identical
to the stochastic approach and we did not perform a dedicated calculation to reproduce it.

Single-p insertion. For the numerical calculation of the correlation functions such
as (2.19), we rewrite the photon propagator as

Aw(x—y)z<ZAW($—U)U(U)WT(Z/)> = (Aw@riw) . @21

n



with stochastic sources 7 that fulfil the condition

(W' (), = duy. (2.22)

Here, we choose complex Zs noise sources 7(x), that have randomly picked entries from
{3 (£1+4)} for every lattice site. The insertion of the set of stochastic sources in (2.21)
allows to factorize the photon propagator with a factor Aw(az) that only depends on the
position z of one of the photon vertices and another factor nf(y) that only depends on the
position y of the other photon vertex. We calculate Auu () using a Fast Fourier Transform.
The correlation function (2.19) for the photon exchange for a charged kaon can now be
written as

Ot (2 <ZZZ%[SS 2,2) T3 Ay (@) §°(x,0) 75 5(0,9) T 0" (y) S“(y,z>75]> .
Hy zZ %y n

(2.23)

We construct this correlation function C(zp) using sequential propagators with insertions
of the conserved vector current and either A, (z) or n'(y)

Ch (4 <ZZT1~ v (2,0) 75 2,,(0, 2) 75]> : (2.24)

with the sequential propagators
¥, (2,0) Zss 2,2) TS Ay () S%(2,0), (2.25)

z) = Z S“(0,y) FZ?] (y)S“(y, 2) . (2.26)

To build correlation functions of the type quark self-energy, we use appropriate double
sequential propagators, e.g. the quark self-energy diagram for a charged kaon with the
photon attached to the s quark is calculated as

Ol (2, <ZZZT1~[SS (2:9)T5 A (y) S*(y,2) T (x >58<x,o>v55“<o,z>%]>

wy zZ zy

n
(2.27)
:<ZZTr{AMz,om5“<o,z>751> , (2.28)
Y z 0
with the sequential propagator
A (2,0) ZSS 2,9) T8 AL (y) S%(y, x) F;UT(.%') S%(x,0). (2.29)

z,y

The tadpole diagrams can be constructed from a sequential propagator with an insertion of
the tadpole operator multiplied with the tadpole value A, (0) of the photon propagator,
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Figure 2. Building blocks for the construction of the O(a) QED correction diagrams for mesonic
two-point function. From left to right: photon exchange diagram, quark self-energy diagram,
tadpole diagram.

rin'(y)

e.g. the tadpole diagram for a charged kaon with the photon attached to the s quark is
calculated as

Ctd (4, ZZZTr (z,2) Ty A (0) S%(2,0) 75 S“(0, 2) 5] (2.30)
= ZZTI" (2,0)v5 S“(0, 2) 5] » (2.31)

with the sequential propagator

Tu(z,0) = 5(z,2) Ty Ayu(0) S°(2,0) . (2.32)

The tadpole value A, (0) of the photon propagator can be calculated exactly for a given
lattice size. All the required building blocks to construct the quark-connected diagrams for
the O(a) QED correction diagrams for mesonic two-point functions are shown in figure 2.

The evaluation of the correlation functions shown in figure 1 using sequential prop-
agators as described above requires a total of 17 inversions per quark flavour and source
position if the photon propagator is in the Feynman gauge, where only diagonal terms
pu = v contribute (cf. equation (2.18)). These 17 inversions are split as follows: 1 inver-
sion for the point-to-all propagator, 4 sequential inversions with an insertion of I'¢ Aw(y)
(for the Feynman gauge only pu = v is required), 4 sequential inversions with insertion of
Iy, nT(x), 4 additional inversions to obtain the double sequential propagators and 4 sequen-
tial inversions for the tadpole using 7,A,,(0) as insertion. If one uses a different gauge
(e.g. Coulomb gauge) where also off-diagonal terms p # v contribute, more inversions are
required. Thus, in terms of numerical cost, the Feynman gauge is favourable for the per-
turbative approach with this setup to calculate sequential propagators. However, we also
calculate the O(a) QED correction using the Coulomb gauge on a subset of the statistics
to check for gauge invariance.

We note, that the insertion of the photon propagator can be done using stochastic
sources at both vertices by

Ayl - <ZAW - ()n*<y>¢<v><*<x>> = (Bun'@)ct@) . 233)
uis



with two sets of stochastic sources 7 and . The correlation functions that determine the
QED corrections to the mesonic two-point functions are then calculated using sequential
sources with appropriate insertions of either n' or ¢f. The photon propagator Ay is
included as

Ay =37 Ay (v — un(u)( (), (2.34)

which, for a given combination of stochastic sources nf, ¢(f and u, v, is simply an overall
numerical factor which multiplies the remainder of the correlation function after all the
quark contractions have been calculated. This allows us to study e.g. different gauges
or QED prescriptions without having to calculate new quark contractions, and thus, new
quark inversions. However, for the setup that we use in this exploratory study, this resulted
in a significantly worse noise-to-signal ratio for the QED corrections. Inserting the photon
propagator stochastically at both vertices we found the statistical error to be ~ 30 times
larger for the photon exchange diagram and ~ 60 times larger for the quark self-energy
diagram compared to using only one set of stochastic sources. Thus, for the study presented
here, we decided to use only one set of stochastic sources at one of the photon vertices.

Summed-p insertion. The number of inversions required for the construction of the
diagrams shown in figure 1 can be substantially reduced by using different stochastic sources
for the 4 Lorentz indices of the photon propagator [10, 11]. We start by rewriting the photon
propagator as

Bl =9) = (3D Aol — )& el w)), = (M)l ), - (2.35)

with stochastic sources
(& (WEL W), = duydo (2.36)

The photon exchange diagram (2.19) can now be written as

O (z9) = <Z SO T[S (e 2) 5 Aulw) 8°%(2,0) 95 S(0,5) T €1,(v) S (9, 2) 75}>
13

S (2.37)
= <Z Tr [f](z, 0)vs é(O, z) 75} > ) (2.38)

3

with the sequential propagators
B(2,0)=> Y S(z,2)T5 A, (x) 5°(x,0), (2.39)
2(0,2) =Y Y S"(0,9) T &l (y) S™(v, 2) - (2.40)
by

Each of these sequential propagators can be calculated with a single inversion using a

.I.

sequential source with an insertion of either )" T'¢ AV(:U) or Y. u U &u- The sequential

propagators (2.39) and (2.40) are depicted in figure 3.

~10 -
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Figure 3. Sequential propagators for the photon exchange diagram using the summed- u-insertion.

The calculation of the diagrams in figure 1 requires a total of 5 inversions per quark
flavour and source position with the summed-p insertion, 1 for the point-to-all propagator,
14 1 for the two sequential propagators (2.39) and (2.40), 1 additional inversion for the
double sequential propagator for the quark self-energy diagram and 1 inversion for the
tadpole diagram using » PR TPAN uu(0) as sequential insertion. Thus, the summed-/ insertion
method is cheaper in computational cost compared to the single-u insertion. However, the
statistical error is expected to be larger, since the unwanted combinations, e.g. u # v for
the Feynman gauge, will contribute to the statistical noise.

In this study, we use both, the single- and summed-yu insertion methods, and com-
pare the statistical precision with the stochastic method to include QED in the lat-
tice calculation.

2.4 Stochastic vs perturbative method

In this section, we compare the stochastic and the perturbative method and describe their
respective advantages and disadvantages.

We start with a discussion of calculations done in the electro-quenched approxima-
tion, since we use this approximation throughout the study. In the quenched theory, the
stochastic method is particularly easy to implement, since it only requires the generation
of the U(1) gauge configurations for the photon fields. After these photon fields have
been multiplied to the SU(3) gauge links, lattice computations for QCD+quenched QED
proceed in the exact same way as computations in the isospin symmetric limit. In con-
trast, a calculation using the perturbative method is more involved, since it requires three-
and four-point contractions, and a convolution with the photon propagator. As described
above, this results in a larger numerical cost (i.e. number of inversions) compared to the
stochastic method.

In the stochastic method the photon propagator is estimated stochastically, whereas
in the perturbative method the exact expression for the photon propagator at a given
lattice size can be used, albeit the insertion of the photon propagator remains to been done
stochastically. The statistical accuracy that we obtain from perturbative and stochastic
methods at a fixed numerical cost is compared in section 4.2.2 for the QED corrections to
meson masses and in section 5.2.2 for the QED corrections to the HVP.

In general, the perturbative method is more flexible than the stochastic method. The
electromagnetic coupling is a free parameter, that can be adjusted after all contractions
have been done, whereas in the stochastic approach « has to be set before the calcu-
lation. In addition, the perturbative method allows to study the QED correction from
different contributions (i.e. the diagrams shown in figure 1) separately and the QED cor-
rection is estimated at a fixed order in «, which is particularly useful for calculations of
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QED corrections to matrix elements, which require explicitly the O(«a) corrections to treat
infrared divergences [12].

Calculating in the unquenched theory using the stochastic method, requires the gen-
eration of new QCD+QED gauge configurations. Once these configurations have been
generated, computations with the stochastic method again proceed as in the case with-
out QED and all effects from the electromagnetic vacuum polarization are automatically
included. In the perturbative method these quark-disconnected diagrams need to be ex-
plicitly calculated and might substantially contribute to the statistical noise albeit their
contribution to the signal is expected to be small. However, in the stochastic method
the complete calculation has to be redone, when switching from quenched to unquenched,
whereas in the perturbative method new diagrams have to be added to the ones which
have already been calculated in the quenched approximation, which is advantageous for
studying the effect of quenching. We note, that a comparison of the numerical cost between
perturbative and stochastic method is less trivial than in the quenched calculation (where
the cost can simply be estimated by the number of required inversions).

2.5 Strong isospin breaking

Even in the absence of QED, i.e. in pure QCD, isospin symmetry is broken by the different
bare masses of up and down quarks. In this work, we use two different strategies to account
for effects from the strong isospin breaking, one by putting different values for the valence
up- and down-quark masses, and one by expanding the Euclidean path integral in the
quark mass [37].

Strong isospin breaking can be treated in a lattice calculation by simply using different
values for up- and down-quark masses. In [9] the up- and down-quark mass difference has
been determined in the MS scheme at 2 GeV as

My — ma = —2.41(6)(4)(9) MeV . (2.41)

In section 3 we specify the values we choose for the bare up- and down-quark mass for
the setup used in this work to approximately reproduce the physical quark mass differ-
ence (2.41). We include strong isospin breaking in a quenched setup, i.e. keeping the
isospin symmetric sea-quark masses, to avoid having to generate new gauge configurations.

In addition, we use a strategy proposed in [37] to account for strong isospin corrections.
The idea is, to expand the path integral around the isospin symmetric light quark mass m

= (0) s + (my — 1) afzf ©)  +0((my-m)?), (2.42)

<O>mf7ﬁ’fn
my=m

where m is either the mass of the down quark (f = d) or the up quark (f = u). In this way,

one explicitly calculates the leading isospin breaking correction O(my — ). Evaluating
the derivative in equation (2.42) one finds

<O>mf;ém = <O>mf=m = (my —m) (O 3>mf=m ’ (2.43)

with the scalar current

S=Y vplx)vs(x), (2.44)
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Figure 4. Quark-connected diagram for the strong isospin correction to a mesonic two-point
function. The green diamond vertex denotes the insertion of the scalar current (2.44).

for a quark field ¢ ¢ of flavour f. A detailed derivation of equation (2.43) for the Domain
Wall Fermion action used in this study can be found in appendix B.3.

For a mesonic two-point function one finds at O(my —m) one type of quark-connected
contribution, which is shown in figure 4. Note, that we do not include strong isospin
breaking effects for the sea quarks.

To illustrate how we calculate the diagram shown in figure 4, we consider as an example
the strong isospin correction for a kaon , which is, according to equation (2.43), determined
by a correlation function of the form

C%mngIB ZZTr [SS (0,2) 75 Sz, ) S(x,0) 5| , (2.45)

Z xX

with a light quark propagator S! using the isospin symmetric quark mass . We calcu-
late (2.45) using a sequential propagator

CStrongIB ZTI‘ (0,2) 75 Q2(2,0)y5]  with Q(z,0) ZSZ z,x) S'(2,0). (2.46)

Both approaches for the inclusion of strong isospin breaking effects used in this study, are
equal in terms of computational cost, i.e. number of inversions, since it requires either one
inversion per gauge configuration and source position using a different quark mass for the
down quark, or one inversion per gauge configuration and source position to calculate the
sequential propagator Q(z,0) using the isospin symmetric quark mass. However, using the
expansion of the path integral in the mass is more flexible, since the deviation of the quark
mass from the isospin symmetric mass (my —m) is a free parameter, which is multiplied to
the correlation function after all quark contractions have been computed. This allows for
tuning the quark masses a posteriori, e.g. for fixing hadron masses to their physical value.

3 Computational setup

For this study we use a 64 x 243 lattice with N ¢t = 2+ 1 dynamical flavours of Shamir
Domain Wall Fermions [38, 39] with a Domain Wall height of M5 = 1.8 and L, = 16,
where L; is the length of the fifth dimension. For further details see [40, 41]. This gauge
ensemble has been generated by the RBC/UKQCD collaboration using the Iwasaki gauge
action [42, 43]. The inverse lattice spacing of this ensemble has been determined without
QED as a=! = 1.78 GeV [44]. The bare sea quark masses are am; = 0.005 and ams = 0.04
for light and strange quarks, respectively. With such quark masses the isospin symmetric
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pion mass on this QCD gauge ensemble is m,; = 340 MeV, thus, in this work we do not
calculate at physical quark masses, even in the absence of QED.

In the present study, we use different values for the valence up- and down-quark masses.
While keeping the valence up-quark at the same mass as the light quarks in the sea, we
choose the valence down quark mass as amg = 0.005915. Using the results from [45] to
convert the bare mass difference a(mg —m,) = 0.000915 to MS, we find mf — mf =
2.4MeV for MS at 2GeV, and thus we reproduce the physical mass difference given in [9]
(cf. equation (2.41)).

This choice ignores any QED effects in the renormalization of the quark mass. While
this is acceptable for the comparative study presented here, more work is needed when
aiming at physical predictions, see e.g. [5, 7]. For instance, we know that there is a small
additive correction to the quark mass under renormalization in our setup. The correction
can be quantified in terms of the residual mass which [3] determined to be myes ~ 0.003
on the above ensemble (see [3] for details). The residual mass is defined such that in the
chiral limit my = —myes and it receives additional contributions in QCD+QED which are
of order O(amyes). Moreover, the multiplicative renormalization of the quark mass will
receive QED contributions at O(a)) which have not been taken into account here.

A consequence of these simplifications in our choice of parameters is that the neutral
pion splitting in the chiral limit does not vanish for finite Ly [3] and indeed, in this work
we find the neutral pion mass shift due to QED to be sizeable. Since we are only interested
in a comparative study of approaches to Lattice QCD+QED no attempt has been made to
correct for this effect. Note that this effect is much more severe for lattice quark actions
not obeying chiral symmetry such as Wilson fermions [46].

For the bare valence strange-quark mass we use amgs = 0.03224 [45], which, without
QED, corresponds to the physical strange quark mass.

Working with physical quark masses, requires to tune the quark masses to their physical
values including QED. This could be done, for example, by tuning the up-, down- and
strange-quark masses until the masses of charged pion and neutral and charged kaons agree
with their experimentally measured values. In addition, this requires the determination
of the lattice spacing including QED, which could be done by fixing another hadron mass
to its physical value, e.g. the Q-baryon. However, since this is an exploratory study and
mainly focused on the comparison of the stochastic and perturbative method for including
QED, we have not retuned any of the quark masses in the presence of QED.

We use 87 QCD gauge configurations and 16 source positions with Zs wall
sources [47-49] for the quark propagators. For the stochastic method we use one U(1)
QED configuration per QCD gauge configuration. For the perturbative method we use
one Zo noise for the insertion of the photon propagator per QCD gauge configuration and
source position for the single-y insertion method and one Zs noise for every Lorentz index
for the summed-p insertion.

4 TIsospin breaking corrections to meson masses

As a starting point for comparing results from the stochastic and the perturbative method
we calculate the isospin breaking corrections to meson masses. Several other calculations of
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QED corrections to meson masses exist even at, or extrapolated to, the physical point, see
e.g. [2-11, 18] . In this work, we use an exploratory setup with one gauge ensemble at non-
physical quark masses. However, for the first time, we directly compare results from the
stochastic and perturbative methods. We also explain that the QED correction to meson
masses has to be determined in different ways for the stochastic and the perturbative data,
to obtain results, which can properly be compared to each other.

4.1 Extraction of the QED correction to the effective mass

The two-point correlation function for a pseudoscalar meson interpolation operator
(ﬂf Y5 P f/) with quark flavours f and f’ and vanishing spatial momentum p = 0, which is
created at 0 and annihilated at z, is given by

Ct) = (bp(@) 595 () $(0)75%(0)) - (4.1)

xT

Such a two-point correlation function has the following time-dependence for large Euclidean
times, where excited-state contributions are suppressed

o@t) = A (e*mt + e*m<T*f>) , (4.2)

for a lattice with time extend 1" and periodic boundary conditions. The parameter m that
determines the leading exponential decay of (4.2) is the mass of the ground state meson,
whereas excited-state contributions are exponentially suppressed. In this study we are
interested in the mass m of the ground state. A common method to determine the mass
of the ground state meson from a two-point correlation function C(t) is to calculate an
effective mass. In this work we use the definition of the effective mass, where one solves

Ct)  cosh((t—T/2)meg)
Ct+1) cosh((t4+1—T/2)meg)’

(4.3)

for meg at every t.

In the following, we discuss how to determine the QED correction to the effective mass.
The effective mass including QED is given by the effective mass mgﬂ without QED plus
the QED correction dmeg

Meg(t) = mgﬁ(t) + Omeg(t) . (4.4)

For the data from the stochastic approach the two-point function including QED contains
corrections to all orders in « and has the form (4.2) with A = Ag+ JA and m = mg + om.
Thus, the QED correction to the effective mass can be obtained by determining the effective
mass according to equation (4.3) once for the two-point function with QED and once for
the two-point function without QED and taking their difference

5mc§’f5h(t) = meg(t) — mg(t). (4.5)

€

In the following we refer to this method to extract the QED correction to the effective mass
as the cosh-mass method, which is the appropriate method to extract the QED correction
using the stochastic data.
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On the other hand, the two-point function including QED can be expanded [10] (ne-
glecting the backwards propagating meson for simplicity)

C(t) = Cy(t) + 6C(t) = (Ag + 5A)e 0! <1 — smt+ %57712 24 .. ) . (46)

In the perturbative approach, one explicitly only calculates the QED correction to the two-
point function which are of O(«a). Keeping only terms which are of order « in equation (4.6)
one finds

5C(t) = Co(t) (‘Z: —om t) : (4.7)

for the QED correction 6C(t) from the perturbative data. Equation (4.7) implies, that the
QED correction to the effective mass can be defined from the ratio of the QED correction
0C(t) to the two-point function and the two-point function Cy(t) without QED
_6C(t)  6C(t+1)

T Co(t)  Co(t+1)°

Equation (4.8) can be extended to include the effects of the periodic boundary conditions
0C(t) 6C(t+1)
Co(t)  Co(t+1)

Smize(t)

(4.8)

Smiio(t) =

) X (4.9)
(T ) tanh (mo (5 — 1)) — (& — (t + 1)) tanh (mo (& — (t + 1))’

using mg from a determination from the two-point function without QED as an input. In

the following we refer to this method to extract the QED correction to the effective mass
as the ratio method, which is the appropriate method to extract the QED correction using
the perturbative data.

When using the ratio method for the stochastic data, one has to take into account,
that the QED correction to the two-point function includes QED corrections to all orders

in a. Keeping also higher order terms in the expansion (4.6) one finds
dC(t)  6C(t+1) §A

1
— = 0m — om*t — —dm? + —6 4.1
Co) ~ Colt+ 1) m —om 50m —i—AO m -, (4.10)

for the ratio method from the stochastic data. The underlined terms in (4.10) are included

in the stochastic data, but not in the perturbative data. Thus, one expects the QED
correction to the effective mass extracted using the cosh-mass method (4.5) and the ratio
method (4.9) from the stochastic data to differ by
omEEh — smiatio — sm? ¢ + %(57712 - (Z:(Sm e (4.11)
We indeed find this difference in our data as illustrated in figure 5. The plot on the left-
hand side shows the QED correction to the effective mass from the stochastic data extracted
with the cosh-mass method (blue squares) and the ratio method (purple circles). We find
a significant difference between the results from both extraction methods. The correlated
difference is plotted on the right-hand side of figure 5. We can numerically confirm, that
this difference is given by equation (4.11) as expected.
Thus, in the following we determine the QED correction to meson masses using the
cosh-mass method for the stochastic data and the ratio method for the perturbative data.
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Figure 5. The QED correction to the effective mass of a charged kaon from the stochastic data.
The plot on the left shows the results using the cosh-mass method (blue squares) and the ratio
method (purple circles). The plot on the right shows the correlated difference between the results
from cosh-mass and ratio method.

4.2 QED correction to meson masses

In the following we show results for the QED correction to meson masses. In subsec-
tion 4.2.1 the QED corrections to meson masses are determined and results from the
perturbative and the stochastic method are compared. In subsection 4.2.2 we compare the
statistical errors on the results from both methods.

4.2.1 Results

The left-hand side of figure 6 shows the QED correction to the effective mass of a charged
kaon using the Feynman gauge for the photon fields. The red squares show results from
the perturbative data using the ratio method (4.9) to extract the QED correction and the
blue circles are results from the stochastic data using the cosh-mass method (4.5). For
the perturbative data the results shown have been calculated using the single-u insertion,
which, for the same amount of statistics, gives a smaller statistical error than the summed- p
insertion (see section 4.2.2 for a detailed comparision of statistical errors).

The plot on the right-hand side of figure 6 shows the correlated difference between
the stochastic and perturbative data. Both datasets are correlated since they have been
calculated on the same QCD gauge configurations and the same source positions with the
same Zso wall sources for the quark propagators. Statistical errors are estimated using the
bootstrap resampling method.

We find the correlated difference between both datasets to be non-zero at the level of
~ 1.50 and of the order of 1% of the QED correction itself, which can be attributed to
O(a?) effects. To check this, we have repeated the calculation with the stochastic method
using a second, larger value of the electromagnetic coupling o = 1/4x. Using the results for
the QED correction to the mass from two different values of the coupling e and an ansatz

stoch

om = amj + a®may, we can explicitly determine the O(a)- and the O(a?)-correction

which are included in the stochastic data. More details can be found in the appendix in
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Figure 6. The QED correction to the effective mass of a charged kaon. The plot on the left shows
a comparison between stochastic (blue circles) and perturbative (red squares) data, the plot on
the right shows the correlated difference of both datasets. The solid green line shows the O(a?)
effects which are included in the stochastic data, i.e. the expected discrepancy between stochastic
and perturbative data.

section C. The O(a?)-correction, which is included in the stochastic data, is shown by
the solid green line on the right-hand side of figure 6. Thus, we find that the difference
between the results from the perturbative and the stochastic method is described by the
a? contribution to the mass, which is only included in the stochastic data.

To determine the QED correction to the mass of a meson, we fit a constant to the
plateau region of the QED correction to the effective mass, such as the data in figure 6.
The results are given in table 1 for the stochastic and the perturbative method. We give
results for charged and neutral pions as well as charged and neutral kaons. Note, that
we do not include the quark-disconnected diagram for the neutral pion. One also has to
keep in mind, that our calculation is not using physical quark masses, and thus the results
shown here are not at the physical point. The small but significant difference in the results
from the stochastic and perturbative method for charged pion and kaon is due to higher
order effects in a, which are only included in the stochastic data.

QED in a finite box is subject to substantial finite volume effects. Although in this
exploratory study we do not give results at the physical point and thus, correcting for finite
volume effects is not strictly necessary, we include finite volume corrections for the meson
masses to illustrate that they are significant. Finite volume effects for the QED correction
to the meson masses are analytically known up to O(1/L3) corrections and given by [5]

m2(L) ~m2{1—q2a ML <1+r§L>H (4.12)

with k = 2.837297. m(L) and m are the meson masses including QED in finite and infinite
volume, respectively. In table 1 we quote results in finite volume and results 6m™ V in
infinite volume, where finite volume effects have been accounted for using equation (4.12).

The QED correction to the meson masses has been previously calculated in an in-

dependent calculation [3] using a stochastic method on the same gauge ensemble, albeit
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stochastic perturbative
om /MeV | 6m™V /MeV | om /MeV | om™V /MeV
om), | 3.504+0.025 | 4.5974+0.025 | 3.459 £+ 0.016 | 4.552+0.016
dm”, | 1.555£0.015 | 1.55540.015 | 1.538 £0.016 | 1.538 - 0.016

70
cSm}(+ 2.722+£0.022 | 3.699 £0.022 | 2.677 £0.013 | 3.653 £ 0.013
(5m;(0 0.547 £ 0.005 | 0.547 £0.005 | 0.548 +0.005 | 0.548 4= 0.005

Table 1. Results for the QED correction to the meson masses from the stochastic and the pertur-
bative method. For both methods the left column shows the result in finite volume and the right
panel the result in infinite volume using (4.12). Note, that these results have not been obtained at
the physical point. The large effect on the neutral pion mass is due to a small amount of residual
chiral symmetry breaking in our Domain Wall Setup (cf. discussion in section 3 and in [3]).

@ q2 a’Am? this work a’Am? from [3]
2/3 | 2/3 | (5.465 £ 0.035) x 10~* | (5.406 + 0.064) x 10~*
2/3 | -1/3 | (7.677 £0.052) x 10~* | (7.654 + 0.056) x 10~*
-1/3 | -1/3 | (1.341 £0.009) x 10~* | (1.326 £ 0.016) x 10~*

Table 2. Comparison of pion squared mass splittings from the stochastic data and the results of
a previous calculation in [3]. Results are given in lattice units. ¢; and g2 denote the charges of the
valence quarks in units of e. Both data sets use the Feynman gauge for the photon fields.

different gauge configurations. A comparison of our results with the results from this inde-
pendent calculation can serve as a cross check of our data. In table 2 we show results for
the squared mass splitting Am? = (mg + dm)? — m3 for a pion. Both light quark masses
in this comparison equal the light sea-quark mass, i.e. a bare mass of m; = 0.005. We find
agreement between our results and the results from this previous calculation.

4.2.2 Comparison of statistical errors

To compare the statistical errors on the QED correction to the effective mass between the
stochastic and the perturbative data, one has to take into account, that these two datasets
have not been obtained at the same numerical cost. For the stochastic data we need
three inversions per quark flavour and source position (e = 0, e, —e) to obtain the QED
correction. As described in section 2.3 in our setup the calculation of the QED correction
with the perturbative method requires 17 inversions per quark flavour and source position
using the single-p insertion, if the Feynman gauge is used for the photon propagator, and
5 inversions using the summed-x insertion. Thus, we find a 17/3 or 5/3 larger numerical
cost for the perturbative method to obtain the same statistics than for the stochastic data.

figure 7 shows a comparison between the statistical errors of the stochastic and the
perturbative data. The plot on the left shows the error from the perturbative data divided
by the error on the stochastic data, both scaled with their respective numerical cost (i.e.
the number of inversions) to have an equal cost comparison. Blue circles and purple

~19 —



single-p J single-pt

P 35l summed-g v 35l summed-y v

3

gm 3t equal cost comparison 3t equal statistics comparison
S~

=

9

g 25 g 25

= .e 8

4

< 2} .. KT 2 )
ﬁ ARG LA v " g
g 15 .. LT M . 5 18 . v e
4 . v AR A - ..
é\ 1 A4 1 Y v v
o . . . . A M
> cost perturbative single-y: 17 inversions
< o5t cost perturbative summed-p: 5 inversions 0.5

cost stochastic: 3 inversions
0 L L L L L 1 0 L L L L L 1
0 5 19 15 20 25 30 0 5 19 15 20 25 30

t t

Figure 7. Comparison of the statistical errors on the QED correction to the effective mass of a
charged kaon between the stochastic and the perturbative data. Blue circles and purple triangles
are using the single- or summed-p insertion technique for the perturbative method, respectively.
The plot on the left is an equal cost comparison, the plot on the right an equal statistics comparison.

triangles are using the single- or summed- s insertion technique for the perturbative method,
respectively. The black horizontal line shows the threshold above which the accuracy of
the stochastic approach is superior to the one of the perturbative approach. We find the
perturbative method to give an error which is about a factor 1.5 to 2 larger than the error
on the stochastic method for the same costs. Comparing the two different approaches for
calculating the sequential propagators for the perturbative method, we find that at the
same numerical cost the statistical error is smaller when using the summed-p insertion.

The right-hand side of figure 7 shows the ratio of the errors of perturbative and stochas-
tic data with the same set of statistics. We find this ratio to be slightly smaller but close to
one for the single-y insertion and slightly larger then one for the summed-p insertion, and
thus finding similar statistical errors for the perturbative and stochastic data when using
the same statistics for the QCD average. In summary, the ordering of statistical errors is

Astoch < Apert,summed—u < Apert,single—u same cost (4‘13)

Apertsinglep - pstoch - Apert,summed-p same statistics. (4.14)

For quenched QED, depending on whether the cost of QCD gauge configuration generation
is to be included in a cost assesment, the optimal method to select will either be the most
precise for the same statistics if the cost of the measurement is sub-dominant, or if a
sufficient ensemble of gauge configurations already exists it makes sense to select the most
precise approach for fixed measurement cost.

We note, that a cost comparison between stochastic and perturbative methods is less
trivial in unquenched QED. While for the perturbative method, one needs to additionally
calculate appropriate quark-disconnected diagrams, the stochastic method requires the
generation of combined QCD+QED gauge configurations.
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4.3 Strong isospin breaking correction

In the following we show results for the strong isospin breaking corrections to meson masses.
As discussed above, we use two different approaches to account for strong isospin breaking,
one by simply using different valence up- and down-quark masses when computing valence
quark propagators, and one by expanding the path integral in the quark mass difference.
When comparing results from these two approaches, one has to keep in mind, that, when
choosing different values for up- and down-quark masses, we fixed the up-quark mass to
the isospin symmetric mass m, = m and changed the down-quark mass to be my =
m + (mg — my,), where (mg — m,,) approximately corresponds to the physical light quark
mass difference from [9].

In the following we focus on the strong isospin correction to the masses of charged
kaon KT = 5ysu and neutral kaon K° = 5vysd. In this context “charged” and “neutral”
refers only to the quark content, not to electromagnetic charges. In particular, we consider
the strong isospin contribution to the difference mygo — mg+ of the masses of charged and
neutral kaon. Here, we define masses denoted by m as masses that include strong isospin
corrections, but no QED effects and

M= Mpy=m, + 0sm, (4.15)

where M, —m, is the isospin symmetric mass and dsm the strong isospin correction.

We can obtain mygo — mg+ by simply calculating the effective mass according to
equation (4.3) once for a two-point function using a strange quark and a light quark with
mass m, and once for a two-point function using a strange quark and a light quark with
mass my and taking their difference.

On the other hand, we obtain mgo — Mg+ from the expansion of the path integral.
According to equation (2.43) we find for the two-point correlation functions of charged and
neutral kaon

Cro(20) = Crer (20) = (ma — ma) O (20) + O ((ma —my)?) , (4.16)
where C;;mngIB(zo) is given by (2.45)

O3B () = 3D " Tr[S7(0, 2) 75 8" (2, 7) S"(w,0) 7] - (4.17)

z x

Since by expanding the path integral we only determine the strong isospin breaking cor-
rection which is linear in (mg — m,,), the difference mygo — Mg+ has to be extracted using

C;;rongIB (t) C;;rongIB (t + 1) ) (4 18)

Mo — Mg+ = —(mg — my,) ( Cr®)  Cralt+1)

i.e. with the ratio method, as for the O(«) corrections when using the perturbative method
for QED (cf. section 4.1).

Figure 8 shows the strong isospin correction to the difference of effective masses between

charged and neutral kaon. The green circles show results using different up- and down-

quark masses. Here we take the difference between the cosh effective mass of a charged and
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Figure 8. The strong isospin breaking contribution to the difference of the charged and neutral
kaon masses. Green circle points are results using different bare quark masses for up and down
quark, purple square points are results using the expansion of the path integral. Both data sets use
the same mg — m,,.

a neutral kaon. The purple square points show results using the path integral expansion
and equation (4.18).

The strong isospin breaking contribution to the difference of the masses of neutral and
charged kaons is determined by fitting a constant function to the plateau region of the data
shown in figure 8. From these fits we obtain

myo — M+ = (5.551 +£0.031) MeV (different up and down masses)  (4.19)
mgo — M+ = (5.575 £ 0.033) MeV (path integral expansion) (4.20)

for the data using different up- and down-quark masses and the path integral expansion,
respectively. We find the statistical errors to be approximately the same for both methods
to account for strong isospin breaking. Both methods have the same computational cost,
since they require either one additional inversion with a second light quark mass or one
additional inversion with a sequential insertion of the scalar current.

The values given in equations (4.19) and (4.20) can be compared with the difference of
the masses of charged and neutral kaons from QED corrections, i.e. the difference of 5m}(0
and 5m'[y(+ given in table 1. We find the strong isospin breaking and QED corrections to
the kaon mass splitting to have opposite signs and the magnitude of the strong isospin
breaking correction to be approximately a factor 1.8 larger than the QED correction. In
total we find m o —mg+ = (2.4704+0.032) MeV from combined strong isospin breaking and
QED corrections, when using the path integral expansion for the strong isospin breaking
and the perturbative method for the QED correction, without any particular preference.
Note, that this result is not obtained at physical quark masses. We also stress, that we
have not renormalized the quark masses and that the separation of QED and strong isospin
breaking corrections will depend on the renormalization scheme.

The authors of [10, 37] showed, that the strong isospin breaking correction to the
mass difference between a charged and a neutral pion vanishes at O(mg — my,), since
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the correlation functions Cf = (r~n*) and C? = (7%7°) with 77 = uysd and 7° =

%(u%ﬂ — dysd) receive the same leading strong isospin correction

Cr+ (20) = Cro(20) = Cu(20) — (mg — my,) CE™8B () | (4.21)
with
CstronelB (7)) = ZZTY[Su(O, 2) 75 8" (2, 2) " (2,0) 5] - (4.22)

However, the strong isospin breaking correction to the masses of neutral and charged pions
differ at O ((md — mu)z) When calculating pion correlation functions using different input
bare masses for up and down quarks, we determine strong isospin correction at all orders
in (mg — m,). Using results from this approach we find a non-vanishing, albeit small
mass difference

Mg+ — myo = (0.1160 £ 0.0012) MeV (different up and down masses). (4.23)

5 Isospin breaking corrections to a,

In the following, we determine the isospin breaking corrections to the anomalous magnetic
moment of the muon a,. In section 5.1 we give an introduction to a, and specify the setup
we use to calculate the hadronic vacuum polarization. Results for the QED correction to
the vector two-point function and the multiplicative renormalization Zy, are given in sec-
tions 5.2 and 5.3, respectively. In section 5.4 we show results for the strong isospin breaking
correction to a,. Our results for the isospin breaking corrections to a, are summarized in
section 5.5.

5.1 Introduction and definitions

The anomalous magnetic moment of the muon a, has been experimentally measured with
a precision of ~ 0.5 ppm at Brookhaven National Laboratory [50] using polarized muons
in a storage ring in a magnetic field. The Standard Model estimate [19] of a, has been
determined to the same level of accuracy. Thus, a, can serve as a high precision test of
the Standard Model of particle physics. However, since many years a deviation of about
30 persists between the experimental and theoretical estimates. This deviation might be a
sign of new physics. Clearly, it is important to reduce the errors in both the experimental
measurement and in the Standard Model calculation. From the experimental side, there
are two upcoming experiments at Fermilab [51] and J-PARC [52], both aiming to further
reduce the experimental uncertainty. While the biggest contribution in the Standard Model
estimate originates from the electromagnetic interaction, the largest contribution to the
error comes from the strong interaction. The leading strong contribution to a,, is given by
the hadronic vacuum polarization (HVP).

Currently, the most precise theoretical estimate [28, 29] of the hadronic vacuum po-
larization uses the data from the cross section of ete~ — hadrons, and, thus, relies on
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experimental data. On the other hand, the HVP can be calculated from first principles us-
ing lattice QCD. The hadronic vacuum polarization IT1(Q?) is determined by the correlation
function of two electromagnetic currents

M (Q%) = D~ €97 (u(2)7(0)) = (QuQu — Q6,)T(Q?) , (5.1)
with 5 ) )
Ju = 3 Wt — ga’)’ud T3S (5.2)

From the HVP form factor I1(Q?), the leading hadronic contribution to a, can be deter-
mined by [53]

oo

o = (2)" [ 4@ k(@) @) - 1) | (53)

0

with a kernel function K (Q?), which is known analytically.
In recent years a lot of effort has been undertaken to determine the HVP contribution
to a, using lattice calculations (see e.g [20-27]). However, to be competitive with the

determination from et

e~ — hadrons, a precision of < 1% is required. At this level of
precision, isospin breaking corrections can no longer be neglected.

In this work we achieve the first exploratory calculation of isospin breaking corrections
to the HVP, using a setup identical to the one previously described for the meson mass
splittings. Note, that the QED corrections to a, are of the same order in « as the hadronic
light-by-light scattering contribution (see [16, 17, 54, 55] for lattice calculations of the
hadronic light-by-light scattering).

For the calculation of the HVP we choose a setup with a local vector current at the

source and a conserved vector current at the sink
Cow(@) = Zv a (Vi@)VE(0) ) + (5.4)

see [56] for further details of the framework for our calculation of the hadronic vacuum
polarization. The conserved vector current V' for the Domain Wall Fermion formulation
used in this work is given in equation (A.7). The local vector current V' requires a mul-
tiplicative renormalization Zy. From the correlation function (5.4) we construct the HVP
tensor as (see e.g. [56])

M (Q) = 3 e 9 Chu(w) = Y Crula). (5.5)

xT

In (5.5) we have subtracted the zero-mode ) C,,(x) of the vector-vector correlation
function [57], which vanishes in the infinite volume limit. In [56] the authors showed that
the zero-mode subtraction greatly reduces the statistical error on the HVP for low Q? when
using Zo Wall sources for the quark propagators. We also find such an improvement for
the QED correction to the HVP, reducing the error for the smallest Q2 by a factor of ~ 4
for the up quark and = 20 for the strange quark.
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For the determination of the HVP form factor H(Q2) we use the spatial components
of (5.5)
sy 1 115(Q)
I1(Q ):3%:@2’ (5.6)
with vanishing spatial momentum @ = 0.

The QED correction to the hadronic vacuum polarization JI1 is determined by the QED
correction to the correlation function Cy, () (5.4). Since we use the local vector current
at the source, we have to apply the appropriate multiplicative renormalization Zy,. This
multiplicative renormalization Zy, itself receives a QED correction once electromagnetism
is switched on. Thus, the QED correction to the local-conserved vector two-point function
C\(z) is given by

6Cuu () = 2y g} (Vi@)VI(0)) + 20} 6 (Vi@)VI(0)) . (5.7)

where <VHC(1:)VVZ (0)) , is the vector two-point function without QED, 79, the multiplicative
renormalization without QED, 0Zy the QED correction to Zy and § <Vlf(x)Vf(O)> the
QED correction to the vector two-point function. It follows from equation (5.7) that the
QED correction to the HVP is given by

SII(Q?) = 62VII(Q?) + 6V II(Q?), (5.8)

where 02VII(Q2) and 6VII(Q?) are the QED corrections from the correction to Zy and
from the correction to the vector two-point function <V;f(:c)Vf (0)), respectively. Similarly,
we define the QED correction to a,, as

Sa, = 6%Va, +6Va, . (5.9)

In general, da,, also receives a contribution from the QED correction to the lattice spacing.
The lattice spacing enters in the kernel function K(Q?) in equation (5.3), which depends
on the muon mass. However, in this work we did not determine the lattice spacing in the
presence of QED (cf. section 3).

Our results for the QED correction 5Vau from the vector two-point function are pre-
sented in section 5.2 and results for the QED correction 6ZVaM from the multiplicative
renormalization are given in section 5.3.

5.2 QED correction to the vector two-point function

In this section we discuss the QED correction § <Vlf(x)Vf(())> to the vector two-point
function. As described above, we use a conserved vector current V), at the sink when
calculating the hadronic vacuum polarization. However, the conserved current depends
on the link variables U, (x) (cf. equation (A.7)) and thus, in the presence of QED, on the
photon fields and the electromagnetic charge e. In the following, we refer to the conserved
vector current including the U(1) photon fields as V,;°(z) to indicate the dependence on
e. Thus, for the QED correction to the HVP we have to calculate the expectation value of
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x
Figure 9. The two terms from the expansion of the conserved current at the sink. Red squared

vertices and blue triangle vertices refer to insertions of the conserved vector current and the tadpole
operator, respectively.

an operator that itself depends on the electromagnetic coupling. This has to be taken into
account when expanding the path integral for the perturbative method

<v;7€<x>vf<o>>—<v;<x>vf<o>>0+;e2§;<v;re<x>vf<o>> +0(*).  (5.10)

e=0

This leads to two additional terms, that are not present in the QED correction to the
meson masses. The corresponding diagrams are shown in figure 9. A detailed derivation
can be found in the appendix B.2. The construction of these two terms does not require
any additional inversions compared to the diagrams which we have already considered for

the meson masses.

5.2.1 Results

Figures 10 and 11 show the QED correction 5VH(Q2) to the hadronic vacuum polarization
form factor for up and strange quarks, respectively. The plots on the left-hand side of both
figures show results from the perturbative and the stochastic method. For the perturbative
data the results shown have been calculated using the single-y insertion, which, for the
same amount of statistics, gives a smaller statistical error than the summed-p insertion
(see section 5.2.2 for a detailed comparision of statistical errors). For the multiplicative
renormalization Z‘O/ of the local vector current we use a value determined from the ratio of
the local-conserved and the local-local vector two-point functions. Further details can be
found in section 5.3, where we will also determine the QED correction to Zy .

The plots on the right-hand side of figures 10 and 11 show the correlated difference
between the data from perturbative and stochastic methods. We find the data from both
methods differs for a large range of Q? at the level of about 1—1.5 ¢. In order to understand
this small difference we perform a computation with a second value of the electromagnetic
coupling o = 1/4x for the stochastic method, so that we can distinguish between the leading
and higher-order QED correction in the data from the stochastic method. We find that
the deviation seen between stochastic and perturbative data for large Q2 to be consistent
with O(a?) corrections. More details on the O(a?) QED corrections from the stochastic
data are given in appendix C.

The calculation of a,, from the HVP form factor requires the subtracted HVP fI(Q2) =
I1(Q?) — I1(0). For the QED correction we therefore need to determine 6" TI1(0).
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Figure 10. The QED correction 5VH(Q2) to the HVP form factor for the up quark. The plot
on the left shows results from the stochastic method (blue circles) and the perturbative method

(red squares). The plot on the left shows the correlated difference between stochastic and pertur-
bative data.
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Figure 11. The same as figure 10 for the strange quark.

The subtracted hadronic vacuum polarization II(Q?) can be directly determined from
the vector two-point function by [57]

T/2

,CL'Q — COS €T
0O =@ -0 = Y Y Oy [0 - 1@0)] NCRtY

2 2
ro=—T/2+1 & Q

Similarly, we calculate the QED correction to the subtracted HVP from the QED correction
to the vector two-point function

T/2

VIQH = Y Y Vo) [mg_l_ws@x(’)] . (5.12)

2 2
$0=—T/2+1 T Q

The results for §VII can then be used to calculate the QED correction to a, according
to equation (5.3). We use a sine cardinal interpolation [56] to obtain the HVP also at
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af x 1010 | §Vastoch x 1010 SVap ™t x 1010 | gVgstoch — Vahert

U 310 £ 18 2612 0.7+£1.2 1.95+0.94
s | 48.49+0.23 | —0.0030 £0.0014 | —0.0057 + 0.0014 | 0.0027 £ 0.0011

Table 3. The HVP contribution to a, without QED and the QED corrections 6Vau from stochastic
and perturbative data at an isospin symmetric pion mass of 340 MeV. Results have been obtained
using equation (5.11). The last column §Va***" — §VaPe™® shows the correlated difference between
the results from both data sets.

non-lattice momenta 9

7T
Qo= "o, (5.13)

where ng can lie anywhere in [-7'/2,7/2) and not only on integer values. To obtain a,
we integrate using the trapezoidal rule up to momenta Q% ~ 3GeV2. The integrand in
the integral to obtain a, (cf. equation (5.3)) is peaked at small momenta around the muon
mass. Contributions from momenta > 3 GeV? are very small, and we neglect these in this
study. The results for the QED corrections to a, from the QED correction to the vector
two-point function are given in table 3 alongside results without QED.

We find the QED correction 5Vau for the up quark to be of the order of < 1% of
the value without QED. Results for the down quark can be obtained by multiplying the
values for the up quark with the appropriate charge factor 1/4 for ag and 1/16 for (5Va#.
In contrast to the QED correction for the light quarks, we find the QED correction for
the strange quark contribution to be negative. Although we find agreement between the
HVP form factor from the perturbative and stochastic data (cf. figures 10 and 11), we find
the results for the QED correction 5Vau given in table 3 to differ between the stochastic
and perturbative approach by 2 — 30. This is due to the 1 — 20 deviation between both
datasets for small Qz in the HVP form factor. When calculating the subtracted HVP using
equation (5.11) this difference gets enhanced over the whole Q? region for f[(@z)

Another method to determine II(0) is to fit the HVP form factor to extrapolate to
Q? = 0. Suitable fit functions are given by Padé approximants [58]

n—1
R (@) =To + Q[ Y. —Y 4 Gpnc with 7 =m,m + 1. (5.14)
iz Uit Q?
In this work we use Padé Ri;, which has one pole
A2\ A2 a
R (Q7) =1lh + Q <b+©2 +c) : (5.15)

To obtain a fit function for the QED correction from (5.15), we allow each parameter to
receive a QED correction

~ A ~ N a0+5va
Rll(QQ) = R(l)l (Q2)+5lel(Q2) = H8+5VH0+Q2 <bO+6Vb+Q? +CO+5VC> (5.16)
A 0 . V. 0
=1 +Q? <aA+c°> +6VH0+Q2< - [5Va—5 b-a }M%) . (5.17)
bO+Q2 bO—I—Q2 bO+Q2
=6VR11
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Figure 12. The QED correction 5VH(Q2) to the HVP for the up quark (left) and the strange quark
(right). The blue dashed line and the red solid line shows results of a Padé fit of the form (5.17) to
stochastic and perturbative data, respectively.

At O(a) we find

. . V. g0
0V R (Q%) = 6VIIp + Q ( §"a (Sba] + 6Vc> , (5.18)

b0+ Q? [ 0 Q2

as an ansatz for fitting the QED correction to the HVP. Since §¥ R11(Q?) also depends
on the parameters a® and b° from the Padé without QED, we perform a combined fit of
the HVP without QED and the QED correction 5VH(Q2). Results of these fits are shown
in figure 12 for the QED correction to the HVP for the up and the strange quark. The
dashed blue curve shows the fit result for the stochastic data (blue circles), the solid red
curve shows the fit result for the perturbative data (red squares).

For the calculation of a, according to equation (5.3) we use the fit result of the Padé
in the fit range, which is indicated by the range in which the Padé function is plotted
in figure 12. For higher Q? we use the data and trapezoidal rule for the integration. As
before, we integrate up to ~ 3 GeV2.

The results for a, without QED as well as the QED corrections from perturbative
and stochastic data using the Padé Ri; are given in table 4. We find the results for the
QED correction to a,, for the up quark to be smaller than the values in table 3 determined
using equation (5.11). For the strange quark we again find a negative QED correction to
ay, which is in agreement with the results given in table 3. We find the results from the
perturbative and the stochastic data to differ by 1—2¢. This difference is not as pronounced
as when using equation (5.11) (cf. results in table 3), since the deviation between both data
sets at small Q2 is reduced by the Padé fit as one can see on figure 12.

The difference of the results for 5Vau using the two different methods to determine
I1(Q?) discussed here is shown in table 5 (i.e. the difference between results from tables 3
and 4). This difference mainly arises from the large statistical errors on the QED correction
for small QQ. A Dbetter resolution of the QED correction in this region would allow for a
more reliable determination of II(0) and thus II(Q?).
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ag x 1010 5Vaff00h x 1010 5vazert x 1010 5Vaf‘f°Ch — 5Va5m

U 318 £ 11 0.65 £ 0.31 0.37£0.33 0.27+£0.26
s | 47.98 £0.25 | —0.0030 £ 0.0012 | —0.0049 £ 0.0011 | 0.0019 £ 0.0010

Table 4. The HVP contribution to a, without QED and the QED corrections from stochastic and
perturbative data at an isospin symmetric pion mass of 340 MeV. Results have been obtained using
Padé Ry;.

stoch x101° pert x 1010
U 20+1.1 0.3£1.0
s | 0.00003 £ 0.00063 | —0.00080 4+ 0.00058

Table 5. Correlated difference of results obtained from using equation (5.11) or Padé Ri; for

determining T1(Q?).
0 QVWQ z

Figure 13. Quark-disconnected diagram for the QED correction to a,.

Currently we do not include any quark-disconnected diagrams in the calculation of
QED corrections. However, one type of quark-disconnected diagrams is also present in the
electro-quenched approximation. A sketch of this diagram is shown in figure 13. Note, that
in this context one is only interested in the case, where the two quark lines are additionally
connected by gluons. If the two quark lines are only connected by the photon and not
by gluons this diagram is conventionally counted as a higher order HVP contribution (see
e.g. [59]), not as a QED correction to the leading order HVP. We include this diagram
neither in the stochastic nor in the perturbative data.

The counterpart of this diagram without QED, i.e. without a photon coupling the two
quark loops, is SU(3) suppressed (see [60-62] for lattice QCD calculations of the quark-
disconnected contribution to the HVP and [63, 64] for estimates of the disconnected HVP
in chiral perturbation theory). However, when including a photon to obtain the QED
correction shown in figure 13 the corresponding correlation function is no longer SU(3)
suppressed. Thus, this quark-disconnected diagram might give a large QED correction
to the HVP. We plan to include this contribution in future calculations. Note, that the
diagram shown in figure 13 determines the mixing of p- and w-mesons.

5.2.2 Comparison of statistical errors

To compare the statistical errors between the perturbative and the stochastic data, we
consider their ratio. Figure 14 shows the error on the perturbative data divided by the
error on the stochastic data. For the plot on the left-hand side, the errors are scaled
by the total number of inversions used in each case to obtain an equal cost comparison.
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Figure 14. Ratio of statistical errors of perturbative and stochastic data. The plot on the left shows
an equal cost comparison, the plot on the right shows an equal statistics comparison. Closed and
open symbols refer to the single- or summed-y insertion technique for the perturbative method, re-
spectively. Purple squares show results for the up quark, blue triangles results for the strange quark.

Closed and open symbols denote results from the single- or summed-y insertion technique
for the perturbative method, respectively. The horizontal black line shows “1” where both
methods would give the same precision with the same numerical cost. However, we find
the statistical error from the perturbative method to be larger then the error from the
stochastic method. Comparing the two different approaches for calculating the sequential
propagators for the perturbative method, we find that at the same numerical cost the
statistical error is smaller when using the summed-y insertion (open symbols).

The plot on the right-hand side of figure 14 shows the ratio of errors in an equal
statistics comparison. We find this ratio to be smaller but close to one for the single-p
insertion and slightly larger then one for the summed-p insertion.

We find the same ordering of statistical errors as for the QED correction to meson

masses

Astoch < Apert,surnmed—,u < Apert,smgle—,u same cost (519)

Apertsingle-p - Astoch - A pert,summed-p. same statistics. (5.20)

One has to keep in mind, that our study is done using unphysical quark masses and this
might be a mass dependent finding. Indeed we observe a trend in an increasing ratio of
errors from the perturbative over the stochastic method as the quark mass is decreased,
suggesting that this ratio might even be larger for physical quark masses.

5.3 QED correction to Zy

The calculation of the HVP using a local current at the source (cf. equation (5.4)) requires
the determination of the appropriate multiplicative renormalization Zy,. When including
QED in the lattice calculation also Zy obtains an electromagnetic correction

Zv =7y + 62y . (5.21)
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Figure 15. The ratio of the local-conserved and local-local vector two-point function without QED
for up (red circles) and strange (green diamonds).

This results in a further correction §2VII(Q?) to the HVP at O(a). In this work, we
determine the multiplicative renormalization from local-conserved and local-local vector
two-point functions. We define

3 3
cgc(t):§;;<v;(m)v;(0)>o and Cél(t):;;;<Vi(x)Vlf(O)>o, (5.22)

as the local-conserved and local-local vector two-point functions without QED and

3 3
cle(t) = % S (V@) and O = % S Vi@vio) . (5.23)
p=1 z p=1 z

as the local-conserved and local-local vector two-point functions with QED.

The renormalization of the vector current without QED can be determined from the
large time behaviour of the ratio of the local-conserved and local-local vector two-point
functions

Cle(t
D = 0218 . (5.24)

This ratio is shown in figure 15 for the up and strange quark. Z‘O, is determined by fitting
a constant to the plateau region in the data as indicated in figure 15. The results of these
fits are given in table 6.

The multiplicative renormalization of the vector current including QED is given by

_Cle(t)  Cke(t) +oCke(t)  Ck(t) (5010(15) Cle(t) 6C™(t)
SOy Oy +ect(r)y  Cly) T\ cly i) Ci)

=62y

Zy > +0(a?), (5.25)

/

with the QED corrections to the local-conserved 6C'(t) and the local-local 6C"(t) vec-
tor two-point function. Equation (5.25) implies that the QED correction to Zy can be
determined by

sCle(t)  Cle(t) 50U (2)
ity i cf

52y = (5.26)
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Figure 16. The QED correction to Zy. The plot on the left shows the results of equation (5.26)
for the up quark, the plot on the right for the strange quark. Red squares and blue circles denote
data from the perturbative and the stochastic method, respectively.

zy 5 Z3och
up | 0.70209 £ 0.00083 | —0.002674 £ 0.000043
0.69737 + 0.00017 | —0.0007102 = 0.0000016

6Z‘1;}ert
—0.002756 + 0.000044
—0.0007139 + 0.0000016

strange

Table 6. Results for the multiplicative renormalization of the vector current without QED Z9 and
the QED correction §Zy from the perturbative and the stochastic data.

5Zvalsfoch % 1010

57vab™ x 1010

up

strange

—1.212 + 0.052
—0.04886 + 0.00028

—1.249 + 0.047
—0.04911 £+ 0.00027

Table 7. The QED correction to a,, due to the QED correction to the multiplicative renormalization
Zy for the local-vector current.

The results for §Zy using equation (5.26) are shown in figure 16. The plot on the left
shows data for the up quark, the plot on the right data for the strange quark. A constant
has been fitted to the plateau region of the data to obtain dZy,. The results from these fits
are given in table 6 alongside the results for Z.. We find the QED correction to Zy to be
negative and smaller than 0.5% for the up quark and even smaller for the strange quark,
where the QED correction is more suppressed due to the smaller charge factor.

In table 7 we give results for the additional QED correction to a, due to the QED
correction to Zy . For the up quark we find the correction to a, from dZy to be of the same
order but with a different sign than 5Vau, the correction from the QED correction to the
vector two-point function itself (cf. results in tables 3 and 4). For the strange quark both
QED corrections have the same sign, but the QED correction to a, from 6Zy is about an

order of magnitude bigger.
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Figure 17. Strong isospin correction to the HVP form factor. Green circles show results obtained
using different masses for up and down quark. Purple squares show results using the path integral
expansion. The solid green line and dashed purple line show results from a Padé fit.

5.4 Strong isospin breaking correction

To determine the strong isospin breaking corrections to a, we will in the following look at
the HVP for the down quark IT4(Q?)/ qj%, which is determined by the correlation function
(cf. equation (5.4))

Cuul) /a5 = Zv (Vi@)VLO)) . (5.27)

We compute the strong isospin correction to Hd(QQ) /q]% by either using the difference of
the HVP calculated with different masses for up and down quarks, Hmd(Qz) - Hmu(QQ),
or by using the expansion of the path integral. In the latter, the strong isospin breaking
correction is given by

5Cou (@) /0] = ~2v (mq —ma) (Vi@V} (0)S) (5.28)
with the scalar current S. In figure 17 the strong isospin correction to the HVP is plotted
against Qz. Green circles show the difference of the HVP calculated using different masses
for up and down quark. The purple squares show results obtained from the expansion of
the path integral in the quark mass, i.e. equation (5.28). We find the data sets from both
methods to account for strong isospin to agree with each other.

To determine the strong isospin breaking correction dsa, to the anomalous magnetic
moment of the muon from the data shown in figure 17, we use either equation (5.11) to
determine II(Q?) or a Padé fit. The Padé fit can be done in a similar way as for the QED
correction, i.e. assigning a strong isospin breaking correction to each of the parameters in
the Padé function. Thus, for R1; we obtain

~ ~ .0
55R11(Q2) = 5SHO + Q2 ( 5sa — 5Sb a :| + 530) s (529)

1
B + Q2 [ b0 + Q2
as an ansatz to fit the data for the strong isospin correction to the HVP. The results of these

fits are shown in figure 17 by the solid green line for the data using different masses for up
and down quark and the dashed purple line for the data using the path integral expansion.
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5sau/q]2@ using (5.11) 5Sau/q]2@ using Padé Ry
different u and d masses | (—6.1 £8.8) x 1070 | (—6.7£1.6) x 10~1°
path integral expansion | (—=7.24+7.4) x 10719 | (-6.441.7) x 10710

Table 8. Strong isospin breaking correction to a,. The middle column shows results using equa-
tion (5.11) to obtain TI(Q?), the right column results using Padé Ry .

The results for the strong isospin breaking correction to a, are given in table 8. Using
the Padé fits we are able to resolve the strong isospin breaking correction to a,. When
comparing the results in table 8 with the value in the isospin symmetric limit (cf. table 4)
at/qs = (716 £25) x 10719, we find that the strong isospin correction is dsa,/afi ~ —0.9%.

To obtain these results for the strong isospin breaking correction to the HVP, we have
chosen to keep the up-quark mass fixed at the isospin symmetric value (and thus, the mass
of the light sea quarks) and to increase the mass of down quark such that we approximately
reproduce the light quark mass difference from [9]. However, the way how the quark masses
are changed to account for the strong isospin correction is arbitrary as long as unphysical
quark masses are used in the calculation. Indeed, the sign of the values that we quote
in table 8 originates from the fact, that for a larger down quark mass, we find the HVP
contribution to a, to be smaller by 0.9% compared to the HVP contribution to a,, using the
isospin symmetric value for the down quark mass (i.e. the up-quark mass for this particular
choice of quark masses). We could have equally well kept the down-quark mass fixed and
lowered the up-quark mass instead and would have obtained a result for the up-quark
HVP contribution to a, which is 0.9% larger for the smaller mass compared to the isospin
symmetric one. It can be easily seen from the expansion of the path integral in the quark
masses, which is o« Am, that the sign of the correction changes between decreasing a quark
mass or increasing a quark mass. In general, for a, we find, that a lighter quark mass
results in a larger value for a, and a heavier quark mass in a smaller value.

We can also determine the strong isospin breaking correction to the multiplicative
renormalization of the vector current, Zy, which can be obtained by comparing results for
Zy using either m,, or my as the valance quark mass. We find this correction to be very
small 8 Zv /Zy = (Z'" — Z1'") | Zv ~ 0.02%. Note that the strong isospin breaking in Zy
can be ignored in practice since it is merely a cutoff effect.

5.5 Summary IB corrections to a,

Our results for the QED corrections to the anomalous magnetic moment of the muon are
summarized in table 9. The first column ag shows the result in the isospin symmetric limit
for up and strange quarks (Note, that in the isospin symmetric limit, the contribution from
the down quark is simply 1/4 of the up quark). Results for the QED correction (5Va# from
the vector two-point function are given in columns two to five and the QED correction
5ZVaM from the multiplicative renormalization in columns six and seven. For the QED
correction 5Vau we have determined the subtracted vacuum polarization f[(QQ) with two
different methods, either using equation (5.11) or using Padé R;; to obtain II(0) and we
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al, x 100 §Va, x 1010 §%va, x 101

stoch, (5.11) | stoch, Ry; | pert, (5.11) | pert, Ri1 stoch pert

w| 318(11) | 2.6(1.2) 0.65(31) 0.7(1.2) 0.37(33) | —1.212(52) | —1.249(47)
s | 47.98(25) | —0.0030(14) | —0.0030(12) | —0.0057(14) | —0.0049(11) | —0.04886(28) | —0.04911(27)

Table 9. Summary of our results for the QED correction to a, with an isospin symmetric pion
mass of ~ 340 MeV. Results are shown for the stochastic and perturbative method.

au/q; x 10" Ssau/q7 x 10"
diff masses, eq. (5.11) | diff masses, Ri1 | expansion, eq. (5.11) | expansion, Ri:
716 £ 25 —6.1 + 8.8 —6.7+ 1.6 —72+74 —-64+1.7

Table 10. Summary of the results for the strong isospin breaking correction. The values shown
in the table quote the difference of the HVP contribution I/ q]% —I1me/ q]% to a, calculated with
our choices for the up and the down quark mass.

quote both results separately. We find results from both techniques for determining f[(@2)
to differ especially for the up quark. This difference mainly arises from the large statistical
errors on the QED correction for small QQ. A reduction of the statistical error in the low
(? region is required to achieve a more reliable determination of I1(0).

The total QED correction to a, is given by the sum of the two contributions (5Vaﬂ
and (5ZVau. We have not added these contributions in order to illustrate, that the sta-
tistical error is dominated by the QED correction (5Vau that originates from the QED
correction to the vector two-point function, while the QED correction to the multiplicative
renormalization Zy is determined very precisely.

We find the overall QED correction to a, to be smaller than 1% for the up quark,
where the QED contribution is enhanced by the charge factor compared to the down and
strange quark. For the strange quark we find the QED correction to be about 0.1% of the
isospin symmetric result.

The above findings are for unphysical sea and valence light quark masses and QED
corrections to a, might be larger at the physical point.

Our results for the strong isospin breaking correction are summarized in table 10. We
have accounted for strong isospin breaking by either using different masses for the valence
up and down quark or by using a path integral expansion in (m, —mg). For both datasets
we have determined the subtracted vacuum polarization ﬁ(@2) with two different methods,
either using equation (5.11) or using Padé Rj; to obtain II(0) and both results are quoted
separately in table 10. We find the strong isospin correction to be —0.9% of the isospin
symmetric result. Again, we would like to stress, that this result depends on our arbitrary
choice to keep the up-quark mass fixed and increase the mass of the down quark (cf. the
discussion in section 5.4.).

5.6 Prospects for a calculation at the physical point

In this work we have done an exploratory study of the strong isospin breaking and QED
corrections to the HVP at unphysical quark masses. However, a full determination of the
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leading hadronic contribution to the anomalous magnetic moment of the muon will require
a calculation at the physical point.

A calculation of the total HVP with a precision target of 1% (or even less considering
upcoming experimental results for a,, from Fermilab [51] and J-PARC [52]) would require to
calculate isospin breaking corrections to an accuracy, which has an overall statistical error
which is less then 1% of the total HVP contribution to a,. Our results, albeit obtained at
unphysical masses, and those of an independent work [30] calculating the QED corrections
to the strange and charm HVP indicate that QED corrections are at most of the order
of 1%. If this remains true for the QED correction for physical light quarks, a precision
of 50% on the isospin breaking effects alone, might already be sufficient. Although, it is
not a priori clear, how the statistical error on the isospin breaking correction scales when
going to the physical point, having successfully completed this exploratory study, we are
optimistic, that such an accuracy for the strong isospin breaking and QED corrections is
feasible at physical quark masses. Our results for the comparison of the statistical errors
between the stochastic and the perturbative approach shown in figure 14 indicate that
the stochastic method would most likely also give smaller statistical errors at physical
quark masses. Thus, we favour using the stochastic method for the QED correction with
a sufficient amount of statistics for the photon fields for such a calculation.

Another simplification in this study is the use of the electro-quenched approximation.
In general, effects of quenching are SU(3) and 1/N, suppressed and expected to be of the
order of 10% [4]. Given the smallness of the QED correction to the HVP, an unquenched
calculation is most likely not necessary to reach an overall accuracy of 1% for the total
hadronic vacuum polarization contribution to a, including isospin breaking corrections at
the physical point. However, this remains to be checked in an actual calculation.

In addition to what has been done in this exploratory study, a calculation at the
physical point requires a retuning of the lattice spacing and quark masses such that the
masses correspond to the physical ones in the presence of QED. We imagine a setup, where
up, down and strange quark masses are fixed by tuning the masses of the charged pion and
charged and neutral kaon to their experimentally determined values and the lattice spacing
is estimated using, e.g., the ) baryon. For the tuning of the masses it is advantageous to
use the path integral expansion in the quark masses, since the deviation of the bare quark
masses from their isospin symmetric value is a free parameter, which is multiplied to the
correlation function after all quark contractions have been computed.

A calculation of the isospin breaking corrections to the hadronic vacuum polarization
on the physical mass RBC/UKQCD ensembles [45] is under active investigation.

6 Conclusions and outlook

In this work we have calculated the isospin breaking corrections to meson masses and the
hadronic vacuum polarization in an exploratory study on a 64 x 243 lattice with an inverse
lattice spacing of a~! = 1.78 GeV using unphysical quark masses.

We have included electromagnetic effects in the lattice calculation with two different
approaches, a stochastic and a perturbative approach. To our knowledge, this work is the
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first direct comparison of results obtained from these two methods. In both methods, we
have treated QED in an electro-quenched setup, i.e. we have considered the sea quarks as
electrically neutral.

As a starting point for comparing the stochastic and perturbative methods we have
calculated the QED correction to meson masses. We have shown, that these QED cor-
rections have to be extracted differently from stochastic or perturbative data, taking into
account, that the stochastic data contains QED corrections to the correlation functions
from all orders in «, while the perturbative data only include O(«) corrections. We find
the results from the perturbative and the stochastic method to be consistent with each
other up to small deviations, which are of O(a?). Albeit the O(a?) corrections are small,
we are able to resolve these with the statistics used in this study.

In this work we have determined for the first time the QED corrections to the hadronic
vacuum polarization and its contribution to the anomalous magnetic moment of the muon
a,. We have calculated the QED correction to the local-conserved vector two-point function
and to the multiplicative renormalization Zy for the local vector current used in our setup
to calculate the HVP. An overview over our results for the QED correction to the HVP is
presented in table 9. In total, we find the QED correction to a, to be < 1% for the up quark
and 0.1% for the strange quark. However, one has to keep in mind that this calculation has
not been done using physical quark masses. In addition, we have determined the strong
isospin correction to the HVP, which we find to be ~ 0.9%. An important conclusion from
this is, that when aiming at a calculation of a, with a precision of 1%, QED and strong
isospin breaking corrections would need to be included.

Our data allows us to directly compare the statistical precision obtained from the
stochastic and the perturbative method. We find that for the QED correction to the meson
masses as well as for the HVP the stochastic method results in a statistical error which is
about a factor of 1.5 — 2 smaller than the statistical error from the perturbative method
for the same numerical cost. Thus, the stochastic method is favourable for the particular
choice of simulation parameters and quantities considered in this work. However, this
might differ for a study using unquenched QED, where a cost comparison between both
methods is less trivial.

An interesting proposal has been made recently in [11], to estimate the photon propa-
gator required for the perturbative method by the QED average over the stochastic photon
fields used for the stochastic method, ie. Ay (z —y) = (Au(2)Au(y)),. As argued in
section 2.3.2, this is the exact O(a)-truncation of the stochastic method and will thus
for the same statistics result in the same statistical error (up to negligible O(a?) correc-
tions) as the stochastic method. As shown in [11] this approach requires 4 inversions when
combined with the summed-x insertion. The authors of [11] find this approach to give
smaller errors than the conventional perturbative method, which is in agreement with our
comparison between the stochastic and the perturbative method. This method allows to
combine the advantage of the smaller statistical errors from the stochastic method and the
explicit calculation of the O(a) QED correction using the perturbative method and should
be particularly beneficial for the calculation of the QED corrections to matrix elements [12],
where explicitly the O(«) corrections are required for the treatment of infrared divergences
(see [12] for a detailed discussion).
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In this work we have not made any attempt to include finite volume corrections for the
QED correction to the HVP. Finite volume corrections with photons in a finite box can be
substantial (cf. e.g. the results in [5] and in table 1) and thus need to be taken into account.
We are currently investigating the finite volume corrections to the QED correction to a,
to include those in our calculations.

Having successfully completed this exploratory study with unphysical quark masses,
a calculation of the QED corrections to the HVP at physical quark masses is under active
investigation. This present work has demonstrated the methods and feasibility to enable
the future work.

Acknowledgments

The authors warmly thank F. Sanfilippo for usefull discussions. This work has received
funding from the STFC Grant ST/L000296/1, the EPSRC Centre for Doctoral Training in
Next Generation Computational Modelling grant EP/L015382/1 and from the European
Research Council under the European Union’s Seventh Framework Programme (FP7/2007-
2013) / ERC Grant agreement 279757. V.G. acknowledges partial support from the Horizon
2020 INVISIBLESPlus (H2020-MSCA-RISE-2015 -690575). P.A.B. and A.P. are supported
in part by U.K. STFC grant ST/L000458/1. C.L. is supported in part by US DOE Con-
tract #AC-02-98CH10886(BNL) and in part through a DOE Office of Science Early Career
Award. This work used the DIRAC Blue Gene QQ Shared Petaflop system at the Univer-
sity of Edinburgh, operated by the Edinburgh Parallel Computing Centre on behalf of the
STFC DiRAC HPC Facility (www.dirac.ac.uk). This equipment was funded by BIS Na-
tional E-infrastructure capital grant ST/K000411/1, STFC capital grant ST/H008845/1,
and STFC DiRAC Operations grants ST/K005804/1 and ST/K005790/1. DiRAC is part
of the National E-Infrastructure. Computing support for this work came partially from the
Lawrence Livermore National Laboratory (LLNL) Institutional Computing Grand Chal-
lenge program.

A  Domain Wall action and currents

The Domain Wall fermion action used in this work is given by [65, 66]
Ls—1

Spo[¥, ¥, U] = Z Z (x,8)Do(z, s;2", )W (a', 8) (A.1)
z,x’ s,8'=0
with
Do(z,s;2",8') = 58,8/Dg(x, ')+ 5x7x/Dé‘(s, s") (A.2)
and
=
Dy(a,a') =5 3 [(1 = %)Un(@)3suar + (14 ) Uf )00 + (M5~ 4)3,0] - (A3)
pn=1
1
DO S, S 5 [ s+1 s+ (1 + 75)55—175’ - 255,5’] <A4)
m
- 7f [(1 = 75)9s,L.—100,5' + (1 + 75)0s,001, 1,5 ] - (A.5)
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To include couplings of photon fields to the quarks in the fermionic action (A.1) one has
to replace the gauge links in (A.4) and (A.5) as follows

Un(x) = e~ @y, (z)

‘ A6
Ul(x) — e @Ouf(z). (A.6)

The conserved vector current Vi(x) and the tadpole operator T, (z) are given by

%[\I/(QH—,LL,s)(1+’yH)U);(a:)\II(:U,s)—l—@(ﬂc,s)(l—'yu)Uu(x)\I!(x—l—,u,s)] . (AS)

B Expansion of the path integral

The expansion of the expectation value of an observable O in the electromagnetic coupling

e? is given as

1 2 0? 9
(0)={0)o +5¢* 52 (0)) _+0(e?). (B.1)

The leading order electromagnetic correction is thus determined by

2 _
7o) 862[ /p D, T] O ¢-Se¥FAU] -804 ~5elU]] ()

In the electro-quenched approximation we do not include QED in the fermion determinant
det D[U, A] = det Dy[U], and consequently the partition function Z does not depend on

the electromagnetic coupling e.

B.1 Meson two-point functions

For a meson two-point function the observable O is of the form O = (qffq})(qff’ q}) for
two quark flavours f and f’, and does not depend on the elementary charge e. Thus,
equation (B.2) can be written as

2 _
/D ¥, 7] 0 <ae—st,ﬂz7A,U1> oSl -SelUl(p3)

862 Oe?

In the following we drop the dependence of Sr on the fields U, U, A, U for simplicity, i.e.
Sp = Sp[¥, ¥, A, U]. The derivative in (B.3) can be written as

> s s [0 0 0?
= = - — . B4
ez ° [(86 SF> <86 SF) de? SF] (B-4)
For the Domain Wall action (A.1) including QED (cf. (A.6)) one finds
Lo—1

—SF— qufz { (x+p,s) (1+’yu)eiequ“(z)U£(x)‘li(z,s)

—U(x,5)(1 — yp)e U H@U, (2)(z + p, s)] Au()
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and

Lg—l
T 5= @ 3 2 [Hat ) 19)e = DU (@) v (a.)
T, s=0 (B.ﬁ)

+ Tz, 5) (1= )e I AU, (2)W (04 p,5) | A (2) Ay ()
Inserting this into (B.3) yields
(f; (O} _ = =aras > (OVE@VEW) Au(@) A v)) = 63 D (OT, (@) A (@) A (@) (B.T)
with the conserved vector current (A.7) and the tadpole operator (A.8). Using
(Au(@)Au(®)), = Al — ) (B.8)

one finds for the expansion (B.1) of the path integral at O(«)

(0) = (0)g 0T, @) 2,0) ~ “ULOVEVEW), Aol —v). (BI)

where (-), is the expectation value over fermionic and gluonic fields.
B.2 HVP

For the QED correction to the HVP in the perturbative method we have to expand the
path integral for an operator of the form

0= V;’e(z)VVl(O) ) (B.10)
with a local vector current V! and a conserved vector current V¢, which, including QED,
is given by

Vel (z) :Li:l } [@@ +1,8)(1+7,) ietIfAu(Z)UT( YU ( )
g pr a e pTE (B.11)

~ T, 5)(1 — e UMD @)+ p,s)]

Taking into account the explicit dependence of the operator on the electromagnetic cou-
pling, one has to calculate

/ D] DA D, ) |0 ( Lesrvian) (& o) sevvan
862 Oe? de?
4o <83 O) <§ sF[\pprU]ﬂ o—Sv14] ,~SclU]
€ e
(B.12)

The derivatives of the conserved vector current V" with respect to e are given by

L1
9 ce . e z
B Vi zqu r 24ty 8) (1 + ) etedrAul )UII(Z)\I/(Z,S)

+ (2, 8)(1 — yu)e U BT ()W (2 + p, 8)] Au(2)

(B.13)
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and

Ls—l

5?2 )
5 Vo2 —qu rz—i-u, 1+’yu)elequ“(Z)U;(z)\I/(z,s)

Oe2 (B.14)

Tz, ) (1) e U AU ()W (2, 5) A () A, (2).
Thus, in total, one finds for the expansion of the path integral for the operator (B.10)
ear)?

(Ve Vi) = (Vo)) — U5 (Ve ) Ap(0)

2
(VEQVIOVE@VEW)), Bl —y)

ear)* (Tu(VAOVE@)) Aoz — )
ca )2
U (VEV0), Auul0) +O(0?).

The second term on the right-hand side of the first line of (B.15) is the tadpole diagram,
the term on the second line gives rise to the quark self-energy and the photon exchange

(B.15)

|
—~

diagram. The terms in the third and fourth line are the two terms shown in figure 9 and
originate from the expansion of the operator.

B.3 Strong isospin breaking

For determining the strong isospin correction using the path integral expansion, we have
to calculate

0

(©) = (0) S

(0) +O((my —m)?). (B.16)

my=m

+(my —m) -—

ms—m
The derivative of the expectation value with respect to e is given by

/D <_aSF[\I/ U U]> e 5PV o=SalU] (B.17)

ame amf

For the Domain Wall Fermions used in this work, we find

Ls—1

1 1
Z% o Z x,s) [2(1 — Y5)0s,0,—100, 5 + 5(1 + ’75)50,355/,le]

s,8'=0

=y [\I’(w, Ls - 1)%(1 — v5)¥(x,0) + Uz, 0)%(1 +v5) W (x, Ly — 1)] (B.18)
=Y b(@)(x)
with four dimensional fields v, 1. Thus, we find for the path integral expansion (B.16)
(0) = (0) 1, s — (s = 110) (O}, + Ol(my — 10)?) (B.19)

with the scalar current S = >~ 9(z)y ().
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Figure 18. The QED correction to the mass of a charged kaon from the stochastic data plotted
against the electromagnetic coupling e?.

C 0O(a?) effects

C.1 Meson masses

The results from the stochastic and the perturbative method are expected to differ by
effects which are of O(a?). Indeed, when comparing the QED correction to the effective
mass (cf. figure 6), we find a deviation between both datasets of about 1% of the QED
correction itself. This deviation is consistent with O(a?) corrections. To explicitly check
this, we have repeated the calculation with the stochastic method for a second larger value
of the electromagnetic coupling o = 1/4.

figure 18 shows the QED correction to the mass of the charged kaon for the stochastic
data calculated with both values of a plotted against e? = 4. The solid green curve is a
quadratic function of the form a-e* +b- €2, that was matched to the two data points. The
dotted grey line is the linear term b - €2 of the quadratic curve, i.e the leading order QED
contribution. The plot on the right-hand side of figure 18 shows a zoom around the physical
value of the coupling. One can clearly see the difference of the leading order contribution
b-e? and the full results from the stochastic method, which we find at physical e? to be at
the same order as the statistical error. Thus, with the statistics used in this work, we are
able to resolve also the o? effects.

The O(a?) effect that we obtain from the stochastic data is shown by the solid green
line on the right-hand side of in figure 6. We find the O(a?) contribution to be consistent
with the difference that we observe between stochastic and perturbative data.

In [67] the authors discuss finite volume effects for the next-to-leading order QED
corrections to meson masses. However, for our calculation with the physical value of o we
find the O(a?) effects to be about 1% of the leading QED correction, and thus, considering
different finite volume effects for the O(a?) contributions included in the stochastic data
is not relevant at the current level of precision.
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Figure 19. Difference between the QED correction to the HVP from stochastic and perturbative
method. Purple circles show results using the data from the computation at the physical value of
the coupling « for the stochastic method. Light blue triangles are using only the O(«) correction
from the stochastic data.

C.2 HVP

When comparing the results for the HVP from perturbative and stochastic data (cf. fig-
ures 10 and 11) we found a deviation between both datasets at the level of 1 — 1.50. To
check if this deviation originates from O(a?) effects, which are only included in the stochas-
tic data, we use results from a computation with a larger value of the coupling o = 1/4.
Using the data from two different values of « for the stochastic method, we are able to
extract the O(«) contribution at the physical value of the coupling. For every value of
the four-momentum transfer Q? we match a quadratic curve a - e* + b - €2 through the
two data points, similarly as described for the QED correction to the meson masses above.
The leading order QED correction is determined by the term linear in e?. The results
for the leading QED correction from the stochastic data can then be compared with the
results from the perturbative method. Figure 19 shows the correlated difference between
stochastic and perturbative data for up quarks (left plot) and strange quarks (right plot).
Purple circles show the difference using the results from the stochastic data which still
include effects to all orders in « (i.e. the same points that were already shown in figures 10
and 11). The light blue triangles show the difference using the O(«) contribution from the
stochastic data. We find the O(a) data from the stochastic method to be in agreement with
the results from the perturbative method over a wide range of Q2. Thus, the difference
between stochastic and perturbative data found in section 5.2.1 is consistent with effects
which are of higher order in a.

When calculating the QED correction to a, using only the O(«) contribution from the
stochastic data, we find the change in (5Vau to be much smaller than the statistical errors
itself. Thus, we find O(a?) effects to be not relevant for da,, at this level of precision.

D Comparison Coulomb and Feynman gauge

The quantities calculated in this work (QED corrections to meson masses and HVP) are
expected to be gauge invariant. Gauge invariance is not broken by in the QED[, prescrip-
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tion, i.e. subtracting the spatial zero modes, since gauge invariance is realized separately on
every mode in momentum space. To numerically check for gauge invariance, we compare
results using the Feynman gauge with results using the Coulomb gauge. Coulomb gauge
photon fields can be obtained from Feynman gauge photon fields using an appropriate
projector [5]

-2

(PC) = O — |

iy (o, k:) with  A?(k) = (Po),, AB¥™ (k). (D.1)
The photon propagator in Coulomb gauge is given by

AL (e —y) = (AT @) A W)

_ % T ety ik (ir) 2 le (5,“, - (1%“1%” + ik, — /%,J%Q) (b2)
k,k#0

with &, = (0, lg)” The phase factor exp(ik - (4t — )/2) in equation (D.2) originates from

the Fourier transformation with photon fields defined on the mid-links of the lattice. Note

that this phase factor cancels for diagonal contributions p = v.

For the stochastic method we have calculated the QED contributions using the same set
of statistics with the Feynman and the Coulomb gauge. For the perturbative method the
calculation using the Coulomb gauge is more expensive in our setup, since also contributions
from p # v have to be determined. Thus, we restrict the calculation using the Coulomb
gauge with the perturbative method to only one source position.

In figure 20 the QED correction to the effective mass of a charged kaon is shown using
the Coulomb and the Feynman gauge for the stochastic method (left) and the perturbative
method (right). Purple triangles show results in the Feynman gauge, orange circles results
in the Coulomb gauge.

We find agreement between the QED correction to the effective mass in the Feynman
and the Coulomb gauge for large t, where the QED correction to the meson mass is deter-
mined. For small ¢ where the data contains contributions from excited states, we find devi-
ations between Feynman and Coulomb gauge. The data in this region also depends on the
creation amplitudes of the states, which are not necessarily gauge independent quantities.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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