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1 Introduction

Recently, a thermal observable called the thermal helicity was defined for relativistic quan-
tum field theories in even-dimensional spacetime [1] and a variety of evidence now suggests
that this quantity is closely related to anomalies. In a QFT,; (with d = 2n), thermal
helicity is the thermal expectatlon value of products of all (n — 1) mutually commuting
angular momentum operators 2@] and the spatial momentum operator P; in the remaining
direction. More explicitly, let Sgk_mk denote the angular momentum operators in the
(x?+=1 22)-plane for each k = 1,...,(n — 1) in R?*~b! where the QF Ty, lives. Then one
can define the thermal helicity as:

n—1
< (H QQk—l,Qk) 752n1> = (;312334 e £2n73,2n72752n71> . (1.1)

k=1

where (...) is the expectation value in the thermal ground state with temperature 7" and
chemical potential u.

Thermal helicity per unit volume is conveniently written in terms of another function
of T and p, denoted by Fanom[T, 11]:

—— (819834 ... Lon 390 2Pon 1) = —(n — DT Fanom|T, 11, (1.2)
V012n—1

where Voly,—1 is the spatial volume. Furthermore, ref. [1] conjectured a deep relation
between the thermal helicity per unit volume and the anomaly polynomial Pgrr[F, R]
which can be written in terms of a remarkable replacement rule

SAnom[Ta M] = PQFT [F — M, pl(R) — _T2a pk>1(R) — 0} ) (13)

where pi(R) is the k-th Pontryagin class (see ref. [1] for definitions and conventions). The
equation above has to be interpreted thus as: to obtain §anem [T, 1], we take the anomaly
polynomial written in terms of the gauge field strength 2-form F' and various Pontryagin
classes of Riemann curvature 2-form R, replace F' with the corresponding chemical po-
tential ;2 and the first Pontryagin class with —72 and set the higher Pontryagin classes to
zero. Thus, the replacement rule completely fixes the thermal helicity per unit volume of a
QFT to be a homogeneous polynomial in 7" and p with the polynomial coefficients directly
related to the anomaly coefficients of the theory. For our purposes, it is useful to rewrite
the replacement rule in terms of traces of Riemann products:

Sanom|T, 1] = Porr |F — p, tr R* — 2(27T)%%| | (1.4)



This conjecture suggests that thermal helicity is a protected quantity when we turn
on finite temperature and chemical potential in a relativistic field theory. This surprising
result is not obvious at all even in thermal perturbation theory and probably hints at
deeper aspects of thermal field theory. For example, for d = 2 CFTs, the replacement rule
is a corollary of the Cardy formula and its significance lies in the fact that it is a weaker
corollary of the Cardy formula which nevertheless generalizes to the larger class of even
dimensional QFTs. Furthermore, this conjectured rule is closely related to and is motivated
by advances in the role of anomalies in finite temperature and chemical potential [1-28]. A
formal argument made by the authors of [22] at the level of equilibrium partition function
in d = 2 and d = 4 spacetime dimensions can be directly adopted into an argument for the
thermal helicity conjecture. Recently, this formal argument has been extended to higher
dimensions [29].

Until now, various attempts at explicit diagrammatic calculations in interacting field
theories to study this result have faced difficulties because of the technical complexities
of thermal perturbation theory [23, 30]. As shown by [1, 31, 32], even in free theories,
the replacement rule in eq. (1.4) holds true because of somewhat mysterious cancellations
between various Fermi-Dirac and Bose-Einstein integrals.! Given these difficulties, it is nat-
ural to turn to holography which provides an explicit testing ground for this conjecture.
In particular, we seek general insights as to how one should understand the origins of the
replacement rule and holography is a promising avenue to look for such insights.

The main aim of this paper is then to understand how a rule of the form given in
eq. (1.4) arises in a holographic setting. As emphasized in [1], often the most convenient
way to compute thermal helicity is to place the theory under question on a sphere, turn on
chemical potentials for angular momenta on the sphere and then study its free energy in
the limit where the rotational chemical potentials are small and the radius of the sphere is
large. The AdS dual of this procedure is to study large charged rotating AdS black holes
and their thermodynamics. To do this, we will begin by adopting the familiar tools of
fluid /gravity correspondence for the problem at hand (for some of the related works which
study fluid/gravity correspondence in the context of anomalies, see [2-5, 11, 27, 33, 34]).

Basic setup. We will begin by describing the basic setup on the AdS side. In hologra-
phy, conformal field theories with anomalies in d = 2n spacetime dimensions are dual to
gravitational theories with Chern-Simons terms in d + 1 = 2n + 1 spacetime dimensions
(with the bulk Chern-Simons coefficients being determined by the anomaly coefficients
of the CFT as we will describe below). Thus we study the simplest class of gravitational
theories with Chern-Simons terms: the Einstein-Maxwell-Chern-Simons theory with a neg-
ative cosmological constant. In every odd spacetime dimension, we allow the most general
gauge/gravitational /mixed Chern-Simons term that can be formed out of a single Maxwell
field A and the Christoffel connection I'. Realistic holographic examples with Chern-
Simons terms often also contain other higher derivative corrections and we believe many of
our arguments are sufficiently general to apply to that general case. Thus, our motivation

The subtlety of these cancellations is demonstrated by free field theories with chiral gravitini where
such cancellations no longer happen leading to a violation of the replacement rule [1].



in considering Einstein-Maxwell-Chern-Simons theory is mainly to provide the simplest (if
somewhat contrived) context in which our arguments can be clearly articulated.

We thus focus on the black hole solutions of the Einstein-Maxwell-Chern-Simons sys-
tem. The Lagrangian is of the form

L =d"y /-G 1

167G N

(R—2A) — FupF®| + Ics, (1.5)

2 a
EM

where the Chern-Simons part of the Lagrangian is denoted as Iog. The fields are subject
to the equations of motion following from (1.5)

1
Rap — 9 (R —=2A)Gap =87G [(T))ab + (T )an] »

vaab = gi]M (JH)(I7

where G, is an asymptotically AdSgy; metric with d = 2n, Fy is the Maxwell field

(1.6)

strength, G, and g,,,, are the Newton and Maxwell couplings respectively. The cosmolog-
ical constant is taken to be negative and is given by A = —d(d —1)/2 where the AdS radius
is set to one. For future use, recall that the normalized U(1) gauge coupling k, is related
to magnetic permeability g2 by 167G /g2 == kq (d—1)/(d —2).> We now turn to the
Einstein and Maxwell sources. The Maxwell energy-momentum tensor (T,,)* becomes
kg d—1

1
)ab — Fachc _ zGachdFCd , (17)

T =
( 167GNn d—2

M

whereas (T, )b and (J,, ), are the energy-momentum tensor and the Maxwell charge current
obtained by varying the Chern-Simons part of the action. We will call these currents as
Hall currents since in the case of Hall insulators, the only terms in the generating function
is just the Chern-Simons term. Thus, we can think of the system under study as made of
three components: metric (with a negative cosmological constant), a Maxwell field and a
Hall insulator coupled to them via the currents (T, ) and (J,,)q-

The bulk Hall currents on the AdS;,1 side encode the anomaly coefficients of the CF T
and play a central role in the rest of our paper. Therefore, we will begin by describing
the basic structure of these currents that we will need for the rest of this introduction.
Let Ics[A, F, T, R] be the Chern-Simons (d 4 1)-form appearing in the bulk Lagrangian
density (1.5). The bulk Hall currents are more conveniently written in terms of the formal
(d + 2) form Pcpr[F, R] = dIcg. More concretely, we can define the spin Hall current

Y ), and the charge Hall current (J, )¢ corresponding to Icg via3
H H
oP
=, = (2,)%, *dr, = -2 CfT ,
P OR, (1.8)
_ _ CFT
T, =0J,)° Mdae = — oF
It is sometimes convenient to normalize the gauge field such that s, (d — 1)/(d — 2) = 1 which is

equivalent to setting ngM = 167G .

3We refer the reader to ref. [28] for our conventions for spin currents, differential forms etc. Note that our
spin current (X,,), is twice the tensor (L)%, ,viz., (£,)% = 2(L;)®4. We can convert our convention
to the one commonly used in the gravity literatures by replacing *U with (—1)*U (for every bulk form U)

*CFT

and sending the bulk €gpca... t0 —€gbed..., while keeping unchanged. See ref. [35] for more detail.



The energy-momentum tensor associated with the Hall currents can in turn be written in
terms of the spin-Hall currents: (T,,)% = V.(X,,)@)e,

We now turn to describing the procedure that we adopt to solve the Einstein-Maxwell-
Chern-Simons system. We begin with the CFT5,, thermal state living in flat spacetime in
the absence of any external electric or magnetic fields. This thermal state is dual to the
Anti de Sitter Reissner-Nordstrom (AdS-RN) solution of the above equations.* In ingoing
Eddington-Finkelstein co-ordinates, we have

ds* =2 dt dr — 2 f(r,m,q) dt* +r? di?_,, A=—-P(r,q) dt, (1.9)
where
=7 pd Tl ey = pdz- '

In order to study the replacement rule, we need to construct an explicit gravitational
solution in the fluid/gravity derivative expansion starting from a boosted counterpart of
the solution above and compute directly the anomaly-induced currents and stress tensor.

More concretely, to compute the helicity of this thermal state, we turn on a small
rotation on the thermal state letting u* correspond to a rotating fluid configuration. This
is dual to bulk solutions in the fluid/gravity expansion to the appropriate orders (which
will be made precise later on). The thermal helicity is contained in terms proportional
to the following pseudo-vector appearing in the fluid/gravity expansion of metric and the
gauge field®

VH = gtrMoideozdnm10n—ty (7 40 V(Va,tey) - (Va,  Ue, 1) (1.11)

or in terms of forms **V = u A (du)"' = u A (2w)""! where u = u,da# is the
velocity one-form and w = (1/2)du = (1/2)w,dzt A dz¥ is the vorticity 2-form with
Wy = PMO‘Pyﬁ(ﬁoﬂw — dguq)/2. Here, P*, = 4% + utu, is the transverse projector which
projects a vector to its component normal to u* and w,, is the vorticity of the rotating
fluid configuration . Thus, the relevant fluid/gravity solution takes the form

ds® = —2u,drt @gym dr — rzf(r, m, q) Uy, de’ @ sym dz” + r? P dat @sym dz” + ...
+2g,, (r,m, q)u,V, dat Qgym dz” + ...,
A =®(r,q) u, da +...... +ay, (r,m,q)V, dzt + ... | (1.12)
where we will find useful for later to define the function ®, = %1"23—{,. The functions

gy (r,m,q) and a, (r,m,q) are obtained by solving Einstein-Maxwell-Chern-Simons equa-
tions and are proportional to the Hall currents. They describe how the Hall currents dress
the original AdS Kerr-Newman solution.

4We note that the Hall currents evaluate to zero in the AdS-RN solution. Hence, the AdS-RN solution
is an exact solution of the Einstein-Maxwell-Chern-Simons system.
5Our convention for ¢ will be given in section 2.



Once these solutions are constructed, we compute the currents and stress tensor of the
dual CFT.% In fluid/gravity expansion, the leading order effect of the cloud of Hall currents
that envelops the blackhole is to shift the total energy, angular momentum and the electric
charge of the rotating blackhole under question. These leading order shifts are all that
is needed to compute the shift in the free energy on the sphere and in turn, the thermal
helicity in the zero rotation limit. In the rest of this introduction, we will describe how the
replacement rule emerges out of our computations followed by an outline of the paper.

Replacement rule in AdS. We will now describe the elegant way in which holography
realizes the replacement rule. The CFT replacement rule in (1.4) is explained by the follow-
ing insight which follows from our computations: the CFT replacement rule gets reflected in
the bulk by the replacement rules obeyed by the Hall currents around the blackhole, i.e., we
find that Hall currents evaluated on the blackhole background assume a very simple form
which holds for arbitrary Chern-Simons terms. Once this fact is realized, a direct applica-
tion of AdS/CFT dictionary then translates this result into the required CFT replacement
rule. We now describe a set of rules which summarize our computations.

The significance of these rules is the following: we have derived them within a particular
holographic setup in the classical gravity limit. However, given the way these rules are
closely linked to the CFT replacement rule (which is a non-perturbative statement), we
expect our rules to be robust features in AdS more generally.

The relevant part of the currents for formulating such rules are the components (J,, ),
and (T ), that describe the Hall flow of the radial momentum and the Abelian charge
along the boundary directions. We find that, in the fluid/gravity expansion, the leading
order contribution to these flows are along the pseudovector V,, introduced in (1.11), viz.,
J)p = JS’) (r,m,q)Vy+...and (T, )ry = Tg” (r,m,q)V, + .... Similarly, the component
(Sy)" of the spin Hall current has an expansion (X,)¢,)" = W (r,m,q)V, + ...
These components JS’) (rym,q), TS’) (r,m,q) and ES’)(T, m,q) are apriori general functions
of their arguments which need to be computed case by case. The intent of the rules that we
give below is to let us simply write down these functions by looking at the Chern-Simons
Lagrangian under question.

To formulate these rules, we begin by focusing on the following two functions associated
with AdS-RN blackbrane solution:

_ 1 2df 1 QQ
o, = 57“ i ey md — kg(d — 1)71_2 and
(1.13)
o=_1
= i3

These functions satisfy ®_.(r = r,) = 27T and ®(r = r,,) = u where r,, is the radius of
the outer horizon, T is the Hawking temperature and p is the chemical potential of the

SWe note that computation of the currents and stress tensor are complicated by the higher derivative
nature of Chern-Simons terms in the bulk Lagrangian. The procedure for computing dual currents and
stress tensor (say by employing counterterms) is not well-understood for higher derivative actions and this
problem is worsened by the fact that Chern-Simons terms are not covariant. We will address this issue in a
subsequent paper [35] in sufficient detail. For purposes of this paper, we will content ourselves with directly
using the results of that subsequent paper with some heuristic motivation to guide the reader.



black brane. In the next step, we define the functional GV) via the following rule

GV = Pepr [F & tr[R2] - 202 (1.14)
Then, we have
Jo_ L d o6
T pd=3dr 9
o (1.15)
v _ L d [ d—2Z(V)} __ 1 d,d0G
Ho pd=2qp H 2rd=ldr  dr 09, ’

where ZS” is defined by (X)) = ES’)VM and satisfies

TH

G

1 d
»(v)
"0,

H C2rd=2 gy

: (1.16)

These expressions then describe how the Hall currents are turned on by charged rotating
blackhole background. To see how this gets reflected in the dual CFT, we first work out the
change in the metric and gauge field (the functions g, and a, ) due to these Hall currents
and then use them to compute how they shift the energy/angular momentum/charge of
the blackhole. We then use these shifts to derive the thermal helicity that we are after.
The bulk replacement rules above then get translated in the CFT to the field theoretical
replacement rule.

Outline. In section 2, we briefly describe the equations of motion of the Einstein-
Maxwell-Chern-Simons action with a negative cosmological constant. Then, we obtain
expressions for the anomaly-induced currents and stress tensors in terms of Hall sources
derived from the Chern-Simons terms in the equations of motion. Next, in section 3 we
present the computation of the source term in the Abelian Chern-Simons case and then
proceed to section 4 to compute the general sources. As described in the introduction,
the general structure of the sources satisfies a new set of replacement rules deduced from
the anomaly polynomial. Having obtained the sources explicitly, in section 5 we finally
complete the computation of the currents and stress tensor. The results indeed verify the
replacement rules in eq. (1.4). We then conclude the paper with a brief discussion on the
implications of our results as well as future directions.

In the appendices, we provide details of computations deriving the results in the main
text. In particular, in appendix A, we discuss the AdS,1-Kerr-Newman metric which we
have computed up to second order in fluid/gravity expansion. Then, in appendix B, we
examine in detail various products (and traces of products) of Riemann curvature two-
forms evaluated on our solutions. These results are then used in appendices C and D to
prove the general structure of the Maxwell and Einstein sources respectively.



2 Solution of Einstein-Maxwell equations

We write the dual gravitational solution to this rotating fluid configuration as

d82 = *2U'ud$'u‘ ®3ym d'r - ’)"2f(7n’ m, q) UMUde'u ®sym d.’EV + T2 Puydl'“ ®Sym dﬂjy +. .
+2gV (/r7 m? Q)U/J,VV dx” ®5ym d.%‘y + ceey

A =®(r,q) u, dat + ... +a,(r,m,q)V, dz" + ..., (2.1)
where F' = dA. We note that throughout this paper we shall employ the Latin letters
a,b, ... to denote indices running through all spacetime coordinates and the Greek letters
W, v, ... for all the boundary coordinates. In particular, we use the coordinates x% =
{r,z*} = {r,t,...} with the convention for the bulk epsilon tensor being ¢,; = —v—G

in a (d + 1)-dimensional bulk spacetime with bulk metric G,,. We also refer the readers
to appendix B.1 for the raising/lowering of the Greek indices. We note that f, gy, ® and
ay depend on r but not on the CFTy, coordinates x*, while the rest of the variables only
depend on z*. The pseudovector V), is of the form **""V = w A (du)"~! which appears
in the anomaly induced transport at the (n — 1)-th order in the derivative expansion. The
terms preceding the first (...) give boosted RN black brane metric about which we will
perform the fluid /gravity expansion. We have dropped all the subsequent terms except the
anomaly induced transport terms.

The Einstein-Maxwell contributions in the equations of motion is then evaluated to
give the homogeneous parts

1 1 1 . ,
87C {f <Rab - 2GabR> + §d(d —1)Gap + 871G, (TM)ab}dgg Dsym A

_”'+87rGNX2rd—1dr [T dr(r2)_ﬁq(d_1)qav (22)

x 2 (dr + r2f Uy dat) @gym Vi dz¥ + ...

and
1 b a
—T(VFab)de
gE]W
1 d d—1 dav (0%
=... = —Y _(d-2 YNV, det + ...
+g%M7‘d_3dr [7“ ! dr ( )q<r2> p 4T
1 d—1 1 d| 4.4, da, g
=... — —Y —(d-2 v dx? + ...
+87TGN><qud—2x27‘d*3dr [T / dr ( )q(r2> Vi dal

(2.3)

where we have exhibited only the anomaly induced transport terms. For the metric and
gauge field in (2.1) to be a solution, we have to choose the functions {g, ,a, } such that
the terms above exactly cancel the contribution from the Hall currents arising from the
Chern-Simons terms. We shall solve for {g,,a, } explicitly in the next step.

If we parametrize the contribution from the Hall currents as

(T} up A2 Dsym dab = TS’) 2 (dr +7r2f u#dl‘“) Quym Vi da¥ + ...,

(2.4
(), da® = IV, dat + ..., )



then we get the Einstein-Maxwell equations with Hall current sources as

Ld | g1d (9 _ d—1rp(V)
er[r d’r( ) kg (d—1) qa, | =8r1Gr* T,

_d g, day, Iv\| _ 2 437w

To solve the above two equations, let us now define the Hall current induced total
mass function MM (r) and the total charge function QM)(r) (as is familiar from say the

(2.5)

discussions of Tolman-Oppenheimer-Volkoff equation) via
Qv = [ ar [0ysapen]

Ty

MO = [Car |6 56 T - 9V )

H

do(r) (2:6)

dr’ |’

which measure the total Hall charge and Hall mass per unit area until a radius r in an
ingoing Eddington-Finkelstein tube. We have defined our mass and charge functions such
that they vanish at the horizon. More precisely Q) has a simple zero at r = r, and
MM has a double zero at © = r,. Note that the total mass includes the electrostatic
contribution proportional to the Oth order electric field —% times the Hall charge current.

These mass and charge functions can be used to solve the Einstein-Maxwell equa-
tions (2.5) . The first integral of the Maxwell equation is given by

da g
d—1 v v 2 o — 2.7
r I (d—2)q (rg) + Yo 0. 27)

Here we have fixed the constant of integration by demanding that g, vanishes at the
horizon r = r,: we can always do this by an appropriate choice of velocity definition in
dual hydrodynamics.

Next, we turn to the Einstein equations. Subtracting one of the identities in eq. (A.3),
we find

O (35) 0] - [ o] (%)
S [ (%)) - 5 [t o (%)] ) e

_1 d d+12d v \| _ (v>@
f{dr [ / (r?fﬂ 1062 dr}’

where in the last line we have used (2.7). Thus, Einstein equation simplifies to

d | gr1,20d (g5 d—1 ) ) dd dAMM
- el = _ — | == = 2.9
dr [r f dr \r?f 1omG |r f Ty = Q@ dr L6mCiy dr (2:9)

This gives the solution for the metric as

M(V)( )

TG (2.10)

, = 167G r2f/ dr'



In order to solve the gauge field a,, we rewrite (2.7) in the form

o=ty ()8 , QW

ar T\i2f) ar TImuiay

d gv d gV 2 Q(V)
_ LA I = 2.11
dr [av (I)rzf] q)dr <r2f Ipm rd=1f ( )

g
7“2‘;‘] + 167G, q

d

(V) (V)
e MO L

2
dr r2d—1f2 + Yo pd—1p>

which gives
oo (V) (! 00 V(!
9 , QW) q , MWV
ay = gEM/T dr (Y1) 167G rd—2 /r dr ()L £2(p)
MM (')

oo
/
+ 167TGNq/r dr —(r’)zd—lfQ(r’) .
Thus we conclude that our final solution is given by eq. (2.10) and (2.12) with egs. (2.6).
The asymptotic expansion of the metric and gauge field is hence given by”

16wG

(2.12)

I =~ a=ay MV (r=00) +...,
7 (2.13)
_ EM (v _
av_irdd(dfg)Q (r=o0)+....

From this we obtain the anomaly-induced part of the renormalized Brown-York stress
tensor and current:®
d—2

(Ta )anom = — lim

r=o0 8TG N [Kap — K(Gap — nang) + (d — 1)(Gag — nang)]

anom

TdJrl d g
= — (Va « li - (7‘/
(Vaug + Vau )rggo 167G, dr 7“2)

= (Vaug + Vata) MW (1 = 00)

1) ) r/
= (Vaug + Vaug) / dr’ [(r’)d_l FONTWV () — L; dr” ()43 gV e |
T r T
H H
d—1
Ja anom — lim —35 Jua Fr,u anom
(Ja) A T (F™)

. d=1) kg gqda
=V, 1 v
oo (d— 2) 167G, dr

= Vo, 0NV (r = o)
=V, /00 dr' ()3 IV (o, (2.14)

TH

"Note that at this point we have assumed M) (r) and Q) (r) are O(r°) when 7 — co. Physically,
this assumption is equivalent to saying that g,, and a, have fall-off near infinity just like the appropriate
multiple-moments of the fields, i.e. g, and a,, both fall off as ~ r*~¢. We will see in eq. (5.9) that indeed
both MM () and QY (r) are of O(r°) as 7 — oo after we have obtained JSI)(T) and quv)(r) explicitly.

8We assume d > 2. The analysis for d = 2 involves additional contributions to the charges from the
Chern-Simons terms. See, for e.g., ref. [36] for the analysis in d = 2.



where we have assumed that the integrals under question converge to a finite value. The
extrinsic curvature K, is defined in the standard way as Ky, = (1/2)L£,G4p where n®0,
is the normal vector of surfaces of constant-r. In ref. [35], we show that the Chern-Simons
contributions to the charges vanish (for AdSs,4+1 with n > 2) which is consistent with the
above assumption that the Chern-Simons contribution to the stress tensor is zero.

The intuitive meaning behind these expressions is clear: the anomaly-induced cur-
rents of the boundary are obtained by integrating from horizon to asymptotic infinity, the
contribution to energy-momentum and charge due to the bulk Hall currents. The energy-
momentum integral has a ‘gravitational potential energy’ part proportional to Tg” and the
‘electric potential energy’ part proportional to J 2”.

At this point, the problem of computing (T43)anom and (Ja)anom reduces to that of
computing the sources TS’) and J S’), which we will carry out in the next sections.

3 Abelian Chern-Simons term

In this section, we explain the evaluation of the Hall contribution for the Abelian Chern-
Simons term. This was first done in [11] and here we repeat their derivation in our notation
for the convenience of the reader. Evaluation of the Hall contribution for more general
Chern-Simons terms is illustrated explicitly in the case of AdSy while the general results
are summarized in section 4. The detail of the computation is given in appendices C and D.

For the Abelian Chern-Simons term on AdS;.q with d = 2n and its CF T, dual, we

take the anomaly polynomial as P = ¢, F""! where ca is a constant. We then have

CFT
the charge and spin Hall current as well as the Hall energy-momentum tensor as

*J,=-(n+1)c, F* and (*%,)% =0, (*T,)*=0. (3.1)

Using A =® u+ Ay + ..., we obtain the corresponding U(1) field strength as

dd
F:Edr/\u—i—Foo—i—q)du—i—..., (3.2)

where F, = dA = B is the magnetic field. Then, the charge Hall current is evaluated as

P
*J, =n(n+1)ec d u A (Foo + ®du)" " Adr + ...

Adr
do n—1
:n(n+1)cA% u N (B4 2wd®)" " Adr+ ... (3.3)

__ %CFT iaﬁ
= <dr8<l> ANdr+ ...,

where we have defined the combination of pseudovectors G as

*CFTG = *CFT (Gﬂd.’ﬂu)

_ (23)2 A [ey(B +2w®)"t — ¢, B! — (n+1)c, B"(2w®)]
(3.4)
= 1
= Z (Z::: 1>CA(I)k+l uAB"F A (2w)FL
k=1
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In the presence of external magnetic fields’ B = dA., additional pseudo-vectors of
the form

Y = u A (B)F A (du)*t, (3.5)

appear for each k satisfying 1 < k£ < n. Let us now define G = G, dz* and the corresponding
coefficients of each pseudovector V,, in G by GW:

Guda" = GMV,da". (3.6)
v}

Then, we have

GE T Fewt T o (Z :t 1) c, oL (3.7)

Note that the second or higher order terms in the fluid/gravity expansion of F' do not
contribute at order w*~! for any k. This is a direct consequence of the fact that wedge
products of two or more zeroth order F'’s are zero.

In the next step, we use the following result in (3.3): for a p-form N with legs only
along the boundary directions and completely transverse to the velocity vector u,, the
following relation for the Hodge duals of the CFT and the bulk holds:

*CFTN /\d _ (71)d *N (3 8)
( ) Adr = rd—1—2p : :

Here we assumed one is working in the Eddington-Finkelstein coordinates. This gives
another expression for the charge Hall current which is useful when we compare with the
result of the bulk AdS calculation:

) L[ 1 doG
or
" 1 d [0G
(J,;)adx® = s B [a@“] dot + ... . (3.10)

Picking out the coefficient of one of the pseudo-vectors V,,, we have the expression for the
Maxwell source (for convenience, we also denote the expression for the Einstein source,
though it is trivially zero in the case of Abelian Chern-Simons terms)

JV — 1 i oG
H — pd=3dr | 9d |’ (3.11)
T = 0.
In particular, we have
n— - 1 d n+1
JB k(?w)k 1 - - = k 1 (I)k:
H rd=3 dr (k+1) kE+1 €a ’ (3.12)

ankr@w)kfl o
T =0.

9We consider non-zero external magnetic fields only in this section (i-e. in the case of Abelian Chern-
Simons terms). For the rest of the paper, we shall switch off the magnetic fields.
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4 General Chern-Simons terms: Maxwell and Einstein sources

For the sake of clarity, in this section we will only present a summary of our results of the
Hall contribution for more general Chern-Simons terms in AdSs,+1 for 1 <n < 4. A more
detailed computation for all the other dimensions can be found in appendices C and D .
To exemplify the computations, we will however first present here the details of the AdS~;
(n = 3) case. Using these findings, finally, we make a proposal for the general structure of
the sources and replacement rule.

4.1 TIllustrative case: Chern-Simons terms in AdS~

For a theory with anomaly polynomial

Peopr, = CaF* + ¢, F? Atr R? + ¢ tr R® A tr R? +¢,tr R, (4.1)
via eq. (1.8) we find the corresponding charge Hall current (J,)® and the Hall energy-
momentum tensor (T, )%,

(Ju)' = — éeampwspwwa |:4CAFPIP2FPSP4FPSPG + QCMRbcmszcbpsmesp(a] )
(T,)" = — icM Ve [5aplp2p3p4p5pﬁ R* 1y Fpapy Fyspg -+ €V PP ROC o B, B P5P6}

1
— Z¢ V.| gaP1p2p3papspe pbe d f
92 CgVe {E R*pp, R fpapa R’ dpsps

bp1p2p3papspe pac d !
te R p1p2R fp3p4R dpspe

1
_ ap1p2p3papspe b d fe
2 € Ve [5 R ap1ps BT pspa B psps

+ gbpip2pspapspes pa dp1po RY Fpspa Rrf Cpf)pﬁ} .
(4.2)
Evaluating these sources (see section 4.1.1 and appendix D.4 for the computations),
we obtain
JV — ii&i(w
" r3dr 09 ’ (4.3)
v__1d,ddGv
" 2r5dr dr 09, "’

where G() is the the coefficient of the pseudovector V), in a pseudovector combination G,
with
*CFTG = *CFT (Gudfvu)
u
= g [ (2wD)! + 26, (2wP)? 2w, )? + (22, +26,) (2wD,)* | (4.4)
= [c, @ +2¢,, P2 + (2%c, +2¢,) PL] uw A (2w)?.
Thus, we have

2 ~
G = ¢, @ +2¢,, 0202 + (2%, +2¢,) 2. (4.5)

The Hall sources are obtained by substituting (4.5) into (4.3).
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4.1.1 Explicit computation for the Maxwell source in AdS~
In the case of AdS7, only one type of the mixed term is allowed in the anomaly polynomial:
Porr, = ¢, F2 A tr[RY], (4.6)
from which we get the Maxwell source of the form
*Jy = —2¢,, F N r[R?. (4.7)

For now let us consider the Oth and 1st order terms in F' and R only and forget the 2nd and
higher order terms. First, we shall explain some notations (which are explained in details in
appendix B). We denote the curvature 2-form R%, at m-th order of the derivative expansion
as (,m)%. Similarly, let us denote the m-th order term of the U(1) field strength F' by
(,m). Then the leading contribution to the Maxwell source is given by

I = —4dcy, (F]') A tr[(ROR]‘)] —2¢y, (FO) A tr[(RlR]‘)]
_ 4 (4c,, @27) (u A (2w)* Adr),

dr
(w2 _ 1 d (2, 2°97)
Tn = 73 dr L) ’ (4.8)
where *Jg is indeed of order w?. At lower orders, we encounter
(r0) A tr[(,0,0)],  (z0) Atr[(R0,1)], (1) Atr[(;0,0)], (4.9)

but these are all zero as a result of (,0,0) = 0 (see eq. (B.8)) and the fact that both (,.0)
and tr[(,0,1)] are proportional to dr A u (see eq. (B.4) and eq. (B.36)). Therefore the
contribution in eq. (4.8) is indeed the leading one.

Now we take into account the 2nd and higher order terms in F' and R. Then, up to
w? order, we encounter the following terms:

(r0) A tr[(,0,2)],  (52) A tr[(,0,0)], (4.10)

which also vanish, since (,0,0) =0 and tr[(,0,2)] =0 (see eq. (B.48)).

As an application of this result, let us compute the thermal helicity of the (2,0) theory
using its anomaly polynomial.! The thermal helicity of (2,0) theory with a gauge group
G is then given by

27r 1 2wd . h

F Anom = — 48G p2(piso(s)) + Z(TQ +p1(MSO(5)))2} — oy Pluso), (411

where r,,d, and h, are the rank, dimension and Coxeter number of the gauge group G
respectively and

1 1
pl(MSO(5)) = —W <2Tr M%o(5)> ) (4-12)
_ 1 1 4 1 2 2
p2(tso(s)) = ~ e 1 T Hso(s) ~ g(TT 15o@)” | - (4.13)

It would be interesting for future work to study the thermal partition function of (2,0)
theory and match it against this prediction from holography.

19 Anomaly polynomial of (2,0) theory is given in say eq. (2.1) and eq. (2.2) of [37] or eq. (2.9) and
eq. (2.10) of [38].
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#n | (V) G
1| (2w)° 2¢,®2
2 | (2w)! ¢, P + 2¢, PD2
3| (2w)? | ¢, +2¢, P22 + (2%, + 2¢,) PL
4 | (2w)® | ¢, @+ 2¢, ®3P2 + (2%¢,, +2¢,,) D D2

Table 1. G™V) polynomials for the Maxwell and Einstein sources (4.14) in AdSg,41 and 1 <n < 4.

4.2 Summary of results: general structure of sources and replacement rule

The computations for the sources in various dimensions are performed in two different ways.
On the one hand, we employed a straightforward brute force computation (till AdSgy using
the solutions up to second order given in appendix A) with Mathematica of the Riemann

' On the other hand, we also

tensor and field strength contributions to get the sources.
performed a more elegant though lengthy computation order-by-order in the derivative
expansion. The details of the latter calculations can be found in appendices B, C and D.
These independent calculations perfectly matched and served as crosschecks of our results

that are contained in table 1 with Maxwell and Einstein sources defined by

j_ L d oGt

oo pd=3dr 99 1)
SRR | PR I BT 1L -
*oori2dr & 27T dr dr 00,

V) te o :
where Zgl is given by equation (1.16).

Our results are consistent with the replacement rule for G as a polynomial in {®, @}
in eq. (1.14). We work out in the next section the implications of such a conjecture.

5 General computations of (Thg)anom and (Ja)anom

We now turn to solving the Einstein-Maxwell equations for sources of the form in (4.14).
To do this, we compute the mass and the charge integrals via (2.6). To evaluate these
integrals explicitly, it is useful to define the following function which has a double zero

at r =ry:

oG
oD

T=Tg

(5.1)

"Note that a priori the third order metric can contribute to the sources in AdSe. However, as we argue
in appendix C and appendix D, the second order metric suffices even in AdSo.

— 14 —



so that we can write the sources (4.14) as

. ) -
JV — _%i@7 vy — { i Li&(w (5.2)
" rd=3dr 0P oo pd=ldr | 2 dr 09,
First of all, this gives the total charge function
oG
vy — _ 5.3
Q 5 (5.3)
In order to do the integral in the expression of M), we look at
dd r2 d GV | aGM do
d—1 (v Q% il i halinl
™™ _ —
A e [2dr6<1> 2% dr
%) v (v
_1d 2f2d 106G oG d<I>+8G d®, (5.4)
T 2dr f 0d,, o0d dr 0%, dr
d 1,,0d (10GY
_ (V) 2 2
dr G o (f 0o, )
so that we finally have the total mass function
1 d [19GV
(V) (V) 2 2 55
M =G r= ( > ) (5.5)
Thus, we finally obtain
MM ()
2
= 16’/TG T f/ dr /WQ()
0o (V) 00 (V) (!
) oW (1) q MM (r")
ay = gEM/r dr/ (T’)dilf(r) — 167 GN d Q/T d?‘l (T")d+1f2(7”’) (5'6)
00 M(v) (’r )
+ 167rG’Nq/T dr/—(r’)M—lfQ(r’) ,
with
M(V) G(V) 1 2f2 d (1 8@(\/))
oe (5.7)
a@(w
v — _
< 0P

By using these expressions, we calculate the total mass and charge correction due to
the Hall sources. Noticing that as r — oo, {®,®,.} — 0 also

. oG oG
(6v) = <G<V> —l e -, ) :
T=00 T —r

H
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Then, the total mass and the charge correction due to the Hall sources is

oG oG
WM (p = —(cWh_p 22 _ =
MW (r = o00) (G o 5% D, 95, > I

) " (5.9)
oGY
My — - _
QT (r =o0) < 0% )
r=rg
From this, we get the anomaly induced currents as
0G,, 0G,,
(Taﬁ)anom = (Ga - 0 - (I)T aq)T>r_r ug
0Gg 0Gg
+ Uy <G5 — ai(b — ¢T 8@T>TT B (510)

G,
(Ja)anom = - < 0P )T:r

The physics behind eq. (5.9) and eq. (5.10) is very intuitive. In terms of the energy M,

H

the standard Gibbs potential G and the charge Q are given by thermodynamic relations

0G oG oG
M=G+po+TS=G M<8M>T T<8T>M’ Q <8,UJ>T7 (5.11)
which is just eq. (5.9) after substituting ®(rg) = p and ®p(rg) = 27T Thus we conclude
that the vector Go(r = r,,) is the anomaly-induced free-energy current. We refer the
reader to refs. [12, 32, 39] for a more detailed discussion of how the anomalous parts
of charge/entropy/energy could be derived from the Gibbs current, which gives exactly
eq. (5.10).

As described in [1], the anomaly induced free-energy can be exponentiated to compute
the anomaly-induced partition function from which the correlator describing thermal helic-
ity follows simply. As advertised, it is straightforward to check that this procedure yields
the correct thermal helicity as conjectured in [1].

6 Discussions and conclusions

We will begin with a brief summary of our results. In this paper, we have studied in detail
how holography gives rise to the replacement rule for thermal helicity that was proposed
in [1]. Combined with the tests in free field theory that were performed in [1, 32], these
results suggest that replacement rule holds in a wide class of field theories and complement
the recent formal proofs of the replacement rule in [22, 29]. Let us remind the reader
of some of the features of the replacement rule which are surprising from a field theory
viewpoint but find natural explanation in a holographic context.

The first surprising feature is that the gravitational anomalies contribute to thermal
helicity at all in the first place. In fact, if one merely constrains the equilibrium partition
function of the field theory to have the correct anomalous transformation (or equivalently,
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imposes anomalous Ward identities on thermal correlators) one would naively conclude that
gravitational anomalies involve too many derivatives to contribute to the thermal correlator
that defines thermal helicity [10, 18-21, 39]. Hydrodynamic arguments involving studying
the second law of thermodynamics in the presence of anomalies also lead to the same naive
result [7, 12]. Thus, replacement rule is a puzzling feature in thermal field theory whereby
anomalies impose an important constraint on observables and this constraint cannot be
merely captured by anomalous Ward identities alone.'?

On the AdS side, this puzzle gets easily resolved. While it is true that gravitational
Chern-Simons terms have too many derivatives of the metric, as can be gleaned from our
computation, this does not prevent them from affecting the blackhole solution at a much
lower order in the fluid/gravity expansion. This is a simple consequence of the fact that
in AdS the extra derivatives can be soaked up by the radial derivatives thus letting the
higher derivative terms to contribute with low number of boundary derivatives. This is an
example of how a very puzzling feature of the CF'T finds an essentially trivial explanation
on AdS side.

The second feature of the replacement rule is that the temperature appears in eq.(1.4)
via the factors of 27T. These powers of 27 are another indication that any algebraic manip-
ulation of anomalous Ward identities cannot lead to the replacement rule. In holography,
on the other hand, 277 is just the surface gravity of the black brane and it is unsurprising
that a gravity calculation involves such factors.

It is instructive to compare these features of the replacement rule to the Cardy formula
which also involves derivative-jumping by the conformal anomaly and additional factors of
27 neither of which can be established by examining Ward identities alone. In the case of
Cardy formula, it is well-known that any field-theory proof of it should necessarily invoke
the modular property of the underlying 2d CFT (or an equivalent thereof) to reproduce
these features. On the other hand, Cardy formula is of course routinely derived in the AdSg
by a straightforward gravity computation. Our calculations show that replacement rule in
higher dimension shares this feature: while the formal field-theory proofs of replacement
rule involve subtle arguments regarding partition function on cones [22, 29], on the gravity
side, we have a straightforward gravity computation.

A third puzzling feature of the replacement rule is why only the first Pontryagin class
p, (R) contributes to the thermal helicity. While we do not know of a simple field theoretic
reason for this fact, we have a simple explanation on the gravity side - when Hall currents
are computed in charged rotating blackhole background, to leading order, terms in Hall
currents involving the higher Pontryagin class vanish. We do not yet know of a simple way
to translate this observation to the CFT side. It would be interesting to see whether we
can use such insights gleaned from holography to understand better how the replacement
rule arises in thermal field theory.

We will now conclude by mentioning various future directions. Perhaps the simplest
generalization of the computations in this paper is to turn on the boundary magnetic field.
This was already done for pure Abelian Chern-Simons terms by the authors of [11] as we

12\We remark that this issue shows up in a different disguise in studies of thermal Hall effect, which
complicates the derivation of thermal Hall effect [40].
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reviewed in section 3. We expect that most of our arguments for mixed Chern-Simons terms
would continue to hold with some simple modifications. There are detailed predictions from
field theory on how the magnetic field should appear in the anomaly induced transport and
it would be nice to check these predictions against holography.

A more involved exercise would be to study the response to turning on boundary Rie-
mann curvature. This necessarily involves proceeding to higher orders in the fluid/gravity
expansion and studying Hall currents and their backreaction in more detail. The field
theory studies of these terms [28, 29] suggests that the new terms would be conveniently
arranged in terms of a spin chemical potential (y1,)%g defined via (u,)%s = TVs (% ). It
would be instructive to see how this happens in gravity. In this paper, we have essentially
used the standard holographic counter term prescription for the Einstein-Maxwell system
to compute the currents and stress tensor of the dual CFT. We have done it by assuming
that the modifications due to Chern-Simons terms do not contribute to the computations
in this paper. This is a non-trivial assumption since the counter term procedure has never
been generalized to arbitrary higher dimensional Chern-Simons terms. AdS/CFT with
Chern-Simons terms have been studied extensively in the last decade mostly in the con-
text of AdS3/CFTs [36]. In AdS3/CFT3 context, many proposals now exist for computing
total charges in the presence of Chern-Simons terms [41-45]. Most of them have not yet
been generalized, much less tested in higher dimensional holography even in the absence
of Chern-Simons terms.

For a manifestly covariant bulk Lagrangian, a more well-established and well-tested
result in higher dimensions is the entropy proposal by Wald for higher derivative actions.
In the last few years, there have been various attempts to extend the famous analysis of
Iyer-Wald to Chern-Simons terms in arbitrary dimensions [46, 47]. As far as we are aware
of, however, there is no current proposal which gives manifestly covariant charges/entropy
for the dual anomalous CFT.' Hence, it would be nice to write down a covariant proposal
for the charges of dual CFT from the gravitational solution. This would also lead to a
covariant proposal for entropy extending the constructions in [46, 47] to arbitrary Chern-
Simons terms. This will be addressed in our subsequent work [35].

Another generalization would be to study anomaly-induced transport slightly away
from equilibrium, where again recent field theory arguments [29] seem to suggest novel
contributions to anomaly-induced transport. More broadly, we hope that our computations
here are a first step towards a deeper understanding of finite temperature holography in
the presence of Chern-Simons terms.
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A AdS;;+:1-RN black brane and AdS,;-Kerr-Newman metric

A.1 AdSg44+1-RN black brane solution
AdS-RN black brane solution of the Einstein-Maxwell-Chern-Simons system takes the form

ds®* =2 dt dr —r2f(r,m,q) dt* +r* d75 |, A=—-®(r,q) dt, (A.1)
where
£( ):1_@+1 @ B(r,q) = (A.2)
r,m,q) = rd 2/{(1702((171) ) rq) = pd=2" ’

The Einstein-Maxwell equations in (1.6) then lead to the following relation between
f(r,m, q) and ®(r, q):

d d
it 4 + Kkg(d—1)qg®| =0,
dr d
p (A.3)
d—1
— — +(d-2 =0.
. [T 7l = L )qf} 0
For later convenience, we introduce the function @, (r, m,q) via
1 2df 1 q°
O, (r,m,q) = 3T = gt [md — Rg(d — 1)7@—72 . (A.4)

The function @, satisfies ®,.(r = r,) = 27T where r,, is the radius of the outer horizon
and T is the Hawking temperature of the black brane.

We will reparametrize the solution in terms of two other variables {r,,Q} where 7,
is the radius of the outer horizon and () is a measure of the total charge of the AdS
RN solution:

1 _
m = rfl [1 + 2/@(1@2} , q= rfl Q. (A.5)

The thermodynamic charges and potentials of this solution are parametrized by (M: mass
density, S: entropy density, Q: electric charge density, u: chemical potential)

_@-1 _d-1 2 oy
~16ra, " 16nG, [ + “qQ} S=1G, (4.6)
_ @Dy _(d=1) B B
Q= 167TGNq q = 167TG Q’ M_(I)(TH) _QTH7 (A7)
2 g/ - 1
7= ) _ Ly )=t [d - 52| (A3)
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This AdS-RN black-brane solution can be boosted into a solution of the form
ds?* = —2u, dz*(dr +rW,dz") — r? f(r,m, q) uyu, de*dz” + r* P, dz*dz"

(A.9)
A = ®(r,q) uydat,
where u* is the constant velocity that defines the rest frame of the blackbrane and
.y V,u?
P,Lw = g + uply, Wy = (u VV)U;L — d—1 Uy, (A.l())

Here P,, is the projection operator and W, is the hydrodynamic Weyl connection intro-
duced in [48].
A.2 AdSg4yi1-Kerr-Newman metric: second order

We will now consider the Einstein-Maxwell system with Chern-Simons terms turned off.
The AdS411 Kerr-Newman solution — which is unknown — of this system can be found in
a derivative expansion via the fluid/gravity correspondence by starting with the boosted
AdS-RN black brane metric (A.9). The metric and gauge field can be written in the form

ds? = — 2uy, da (dr +rW, dz¥ — S,,,\u)‘d:v”)
— 12 f(r,m, q) uyu, detdz” + [r* Py — w,"way | da'dz”
+ g(r,m, @) wapw™ wyu, datda” (A.11)
1

+ h(r,m,q) [wuo‘ Waw + dlwagwaﬁPW] dxztdx” |

1
A =®(r,q) [1 - Nwaﬁwaﬂ} uydh,

where P, W, f(r,m,q) and ®(r, q) are given by eq. (A.10) and eq. (A.2) while

2
__m  fg_ 4 S
glrym,a) = =53 + 5 5@ {1 (d— 1)(d—2)] ’ (A-12)
and 4
d r°q ¢*—1
h(r,m,q) = — K / dc. A.13
(@)= =g e | AR, g (A.13)

The Weyl covariantized Schouten tensor S, is a tensor defined in terms of the Ricci
tensor szf,y and Ricci scalar R of the boundary metric 9w and the hydrodynamic Weyl
connection W,. It is given by

S RO — R + VW +WW, — 1W
w = d 2 2(d— 1) uw

1
o (VW = VW)

(A.14)

We have ignored the non-stationary contributions to the fluid gravity metric which are
zero for AdS-Kerr-Newman solution. We have checked using Mathematica that the above
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metric and gauge field solve the Einstein as well as the Maxwell equations up to second
order and d + 1 = 11 provided the {m, ¢, u*} solve the ideal fluid equations. For the AdS-
Kerr-Newman case, we want to further turn off non-stationary contributions both of which
can be implemented by demanding

Vym+dW,m =0, Vug+(d—1) Wyq =0, (A.15)
up to second order in a derivative expansion. This, in particular, implies

V.Vom+ (d VW, —d® WW,)m =0,
V.Vog+ (d=1) VW, — (d—1)> WW,) ¢ =0, (A.16)
VW, =V, W, =0.

We will present the fluid variables in a convenient coordinate system for comparison
with the rest of the literature. Consider the AdS;yi-Kerr-Newman BHs: we begin by
defining two integers n and o, via d = 2n + o, with o, = d (mod 2) where n is the
number of angular momenta in AdSg; 1.

We can then parametrize AdS;,1 Kerr-Newman solution by a radial coordinate r, a
time co-ordinate t along with d — 1 = 2n + 0., — 1 spheroidal coordinates on S?~!. We
choose these spheroidal coordinates to be

. . . . n+o,
® 1+ 0., number of direction cosines ry, obeying >, _ " r,% = R? and 7, > 0 where

R denotes the radius of the sphere S?~! . We can thus take the first n + ogpp. — 1
o . . . . -1
direction cosines as independent variables with 740 = (R% - ZZ:{CFT r3)i/2.,

® n + o, azimuthal angles ¢; with ¢, 1 = 0 identically.

For the sake of simplicity, in what follows, we denote the sums ZZ:;CFT as just ;. The
angular velocities along the different ’s are denoted by € (with €,,.1 = 0 identically).

It is then convenient to take the dual CFT velocity configuration and the boundary
metric of AdS Kerr-Newman solution as

w0, = 0 + Z Q;0,,,
1
gudatdz” = < —dt? + ) " (dr} +r7de}) | (A.17)

A=1-) 0.
k

This corresponds to a purely rotating velocity configuration in a spacetime which is R x §4~1
up to a convenient conformal factor A. With this choice of conformal factor, we have
W, = 0 and we can take the corresponding m and ¢ to be constant independent of the
boundary coordinates.
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Using the above configuration, we can then evaluate various tensors appearing in the
fluid /gravity metric

u = u,det = ——dt + — ZQ 7”2d90z ;

1 2
dt—l—u:ZZTiQi(d@i—Qi dt) ,

Q
dor, + Qpu = dog — Qdt + —~ Z 20, (dp; — Q; dt) (A.18)
A ’l
ﬂﬂﬂ@W:—AW+u AE:VT+TM%+Qu),
W, = 0.

Further we define the following scalars and tensors which will be useful in what follows

TWdWM?:}#AﬁQ A}:ka%+mm% ( }:gﬂmw>
RﬁRﬁdewm:—jﬁg@ﬁ+u E:Q2m%+m(@%+9mg}
1 2
— (AZQirkdrk> , (A19)
k
— 1 1 204
MES | m %;“Q

_ 1 2
M:ﬁ+zg,
k
which obey Y, u#u” = 2A; and T, P* = 4A1 — 2A;. In terms of these, we can write

S;w = A Juv + T,uu )

A.20
(A)MAW)\V = PuaPl,ﬁTag, ( )
and
L%Wﬂﬁz—Pwrw:>4Ay+mh, (A.21)
A A v 2
2u,Spau” — wywyy | datds” = RQAdt +Z drk —i—rkdcpk)

2
1
+ (A zk: Qirkdrk> s (A.22)

so that when one substitutes all these into eq. (A.11) the AdS-Kerr-Newman metric be-
comes that in Eddington-Finkelstein-like coordinates.
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B Forms and its products in a derivative expansion

In this appendix, we summarize the expressions and properties of the metric, the Christoffel
connection 1-form and the curvature 2-form at different orders in the derivative expansion.

We also calculate various products of the curvature 2-form which we will use for the
evaluation of the Einstein and Maxwell sources in the appendices C and D.

At the Oth and 1st orders, we provide the explicit expression as a result of tedious but
straightforward calculation, while at the 2nd and higher orders, we just summarize some
properties of the curvature 2-form derived from the tensor and form structures as well as
the symmetries, since they are sufficient for the purpose of this paper.

Throughout the text we will label the m-th order of the derivative expansion of a form B
as (,m)%,. Moreover, we denote the product of k matrix-valued 2-forms, (,m1), (y,m2), -
and (,mg), as (z;m1,mz... ;mg), so that the matrix-valued 2-forms inside the brackets
are always multiplied through matrix multiplication. For example, (,m1,m2,m3)%, =
(sm1)% A (zm2)%c, A (,m3)®?y is a matrix-valued 6-form. We also abbreviate the k
product of (,m) by (,m").

B.1 Metric, connection 1-form and curvature 2-form

We consider the metric in eq. (2.1) up to first order in the derivative expansion. The metric
Gap with % = {r, z*} and its inverse are given by

Grr =0, Gry = —uy, G = —2Y(r)u,u, + 7“2PW,
G =2¥(r), G™ = ut, GH = 2 prv (B.1)

where the U(r) = r2f(r)/2 and f(r) as defined in eq. (2.1). If we imposed the equations
of motion, then the explicit expression of 72 f(r)/2 takes the form in eq. (A.2).

Let us recall that in this paper we set the boundary metric to be flat, g, = 1, where
(M) = diag(—1,1,1,--- ,1). Lowering and raising of the Greek boundary indices indices
(u,v,p,0,...) are done by 7, and its inverse n* (u* = n*"u, and P" = nt’n"? P,,, for
example). Furthermore, we take the velocity vector u# (normalized as u? = g uyu, = —1)
corresponding to pure rotation, where u*w,, = 0 and J,u,) = 0. Here, wy, = (Oyu, —
Oyu,)/2 is the vorticity. We also note that the projection operator P, = gu + uuu,
satisfies P, = 0 and P,”P,, = P,,.

By using the above metric, the components of the Christoffel connection are calcu-
lated as

re, =0, I, =w¥, I7, =2V Vuu, —rP,], I, =r?[rP" +uw)],

Tr TV
e, = [upu, ¥' — rP,,| —2r (20 — T2)U(pr)‘u, (B.2)
or, in terms of the differential form, the connection 1-form defined as T'%, = I'%,.dz¢ (the
latin indices label all the spacetime directions in the bulk, including r-direction) is
I", = V'u, I",=u,Vdr+2¥ (Vuu—rP,ds"), T" =r2(rP", +uw',)ds,
r“, = P2 (rP¥,+wh,)dr+ [u“up\IJ’ + 77220 — r2)w“p] u
—rut Py, da” + 72 (2w — r2) upwt'ydz”, (B.3)

where the velocity 1-form is u = w,dx*.
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Employing the notation introduced already at the beginning of this appendix B, let us
denote the m-th order term of the U(1) field strength F' by (,m). In particular, the first
three terms in the derivative expansion are

(,0) =¥dr ANu, (,1)=20w, (,2)~drAuxwPu,s. (B.4)

Note that du = 2w and w = (1/2) wy,dz* Adz”. We remind the reader of eq. (A.11), from
which (,m) for m < 2 above are computed.

Next, we evaluate the curvature 2-form defined from the Riemann tensor R%.; as
R%, = (1/2)R%cqdz® A da® at Oth and 1st orders:
At Oth order, we have

(,0)"r = V"dr Au,

(,0)" = r W' dzt A,

(,0)", = rU' P, dz” AN dr — 200" u,u A dr, (B.5)
(:0), = =7 (0 (r ') uFupu A dr + = W u,dat A dr

—r®ruf P, dx” AN u+ 2 W dzt A [\P'upu - erydx”] ,
and at 1st order,

(D" = (207w),

(R = —r2u A (Prwt,dz”), (B.6)
(R1)"p = dr A (Prwpndz”) + 20 [u,(2@rw) + u A (Prwp,dz”)],
(R 1)F, = =2r2®qw” u A dr + 17 2u,dr A (Ppwh,dz”)

+uf [u,(2Prw) + u A (Prwp,de”)] .

Here we defined &7 = (1/2)7"2% =7r20,(r720) = ¥ — 201

At 2nd order the curvature 2-form has non-trivial contributions coming purely from the
Oth order metric (and its derivatives). To distinguish from the whole 2nd order curvature
2-form (,2), we denote these by (,2') and they are given by

(Rzl)r’f =0,

(L2 = =~ (Wrw” eda®) Adr — (20 — r2) (W' w” dz?) A u,

(-2 =0,

(22", = r29,wt dx” A dr (B.7)

+r72(20 — 1?) [D,wh pda” A u + 2wH jw — (wpedz?) A (WHydz”)]

—r4 (20 — r2) (upwt yw,dz”) A dr —r~* (20 — 7’2)2 (upwt ew?,dz") A u.

Note that we have used Jj,w", = 0. As for the rest of the contribution to (,2) coming from
the metric at the 2nd order, we classify it in the appendix B.3.1. We note that the above
contribution purely coming from the Oth order metric is special to the 2nd order curvature
2-form as can be guessed from the fact that the curvature contains two derivatives of metric.
For the 3rd or higher order, there is no contribution coming purely from Oth order metric.
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B.2 Products of curvature 2-forms from the metric at Oth and 1st order

This subsection focuses on the various products of the curvature 2-forms containing only
(z0) and (,1). These kind of products can be classified in a simple way taking into account
certain observations derived from the direct computation. For instance, on one hand, the
final expression of nontrivial products of five or more curvature 2-forms at these orders
reduces to the products of four or fewer than four curvature 2-forms multiplied by some
power of (2@7w). On the other hand, keeping track of dr and w in the course of the
multiplication is useful to find non-vanishing contributions; each of the dr and w is allowed
to appear at most once in a given non-trivial product of the curvature 2-forms.

B.2.1 Products of two curvature 2-forms

To this order, we find three kind of terms. First, the product of two (,0)’s. One immedi-

ately finds
(,0,0)=0. (B.8)

It is worth stressing the difference between (,,0) and 0. The former is the Oth order term
of the curvature 2-form, while the latter means zero in the usual sense.
Secondly, the mixed products of (,,0) and (,1) read

(10,1)", = r10,.(r®7)dr Au A (207w),

(,0,1)", = r 1 ®pdz" Au A (207w),

(r0:1)"p =0, (B.9)

(0, 1), = —®fuluydr Au A (20rw) — r  Oru,dat A dr A (287w)
—2r Y ®pdr Au A dz? A (Prwpdz”),

and
(,1,0)" . = r710,.(ro7)dr Au A (207w),
(,1,0)", =0, (B.10)
(,1,0)" , = —r®pdr A (Pyda”) A (2@rw) + 2rUOp(P,,dz") Au A (287w),
(41,0, = 2r '@ (P, dz”) Au A dr A (Prwh odz”) + r&put Py ds” Au A (20rw)

+r 710, (r®r)utu,u A dr A (287w ). (B.11)

For future reference it is important to observe that all the terms appearing in (,0,1) and
(z1,0) are proportional to either dr or w and hence vanish once multiplied with terms
proportional to dr A u.

A parallel construction is possible, thirdly, for the product of two (,1)’s

(1) = (2(I>Tw)2a

(G117 = —r2u A (Brwh,de”) A (207w),

(1,1)", = dr A (Prwpda”) A (2Prw), (B.12)
(z1, )", = —u'u,(2®7w)? — 2r 2 Tu,u A (Prwh,dz”) A (207w)

—r2u,dr A (Ppwh,da”) A (2@7w) — utu A (Brwp,da”) A (287w).
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A final remark concerns the wedging of any of the (,,1,1) with dr A w. In this cases,
the only non-zero components obey
drAun(z1,1)" = drAun(2@rw)?,  drAun(,1,1)", = —utu,dr Aun(2@rw)?. (B.13)
B.2.2 Products of three curvature 2-forms
Direct calculation shows that the products of three curvature 2-forms at the Oth or 1st
order are given as follows. For the products of two (,0)’s and one (,1), (,0,0,1) =0

and (,1,0,0) = 0 as a result of (B.8). Therefore the only nontrivial product is (,0,1,0)
which is calculated as

(r051570)"r = (,05,1;0)" ) = (;0,1;0)"» =0,
(,0,1,0)" , = 28Zdr Au A dz" A (P,,dz”) A (20rw). (B.14)
There are three kinds of products containing one (,,0) and two (,1)’s:
(,0,1,1)", = 710, (r®7)dr Au A (207w)?,
(0,1, 1), = r1®pdat Au A (207w)?,
(,0,1,1) , = 2Ur~ 19, (rdr) uydr A u A (287w)?, (B.15)
(,0,1,1)", = Ohuruydr ANu A (287w)? + r 1 Opu,dat Adr A (207w)?

+2r MU pu,dat A u A (207w)?,

1), = ®pdr Au A (207w)?,

"R
(R]‘ROR]‘)NT =0,
1,0.1)" , = 20du,dr Au A (207w)?, B.16
RTRVR P T%p
(h1,0,1)", = Ohuru,dr Au A (207w)?,

( 20) . =70 (rdr)dr Au A (207w)?,
(RlRlRO)#T =0, (B-17)
(r1,1,0)" , = 2\I/r_18r(r<I>T)updr Au A (2(I>Tw)2 + r®r Py, dx” Adr A (2®7w)?,
(41,1,00" , = r0.(r "W utuydr Au A (207w)? + r®rutu A Py dz” A (207w)?.
In the end, the product of the three (,1)’s is
(r1x1:1)"r = (207w)?,
(L1,1,1)", = —r2u A (Dpw,dz”) A (207w)?%, (B.18)
(41,1,1) , = 2V, (20rw)? + 2Vu A (Prw,,dz”) A (2P7w)?
+dr A (Brwp,de”) A (287w)?,
(W11, )", = r2u,dr A (Brwh,ds”) A (20rw)?
—2r72dr Au A (Brw”oda”) A (Prwy,dr”) A (28rw)
+utu,(207w)? + uFu A (Prwy,de’) A (20rw)?.
We also note that

dr AuA (z1,1,1)% =dr AuA (,1)% A (207w)?. (B.19)
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B.2.3 Products of four curvature 2-forms

Let us now turn to (B.8) and consider the products of four curvature 2-forms. One imme-
diately finds that these vanish. Hence, the product of four curvature 2-forms containing
three or more (,,0)’s are trivial.

For the same reason (B.8), three possible products containing two (,0)’s and two
(p1)’s, along with (,0,0,1,1), (,1,0,0,1) and (,1,1,,0,,0) are also trivial. By a direct
inspection we find that the other three four curvature 2-forms containing two (,,0)’s and
two (,1)’s also vanish:

(4,0,1,0,1) = (,0,1,1,0) = (,1,0,1,0)=0. (B.20)

RT™R™R
We consider the products containing three or four (,1)’s. The special cases of

(,0,1.1,.1) and (,1,1,1,0), can be reduced to products of two curvature 2-forms at

RRTR™R RT™R™TR™R

the Oth or 1st order wedged with (2@rw)?:
1,1) = (207w)* A (,0,1),  (,1,1,1,0) = (2®rw)>A(,1,0), (B.21)
1

r0r1 Rl)ab = (2¢Tw)2 A
1)’s either vanish or reduce

(r051

R

where the expression such as above should be understood as (

(r0,1)"p, etc. .. The remaining products containing three (,,

to products of three curvature 2-forms

(r150,1,1)"; = +(2@7w) A (,1,0,1)" 1, (r15051,1)"r = (41;,0,1,1)", =0,
(R]‘ROR]‘R]‘)MP = —(2Qrw) A (R]‘ROR]‘)Mf” (B.22)

(r151,0,1)" ;= +(207w) A (,1,0,1)",, (r1z150,1)" = (41,1,0,1)", =0,
(r1,1,0, )", = —(2®rw) A (,1,0,1)" . (B.23)
Among the products with four (,,1)’s we find that reduce to products of (,1,1) as follows
(h1,1,1,1) = 2®7w)? A (51,1). (B.24)

B.2.4 General products of curvature 2-forms

Having explored several situations in previous subsections, it is interesting to shift our
calculations now to the general products — more than four products of Oth and 1st order
curvature 2-forms. These can also be categorized and, denoted by X, (m > 0), according
to the m-number of (,0)’s (wedged with arbitrary number of (,,1)’s) that a given product
contains. Interestingly enough, as we will show below, all general products downgrade
to products of four or fewer than four curvature 2-forms wedged with suitable powers
of (2¢7w).

Set xo. The element of the set xp is either (,1,1)* or (1) A (,1,1)¥"! where k > 1.
By applying the identity

(1, D)M = (207w)% A (,1,1), (B.25)
we can always reduce these products to

(R1)7 (R1R1)7 (R1R1R1)7 (B26)

wedged with an appropriate power of (207w).
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Set x1. In this case, we can have the following nontrivial possibilities:
(1017%%),  (,0,1%"), (B.27)
(R12k+1R0R12l+1)’ (R12k+1ROR12l)7 (R12k+2ROR12l+1)? (R12k+2R0R12l)’

where k,I > 0. Employing the results of the products of four curvature two-forms in
subsection B.2.3 and the subsequent relations

(r1e )" A (41,0, 1) A (,1,1)" = (287w) ™ A (,1,0,1),
(411,1,0,1,1) = (207rw)* A (,1,0,1), (B.28)

R™R RTR™R

we can reduce all the possibilities in this category into the following 8 objects wedged with
powers of (2®7w) to

(R0)7 (ROR]')’ (RlRO)’

(ROR1R1)7 (R]'R]'R )7 (R]'ROR )7 (R]'ROR]'R]')’ (R]'R]'ROR]')' (B29)
Set x2. Within this subclass, there are two cases depending on whether a given product
starts with (,0) or (,1).

First we consider the four possible products beginning with (,,1)
(R12k+2R0R12Z+2RO)7 (Rl2k+2ROR121+1RO)7
(R12k+1R0R12l+2R0)7 (R12k+1R0R12l+1R0)’ (B3O)

where k,I > 0. Similarly to the x; set, with the help of the aforementioned identities,
these reduce to products containing either (,,1,0,1,0) or (,0,1,1,0) which vanish.

RTR™R
Secondly, we consider products starting with (,0). As in the preceding case, there are

four possibilities (k,1 > 0)

k l k l k l k l
(ROR12 +2ROR12 )v (R0R12 +2R0R12 +1)7 (ROR12 +1R0R12 )a (ROR12 +1R0R12 +1)'

B.31
Via eq. (B.20), some identities for the the x set as well as ( )
(102151,1,0) = (207w)* A (,0,1,0), (B.32)

we can show that all the non-trivial elements in (B.31) reduce to
(,0,1.0), (B.33)

wedged with its corresponding power of (2@7w).

Set xm with m > 3. Recalling that (,0,0) = 0 for the set x,, with m > 3 we
essentially have the succeeding structures (where k,1 > 0)

(... 50,121 0, 1% 0..),  (...,0,1%%2 0,17 0..),
(.. 50,121 0,172 0..),  (...,0,1%%2 0,122 0..)), (B.34)
where ... denotes an arbitrary products of Oth and 1st order curvature 2-forms. All of

them reduce to strings containing either (,0,1,0.1) or (,1,0,1,0) as a result of (B.28)
which in turn vanish. We thus conclude that x,, = () for m > 3 and, in the following
arguments, we consider xo, x1 and X2 only.
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B.2.5 Summary for products of curvature 2-forms at Oth and 1st order

The building blocks for products of curvature 2-forms at Oth and 1st order (that is, by
wedging them with certain power of (2&rw)) are

X0 : {(R1)7 (R1R1)7 (RlR]‘R )}s

X1 - {(RO), (3031)7 (R]_RO), (RORlRl)’ (R]_RIRO),
(R1R0R1)7 (R1R0R1R1)7 (RlRlRORl)}7

X2 : {(ROR]‘RO)})

Xm : 0 (for m > 3). (B.35)

This reduction of the products allows us to evaluate various quantities in general d + 1-
dimensions, as explained in the appendices C and D.

B.2.6 Traces of products of curvature 2-forms

To evaluate the Maxwell and Einstein sources, we also encounter traces of the products of
the curvature 2-forms. Once we have the products of the curvature 2-forms, the evaluation
of the traces is straightforward. Hence, for later use in our computations we will only
consider traces of products of even numbers of the curvature 2-forms.

With the help of (B.8) and the cyclic property of the trace, the only non-trivial traces
made of (,,0) and (,1) are (for & > 0)

fr [(R0R1 (R1R1)k)] — 20 dr Au A (207w) P

tr [(R1R1)k+1] = 2(2B7w)? 2, (B.36)

Notice that eq. (B.36) is (up to a factor of 2) exactly the same as products of zeroth and
first order gauge field
(,0,1(,1,1)F) = d'dr Au A (20w)? L

FF

(P11 = (20w)* 2, (B.37)

after we have sent ® — &p.
Finally, we want to remark that traces of elements of a set x; are proportional to
dr A u and that of the elements of x,, with m > 2 are all zero.

B.3 Curvature 2-forms from the metric at 2nd and 3rd order

We consider now the curvature 2-form at the 2nd and 3rd order and summarize their prop-
erties. For these cases, it is complicated to calculate these higher order terms explicitly and
completely from the metric. Instead of the explicit calculation, we focus on the contraction
and form structure as well as in the symmetries of the curvature 2-form to figure out the
kind of terms appearing in the higher order curvature 2-forms.
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B.3.1 2nd order curvature 2-form

To discuss R at the 2nd order, let us first list out the possible 2-forms at Oth and 1st orders:

At Oth order : dr Au, dr AdxP, uAdxP, dzf Adz”,
At 1st order : w, wy, X (zeroth order forms). (B.38)

At 2nd order, there could be structures coming from two derivatives of the zeroth order
metric. However, since we have calculated the full contribution from the Oth order metric
(which is also valid to 1st order) to the curvature 2-form in (B.7), we only need to discuss
the form structures constructed from those appearing in the 2nd order metric and then
write the most general 2nd order curvature 2-form consistent with its symmetries. By
adding to it the explicit contributions from the 0th order metric, we can list out all the
terms that can potentially appear in the explicit calculation of the curvature 2-form at the
2nd order.

From the 2nd order metric (see eq. (A.11)), the structure of the 2-forms that could
appear at 2nd order are

w*Pwap % (zeroth order forms), (B.39)
Ozw, % (zeroth order forms),

wy"way X (zeroth order forms). (B.40)

We would like to stress some other possibilities. Structures such as u”0,w®, reduce to
wypw® which have already been captured in the aforementioned classification. In principle
Opwy“dxt A dz¥ should also be considered, but it will not be present due to J,w,|* =
9,0, u* = 0. And finally, structures like 0%w,,,dz" A dz" can be rewritten as d,w,“dz" A
dx”, which are zero.

We note that the possible zero-derivative tensor structures that one can use to construct
appropriately indexed objects are

Uy, P, and, products among them. (B.41)

For later purpose, it is useful to classify the most general Oth order 2-form consistent
with the symmetry of the curvature 2-form. The curvature 2-form at the Oth order could
have the following structures (we ignore all non-index/non-form information)

o

L0 =drAu, (L0)F, = (Q)utdr Au+ (V)dr A PFoda® +u A P*,da?,
"o = updr Nu+ Pyodx? Ndr 4 (V) Ppedz® Au,
p = uuydr Au+ (V)PFdr Au — updzh Adr + (V)ut Poodz® Adr + updzh A u
+u' Pyodx® N u + P, dz” A dz. (B.42)

2y

N

ciE

g e
=
(I

The (Q) structures do not appear in the explicit computations from the zeroth order
metric. We denote by ‘bar’ any matrix-valued two-forms consistent with the symmetry of
the curvature 2-form including the Bianchi identity, while the un-barred one is the explicit
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result computed from our metric, i.e. (,n) = (;7)|()-0. Notice that

(,0,0)", = (,0,0)" , = (,0,0)", =0, (,0,0)",= (V) (P'sda?)(P,dz") ANuAdr.
(B.43)

In fact, (,0,0) and (,,0,,0) have exactly the same form structures as (,,0,0) above without
any obvious simplifications. We also have

(r0:0;0) =0. (B.44)

At second order, for example, we can have the structure of the form wo‘ﬁwag x (,0).
Let (,2”) be a matrix two-form which include all possible structures constructed from
2nd order metric (as discussed above) and the contributions from the Oth order metric
calculated explicitly (i.e. (,2') in eq. (B.7)). In all,

(:2")" = w*Pwap(30)7 4w oda A (u + dr),
(:2")" = wPwag(R0)H, + Orw™Mdr A u + Iz odz® A [PH,da” + uf (u + dr))
+w%Waedx® A (dr + u),
(:2")" ) = WPwap(R0)"p + O\ ydr A+ Oyw? yda A (Pypdaz®)
+0yw o dz? A up [ U+ dr] + w, waedz® A (dr + u),
(2 = waﬁwaﬁ (z0)"p + W wapu A dr
+w, Waedz® A [PHydx” + u” (u + dr)] + w'weeda” A [Ppdx” + u, (u 4+ dr)]
+OWM [updr A+ (Pyydz”) A (dr + )]
+0hw?, [uldr A w+ (PP, dxY) A (dr + )]
+Ow o da” A [utuy(dr + w) + ut(Pyda”) + u, (PP, da”) + P*,(dr + u))]
—2cow" pw + ¢ (Wpedx?”) (WHydx”) + 0wt ydz” A (dr 4 u). (B.45)
The coefficients in the terms containing ¢y are equal and fixed by the Bianchi identity. We
will only use this implication of the Bianchi identity in later computations. Note that since
(2") # (42) in general, when one computes (,2) explicitly from the metric (up to 2nd
order), some of the terms written above for (,2”) might be zero. Below, we will use (,2")
to prove statements which are also true if we replaced (,2") by (,2) since (,2") contains
more general terms than the actual (,2). Hence, we will use (,,2) directly in all equations
hereafter. The same comment applies to (,3) in the subsequent subsection.

As a next step, we calculate the product of the 2nd order term in the curvature 2-form
with the lower order terms. We first calculate the product of (,,0) and (,2) and find

(0,2 =

(,0,.2)", = 6,\w odz? N (PF,dz"”) A dr A u,

(R,0,2)", = 8,\w odz? A (Ppadz®) Adr A u,

(,0,2)" ), = WPwap (P*dz®) A (Pp,da’) Adr A+ (P ,dz®) A (W Waedz®) Adr Au
Fut Oz o dx”) A (Poyda”) A dr A w + uy(0yw*odz”) A (PP,dz") Adr Au
+(Oawadz®) A (PH,dz") A (Ppodz®) A (dr + u), (B.46)
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2
(x2,0)
(:2,0)" ), = O\wodz” A (Ppadz®™) Adr A u,
(:2,0)" ), = WPwys (P*5dz”) A (Ppda”) Adr A+ (Ppeda®) A (Wwaedz®) Adr Au
Fu Oz o dz”) A (Pyyda”) A dr A+ uy(0ywodz”) A (P*,dz”) Adr Au
+(Ozwadz®) A (PH,dz") A (Ppodz®) A (dr + u). (B.47)

In the latter computation, we have explicitly used the Bianchi identity relating terms with
coeflicient cy. We note that all the terms in (,0,2) or (,2,0) are proportional to either
R]'ROR]')
or tr[(,0,1)], all these products vanish. Moreover we notice that the trace of these two

dr or w. Thus, when multiplied with terms containing dr A u, as for instance (

products is zero:

tr[(,0,,2)] = 0. (B.48)

Let us now consider the more complicated products containing (,2). Using the form
structures explicitly written out above, one can show that

(RORZRO) = (RORZR]‘RO) = (RORzR]‘R]‘RO) = (R0R1R2R0) = <R0R1R1R2RO) =0,
(RORIROR2) = (RZRORIRO) =0, (B.49)
as well as
(ROR]‘Rz)rT ~ (RORz)TT N w
(ROR]‘Rz)T,U ~ (ROR2)TP Nw,
(RORle)MT ~ (RORZ)MT Nw,
(20,1,2)" , ~ (,0,2)" ) AN w + (W Wy “Wardz® A dz") (Ppﬂdxﬁ)dr A u A dzt(B.50)

where by ~ we mean that tensor and form structures are the same. In the above calculation
we have used the following properties for the lower order terms:

(,0,1,0)", = (,0,1,0)" ,=(,0,1,0)", =0,
(,0,1,0)", = (Ppda”) Nda' Ndr ANu A w. (B.51)

Hence, we have

(oog1,0,1...,0,1,2..) = tr[(;0, )] A...A (... ,0,1,2...) =0. (B.52)

Also, since (,,0,1) and (,1,0) both contain solely terms proportional to dr or u, these obey

((0o0,1,2...,1,0..)~(..,0,2....1,0...),
1...

(000,12, ,0,1..)~ (.. ,0,2...,0,1...), (B.53)



by absorbing some w 2-forms into the ‘...”). In particular, this implies

(RORleR]‘RO) ~ (RORzR]‘RO) ANw =0, (ROR]-R2R1R1RO) ~ (RORzR]'R]'RO) ANw =0.
(B.54)
Additionally, employing the relations
(RORlR]‘RiO)rT = (ROR]‘R]‘RiO)MT = (RORlRlRT)TP =0,
(10,1,1,0)", = (Pyda”) Ada" Adr Au A w?, (B.55)
one can confirm that
(10,1:1,2) ~ (,0,2) A w? (B.56)
which immediately leads to
(RORlR]‘RzRO) ~ (R0R2RO) =0,
(R0R1R1R2R1RO) ~ (RORzR]‘RO) =0,
(ROR]‘R]‘RZR]‘R]‘RO) ~ (RORzR]‘R]‘RO) = 0. (B.57)
Similarly, one can show that
tr[;1,0,2] = tr[,1,1,0,2] =0, (B.58)
which entails, through eq. (B.50),
tr[,1,0,1,.2] =tr[,1,1,0,1,2]=0. (B.59)
Collecting all the above results, the products containing (,2) condense to
(x122x1) =0, tr[x152] =0,  (x242) = (x2x2) = 0. (B.60)

B.3.2 3rd order curvature 2-form

For the 3rd order terms in the curvature 2-form merely a few identities, which we are going
to elaborate along this subsection, will be relevant for the arguments in this paper.
The first equality to show is

(r071;0,3,0) = (;0,3,0,1,0) =0. (B.61)

Before jumping into the classification of the most general form structures of (,3), let us
discuss the structure of (,0,1,,0) and (,,0) in more detail. Given a matrix-valued 2-form
(M), we have the following relations:

(RORlROMR())r"' - (ROR]‘ROMRO)TP - (RORlROMR())MT =0,

(r0,1,0M ,0)", = (,0,1,0)"; A (M)7, A (;0)",. (B.62)
and

(ROMROR]‘RO)T r = (ROMROR]‘RO)T p = (ROMROR]‘RO)H r =10,

(ROMRORlRO)# p— (RO)uV A (M)UJ A (R,ORlRO)U P (B‘GS)
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where we have used the fact that, except of one term in (,0)”,, all the terms in (,0) are
proportional to either dr or w. Then the explicit calculation shows that

0)", (M), (5
(300", (M), (,0,1,0)” o ~ wAdr Adz* A (P,g(M)P,da? Ada”) A (Payda®). (B.64)

0,1

(r0r

R 0)%, ~ u Adr Adz" A (Pys(M)P,da? A dz”) A (Pagda®),

Now, let us construct the relevant case where (M) = (,3). Since we are wedging (,,3)
3)% s that survives is dz® A (Pgydx?).
From above, we see that if the indices of (M)?, are carried by dz”, P,,dz°, u’ or u,,

with dr A w, the only possible form structure for (

they will be zero after contraction with the projection matrix P or after wedging with w.
Therefore, the free indices on (M) must come from the different powers (and appropriate
contractions) of w,g or derivatives of wyg. At 3rd order, the possible two-forms can be
split in

Case I : wq, 8, WasBoWaspsdx! Ndx”,  Case 11 : wq, g, Oywayg, dxt A dx. (B.65)

In Case I, the two form indices can contract in two ways with wq, g,Wa,8,Was8, and
then we need to further contract two more free indices to have only two free tensor indices.
After the contraction, we are left with

Wt w, or Wy, wadz® A dzC. (B.66)

where we have used waawo‘ﬁdxﬁ A dx® = 0. However, we see that these terms vanish by
inserting them into eq. (B.64).

On the other hand, in Case II there is an odd number of free indices (hence cannot
reduce to an 2-index object by contracting the indices within that term). Thus at least a
contraction with u* is necessary leaving two possibilities, either

W oDy, dt Ada”, ot w™ g, uT (DywWayp, )Tt A da. (B.67)

However, since u0,wyg, = —w, wyg, and u70,wayp, = U Onywyp, = —Way Wog, , Case 11
reduces to Case I. We thus confirmed (B.61) which leads to

(x223x1) = (x123x2) = 0. (B.68)

Actually, the above argument is pertinent also when we evaluate tr[(,0,1,0,3)] and
tr[(,0,3)] A dr A u. Due to

030, 1.0,3)] = (:0,1,0)5(43)" ~ dr AwAw (Pay(,3) vt A da”).
tr[(,0,3)] Adr Au = (,0)",(,3) "  Ndr ANu ~dr Au A (P/gﬂ(R.‘S)ﬁl,dm“ A dac”) ,
and using analogous arguments as before, we conclude
tr[(,0,1,0,3)] = tr[(,0,3)] Adr Au = 0. (B.69)
Similarly, we can also confirm that (,0,3,0) A dr A w = 0, which leads to
(X1x3x1) NdrAu=0. (B.70)

In summary, we have shown that

(X2r3x1) = (X13X2) = (X123X1) A dr Au = tr[x2;3] = 0. (B.71)
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B.4 General structures of trace with higher-order curvature 2-form

In the computations of Maxwell and Einstein sources, we often encounter
T=tr [Rﬂ . (B.72)

In this subsection, we will prove that when 2nd or higher order terms of R is contained,
T vanishes at sufficiently low orders. In other words, to have a nonzero result, there is a
constraint on the total number of the derivatives in 7 when it contains 2nd or higher order
terms of R. As we will see in the computation of the sources, this constraint makes the
classification of the sources with 2nd and/or higher order terms of R (as well as F') easy.

Let us notice that the trace T can take one of the following three forms (by using the
cyclic property of the trace):

TR(l) = tI‘[X],
TR = trfoV], (B.73)

where the symbol x represents one of the elements in xg U x1 U X2, that is, it is a string
made of (,,0)’s and (,1)’s only. Another symbol v) is defined to represent a string made
of 2nd or higher order terms, (,m) with m > 2 (for example, (,,22.5,3)). In the following
argument, we sometimes use X, to denote an element of x,, for simplicity. Let us define
Nr; as the number of derivatives for the case of T = T'R;) (for i = 1,2,3). Then we have
the following constraints on Np;, depending on which form 7 takes:

[ T = TR(l) :
In this case, since tr[x2] = 0, T = tr[xo| or tr[xi], which means that Np; for
nontrivial 7 can take two values:

— N =2k TR(l) = tl"[X()] .
- NTl =2k—1: TR(l) :tr[xl] ~drAu.
o T = TR(Q) .

For T = TR(Q), we will show that T vanishes for Npo < 2k and thus Nty > 2k
is required for non-trivial 7. To see this, we consider the following three cases

separately:
— Npg <2k —2:
We always encounter two or more x2’s and thus 7 vanishes.
- NT2 =2k—1:

To avoid having more than one 2, we must set all v{)’s to be (p2), one x to
be x2 and the rest of x’s to be x1. However, 7 in this case also vanishes as a
result of (x2,2) = (,2x2) = 0 (see eq. (B.60)).

- NT2 =2k:
In order not to have more than one xo, there are two sub-cases:
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x One of the vU)’s is (,3), the rest of the v\))’s are (,2)’s, one of the x’s
is x2 and the rest of the x’s are x1’s. In this case, we always encounter
(r2x2) = (x252) = 0 (see eq. (B.60)) for I > 2. For I =1 (that is, when
there is one (;3) and no (;2)’s), TRy = tr[;3x2] which also vanishes
thanks to eq. (B.71).

x All v)’s are (52)’s. When one of x’s is x2 and the rest are x1’s, we always
encounter (,2x2) = (x252) = 0. On the other hand, when all x’s are
x1’s, T contains (x1,2x1) or tr[x1,2] and both of them are zero due to
eq. (B.71).

° T = TR(g) .
It is easy to see that Nps satisfies Npg > 4k. The equality holds only when v
contains (,2) only.

We will use these bounds on Np;’'s repeatedly in our arguments in the
subsequent sections.

C Maxwell sources

In this appendix, we present the computations of the Maxwell sources at the leading or-
der in the fluid/gravity derivative expansion using the relations summarized in the ap-
pendix B. The simplest example are the anomaly polynomials containing purely the U(1)
field strength, Pcrr = ¢ AF”“, on AdSs,+1, which we have already explained in sec-
tion 3. We will consider the mixed Chern-Simons terms here. We will do so by starting
with the computations of the Maxwell sources for specific examples on AdSs and AdSy to
complement the case of AdS7 in section 4.1.1. We then provide a general argument for any
dimensions and any mixed Chern-Simons terms to show the complete agreement with the
replacement rule. Interestingly enough, as we will show, the 2nd and higher order terms in
the U(1) field strength F' and curvature 2-form R do not contribute to the leading order
computations of the Maxwell sources. Remarkably, in AdSs,+1 the leading nontrivial result

for the Maxwell sources is proportional to w” 1.

C.1 AdSs
Let us start with AdS5 case and consider the mixed term of the form
Porr, = ¢,, F NMr[R?], (C.1)

where ¢, is a constant (in the following examples, we also introduce constant c . or simply
¢ to denote coefficients in the expression of the anomaly polynomials). From this, we get
the following expression for the Maxwell source:

*Jy = —c,, tr[R?]. (C.2)

We first restrict ourselves to the Oth and 1st order terms of the curvature 2-forms. As
shown in appendix B the product (,0,,0) = 0, therefore the leading order contribution is

* d o) 1 d 32, ®02)
JH = —2thr[(ROR1)] = %(2(3”[@%)(11 A (2(.0) A dr)7 JI(-I ) — ;%gTT

where *Jp is indeed of order w'.

, (C3)
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Let us then take into account the higher order terms in the curvature 2-form. In this
case, it is obvious that the higher order terms in the curvature 2-form do not contribute at
order w! or lower.

For the Abelian Chern-Simons term discussed in section 3 and the mixed Chern-Simons
term above, a straightforward comparison with the conventions of [49] gives the follow-
ing dictionary:

4Kk

—167TGNCA = ?, _167TGNCJ\/[ = 4)\7
1 " 1 w
J= 72167TGN7“3T§? ) A= —7167TGN7"J512 ). (C.4)
H H

Using these relations, one can show that our sources in eq. (3.12) and eq. (C.3) are the
same as those found by authors of [49] (assuming sign typos in Wa; term in [49] ).

C.2 AdSy

As a final explicit example for the Maxwell source, we consider AdSg case. There are three
kinds of the mixed terms in the anomaly polynomial

Porrs = ¢y F2 ANr[R?] + &, F A tr[R*] Atr[R?) + ¢, F A tr[RY. (C.5)
The corresponding Maxwell source is given by
*Jy = =3¢, F? Nr[R?] — &, tr[R?] A tr[R?] — ¢, tr[RY]. (C.6)
For simplicity, we will evaluate the three terms separately.

o First term (proportional to c,, ):
Let us first ignore the 2nd and higher order terms in F' and R. We then find that
the leading contribution to this term is

*JH = _6CM (FOF]') A tr[(R]‘Rl)] - 6CM (F 12) A tr[(ROR]‘)}

= (60, #203) (w A (20)° A dr), (c.7)

which is of order w?. Lower orders terms such as

(»0*) Atr[(z1,D)],  (0,.1) Atr[(;0,1)], (,1%) Atr[(,0,0)],

(»0*) Atr[(;0,1)],  (:0,1) Atr[(,0,0)], (,0,0)Atr[(;0,0)], (C8)
will all vanish as a result of (,0,0) = 0, (,0) ~ dr A w and tr[(,0,1)] ~ dr A

u. Therefore (C.7) is indeed the leading order contribution to the Maxwell source
proportional to cyy.

Having identified already the leading contributions we can consider 2nd and higher
order terms of F' and R. At order w? or lower, we encounter the following configu-
rations containing 2nd or higher order terms:

(:0%) Atr[(1:2)], (0.1 Atr[(,0,2)],  (,0,2) Atr[(;0,1)],
(F]'Fz) /\ tr[(RORO)] ? (F02) /\ tr[(R0R3)] ’ 1
(-0%) Atr[(;0,2)],  (,0,2) Atr[(,0,0)]. (C.9)
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One can direct identify that all these vanish since (,0,0) = 0, tr[(,0,2)] = 0,
(,0) ~ dr Au and tr[(,0,1)] ~ dr A u. We therefore determine that there is no w?
or lower order contribution containing 2nd or higher order terms of F' or R.

Second term (proportional to ¢,, ):
By considering the Oth and 1st order terms in R only, we uncover that the leading
order term of order w? turns out to be

Ty = 42, 1](,0,1)] A tr{(,1,1)] = (2%, @) (A (20)° Adr). (C.10)

Meanwhile, (,0,0) = 0 and tr[(,0,1)] ~ dr A u, renders trivially all lower or-
ders terms

(r0xD)],  tr[(30,0)] Atr[(,0,0)]. (C.11)

Once we take into account the 2nd and higher order contributions to R, at w3 or
lower order, we are faced with several possibilities

(0,0 Atrl(x1,2)], (0, 1] A tr](,0,2)],  tr{(,0,0)] A tr[(,0,.3)],
[(,0,,0)] A tr[(,0,.2)] (C.12)

However, all of them are zero as a result of (,0,0) = 0 and tr[(,0,2)] = 0. Con-
sequently there is no w? or lower order contributions containing 2nd or higher order
terms of R.

Third term (proportional to (::M):
Disregarding the 2nd and higher order terms in F and R, we find the leading w?
order contribution to the third term

1,1)] = %(2&},@‘;)@ A (2w)? Adr). (C.13)

As for the lower order terms, which from (,0,0) = 0 and (;,0,1,0,1) = 0 we will

R™RTR™R

*Jyg = —4¢,tr[(,0,1,

conclude that these vanish, we can have terms involving

tr[(,0,0,1,1)], tr[(;,0,1,0,1)], tr[(,0

R R"RTR™R

0,0,1)], tr[(;,0,0,0,0)](C.14)

R R™R R™R™R

From the 2nd and higher order terms in R, many configurations at w? or lower order
are possible

tr[(RORORlRZ)] ? tr[(RORORzR]‘)] ’ tr[(ROR]'RORz)} Y tr[(RORORORg)] 9
tr[(,0,0,0,2)]. (C.15)

RYR"R™R

The entire set will be irrelevant when we considering (,0,2,0) =(,0,1,0,2)= 0
and (,0%) = 0. In this way, we can say that there is no w? or lower order contributions
containing 2nd or higher order terms of R.

— 38 —



Adding the contributions computed for each of the three terms of the AdSg Maxwell
source, yields

d 0 .
= oo (2¢,, @7 + 2%¢,, @OT + 2¢,,207) (u A (2w)® Adr),  (C.16)
20w)3 1d 0 ~ z
JI({ F== 5 dr O (26M<I>3<I)% + (2%, + QCAI)(I)(I)4T) ’ (C.17)

where *Jyz is of order w?.

C.3 General argument for Maxwell sources

Previously in appendix C and section 3, we recorded explicit examples and calculated the
Maxwell sources for the mixed terms in the anomaly polynomials for dimension n < 4,
corresponding to solutions up to AdSg. Now, we consider more general cases for AdSo,, 11
in any dimensions.

Let us then study the mixed term in the bulk anomaly polynomial
PCrtyn, =y F'H At [RQ’“] A tr [R%?} A Atr [RQ’%} : (C.18)

where [ >0, p>1and k; >0 (i =1,2,---,p) which might be considered in AdSg,; for
n =2kt + 1 (here kyot = > v ki). We will argue that the general Maxwell source is

Ty = =y L+ DF At [R5 At B2 AL ate R ] = e, 1+ DF AT,
where T =tr [R%l} A tr [R%Q] A Atr [R%P] . (C.19)
(1) O0th and 1st order terms only. To start we will overlook the 2nd and higher order

contributions to F' and R. For the leading order contribution to the Maxwell source (C.19),
since both (,.0) and tr[x1] are proportional to dr A w and tr[x2] = 0, we obtain

Ty = —c,, (1 +1)(,19) /\Z (2k;) tr[ 12’“)}

Atr [(R0R1) A (R12ki_2)} AL Atr {(Rl%l’)}

e 1+ 1)(,0) A (L1 Atr [(Rﬂ’ﬂ)} Ao At [(Rﬁkp)}

d 0
= %87@ CM(I)lJrl(Qp(I)%kmt)] (u/\ (Qw)nfl /\dr), (0‘20)
which is of order w”~!. Therefore ng)Wl is given by
oyt 1 daGP" 1 d 9 L1 oo 2o
T T3 dr 9% ~ 43 4r 0d (CM(I) (2P0 )) ’ (C.21)

n—1

where we have used d = 2n and verified the replacement rule for G(2)
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(2) 2nd and higher order terms. The next step is to show that there is no contribution
containing (,2), (,2) or higher order terms at order w™~! or lower in the computation of
the Maxwell source. The underlying idea, as the number of the 2nd and higher order
terms is increased, is to add more Oth order terms to compensate which will entail the
classification of the contribution with 2nd and/or higher order terms tractable.

Recall from appendix. B.4 that the trace tr[R?*] can take one of the following three
forms (by using the cyclic property of the trace):

TR = tr[x],
TR = trfo)], (C.22)

where the symbol x represents one of the elements in xo U x1 U x2, while v9) is used to
represent a string made of 2nd or higher order terms, e.g. (,2), (,3) or higher order terms.

Without loss of generality, let us suppose that contribution from first p; traces is of the
form T'R ;) while for p; +1 <4 < ps it is of the form T'R(3). Then the remaining tr[ R
contribution for po +1 < ¢ < p is of the form T'R(3). With this ordering, after dividing 7
into three parts, 7 = T1 A Ta A T3, where Ty (72, T3, respectively) is made of the traces of
the form T'R(y) (TR ), TR 3), respectively) only, we have

Ti = tr[R*A LA tr[R¥e]
To = tr[R¥rir1] AL A tr[R¥r2],
Tz = tr[R¥™ 1] AL A tr[R?P]. (C.23)

We denote the number of derivatives contained in 7; (i = 1,2, 3) by Nr,.

Let us first consider the case where either p; < p or pa < p, i.e. there exists at least
one T'R(9) or T'R3y. The non-trivial contributions for each 7; will satisfy a lower bound on
the number of derivatives N7,. Results from appendix B.4 imply that 7; is zero unless

o Ti: Np =3 (2k;) or D01 (2k;) — 1.
In the first case, all the traces in 77 are tr[xo]’s. In the second case, T; contains
exactly one tr[xi] ~ dr A u while the rest of the traces are equal to tr[xol|’s. Since
we cannot have more than one tr[x;], these are the only two non-trivial cases.

« To: Np > (2k).
i 75 : NT& = Zg,?:pg—‘rl (4k1) > Z€:p2+1(2ki) :

Taking the number of the derivatives in F* to be N, the total number of derivatives
in the Maxwell source is given by Niot = Np + N7y + N, + Ny, In turn, two separate
cases have to be analyzed. Namely, Np > [ or Ny < [. On one hand, for Np > [,

p
Niot > Y (2ki) +1—1 =2kt +1—1=n—1. (C.24)
=1
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Therefore this case does not add to the Maxwell source at w™ ! or lower order. On the
other, for Np < [, since ( FOQ) = 0, the only potentially non-trivial configurations are the
ones with (F') = (,0,1'"!) and thus Ng = [ — 1. All satisfy the inequality in eq. (C.24),
except for the case where Ny, = Y I (2k;) — 1. In this exceptional case, T; and F' contain
tr[x1] ~ dr Aw and 0 ~ dr A u respectively. Thus, this possibility is trivial.

The previous argument assumes that p; or pe are simultaneously equal to p, i.e. there
exists at least one T'R (o) or T'R(3). When p; = p2 = p, the trace becomes T = T1, thus F!
needs to contain 2nd and/or higher order terms of F. However, since (,,02)=0, nontrivial
contributions to F! containing 2nd and/or higher order terms must satisfy Nz > [. This
implies Nioy > 2ktor + 1 — 1. For the Nyt = 2kiot + I — 1 case, we necessarily have one
tr[x1] ~ dr Aw in 77 and also one (,.0) in F', and thus this product is zero.

To summarize, we have confirmed that 2nd and higher order terms of F' and R do not
add to the Maxwell sources at w"”~! or lower order.

D Einstein sources

The computation of the Einstein sources is the main subject of this section. For this pur-
pose, we have to consider solely the (r, p1)-compontent of (T, )a. As we will explain, only

the (ZH)(T‘/L) T“)r
satisfies a replacement rule which subsequently implies a replacement rule for (T,,),, in

" components of (X )(qp)¢ Will contribute to (T, ),,. Surprisingly, (3, )

eq. (4.14). We will discuss how this works in appendix D.1. We then scan specific examples
in AdSgy,+1 (n =1,2,3,4) in appendix D.2 to appendix D.5 where such replacement rules

are verified and consider a more general replacement rule for (X, ) in AdSg,+1 in ap-

T
TH)
pendix D.6 . At the end of this section, we provide a proof of some symmetry properties of

the spin Hall current used in appendix D.1 to demonstrate that only (X)) contributes
to (T, )rp-

D.1 Replacement rule for (X;) )"

To evaluate the Einstein source, we consider the (r, u)-component of (T, )q, defined by

(TH)TM = VC(ZH)(TM)C = aC(EH)(ru)C - FdTC(EH)(d/L)C - Fd,uc(EH)(rd)c + Fccd(ZH)(ru)d .
(D.1)
For a moment, let us assume that the only nontrivial contribution to (2 H)(ab)c are those
of the 0th and 1st order terms of F' and R. Moreover, we also assume that the leading
order contribution to (T} ), is of order w™™! and comes only from (X)) at w™ !
order. These two at first ad hoc assumptions will be justified in the upcoming sections by
proving two statements: (1) when only Oth and 1st order terms of F', R and the Christoffel
symbol are considered, the leading order contribution to (T, ), is of order w"~! and comes
from (£,,) )¢ at order w™*; (2) 2nd or higher order terms of F, R and the Christoffel

connection can generate nontrivial contribution to (T, ),, only at w™ or higher order. Then

(TH)T‘M = aT(EH)(T’/L)T + ril(d - 1)<2H)(7“M)T - TﬁlPVM(EH)(ru)T
T,LLC(EH)(TT)C - r—lpup(z]{)(yu)p - Fyup(EH)(ru)p - Frrp(EH>(ru)pv (D2)

where we have used the fact that I'%, = r~1(d — 1) and I'*y, = 0 at the Oth order.
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From appendix D.7, we know that the leading order contributions to (3, )¢ from
zeroth and first order objects satisfy several symmetry properties

(EH)(TT)C = (EH)(ru)p = Pyp(EH)(V,u)p =0, PVH(EH)(TV)T = (EH)(T/L)Tﬂ (DS)

yielding an expression for (T, ),, which depends only on (X,),,", namely,
1 dr 4
(TH)TH = rd_Qa |:’l“ Q(EH)(TM)T} : (D'4)
Based on the prior observations, we claim that
1 d | oGV
Cu)ew" = T2 g | 00, Vi =SV, (D.5)

This leads to

oo L dfd (aGMN ) 1 d,d (0G0
Ho— opd=1iqr |dr \" 00 || 2rd-lar | dr \ 0®r

which is the replacement rule for the Einstein source in eq. (4.14).

, (D.6)

In the next sections, we will first work out some examples to verify eq. (D.5) and justify
the assumptions we have made above. We then prove this new replacement rule for the
most general AdSsy,41 case.

D.2 AdSs

The simplest situation is AdS3 with the anomaly polynomial given by
Pcrr, = cgtr[RQ] : (D.7)
The leading order contribution to (X,,)%, can be easily found
(B4) % = =2¢,eP72(,0) ¢y, (D.8)

which represents a w® order. Evaluating

(X)) = +4cg‘II’V#, (E) " = —4c, (r\I/”)V#. (D.9)

we find
Eg) = —%% [ragT (QCQQ%)] , (D.10)
which is consistent with G(V) = 209@% for the gravitational Chern-Simons term in AdSs

and confirms the replacement rule in eq. (D.5).

We note that even if we take into account 2nd and higher order terms in the Christoffel
connection or the curvature 2-form, it is obvious that there is no extra contribution at the
leading order to the Einstein source.
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D.3 AdSs

The mixed term in the anomaly polynomial in AdS5 spacetimes is
Pcrr, = ¢, F A r[R?], (D.11)

which in turn gives
(EH)abC = _CMEaplmpsmelpzRbcp3p4 . (D‘12)

The leading order term of (X,,)%, is of order w® such that

(EH)/abC _CMgampngm N (FO)pIPQ (R,O)bcp:spz; ~ 5ap3p4wuy(R0)bcp3p4 . (D‘13)

The only non-zero component of dr AuA (,0)° is dr AuA(,0)%, ~ dr AuAdz® A (Pysda?)
thus the only nontrivial components of (%,,)/%. are

(ZH)/QIB’Y ~ 5aﬁy6ruupwé . (D.14)

This implies that (X,,),¢ = (X,),,¢ = (3,), = 0, and hence the only potentially non-
trivial contribution to (T ), from (,,)"®. is the second term in eq. (D.1), which involves

(ZH)’(JM)V. Conversely,
(EH)SMW ~ eaﬂwrpwpﬁuuv = (EH)/(M)7 =0, (D.15)

and, we conclude that (3,,)"®. does not contribute to (T,,),, at any order.

It is worth stressing that the aforementioned arguments are actually more general, in
the sense that the arguments follow (and play no role) whenever the spin Hall current
contains a structure of the form (X,,)%, ~ 2 (dr Au A (RO)bc)mm,_v .

To find the first non-trivial contribution to (T ), we will have to calculate the sub-
leading term of the spin Hall current given by

b b b
(X)) = = g PP (L0)p1po (2 1) epapa + (5 1)pr1pa (0) cmm}

_ ab ab
= (BM)eb, 4 (n@)ab, | (D.16)

H

where we have divided this contribution into two pieces for later use. The first term
(ES))“Z’C, considering (,0) = ®'dr A u, becomes

(ES))MT = _4CAIT_2¢/(T(I)T)VM? (ES))WT =0, (D-17)
leading to
(YW = —2¢, 120/ (r7) . (D.18)

The second term (Eg))(m
computation in appendix D.2 and hence

)" can be evaluated easily by attaching (,1) = 2®w to the AdS;

(2CHV = _2¢ 17289, (rd7). (D.19)

H
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Combining the two terms yields'4

»(v) 14

— (2¢, ®P2 D.20
H 272 dr T@‘I)T ( Chr T) ) ( )

showing an agreement with eq. (D.5).
As in the case of AdSs, it is obvious that 2nd and higher order terms in F', R and the
Christoffel connection add nontrivially to the Einstein source at the w'! or lower orders.

D.4 AdS~,

Now we consider AdS7 case with three different types of terms in the anomaly polyno-
mial with potential to contribute nontrivially to the Einstein source. We deal with each
term separately.

(1) Perry = c,, F? Atr[R?. The spin Hall current is denoted by

)ab - _ ECM cOP1P2P3PAPSPS | F1 pb

(E c 9 Pp1p2+ p3p4 CpP5P6 - (D21)

H

We concentrate on the Oth and 1st order terms in F'; R and the Christoffel connection
and ignore the higher orders to start. By noticing that (,02) = 0, the leading order
contribution to the spin Hall current is of order w! reduces to

"ab _ b
(EH) “ c = 7CM6ap1p2p3p4p5p6 (FO)p1P2 (Fl)P3p4 (RO) Cp5P6 * (D'22)

However, as in the case of (,0) A (,0) term in AdSs (see eq. (D.13) and below) these do
not contribute to the Einstein source at any order of the derivative expansion. Therefore,
we will only need to consider terms of order w? in (3,,)%. of the form

1 . .
(Z)%e = - §Cz\4gaplp2p3p4p5p6 2% (1:0)p1pa (5 Dpaps (2 1) epsps
b
+ (D) pips (5 L)psps (0) CPBPG]‘ (D.23)

This structure is essentially the same as the AdSs case with extra (,1) = (2Qw) attached.
It follows that

(S = —2¢, 171200 (ror), (2P = —2¢,, 77199, (ro7), (D.24)
which add up to
P ML (2¢,,®2®3) (D.25)
H 2rddr | 0Py VM T '

and also agrees with eq. (D.5).

It is interesting to see that when 2nd and higher order terms of F';, R and the Christoffel
connection are taken into account, no extra contributions to the Einstein source exist at
w? or lower orders. Mainly, due to (,0%) = (,0,2) = 0 as well as the fact that the leading

order contribution to the spin Hall current is of order w'.

“To compare with [49], we refer the readers back to the discussion around eq. (C.4).
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Observe that we can generalize this line of thoughts to the case of Popr,,, = cMFl A
tr[R?] in AdSgyq (with d+1 = 21+ 3): (1) the leading order term of the spin Hall current
does not contribute at any order to the Einstein source, (2) the two subleading order
contributions (which are of order w') to (3,,)%. are

(SIYM = 219110 (2¢, rd7), (EP)V = 271019, (2¢,,rP7) (D.26)
which add up to
1 d B,
vy — _ 152
B D = [r 5on (2ch> @T)} , (D.27)

and represent to final result which is as well in agreement with eq. (D.5), and finally (3)
the 2nd and higher order terms in F', R and the Christoffel connection do not generate
extra contribution to the Einstein source at w' or lower orders, since (,0%) = (,0,2) =0

and the fact that the leading order contribution to the spin Hall current is of order w'~!.

(2) Pcrrs = ¢, tr[R?] A tr[R?]. The spin Hall current is

(E )ab

_ a p1p2p3papspe pf g b
= —CE R gp1pa B fpapa B e pspe - (D.28)

H (&

As in the previous case, let us for a while consider Oth and 1st order terms in R and
the Christoffel connection only. The leading order contribution to the spin Hall current is
of order w' and is given by

(S3) e = =26, P29 [61](0, 1)l (:0) epspn| (D.29)

Notice that tr[(,0,1)] A (,0) ~ dr AuA(,0) and thus we can apply analogous arguments
as in the AdSs case (see eq. (D.13) and below). Therefore, such a term does not contribute
to the Einstein source at any order of the derivative expansion. The next to leading order
term, comprises the w? terms of the spin Hall current, reduces to

(=

)ab — _ngap1p2p3p4p5p6 2 % tr

b
c [(RORl)]p1P2P3P4 (R]‘) CP5P6

b
+tr[(R 1, 1)]1?1192173174 (RO) cpsP6

= (SO, 4 (2@, (D.30)

H

where (ZS))‘“’C and (Eg))“bc respectively denote the first and second terms of the right
hand side of the first line.
We first evaluate (ES))(V) and find

(S = —8r=4(2078) (re, Pr) . (D.31)

The second term (X If))(‘” is essentially the same as the computation in the AdSs case,

with extra tr[(,1,1)] = 2(2w®r)? attached so that

(Y™ = 871929, (rc, D). (D.32)

H
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Combining the above two contributions, we finally obtain

»V) = —%d% [r(c,160%)] , (D.33)
which again agrees with eq. (D.5).

Alike other cases in AdS7 the 2nd and higher order terms in R and the Christof-
fel connection, do not contribute to (T, ), at w? or lower orders, as of (,0%) = 0 and
tr[(,0,2)] = 0 and the fact that the leading order contribution to the spin Hall current is
of order w!.

(3) Pcrrs = ¢,tr[R*]. The spin Hall current in this case is given by
(Zp)%e = *595@@2'“%Rbeplszefpstfcmpe : (D.34)

The leading contribution to the spin Hall current is of order w! while considering only
the Oth and 1st order terms in R and Christoffel connection

(ZH),abC = —, eI (ROR]‘RO)bCplp2--~p6‘ (D.35)
Identical arguments as in the previous case, since (,0,1,0) ~ tr[(,0,1)] A (,0). indicate
that (X,,)"®. generates no contribution to (T,,),, independently of its order. The next
order terms in (X,,)%,. are given by
(EH)abC = — eP1Ppo (RORlRl)bcmpz---pa + (RlRORl)bcmm---pa + (RlRlRO)bCp1p2---p6] )
(D.36)
from which a few components are relevant to the Einstein source computation, specifically
(S,)r" =88,(r *NV,, ()" =8¢0, (ro}) + @3] V,.  (D.37)
In the end, we find
1 d
W= 2¢, &4 D.38
H 294 dr |:ra(I)T ( €y T) ) ( )

which coincides with eq. (D.5).

Two results, (,0%) = 0 and (,,0,,2,0) = 0 and the fact that the spin Hall current starts
at w! order, imply that the 2nd and higher order terms in R and Christoffel connection,
support no further contributions to the Einstein source at w? or lower orders.

D.5 AdSg

For AdSy, we consider the following two cases that have not been discussed yet.

(1) Pcrry = ¢, F A tr[R2] A tr[R?]. The corresponding spin Hall current is given by

1
b ~ b
(X)) = _§CM5ap1p2p3p4p5p6p7p8Fp1p2ngpstgfpspGR cprps - (D.39)
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Taking the Oth and 1st order terms in the derivative expansion of F', R and Christoffel
connection we find the leading order contribution to (%)%,

1
(,)®, = - iéM 20 P1P2P3PAP5PEDTPS (D.40)

X[ZX( 1)pipotr[(50 1)}p3p4p5p6(30)b0p7ps
+(F0)p1p2tr[(RlRl)]p3p4p5p6(RO)bcmpg )

which is of order w?. Since (,0) A (,0) ~ tr[(,0,1)] A (,0), the statements employed
for AdSs and AdS; are applicable here as well implying that the (X,,)'?’. does contribute
trivially to the Einstein source at all orders. The next leading order (i.e. w® order) of the
spin Hall current becomes

(EH)abc = _75M€ap1p2p3p4p5p6p7’pg [2 X (F l)plpztr[(RORl)]psmpk’)pﬁ (Rl)bcmpg (D'41)

+(p 1)p1p2tr[(R1R 1)]1331941951?6 (Ro)bcmps
+(F0)p1p2tr[(3 1, 1)]p3p4p5p6 (R 1)b0p7ps} .

The contribution from the first two terms can be easily evaluated by attaching (,1) =
(20w) to the ¢,, term calculation of the AdS7. The resultant contribution to ES”

— 8¢,,77%®0, (ro3) . (D.42)

The third term in eq. (D.41) could be simply calculated by attaching tr[(,1,1)] =
2(2@7w)? to the AdSs result ((£(M)™) for the c,, term). Then the contribution to %()

from this term is

— 8¢, 00 (rd3.). (D.43)
By combining them, the overall contribution takes the form
1 d 0
) —
=) = ~553r |" 557 ——(4¢,,90%)| | (D.44)

in accord with eq. (D.5).

Let us take into account 2nd and higher order terms in F', R and Christoffel connection.
We consider FAtr[R?|AR from which the spin Hall current is constructed. Then we classify
the w? and lower order contributions to F' Atr[R?] A R containing 2nd or higher order terms
as follows:

* (rO) Atr[(,050)] A (2), (2) Atr[(,0,0)] A (50), (1) Atr[(,0,0)] A (,2),
(2) Atr[(s050)] A (1), (FO) A tf[(RORO)] A (R3), (3) A tr[(50,0)] A (,0)
— vanish because tr[(,0,0)] =

* (r0) A tr[(,0,2)] A (0), (+0) Mr[( 0,2)] A (1), (1) Atr[(5052)] A (50)
— vanish because tr[(,0,2)] =

o (RO) Atr[(s05 )] A (52)
— vanish because both (,,0) and tr[(,0,1)] are proportional to dr A u.
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* (n0) Atr[(50,3)] A (;0)
— vanish because (,0) ~ dr A uw and then tr[(,0,3)] Adr Au = 0.

o (»2) Atr[(R0,1)] A (30), (-0) Atr[(,1,2)] A (;0)
— do not contribute to the Einstein source since both of them are proportional to
dr Au A (,0)°.

In addition to this, since the derivative expansion of the spin Hall current starts at w?, the
2nd and higher order terms of the Christoffel connection do not generate new contribution
to the Einstein source at w? or lower order. We thus conclude that 2nd and higher order
terms in F, R and Christoffel connection do not contribute to the Einstein source at w?
or lower order.

(2) Porrs = &, F Atr[R*]. The spin Hall current in this case is
ab L= apips.ps b f g
(X)) = _§CM€ Epipo B fpspa B gpspe B cprps - (D.45)

We notice that both (,,0) and (,0,1,0) are proportional to dr Au and all the compo-
nents of (,0,1,1), (,1,0,1) and (,,1,1,0) are linear combinations of terms proportional
to dr or u. Then the leading order term of (X,,)%. — restricting ourselves to the Oth and

1st order terms in F'; R and the Christoffel connection — is given by

1-
(EH),abC 7§CM€ap1...pg (F]‘)P1P2 [(ROR]‘RO)bCP3~~~p8 ’ (D-46)

1)/ does
not contribute to the Einstein source at any order. We thus consider the next order terms,
of order w?, in (X,,)%.:

which is of order w?. As in the argument for the ¢, term in the AdS; case, (Z

1~
b = b b b
(Zg)%e= _§CM€ap1 P8 (5 D)p1ps |:(ROR1R1) eps.ps T (1205 1) cps. ps T (121 50) cps. s

1.
_§CM5ap1mp8(F0)p1p2 |:<R1R1R1)bcp3---p8:| : (D'47)

The contribution to the Einstein source from the first line (labeled by (TS))W) is
evaluated essentially in the same way as the ¢, term in the AdS; case with extra
(1) = (2dw) attached

LG(SEM) (@0, (r&3)] (D.48)

Wywvy — _
(EH ) 2r

To evaluate the second line of (D.47) (labeled by (Zg))abc), we first note that (Zg))’”bc =
ua(Eg))o‘bc =0, since (,,0) ~ dr A u which produces

()" = 5 5168, [ BNV (52 =0, (.49)
and henceforth )
(EPH = ~ 5,5 (8) (@' (ro7)] - (D.50)
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Combining (D.48) and (D.50) ultimately add to

1 d 0

W - "2
(24) 2r6 dr T(‘)@T(

2¢,, 201 | , (D.51)
which agrees with eq. (D.5).

Once we take into account 2nd and higher order terms in ', R and Christoffel symbol,
then we encounter many potential nontrivial terms. Let us consider F' A R? from which
we construct the spin Hall current. Then we can classify the contribution of order w? or

w? with 2nd or higher order terms of F and R contained as follows:
e (LO)A(,0,2,0), (1) A(,0,2,0) — vanish because of (,0,2,0) =0.
e (,2)AN(,0,1,0) — vanish because (,2) ~ dr A u.

e (,0)A(,0,3,.0) — vanish because of (,0,3,0) Adr Au = 0.

R™R™R R™R™R

® (;0) A (52;1;0), (,0) A (52,0,1), (,0)A(05,2,1), (,0)A(41,2,0),
(r0) A (215052), (0) A (;04,1;2)
— vanish because all the terms appearing in (,0,1), (,1,0), (,0,2) and (,2,0)
are proportional to dr or w.

We also notice that 2nd and higher order terms in the Christoffel connection do not give
nontrivial contribution to the Einstein source at w?® or lower order, since the spin Hall
current does not contain nontrivial w! or lower order terms. We thus conclude that 2nd
and higher order terms do not contribute to the Einstein source at the leading order

or lower.

D.6 General argument for Einstein sources

In this subsection, we provide a general argument to calculate the leading order contribution
to the Einstein source. In particular, we will show that 2nd and higher order terms in R,
F as well as the Christoffel connection do not contribute at this or lower orders. The
proof of this straightforward argument involves many steps. We will initially resolve the
most simple cases and construct the more elaborated and most general arguments towards
the end.

Case I: Pcrr = c, tr[R2k+4] with k > 0. We first consider the case with the single
trace of the curvature 2-forms. This anomaly polynomial is allowed on AdS,;y; with d =
4k + 6. Since the case of tr[R?] has been covered in details in the AdS3 example, we shall
consider k£ > 0 here.

(1) Oth and 1st order terms only:
For a while, we assume that there is no contribution containing 2nd or higher order
terms of R and Christoffel connection. By noticing that more than two (,,0)’s are
not allowed in a given wedge product of R, the derivative of the anomaly polynomial
OPcrr/OR%Y, at the leading order is proportional to (;,0,1,0) A (2®7rw)?*. As in the

R™R™R
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previous arguments for AdSg, it does not generate any contribution to the Einstein
source at any order. We thus consider the next leading contribution to the derivative:

aPCFT 2k+2 ‘ '
R = ¢, 2k +4) D (517,0,17F270), (D.52)
=0

=G (2k + 4) |:(R0R1R1)ba+(R1R1RO)ba+(2k+1)(R1R0R1)ba:| N (2(I>Tw)2k7

which is of order w?t+2,

In the second line, we have used the identities in the
appendix B. Repeating the same calculation as in the ¢; term in AdS; case, we

obtain the corresponding contribution to the spin Hall current as follows:

(S)m” = +2(2k + 4)c, r? (Y, (D.53)
(E)u” = =22k + 4)c, r* U ®IF2) [(2k + 2)0 + r 1@ + 17710, (rD7)]| V), .

1
) = —55(2¢,)(2k +4) | 2k + 2)(@F10) (r07) + 97420, (r0r)|
1 d[ 2

= T opd-2qp [T 0P

<2cg<1>%’“+4>} , (D.54)

which agrees with eq. (D.5).

2nd and higher order terms:
Now let us take into account the 2nd and higher order terms in R and Christoffel

2k+2 o lower order of the

connection to show that these do not contribute at w
Einstein source. By using the same notation as in the general argument for Maxwell
source, we classify the wedge products of (2k+3) curvature 2-forms into the following

five cases (I > 1):

Case A : (’U(I)X’U(Q)X ) --'U(I)X’U(]—H)> ,

Case B <U(1)X”(2)X'“U(I)X>’ (XU(l)Xv(Z)...xv(I)> ;

Case C : <X’U(1)X’U(2) o X,U(I)X(IH)) 7

Case D : <v(1)) ,

Case E : (x). (D.55)

Since Case E does not contain 2nd or higher order terms, we consider the rest of the
cases, Case A, B, C and D, one by one to show that 2nd and higher order terms do
not contribute to the Einstein source at the leading (w?#*2) or lower order. Let us
denote the number of derivatives in the (R?**3)?, by Ng. To consider contributions
up to the order that we are interested in, we have Np < 2k + 2.

e Case A:
In this case, there are one more v()’s than x’s. Let us suppose that all the
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v¥)’s are (z2). Then, for the product to be w?k*2 or lower order, at least two
of x’s are x2 and thus there is no contribution from this case. When some or
all of vU)’s contain 3rd or higher order terms of R or are products of the 2nd or
higher order terms, we need to introduce more xo and thus this case does not
provide any w?**2 or lower order contribution to the derivative of the anomaly

polynomial OPcpr/0R%, .

e (Case B:
For Case B, the product contains the same number of v()’s and x’s. Let us

2k+2

consider order w contribution first. Except for the case in which all the

vU)’s are ( =2), we need to have more than one X2 which vanishes as in the
previous case. Then, the only nontrivial possibility is when all the v()’s are
(,2), while one of x’s is x2 and the rest are all x;. This contribution vanishes
nevertheless as a result of (x2,2) = (x2,2) =0.

2k+2

For lower order than w , we need to add more than one x2’s and we also

have vanishing contribution.

o (Case C:
This third case requires more careful treatment since the number of x’s is one
more than that of v()’s. We call the total number of the derivative in v0)’s as
N, and carry out the classification depending on the value of N,:

(1) N, =2I:
The only allowed configuration is that all the v/)’s are ( »2). To have or-
der w?*2 contribution to OPcpr/0R%Y,, all the x’s need to be x1. Since
(x1,2x1) = 0, the product vanishes in this case. For lower-order contri-
butions, there always exists at least one x2. This means that the product
contains (,2x2) or (x2,2) which are zero as in Case B.

(2) N, =2I + 1:
The only choice of v)’s is that there is one (,3) and the rest are (,2). In

this case, to have the contribution of order w?#+2

and to avoid the appear-
ance of more than one x2’s, we need to have one x2 and the rest of the x’s
need to be x1. We first note that (,2x2) = (x2;,2) = 0 and thus we cannot
put x2 next to (,2) to have a nontrivial result. Then, we instead encounter
the structure of the form (x1,3x2) or (x2;3X1), which is also zero because
of eq. (B.71).

For the product to be lower order than w?*+2

, we need to introduce more
than one x2’s and thus these contributions vanish.

(3) Ny >2I+2:
In any of this case, we need to have more than one xs’s, which leads to
vanishing contribution.

e Case D:

Obviously, this case does not give any contribution of order w?#+2

or lower.
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To summarize, we confirmed that 2nd and higher order terms of R do not give any

contribution to the derivative of the anomaly polynomial dPcpr/0RY at w?**2 or

lower order. We also notice that the derivative expansion of the spin Hall current

2k+1

(containing R at any order) starts at w and thus 2nd and higher order terms of

the Christoffel connection do not generate new contribution to the Einstein source

2k+2 2k+2

at w or lower order. Therefore, the Einstein source at w or lower order does

not contain the 2nd or higher order terms of R as well as Christoffel connection.

Together with the result from the AdS3 case (with tr[R?]), we have also shown that
for a product of (2k + 1) curvature 2-forms (R?**1), the contribution which contains
2nd and/or higher order terms of R can become nontrivial only at order w?*+!

higher, i.e. N > 2k.

or

Case II: Pcrr = ¢, F! A tr[R?**4] with k,I > 0. Let us now take into account
U(1) gauge field and consider the mixed term with single trace of the product of curvature
2-forms. This term in the anomaly polynomial is admitted in AdS;41 with d = 4k + 2]+ 6.
Since the case of F' Atr[R?] has been covered in details in appendix D.4, we shall consider
k > 0 here.

(1) Oth and 1st order terms only:
As in the previous case, we just consider the Oth and 1st order terms in R, F and
the Christoffel connection only. Then there are two potential leading contribution to
OPcrr/OR%, at the order w?++1. The first one is a linear combination of the terms
of the form (,,0,1,0) Aw?**!. As in the argument for AdSy, this kind of terms does
not contribute to the Finstein source at any order. The second one is proportional
to (,0) A (30,1) A w?**! or (,0) A (,1,0) A w?*!. These however vanish since
(0) ~ dr Au and all the terms in (,0,1) and (,1,0) are proportional to dr or w.

Therefore we focus on the subleading contribution (order w?**1*2) to the derivative
OPcrr/0R%,:
IOPcrT o NS g 2k+2—i\b
e, = ()10 3 (10,87 s
i=

(00 A (171 A <R1R12'f+2>ba]

= e 2k + D] (201,10 + (41,1,0)" + (2K + 1)( 1,0, 1)"a]
AN2Pw)' A (20 7w)?
F1(p0) A (1) A (20w) 1 A (207w)2 2} (D.56)
In the second line, we have used the identities in the appendix B.

The evaluation of the contribution to the Einstein source from the terms in the first
line is the same as in Case I, but with an extra (2®w)’ attached. Therefore, the
contribution from the first line to ESHW is evaluated as

— 5 (2 + 4)(2¢,,) 210, (ra2t+) . (D.57)
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Similarly, the second line is essentially the same as the contribution encountered
in the AdSy case (see (ES))(V) term in the cps case) but with extra (2®@rw)’s and
(2@w)’s. Then we have

S 2k 4)(2e,) (7030, @)]. (D.5%)

Combining both terms gives

nv - 1 d[ 9 ((c q>l(2q>§’f+4))}, (D.59)

= gt gy | (O
which agrees with eq. (D.5).

2nd and higher order terms:

We call the number of the derivative contained in F! as Nx. Similarly as before, the
number of derivatives in the (R**3)?, is defined as Ng. Since we are considering up
to order w112 contribution, we have that Ny + Np < 2k + [ + 2. and then carry
out the classification depending of its value. For the curvature 2-form part, we use
the classification, Case A, B, C, D and E, that we introduced in Case I. Then the
classification goes as follows:

o Np <l
Since (,0%) = 0, the only case which can give nontrivial contribution is when
Np =1—1 (and hence Ng < 2k + 3) where F! = (,0,1"1) ~ dr A u. Then,
to have a nontrivial result, no xo ~ dr A u is allowed in the product of the
curvature 2-forms. For the 2nd and/or higher order terms to be contained we
have only to consider Case A,B,C and D for the curvature 2-form part. Then
the classification goes as follows:

(1) Case A:

To have the contribution of order w?#+!+2

or lower, we need to have at least
one x2. We thus conclude that this type of contribution vanishes.

(2) Case B:
In order not to have any 2, we need to set all the v\)’s to be (,2) and
all the x’s to be x1. Then we always encounter (,2x1) or (x1,2) which
contains terms proportional to dr or w only. Therefore this contribution
vanishes when it is wedged with (,,0).

(3) Case C:
Let us first consider the contribution with Ngp = 2k + 3. There are two

possible nontrivial contributions:

% The first one is when all the v()’s are (,,2), while there is only one X
and all the rest of x’s are x;1. We then always encounter (,2x1) or
(X152), which means that the product vanishes when it is wedged with
(,0) as in Case B.

+ Another case is when one of v)’s is (,3), the rest are (,2) and all

the x’s are x1. In this case, if there exist at least one (,2), then this
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product vanishes since (x1,2x1) = 0. On the other hand, when there

is no (,2), we have the structure of the form (x1,3x1), which also

vanishes when it is wedged with (,0) ~ dr A u as a result of eq. (B.71).
When lower order contribution is considered, there is only one case in which
no xz is contained: all the v(9)’s are (,2) and all the x’s are x1. This case
turns out to be zero since the product contains (,2x1) or (x1,2), which
vanishes when it is wedged with (,,0) as in Case B.

(4) Case D:
Obviously this case does not give any nontrivial contribution to the Einstein

2k+1+2

source at w or lower order.

[ ] NF =1
Due to (,0%) = (,0,2) = 0, it follows that F' = (,1!). The classification of the
product of the curvature 2-form part is exactly the same as in Case 1.

e Np>1[1+1:
Previously in Case I, we showed that second and higher order objects do not
contribute to (R**3) for Ng < 2k + 2. Since in this case Ng < 2k + 1 these
will similarly be trivial.

To summarize we have shown that 2nd and higher order terms in F' and R do not

2k+1+4-2

generate extra contribution to 9P cpr/I0R%, at w or lower order. In addition to

this, we also notice that the derivative expansion of the spin Hall current (containing

2k+1+1 and thus 2nd and higher order terms of

R and F at any order) starts at w
the Christoffel connection do not generate new contribution to the Einstein source at
w?k*+2 o1 lower order. Therefore, 2nd and higher order terms in F' and R as well

2k+1+2

as the Christoffel connection do not contribute to the w or lower order of the

Einstein source.

In particular, together with the analysis from F! A tr[R?], we have also shown that
in dr Au A (R?**1), the contribution which contains at least one 2nd or higher order
term of R can become nontrivial only at order w?**2 or higher, i.e. Ng > 2k + 1.

Case III: Pcrr = c, tr[R**1] A ... A tr[R?*?] with k; > 1,p > 2. We next turn
to the multiple traces case. We first start with the purely gravitational term admitted in
Ade+1 with d = 4ktot — 2, where ktot = Z?:l kl

(1) Oth and 1st order terms only:
To start with this computation, we ignore all terms aside from the Oth and 1st order
terms in R and the Christoffel connection. And, first consider the case with more
than two (,0)’s in the derivative 0P cpr/0R%,. We always encounter tr[xi]Atr[xi] or
(x2) Atr[x1], both of which are zero since x2 ~ dr Aw and tr[xi] ~ dr Au. Secondly,
we consider the case with two (,,0)’s and find that the only nontrivial contribution to
OPcrr/OR%, is of the form (x1) A tr[x1] or x2 multiplied by an appropriate power
of w. We notice that all the terms appearing in (,0,1) and (,,1,0) are proportional
to dr or w and thus the only nontrivial contribution in (x1) A tr[x1] is proportional
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to (,0) A tr[(,0,1)]. Henceforth, the arguments used in the AdS; and AdSy cases
pertain here too, and we can conclude that these only contribute trivially to the
Einstein source at any order.

Therefore, to calculate the Einstein source at the leading order, we need only to

consider the case involving just one (,0). The derivative OPcpr/OR%, in this case

R

is given by

P

a(:)PIganT =c, Z (2k;)2P~ 1Sl)a A (2B pw)?Rror—4 (D.60)
=1
P
te, Y (2k:)(2k)2P (4 1)00 Atr[(;0,1)] A (2Bgw) e,
1,751 7]

where

Sé)i)a = [(z051:1) + (z1,1,0) + (2k; — 3)(R1R0R1)]ba7 for ki > 2,

RTR™R

Stya = (40)%a A (287w)?, for ki =1. (D.61)

The first line of the expression for 0P cpr/0R%, is from the cases where (,,0) is located
at the product of R’s (that is, not in the traces), while the second one corresponds
to the cases where (,0) is inside of one of the traces.

Without loss of generality, let S?z‘)a = (,0)% A (2®@7w)? for 1 < i < pg (i.e. these are
the terms generated when 9/90R%, acts on a tr[R?] in Pcpr) and S?i)a =[(,0,1,1)+
(,1,1,0)+(2k;—3)(,1,0,1)]%, for po+1 < i < p (i.e. these are the terms generated
when 0/0R%, acts on a tr[R?*/] with k; > 2 in Pcpr). Then, we can further simplify
the derivative OPcpr/0R%, as

OPcrr . (po k> o7 O)b A (2@{[‘(—0)2]%0':72
a g E T R a
IR, i1

P
+e, Z 20.1,.1)+(,1,1,0)
mpo +(2ki — 3)(31,0,1)] %0 A (2B7w)2Hier—

p
4e, (k:fot -y k:%) 2071 1)0, Atr[(,0,1)] A (2B7w)?Fet=1 1 (D.62)

=1

The contributions to ES’) from the first two lines can be obtained from the results of
the AdS3 case as well as Case I by attaching appropriate powers of w. The results
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combine to give

1 P - |
_W(CQ 2p) 2(2]{21) [87« (T(I)%kl 1)} ((I)T)Qk:mt—le
=1
p
B (¢, 27) Z 2k;) [(Or (r®r) + 7(2k; — 2)®7p )} (D )Zktotﬁ
=1

1
= 53 2) {%tota (r®r) +4

P

(Z kf) — Ko r@’T} Paker=2 (D.63)
i=1

For the third line of (D.62) the contributions to Eg’) can be calculated by using the

result of (Eg))(") in the ¢, term of AdS7 by attaching appropriate power of w and
one immediately finds

1
— 53¢ 2") |( [ 2ktot) —4§ jk2] @) o2, (D.64)
r
By adding them up, we finally have
50— 1 omyan ) [0r(r®7) + [2ktor — 2] 1@/ ] BFFter 2
H opd—2\"9 tot T T tot T T

1 4 a(
T 224 | 0

zpqﬂ’w)} , (D.65)

which agrees with eq. (D.5).

2nd and higher order terms:
Now we consider 2nd and higher order terms in R and Christoffel connection to show
that these do not generate contributions to the Einstein source at order w”! =

w?ktor=2 or Jower orders. We note that terms in 9P cpr /OR™, have the following form
T A <R2k1_1> =T AR. (D.66)

As in the general argument for the Maxwell sources, we divide the trace part T as
T = Ti1 ANTa A T3, where Ty (T2, T3, respectively) is the wedge product of the trace
of the form T'R(yy (T'R9), TR(3), respectively) only. Without loss of generality, we
have considered the term generated by acting the derivative /0 R%, on the first trace
tr[R?*1]. We also let each trace tr[R?*/] to be of the form TR for 2 <i<py, TRy
for pr +1 <i <pg and TR(3) for po +1 <i < p:

Ti = te[R¥™] A ... Ate[R¥r1],
To = tr[R¥ri1] AL .. A tr[R*r2],
Tz = tr[R*rr1] AL A tr[R?P7). (D.67)

We note that in contrast with the Maxwell case, the k; in 77 starts from ¢ = 2. We
then define N7, to be the number of derivatives contained in 7; and Ng the number
of derivatives in R.
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We first study the case where either p; < p or pa < p is satisfied (i.e. T3 A T3 contains
at least one nontrivial trace and thus 7 contains 2nd and/or higher order terms of
R). Similarly to the general argument for the Maxwell source, we know that 7; is
zero unless:

o Ti: Npy =3 7705(2k;) or 3-705(2ki) — 1
(we notice that, in the latter case, 77 contains one tr[xi] ~ dr Au ).

o To: Np, > Y2 (2k:).
[ ] 73 . ]\fT3 Z Zf:p2+1(4ki)'

From the results in Case I, it is also known that the contributions to R containing
2nd and/or higher order terms of R become nontrivial only when Np > 2k} — 1.
When only the Oth and 1st order terms of R are considered, the possible nontrivial
configurations are R = xg, X1 or X2, which correspond to Np = 2k;,2k; — 1 or
2k, — 2, respectively.

Combining these results on 7 and R, for N > 2k; — 1, we deduce that
Niot > 2ktot —2=n—1. (D68)

Therefore the contributions to dPcpr/0R%, are of order higher than w™!. Let
us consider another case, that of Ngp = 2k; — 2. For Ny, = Y "',(2k;), the above
inequality (D.68) still holds while for Ny, = > "', (2k;) — 1, the contribution vanishes
since R = x2 ~ dr A u and 77 contains one tr[x1] ~ dr A u.

Comments on the special case with p; = ps = p are in order (i.e. 7 does not contain
any 2nd or higher order term of R). In this case, R needs to have 2nd and/or
higher terms of R but from the result of Case I, Ng > 2k; — 1 is required to have a
nontrivial result. For Ny, = >0 _,(2k;), this leads to Nyoy > 2koy — 1 > n — 1. For
Np, =% ,(2k;) — 1, we first notice that 7; contains a tr[x1] ~ dr A w. In addition
to this, from Case II, we know that dr A u A (R?*1~!) with 2nd and/or higher order
term of R contained in (R?*'~!) can become nontrivial only when Ng > 2k; — 1.
Then we finally have Nyot > 2kt — 2 =n — 1.

From the above argument we conclude that there is no nontrivial contribution to the
derivative 9P cpr/OR?Y, at order w?*tt=2 (or lower) coming from 2nd or higher order
terms of R. We also notice that the Christoffel connection at the 2nd or higher order

2ktot —2 (

do not generate new contribution to OPcpr/0R", at order w or lower), since

the derivative expansion of the spin Hall current starts at the order w?Ftot=3,

In all, we have shown that 2nd and higher order terms in R as well as the Christoffel
connection do not give nonzero contribution to the Einstein source at the w?*tt=2 or
lower order.

Case IV: Pcpr = c,, F' Atr[RZF1] A ... A tr[R?*P] with 1 > 1, k; > 1 and p > 2.
Lastly we consider the most general form of the terms in the anomaly polynomial. This
anomaly polynomial is admitted in AdSgy1 with d = 4k, + 21 — 2
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(1) Oth and 1st order terms only:
Ignoring the 2nd or higher terms in R, F' and the Christoffel symbol we will now
consider the derivative 9P cpr/0R%,. We first show that there is no contribution to
the Einstein source at order lower than w?*t+1=2 Since (,0%) = 0, F! can contain
one or no (,0). When F' contains no (,.0) (i.e. F! = (,1")), the argument is the
same as Case ITI. We next consider the case when F! contains only one (,0). In
this case, for the curvature 2-form part, since tr[xi] ~ dr A w and tr[x2] = 0, no
(50) can be put in any of the traces. Hence, all the (,0)’s need to be located in the
non-trace part. Moreover, since (;,0,1,,0) ~ dr A u, only one or no (,0) can be put
in that part. In the former case (in which 9Pcrr/OR%, is of order w?ktet+1=3) the
only one nontrivial possibility is when 0Pcrr/0R%, is proportional to (,0) A (,0)
wedged by an appropriate power of w. As we have seen in the AdSs case, this does
not give any contribution to the Einstein source at any order. Therefore, we conclude
that there is no (,,0) in the non-trace part, i.e. all the R’s are (,1). Hence, the first

non-trivial contribution to the Einstein source is at order w?#t+=2 and is given by
w?ktot =2 contribution
P
—cy > (2k:) 2771800 A (2B 7w) et A (20w)!
i=1

P
—cy > (2ki)(2k)2° 71 (1) 0 A tr[(,0,1)] A (207w) Pt A (2Bw)!
1,J3;17]
p
—pl(x0) A (2k:)27 7 (3 1)% A (287w) 2 A (20w)! T, (D.69)
i=1
where
Stya = 1(:06151) + (2151,0) + (2ki = 3)(41,0,1)'u, for ki =2
Stya = (30)%a, for k;=1. (D.70)
In (D.69), the first two lines are contributions coming from the cases with F! = (,1%),
while the third one is from the cases with F! = (,0,1!71).

On the one hand, the contributions to ZS” from the first two lines can be obtained
by attaching (2w®)! to the result of Case IIT. We find
1
C 9pd—2

On the other hand, we can evaluated the contribution from third line to ZS” by

(2hi00) (27, )00, [r(@3 )] (D.71)

attaching appropriate powers of (20w) and (2®7w) to the result for the term pro-
portional to (,0) A (,0)%, of 9P crr/OR%, in Case 11 (see the final line of eq. (D.56))

1 _
- W(%mt)(zpcM)(@;kwt Ho, (@) . (D.72)
Combining both contributions, that also yields an agreement with eq. (D.5), we have
1 d 0
) — l 2kto
=V = ~5a 33 |"50n (c,, ®'2PDHeer)| (D.73)
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(2) 2nd and higher order terms:
Our aim is to show that 2nd and higher order terms of R, F' as well as the Christoffel

2ktot+1=2 1 Jower. For

connection do not contribute to the Einstein source at order w
this purpose, we carry out the classification based on the number of the derivatives
contained in F! (we denote it by Np). For the classification of the curvature 2-
from part, we use the same notations and strategy as in Case III. Similarly to that
in Case III, let us start with the case where either p; < p or po < p is satisfied.
For Np > [, the arguments go through exactly as in Case III. For Np < [, since
(,0%) = 0, the only one potential nontrivial case is when F! = (0! 1) ~ dr Au
(Np =1 —1). To have a nonzero result, 7; must not contain any tr[xi] ~ dr A u
and hence the Ny, = >P1,(2k;) — 1 case gives no contribution to 9Pcpr/0R%,. For
Np, = Y "',(2k;), since 9Pcpr/OR%, contains dr A u AR with R = R2-1 it is
known from the result of Case II that this contribute can become nontrivial only
when Nr > 2k; — 1. Then we have

Niot > 2kt +1—2=n—1. (D.74)

For p; = po = p, the same argument above goes through exactly.

Therefore, we conclude that there is no contribution to the derivative OPcrr/OR%
at the w?#wt+1=2 or lower order with 2nd or higher order terms of R or F. In addition
to this, since the derivative expansion of the spin Hall current start with w?Ftot =3,
the 2nd and higher order terms in the Christoffel connection do not generate any

2ktot +1—2

contribution to the Einstein source at w or lower order.

To recapitulate, we confirmed that the leading order contribution to the Einstein

thot +l_2

source is of order w and does not contain 2nd or higher order terms of R and

F or any Christoffel connection.

D.7 Symmetry properties of the spin Hall current

This subsection is devoted to the prove of the symmetry properties of the Hall current
summarized in egs. (D.3). For the benefit of the reader, we quote egs. (D.3) below:

(EH)(T‘T‘)C = (EH>(ru)p = PVP(EH>(VH)p =0, PVM<2H)(TV)T = (EH>(ru)r . (D'75)

As confirmed in the previous sections, we know that the leading order contribution to
(2 ) (ab)€ 18 at order w" ! and is composed of Oth and 1st order objects only. Therefore, in
this part, we will prove egs. (D.3) for such contributions. For concreteness, we will explic-
itly mention the AdSs case to illustrate how the proofs go. The generalization to higher
dimensions is straightforward and we highlight the analogous computations/arguments.
For AdS3 with a gravitational Chern-Simons term, the anomaly polynomial reads:

Pcrr, = ¢, tr[R?]. (D.76)
To calculate the Einstein source, what we need to evaluate is

(Ty)ab = Ve(Z,0) (@) where (X,)% = —2¢,"PP2RV ., . . (D.77)
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The leading order contribution to (X H)“bc is given by

(EH)abC = —2¢, PP (RO)bCp1p2 ) (D.78)
which is of order w®. For computational purpose, it is useful to notice that

(E5)%° = +2¢,e"PP2(,0)% pip, (D.79)

which results from the anti-symmetric property of (3,,)%: (X,,)%¢ = —(3,,)*".

For higher-dimensional AdSs,y1, as we have seen in the previous sections, in the
computations of the w"~! order contribution to (3,,)%., we encounter similar expressions
for (X,,)%, as above but with (,,0) replaced by either of (,0,1,1),(,1,0,1) or (,1,1,0)
or dr ANu A (,1) or by a linear combination of them (wedged by an appropriate power of
w). In all of these cases, we will show egs. (D.75) hold.

Then the proof of egs. (D.75) is as follows:

L () = 0:

Since (,0)¢ is proportional to u, we have

(X)) = —ua(X,)% ~ uae®P2(,0)pp, =0, (D.80)

and thus (3, )¢ = 0 for the AdS; case.

Let us next explain generalization to the higher dimensional cases. For the case with
(50) replaced by (,0,1,1),(,1,0,1), (,1,1,0), or drAuA(,1,1,1), this relation

RTRTR RTRTR
hOldS, since (ROR]-R]-)Cra (R]‘ROR]-)CT, (R]‘R]‘RO)CT and dr A u A (R]‘R]‘R]‘)CT‘ are all
proportional to u, leading to (X,,),,¢ ~ uauﬁeaﬂ'“ —0

2. B)ep” =0:
To show the relation, we first evaluate the terms before symmetrization. The direct
calculation shows

(ZH)TMV = _ua<2H)aHV = —QCguagOéPMDQ <RO)V/LP1P2 — _4cg(rflq//uu)(€aurua)’
Cr )’ = —up(E)"r" = =260, (50) 1p1py = de, (T_I\I’/Uu)(gawua)a

(D.81)

R

from which we have (¥,,)(,,.)" = 0.

For higher-dimensional computation, when (,0) is replaced by (,1,0,1) or
(,1,1,0), the components before the symmetrization are already zero. When the re-
placement is done by (;0,1,1), (3,)-.” and (X,,)," are nonzero but (3 )..)" = 0.
In the cases of dr Au A (,1), it is straightforward to show (X,,),,” ~ uauge® =0,
while (3,,),” = 0 holds since (,1)", is proportional to u.

3. PVP(EH)(Vu)p =0:
Before the symmetrization, we first have

P (B )i ~ Ppa(B,) 1" ~ Ppag™P?(50)° 1pip, =0, (D.82)
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since the upper index p of (,0)”, is carried either by u” or daz”. We also have

PY(3,) '’ ~ P"p(,0)7, =0, (D.83)
since either u”,u, or dazf A (P,,dz?) appears in all the terms in (,,0)”,. Thus we
conclude P”,(%,;) )" = 0 holds.

For higher dimensions, when (,0) is replaced by either of (,,0,1,1),(,1,0,1) or

R R™R™R RTR™R

(r1;1,0), the same arguments go through and we have P” ,(3,,),.” = P"p(X,)w” =
0. In the case of the replacement by dr Au A (,1), PY,(3,)u.” = PYp(3,)w” =0
hold as a result of dr Au A (;1)?), ~ u’uy,. Therefore, the relation P¥,(3, )" =0

is true for higher dimensions as well.

PVN(EH)(TV)T = (EH)(T/.L)T:

Lastly, from eq. (D.9) in the computation of the Einstein source in AdSs, we see that
both the lower index v of (£,),,” and (X,),," are carried by P,,. Therefore the
equality PV“(ZH)(TV)T e (EH)(TM)T holds.

In higher dimensions, when (,0) is replaced by (,0,1,1),(,1,0,1 1,10

R LU 71;0;1) or (,1,1.0),
the lower index v of (X,),," and (3,),," is still carried by P,, and thus the same
computations go through. In the case of the replacement by dr A u A (,1), we
have (X,,)n" ~ uau56°‘5“' =0 as well as (X,,),," = 7‘2PVO[(EH)O‘T’". Consequently

PYu(3 ) wr)” = (34)ur)" holds even in higher dimensions.
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