PUBLISHED FOR SISSA BY @ SPRINGER

RECEIVED: March 16, 2018
ACCEPTED: May 9, 2018
PUBLISHED: May 16, 2018

Supersymmetric solutions of the cosmological,
gauged, C magic model

Samuele Chimento, Tomas Ortin and Alejandro Ruipérez

Instituto de Fisica Tedrica UAM/CSIC,
C/ Nicolds Cabrera, 158-15, C.U. Cantoblanco, E-28049 Madrid, Spain
E-mail: Samuele.Chimento@csic.es, Tomas.Ortin@csic.es,

alejandro.ruiperez@uam.es

ABSTRACT: We construct supersymmetric solutions of theories of gauged N' = 1,d = 5
supergravity coupled to vector multiplets with a U(1)g Abelian (Fayet-Iliopoulos) gaug-
ing and an independent SU(2) gauging associated to an SU(2) isometry group of the
Real Special scalar manifold. These theories provide minimal supersymmetrizations of 5-
dimensional SU(2) Einstein-Yang-Mills theories with negative cosmological constant. We
consider a minimal model with these gauge groups and the “magic model” based on the
Jordan algebra J§ with gauge group SU(3) x U(1)g, which is a consistent truncation of
maximal SO(6)-gauged supergravity in d = 5 and whose solutions can be embedded in
Type IIB Superstring Theory. We find several solutions containing selfdual SU(2) instan-
tons, some of which asymptote to AdSs and some of which are very small, supersymmetric,
deformations of AdS5. We also show how some of those solutions can be embedded in Ro-
mans’ SU(2) x U(1)-gauged half-maximal supergravity, which was obtained by Lu, Pope
and Tran by compactification of the Type IIB Superstring effective action. This provides
another way of uplifting those solutions to 10 dimensions.
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1 Introduction

Over the last 25 years, since the first dilaton black-hole and p-brane solutions were found,
there has been a continuous effort in finding and studying solutions of supergravity theories
in diverse dimensions, specially if the supergravity theories describe the low-energy effective
field theory limit of a superstring theory. This continuous effort has been rewarded with
the discovery of many interesting solutions, some of which have revolutionized the field.

To a large extent, however, solutions with non-trivial non-Abelian fields have been left
out of this research effort. This was probably due to several different reasons: the vast
number of interesting Abelian solutions one could work with, the expected complexity of
the non-Abelian ones (all the solutions of Einstein-Yang-Mills (EYM) theories which are
not Abelian embeddings are only known numerically), the expected violation of the no-
hair theorems in non-Abelian black holes, the loss of nice properties such as the attractor
mechanism in extremal black holes [1-5], and our general lack of understanding of this
kind of solutions.

From our viewpoint, the only way to increase our knowledge on the properties of
solutions (black holes, black strings, solitons. ..) with non-trivial, non-Abelian Yang-Mills
fields (non-Abelian solutions, in short), is to find first many more. Fortunately, although
this task may look extremely difficult a priori, it turns out that, just as in the Abelian



case, one can use supersymmetry to derive very powerful solution-generating techniques.
Typically, these techniques reduce the problem of finding solutions of supergravity theories
to the problem of solving a reduced number of differential equations for functions, 1-forms
etc. that play the role of building blocks of the full solutions.

Thus, using the solution-generating techniques derived in refs. [8, 26], a large number of
asymptotically-flat non-Abelian solutions of different kinds (black holes, strings and rings,
global monopoles and instantons, multi-center black-hole solutions, microstate geomtries
etc.) have been constructed over the last few years in 4- and 5-dimensional non-Abelian-
gauged supergravities with 8 supercharges which can be called Super-Einstein-Yang-Mills
(SEYM) theories because they are minimal supersymmetrizations of the EYM theories [7—
17]. All these solutions were obtained in fully analytic form, which allows showing, for
instance, how the attractor mechanism works in a covariant fashion in the non-Abelian
context [18] and, more recently, how a puzzle involving an apparent violation of the no-hair
conjecture is solved when the integration constants of the solution are expressed correctly
in terms of the charges of string-theory objects [15].

Extending this work to the asymptotically-AdS case requires important modifications
of the gaugings considered because the scalar potentials that arise in the simplest gauging
of non-Abelian isometries of the scalar manifolds are, necessarily, either positive-definite
(in the d = 4 case) or identically zero (in the d = 5 case). The only way to produce the
scalar potential needed is to gauge a subgroup of the R-symmetry group (U(2)g in d =4
and SU(2)R in d = 5) via the introduction of Fayet-Iliopoulos (FI) terms. Both in the d = 4
and d = 5 cases the FI terms can be used to gauge either a U(1)r or a SU(2)gr subgroup.
The Abelian U(1)g has been studied extensively, but always in absence of any other non-
Abelian gauging. The non-Abelian SU(2)r case has been studied in refs. [19, 39] and turns
out to be, technically, much more complicated because the gauging of SU(2)g requires the
simultaneous gauging of a SU(2) subgroup of the isometry group of the Special-Kéahler
(d = 4) or Real-Special (d = 5) scalar manifold. In contrast, the Abelian U(1)g gauging
never involves the gauging of a single U(1) isometry in these theories.?

In this paper we work in the framework of the 5-dimensional theories (N = 1,d =5
supergravity coupled to vector multiplets) and we are going to consider the first of these
possibilities: an Abelian U(1)g gauging that will produce a scalar potential with AdS vacua
and, at the same time, an independent non-Abelian gauging of a subgroup of the isometry
group of the scalar manifold. The resulting theories can be understood as the natural
non-Abelian extension of those with an Abelian gauging and additional vector multiplets.
They can also be thought of as the simplest supersymmetrization of the cosmological EYM
theories (EYM plus a cosmological constant). Thus, they may be expected to give us a
handle in the search for solutions of this system via the use of the supersymmetric solution-
generating techniques developed over the years in refs. [20-30]. In particular, we will be
able to use the techniques of ref. [38] to construct self-dual SU(2) instantons on Kéhler
spaces admitting a holomorphic isometry, which are one of the main ingredients in those
solution-generating techniques.

'A complete review of these techniques with many references can be found in ref. [6].
2These Abelian gaugings are, actually, not possible in these theories.



There are many possible models of N' = 1,d = 5 supergravity coupled to vector super-
multiplets and a good number of them admit the kind of gauging we want to consider here.
We have decided to consider, as a toy model, the simplest of them admitting the gauging
SU(2) x U(1)r and, searching for a possible embedding of the solutions in String Theory,
the so-called “C magic model”, that admits a SU(3) x U(1)gr gauging. In its ungauged form,
this model is one of the few A/ = 1,d = 5 models that can be obtained by consistent trun-
cation of the maximal supergravity in d = 5 and, therefore, can be uplifted to any of the
two maximal supergravities in d = 10, N' = 2A and 2B but, precisely with that gauging, it
can be obtained by a consistent truncation of the SO(6)-gauged maximal supergravity in
d = 5, which, in its turn, can be obtained by compactification of the N' = 2B,d = 10 on S°.
Thus, in principle, all the solutions of this theory, that we are going to call “cosmological,
gauged, C magic model”, are also solutions of N' = 2B, d = 10 supergravity, the low-energy
effective field theory of the Type IIB Superstring, and, in particular, the AdS5 vacuum of
the cosmological, gauged, C magic model corresponds to the maximally supersymmetric
AdSs x SP near-horizon limit of the D3-brane.

We have found that some solutions of the cosmological, gauged, C magic model can
also be embedded in N' = 2B, d = 10 supergravity via the SU(2) x U(1)-gauge half-maximal
supergravity obtained by Romans [36] following the recipe given by Lu, Pope and Tran in
ref. [37]: there are two consistent truncations (one of the cosmological, gauged, C magic
model and another of the gauged half-maximal supergravity) that lead to exactly the same
theory. This provides two different ways of uplifting these solutions to N' = 2B,d = 10
supergravity and an embedding into the Type IIB Superstring effective action to zeroth
order in .

This paper is organized as follows: in section 2 we describe the framework we are going
to work in, introducing the formalism of gauged N = 1,d = 5 supergravities coupled to
vector multiplets in section 2.1 and the two particular models we are going to consider in
sections 2.2 and 2.3. In section 3 we describe the general technique we use to construct
timelike supersymmetric solutions of generic gauged N’ = 1,d = 5 supergravities coupled to
vector multiplets and, in section 3.1 we particularize this technique to the kind of gaugings
considered here. Then, in sections 3.2 and 3.3 we apply the technique to the two models we
have chosen and construct the simplest solutions that have a non-trivial non-Abelian field.
Finally, in section 4 we study the embedding of the solutions of the second model in the
SU(2) x U(1)-gauge half-maximal supergravity showing in section 4.1 the relation between
the two consistent truncations mentioned above. Section 5 contains our conclusions.

2 The setup

In this section we describe the two theories we are going to work with. They are two
different models of gauged N' = 1,d = 5 supergravity coupled to vector supermultiplets
with gauge groups consisting in a U(1) factor associated to a Fayet-Iliopopulos term and
second, non-Abelian factor (SU(2) and SU(3)) associated to the gauging of the isometry
group of the (Real Special) scalar manifold. A" = 1,d = 5 supergravity coupled to vector



supermultiplets with a non-Abelian gauging provides the minimal supersymmetrization of
5-dimensional Einstein-Yang-Mills theory.?

Since the structure of these gaugings is somewhat complicated, but essential to our
goals, we start by reviewing gauged N' = 1,d = 5 supergravity coupled to vector super-
multiplets in general and, next, we describe in detail the two models.

2.1 Gauged N = 1,d = 5 supergravity coupled to vector multiplets

A model of ungauged A" = 1,d = 5 supergravity coupled to n vector multiplets? is fully
characterized by the constant, completely symmetric tensor Crjg, I,J,... = 0,1,--- ,n
and its bosonic content is: the spacetime metric g,,, n + 1 vector fields Al n and n scalars
%, x,y,--- = 1,--- ,n. The latter parametrize a n-dimensional space that can be seen
as a codimension-1 hypersurface in a (n + 1)-dimensional space with coordinates h! and
Riemannian metric

arjy = —2C[JKhK+3h[hJ, where hp EC]JKthK, = hlh[: 1. (2.1)
The codimension-1 hypersurface is defined by the cubic equation
Crixh'h/nf =1, (2.2)

which will be solved by some parametrization in terms of the physical scalars h!(¢). The
metric induced in this hypersurface (up to a normalization factor) is the o-model metric
for the physical scalars

on' on!

vy = 3A[ ] —— —— . 2.3
Yy arj DG® DY (2.3)

It is customary to define

I _ I _ oh' _ I I
hl = —V3n!, = - 3075@“’ hiz = +V3hre, = hihl =0lh, =0,  (24)
which satisfy®

hr = agsh', hie = arsh’s, (2.5)

3The minimal, N' = 1 supersymmetrization of a 5-dimensional Einstein-Yang-Mills (EYM) theory re-
quires (apart from the introduction of fermions, which we set to zero here) the introduction of scalars to have
complete vector supermultiplets. The scalars have to parametrize a Real Special manifold whose isometry
group contains the gauge group. This may not be possible for arbitrary groups because, at the same time,
the scalars must transform under the isometry group in a very precise way, which may demand the intro-
duction of more vector fields. As we are going to see, the supersymmetrization of the SU(3) EYM theory
corresponds to a highly non-trivial “magical model” and has one extra vector field, the graviphoton. Besides
the mere introduction of scalar fields through a o-model, the supersymmetrized EYM theory (or Super-
EYM (SEYM) theory) contains couplings between the scalar and vector fields and Chern-Simons terms for
the vector fields which typically are absent in EYM theories. It is the contribution of the Chern-Simons
terms gives that rise to very interesting and characteristic supersymmetric solutions of these theories.

*Our conventions are those in refs. [25, 26] and the more recent refs. [11, 29] which are those of ref. [31]
with minor modifications and adaptations.

5These two properties can be seen as the definition of the metric az.



and the completeness relation
ary=hrhy+ gxyh?hz . (2.6)

The geometry defined by these objects is known as Real Special Geometry.

There are two kinds of global symmetries in these theories: the isometries of the Real
Special manifold and R-symmetry group, which is SU(2). In absence of hypermultiplets,
they can be considered (but not gauged!) independently. The necessary and sufficient
conditions for the gauging of a subgroup of the global isometry group are:

1. The subgroup of the isometry group must act on the vector fields A’ x in the adjoint
representation. This means that we can use the same indices I, J, ... for the vector
multiplets and for the gauge group’s generators, some of which could be trivial be-
cause the isometry group does not need to act on all the vector fields. It also means
that these isometries must act linearly on the functions hf(¢).

2. It must be a symmetry of the Crjx tensor that defines the theory. This condition
can be expressed in the form

—3f1MCrrym =0, (2.7)

where f7;% are the gauge group’s structure constants,® and it automatically implies
the invariance of the Riemannian metric ay; under the linear transformations.

3. The functions h!(¢) must be invariant under those linear transformations up to a
reparametrization (a field redefinition of the scalars). Combined with the above con-
dition, it implies that these reparametrizations are isometries of the induced metric
gzy(¢) and the vectors that generate them are Killing vectors and must necessarily
be of the form

kr* = —\/gf[JKh%hJ . (2.8)

This condition eliminates the possiblity of gauging Abelian subgroups of the isom-
etry group and it is the reason why Abelian gauging is a synonym of gauging via
Abelian Fayet-Iliopoulos terms in these theories. One can immediately check using
the properties of Real Special geometry that these vectors satisfy the Lie algebra

k1, ky) = —f175kx . (2.9)

This kind of symmetries can be gauged immediately by the standard procedure, giving
rise to what have been called N’ = 1,d = 5 Super-Einstein-Yang-Mills (SEYM) models,
which are the simplest N' = 1 supersymmetrization of the d = 5 Einstein-Yang-Mills
system [11].

An important property of these theories is that their scalar potential vanishes identi-
cally. Thus, they cannot be used as supersymmetrizations of EYM-AdS theories. For this
purpose one must gauge (a subgroup of) R-symmetry.

SThese structure constants will be trivial in the direction in which the subgroup to be gauged does
not act.



R-symmetry (SU(2) in these theories) is always present in any N' = 1,d = 5 super-
gravity theory and only acts on the fermions. In order to gauge the full R-symmetry group,
though, we need a triplet of vector fields transforming in the adjoint of SU(2) and their
transformation under this SU(2) must also be a symmetry of the theory. Since vectors
come in vector multiplets, it is clear that there must be an SU(2) subgroup of the isometry
group that satisfies the above criteria for gaugeability. Gauging the full R-symmetry group,
then, involves a deformation of a SEYM model in which new couplings to the fermions are
introduced in the action, as well as fermion shifts in the supersymmetry transformation
rules and a non-vanishing scalar potential (see eq. (2.12) below). Only the latter occurs in
the bosonic action. These new couplings are determined by an object, P;", (r,s,...=1,2,3
are su(2) indices) with only three of the I components non-vanishing” satisfying, for some
constant &, the property®

P]r _ EeIT , smtejse]t — fIJKeKT ) (210)

This object plays the réle of an embedding tensor, selecting the three gauge vectors among
the set of all vectors of the theory. It can also be seen as a constant triholomorphic
momentum map.

The theories obtained by gauging the whole SU(2) R-symmetry group can be seen
as the supersymmetrizations of SU(2)-EYM-AdS theories, but, how about other gauge
groups? The only possibility would be to combine a Fayet-Iliopoulos gauging with the
gauging of the desired subgroup of the global isometry group G of a theory. The resulting
theory would have the gauge group SU(2) x G, but there is a simpler possibility: combining
the gauging of the desired subgroup of the global isometry group G of a theory with
the gauging of a U(1) subgroup of the R-symmetry group using Fayet-Iliopoulos terms.
Gauging a U(1) subgroup of the R-symmetry group is much simpler, since any vector of
the theory can be used as gauge vector. It will be associated to a P;" with only one I-
component different from zero. The resulting theory would have the gauge group U(1)xG
and a scalar potential that, potentially, can give rise an AdS cosmological constant. This
is the kind of gauging that we are going to study in this paper.’

It goes without saying that, being completely independent, each of the factors of the
gauge group has its own coupling constant, which we will denote by g for the non-Abelian
factor and gg for the Abelian one. The latter will not appear explicitly in the action that
we are about to write because we have absorbed it into the P;”. This is very convenient
in the case we have at hands.

"There is always a basis in which this is true.

8Here the only non-vanishing components of the structure constants fr;% are those of the R-symmetry
group SU(2).

9Supersymmetric solutions of theories in which the whole R-symmetry group has been gauged have been
studied in ref. [39].



The bosonic action of a theory of A" = 1,d = 5 supergravity coupled to vector multi-
plets with the two kinds of gaugings that we have discussed above is given by

1 z 1 v
S = /d%\/ﬁ R + 590y Dpd" DY — V(§) — ar FIWF,

Hrpoo 1
12\[6'[!][(E Nz FIuVFJpaAKa - igfLM]FJ,LwAKpALUAMa
g0 o e AF AR, AM AN A7, |} (2.11)

where V(¢), the scalar potential, is given by
V(¢) = — (4h'h’ —2g"Vh ;) PP, (2.12)
D,¢" are the gauge-covariant derivatives of the scalars
D,0" = 0,0" + gAl Jkf" (2.13)
and F! uv are the gauge-covariant vector field strengths
Flu =20,A%) + gfix' A7, AR, (2.14)

The equations of motion are

1 1
G/uz - iaIJ <FIMPFJVp - 4guVFIpJFJpU)
1 y 1 TN Y 1

+§gmy #Cb D07 — g,uz/ qu DY) + §9ul/V =0, (2'15)

1
D,D"6" + L™ Oyar gF1P R 4 g™o,V =0, (2.16)

J 1 €/ujpaa
D, (argF7"") + ——CryF7 ) FE o + gk D1 ¢" = 0. (2.17)

INEIN

In what remains of this section we are going to describe the two models that we are
going to work with and their gaugings.

2.2 A simple model with SU(2) x U(1)r gauge symmetry

As a warm-up exercise one can consider the simplest model that admits a gauging of the
kind we want to consider. It contains a triplet of vector multiplets labeled by x,y,z = 1,2,3
and it is defined by the Cf i tensor with components

1
Cooo =1, COacy = _561’3/- (218)

The tensor C;yx'? is obviously invariant under SU(2) rotations which act in the adjoint
representation on the triplet of vector multiplets. Therefore, this group of symmetries can

10And, as a consequence, the whole Real Special structure. For example, usin
y q s p ple, g

I 1ow 2 1 .
(ho)s—ghoh =1, ho:(hO)Q—gh h :g(h°)2+w, he = —hh" (2.19)



be gauged using the matter vectors fields A”,, as gauge fields. The remaining vector field,
the graviphoton A°, can be used to gauge U(1)r C SU(2)r, which, as we have said, is
always possible. More explicitly, we choose

P/ = god;%"1, (2.24)

which includes a choice of the particular specific Ug(1) C SU(2)g to be gauged.
The only manifestation of this gauging in the bosonic action eq. (2.11) is the presence
of the scalar potential, whose explicit form we will not be concerned with. Furthermore,

FOu, =20,A%,. (2.25)

The covariant derivatives of the scalars and the vector field strengths refer to the SU(2)
gauging and are explicitly given by!!

:D €T — a €T + E.ZyZAZ Z,
n® W 9 u® (2.27)
F® = 20, A%, + ge™* A%, AY,,.

2.3 The C magic model with SU(3) x U(1)r gauge symmetry

The second model that we are going to consider is the so-called “C magic model”, associated
with the “magic” Jordan algebra J [32]. This model is one of the possible truncations
of maximal d = 5 supergravity and is one of the symmetric Real Special geometries [33].
Furthermore, in ref. [34] it was shown that the maximal d = 5 supergravity with SO(6)
gauging can be consistenly truncated to this model with an SU(3) x U(1)r gauging (a
model previously constructed in ref. [35]), which belongs to the class we want to consider
in this paper.

the components of the kinetic matrix for the vector fields are given by

Aoyt = 2o L SR 2(h%)], 4wy = W%y + B(R0)ZRTRY. (2.20)

a00 = 3 3" T 3oz

Using the coordinates
¢ = \/ghz/ho, = K'=(1-=¢>""3, where ¢°=¢"¢", (2.21)

these take the form

1
3(h0)2

a = %(h(’)“ - §h° + . a0s = \/?f”h% —2(h°)"],  awy = W00y +2(h%)'¢7¢Y,  (2.22)

and the o-model metric is given by

2 8(3 — 2¢%)
oy = ——— |Ogy + ———ZL %Y | . 2.23
"The structure constants and Killing vectors are given by
fzyz = Exyz, kzy = Emyz¢z . (226)



The C magic model is determined by the constant symmetric tensor Crjx of non-
vanishing components

1 3
C'000 =1 ) C()Jzy = _iéxyy Czyz = g d:cyz ) (228)
where z,y,2z = 1,...,8 and dgy. is the fully symmetric constant tensor associated with

SU(3), given in terms of the Gell-Mann matrices \, as
1
d:pyz = 5 Tr P\x{)‘y, )‘Z}] ) (229)
and having non-vanishing components

d1a6 = di57 = dase = d3aa = d3s5 = 1,

doy7 = dzee = d377 = —1,

2
d118 = dogg = d338 = —=,
V3 (2.30)
1
dyyg = dssg = dgeg = drrs = ——=,

2
dggg = ——=.
58 \/g

It can be seen that the scalar fields parametrize the symmetric space SL(3,C)/SU(3).

™

The gauge fields A* transform in the adjoint representation of SU(3), the maximal compact
subgroup of the scalar group manifold, as do the scalar functions h* and, therefore, they
can be used as SU(3) gauge fields. A° gauges U(1)r C SUg(2). Without any loss of
generality, we select this subgroup as in eq. (2.24).

Observe that, being a symmetric model, with the normalization chosen here,

CHE = Crjx . (2.31)

We will be interested in solutions in which only a subgroup SU(2) C SU(3) is active.
However, it turns out that an additional U(1) must also remain active.

3 Timelike supersymmetric solutions

The supersymmetric solutions of matter-coupled N' = 1,d = 5 supergravity theories with
arbitrary gaugings have been fully characterized in a series of papers in which couplings
of increasing complexity were considered [20-27]. Using these characterizations one can
define procedures to construct, step by step, supersymmetric solutions. These procedures
have become extremely useful solution-generating techiques.

We are going to search for timelike supersymmetric solutions of the two models re-
viewed in sections 2.2 and 2.3. For this case it turns out that we can simply reuse the
procedure described in ref. [30] for Abelian gaugings, conveniently covariantized to include
the non-Abelian gauging. The solution-generating recipe is in full agreement with the gen-
eral recipe obtained in the above-mentioned references and, before we specify the choice of
momentum maps, it can be summarized as follows:



First of all, the building blocks of the timelike supersymmetric solutions are

1. The 4-dimensional spatial metric Ay, where m,n,p =1, -- ,4.12 Tt does not depend
on the time coordinate and defines a 4-dimensional spatial manifold usually called
“base space” which plays an auxiliary réle and has no direct physical relevance. All
the building blocks and operators used in what follows are naturally defined in this
4-dimensional space and, hence, they are time-independent. We use hats to denote
them.

2. The antiselfdual almost hypercomplex structure (i)(r)mn, r,s,t = 1,2,3. By definition,
the 2-forms satisfy the properties

N 1 A 0
Pr)ymn _ _§5mnpqq)(7")pq’ or oM = i) ) (3.1)

dm G(s) = 6", + st Pt " (3.2)

3. The scalar function f .

4. The 1-form @y,.

5. The 1-form potentials A,,.

6. The functions of the physical scalars h!(¢). They are time-independent as well.
These building blocks must fulfill the following conditions:

1. The antiselfdual almost hypercomplex structure @(T)mn, the 1-form potentials Al m
and the base-space metric Ay, (through its Levi-Civita connection) must solve the

equation'3
Vin®,, + et AL Psd®), = 0. (3.3)
2. The selfdual part of the spatial vector field strengths Fl=qAl + % afirt A7 A AK g
given by
hi B = el fdi)*t . (3.4)

3. The antiselfdual part of FIis given by!*

FIm = —2f 101K R Pk o) (3.7)

2T our conventions, underlined indices are world indices. Tangent-space indices will not be underlined.

13The local SU(2) symmetry of this differential equation is formally that of the full SUg(2) until the
values of the momentum maps P;° are specified. After the choice eq. (2.24) this differential equation splits
into egs. (3.13)—(3.15). We are going to discuss the specifics of the models we are considering next.

111 this equation the indices of C'7¥ have been raised using the inverse metric a’’. This object satisfies

the relations

3 I,J 1 IJ
Shih? = Sall, (3.5)

the first of which allow us to rewrite the scalar potential in eq. (2.12) in the form

1 . (
CIJKhK _ hIhJ o Eg yhihy] —

V(¢) = —4C* " hkP, P, (3.6)

~10 -



4. Finally, the following equation relating all the building blocks, where the dots indicate
standard contraction of all the indices of the tensors, has to be satisfied

. | . R .
92 (hi/f) - SCLKE? GFN 4 L (ar = 2C1ich”) PR - (fdo)” =0, (3.8)
Having found building blocks that satisfy the above conditions, the physical 5-dimen-
sional fields are reconstructed as follows:
1. The 5-dimensional metric is given by

ds? = f2(dt + )2 — f T hyppda™dz" . (3.9)

2. The complete 5-dimensional vector fields are given by
Al = —/3hle® + AT where € = f(dt +&). (3.10)
The complete 5-dimensional field strength is given by

FI = —V3D(n!e®) + FT. (3.11)

3. The scalar fields ¢ can be obtained by inverting the functions h;(¢) or h(¢) if the
form of these functions is known. One can always use a parametrization of these
functions such that the scalars are given by

¢" = hy/ho = (ha/ f)/(ho/f). (3.12)

When we specify the U(1)g € SU(2)r that we are going to gauge and corresponding
gauge vector as in eq. (2.24) it is possible to extract more information from the equa-
tions satisfied by the building blocks of timelike supersymmetric solutions. We analyze
them next.

3.1 Supersymmetric solutions of cosmological gauged models

With the choice eq. (2.24), eq. (3.3) splits into the following three equations [21, 24]

Vi ®W,, =0, (3.13)
Vin®®,, = goA%, 00, (3.14)
Vin®®p = —go A%, 83, (3.15)

the first of which implies that the “base space” metric hp,, is Kéhler with respect to
the complex structure jmn = @(1)mn. Then, the integrability condition of the other two
equations leads to a relation between the Ug(1) gauge potential and the base space metric

Rnn = _goﬁomna (3'16)

where i)zimn is the Ricci 2-form of the Kéhler base space.
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Eq. (3.5) is not simplified by our choice of gauging, but eq. (3.7) becomes

FI= = —2gof1C"h,J, (3.17)
which implies
R 1 . .
FO~ = —f'V(¢)J, (3.18)
290
hiET= = —2¢gof 'R0 J . (3.19)

Then, the trace of eq. (3.16) and eq. (3.18) with J™" together lead to

R=—-2V(¢)/f. (3.20)

Finally, substituting eq. (3.17) into eq. (3.8) and using in it egs. (3.5) and (2.6), and
taking into account that hg is a singlet under the non-Abelian factor of the gauge group,
we get the following two equations

~ o 1 ~ ~ ~ ~
V3(ho/f) — 6COJKFJ C[FEE 4+ 4V3RE(fd)T] — V3gohohPJ - di =0, (3.21)
D2(hy/f) - % BT REE 4 aBRE (Fdo) ] — VBgoha kO - dis = 0. (3.22)

In order to simplify the construction of solutions of this class, which should start by

judicious choice of the 4-dimensional K&hler metric, we are going to assume that this Kahler

metric admits a holomorphic isometry. Then, it can always be written as'®

33 = hynda™da™ = H™ (dz + X)? + H {(dz?)? + W2(@)[(dz1)? + (d=*)?]} ,  (3.23)

with the functions H and W, and the 1-form Y, independent of the coordinate z, which is
adapted to the holomorphic isometry, and satisfying the constraint

*3dx = dH + Hdylog W2da? (3.24)
where %3 is the Hodge dual in the 3-dimensional manifold
ds3 = (da®)* + W2(2)[(dz)? + (d2®)?]. (3.25)
The integrability condition of the constraint eq. (3.24) is the equation
0101 H + 000o(W?H) + 0303H = 0. (3.26)

Therefore, the simplifying assumption of the existence of a holomorphic isometry allows
us to construct any Kéhler metric within this class by choosing an arbitrary function W,
solving the integrability condition eq. (3.26) for H and then solving the constraint eq. (3.24)
for x.

In order to make progress it is necessary to specify the model under consideration. We
start by the simple model described in section 2.2.

5Gee ref. [28] and references therein.
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3.2 Supersymmetric solutions of the simplest SU(2) x U(1)r model

Here we are going to label the three vector multiplets with A, B,...=1,...,3 to simplify
the comparison with the C magic model, which will have an SU(2) triplet of vectors active
but has more vector multiplets labeled, according with the general notation, by z,y... =
1, e, ny.

For the sake of simplicity, we are going to impose

FA~ =0, and hy=0. (3.27)

Then, the SU(2) gauge field is a selfdual instanton on the Kéhler base space and we can
use the results of ref. [38] to construct it. Also, because of eqs. (2.19) we have that h4 = 0
and hg = h° = 1 which, because of eq. (2.20), imply in their turn that a;; = al’ = 615
and CIJK = C[JK.

Then, under these assumptions, eq. (3.17) takes the form

FO~ = —2g0f 71, (3.28)
while eq. (3.4) gives
N 2 .
FOF = Z_(fdo)*. 3.29
\/g(f w) (3:29)

Finally, egs. (3.21) and (3.22) take the form

Ao A 1. . 1 .4 - 1 A
2 f-1_ L R0 g pO FAFPAL g0 J-do=0 3.30
f 5 * +12 +\/§go w ) ( )
FALF'=0 = FA.(do)t =0, (3.31)

where we have used the previous equations in both equations. The simplest way to solve

the last equation is to require!'®

(d)t = F* =0. (3.32)

Given that dJ = dF°~ =0, eq. (3.28) implies that f is constant, and we can substitute
eq. (3.28) in eq. (3.30) obtaining (J - J = 4)

8 op 2, Laa 2a 1 o .
— —F* . F —qgoJ -dw =0 3.33
390/ 15 + 590 dw =0, (3.33)

and also in eq. (3.16), which using the results in appendix B of ref. [29] leads to the equations

O (H10,logW?) =0, (3.34)
9o (H19,logW?) = dg2f~1, (3.35)
VZogW? =8g2f 1, (3.36)

for the functions H and W that appear in the Kahler metric eq. (3.23).

16 A ctually, following the treatment in ref. [29] one can show that if one chooses a Kihler metric admitting
a holomorphic isometry, which can be put in the form explained in ref. [28] with H = H(p), W? =
U(0)®(x',2%) and f= f(g)7 as we are going to assume here, then F°T o VEA V2 + V3 A VL. Tt follows
that for eq. (3.31) to be satisfied, either F°F =0 or Fu3+ =0VA.
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The first of these equations is automatically solved if we consider the usual ansatz
H = H(p) (¢ = 2?) and W? = ¥(0)®)(x',2%). The integrability condition eq. (3.26) is
then satisfied if

H(o)=-L—, e=0,1, (3.37)

where we have used the freedom to shift p and to rescale in opposite way the functions ¥
and ® ;). From now on we consider the e = 1 case, which will be the one that will give an
interesting solution (a supersymmetric 1-parameter deformation of AdSs).

The remaining equations are solved if W(p) is of the form

4 54
V(o) = 395f 0’ + ke +a, (3.38)
and if @) is a solution of Liouville’s equation
(0F + 03) log @1y = —2kD () , (3.39)

with k constant and « is an arbitrary integration constant.

For k = +1 and « = 0 the base space is the Bergman space TP

The only equations left to solve are (3.33) plus the selfduality condition of the non-
Abelian field strength FA= = 0. We need to solve the latter first, but we make the following
observation: if we find a selfdual SU(2) instanton such that FAt . A+ = 3262 =2 where
A is a constant, then eq. (3.33) can be solved by taking dw = —%gg(l +AN)f72J, or, up to

a closed form,

&= 253(1 + 0 F2o(dz + xgy) - (3.40)

If this solution exists, then it is not difficult to see that the full 5-dimensional metric
is invariant under the rescaling t — t/o, 0 — oo, f — Jf, a — o2a, which we can use to
set f =1.

Then, we now focus on finding a selfdual SU(2) instanton on the Kéhler base space
that we have just determined through H and W with constant instanton number density
A+ . pA+

Selfdual SU(2) instantons in 4-dimensional Kéhler spaces with one holomorphic isom-
etry have recently been studied in ref. [38], where a Kronheimer-type relation between
those instantons and monopoles satisfying a generalization of the Bogomol’'nyi equation
was found and a subsequent generalization of the hedgehog ansatz was used to solve the
latter in the spherically-symmetric case k = +1.

Let us summarize this result:

1. Decomposing the gauge field with respect to the action of the holomorphic isometry as
A% = —H oM dz + x(1y) + A7, (3.41)

where &4 and A4 are independent of z and are defined in the 3-dimensional space
with metric eq. (3.25), and H(p) is one of the functions that occur in the generic
Kahler metric eq. (3.23) and where it is assumed that W = W(0)®y).
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2. Assuming in addition that they have the hedgehog form

A y B c

oA = F(g)y— , and Ar = L(Q)EAB(;y—d <y> , (3.42)
Y o Y

where y4 are Cartesian coordinates related to o by y4y* = 0? and F(p) and L(p)

are two functions to be determined,

the field strength F4 will be selfdual in the 4-dimensional Kihler space with metric
eq. (3.23) and H = H(o), W = ¥(0)®(y) if the following two equations are satisfied

K'=G-1,
where K =g¢UF, and G = (14 gL)%. (3.43)
UG = 2KG,

These equations depend explicitly on the function ¥(p), which in our case is given by
eq. (3.38) and, precisely for the k = +1 and o = 0, when the base space is the Bergman
space @2, one of the solutions found in ref. [38] has constant instanton number density,
as we were looking for. This solution is

2 4
K = §g§Q2, G = 1—|—§g(2)g, (3.44)

and its instanton number density is given by
R R 16 92 2 g2
PAFA=—(2) | = A==0. (3.45)
3 \y 6g
Summarizing: we have found a simple solution whose only non-vanishing fields are a

selfdual SU(2) instanton living on the base space CP’ plus an Abelian vector field and the
metric. The last two fields take the form

92 2
ds® = |dt + —=go(1 + N o(dz + cos 0d }
\/ggo( )o( ®)

4
— o[l + gggg}(dz + cos Bdp)? —

) (3.46)
o[+ i3~ Men

FO =2)goJ,

where dQ%Zl)

and non-Abelian gauge fields vanish and the metric is that of AdSs.

is the metric of the round 2-sphere. In the g — oo limit, A — 0, the Abelian

3.3 Supersymmetric solutions of the SU(3) x U(1)r-gauged C magic model

Let us now consider the model presented in section 2.3. We start by assuming, for the sake
of simplicity,
A*, =0, and h, =0, 3<z<8, (3.47)

so that we are effectively considering a theory with only four vector multiplets and gauge
group SU(2) x U(1)g with an extra U(1) which is ungauged (nothing is charged under it). It
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should be stressed that this is not a truncation, but an Ansatz that produces an important
simplification to be tried in the equations. As in the previous case, we will use indices
A = 1,2,3 for the first three vector multiplets that gauge the SU(2) factor. The U(1)r
factor will be gauged by AOH and the other surviving vector multiplet corresponds to ASH.

We are also going to look for solutions containing a selfdual SU(2) instanton on the
4-dimensional Kéhler space and, therefore, we impose

FA==0. (3.48)
The Ansatz, together with eq. (3.17) and eq. (2.31) implies
ha=0, (3.49)

which in turn implies that
h*=0, Ve=1,...,7, (3.50)

so that the only non-vanishing scalar functions h! are h?, h® and are related to hg, hg by

RO = (ho)* — = (hg)*, h® = —hg <h0 + 1h8> . (3.51)

V2

1
2
Furthermore, they satisfy the constraint

(ho - ﬁhg) <h0 + \}Ehg)2 - (ho - \/§h8) <h0 + \}ih8)2 —1. (352

It follows that the non-vanishing components of the metric a;;y are

1 3
ago = (ho)® + (hs)*, aos = hs <2h0 - ﬁhs) ; ass = (ho)® — V2hohs + 3 (hs)?
1 2
aAB = 0AB (ho—i—hg , VA, B=1,2,3, (3.53)
")
1
oy = Oy | (h0)* — —=hohs — (h 2], Ve,y=4,...,7.
Ay y[(O) J3Tohs (hs) T,y
From the same equations one has
FO~ = —2go(ho/f) J, P8 = go(hs/f) J . (3.54)
while equation (3.4) gives
. . 2 .
hoF%F + hg ¥ = “_(fdw)™. 3.55
0 8 \/g(f ) (3.55)
After using eqgs. (3.52) and (3.54), eq. (3.21) takes the form
N A 1, . 1 - 1 -
V(ho/f) = Z(FOF)? + —(F¥)* 4 —(F4F)?
6 12 12 (3.56)
L 2 2 Lo '
+-90°[8(h —(h +—goJ -dw =0,
590 [8(ho/f)* = (hs/f)”] /3%
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while the only non-trivial components of eq. (3.22) (xz = A, 8) take the form

CasF? - %FK oc FAT . (FY — V2F8H) =0, (3.57)
~o Ao Leor per 1 asiio 1 a4
VE s/ )4 GEOT S (B ()
2 g2 [atho/ F(hs/ F) — Va(hs/ )?] = 0. (3.58)

3
If one does not want to put additional constraints on the non-Abelian field strengths
FA eq. (3.57) implies

A 1 -
F8t = —_ [0+ 3.59
7 (3.59)
and the closure of F°, F®, and J together with eq. (3.54), leads to
d(ﬁho/f+h8/f)Aj=o, N hg:\@(af—h()), (3.60)

for some constant «. Substituting in eq. (3.52) we can solve this constraint, finding these
expressions for hg/f and hg/ f in terms of f:

;1 1 : V2 1
ho/f=zal2+—— 1, he/f=Y2a1-—— ], 3.61
S R N R
and using all these results in eq. (3.55), we get
(do)t = ‘faﬁ“. (3.62)
On the other hand, adding egs. (3.56) and (3.58) divided by v/2 gives

A 4 1

Jodio=——goa? [ 14+ —— |, (3.63)
V3 (af)?

and expanding the anti-selfdual part of dw in the basis of anti-selfdual 2-forms Pl.2:3 (j =
®1) we find that

(dw)™ = —\}ggooz2 (1 + (0(})3> J+ Q(Q)éz + 9(3)<i>3 = —\}ggooz2 (1 + (04})3> J+do.
(3.64)
In order to make progress, we assume again that the Kéahler base space admits a
holomorphic isometry and therefore it can be put in the canonical form eq. (3.23). We also
assume that H = H(p) (¢ = 2*) and W? = ¥(g)® ) («', 2%), which leads to the relation
eq. (3.37) between H(p) and ¥(p). Here we are going to consider the two possible values
of e=0,1.
From eq. (3.16), and using the results in appendix B of ref. [29], one gets

/
FO+ — _ L (\11" - 263 + Qk) [(dz + X(k)) Ado+ Q€<I>(k)d:1:3 /\d:pl] , (3.65)
4go0° 0
R 1 J
FOm = ——— (0" —2k) [(dz + ANdo — 0@ pyda® A dat] = — v —2k)
Toog \ ) [(d= 4+ x@) Nde = ¢ @pyda” Ada] = = o ( )
(3.66)
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and comparing with the expression for FO~ in eq. (3.54) one has

1 3
— = —— (V" —2k) — 2, (3.67)
(af)?  8ggooe
so that
. U -2k
ho/f = 820t (3.68)
9o O
N \I/// _ Qk
hs/f = V2 (a — 2) . (3.69)
8909E

Finally, substituting everything in eq. (3.58) gives a fourth order differential equation
for the function ¥

3e(U)2+6ko> V" — 30V (4ek+ oU") +3W (4ek —2eW" + 260" — > W)
—2g20**e [QE(FA-FA+8a2gS)—4a(\11"—2k) =0, (3.70)

which can only be solved if we first find a selfdual SU(2) instanton on the Kéhler base
space FA~ = (. Since we only know solutions of this kind for k = 1 (see ref. [38] and the
discussion in the previous section), we will now carry a case by case analysis of the possible
solutions for different values of € setting £ = 1 and taking into account that, for any given
U(p), there are in general two selfdual SU(2) instanton solutions: a “universal” solution
and a “constrained” solution.

Let us start by considering the ¢ = 1 case.

3.3.1 The € =1 case
Following ref. [38], for this case the “universal” instanton solution is, irrespectively of the
form of ¥(p), given by

A 1

1 A4 oA
AA:992[<296@)yA(dz+x<1>)+sAchdeC, = FARA=p%/0Y, (3.71)

where 3 is an arbitrary constant and y? are Cartesian coordinates related to o by
A, A 2
yyT =0
Then, using this instanton solution in eq. (3.70) and assuming ¥(p) to be a polynomial,
we get two distinct solutions, both for ¥ of order 3, ¥ = Z?:o Pio'

(1) s =gogd, and B =25 [4] — Wy~ 1)] (372
90
4 3?2
(u2) o3 = 50493, Yp=1, and %= 21581. (3.73)

The “constrained” instanton solution is obtained by assuming from the start that
U= Z?:o ;0', and is characterized by the function
Py —1 1

P35
K = =2
2 © 3 e 183

(91903 — 2(vh2 +2) (b2 — 1)] (3.74)
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with the constraint
Yo + 2

273
and leads to the instanton number density

e 4 K\%? 2
FA.FA:W [(K’—Q) +§K2(K’+1)

Yo = (9193 — 2(2 + 2)(v2 — 1)] , (3.75)

(3.76)

Substituting this expression into eq. (3.70) and taking into account the above con-
straints between the coefficients of the polynomial ¥ we find that, depending on the relative
value of the two coupling constants which we denote with the parameter £

§=9/90- (3.77)
the differential equation admits two different solutions:

(1) € 22/3, oy 20000EVI—6C

Py =1, 1 =1o =0, (3.78)

3 9+ 262 ’
2092 3
2 2-9/3 == =1 = . 3.79
(C ) g / ’ ¢3 3 ; ?PQ ’ ¢0 20493 ( )

In this last case 1 remains undetermined.
In the four cases ul,u2,cl, c2,

o= 320 Lo 1xay+ [2 4 (30— Jada) o] @ ranf 0. G0

where we remind the reader the definition dw = Qﬁ)@) + Qg(i)(?)).l? With a constant shift
in the time coordinate ¢ it is possible to bring @ to the simpler form
. V3a {
w=—-—
4goo

Y1 +2(e—1)o+ <3¢3 - §93a> 92] (dz +x)) +@. (3.82)

Also, in the four cases the function f is given by
N —3 3
() " = g B+ = -2, (3.83)

and this ends the determination of all the building blocks of the solutions, which we now
have to analyze.

From now on we take w = 0 for the sake of simplicity. Then, it is possible to set
the constant « to an arbitrary value «/0 with the rescaling o — 0/d, t — 0t, 13 — 01,
Y1 — P1/68, Yo — 1o/6%. This will allow us later to normalize the solution in the most
convenient way.

"Under the assumption that the components of & are independent of z, closure implies
- ~ gdg
dio = (dz + X(x)) A Jm[H()d{] + A Re[H(¢)d(] (3.81)

where H is an arbitrary holomorphic function and ¢ = z! + iz®.
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Every solution of this form presents a (naked) curvature singularity in ¢ = 0, except
for Y9 = 1, 91 = 19 = 0, in which case the curvature scalars R, RapR™® and RgpeqRY are
constant. This is the case for the solution c1 in (3.78). The solutions u2 and c2 give a
metric with the wrong signature. This leaves us with the only meaningful possibilities:

ul singular at o = 0 except for o = 1, 1 = ¥g = 0, in which case § = 0, the matter
fields are trivial and the solution is just AdSs.

cl regular. Defining the parameter

2 1 )
7T =2F 122677 = ds=cang), and fTl=a(By-2)'7, (384)

it’s easy to see that for the metric to have the right signature one has to take the
upper sign in the definition of v and to impose v > 2/3, or equivalently £2 > 8/9.

Then it is possible to use the rescaling mentioned above to adjust the integration

constant « so that f =1 (& = (37 — 2)~'/3) and to define § and A by
3y—1

2(3y% —29)1/2"

~2 2 Y

— - 2 e
90 = a790 (37— 2)1/390 , and 14+ A= (3.85)

so that the metric takes the form of that in the solution eq. (3.46) with the replace-
ment gg — go. This happens because the scalar potential for these solutions also

takes the same value with the replacement of go — go, V(¢) = —4go. The remaining
non-vanishing fields of the solution are
1 v = 1 o
F0:7F8:_ J, 386
¢ = hg/ho = V2(y " = 1), (3.87)
A 252 1+ 2320)/? -1
Ad = A4 = —ﬂyA(dz + cos Ody) + ( 3906)2) A poyPdy© . (3.88)
39 go
The instanton number density is given by
A 16 gt
PALPA= 290 (3.89)

In the limit ¢ — oo for fixed gg then v goes to 1 and the above solution reduces
to AdSs.

3.3.2 The € = 0 case
For € = 0 eq. (3.70) takes the much simpler form

9 R R
VU v — 20" ggg [FA CFA 4 80%g2 — 4a (0" — 2)} =0. (3.90)

This equation admits no solution for the constrained instanton solution. Let us then
consider the universal solution, for which the instanton number density is always given by

4 - 4
FA.FA = 72 (3.91)
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and eq. (3.90) becomes
\I/,\I]”, _|_ \II\IJHH Q\IJ// § 2 \I]” _ 2 _ 2 2 § 2 0 3 92
— 20" = Sagy( agy) + 5(90/9)" = 0. (3.92)

If, as usual, we assume ¥ to be a polynomial in g, from eq. (3.92) we find that it is at
most of second order, ¥ = Z?:o ;0. There are two possibilities to solve the differential
equation (3.92):

l.ullfa=ag # —%, eq. (3.92) is satisfied for

2672 + 4a(1 + a)
Py =
3+ 4a

, (3.93)

where £. ¢ and 17 are left unconstrained.

2. u2lfa= —% eq. (3.92) only admits a solution for a specific value of £ = g/go:

=12, (3.94)
In this case the polynomial ¥ is not constrained by these equations.

In both cases we can, again, impose @ = 0 for simplicity, use eqgs. (3.62), (3.63), (3.65),
integrate to obtain @, and write the five-dimensional metric as

. . do?
ds® = f2 (dt — ¢ipdz — cacosOdp)? — f~ [\lzsz + % + dgﬁm)] : (3.95)
where the constants c; 2 are given by

a 3 a 3
cl = a— @Z)g) , cy = (a + ) , (3.96)
V343 < 2 V343 2

and f is determined from eq. (3.67) to be constant:

5 3a? (g — 1) — 8a?
GO 6) a. (3.97)
4g,

The general structure of the metric is that of a U(1) fibration over the product of
2 2-dimensional spaces: the 2-sphere and the space parametrized by (g, z), which we are
going to study in more detail below.

The complete non-Abelian 1-form field and its 2-form field strength are given by

a1 1 . 4
AA:AA:<yAdz—6AchdeC>, FA:FA:?;—Q(dQ/\dz+Sin9d9/\dgp),

g 0
(3.98)
thus, the field strength is 1/¢ times the unit vector yA /o times the sum of the volume
forms of the 2-dimensional spaces that enter in the base space.
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The remaining fields take the form

A"= 3,(1/12_Ea1/)g()—8cz [(1+ 2a)odz + (2a — v)2) cos Bdy] (3.99)
4= -2, (3.100)
2
= g(;? ‘ (3.101)
a

By shifting and rescaling the coordinates ¢ and z we can reduce the number of inde-
pendent parameters and study in more detail the possible 2- and 5-dimensional metrics
that arise

e If 1o £ 0, we can bring the base space metric to the form

do?

1
ds® = — [(0* — e)dz* +
s (0" —e)dz 7 —¢

e

where ¢ = 0,4+1. The Ricci scalar of the two-dimensional space parametrized by

+d92% ), (3.102)

(0, z) is constant and negative for any of the three values of € and so, it is maximally
symmetric. Therefore this is the metric of the hyperbolic plane that we will denote
by alQ%Q’il),l8 and the base-space metric is that of the product of Hy with radius
squared 1/t and S? with radius 1

Denoting by x(1) = cos fdp the Kéhler 1-form of the 2-sphere and by x(_1) = odz the
Kéhler 1-form of the hyperbolic plane, the full five-dimensional metric (after shifting
the time coordinate) and the rest of the fields can be written as

2
A Cl ~_ ]_
ds? = f2 (dt_ 5 XD cQX(1)> —f! [wzd@%&_l) +dQ%271)] : (3.103)
1 Vo
A = — [yt — =t peyPd C) , 3.104
v (y 2 Bey dy ( )
471
A=Y <dQ A dz + sin 0df A dgp) : (3.105)
go \ ¥
—2a/go [(1 + 2a) }
AY = 1y + (20 — , 3.106
Ss—1) —8a | w6y XD ( P2)X(1) ( )
A% = —/24°, (3.107)
2
o= (3.108)
af

This metric has the same form as the Godel solutions found in [29]. Tt is well known
that, generically, these metrics have closed timelike curves (CTCs), but one can
wonder if it is possible to tune the parameter a in such a way as to avoid them.
This would demand setting co = 0 (a = —3/2) to avoid Misner string singularities

18 Actually, it is easy to see that a simple coordinate change brings the metric to the standard form of the
hyperbolic plane in polar, Lobachevsky and Poincaré half-plane coordinates respectively for e = 1, —1, 0.
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or having to compactify the time coordinate to avoid them. It is not possible to
set ¢; = 0 at the same time (¢ must be strictly positive). Then, the condition for
absence of CTCs is

(fer)? < 74 /o, (3.109)

and with a = —3/2, this condition cannot be satisfied for any value of .

Note also that the metric only has the correct signature if f and 1o are both positive,
which means a € (—3,0).

o If 1o =0 and 91 # 0, we get a 5-dimensional metric of the form
2 _ 2 2_ 1 5 do? 2
ds* = f [dt —crodz — C2X(1)] — 7 |edz" + e + dQ(m) : (3.110)
o If 1o =41 = 0 and 1y > 0,'? we get a 5-dimensional metric of the form
ds® = f2 [dt —c1odz — C2X(1)]2 —ft {dz2 +do® + dQ%le)} . (3.111)

The metric for the last two cases is actually the same one written in different coordi-
nates, and can also be written as

45 = 2 [dt — erxo) — exx]” — £ [0+ 4%, )] (3.112)
where alQ%2 0) is the metric of the 2-dimensional Euclidean space and xq) its Kéhler 1-form
and with

a? a < 3> ;g a?(3 + 8a)
= —-, co = a+ =), =" 3.113
Vi Vg \" 2 e 1)

The non-Abelian fields are given by the general expressions eqgs. (3.98) and the Abelian

ones by
2a/go
0
AY = 3+ 8a [(1 + QG)X(O) + 2ax(1)] , (3.114)
A8 = /24", (3.115)

while the constant scalar field is still given by eq. (3.108).
Observe that, in this case, a is not a free parameter, since ¥ = 0 implies from
egs. (3.93) and (3.94)
—14+/1 22
= 5 .

a

(3.116)

For this condition to make sense one must of course impose £? > 2.

YFor 4y < 0 one would get the wrong signature for the metric.
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4 Embedding in half-maximal d = 5, SU(2) x U(1)-gauged supergravity

Uplifting the solutions of the cosmological gauged C magic model to 10 dimensions presents
severe practical difficulties, starting with the embedding of the solutions we have obtained
in SO(6)-gauged d = 5 maximal supergravity which requires a definite relation between
the U(1)r and SU(2) coupling constants which is not readily available in the literature.
Then, one would have to face the problem of uplifting the solution to 10 dimensions.

There are not many reduction anstazs that lead from 10-dimensional supergravities
to gauged 5-dimensional supergravities and which permit the automatic uplifting of the
5-dimensional solutions, especially if one is interested in a particular gauge group. There
is, however, a reduction ansatz from N = 2B, d = 10 supergravity to gauged, half-maximal
d = 5 supergravity with, precisely, the gauge group SU(2) x U(1) [37].2° Since the ansatz
corresponds to compactification on a 5-sphere it is natural to expect that the two gauge
coupling constants are not independent and, as we shall see, in fact one gets, in our con-
ventions, £2 = (g/g0)* = 2/3.

We would like to embed our solutions in this 5-dimensional theory in order to be able
to uplift them to 10 dimensions but the relation £2 = 2/3 will only allow us to uplift some of
them. It is, by no means, guaranteed that such an embedding is possible but we are going
to show that indeed it is for some solutions of the cosmological C gauged magic model that
include several of those we have constructed in the previous section. More specifically, we
are going to show that the consistently truncated equations of motion of the cosmological
C gauged magic model (for a truncation that includes the solutions we have constructed)
coincide with the consistently truncated equations of motion of SU(2) x U(1)-gauged, half-
maximal d = 5 supergravity.

4.1 Truncated equations of motion

Let us consider the equations of motion of the cosmological C gauged magic model (2.15)—
(2.17) (where we have replaced the generic objects arj, CriK, guy, kr* by their values for
this particular model, evidently). If we set hy 7= hlT =0 and A% 7 =0, and define

1\ 1
X =(ho+ ——=h = ho—V2hs=X%, H=F'+_—F8% ¢G=F"—2F®,
< VO) 8> " i V2
(4.1)
the equations of motion reduce to?!
L4 p L po Ly p 1 po
R;,LV_EX gu gup_éguug gpo _gX /H,u /Hup_éguV/H Hpo
Lo ofpa ppa 1 Apo A
—5X 2(F W F vo= g9 PPFEA
4
—|—38H10gX8,,10gX—|—§g§gW(X2+2X_1):O, (4.2)
1 1 1 4
2 —21A4 A -2 4 2 (v2 -1
logX——X*F*"F*——X . —XGG——g5 (X —X")=0 4.3
Viog X — X MM XGG— gd ( )=0, (43)

20We thank O. Varela for pointing this reference to us.
2We have subtracted the trace of the Einstein equation.
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FAH=0, (44)
V(X2 g =0, (45)
v 4\/§ \/g vpIoa ) .

1 eMvpoc 2 _ﬁ ehvpoa
4\/3 V@i vpTtloa 3 V&j
1 eMvpoa
D (X PP - —
( ) 443 9

The constraint eq. (4.4) can be solved preserving the non-Abelian gauge fields by

V(X467 + FA,FA,,=0, (4.6)

FA,,G00=0. (4.7

setting H = 0. This also solves the equation for H, leaving no further constraints. The
resulting equations are

1 1
Rp,z/ - 6X4 (gp,pgup - GQqupagp0'>
1 -2 A ppA 1 Apo m A
—§X F m F vp — 6g“VF F po
4
+30,log X 0, log X + §ggg,w (x?+2x 1 =0, (4.8)
1 1 4
VZlog X — EX*QFA CFA 4 1—8X4g G- §gg(X2 - X Y=o, (4.9)

KV po
VV(X4Q”“) _ @6

8 V9
1 etvpoo

INERNG

which, if €2 = (g/g0)? = 2/3 and after a rescaling of G, are identical to those obtained in

FA,FA,, =0, (4.10)

D, (X 2FAviy FA,,G00 =0, (4.11)

ref. [37] when the tensor fields in the latter are set to zero.

Since we have used the constraint H = 0 in the construction of our solutions, we can,
in principle, embed all of them in SU(2) x U(1)-gauged, half-maximal d = 5 supergravity
and, then, using the dimensional reduction ansatz in ref. [37], uplift them to solutions of
N = 2B,d = 10 supergravity. However as we have seen only some of them are compatible
with the constraint ¢ = 2/3, namely the solutions we have called ul in the two cases
e = 1,0, and for € = 0 only the subcase 15 # 0, since otherwise it would require £? > 2.
These present some undesirable characteristics (a naked singularity for ¢ = 1 and closed
timelike curves for e = 0) which are also present in the uplifted 10-dimensional solutions.

5 Conclusions

By exploiting the supersymmetric solution-generating techniques developed over the years
we have managed to find some of the simplest non-Abelian solutions of two models of
“cosmological, SU(2)-gauged,” N' = 1,d = 5 supergravity coupled to vector multiplets
where the term “cosmological” refers to an additional U(1)r gauging that gives rise to a
non-vanishing scalar potential. The non-Abelian gauge field configurations in these solu-
tions is, by construction, that of a self-dual instanton over a 4-dimensional Kéhler manifold
admitting a holomorphic isometry.
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We have found a solution that occurs with the same metric eq. (3.46) and slightly
different matter fields in both models. This is an interesting supersymmetric 1-parameter
deformation of AdSs which, as opposed to the deformation found in ref. [21] and studied in
ref. [40], is not asymptotically-AdSs. It does not have a holographic screen in the ¢ — oo
either because in this limit it is not conformal to any regular metric. In the most obvious
frame, all the components of the Riemann tensor of this metric are constant, which implies
that all its curvature invariants are constant. It might be a homogeneous Riemannian
space, though, although we have not checked completely this possibility.

The rest of the solutions that we have found fall in two types: those which may asymp-
tote to AdSs but have naked singularities at ¢ = 0, and those which are generalizations of
the Godel-like solutions found in ref. [29] in the context of pure cosmological supergravity
and whose metrics are timelike U(1) fibrations over products of 2-dimensional maximally
symmetric spaces. All of them seem to have closed timelike curves.

Our second goal was to study the possible embedding of the solutions of the cosmolog-
ical, gauged C magical model in String Theory via maximal or half-maximal gauged d = 5
supergravity. The embedding in maximal supergravity is only possible for the relation
between the U(1)g and SU(3) gauge coupling constants gy and g, which follows from the
breaking of the SO(6) gauge group. Finding this relation is a very complicated problem
whose solution needs a precise knowledge of the relation between the fields used in the
formalism of N' = 1,d = 5 theories and those of the maximal supergravity, which is not
available. This knowledge is also needed for actual embedding and, therefore, although
it is guaranteed that some of the solutions found can be embedded and uplifted to 10
dimensions, the embedding and uplifting cannot be realized in practice.

The embedding in the SU(2) x U(1)-gauged d = 5 half-maximal supergravity of ref. [37]
also requires a precise relation between the coupling constants, but in this case this relation
is known and also satisfied by some of the solutions, although they are the singular ones
and they remain singular after uplifting them to 10 dimensions.

The difficulties in uplifting the solutions to 10 dimensions leave us without an inter-
pretation of the fields in terms of branes although the regular solution eq. (3.46) seems to
be a generalization of the gravitating Yang-Mills instanton of ref. [14] since, also in this
case, in the two models we have studied, the graviphoton field is sourced by the instanton
number density 4-form. The model studied in ref. [14] can be obtained by a toroidal com-
pactification and truncation of 10-dimensional Heterotic Supergravity and the graviphoton
is related to the Kalb-Ramond 2-form. The solution is, therefore, a compactification of the
gauge 5-brane. In the theories that we have considered the graviphoton gauges U(1)g via
a Fayet-Tliopoulos term and the 10-dimensional interpretation is much less transparent.

Although the balance of this work in terms of interesting solutions (especially from
the holographic point of view) may look slightly disappointing, it is fair to say this is just
the beginning of the exploration of a large, unknown, and very complicated territory. We
have put to work all the techniques developed in the field and showed that they work in
these very complicated systems. Just as in the asymptotically-flat case, more interesting
supersymmetric non-Abelian solutions must exist and we expect to be able to find some of
them in forthcoming work.
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