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1 Introduction

The AdS3/CFTy correspondence [1] is an intriguing example of holography. One simple
reason for this is the intermediate amount of supersymmetry, which allows rich and inter-
esting physical phenomena, while at the same time retaining sufficient control for precise
computations. For example, partly because of the low amount of supersymmetry, the dual
pair has a large number of moduli. Perhaps a more significant reason for interest in this
dual pair is the keystone role that AdSs/CFTy plays in diverse areas, such as black-hole
entropy [2], the ADHM construction [3] of instantons and their moduli space [4, 5], or
holography of two-dimensional maximally-supersymmetric SQCD. For a review of the
AdS3/CFT; correspondence see [6].

A compelling feature of AdS3/CFTy is that the D-brane construction used to conjecture
this duality does not directly provide a CFT4g living on the brane worldvolume. Rather, the
low-energy dynamics of D1/D5 open strings is given by two-dimensional super-Yang-Mills
theory (SYM) coupled to adjoint and fundamental matter. In the IR this theory flows to
a direct sum of Coulomb and Higgs branch CFTs [7], with the latter conjectured to be the
dual to strings on the near-horizon AdS3 geometry [1]. This behaviour is in sharp contrast
to the more supersymmetric cases where the D3- and M2-brane worldvolume gauge theories
are conformal.

The lack of a perturbative gauge theory description has made direct tests of the
AdS3/CFT; correspondence more challenging. Based on topological arguments [8], it has
been suggested that the CFTy should be closely related to a deformation of a Symp orb-
ifold [5]. The location of the Symy orbifold point in the near-horizon moduli space has
been discussed in [9], but a precise understanding of the relationship between this orbifold
and the full string theory remains to be understood more fully, as discussed for example
on pp. 9-10 of [10]. Nevertheless, many quantities protected by supersymmetry have been
matched between strings on AdSs and the Sym orbifold. However, these tests cannot es-
tablish the exact nature of the relationship between string theory on AdSs and the Sym
orbifold, precisely because the matching involves only protected quantitites and so does not
depend on how, for example, the moduli enter the dictionary. One outstanding problem is
to identify precisely the states dual to perturbative closed strings in the Sym orbifold.

To make progress on this question, we investigate perturbative closed string states
on AdS3 x S? x T* with zero winding and zero momentum on T%, which we denote by
H(0,0)- Working in the Green-Schwarz formulation, we determine what effect varying the
20 moduli has on the spectrum of H (). As is well known [5], there are many type I1B
string theory backgrounds on the space-time AdS3 x S? x T4. These differ from one another
by the charges that the space-time carries. In this paper we will consider two such distinct
AdS3 backgrounds corresponding to the near-horizon limit of D1/D5 and F1/NS5 brane
configurations, returning to backgrounds with more general charges in the future.! We

n this paper, we will consider a string theory modulus to be a scalar field that can acquire a vacuum
expectation value without changing the background charges. This should be contrasted with a U-duality
transformation which will generically change the charges of the background. For example, changing one of
the radii of T is a modulus of the D1/D5-brane or the F1/NS5-brane near-horizon theories. On the other
hand, performing an S-duality maps one between the D1/D5 and F1/NS5 backgrounds and so should not
be thought of as a marginal deformation.



find that for both types of AdS; backgrounds only 4 moduli affect the H g ) spectrum. In
the D1/D5 background, these 4 are the dilaton ¢ and the 3 moduli associated with the
self-dual NSNS potential BT. In the F1/NS5 brane background these are instead the 3
moduli associated to the self-dual part of the RR two-form potential C;7 on T* and the
modulus associated with a linear combination of Cy and Cj.

In the AdS3 theory supported by RR flux, backgrounds with different values of BT are
related by T-duality. As a result, the energies of H ) states are unchanged apart from a
modification of the radius of curvature of the theory

1
R? = o/g,N54/1 + 5(B+)2, (1.1)

where N is the number of D5-branes of the background. Consequently, energies of H g,
states at any value of these moduli can be determined using the Bethe Equations (BEs)
found in [11] by simply modifying R in this way.

Turning on the four RR moduli in the AdSs theory supported by NSNS flux has a
more significant effect on the worldsheet action. As we show, turning on these moduli
induces non-zero RR field-strength couplings and the world-sheet action takes the same
form (up to T-dualities) as the mixed-flux theories considered in [12-14]. The energies of
H(0,0) states then follow from the BEs found in [11], using the exact S matrices determined
in [13, 14], upon a suitable identification of parameters. We show that in the AdSs theory
supported by NSNS flux the strength of the integrable interactions, conventionally denoted
by h is given by? .

gsCo
—7 +...,

where k is the WZW level, ¢g is the value of the RR moduli, and subleading corrections in R

h= (1.2)

are denoted by ellipses. Setting the RR moduli to zero turns off the integrable interactions,
which reduces the model to a GS version of the WZW CFT analysed by Maldacena and
Ooguri [15]. What is more, by analogy with higher-dimensional holography we see that
(at large R) cok plays the role of the 't Hooft coupling constant VA, and one is led to
considering suitable double-scaling limits of ¢g and k to capture leading (planar) dynamics.

This paper is organised as follows. In section 2 we review the moduli space of strings on
AdS3 x 83 x T, In sections 3 and 4 we determine the effect of moduli on H(0,0) in the D1/D5
and F1/NS5 backgrounds, respectively. In section 5 we present the complete backreacted
geometries with non-zero moduli. We conclude in section 6. The more technical aspects of
our results are relegated to the appendices.

2 The moduli

In this section we briefly review the moduli space of Type IIB strings on AdSsx S3x T4,

6 9

summarising some of the results of [9]. Type IIB compactified on T4, in directions 2° ..., 2%,

In the integrable literature this is conventionally denoted by h(\) where A = R*/a’? is the 't Hooft
coupling constant. In this paper, we will write h(R) rather than h(\), since R is a more natural parameter
from the string theory point of view.



has 25 scalars which parametrise the coset %. By wrapping D5-branes (respec-

tively, NS5-branes) on T4, and D1-branes (fundamental strings) transverse to T% but par-
allel to the other 5-brane directions we obtain the BPS D1/D5 (F1/NS5) background. In
the near-horizon limit of both geometries, five of the above scalars get fixed through the at-
tractor mechanism [16-18] and cannot be varied. The remaining 20 scalars parametrise the
moduli space of Type IIB strings on AdS3 x S3 x T4, which locally takes the form of a coset
SO(5,4)
SO(5) x SO(4)"
The U-duality group SO(5,5;Z) [19] acts both on K and on the background charges. A
subgroup of the U-duality group, denoted by H, in [9], leaves the background charges in-

K = (2.1)

variant, yet acts non-trivially on IC through global identifications. As a result [9], globally
the moduli space is H,\K.
2.1 Moduli and fixed scalars in the D1/D5 geometry

The near-horizon limit of the D1/D5 geometry is AdSz x S* x T4 supported by RR three-

form flux, and the 20 moduli are:?

(i) 9 geometric moduli of T* excluding the overall volume v,

(ii) 6 moduli from the RR two-form potential on T4,
(i) 3 moduli from the self-dual part of the NSNS two-form Bt on T4,
(iv) the string coupling constant g, and

(v) 1 linear combination of RR scalar and four-form potential on T*.4
In this background the five fixed scalars are

(a) 3 scalars from the anti-self-dual part of the NSNS two-form potential on T4,
(b) the volume of T, v, and

(c) a second linear combination of the RR scalar and four-form potentials.

The values that these five scalars take varies with the moduli, and can be determined by
minimising the BPS mass-charge formula for the background, which in the case of the
D1/D5 system reduces to solving equations (10)—(12) of [9]. For example, at the point

Gij = Vvdij, Cy =0, Bt =0, Co =0, (2.2)
where i,j = 6,7,8,9, we have
M
=\ B~ =0 Cy=0 2.3
v N57 ) 4 9 ( )

where N1 and N3 denotes the number of D1 and D5 branes, respectively.

3More precise definitions of the moduli will be given in section 3.

4We will find it convenient to treat the RR scalar Cp as the modulus and the four form C4 on Torus*
as fixed. A more accurate description would be to say that one linear combination of these modes remains
massless, and thus is a proper modulus, while the other combination obtains a mass and hence gets a fixed
expectation value.



2.2 Moduli and fixed scalars in the F1/NS5 geometry

Similarly, the near-horizon limit of the F1/NS5 geometry is AdS3 x S? x T* supported by
NSNS three-form flux, and the 20 moduli are:

(i) 9 geometric moduli of T* excluding the overall volume v,
(ii) 6 moduli from the NSNS two-form potential on T4,
(iii) 3 moduli from the self-dual part of the RR two-form potential on T4,
(iv) the string coupling constant gs, and
(v) 1 linear combination of RR scalar and four-form potential on T4.
Here the five fixed scalars are
(a) 3 scalars from the anti-self-dual part of the RR two-form potential on T4,
(b) the volume of T, v, and
(c) a second linear combination of the RR scalar and four-form potentials.

The values of the fixed scalars are determined by solving equations (15)—(17) of [9]. For
example, at the point

Gij =+véij, B=0, C =0, Cy=0 (2.4)

we have N
v = %g?, C™ =0, Cy =0, (2.5)

where k and N are the number of NS5-branes and fundamental strings, respectively.

3 Closed strings and moduli in D1/D5 background

As reviewed in section 2.1, the near-horizon D1/D5 geometry has 20 moduli. In this section,
we establish what effect these moduli have on energies of Hg ) states. We find that the
spectrum is independent of 16 of them, and determine the influence of the remaining 4 at
weak string coupling. It turns out that varying these 4 moduli has a remarkably simple
effect on Hg ). The energy spectrum is determined in terms of the radius of curvature R,
which depends on the 4 moduli, as well as on N5.

Below we investigate how moduli enter the GS action. We find that for 16 moduli
the action remains invariant up to simple field redefinitions. Of the remaining 4, one is
gs whose only effect is to change R, via equation (1.1). As we show below, the other 3
moduli have a non-trivial effect on the action. Luckily, it turns out that this new action is
related to the original one through T-duality. As a result, the H ) spectrum at any value
of these 3 moduli is determined from the one found in [11, 20] together with a suitable
identification of R, which will now depend on these moduli.



3.1 The inconsequential moduli

The energies of states in H o) do not depend on the 16 moduli (i), (i) and (v) of
section 2.1. It is straightforward to see that the geometric moduli of T4 have no effect
on Hg,0). This is because given any flat metric on T4 we can always redefine the 2’ to
reduce to the metric (2.2) used in [21]. While such a redefinition changes the periodicity
conditions of the z*, this has no effect on the zero-winding zero-momentum states of H(0,0) 5

Next consider turning on a non-zero constant Cy on T#. The gauge-invariant RR field
strengths are defined as

Fop1 =dC, —Cp—2 NH, H = dB, (3.1)

with H = 0 in this geometry. We see immediately that a constant C has no effect on
the field strengths, which in turn leaves the equations of motion and Bianchi identities
unchanged, since these depend only on the field strengths rather than potentials (see equa-
tion (A.11)). We may therefore conclude that the AdSz x S* x T* geometry with RR flux
can be deformed by turning on a constant C3. What is more, the background charges
do not change as we vary C».5 We can see this explicitly by integrating the equations of
motion/Bianchi identities for the fluxes [22]. For example, D5-brane and D3-brane charges
are given by
Qs = 12/ F3 = pi5Ns,
2I<LO q3
1 (3.2)
QD3—22/ Fs +CyANH =0,
ko JS3xTY

neither of which depends on C5.7 Similarly, one can check that the D1-, NS5- and F1-
charges remain respectively Ni, 0 and 0 for all values of Cs. This shows that turning on a
constant Cy in this geometry corresponds to adjusting the values of the 6 moduli listed in
(ii) of section 2.1. The GS action depends only on field strengths and not on potentials,
and so does not change as we vary Cs. We conclude that the 6 Cy have no effect on the
energies of states in H g o).

By an almost identical analysis to the above, one finds that the modulus Cj also has
no effect on the H g ) spectrum. Turning on constant values for Cp and Cy leaves the
field strengths unchanged and so equations of motions and Bianchi identities continue to
be satisfied. Adding constant Cy and C4 potentials does change the F1 charge

1 1
Qw1 e ?®xH + CoF7 + Cy N F3 — §B A Cy N Fj. (3.3)

a 2/‘41(2) Q3 T4

5Note that the spectrum is also independent of v, since we can rescale the T* coordinates z° — v VAt
The resulting change in z’ periodicity conditions is also inconsequential for H(o,0y strings.

5This is consistent with the fact that a constant RR potential does not induce any additional brane
charges in the D1 or D5 brane worldvolume theories.

"In the case of the D3-brane charge this is because both Fs and H are identically zero.



However, the value of Cy is not an independent modulus. Rather it is determined in terms
of Cy, BT and C3 by equation (11) of [9]. This ensures that the F1 charge is zero®
Qr1 = 12/ e 2« H=0. (3.4)
2/‘60 §3 % T4
As above, since the Green-Schwarz action depends only on field strengths rather than
potentials we conclude that Cy has no effect on the H g o) spectrum.

3.2 The consequential moduli

In this subsection we show that the energies of states in H ) depend on g5 and BT listed
as (#4i) and (i) in section 2.1. The effect of varying g5 is well understood. The radius of
AdS3 and g, are related by equation (1.1). For g5 < 1, where perturbative string theory is
valid, varying gs changes the energies of worldsheet excitations through the function h(R)
as described in equation (6.3).

At first sight, one might conclude that a constant B+ should be just as inconsequential
as a constant Cy. It is certainly true that adding a constant BT does not change the field
strengths and so gives a consistent family of AdSs backgrounds. However, this deformation
does not correspond to turning on a modulus in the near-horizon D1/D5 geometry because
the background has a non-zero D3-brane charge’

1
Qb3 = 2/ Fs — BT ANFy #0. (3.5)
2/‘{0 S3><Tfj

To find a background with Qps = 0 we need to further add a non-constant'® Cj
dCy = Bt A F3. (3.6)

The explicit expression for the geometry and fluxes is given in appendix B, with the AdSs
radius of curvature R given by

1
R? = a/e®Nsy/1+ §(B+)2. (3.7)

This geometry corresponds to the near-horizon limit of the fully back-reacted D1/D5 system
with non-zero B* moduli [24, 25], which we discuss in section 5.1.

To recapitulate, turning on B+ moduli in the AdS3 geometry with RR three-form flux
induces a non-trivial F5 flux. This clearly modifies the GS action and so should have a
non-trivial effect on the energies of H g o) states. Fortunately, it is possible to establish how
the spectrum varies with the B™ moduli without having to repeat the lengthy calculations
of [21]. This is because, as is well-known [24, 25|, turning on a non-zero B modulus is
equivalent to performing T-dualities and field redefinitions of the T* coordinates together
with a compensating shift in the B field. As we show below, understanding the effect of
these manipulations on the spectrum is straightforward.

$While a constant Cy (respectively C4) induces F1 charge on the D1 (D5) worldvolume, a suitable linear
combination of Cy and C4 has a trivial net effect.

9A constant B field induces D3-brane charge in the D5-brane worldvolume theory through its WZ
couplings [23]. As a result, we may anticipate that the B modulus in this background will be more subtle
than 02.

0The resulting F5 # 0 is self-dual and satisfies its equation of motion.



3.3 TrT and String Sigma model

Let us briefly review the procedure of [24, 25]. In the undeformed D1/D5 background!!
perform a T-duality along one of the T directions, say x°, followed by a redefinition of
the (25, 27) variables

6

2% — 2% cos p + " sin v, z" — z" cos p —x°sin @, (3.8)

and then a T-duality back along 5. We will call this a TrT transformation, since it is similar
to, though distinct from, the TsT transformations, much used in AdSs [26, 27]. Starting
with a square T? of area A with no B field, a TrT transformation maps to a square T2 of
area A = A(cos® ¢ + A%sin® ¢)~1/2 and a B-field Bgy = (1 — A?)(cos? p + A?sin? )~ 1/2,
We can also perform a TrT transformation, parametrised by 1, in the (2%, %) directions.
respectively. The resulting TrT? backgrounds carry D1-, D3- and D5-brane charges.!?
However, we can further add a constant B-field

Ber — Ber + ber, Bgg — Bgg + bso, (3.9)

which, if chosen judiciously [24, 25], (see equation (5.15)) precisely cancels the D3-brane
charges of the TrT? background. Restricting to

o =1, (3.10)

sets vol(T%;) = vol(Tg%). In summary, turning on the Bg, modulus is equivalent to a TrT?
deformation with ¢ = ¢ and an additional constant B field.

Let us now consider the effect of these manipulations on the worldsheet action. A
constant shift of the B field (3.9), has no effect on the GS action since this depends only
on field strengths. While such a B field does modify the periodicity conditions of the T4
coordinates z*, this has no effect on the zero-momentum, zero-winding strings that we are
interested in. As a result, the H ) spectrum of the theory deformed by a BT modulus
is the same as the H () spectrum of the TrT? theory with v = ¢. In turn, the H0,0)
spectrum of the TrT? theory can be obtained from the original undeformed theory by
analysing the effects of T-dualities and field redefinitions, as we now describe.

The T* coordinates x* enter the GS action only through their derivatives, since they
correspond to U(1) isometries

S = —% / @0 (170,205 Gy — 70,0027 B
(3.11)
+ 28a$i (’YaﬂUﬁ,i — 6045‘/5’1.) + Erest) .

The explicit couplings G, B,V and U can be found in [21] to quadratic order in fermions.!3

The Noether currents for the z? shift symmetries are

JM () = — (7“585ijij — e“ﬁangBij + ’yaﬁUgﬂ' — ea’BV/g,i) . (3.12)

)

"See appendix 5.1 for a presentation of the D1/D5 system in our conventions.

2Explicit expressions for the metric and other fields in are presented in section 5.2.

'3As a result, the fermions are automatically uncharged under the U(1) isometries of T, unlike what
happens in TsT backgrounds [28].



The TrT-transformed action takes the same general form as (3.11), for the dual coordinates
#" with couplings G, B, U and V.'* The corresponding Noether currents are

jza(i') = — (7“56ﬁ:ijéij — Eaﬁag.fjéij + "}/aﬁ(j’g’i — Eaﬂffg,i) , (3.13)

6,7

and the coordinates %7 and 7%7 are related via

9,75 = coscp@axG —sinp <€aﬁ’yﬁ585$iGi7 — 02’ Bi7 — eagfy*%UM — Vag) , ( )
) 3.14

9,77 = cos % 9z’ + sin % (eagwﬁ‘S@gxiGm — 0,2 Big — ea@wg‘sU(gﬁ —Vage
As a result, the currents J* and j;" are Backlund transforms of each other
J§ = cosp J¢ —sinp ez’ J& = cosp J& 4 sin ¢ e*P 95, (3.15)
and we have
Dy @5 = cos p Dya8 — sinp JT, Do®" = cos p Dy’ + sinp J7. (3.16)

Integrating the above with respect to o and reasoning in a similar way to [27], we find that
instead of analysing states with conventional periodicity on a TrT-transformed background

2r) —2%(0) = ws,  #7(27) — 27(0) = by, (3.17)

we can consider states in the untransformed background with twisted periodicity conditions

for 257

28(27) — 25(0) = sec piig + Prtan o, 27(27) — 27(0) = sec iy — Pgtang.  (3.18)

Above, Pg7 are charges (momenta) of the currents Jg';. What is more, since JJ is the
momentum variable conjugate to z!, we can in fact relate the TrT-transfomed variables to
the original ones through a canonical transformation

Pe = COS P Pg — Sin@ ah, T = cospxy — sin @ pr,

3.19
Pr = cosppr +singrg, Ty = cos e xy + sing ps. o

We therefore conclude that the spectrum of closed strings in a TrT-transformed background
will be the same as the spectrum of strings with twisted periodicity conditions (3.18) in
the original background. This is true for all perturbative closed string states, since the
Tr'T transformation is an exact T-duality symmetry of the theory.

In the Hg ) sector of most interest in this paper, states have zero winding and mo-
mentum, and it is easy to see that equation (3.18) maps periodic states to periodic states.
As aresult, the energies of H o) states before and after Tr'T transformations are the same.
At weak coupling, they depend only on the respective radii of curvature of the two theo-
ries, which are equal to one another, and taking into account the shift of the dilaton under
T-duality can be written as

R? = /e’ N5 = o/e? (N5 cos® p + Nysin® ) . (3.20)

MExplicit expressions for G, B, U and V can be found in appendix C.



Note that this expression is written in terms of the original D-brane charges N1 and Nj.
This expression gets further corrected by the constant shift of the B field, as discussed
in section 5.2. From the arguments given above equation (3.11), we then find that the
energies of 1) states depend on the value of the B™ moduli through the dependence of
R in equation (3.7).

In [11, 20] the energies of H o) strings were found as solutions of (essentially algebraic)
BEs. The explicit calculations were carried out at the point in moduli space given in
equation (2.2) and at small gs. It was shown that the 2-to-2 worldsheet S matrix is fixed
by symmetries alone [21, 29-31].1% and satisfies the Yang-Baxter equation. This determines
the complete worldsheet scattering and hence the spectrum through the Bethe Ansatz.

In principle, this concludes our analysis of the dependence of the H g o) spectrum on g
and B™. In the remainder of this section, we show more explicitly that deriving the 2-to-2
S matrix following [21], is fully compatible with the Tr'T deformations we have discussed
above. We pay particular attention to gauge-fixing, expressions for supercharges and the
off-shell algebra A under Tr'T. The reader not interested in these technical details may wish
to proceed directly to the next section.

T-duality along T directions can be used to map the background considered here
to other Type IIB backgrounds: the D3/D3’ background or the D1/D5 background with
Ny and N5 swapped, or related Type IIA backgrounds. The energies of H ) states
will remain unchanged under such T-dualities and since the states carry no winding or
momentum T-duality will map them to H ) states in the dual background.

3.4 TrT and gauge fixing

The string two-body S matrix found in [21] was determined in a particular gauge. It is
therefore worth checking that the gauge-fixing is compatible with TrT transformations. The
gauge fixing is a two-step process: fixing kappa gauge, and fixing uniform light-cone gauge.

In [21] a kappa-gauge that is particularly well adapted to the underlying integrability
was used. This kappa-gauge is a simple projection on the (spectator) fermions, and as
result it commutes with T-duality and redefinitions of the T% bosons. We can therefore
apply TrT transformations directly at the level of the kappa-gauge-fixed action given in
equations (2.60) and (G.6) of [21].

Before proceeding to uniform light-cone gauge, we briefly comment on the relations
between the equations of motion in theories related by TrT transformations.The 2 and &*

equations of motion are given by current conservation equations
D J® =0, D d® =0, (3.21)

and are equivalent to one another when equation (3.14) is used. The equations of motion for
the other fields, including the Virasoro constraints for the worldsheet metric v*#, remain the
same in the original and TrT-transformed background upon using the relations between

5More precisely symmetries fix the matrix part of the S matrix, leaving undetermined overall normal-
isations known as dressing factors. The dressing factors are then determined by solving suitable crossing
equations [11, 32].



G,B,U,V and G,B,U,V, as well as equation (3.14). To see this, let us introduce a
collective field

w(r,0) = {x:i:’ yi’ Zia X5, aax:t’ 8ayi7 aazia Oa X, 8(177} : (3.22)

Then one can show that

v €7 0q ' O 3

af i J
7 Oat' Op dw dw Oow

3 ol (r: [’ /3 7 ol é [ }3 7 EI‘BS
+ 20,x" (’y ~ —€ ’ ) + !
W

o 0Gi . 0B A OUg,; WVsi\ L
afy i ~J Yo aBy sig o~ ¥} 28,5t ap¥vBi  ap¥YVBii rest‘ 9
7 0a 05T dw Oa'0p% ow +20a% (7 ow © Tow ) * Ow (3:23)

Hence the equations of motion for the non-T* sigma-model fields are the same before and
after a Tr'T transformation. Similarly, one can show that

5S 5S

§o8 = o (3.24)

confirming that the Virasoro constraints of the two theories are also the same.

In uniform light-cone gauge [21, 33] we set 7 = 9,(¢ — t)/2 = 7T and its conjugate
momentum, p_— = 1. The Virasoro constraints then determine the non-dynamical field
7 = 0a(¢ — t)/2 in terms of the transverse excitations and the worldsheet metric v*%,
while the z* equations of motion are used to fix 7*?. As we have shown above the z* and
v*? equations of motion are invariant under TrT transformations. As a result, gauge-fixing
the TrT-transformed action gives the same expressions for #~, 2~ and 4*? as those found
in the original background [21]; the dependence on d,2° can be re-expressed in terms of
0a " by using equation (3.14), as well as the relations between G, B, U,V and G,B,U,V.
We conclude that gauge-fixing the GS action is compatible with TrT transformations.

3.5 Supercharges

In [21], supercurrents Q% were constructed, in terms of transverse fields and their deriva-
tives, as well as the ubiquitous non-local prefactor e*** . The conservation of these super-
currents was checked using the equations of motion. In these expressions for the supercur-
rents the torus bosons ! enter only through the first derivatives dqx'.

Therefore, in order to find the supercharges in the Tr'T theory, one can use the inverse
of equation (3.14) to re-express Q“ in terms of the transverse fields of the TrT-transformed
theory, as well as the pre-factor e . As we reviewed in the previous sub-section, z~ is
determined via the Virasoro constraints, which are the same in the TrT-related theories
upon using the relations between GG, B, U,V and G,B,U,V, as well as equation (3.14). To
summarise, we can express the supercurrents Q¢, exclusively in terms of the fields that
enter the TrT transformed action S. We will denote by Q" this putative supercurrent.

It remains to be checked whether Q% is conserved when equations of motion derived
from S are used. This however, has to be, because: (i) the equations of motion for all
fields other than Z° (including v*?) are the same in the two theories; (i) the Z’ equations
of motion together with equation (3.14) are equivalent to the z' equations of motion.

Therefore, Q% is conserved upon using equations of motion derived from S.
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3.6 Determining the off-shell algebra A

Finally, we turn to the algebra A of supercharges which commute with the Hamiltonian.
In order to find the commutation relations of A in the undeformed theory, it was necessary
to redefine the fermions in order to obtain a canonical kinetic term for the fermions; see
appendix I of [21] for details. In principal, an analogous computation should be performed
in the Tr'T transformed background. Explicitly one needs to find

528 528 528 528
6n0n’ oxox’ oxon’ ondx

(3.25)

It is easy to see that the first two expressions involve only Lyest. However, to quadratic
order in fermions Lyest = Lrest, hence equations (I.1) and (I.2) of [21] remain the same after
TrT transformations. On the other hand the mixed 7-x terms at first appear to change
after a TrT transformation. We note that these terms do not involve [Irest, and to the order
that we are working to
G ’°B 0
oxon — oxon

(3.26)

As a result, the only non-zero contributions to 7-y couplings come from U and V terms,
and to the order we are working these give

2
—91 625 _ aal,z oeﬁa Uﬁ,i A 7 0458 Vﬂﬂ
5%0 9x01 axon’
525 g g2 (327)
—O—— = Dy 5’,1 — Opzte®? b

snox T Tonox

Given the trivial contributions of G, B to the mixed terms, and the fact that v does
not depend on fermions, at quadratic order in fermions the above expressions can be
re-written as

2 S . . e .. ) . 5 ..
—2m 5‘;;7 = 8877 lyaﬁaafaﬁfcﬂwjj - eaﬁaaizang%
: s MVsi\ L
92 a~z afB By _aB B rest
+ 20,2 (7 7&2 € 78)‘( + oy |
0 - N (3.28)
=S 0 < 0G4 - 0B
_ _ Y |NaBh sin i T aBg sig o sj
27 S0y % [’y OaT' O an € 0,2 07! ——

: U ; Vs L
20,7 apYVBi  ap¥YVBi rest )
+ 20,2 (’y o7 € ai + o7

We now observe that the expressions inside the square-brackets above are precisely the same
as the right hand side of equation (3.23) with w = x,7. Therefore, using equation (3.23)
we conclude that ~ ~
529 B 528 528 B 528
Sxon  oxon’ 5qox  0noX

(3.29)
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In other words, equation (I.3) of [21] remains unchanged!® As a result, the redefinition of
fermions in the TrT-transformed background in order to obtain a canonical kinetic term,
is the same as the one used in appendix I of [21]. From this we finally conclude that the
commutation relations for A are also the same as [21].

4 Closed strings and moduli in F1/NS5 background

The near-horizon F1/NS5 geometry has 20 moduli, which we summarised in section 2.2. We
would like to understand their effect on energies of zero-winding zero-momentum closed
string states, which we will continue to denote by H ). Here too, we find that the
spectrum is independent of 16 of them, and determine the influence of the remaining 4 at
small gs. As in the previous section, our analysis will primarily rely on the effect that the
moduli have on the worldsheet Green-Schwarz action.

4.1 The inconsequential moduli

The energies of states in H ) do not depend on the 16 moduli (), (4i) and (iv) of
section 2.2. As in the D1/D5 background, the geometric moduli of T% have no effect
on H ), because they can be absorbed into suitable redefinitions of the z'. The string
action and periodicity conditions of H ) are also independent of vol(T*) as before (see
footnote 5). The string coupling constant g5 and vol(T#) are related to one another through
equation (17) of [9]. Since gs enters the GS action only through this relation to vol(T%),
we conclude that at small string coupling gs has no effect on Hq o) energies.

Turning on a constant B # 0 gives a consistent background since H is unchanged and
the gauge-invariant RR field strengths (3.1) remain equal to zero. One can easily check
that the F'1 and NS5 charges of the background are unchanged

1
= — H — k"
Qnss 202 /S3 5

(4.1)
1 1
QF1:2/ 6_2‘1)*H+CoF7+C4/\dC2+*H/\02/\CQ:Mlel.
2/430 §3 T4 2
and that the D5-, D3- and D1-brane charges are zero
1
QD5=22/ F3+CoH =0,
KJO q3
1
Qb3 = 53 Fs+CoNH =0, (4.2)
2'%0 S3><Tfj
1
QD1=2/ Fr+CyNH =0,
2K§ Jg3 x4

because the RR potentials and RR gauge-invariant field strengths are all zero. In other
words, turning on the B moduli is accomplished in the geometry by setting B to a non-zero
constant on T#. The GS action depends only on gauge-invariant field strengths (H and
F,) and so does not change as we vary B. We conclude that the 6 B moduli have no effect
on Hgg) energies.

16Recall that one uses equation (3.14) to swap between z* and &'.

— 12 —



4.2 The consequential moduli

In this subsection we show that the energies of states in H g o) depend on Cp and Cy listed
as (iii) and (v) in section 2.2. In fact, turning on a particular Cyf modulus, is equivalent
to turning on Cy and Cy, as can be seen by performing two T-dualities on T4. As a result,
we will first focus on turning on just the Cy modulus.

Let us then consider a background with constant RR potentials'”

Co = ¢, Cy=—coeS ne" neB Aev. (4.3)

Since H is non-vanishing, this gives rise to non-zero RR three- and seven-form field

strengths
F3=dCy — CoH = —cg H = —co k (QAds3 + st),

44
Fr=dCs — Cy NH = cok (Qaas, +Qs3) NP Ael Ae® Ae (4
It is straightforward to check that the D5-, D3- and D1-brane charges are all zero
1 1
Qps=-— [ F3+CH == | —CoH+ CoH =0,
2/’»’0 S3 2I€0 S3
1
Q3 = 53 Fs +Cy NH =0, (4.5)
2:‘@0 S3><T12j
1
QD1:72 F7+C4/\H=2/ —CyNH+CyNH=DO.
265 Js3xT4 265 Js3xT4

The NS5-brane charge remains unchanged, since H stays the same, as does the F1 charge

1 1
QF1=2/ e 2« H+ CoF; +CyNdCy + ~H A Cy A Cy
265 Js3xT4 2 (4.6)

= 2—12 e 2« H+ CoFr = k(g5 % + c2) vol(T*) = 1 Np1.

HO S3x T4

The last equality follows from equation (17) of [9], which determines vol(T#) in terms of
the moduli. In summary, turning on a constant value of the Cy modulus is implemented in
the geometry not just through constant RR zero- and four-form potentials (4.3), but also
through induced three- and seven-form RR field strengths (4.4), with the AdSs radius of

curvature R given by!'®
R? = o/ky/1 + g2c2. (4.7)

The non-zero RR field strengths (4.4) have an important consequence on the GS action
in this background: the world-sheet action takes the same form as the action used to analyse
mixed flux backgrounds [13, 14]. This is because, from the point of view of the GS action,

"Note that we let the RR potential Cy take arbitrary real values. Using the SL(2,Z) symmetry of type
IIB string theory we can shift Cy by an integer: Co — Cy — n. This transformation also acts on the
potentials C> and Cy as a shift Co — C2 —nB and Cy — Cy — gB A B. Together, these transformations
leave the gauge invariant field strengths F3 and F5 unchanged, but shift the D-brane charges. We therefore
prefer to keep the charges fixed and not put any constraints on the value of Cj.

8 This geometry corresponds to the near-horizon limit of a fully back-reacted F1/NS5 system with non-
zero Cp, which we obtain by U-duality from the solutions [24, 25] in section 5.4.
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a non-zero F3 generated by a non-trivial Cy, or by CoH are completely equivalent.!® As
a result, the exact worldsheet S matrix found in [13, 14] applies directly to the analysis of
the H g0y spectrum of the F'1/NS5-brane theory deformed by the Cp modulus. We simply
need to relate the parameters used there to those used here! In [13, 14] the fluxes are

e?Fy =G (Qaas; + Qs3),  H =q(Qaas, + Qs3), (4.8)

together with the condition ¢ + §* = 1. So, replacing
/ O/

- [0
4 — —9gscok—5 q— kﬁ,

T2 (4.9)

where the AdSs radius is given in equation (4.7) above, we obtain the complete S matrix
of the Cy deformation of the pure NSNS AdSs geometry.

The Hp,0) spectrum consists of the BMN vacuum [0)g;y on top of which we can act
with magnon-like creation operators denoted schematically as

agT . agﬁ 10) g (4.10)

where the indices I, . .., Ik label the excitations above the BMN vacuum [34]. Each of the
oz{,llf carries a momentum p; and has an energy

E(p:) = \/<m n ’3’;:)2 + 4h2(R) sin? (%) (4.11)

with the total energy of a state being the sum of the magnon energies. The strength

of the worldsheet interactions is governed by the function h(R), which in the mixed-flux
backgrounds took the form
q R? 0
h = —— . 4.12
(R) = 5o + O(R") (112)
Therefore, for the background obtained by a Cy marginal deformation of the pure NSNS

flux theory, we have
. gscok
T

h(R) = + O(RY). (4.13)

Notice that something rather remarkable happens: the strength of the worldsheet inter-
actions is now proportional to ¢g, and it is this parameter that plays the analogue of the
't Hooft coupling A\ that conventionally interpolates between the weakly and strongly cou-
pled regimes. At small ¢y the interactions are weak, with the dispersion relation becoming
linear in the ¢y going to zero limit. As ¢y increases, the interactions become more im-
portant, modifying the dispersion relation. Throughout this range the magnon momenta
p; satisfy Bethe Equations derived in [35]. The above conclusions are all valid to leading
order in the large-R limit, and we expect the function h(R) to receive corrections when

19The physical interpretation of the two backgrounds is of course different. The mixed flux background
investigated in [13, 14] corresponds to the near-horizon limit of non-threshold bound states of F1/NS5- and
D1/D5-branes, while the background studied in this section is a marginal deformation of the F1/NS5-brane
near-horizon geometry.
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R becomes small. It would be interesting to understand these in order to connect to the
recent investigations of the k = 1 theory [36-38].

So far we have considered the case of a single modulus turned on. In general we can
turn on any combination of a constant Cy and a constant and self-dual Cy. By a rescaling
and rotation of the torus directions we can always align Cs so that the non-vanishing
components point in directions 67 and 89. Hence we are lead to consider a solution with

Co = ¢, 02202(66/\67+68/\69), Cy=—coeP ne" NeB Ae. (4.14)
This solution will have non-trivial RR field strengths
F3 = —-CyH, Fs=—-Cy N H, Fr=—-CyNH, (4.15)

but does not carry any RR charges. In order to analyse this background we perform a Tr'T
transformation in the directions 2% and x7 with a rotation angle of ¢©.2° This results in a
new background of the same type but where the RR potentials are now given by

Co = ¢ cos ¢ + v/veg sin @,

Cy = (cacosp — ucgsing) (€8 A e 4+ &8 A &), (4.16)

Cy= —(cocosp + veasing)e® Ae" A& A e,
where v is volume of the original T*. If we choose the angle ¢ so that

C2

Ve

the Cy potential vanishes and we are left with a background of the type discussed earlier in
this section, but with the value of the modulus and the AdS3 and S? radii taking the values

2 2
50:%, R? = d'ky/1+ g2(3 + 3), (4.18)

where g5 is the string coupling before the Tr'T transformation.

tanp = (4.17)

5 Fully backreacted geometries

In the previous sections we have discussed how the closed string spectrum of the near-
horizon geometry AdSz x S? x T is affected when the moduli of the background are turned
on. We will now see how these moduli can be introduced in the full backreacted and
asymptotically flat brane geometry. Following [24] and [25] we will start with the D1/D5
system and introduce a B field by applying two Tr'T transformations, as well as adding a
constant B in order to cancel the resulting D3 charges. From the resulting background
we can then obtain other F1/NS5 and D1/D5 backgrounds with non-trivial moduli by U
duality. The corresponding near-horizon geometries are discussed in appendix B. Here we
present the values of the parameters of the near-horizon solutions in terms of the physical
brane charges.

20Tt is worth noting that marginal deformations of the WZW model on S* have been studied in the
past using transformations similar to TrT and TsT transformations [39-41]. These differ from the RR
deformations considered here because of their non-trivial effect on the S* metric.
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5.1 The D1/D5 system

Let us start by writing down a type IIB supergravity solution corresponding to the standard
D1/D5 system. We consider a stack of N1 D1 branes stretched along the directions?! ¢ and
¢, and a stack of Ny D5 branes along ¢, &, 25, 27, 2® and 2%, where the last four directions
are compactified on a T4. The metric of the full D1/D5 system is given by

dspy ps = (J1fs) "2 (=dC® + d€°) + (f1f5)"?(dp® + pPdsis)

fi e 2 2 2 2 (5.1)
+ 7 (dwg + dz7 + dag + dag),
where , ,
o'v o'v
f1=1+—p21, fs=1+ p;’. (5.2)
The D1/D5 system has a non-trivial dilaton
1
o= 5 log ji;, (5.3)
and is supported by a RR three-form
Fy = —df; ' AdC A dE 4 20 v5Qgs. (5.4)

Note that in the asymptotic region, where p — oo, the metric (5.1) becomes flat, with the
three sphere having unit radius, and the T* having unit volume. Furthermore, the dilaton
is normalised so that it vanishes asymptotically.

The corresponding D1 and D5 charges are give by

Vs

1
Qps 202 /S3 3= G2 5 Ns,

1 141
o1 23 /Ss T4 37 e D

(5.5)

where j1, = (27)7P(a/)~P*1/2 is the charge density of the Dp brane. From this we find
that the parameters vy and v5 are related to the number of branes by

vy = Nl, Vs = N5. (56)

Near-horizon geometry. In the near-horizon limit, the D1/D5 system geometry be-
comes AdSs x S? x T4. The AdS; and S? radii R and the dilaton and T* volume are now
given by
N
R? = o/\/N| N5 = o/e® N, e*® = vol(T*) = Fl’ (5.7)
5

while the other parameters are turned off.

*n order to not confuse the coordinates for the D1/D5 system with those of AdS3, we use the coordinates
¢, € and p in the asymptotically flat geometry, and reserve ¢, z and r in the near-horizon limit.
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5.2 Turning on a B field in the D1/D5 system

To turn on a B field on T* we employ the same strategy as was discussed previously in the
near-horizon geometry: we perform a TrT? transformation, and add a constant B which
can be adjusted so that there is no D3 charge.

The resulting metric takes to form

d§2D1/D5 = (f1f5>_1/2(—dC2 +dé?) + (fufs)'/? (dp* + p*ds?s)
+ (fufs) 2 £ (daf + diE3) + (fufs) 2 £ (dif + diEg)), (5.8)

and the dilaton is given by

= 1. fifs
@ 5 log ofs (5.9)
where ,
f¢:1+a71;9, V¢:V5COS2QO—|-V18in2<,0,
r (5.10)

f¢:1+a—2w, Z/wzu5coszw+ylsin2¢.
P
Introducing the three forms
K3 = —dfs ' Ad¢ A dE + 20/ 11 Qgs, (5.11)
Kz = —df{t Ad¢ A de + 20/ vsgs, '

we can write the other non-trivial background fields as
Fg = COS  COS wffg —sinsinyY Ks,
Fy = —f;l (f5 cos psiny Ks + fisinycos wf(g) A diS A dz”
— f;l (f5 sin ¢ cos Y K3 + f1 cos psin wf(g) Adi® A diEP. (5.12)
B = —(f;l(fl — f5)cospsinp — b67)di6 A dzT
— (£ (f1 = f5) cospsin ¢ — bgg)di® A di”
Let us now calculate the various Dp-brane charges carried by this solution, starting with
the D3 charges, which are given by
67 _ 223 /SSXng (Bs—BAE), Q%= 2;2) /ST (Fs—BAR).  (5.13)

These charge densities are well-defined in the sense that they are given in terms of globally
defined forms, and are independent of the transverse radial coordinate. Performing the
integrals we get

ung%g = vy sin @(bgg sin 1y — cos ) — v5 cos @(bgg cos 1 + sin ),

189 : . ' (5.14)
ps QD3 = v1sin(ber sin ¢ — cos @) — v5 cos 1 (ber cos ¢ + sin ).
The vanishing of the D3-brane charges then leads to
V1 COS (p sin 1) + v5 sin @ cos P V1 sin @ cos Y + v5 cos @ sin Y
ber = ———— ; bgg = ——— . (5.15)
vy sin @ sin — vg cos @ cos P vy sin psin ) — v5 cos @ cos P

From now on we will impose the above relations.
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The D1 and D5 charges of the transformed background are given by

1
Qps = 5 5 F3 = pst = pis N, (5.16)
i
and
1 -
&n=2/ <M%+BA&—BABAF> AP — i, (5.17)
2/{,0 3% T4
where
U = v5cos p cos )y — vy singsin . (5.18)

The above relations can be used to express the parameters v; and v5 in terms of the physical
quantities N; and Ny.2?

Near-horizon geometry. In the near-horizon limit, the transformed background is still
given by AdSz x S3 x T4, with the AdS3 and S? radii, dilaton and T volume given by

2 M
Voly  Ns+ Nysin?(p + )

R? = o/ \/iiv5 = o/\/ N1 N, ® _ ol T4)

(5.19)

The near-horizon B field can be written as B = b(e® A e” + €8 A €?), with

= — & sin
b= \/;5 (p+1). (5.20)

We can the write the radius R and the T4 volume as

% 1 N
2 _ 4 1
R? = o/e®N5\/1 + 12, vol(T?) = TR R (5.21)

In this form the dependence on the moduli becomes manifest.

5.3 The F1/NS5 system with a RR two form
Let us now apply S duality to the TrT transformed D1/D5 system. We find the metric

as? = VI Caer gty T 4 pPast)

fifs
; ; (5.22)
/2 (dl’% + da:%) + /2 (dx% + dxg).
fgo fzﬁ
The dilaton is given by
1
== 1'””. (5.23)
fifs
The geometry is supported by the NSNS three form
H = cos g cos K3 — sin @ sin K. (5.24)

%Note that the TrT transformation changes the charge quantisation condition so that we now should
express the parameter v1 and vs in terms of new integer charges N; and Ns.
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There is also a RR five form

5 = —f;l(f5 cospsinyKs + fi singocoszpf(g) A dz8 A dz”

_ 5.25
—f;l(fg)sin(pcoszg—i—ﬁ cosgosinng) AdE® A diP. ( )
as well as the RR two-form potential
_ (-1 - ~6 =7
Cy = (f@ (f1 — f5)cospsinp — bg7)dx A dT (5.26)

(f, ' (fr = f5) cossinep — bgg) dii® A di”.

This potential does not lead to any D1-brane or D5-brane charges. To see that there also
is no D3-brane charges we compute

1

— Fs+CoNH)=0. 5.27
2%% S3><T2( 5+ 2 ) ( )

Hence, the only non-vanishing charges are the NS5 charge
1
= — H fr— N. 5.28
@nss 202 /s , M5V (5.28)

and the F1 charge

1
QFI :2/ < _2¢*H—|—00F7+ CQACQ/\H> Ma (5'29)
2K5 Js3xTs v

Note that these charges take the same values as the D5 and D1 charges in equations (5.16)
and (5.17).

Near-horizon geometry. In the near-horizon limit, the AdS3 and S? radii are given by

- N
R%? =d/ w5 = o/N5\/1 + = ~ sin?(p + 1), (5.30)
5

where N; and N5 now count the number of fundamental strings and NS5 branes. The
dilaton takes the form

20 _ Poly NS Ny
est = ——— 1+ —sin + 5.31
s R < 7 (¢ w)> (5.31)

The volume of the torus vol(T4) = 1 is constant in the full backreacted geometry and thus
remains the same in the near horizon limit.

The RR two-form potential can be written as Cy = ca(e8 A e” + €8 A e”) with
N, sin(p + 1)
C) — —=—

Ns 1+ R sin?(p + 9)

We can the write the radius R and the torus volume directly in terms of physical

R% = o/ Nsy/1+ e2® (TY) = N (5.33)
=« e 02, vO 1+62¢2N .

(5.32)

parameters as
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5.4 The F1/NS5 system with a RR scalar and four form

We finally apply T duality transformations along directions % and 27. We then obtain
the metric

5t = LILL (act 4 dg) 4 VLT (02 + Pash)

; (5.34)
/2 (dm% + da? + dzg + dmg).
fe
The NSNS field strength remains the same as in the previous case,
H = cos @ cos K3 — sin ¢ sin p K. (5.35)
The turned on modulus is encoded in the RR scalar, which takes the form
lvs — vy sin2p
Co=co— = T (5.36)
2 v, fo
where
nvs .
= _ ) 5.37
o = =522 siniip + ) (537)
Also the RR four-form potential is turned on
= <—Co Ll cos® psiny — vy sin® @cos¢> AT A BN (5.38)
Ve fy
Finally, the RR three-form field strength is given by
[ /5 fi. -
3 = == cospcos K3+ ~=sinpcospKs. (5.39)
fap fw

While this solution has several non-vanishing RR field strengths, all the D brane charges
are zero. The F1 and NS5 charges are the same as in equations (5.29) and (5.28).

Near-horizon geometry. In the near-horizon limit, the AdS3 and S? radii are given by

- N
R? = o/ \/ivs = 0/N5\/1 + N—l sin?(p + 1), (5.40)

5

and the dilaton and torus volume by
2 1%
e? =2 vol(T?) = 2. (5.41)
14 %5) Dy
The RR scalar and four form potential are constant in the near-horizon limit,

Co = ¢y, Cy=—coebNe" AeB Ae?, (5.42)

where ¢p is defined in equation (5.37). In terms of this parameter we can write

R? = o/ N5y /1 + €22¢2, vol(T?) = i&. (5.43)
0 1+e2®c3 N;
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5.5 The D1/D5 system with RR scalar and four form

We can finally make an S duality transformation to get back to a D1/D5 background with
a RR scalar and four-form potential. The resulting metric takes the form

o e v agny v VI

- dPZ + pgdsga)

L7
+ :\/i(dx% + dx? + dad + dad),
14 fw

where 7 was introduced in (5.18) and

ds® =

| =

f=rv2cos?ify +visin® o fs. (5.45)
The dilaton and the T% volume are now given by
o ! o
C = —F0F, vol(T = = - 5.46
Vfifs0? T fypi? (546)

The background is supported by the RR three-form
v fd) s /~
F3=— ~df NdC N E+2a'D8gs. (5.47)
vy f1fsf

There is furthermore a B field
(fi' = fiH)r?sin(2¢)

B = W d¢ A dE, (5.48)
a RR scalar 5o ‘
Co = co + U1 = J5) sin(2¢) (5.49)
20/ vy f
where 5
co = — sin(p + ), (5.50)
y

and a RR four form

2=0f : 3., .3
C4:B/\Cg+<co+r 1= J5)vssinpcos v~y cospsin ¢)> S ne"AeBne®.  (5.51)

o'y, f
The non-vanishing charges of the background are the D5 and D1 charges, which take the

same values as in equations (5.16) and (5.17)

Near-horizon geometry. In the near-horizon limit the AdS3 and S? radii, the dilaton
and the T% volume are given by

/ :
) s N

R2 = VIS e o 2 VISV epty VY5 (5 50
1 2 Iz N5

Note that both the radius and the torus volume are independent of the modulus. The RR
scalar and four form are given by

Coy = co, Ci=coeSNe" ANeBAe?, (5.53)

where ¢ is defined in (5.50).
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6 Conclusions

In this paper we have determined how the energies of closed perturbative strings on
AdSs x S% x T* with zero winding and momentum on the torus depend on the 20 moduli
of the string theory. We focused on backgrounds which are near-horizon limits of D1/D5-
and F1/NS5-branes and found that in both cases only four of the 20 moduli have a non-
trivial effect on the Green-Schwarz action, and as a result have an effect on the energies of
H(0,0) strings.

In the near-horizon limit of D1/D5-branes one of the consequential moduli is the closed
string coupling constant whose only effect (at small g,) is to change the radius of curvature
R. The remaining three consequential moduli come from the self-dual part of the NSNS
two-form. When B* # 0, the GS action involves couplings to the RR five-form field
strength, in addition to the three form which supports the geometry. We showed that this
new action is TrT-dual to the original action with BT = 0, and that closed strings in the
BT # 0 background have the same energies as strings in the B* = 0 background with
twisted boundary conditions (3.18). The twisting is proportional to the amount of winding
and momentum on T# (as well as to B"), and so in the case of H(0,0) strings the only
change to the energies comes from a change in the radius of curvature (1.1).

In the near-horizon limit of F1/NS5-branes, the four consequential moduli are the RR
scalar Cy and self-dual part of the two-form C’; . The GS action in a background with a
general combination of these moduli turned on is TrT-dual to the GS action with just Cj
turned on. As a result, for the H ) spectrum we may investigate the effect of just the
Co modulus: turning on the other RR moduli is encoded into a change in the radius of
curvature. The GS action depends on gauge-invariant RR field strengths

Fp+1 = de — Cpfg A H. (6.1)

As a result, a constant Cy in the AdSs geometry supported by NSNS flux induces a RR
three-form flux, and the GS action is the same as the so-called mixed flux AdS3 back-
grounds [12-14]. The interpretation is however very different. The mixed-flux backgrounds
correspond to the near-horizon limit of (p, ¢)-strings and 5-branes, while the background
we investigated in this paper is a marginal deformation of the pure NSNS-flux background,
and carries only F1 and NS5 charges. When Cj vanishes, the action is the GS analogue
of the Neveu-Schwarz-Ramond theory considered by Maldacena and Ooguri [15]. With
general RR moduli turned on the radius of curvature is

1
R? = o/k\/1 + g2¢2 where =08+ 5(0;)2 (6.2)

Integrable methods have provided exact-in-R results for determining the energies of
H(0,0) states at small g5 [30, 42, 43]. In particular, in the near horizon limit of the D1/D5-
brane theory, the exact-in-R 2-to-2 worldsheet S matrix is fixed by symmetries alone [21, 31]
at the point in moduli space given in equation (2.2).23 A posteriori the S matrix turns out

ZMore accurately, a number of so-called dressing factors are not fixed by symmetries alone, but can be
found using unitarity and crossing symmetry [44] of the theory [11, 20, 32]. In the mixed flux case, the
dressing factors are currently only known at the one-loop level [45].
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to satisfy the Yang-Baxter equation, and so the complete worldsheet scattering problem
reduces to combinations of pairwise scattering described by the S matrix [21, 31]. The
exact-in-R H g o) spectrum can then be obtained using Bethe Ansatz methods at small g;.
It consists of the BMN vacuum [34], on top of which magnon-like operators act to create
excited states. The multiplicities of these creation operators is determined by the BMN
spectrum [34]. Each magnon has mass m = 0,1 or —1 and carries a momentum p, whose
value is determined as a solution of the Bethe Equations [11, 20]. The energy of magnon
is fixed through a p-dependent shortening condition [31, 46]

E(p) = \/m2 + 4R2(R) sin? <§> (6.3)

and the energy of the state is given by the sum of the energies of the individual magnons.?*

R enters the above dispersion relation through the function h(R), whose explicit form is not
fixed by integrability, much like is the case in AdS, x CP? [50, 51]. As in higher-dimensional
examples of integrable holography, h determines the strength of the integrable interactions
and at large R
R2

h(R) = 5 T (6.4)
Determining h, perhaps along the lines used in AdS; x CP? [52], remains an important
problem.?> The analysis carried out in section 3, shows that the world-sheet theory con-
tinues to be integrable across the 20 dimensional moduli space. The four consequential
moduli modify the integrable structure of the H g o) spectrum in a minimal way: they just
changing the value of R (1.1), which changes the value of h(R). Since the BEs are valid
for all values of h, we retain complete control over the spectrum across the whole moduli
space as longs as gs is small. For example, in [35], the half-BPS spectrum of the theory
was found and shown to match the supergravity results of [55]. The derivation in [35] is
exact in R, and combined with the present results, proves that the half-BPS spectrum does
not change as we move around moduli space, in agreement with the non-renormalization
theorem of [56].

Integrable methods have also been used to find the H g o) spectrum in mixed-flux back-
grounds [12-14, 45].26 However, to date it was not possible to study the pure F1/NS5 near-
horizon geometry, because the off-shell supersymmetry algebra is mot centrally extended
in that case [14], and these central extensions are crucial in fixing the S matrix from sym-
metries [62, 63]. However, this obstacle occurs only at the point in moduli space given in
equation (2.4). As we showed in section 4, when the RR moduli are non-zero the GS action
becomes equivalent to the GS mixed-flux action, for which the central extensions are again
non-zero.2” We can therefore use the exact-in-R results of the mixed-flux background di-
rectly, upon re-expressing the parameters as in equation (4.9). The spectrum again consists

ZIncorporating wrapping effects [47] into this construction remains to be fully understood [48], but it
appears likely that this will be possible [49].

ZPerturbative world-sheet corrections to the dispersion relation in AdSs x S® x T* and AdSs x S% x §® x S*
were calculated in [53, 54].

?6Semi-classical strings in such backgrounds have also been studied in [57-61].

Tt is worth noting that turning on such RR moduli is expected to desingularise the dual CFT5 [10].
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of BMN magnon creation operators, but now with the dispersion relation [13, 14, 64]
kp)? o (P
B(p) =/ (m+5 ) +4h?(R)sin (5) (6.5)
T

where k is the WZW level, the AdSs radius is given in equation (6.2) and at large R,
we have

gsck
5 + ... (6.6)

We arrive at a nice picture: the near-horizon F1/NS5-brane worldsheet theory is inte-

h(R) =

grable with the strength of the integrable interactions governed by ck, and the free point
corresponding to the GS version of the WZW model solved by [15]. By analogy with higher-
dimensional holography, we may think of ck as v/\, the analogue of the 't Hooft coupling
constant, which should lead to a novel planar limit for the near-horizon F1/NS5-brane
theory. We intend to return to a more detailed investigation of this in the near future.

It is worth emphasizing that both in the D1/D5 and F1/NS5 backgrounds, our ar-
guments show that the S matrix and hence the BEs are the same as the ones obtained
in [21, 31] and [14] respectively. The dependence on the moduli is contained entirely
within the function h that enters the dispersion relation and the definition of the Zhukovsky
variables.

Given the exact-in- R nature of the integrable holographic methods now available across
the whole moduli space, we believe the spectrum of the H ) sector is an ideal tool for
investigating more precisely the relationship between strings on AdS; and its CFTy dual.
It is for example striking that the dimensions of Symy; states with zero winding and mo-
mentum also depend only on the four moduli of the Zy-twisted sector, just as our H )
states do. Nonetheless, as the recent findings for the WZW theory at k = 1 suggest [36-38],
the exact relationship to the Sym y orbifold most likely needs to be revisited, and the H g )
sector contains a wealth of non-protected information with which to test any such conjec-
tures. It seems plausible that the more complete holographic dual will have to incorporate
aspects of an effective Higgs branch CFT [7], where integrability has been found [65].

We also hope to extend the analysis carried out here to strings on AdSs x S% x S3 x S!
backgrounds, since these too are known to be governed by integrable world-sheet theo-
ries [29, 42, 53, 66-69]. The moduli space is much smaller here [70], and some conjectures
for the CFTy dual also exist [70-72].
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A Supergravity

A.1 Conventions

We define Hodge duality by

5 (€M A A e) =

where
60123456789 _ +1

For AdS3 we use the coordinate ¢, z; and zo with metric

14 RS
dsias, = — | — = | 4+ | ——=5 | |d=I%,
1- L 12

and for S3 we use y3, y4 and ¢, with the metric

2 B % i 2 1 ’ 2
dsis = | Ao+ o | 1l
1+ Y- 1+ -

14 122 1 P
Opas, = —— og dt Adzy Adza, sy = ———5o dys A dys A do.
(1-5F) (1+ 25

It is also useful to introduce the two forms

1 1
WAdSs = 57(1 B ﬁ)Q dt N\ (ngzl — ZleQ),
4
1 1
Wss = 5 e do A (yadys — ysdya),
21+ )
which are define so that locally
QAng = dedSS, QS3 = dwsg.

A.2 1IIB supergravity
The action of IIB supergravity is given by?®

1 —29 2 1 2 1 2 1 2 1 2
- v 4092 - —H?) — - (F?4+ ~F2+ —F
Stp 2%%/ g<€ <R+ (09)"— 33 AT R TR

1
—— [ C4 NH N F3,
4/{3/ 4 3

where the gauge invariant field strengths are given in terms of gauge potentials by

H = dB, I3 =dCy — CyH, Fr;=dCs — Cy N\ H,
= dCy, Fs=dCy — CyNH, Fy=dCs — Cg N H,

#We follow the conventions of [73, 74].
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and satisfy
x Iy = Fy, xF3=—F; «F5=F5. (A.10)
The RR field strengths satisfy the Bianchi identities and equations of motions®’
dFy =0, dFs+ Fi ANH =0, dFs + F3 AN H =0, (A1D)
dF; + Fs N H =0, dFy+ F; NH = 0.
The Bianchi identity and equation of motion for the NSNS three form H are given by
dH =0, d(e?®«H)—Fy AN+F3— F3 A F5 = 0. (A.12)

The equations of motion for the metric g, are given by
1 1 1 1
Rab_zvaabq)+§|H|c21b+§€2¢ (\Fl §b+|F3zb+2|F5’3b—2?7ab(’F1\2+|F3’2)> =0, (A.13)
where the symmetric contractions of the fields strengths are given, for example, by
|H|?, = (igH,iyH) = — % (io H A *i,H). (A.14)

The equation of motion of the dilaton reads
1 1
d* d® — 2|d®|* + §]H|2 —e?® <|F1]2 + 2|F3|2) = 0. (A.15)

From the equations of motion and Bianchi identities we define the conserved charges
carried by Dp and NS5 branes as well as F1 strings. For example, the D3 charges is given by

1
Qps = ﬁ dFs + F3 N H, (A16)
0J My

where M| is transverse to the branes. This charge is local and quantised, but is only in-
variant under small gauge transformations [22]. By partially integrating this in the radial
direction away from the branes, this can be rewritten as an integral over a surface OM |
enclosing the branes. The exact form of the integrand will then depend on the exact form
of the involved field strengths.

A.3 T duality

If we make a T-duality transformation along the direction z then the NSNS fields
transform as

~ ~ 2 ~ 1
B#Z:_gzu’ B#V:BuV""iBz[ugu]m ®=o—-logg..,
9zz 9zz 2 (A 17)
- 1 N B 5 1 ’
9zz = —) Guz = — £ ) Juv = 9uv— " (g,uzguz _B,LLZBVZ))
2z g2z gzz
and the RR fields transform as
~ -1 n—1_(n-1
Cl(jll‘)"ﬂn—lz = /(ff?"‘/ff)n—l - (71)71gicéﬁil"?un72g,un71]z7
= n(n—1) (A.18)
A(n)  _ ~(nl) (n—1) - (n—1)
Clu‘l"'/»l'n _C}L1~"}Ln2_n0[u1._,un71 un]z_(_]‘>n gzz CZ[/,Ll---/,Ln,QB/J«n—l|Z|glu,n]z7

where we have used a superscript to indicate the degree of the various forms.

29Note that the Bianchi identity for F), is the same as the equation of motion for *Fj,.
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B General AdS; x S3 x T? backgrounds

In this appendix we will write down two general AdSs x S? x T type IIB supergravity
backgrounds, with the metric given by

ds® = R*(ds}qg, + dsss) + gijda’da’. (B.1)

We will focus on two special cases: backgrounds carrying only the RR charges of the D1/D5
system, and hence supported by a RR three form F3 and its dual F7, and backgrounds
carrying F1 and NS5 charges, and thus sourcing the NSNS field strength H, and its dual.

There are a number of fields we can turn on that are compatible with the isometries
of the above metric:

e a constant B field on T4,

e a constant two-form potential Cy on T*,
e the RR scalar C,

e a constant dilaton P,

a RR four-form potential Cy on T4.

In the following two subsections we will write down general solutions with these fields
turned on.

B.1 RR backgrounds

Let us start by considering the case of backgrounds supported by RR flux. Imposing the
equations of motion, as well as demanding the absence of D3 charges as well as any NSNS
charges, we find that the dilaton is an arbitrary constant, that the constant B field is
self dual

B = b67(e6 ANeT +eBA 69) + b68(€6 ANed —el A 69) + bggy (66 ANed +el A 68), (B.2)
and that the RR potentials are given by
Co=vco, Cg=0,

1 o
Cy = f(wAdS3 + wsg) + G e Nel

1 1 (B.3)
Cy = §f(wAd83 +wS3) A B+ 502/\3—{—6066/\67/\68 Ae?,
Cs = _f(wAdS3 —{—wss) ANebAe” Aed A 69,
with ¢j; = —¢;j. This corresponds to the field strengths
Fy =0, Fy=0
Fs = f(Qaas; + Qg3), F5 = f(Qaas,s + Qg3) A B, (B.4)

Fr = —f(QAd83 + Qgs) AeSAne" Aned el

This results in a solution to the IIB supergravity equations of motion, provided the radius
of AdS3 and S? is related to the other parameters by

1
RY = " (1 + b7 + bis + bio)- (B.5)
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This solution includes a number of free parameters:

e the metric of T* — 10 parameters,

e the two-form potential Cy on T4 — 6 parameters,

e the self-dual B field — 3 parameters,

e the dilaton ® — 1 parameter,

e one linear combination of the RR potentials Cy and Cy — 1 parameter,
e the coefficient f of the RR three-form field strength I3 — 1 parameter.

The last parameter, the coefficient f in front of F, gives the radius of AdS3 and S3. This
leaves us with 21 parameters — one more than the expected number of moduli in the
D1/D5 system. The reason for this is that the total volume of T is fixed by the attractor
mechanism when the AdS3 x S3 x T4 geometry is obtained in the near-horizon limit of
the brane system. To find the volume of T* in directly in the above supergravity solution,
we need to impose flux quantisation of the field strengths F3 and F7. This gives us two
additional constraints. One such constraint fixes f, and hence the radius R, in terms of
the fluxes, and the second constraint determines the volume of T%.

Note that of the 21 remaining parameters, only the self-dual B field appears in the
expressions for the field strengths. The Green-Schwarz string does not couple directly to
the gauge potentials, but only to the gauge invariant field strengths.?* Hence, the only
moduli the closed string spectrum in the D1/D5 system is sensitive to originates in the
self-dual B field.

B.2 NSNS backgrounds

Let us now consider backgrounds that only carry F1 and NS5 charges. Again we impose
the equations of motion and Bianchi identities, as well as the vanishing of all D-brane
charges. We then find that the dilaton is constant and that the RR potentials are given by

Co = ¢y, Cyp=—coeb Ne" AeB Ae?, (B.6)
Cy = cer(e® NeT+ e Ne®) +cae(e® A e® —e" Ae®) +cgo(eC Ae® + e Aed), .
while the B field is given by
1 A .
B = h(wAds3 + wss) + isz e Neél, (B.7)
with bj; = —b;;. The corresponding field strengths are given by
H = h(Qaas; + Qg3), (B.8)
and
=0, Iy =0,
F3 = —coh(Qadss + Qs3), (B.9)

F5 = —h(Qaqs; + Qg3) A Ca,
Fr = +coh(Qaas, + Qgs) AeP Ae AeP A

30From (A.9) we see that for H = 0 the gauge invariant field strengths only depend on the derivatives of
the gauge potentials.
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The radius of AdS3 and S? is now given by
1
R? = ZhQ(l +*®(c} + g7 + cis + cBo)). (B.10)
Again, this solution has 22 free parameters:

e the metric of T* — 10 parameters,

e the self-dual two-form potential C'y — 3 parameters,

e the B field — 6 parameters,

e the dilaton ® — 1 parameter,

e one linear combination of the RR potentials Cy and Cy — 1 parameter,

e the coefficient h of the NSNS three-form field strength H — 1 parameter.

As in the previous case, imposing charge quantisation lets us fix the coefficient h, and hence
the radius, as well as the volume of T* in terms of the brane charges of the background.
We are then left with the 20 expected moduli.

C The TrT transformed Green-Schwarz string

In this appendix we write down the expressions for the terms in the gauge-fixed Green-
Schwarz string after two TrT transformations with parameters ¢ and . In general, the
Lagrangian can be written as

1 . . . . .
£=-3 (79900’ 0307 Gy — € 0o’ D3 B+ 200" (1" U =€V 1) + Lrew ) - (C.1)
We will work to quadratic order in fermions and decompose the coefficients in the La-
grangian as

Vai =V v (c2)

,2 a1 )

Uni =UY) + U

_ ) _ p® (f)
Gij = Gij + Gij ) Bij - Bij + Bz’j ) o,
) l(]f ) is quadratic in fermions. For concreteness we
9

will assume that there are four U(1) directions, which are parametrised with z6, ..., 2°.

where, e.g., GZ(-? is purely bosonic while G

We further set the volume of these four directions to be equal and assume that there is no
B field and that the metric is diagonal. The bosonic background fields then take the form

Gy =0 \/ﬁ BY =0, Ul=0, v'=0 (C.3)
K5 ' ;
Furthermore, we set
K1
G = 5iy95 = BY) =By, BY=-BY  BY=BY. (C.4)

Performing the two Tr'T transformations and keeping only terms that are at most quadratic
in fermions, we find that the bosonic part of the resulting background is given by

~(b ~(b H1fs (b M1 — M5
R

, o7 = sin ¢ cos ¢,
He e (C.5)
GO — GO — VS B0 LTS G o,
fap Hop
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The terms in the transformed background that are quadratic in fermions are given by

éé]é) = G%) = \/ZIT ((Ms cos® ¢ — py sin® @) gy — 2y cowsmwB(f)) ,
@
Gl = Gy = WF (15 cos ¢ — pr sin® ) g7 — 2p5 cossin g B )
P
-G = G = Y s sin(o ) B

G = Gif) = Y i singo — ) B

Bé];) = ’u—Q ( pi5 coS% @ — pi1 sin go)BéJ;) + 241 cosgpsimpgf)
so
Bég) = —2 ( f5 €082 Y — 11 sin’ @D)Bé];) + 241 cosqpsinwgf) ,
Hoy
_B%) — Bég) — ,uj:,u (s cos p cos ) + puy smgpsmw) 68 ,

B%) — Bég) — ,uj:,u (s cos p cosh + puy smgpsmw) 69 ,
~af2 = :Z(:osnon(fg + \/Tsingovogf?, ()
~a{7) = 'L'LZCOSQOUO([Q — \/Tsingovogfg),
~a{8) :Zicoson(jg) \/T inyV, a87
T = L cosy U = Y sinp Vg,
~057f6) = //;iCOSgDVOEQ + 'Z;%sinché;,
*057]‘7) = /lZCOSgDVCE? — 'Z;%sin@Ugg,
157];) = ZZ coswVOEQ + \/T sin Y Ugg,
Nogf;) = ZZ coswvogf;) — \/T sin ¢ UC(YQ.
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