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ABSTRACT: Abelian T-duality in Gauged Linear Sigma Models (GLSM) forms the basis of
the physical understanding of Mirror Symmetry as presented by Hori and Vafa. We consider
an alternative formulation of Abelian T-duality on GLSM’s as a gauging of a global U(1)
symmetry with the addition of appropriate Lagrange multipliers. For GLSMs with Abelian
gauge groups and without superpotential we reproduce the dual models introduced by Hori
and Vafa. We extend the construction to formulate non-Abelian T-duality on GLSMs with
global non-Abelian symmetries. The equations of motion that lead to the dual model are
obtained for a general group, they depend in general on semi-chiral superfields; for cases
such as SU(2) they depend on twisted chiral superfields. We solve the equations of motion
for an SU(2) gauged group with a choice of a particular Lie algebra direction of the vector
superfield. This direction covers a non-Abelian sector that can be described by a family of
Abelian dualities. The dual model Lagrangian depends on twisted chiral superfields and a
twisted superpotential is generated. We explore some non-perturbative aspects by making
an Ansatz for the instanton corrections in the dual theories. We verify that the effective
potential for the U(1) field strength in a fixed configuration on the original theory matches
the one of the dual theory. Imposing restrictions on the vector superfield, more general
non-Abelian dual models are obtained. We analyze the dual models via the geometry of
their susy vacua.

KEYWORDS: Duality in Gauge Field Theories, Sigma Models, String Duality, Supersym-
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1 Introduction

String theory is arguably the field of physics that has stimulated the most work in various

fields of mathematics. One of the most prolific example is mirror symmetry. From the



physical point view, mirror symmetry is an example of the power of symmetries and dual-
ities in string theory. Indeed, the deepest physical explanations for mirror symmetry are
rooted in the idea of duality, more specifically, T-duality. One of the first suggestions that
mirror symmetry can be understood in the language of T-duality was put forward in [1];
the insightful work of Strominger, Yau and Zaslow further developed this idea in a particu-
lar context [2]. The state-of-the-art description of mirror symmetry presented in [3, 4] ties
together many works around the concept of T-duality, including non-perturbative effects.

A practical way to understand T-duality is to consider a system with a global U(1)
symmetry, promotes this symmetry to a local symmetry by introducing a gauge field and
a Lagrange multiplier enforcing flatness of the corresponding connection. Then, the T-
dual models are obtained as the result of integration in different orders [5]. A similar
proposal was put forward for the case of non-Abelian T-duality [6]. There has recently
been a revival in implementations of non-Abelian T-duality (NATD) in the context of
supergravity solutions fueled by an understanding of its implementation in the RR sector [7,
8]. NATD has been widely applied as a solution generating technique for some supergravity
backgrounds and has provided many new examples of pairs in the context of the AdS/CFT
correspondence (see [9, 10] and references therein). Given the mounting evidence in favor of
NATD as a symmetry of supergravity with RR fields, and indirectly of a class of non-linear
sigma models in string theory, it is natural to explore the possibility that NATD could be
implemented at the level of 2D gauged linear sigma models (GLSM). Indeed, there is a
well-established connection between GLSM and NLSM in the context of string theory.

In this manuscript we study NATD in GLSM. We have various motivations in mind.
For example, we hope that further understanding of NATD in GLSM could lead to a
clarification of mirror symmetry in more general Calabi-Yau varieties [11, 12], specially
in determinantal varieties [13, 14]. Here we work on the implementation of non-Abelian
T-duality, planning the future exploration of the precise connections to mirror symmetry.
We follow the standard definition of T-duality stated above and implement it for a class
of GLSM with a non-Abelian global symmetry. The process is carried out by taking a
non-Abelian global symmetry in a gauge theory and gauging it by the introduction of
an extra non-Abelian gauge field. Then a Lagrange multiplier term is added (as in the
original formulation of the duality) to enforce flatness of the corresponding connection.
Eliminating the Lagrange multiplier or the gauged field leads to the original or the dual
model depending on which field is integrated out first. We illustrate this procedure first
in the case of a scalar field minimally coupled to a gauge field. Later we study several
examples of Abelian T-duality in GLSMs. The main idea consists on integrate the vector
superfield obtaining a set of equations of motion to express the original coordinates, chiral
superfields, in terms of the dual coordinates, which are twisted chiral superfields. This
dualization method has the advantage with respect to the method of Hori and Vafa [3]
that allows a straightforward generalization to non-Abelian symmetries.

Then we formulate non-Abelian T-duality for a GLSM U(1) theory with a generic
global symmetry acting on chiral superfields. We gauge the symmetry by introducing a
vector superfield and add a Lagrangian term with an un-constrained superfield as Lagrange
multiplier. Integrating the vector superfield one arrives to a set of equations of motion



leading to the dual theory. The dual superfields satisfy a semichiral condition, but in
special cases such as SU(2) it reduces to a twisted chiral condition. To explore the duality
further we consider as a model a GLSM with two equally charged chiral superfields, with
a global SU(2) symmetry. We study the model in detail, dualizing the SU(2) symmetry,
to obtain the dual Kéhler potential and the twisted superpotential. First we focus on a
family of Abelian dualities along an SU(2) vector superfield direction which turns out to
be more general because the dual theories describe a non-Abelian set of the SU(2) vector
superfield. Then we consider a restricted vector superfield that leads to a fully non-Abelian
dual model.

A crucial ingredient that was missing in the original attempts to cast mirror symme-
try as T-duality was the inclusion of nonperturbative effects such as instantons; this was
addressed systematically in the work of Hori and Vafa [3]. Motivated by this approach we
also take some steps in this direction and include corrections to the twisted superpoten-
tial and demonstrate that it satisfies some of the expected properties as that it leads to
coinciding twisted effective superpotentials for the gauge field strength in the original and
the dual model. In addition, by dualizing an Abelian direction in SU(2) and considering
the instanton twisted superpotential one obtains the same theory as the one obtained via
a U(1) dualization.

The manuscript is organized a follows: in section 2 we start reviewing supersymmetric
gauge theories in 2D with (2, 2) supersymmetry. In section 3 we present Abelian T-Duality
in GLSMs. In 3.1 we show an example of gauging a global symmetry in a gauge theory,
which is given by two scalars fields minimally coupled to a U(1) gauge field. In 3.2 we
present a (2,2) 2D gauged linear sigma model with two chiral superfields. In subsection 3.3
we describe Abelian T-duality in the mentioned GLSM by first dualizing a theory with
a single U(1) along the phase of one chiral superfield. Then we consider the case of a
single U(1) gauge group and multiple chiral superfields, together with all the superfields
dualizations. We finish the section by considering Abelian T-duality of a theory with
multiple U(1)s and multiple chiral superfields. We demonstrate in subsection 3.5 that our
approach leads to the same dual model as in the case of Hori and Vafa [3] . In subsection 4.1
we formulate non-Abelian T-duality for GLSM with a U(1) gauge symmetry and a generic
global symmetry group, obtaining the equations of motion that lead to the dual model.
We discuss the generalities of the dual model obtained by dualizing an SU(2) symmetry in
a U(1) gauge theory with two equally charged chiral superfields. Subsection 4.3 focuses on
a particular case of dualization along a single SU(2) generator; the following subsection 4.4
investigates a dualization along a generic Abelian direction inside of the SU(2) group.
Section 5 considers a more general dualization for a selection of the vector superfield,
which is a truly non-Abelian direction. Moreover, we analyze the vacuum manifold of the
dual theory without instantons, which has the same geometry as the vacuum for a family of
Abelian symmetries. Section 6 compares the mirror symmetric theory obtained by dualizing
via Abelian T-duality in the scheme of Hori-Vafa [3] with our Abelian dualization, which
leads to the same results. In section 6 as well we compare the dual theories of a family
of Abelian dualities inside of SU(2) with the one of a single U(1) dualization, finding a
perfect match. We present our conclusions and point to a number of interesting follow up



directions and open problems in section 7. Finally, in a series of appendices A to F we

present supporting calculations and adress some technical questions.

2 (2,2) supersymmetric gauge theory in 2 dimensions

In this section we recall some aspects of superfield representations in 2D which are well
understood from the 4D point of view; our goal is to set up the notation and describe the
basic fields which are the content of the GLSMs. The treatment of this section follows
closely the monograph “Superspace or One Thousand and One Lessons in Supersymme-
try” [15] and Witten’s work on GLSMs [16], to which the reader is referred for more details.
Along the section we will describe chiral, twisted chiral and vector superfields, and also
twisted chiral field strengths.

Let us consider the dimensional reduction of a 4D N = 1 supersymmetric gauge the-
ory to 2D, this theory is supersymmetric with 2 supersymmetries: N’ = 2. In one way of
realizing the dimensional reduction denoted (2,2) there are two left Q_,Q_ and two right
Q4+, Q. supersymmetry generators in 2D [16], coming from the 4 SUSY generators in 4D.
In another way one has only two right supersymmetries, denoted (0,2). Here only the op-
erators Q.+, Q4 generate the 2D SUSY [16], this case will not be considered in the present
work. We employ the N' = 1 4D superfield language to describe (anti-)chiral, twisted
(anti-)chiral and vector superfields. Twisted chiral superfields arise in the supersymmetric
theory in 2D. In the context of non-linear sigma models there are as well semi-chiral super-
fields, which constitute representations of (2,2) SUSY [17, 18]. In this manuscript we are
interested on the class of GLSMs considered by Hori-Vafa in [3] where the representations
of the original theory are given by chiral superfields. However in our description of non-
Abelian T-dualities we will encounter semi-chiral conditions for superfields (see section 5).

Let us write the supersymmetric covariant derivatives in 2D as!

Di = —&2_)1_L+z‘9i(80q:63), Dy = &?i — 'éi(aoq:ag). (2.1)
They will also be denoted as Dg and D,, with indices & = +,— and a = +,—. The
superspace coordinates are denoted as (z#,6%,6%), where the 2D space-time is given by
2%, 23, and the extra coordinates are x!,22. The covariant derivates (2.1) are relevant
in the restrictions on a generic superfield that lead to the susy representations. In the
expressions only the 2D coordinates z° and 23 are relevant in the dimensional reduction
from 4D, because the fields are considered as independent of x!', 2. The chiral (®) and

anti-chiral (®) superfields are defined as:
D,®=D_® =0, D,®=D_&=0. (2.2)

Let us also define twisted chiral (V) and twisted anti-chiral (V) superfields as:

D,V =D ¥ =0, D,V =D _¥=0. (2.3)
These are supersymmetric representations that only occur in 2 dimensions.
'They come from dimensional reduction of the 4d covariant derivatives Dy = 766% — 0“0t 0, and

Do = 32+ +1i0%" 0, [16].



A non-Abelian transformation for a chiral superfield ® in the fundamental representa-
tion of a non-Abelian group is given by:

' = o, A= ATy, DgA =0, (2.4)

where A generates the transformation and T’y are the generators of the group. The trans-
formation parameters A depend in general on superspace coordinates and A takes values
in the Lie algebra of the group spanned by the generators T4’s. The last condition in (2.4)
on A makes it a chiral superfield and ensures that the transformed field @' is also chiral.
Correspondingly, an antichiral superfield ® transforms as

' =de ™ A=AT., D,A=0, (2.5)

where A represents an anti-chiral superfield depending on superspace coordinates. For
local transformations, where A(z) depends on 2, one has that A # A and a gauge field is
introduced to make the action covariant. More precisely, the theory has a multiplet of real,
Lie algebra valued, scalar superfields V = VAT, transforming under gauge transformations
A and A as

eV = eiheVe i, (2.6)

From the transformations (2.4) (2.5) and (2.6) one sees that the term in the action
[ do*®eV @ is covariant.

There are covariant derivatives with respect to A transformations (gauge chiral rep-
resentation) and with respect to A transformations (gauge antichiral representation). A
set of derivatives covariant with respect to A transformations is given by D4 = D, and
Do = eV Dye". A set of covariant derivatives with respect to A transformations is given
by T)’d = ¢V Dge "V and D!, = D,. These two sets of covariant derivatives allow us to
define a 2D gauge invariant field strength, as a twisted chiral superfield, as follows:

1 _
$=3{D. D}, DE=DT=0 (2.7)

where D, and D, are the gauge covariant derivatives. The gauge transformation of the
field strength is given by ¥ — e"A¥e~. Analogously, one can construct the field strength
S = I{D",D/,} which is a A covariant twisted antichiral superfield. One can write

1_
Y= 5D+(e—VD_eV) (2.8)
1, _
= 5(D+e*VD_eV +eVD,D_ev).

The hermitian conjugate of the field strength X is given by
1 1 1

Y= i{ﬁL,Dﬁr} = §D+(6VD_67V) = §(D+evD_67V +e"D,D_e"), (2.9)

and has gauge transformation ¥ — ¢iASe~iA, For an Abelian gauge group one gets the
following expression

1._
S0 = 5D+ DV, (2.10)



and Xg = %D,D+V0. We denote this field strength with subindex 0 because it represents
the original U(1) gauge group of the GLSM, while V' and ¥ denote the gauged global
symmetry.

We finish this section by presenting the expansions of twisted (anti-)chiral superfields
and twisted field strengths of an Abelian vector field Vj up to total derivatives. They are
given by [19]

X; =2 + V20 . + V20 x_ +2010"Gi + ..., (2.11)
X, =& + V20T +V2¥_ 07 +20007G + .. .,

Yo = o0 +ivV20 A, —ivV20 A + 20707 (D — dvo3z) + .. .,

S0 = 60 — V22107 +ivV2A_07 + 20707 (D + ivg3) + . ...

The ellipsis represents derivatives of fields contributing to the kinetic terms of the La-
grangian. Looking at the twisted chiral superfields expansions: x; is an scalar field, (x4, x—)
are spin % fermions and G; are auxiliary fields. All the components fields depend on the
space-time coordinates °, 2%, In the field strength expansion one has the scalar og, the
spin % fermions (A4, \_), the auxiliary field D, and the 2D gauge field strength vg3. In
appendix E we collect useful formulas for the superfield calculations performed in the work,

in particular we give the conventions for integration in superspace.

3 Abelian T-duality in GLSMs

In this section we formulate Abelian T-duality in gauged linear sigma models as a gauging
of a global Abelian symmetry. First, in the bosonic context, we highlight the differences
of this approach with the more traditional T-duality in GLSM explained in detail in [4].
We present the approach of gauging a global symmetry in a theory which already has local
symmetries. We then consider the case of a GLSM with two chiral fields, a U(1) gauge
group, and a global U(1) symmetry. Then we describe the dualization of all Abelian global
symmetries for a GLSM with a U(1) gauge symmetry and n chiral superfields ®; of charge
Q;. Next, we describe the dualization procedure for a theory with m U(1) gauge fields
along the phase of n chiral superfields. This method applies for more general cases some
of which we consider in the following sections, as the dualization of non-Abelian global
symmetries in GLSMs.

3.1 Dualization of a gauge theory with global symmetries

In this section we describe the T-dualization of a theory with two scalar fields coupled
to a gauge field with minimal coupling, which possesses an U(1) global symmetry. This
example serves to illustrate the procedure of describing T-duality as a gauging of a global
symmetry in a gauge theory. The global symmetry U(1) acts as a translation on the scalar
fields. The dualization of a scalar field minimally coupled to a gauge field is discussed in [3]
via another procedure, which consists of constructing a Lagrangian that after integration
of certain of its coordinates gives the original or the dual model. Our goal in this section
is to show that the dualization of a gauge theory can be realized by gauging the global



symmetry and adding a Lagrange multiplier term; this approach follows the prescription
of de la Ossa and Quevedo [6].

Consider the theory of two scalar fields, ¢ and ¢2, minimally coupled to a U(1) gauge
field A,. This theory has the Lagrangian

Lo = —,02(8#(151 + QIA#)2 - 02(8u¢2 + Q2Au)27 (3.1)

where Q1 and @2 are the charges under the U(1) gauge symmetry. The theory has gauge
symmetry given by the transformations ¢12 — ¢1 + Q12A, 4, — A, — J,A, with local
parameter A. There is as well a global symmetry acting as translations on ¢1 and ¢o which
can be parametrized as ¢ — ¢1+Q1A, ¢ — do. This symmetry can be gauged by making
the parameter A dependent on space-time coordinates. Thus a gauge field Au needs to be
added. Under this scheme one can construct the Lagrangian

Ly = *P2(8,u¢1 + QlAu + QlA,u)2 - p2(au¢2 + Q2Au)2 + ¢Fuu€“”. (3.2)

Integrating the Lagrange multiplier field 1, i.e., imposing its equation of motion (e.o.m.)
one obtains the pure gauge restriction FWGW = 0, which applied on (3.2) leads to the
original model (3.1). Instead, taking a variation of (3.2) with respect to A,, that is,
considering the equation of motion for flﬂ, we obtain:

L o pen (3.3)
1

Oy + QrAF + Q1AM = — 5

p
which upon substitution in (3.2) it leads to the dual Lagrangian:
D—-1/(2 Q y
Liwal = —5— ( - 1) (0u1)% — ZH e Fry — p* (0 + Qa2 A,)%. (3.4)
p @1 @1
D represents the space-time dimension. By making the redefinition ¢ — 2¢/ Q; and fixing
Q1 vs. D to ensure (D — 1) (Ql — 1) =
1

Vafa in their duality procedure [3]:

—i, one gets the normalization obtained by Hori-

1 1
Lilual = —@(5;@)2 - Q1¢€#V§wa - p2(au¢2 + QQAM)Q. (35)

This simple example shows that T-dualities can be described in gauge theories, as a gauging
of remnant global symmetries. This procedure is equivalent to taking as a starting point a
more general Lagrangian that encodes the model and the dual model [3]. It is important,
however, to notice that in this case one requires the existence of an extra scalar field which
we call spectator (because it is not charged under the gauged global symmetry) to allow for
an extra global Abelian symmetry that can be gauged. We will encounter similar situations
in more general cases.

3.2 Supersymmetric GLSM

Here we describe 2D (2,2) supersymmetric GLSM’s with a single U(1) and multiple chiral
superfields. We give the Lagrangian containing the kinetic terms and gauge interactions,



without a superpotential. Also we describe the twisted superpotential with its instanton
corrections. This theory is the starting point for most of the dualities that will be studied
in this work.

The Lagrangian of a 2D (2,2) GLSM with gauge group U(1) and n chiral superfields
®; with charges @; can be written as [3]

S 1 - 1 -
Lo = / d*o (Z P2V, — 2622020> -3 / d?0t%y + h.c., (3.6)

i=1

where t = r—i6, with r the Fayet-Iliopoulos (FI) parameter and € the theta angle; e denotes
the U(1) gauge coupling. The classical theory is invariant under vector (V) times axial-
vector (A) R-symmetries U(1)y x U(1)4, where ¥ has charge (0,2). The chiral superfields
transform under the vector times axial-vector R-symmetries, the U(1)y transformation is
given by ®(z, 0%, 0%) — 0% &(z, e~ 0% ¢i*6F), and the U(1) 4 is given by ®(z, 0%, 6F) —
emqil@(x, eTief* et f*) with gy and g4 charges with respect to the vector and axial-
vector symmetries. The U(1)4 symmetry has a chiral anomaly which is canceled for the
charge relation: >, Q; = 0. As we are considering simple examples meant as building
blocks for more realistic cases we do not impose that condition.

In addition, the theory (3.6) has other global symmetries, which are at least (N — 1)
U(1) symmetries, those are the phase rotations of the N chiral superfields modulo U(1)
gauge transformations. Fach charged chiral superfield ®; can be dualized using the phase
rotation symmetry. This gives rise to Abelian T-duality.

Considering one-loop effects, one can obtain an effective superpotential for the vector
field ¥ with a fix configuration [16]. This is done by computing corrections to the vacuum
expectation value of the D term. The effect can be interpreted as an effective value for
the FI term depending on the scalar component of ¥y, which is 0. The effective twisted
superpotential reads [3, 16]

Wett (Z0) = Z —Y0Qi <1n <Qf°> — 1> — 5. (3.7)

This effective superpotential will serve for comparison with the one obtained for ¥ in the
T-dual model.

3.3 Abelian T-duality

Here we describe the T-Duality of a 2D supersymmetric (2,2) GLSM with Abelian gauge
group U(1) and two chiral superfields with charges Q1 and Q2.2 This system has one
global U(1) symmetry realized as the phase rotations of ®; and ®3 modulo the U(1) gauge
transformations. On the target space parametrized by the scalar components of ®; 9 it
constitutes a system with one cyclical coordinate. The procedure we perform in this section
is equivalent to the one presented in [3], but consists of gauging the global symmetry in
the Lagrangian and adding a Lagrange multiplier in the scheme presented in [20].

2They could be chosen to satisfy the anomaly cancellation condition Q; + Q2 = 0.



Let us fix the gauge to remove the phase transformation of ®, and then implement the
T-Duality by gauging the phase rotation of the field ®;. Namely under the Abelian global
symmetry with parameter « the fields transform as

Py — 2Py, Py — Py, (3.8)

We promote the global symmetry to a local one by introducing a vector superfield V' and
the Lagrange multipliers superfields ¥ and ¥ [21]. The Lagrangian reads

_ _ __ 1 _
Ly = /d40 <¢,162Q0Vo+2QV(I)1 + $5e2Q02Y0 P, + TN + U — 222020) (3.9)
e

1 ~
-3 /d29t20 +h.c.,

where Vj and Xy = %DJF D_Vj are the vector superfield and field strength of the U(1) gauge
symmetry, while V and ¥ = %DJFD,V are the vector superfield and field strength of the
gauged symmetry. We have gauged the global U(1) symmetry via the vector superfield V'
and the use of the unconstrainted superfields ¥ and ¥ which constitute Lagrange multi-
pliers. Integrating the last two one gets the condition 3 = 0, which is a pure gauge field,
leading to the original GLSM of two chiral superfields coupled to a U(1 ) vector superfield
V. The equation of motion obtained by varying the action w.r.t. to V, 2 5V =0, is given by

A+A
D12V ) = =~ — 3.10
1€ 50 (3.10)
with A = %D+D_\Il and A = %D_DJF\TJ. The definition determines A and A as twisted
chiral and anti-twisted chiral superfields. From (3.10) one can write

1 A+A 1 200V
V=36 50 2Q1q>e ®. (3.11)

Plugging the expression for V into (3.9), the Lagrangian can be written as

A+A A+A A+A_ _ 1 -
L = /d49 (— i 1n< il > _ At In(®1e2Q0V0p ) + $ye?@02V0p, — 222020>
(&

2Q 2Q 2Q
1 -
-5 / d*0t¥o + h.c. (3.12)
Let us work out the second term in the previous equation (3.12), it reads
A+A
—/d49+(2Q0VO) / #1090 (Avp) — /d40QO(AV0) (3.13)
2Q Q Q
_ Qo

Qo/ At - T
d0TdO~SoA + ddTdo~ oA,
2Q 20 0

This gives the dual Lagrangian

A+A A+ A A+A, - _
_ 4 2 Vi
Ll_/d9<— 20 1n< 20 )— 20 In(®; ;) + Poe?P02 0q>2—222020>

+3 ([ #iaQuQ -0z + [ Eidue-0s)). (3.14)




The second term in (3.14) has an extra piece with respect to the one obtained in equa-
tion (3.16) of [3]. However, this extra piece vanishes due to the following property:

A 1 A _
/d492an(<I>1<I>1) = 4/d0+d9 @D+D_ In(®;P;) = 0, (3.15)

which is fulfilled as a result of D+<f>1 =0 and D_®; = 0. Similarly the A term vanishes.
The final dual Lagrangian can be written as

_ _ i -
4 A Al A+ A 2Qo,2Vo 1
Ly = /d 0 (— 5 n< 5 > + o€ Dy 52 Y020 (3.16)

‘ié (/ d20(AQo/Q — t)So + /dQé(AQO/Q - 5)20> :

For @ = 1 it reproduces the dual Lagrangian obtained with the Hori-Vafa procedure, see
3.1 of [3]:
A+ A 1

1 - _ _
L = /d49 (2(A +A)In <2> + Bye?Q02V0p, — 2822020> (3.17)

+% (/ d*0(AQo — )Xo + /d29:(AQ0 - E)Eo> :

There is, however, a difference: the presence of the spectator chiral superfield ®,. From
this Lagrangian and using the expansions of the superfields in (2.11), one can compute
explicitly the scalar potential, whose components are given below

1 </ dzé(AQQ—t)iﬂ+/ dzé(/_\Qo—aE()) = (Qoy—t)(D—Z'Uog)—i-doG-l-(Q()g—E)(D+i7)03)

2
P I g
+O’0G—7 d 92020
2e?

1 . )
= -5 (D—ivp3)(D+ivo3)

2e
=L (p2)
- 262 03/»
1 _ A+A _
= / d*0(A+A)In <2> = K;;G,G5,
/d49 @QGQQO’QVO(I)Q = F2F2+Q072D$2j2, (318)

where F and x5 are the auxiliary and scalar components of the superfield ®5, y and G
are the scalar and auxiliary components of the twisted chiral superfield A, and ¢,j = 1 are
indices denoting the single twisted superfield with K7 being the K&hler metric evaluated in
the scalar y. In appendix C we compute generically the scalar potential and interactions for
a given Kéahler potential and twisted superpotential of twisted-chiral and twisted-antichiral
superfields. The scalar potential can be written as:

1 _ _
U=-— [Qo(y + g) — (t + E)] D—-2 RG[O'()G] — @Dz +K13G1G3 — —Q0,2D$2i‘2. (319)
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The contribution of the auxiliary field F5 to the scalar potential is zero since is not coupled
to any field. Next, integrating out the auxiliary field D we find

D = —62 [Qo(y + g) — (t + 7?)] - €2Q072x2f2. (320)

Substituting the previous expression into the potential and reducing terms we obtain the
expression

2
e _
U = ) [Qoly + 1) — (t+ E) + Qoygl‘gﬂ?gf — 2Re[ooG] + KijGiGj . (3.21)

Moreover, we want to eliminate the auxiliary field G. Using the equation of motion K;1G =
00, the scalar potential reduces to

2
U =5 1Qoly+7) — (t+8) + Qoazams]’ — K ' ool” (3.22)

This potential has susy vacua at op = 0 and (Qo(y +7) — (t + 1)) + Qo222%2 = 0; there
are two subsets of vacua: xo =0, (y+7) = (t+1¢)/Qo and z2 = \/(t +1)/Qo2, (y+7) = 0.
Going to the Higgs branch with vacuum o¢ = 2 = 0 and (y + §) = (t +1)/Qo,2 the gauge
field strength vps gets a large mass in the IR limit, thus it can be integrated out [3]. Let
us integrate the field strength vgs, the effective scalar potential is given by the sum of U
and the terms proportional to vgs, i.e.

e2
U = & 1Qoy +9) — (¢4 D +3[Qoly — 5) — (¢~ B vos — 538 (3.23)

integrating out vg3 we get the following expression

voz = ie” [Qo(y — 9) — (t — )] (3.24)

Substituting this into (3.23) we obtain

62 62
Uei = 5 (Qo(y +7) = (t+1)* = —(Qoly = 7) — (t = 1))* (3.25)

= 2e*(t — Qoy)(t — Qoy) = 2€*|t — Qoy|*.

The supersymmetric vacuum lies at the locus Qoy = t. The susy vacuum arises by taking
the Higgs branch, i.e., 09 = 0 and integrating vp3 in the IR limit. This procedure is equiva-
lent to integrating the twisted field strength ¥ in the twisted superpotential (3.17) to obtain
the relation AQy — ¢t = 0, which implies the previous relation for the scalar components y.
The resulting theory comes from incorporating the instanton contribution [3] to the total
twisted superpotential, which can be written as Wiy, = %(AQO — )8 + e A If we look
at Wiot and integrate out A this will give rise to the same effective potential for ¥ as in
the original theory (3.7). If we integrate 3¢ the condition AQy — ¢t = 0 leads to a constant
twisted-superpotential W=et Qo having a theory with a zero scalar potential. We will
compare this result with the dual models constituting a family of Abelian T-dualities of
section 4, which constitute a subset of a non-Abelian T-duality.

— 11 —



The Kahler metric of the dual theory reads

1
ONOK — —— 3.26
ATA 2(A + A) (3:26)

Writing the scalar components of the superfields ® as ¢ = pe? and A as A\ = p + i0, the
equation of motion (3.10) implies the relation p?> = 5/Q. One can describe distances in the
dual system with the metric

_dp* + db?

d2
s 17

(3.27)

_ 1 1
- Q 4Qp?

The measure (3.27) implies the condition Re(A) = p > 0, which after renormalization is
corrected to Re(A\) > —In(Auyv/p), with Ayy the UV cutoff and p the energy scale [3].
The dual fields A and A in (3.17) are twisted chiral and twisted anti-chiral superfields.
Therefore, the duality exchanges the chiral superfield ®; by the twisted chiral superfield A.

dp* + do?.

3.4 Multiple chiral superfields

In this subsection we apply the method to describe T-duality by gauging multiple global
symmetries in a gauge theory to the case of a 2D (2,2) GLSM with one U(1) gauge sym-
metry, with vector superfield and field strength Vy and ¥ and N + 1 chiral superfields ®;
with charges Q;. This theory has U(1)" global symmetries that can be gauged, and from
the resulting theory the gauge fields can be integrated out to lead to a dual model. This
case has also been studied in the work by Hori-Vafa via their dualization method, here we
show the equivalence to the T-duality procedure we are spousing.

We start with the Lagrangian (3.6) with n = N + 1 chiral superfields. We consider
a parametrization of the U(1)" global symmetries, such that each field ®;,i = 1,..., N
is only charged under the U(1); with charge Q;, i.e., under U(1); the chiral superfields
transform as:

U(L)i: @ = 9N, Vg ) — ). (3.28)

The field @, is uncharged under the U(1)" global symmetries. The gauging of these
symmetries into the Lagrangian is given by

N N
= , 5V, 1 - o
L= /d49 <Z $,e20 V0420 Vi, 503 2050 + D (s + \IJiEi)> (3.29)
i=1 i=1
_ 1 _
+ / d*0 (D 412N+ 0Dy ) — 3 / d*0t%o + h.c.,
where V;, ¥; and ¥; denote respectively the vector superfield, field strength and Lagrange

multiplier superfield associated to the gauged symmetry U(1);. The field ®; with i =
1,..., N has charge Ql under the gauged symmetry. @y is a spectator superfield, which
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is not charged under U(1);, is not dualized, and serves to provide the original theory with
an extra U(1) global symmetry.
The equation of motion obtained by making the variation of the action w.r.t. to V; as

g—é = 0 is given by

(i)ie2QiVo+2Qi%(I)i _ A;g Ai7 (3.30)

from it one can obtain an expression of the vector superfield of the gauged symmetry as

1 A+ A 1 - 50
it L g2, (3.31)
2Q; 2Q; 2Q;

Using (3.31) in (3.29) below, i.e., integrating each of the vector superfields V; one gets the
dual Lagrangian

N - _
Ai + AZ AZ + Az _ 9 v 1 _
Laual = /d4(9 - = ln< = ) + Pntie QN+1 DNy — =200
iz; 2@2 2@1 2¢2

1 (& . 1 (N L
+2/d29 (Z; NiQi/ Qi — t) Yo+ 2/d20 (Z} NiQi/Q; — t> So.  (3.32)

This constitutes a replicated version of (3.16). It gives an alternative procedure to perform-
ing the dualization made by Hori-Vafa [3] (see their subsection 3.2.1), without the need of
deforming the D-term i.e. avoiding the procedure they called in that scheme localization.
More importantly, our procedure also allows to obtain directly the Lagrangian leading to
the dual theories, once the global symmetries to gauge are defined. The equation (3.32)
fits their dual model by setting V; Ql = 1. The total twisted superpotential, after adding
the instanton contributions reads

N
W = (Z AQ; — t) Yo +Mze*Ai. (3.33)
=1 7

The procedure can be applied as well to more general GLSMs, with a larger gauge
symmetry and larger global symmetries. In particular, it can be applied to the case of a
GLSM with multiple U(1) gauge fields. We also expect that it can be applied to GLSMs
with non-Abelian gauge symmetries as the ones described in [14]; these extensions would
be the subject of future work.

3.5 Multiple U(1)s

In this subsection we perform the dualization procedure along the direction of the global
Abelian symmetries in the system of N chiral superfields and M U(1) gauge symmetries.
One requires an extra set of M spectators fields in order to have U(1)" global symmetries
not contained in the U(1)M gauge symmetry. The result of dualization is precisely the dual
model presented in section 3.3 of [3] plus the neutral fields under the gauged symmetries,

,13,



which do not play a role in the duality, but act as spectator superfields which allow for the
existence of extra global Abelian symmetries.

The chiral superfields ®; have charge QZ under the gauged symmetry and charges @; ,
under the original U(1), gauge symmetries of the GLSM. The transformation parameters
with respect to the gauge symmetry and the gauged symmetry read A; and A,. Both
transformations are given by

UL); : & — 9N, Vi & — D, (3.34)
U(l)a O, — eiQa’iAaq)i.

We start with a Lagrangian where the global symmetries have been gauged, and La-
grange multiplier fields have been added:

N N
_ . 1 _ o
I S0 2QiaVat2QiVigy, S
L= /d 0 <§ e o - 27 SaSa+ (U5 + xyzzz)) (3.35)

i=1 a =1
M+N 1 ~
+ / d40< > @kezﬂQk»aVa@k) — Zi / d*0t,X, + h.c.,
k=N+1 a

where V; and 3J; denote the vector superfield and field strength associated to the gauged
U(1); symmetry, V, and ¥, denote the vector superfield and field strength associated to
the GLSM gauge symmetry U(1),. There are M spectators chiral superfields ®; with
charges only under the original gauge group, and uncharged with respect to the gauged
symmetries. The equation of motion obtained by varying the action with respect to V; as
g—{z = 0 is given by

(i)ieza QQmVa+2QiViq)i — Ai _': Ai. (3.36)

2Qi

In the above equation A; = %DJ’_D_\IlZ‘. As solution for the U(1); vector superfield we

obtain the expression

IEUNOED
2Qi  2Q; 2Q
Plugging (3.37) into (3.35) the dual Lagrangian reads

Vi In ®;e2a 2QiaVap, (3.37)

N < = M+N
A+ A [N+ A = I &
Lawl = | d'0 —§ | N § Ppe2a2CraVap —§ . 05 YN
dual / ( i) n< 20 >+M+1 H £ %2

N
1 ~ .
£33 [0 ( o001 B e (339
Let us compare now with the dualization procedure of Hori-Vafa. Setting the charges

under the gauged symmetries as ); = 1, the total twisted superpotential, after adding the
instanton contributions reads

N
W=>"%, (Z AiQiq — ta> +py et (3.39)
a i=1 7
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This coincides with the results of section 3.3 in Hori-Vafa work [3] but we employ the ap-
proach of gauging the remnant global symmetries. In this case the dual manifolds obtained
by this procedure are the same as in the Hori-Vafa cases, because the twisted superpoten-
tial in the effective dual theories coincide. The dual theory is obtained by taking the Higgs
branch of vacua where the vev of the scalar components of ®j is ¢ = 0, the vev of the
scalar components of 3, is 0, = 0 and the field strength wvo3, is integrated. In this case
all the X, are integrated out, to give the ralation between the fields Zfil NQiq = t, and
the twisted superpotential W = wy, e, This implies that the Abelian dualization re-
produces the same results for mirror symmetry as the Hori-Vafa dualization. In section 6
we analyze this Abelian duality in more detail for the case discussed in the text of two
chiral superfields with equal charges and a single U(1) writing the scalar potential in the
dual theory. We have tested in this section the method of gauging a global symmetry in
GLSMs, in order to describe Abelian T-dualities. Next, we are going to see the advantage
of this method in implementing non-Abelian dualities in GLSMs.

4 Non Abelian T-duality in GLSMs

In this section we implement NATD in a 2D (2, 2) supersymmetric GLSM. We start with a
GLSM with Abelian gauge group U(1), N chiral superfields ®; ; with charges Qg, >, nx =
N, i =1,...,n, where n; is the number of chiral superfields with charge Q. Due to
the coincidence of charges there is a group of global non-Abelian symmetry which acts on
the chiral superfields. The non-Abelian global symmetry, denoted by G, can be gauged
incorporating to the action the vector superfield V' and adding a Lagrange multiplier W.
When this field is integrated out one obtains the initial action. After obtaining the equation
of motion for a general gauge group we specialize to SU(2). We consider a simple model with
two chiral superfields in an SU(2) doublet, and perform the dualization selecting an Abelian
direction inside of SU(2). The results obtained for a family of Abelian directions apply as
well to a set of non-Abelian directions, this is discussed in section 5. In this dual theory
where the Lagrange multipliers are the new coordinates, we obtain the supersymmetric
vacuum which, together with the instanton corrections, leads to the dual theory.

4.1 Non Abelian T-duality for a GLSM with global symmetry G

In this subsection we start with the general action of a (2,2) GLSM with Abelian gauge
group U(1), N chiral superfields ®;; with charges Q, and a global symmetry G. We gauge
the global symmetry by introducing a vector superfield V' and Lagrange multipliers. The
vector superfield is integrated to obtain the equations of motion that allow to express the
new action in terms of the Lagrange multipliers coordinates.

We start writing the Lagrangian

_ _ 1 _
Lo = / d*e <Z Oy i (2VOTVY By s 4 Tr(UE) 4 Tr(UE) — 2622020> (4.1)
k

1 -
+5 (— / d*0t3, +h.c.) ,
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where the Lagrange multipliers ¥ and ¥ are unconstrained superfields in the adjoint rep-
resentation of the non-Abelian group G. When they are integrated out one obtains the
conditions ¥ = 0 and ¥ = 0. This condition is a pure gauge condition that leads to what
we call the original model, describing a U(1) gauge theory with chiral superfields coupled
to a U(1) vector superfield, this theory has the Lagrangian:

1 - 1 _
/ (Z By (20, Dy s — 2622020> +3 </d20t20+h.c.> .

Let us now integrate by parts the Lagrange multipliers terms in (4.1). We first expand
them using the definition of the field strength in (2.8) to get:

/d49Tr(\IfE) = /d49Tr (—;(D.plf)e_VD_eV) , (4.2)

/d49Tr(\I!E) = /d49Tr <;(D+\I')6VD6_V> .

The variation of the exponential of the vector field eV can be used to write the variation
of the inverse exponential e=" i.e. de™" as:

bV = —e V(6 )e V. (4.3)

The variation de" is not a gauge invariant quantity, a gauge invariant variation of V/
can be defined as [15]
AV =e V5. (4.4)

We can write this variation as AV = AV,T,, where T, are the gauge group generators.
The variations with respect to V' of the different terms in the Lagrangian (4.1) are given
next. First, the variation of the kinetic term for chiral superfields is given by

/d495 <Z (I)k,i(e2QkV0+V)ij(I)k,j> = /d492 (2O (T) i Pr ) AVa. - (4.5)
P

Then we compute the variation of the Lagrange multiplier terms:

§Tr(DyWe VD_e") = Tr (e D_e" Dy ¥ + D Ve VD_e" + D_D T)AV),
with x =e VD_ée",

and the conjugate:
STe(DyWeVD_e™V) = Tr ((—D_e_VD+\ileV—}-e_VD+\i'l_)_ev—i—e_V(D_,_D_\Il)eV)AV) .

Using the previous formulae, the equation of motion obtained for V' from 55 = 0 with the
Lagrangian (4.1) is given by:

1 _ _ _ _
—5(D+D_¥y+ D40y x D) Tr(e" T V'T}) + (22?V0eV T, ®) (4.6)

1 _ _
_Q(ifabc Tr(e_VD—eVTc)D+\IJb + D—D+\I’a/2) =0

,16,



Now we would like to express V in terms of the dual fields. The gauge symmetry can
be used to fix ® and ®. The vector superfield V is Hermitian, with VI =V, (e*V)f = ¢tV
and (AV)T = 6eVe™V = eV AVeV. This fact helps to simplify the equation of motion.
First we notice that I = —e¥'D_e~" which allows us to write (4.6) as

Te((X7 + 7% — D_7)T,) AV + Tr((xT + 7x + D_7)T,) AV, (4.7)
+ (P2 VT, B) AV, = 0.

We make the definition 7 = D, ¥ and 7 = D, V. The Lagrange multipliers terms in the
action (4.1) can be written as Tr(¥VX) = —3 Tr(ry) and Tr(¥X) = 3 Tr(7y). Considering
a set of commuting generators the equation of motion (4.7) reduces to the e.o.m. of the
Abelian case given in (3.10).
In the Wess-Zumino(WZ) gauge there is a strong simplification of the equations:
V2 V,D,V

eV =141V + ER eV Due" =D,V — [2“] (4.8)
In this gauge the object x = e~V D_e" can be expressed as x = x4 T,, this may be possible
in other gauges as well. For SU(2) we have x = x40, at any gauge. Then (4.7) simplifies to

D D_U,AV} + D_D,U,AV, + (220" T, ®)AV, = 0. (4.9)

The previous equation contains the variation AV, and its conjugate. Now let us
argue that they coincide. As we noticed previously (AV)T = eVAVe™V, this implies
(AV)IT, = (" T,e™V)AV,, which for Tr T,, # 0 gives AV, = (AV,)!. However if Tr T, = 0
the relation gives Re(AV,)(T, — eV T,e V) +iIm(AV,)(T,+¢e" T,e=") = 0. The mentioned
set of equations has solutions Im(AV,) = 0 and AV, T, = ¢ AV, T,e~". This last condition
implies [V, AV] = 0 which is a condition that arises also from the Wess Zumino gauge
relations (4.8) if AVT = eV AVe™ holds. Therefore we will consider that the relation
AV, = (AV,)! holds, and look at the equation of motion (4.7) under this consideration.

4.2 GLSM with an SU(2) symmetry

We now consider a gauge linear sigma model with global SU(2) symmetry that can be

gauged. This is the explicit example that we explore in detail in this work. We consider

the case of a U(1) gauge symmetry and two chiral superfields equally charged under it. We

apply our procedure of gauging the global symmetry of the theory which in this case is an

SU(2) symmetry. Integrating the vector superfield via its e.o.m. leads to the dual model.
The Lagrangian which includes as limits the two dual theories is given by

_ __ 1 _
Linodel = /d40 <<1>Z-(62QV0+V)ijq>j + Tr(UY) + Tr(TE) — 2622020> (4.10)

1 ~
-5 </ d%0ty +h.c.> ,

where by 1 and ¥y we denote the vector superfield and field strength of the U(1) gauge
group of the GLSM, ®; and ®; with indices i,j = 1,2 denote the two chiral and anti-chiral
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superfields, V' is the vector superfield of the SU(2) gauged symmetry with field strength %
and V¥ is the Lagrange multiplier, an unconstrained superfield. The superfields ® and ® are
doublets under the SU(2) global symmetry. The original model is obtained by integrating
out the Lagrange multiplier ¥ obtaining a pure gauge configuration > = 0. This defines
the CP! linear sigma model. The scalar potential in this model is given by

62Q2
— (81" + 62" = 2r)* + 2000 Q% (|61 * + |62"). (4.11)
The vacuum manifold for r > 0 is given by CP! = {|¢1|> + |¢2|?> = 27}/ U(1) and o = 0.
The mirror of the CP' model is obtained by dualizing with Abelian T-duality along two

U =

directions (i.e. employing the two rotation symmetries of the two fields ®; and ®3) and
is given by the A; Toda field theory [3] which will be compared with our dual models
in section 6. Now we want to use the global SU(2) symmetry to implement non-Abelian
T-duality in this model.

For this model the effective superpotential in the original GLSM for the gauge field
Yo (3.7) reads [16]

z
Wit (Z0) = —2Q%0 In <Q°) +2Q%0 — t%0. (4.12)
1
Due to the coincident charges the theory has one chiral and one antichiral SU(2)
doublets (®1,®5) and (@1, ®) respectively. Let us write the e.o.m. of the gauged vector
superfield V' (4.7) as

Te((X7 + 7X — D_7)T,) + Te((xT + 7x + D_7)T,) + (VY T,8) = 0. (4.13)
Let us define:

Xo=Tr((x7 +7x — D_7)Ty), Xo=Tr((xT +7x + D_7)Ty).
Employing (4.13) it is possible to express (®e?QY0eV ®) in terms of V, thus eliminating 3
of the 4 products (E(I)j, and leaving one. Applying the property dete" = 1 one obtains

ey ey
21 21
Xo = Tr((xT+7X + D_7)o,) = D_D,V,.

0D e®; = — X3+ he, (4.14)

The superfields X, gets simplified® in SU(2). It is possible to use the gauge freedom in
the gauged model to set ®;®5 = 0, by setting one of those components to zero. Substitut-
ing (4.14) in (4.1) we arrive to the dual model, which we analyze in the following. Let us
look at the reduction to the Abelian case considering x = e~V D_e" = D_V and only one
generator o, = 1, one gets:

Tr((x7 +7x + D_7)o,) +h.c. = Tr(D_V7 +7D_V + D_D,¥)) (4.15)
=D_D,V+D_D,V¥
=A+A
This equation coincides with the result for the e.o.m. of the Abelian duality given in (3.10).

3Taking into account that x = X0, for SU(2) this happens in any gauge, we thus obtain Tr((x7 +
T)oa) = Tr((xeTe + XeT)0v0c0a) = Tr((XoTe + XcTo)€bea2i) = 0. For other Lie algebras there is also a
symmetric part dgpe in the product 7,7}, check (B.1), this makes the mentioned term different from zero.
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Let us work the V' equation of motion (4.13) to solve for V' vs. the other fields. Sim-
plifying (4.13) with the condition Tr(x7 + 7x) = 0 one gets

(@YY, 8) = D_D, ¥, + D, D_V, = X, + X,. (4.16)

These constitute three equations of motion, one for each generator of the group algebra.
Note that on (4.16) the fundamental fields in the duality become X, and X, which are
twisted chiral and twisted anti-chiral superfields. This is the case for SU(2), but in more
general cases the fundamental fields appear to be the semi-chiral superfields D, W, recall
the e.o.m. (4.7). This needs to be explored further for other gauged groups.

The three equations of motion, one for each group generator can be employed to
express two components of €' in terms of the other two.* We write the e.o.m. (4.16) for
the generators a = 1,2 as

Dy X1+ Xy —i(Xo+ Xo)
v o_ vV x2 1 1 2 2
€12 = —€g 3, + 220 d, , (4.17)
V__Vg X1+X1+i(X2+X2)
“21= fi)g 262QV0(I)2(§2 ’

where e% denotes the (i, j) matrix element of ¢”. Employing these relations it is possible
to eliminate the V' dependence in the kinetic term of (4.10) to get:

—(P3(X71 + X1 +i(Xo+ Xo)) + P3(X7 + X1 — (X + X2)))

2Q0Vod LV adH .
EERACT A S TR (4.18)
The third constraint coming from (4.16) evaluated for o3 reads:
CI)%(Xl + X — i(Xo + XQ)) — @%(Xl + X + i(Xo + Xg)) (4.19)

+20, Dy (X3 + Xg) =0,

which allows to express the chiral superfields of the model vs. the twisted superfields of the
dual model. One can divide (4.19) by ®7 to obtain

(@2/@1)2()(1 + Xl — Z(XQ + XQ)) — (Xl + Xl + ’L(XQ -+ XQ)) (420)
+2(P2/ 1) (X3 + X3) = 0,

The solution reads:

—(X3 + Xg) + \/(Xl + Xl)Z + (XQ + X2)2 + (Xg + X3)2

F=(9y/®) = (X1 + X1 —i( Xy + X2))

(4.21)

Let us choose the solution with +. This solution can be employed to express the kinetic
term of the Lagrangian in terms of the dual coordinates X1, Xo, X3:

eQQVOi)iCZCI)j = \/(Xl -+ Xl)Q + (Xz + XQ)Q + (Xg + X3)2. (4.22)

“There is an extra relation coming from conjugating the previous expression ®;e2@"0 [€Y,04]ij®; = 0.
This could be achieved by setting [V, ,] = 0.
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From the chosen solution with plus on (4.21), one can use the gauge freedom to set F' =1,
i.e., giving ®; = ®o, which implies a constraint between the real parts of the twisted chiral
superfields

q)l:(I)Q—>X2+X2:X3+X3:0. (423)

One could also fix &5 = i®, then the gauge implies X7 + X, = X35+ X3 =0. This will be
particularly useful at the time of analyzing the dual model geometry.

4.3 Dualization along o1 € SU(2), V = |V|o1

In this subsection we would like to proceed with a simple case, that is to take an Abelian
direction inside the duality group along the generator o;. In this scheme we perform the
duality and analyze the obtained dual theory.

We start writing the vector superfield V' aligned with the generator o, i.e. V = Vjo,
for the exponential of V' that is:

V_ Vien _ cosh(V1) sinh(V7) V=V =1 4.24
v_, (sinh(Vl) oy ] W=V =1 (4.24)

In appendix B we present relevant formulas for SU(2) vector superfields and its equations
of motion, in particular we write the expression that leads to (4.24). Using the equations
of motion from the generators 1 and o9 in (4.16) one obtains

sinh(V1) + (29,6162 cosh(V1) — X1 — X1 +i(Xa + X2))/(29|011*) = 0,  (4.25)
sinh(V1) 4 (29,6162 cosh(V1) — X1 — X1 —i(X2 + X2))/(2gp|02*) = 0. (4.26)

Those equations can be solved to obtain

A P1(X1 + X1 + (X2 + X2)) + d2(X1 + X1 — i(X2 + X2)) (4.27)

2e2@Y0 1 o (1 + P2)
(Xi+ X1 +i(Xo+ X)) (X1 + Xy —Z'(X2+X2)).
2e2@0 o (1 + h2) 2e2@% 1 (1 + P2)

From it we get

F—1
F+1

Vi =In <(X1 + X1) + (X2 + Xo) ) —In(2|®1 %) — 2QV5. (4.28)
The fact that V is a real vector superfield implies relations among the twisted chiral and
the twisted anti-chiral superfields such that the argument of the logarithm is real. Let us
use the relations:

¢1(P1 + D2) = |®1]*(1 + F), (4.29)
G2(P1 + @o) = |P)?(1 4 1/F), (4.30)
D17 = |27, (4.31)
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with F' = ®3/®; given by (4.21). One can show that V; satisfiying (4.27) fulfills (")’ =
Vi, One also has
Vi _ o1( X1+ X+ i(Xo + XQ)) — o2 (X1 + X, — i(Xo + XQ))
2e2QV0 ¢ o (P1 — P2)
_ (X1 4+ X1 +i(Xo + Xo)) X+ X1 —i(X2 + X3))
2e2@V0 o (1 — p2) 2e2@V0 ¢y (1 — p2)
with (e7V1)T = eV, As a check, it is possible to verify that e="1e"? = 1 using the

equations (4.29) and (4.32). There are three contributions to [ d6*(Tr ¥X+Tr UX) coming
from the three terms in (4.28), those are:

e (4.32)

)

/d49(X1V1 +X1V1) D /d49X1 In <(X1 + X1) +i( X2 + Xo) g; J_r B) +hec., (4.33)

from the first term, also:

/d40(X1V1 +X1V1 D /d49 X1+X1 1n(2<I>1CI>1) (434)
= 0.

coming from the second term, and:

/d49(X1V1 + lel) D —/d49(D_D+\I/12QV0 + D+D_\I/12QVE)) (4.35)
2 2 _ o
— Q d9Td0~D_D, V%, — TQ d9~dit D, D_¥1%
2 _ 2 L
= —7Q /dmdexlzo ) do~dom XX,

coming from the third term. This last contribution is a duality generated twisted super-
potential. Thus, in this gauge we are able to eliminate the original fields and the gauged
field in terms of the Lagrange multipliers which become the dynamical fields.

The dual Lagrangian can be obtained starting with (4.10) and using all previous rela-
tions (4.22), (4.33) and (4.35) to get:

Layar = /d49\/(X1+X1)2+(X2+X2)2+(X3+X3)2 (4.36)
+/d49X1 In((X1+X1)+i(Xo+X2)(F—1)/(F+1))+h.c.

20 _ t 20 Y A
2 domdot [ Xi—— | Do+ =2 [ dotdo™ [ X1—— d40—2 »
+ 5 / < 1 QQ) 0+ ( 1 2Q> / 0240-

The last term is a twisted superpotential generated by the duality. One can make an
Ansatz for the instanton corrections on the dual theory, compute the effective superpo-
tential for Xy and compare it with the one loop calculation done for that quantity in the
original theory [16]. Since we are dualizing an Abelian direction inside the gauged group
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SU(2) we will take the Ansatz for the instanton corrections to be the same as the Hori and
Vafa [3] AW = 2ue~ X1 giving the total twisted superpotential

W = 2QX 150 + 2ue” Xt — 1. (4.37)

By integrating out X7 one gets X; = —1In (%) and by plugging this into (4.37) we obtain
—~ by

Weﬂf(ZO)/ =—-2Q1In <620> +2Q%y — tX. (438)
1

This last expression coincides with (4.12), the effective superpotential for ¥y on the original
theory. This gives evidence for the equivalence of both theories. Next, we analyze the
supersymmetric vacua of the dual theory.

Scalar potential of the dual model. Let us look at the scalar potential for the twisted
field strength of the GLSM and the twisted chiral superfields arising in the dual theory.
The vanishing of the new potential is what will give the susy locus, i.e., the target space
geometry of the dual theory.

Using the expansions for the twisted superfields given in (2.11) one can express the
twisted superpotential in terms of the scalar components of the twisted superfields. All the
terms contributing to (4.36) read

2 _ . < _ .
762 /d9—d9+X120 = 2Q(i(x—1A+,0 + X+,1A—0) + 00G1 + 21(D —ive3)), (4.39)
2Q oo . < o _
> doTdo™ X150 = 2Q(i(X— 1A 1,0 + X+,1A—0) + G0oG1 + Z1(D + iv3)),
—2€2/d9 EOEO = @|D—ZU03‘ s
—2Q4tQ/d§_d9+E(] = —Qt(D - i’U(]3),

_2Q4é2/d0_+d9_20 = —QE(D +iv03).

The kinetic part for the scalar components of the twisted chiral superfields is given
by [19, 22]

1 . _
Sscalar = _5 /de(_Kijaaxia Zj+ KﬁGlG])v (440)

with i, = 1,2,3.5 In appendix C we write generic expressions to compute the Lagrangian
contribution of twisted chiral superfields for a given Kéhler potential and twisted superpo-
tential. In particular, we derive the second term in (4.40). Collecting all the contributions
to the scalar potential depending on the dynamical fields og, z, and the auxiliary fields D
and G; one gets:

U = —4QRe(00G1) — AQRe((z1 — £/8)D) — 2%1)2 + K;GiGj. (4.41)

®Notice that in our notation we use the index j to denote the derivative of K with respect to Z;, but to
denote the conjugate superfield X; and its components we use the index j.
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It is necessary to compute the equations of motion for the auxiliary fields. Solving for
the auxiliary field D5 yields D = —2e2Q(x1 + Z1 — (t +1)/(2Q)) and one gets the scalar
potential

U = —4QRe(00G1) + 4Q%€* (1 + 71 — (t +1)/(2Q))* + K;;G:G;. (4.42)

The above expression for the scalar potential suggests that we use the equation of motion for
(1 in order to eliminate the auxiliary fields completely. One obtains K23@j = K33@j =0

and K;G; = 2Qoo. The previous system is solved by the condition o9 = 0. Thus we
obtain the potential:

U=2Q%*(z,+ 71 — (t+1)/(2Q)), (4.43)

whose zero locus is Rez; = Ret/(2Q) = r/(2Q)) which represents the susy vacuum in the
dual theory.

However, if one looks at the Higgs branch in the NLSM limit the field ¥ can be
integrated out [3], which in this description means to integrate vg3. To obtain an effective
scalar potential one starts from the scalar potential plus the interaction terms with vgs:

1 _
Ust = —@(vgg—H)og2ie2Q(t—t—2Qnaxa+2Qna§:a))—|—2Q262(xl—l—fl—(t—i—f) /(2Q))%.
Integrating with respect to vg3 one obtains vo3 = —ie?Q(t —t —2Qny(z1 — 71)) which leads

to the scalar potential

2

Ly (4.44)

Ueff = 2Q262 @

Tr1 —

whose zero locus |r1 —t/(2Q)|* = 0 represents the dual manifold. Adding the instanton
contributions leads us to the dual model in the IR limit. It is a very simple model given
by X1 =1/(2Q) and constant twisted superpotential coming from (4.37): W = 2uet/(2Q),
Next, we are going to generalize the study for a family of Abelian directions inside the

SU(2) gauged group.

4.4 Dualization along ng,o, € SU(2), V = |V|ng,o,

In this subsection we perform a family of Abelian dualities along the direction of a linear
combination of the generators, leading to V' = |V|n,0,. We obtain the dual sigma model, in
particular the scalar potential from which we analyze the susy vacua. The scalar potential
of the dual theory also describes truly non-Abelian models. There is a Higgs branch which
leads to the integration of the original U(1) field strength and to a dual theory. We make
an Ansatz for the instanton contributions to the twisted superpotential which leads to a
correct effective potential for 3¢, and after the integration on ¥y leads to a dual Abelian
theory.

5Note that we have omitted fermionic terms in the e.o.m. for auxiliary fields because we are interested
here just in the scalar potential.
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In this case the Lagrange multiplier term is given by [d*0 Tr(¥X) = [ d*03Xqna|V].
From (4.16) we have:

V] = In(K(Xq, Xa, 71a)) — 2QVp — In 2|0 |2 (4.45)

As before the fact that |V| is a real vector superfield implies that K(X,, X4, M) is as well
real, this gives a relation among the twisted chiral and the twisted anti-chiral superfields.
The expression for K is given in equation (B.18) of appendix B. The gauge fixing condi-
tion (4.23) Xo + Xo = X3 + X3 = 0, guarantees Im (K (X, X4, 74)) = 0. In appendix B we
gathered useful formulae for SU(2) algebra and the vector superfields taking values in this
algebra.

Note that, in principle, the n, depend on the superspace coordinates with restriction
ﬁl = n,. Later in section 5 we will see that if n, is a real superfield with the restriction
D_n, = 0 one can also integrate the equations to have the dual Lagrangian in terms of
twisted chiral superfields. The dual Lagrangian for n, constant may be written as

Lot = / 00/ (X1 + X1)? + (X + X2) + (Xg + Xy)? (4.46)
/d49Xanaln(lC(XZ,Xz,nJ))—l—hc —/d49 55030

_ 2Q t =
— i+ N+ _
—i——z /d9 do <Xana — 2@) Yo+ — [ dfTdO™ ( aNa 2Q> >0

The action (4.46) is invariant under the transformation X, — X, + 38527 ko € 7, taking

into account that the # angle has quantum symmetry ¢t — ¢ + 27i.
To compute the scalar potential let us first consider the case of constant n,.” Thus we
obtain

/dé_d0+Xanan = 2nai(X—,a5\+,o + X+.aA—0) + 200Gang + 22400 (D —ivez), (4.47)

/d9+d9 XanaXo = 2141 (Y- a0 + X+.ar—0) + 260Gang + 2Tqna(D +ig3).  (4.48)

The scalar potential in terms of the dynamical and auxiliary fields in this case is given by
U = —2Q(00Ga + 50Ga)a — AQ Re((zana — 1/(2Q))D) — 2—22D2 L K;GiG

Integrating as usual the auxiliary field D one gets®

2
U = —2Q(00Gq+50Ga)na+ K 5GuGy+2Q%* (Z(xa + Zo)g — (t+1) /(2@)) . (4.49)

a

"Modifications to this condition should give a truly non-Abelian direction inside the non-Abelian group
that will be studied in section 5.

8 As discussed in [3] in the Higgs branch one can also integrate ¥; in this scheme it is related to fixing
0o at its vanishing vev and to integrate voz which leads to the scalar potential.
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Integrating also the auxiliary field G, we obtain K_;Gj = 2Qoon,. This only lets a
contribution to the scalar potential given by 2Q60G.n, C U. Now the constraints are
solved to give

2
U = —2Q50Gqng + 2Q%e> (Z(wa + Ta)g — (t+1) /(2@)) (4.50)

a

2
= 8Q2|00|2O($i,3§i,nj) +2Q%? (Z(xa + Zg)ng — (L + ﬂ/(QQ)) .

a

The function O(x;, Z;, n;) depends on the components of the Kahler metric. A susy vacuum
appears at 09 = 0 and Re(}_ (24 +Za)na) = Ret/(2Q) = r/(2Q). Recall that the condition
nane = 1 holds, see appendix B, below equation (B.3).

In the gauge (4.23) the Kihler potential depends only on X; + X, this is K =

(X1 4+ X1)2 +n1 (X1 + X1)In ( (X1 + X1)2/2>. Integrating out the auxiliary fields

0 = 2Quoyno, 0 = 2Qons, K,7G1 = 2Qogn;. (4.51)

This is solved as ny = n3 = 0 or o9 = 0. This makes O(z;,Z;,n;) = —n}/K;; = —n1 (X1 +
X1) and the potential is given by

2
U= _8Q2‘00’2I?% +2Q% (Z(xa + Za)na — (t+ Z)/(QQ)) (4.52)
11

2
= —8Q%oo*n1 (z1 + T1) + 2Q%? (Z(% + Ta)ng — (t+ f)/(2Q)> :

A vacuum appears at Re(z1) = R;‘g), loo| = 0 which is located at U = 0 and is a stable

minimum at Re(¢) < 0. There is no minimum on the Coulomb branch.

Let us now make a similar analysis as the one performed in the previous section. On
the Higgs branch one can go to the IR limit by integrating out the U(1) field strength %.
As o9 = 0 this is equivalent to integrate vg3 considering it as the fundamental field. We
start with the effective potential including (4.52) and the interactions with vg3 to have

v

Ut = ——= — vp31Q <t —t— 20) Z na(xa + $a)> (453)

2e2

2
+2Q%? (Z(% + Zo)na — (t+ 1) /(2@)) .

a

In the last step we have integrated vg3 to obtain an effective potential in IR theory:

2

Ut = 2Q%€> . (4.54)

> wana —t/(2Q)
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The dual manifold of this theory is at the locus ), xanga — % = 0. This is a hyperplane
in C3. But there are additional restrictions from gauge fixing and from the instanton
corrections in the twisted superpotential.

We have obtained a family of dual models by gauging a U(1) symmetry inside the
global SU(2) of the original model (obtained from (4.10) after integrating the Lagrange
multiplier). Adding an Ansatz for the expected instanton contributions of the dual models
leads to the twisted superpotential

W = 2QXunaS0 — tX0 + 2ue Xama, (4.55)
By integrating out X, one gets X,n, = — ln(%) and by plugging this into (4.55) we obtain
again Weﬂ(zo)/ =—-2QIn (%) + 2@ — tXg which is exactly the effective superpotential

for the U(1) field strength of the GLSM(4.38).

The vacuum space comes from the following restrictions on the coordinates. Going to
the Higgs branch, i.e., oo = 0 in the IR limit one can integrate the gauge U(1) field ¥¢ [3]
in the twisted superpotential to obtain the condition X n, = % This gives a constant
twisted superpotential W =et/ (2Q) | with scalar potential U = 0. Recall moreover that one
can fix the gauge symmetry to obtain ®; = ®5 and this will imply the relation X, + Xy =
X3+ X3 =0, as was seen in (4.23). Therefore the target space of the dual sigma model is
the 1-complex dimensional space given by

X, eC, > ni=1, (4.56)
a
t _ _
> Xana = 55, Xy + Xy = X3+ X3 =0,
Z 2¢
. 2mik,
with quantum symmetry: Xang = Xqng + W, kq € 7.

This determines a family of dual manifolds given by the numbers {n,}.?

If we fix the gauge symmetry differently to obtain ®; = i®2 and this will imply the
relation X; + X; = X3 + X3 = 0. Therefore the target space of the dual sigma model is
the 1-complex dimensional space given by

X, €C, > ng=1, (4.57)
a
t _ _
Xang 20" X1+ X1 =X5+X3=0,
. 2mik,
with quantum symmetry: Xang — Xang + W7 ko € Z.

Both families of dual spaces (4.56) and (4.57) are equivalent under the permutation 1 <> 2.
Next we are going to analyze the inclusion of a truly non-Abelian part of the duality, which

“Making the change of variables Y, = eX<™ one obtains the complex one dimensional space Y, € C,
2mikg
Y1YoYs = eﬁ, |Y2| = |Y3] = 1. Quantum symmetry: Y, ~ Yse 2@ | k, € Z.
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will modify the dual theory and it will affect the supersymmetric vacuum. However there is
a non-Abelian subset of the SU(2) duality group that gives rise to vacua coinciding with the
ones of this Abelian family. This will be done by relaxing the condition that the expansion
coefficients of the chiral superfields n, multiplying the SU(2) generators are constant.

5 Dualization in SU(2) direction n,o,, with semichiral n,

In this section we go beyond a family of Abelian T-dualities inside the non-Abelian T-
duality, i.e., we consider a direction inside an SU(2) gauged group with some restrictions
on the non-Abelian vector superfield. We implement these conditions by writing the vector
superfield as V = |V|(z#, 0%, 0%)oqna(xH, 0%, 0%) with the field g (2, 0%, 0%) depending on
the superspace coordinates. The vector superfield of the gauged group will have the more
general form V = o,V,(z*, 6%, 6%). We impose the condition D_#, = 0 in order to obtain
the dual theory in terms of twisted chiral superfields; we take this condition for convenience
but it would be interesting to study the possible choices more systematically.
When D_n, = 0 is fulfilled one can obtain for the Lagrange multiplier terms

/ d*oTr(UY) = / d49%Xaﬁa]V].

The field n, is a vector field and in addition satisfies D_n, = 0. This is a semichiral
condition in addition to the reality condition. In this section we will first search for a
vector superfield satisfying this semichiral condition. Under this choice of n,, we can
further evaluate the Lagrange multiplier term in the action (4.10)

1 _ _
3 / d*0Tr(¥D, (e7VD_€")) = / d*0W, D, (D_|V|fg) (5.1)
= —/d49D+\IJa(D_|V|ﬁa)

= /d49D+D_\Ifa(|V|ﬁa) :/d‘*exa(wma).

With these ingredients, the dual action is composed of the action valid for a constant
N (4.36) with the addition of an extra term:

Layal = /d49\/(X1 + X1)2 4 (X2 + X2)?2 + (X3 + X3)? (5.2)
/ d*0X i, In(K(X;, Xi,ny)) + hc. — / d40 2020
+2/dé—d9+ <Xana— >20+/d9+d9 < WNa — Q) o
2Q [ . _
+— df~do" (XoDing) D_Vy + hec.

The last line in (5.2) is a truly non-Abelian part of the duality. It gives an interaction
term between the U(1) gauge field and the dual twisted superfields. To evaluate this
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contribution, we need to compute also D_Vj, which we will do in the WZ gauge. We will
explore the extra terms that contribute to the effective scalar potential.

Let us discuss the symmetries of this action. It is invariant under X, — Xa+%ZZkQ“ , ko €
Z, taking into account that the 6 angle has periodicity i.e. t — ¢t 4 2mwi. The first two
lines of (5.2) are invariant as the real part of X, is invariant and K is real. The last
two are invariant, because they arise both from —2Q [ df*X,n,Vy — —% [do*Vy =
% i df~db+%. This corresponds to a displacement ¢ — t — 2mik,. It is possible then to
make an Ansatz for the instanton contributions in the dual theory as e~ Xe" that respects
the symmetries. However, the effective twisted superpotential for ¥y of the dual theory
fails to match with the one of the original theory. Therefore the mentioned instanton
contribution, which leads to correct results in the family of Abelian dualities, is not the
correct expression for the non-Abelian case. This question will be explored in a future work.

Let us work first with n, satisfying D_n, = 0. Also, we choose the space-time coordi-
nates y = « + ilcf and § = x — i6cf,'° which in the 2D theory are given by

Y03 = 293 —i(£0T0T +6767), (5.3)
g = 2% (2070 +0707).

For reference let us write the covariant derivatives of y* and 0 coordinates, those are:

Do0® =Dgt? =0,  Daf® =00, D0 =67, (5.5)
Doj" = Dgy* = 0,

D, i° =2i07, D, = —2i0™,

D_7° =2i0~, D_j3 = 2i0~,

Dy = —2i67, Dy’ =2i0",

D_y’ = —2i0~, D_y3 = —2i0~.

Let us write a generic vector superfield (w) expansion in terms of coordinates y*. From
the hermiticity condition w = w' we have [22]

w = Oly) +ib(y) — iB3(y) + L6 (M) +iN@) — SP(M(y) ~iN()  (56)

+00t 0w, (y) + 020N (y) + 020X (y) + 626°D(y).

In addition we require D_w = 0. The following Ansatz for a vector field w = n, full-
fils D_n, =0

Ao = na(y) = 0707 (wh(5) — w§(H)) +i07YL(Y) + 0L (D)- (5.7)
One needs to impose also 74 (%) = 714 (7). Performing the expansion of (5.7) one gets
Nnq(g) = ng(x) + i9+9_+(80 — 03)ng + ig_é_(ao + 03)ng (5.8)

+207016767 (0% — 92)na,
—0T 0T wo3(7) = 00 wes(x) — 0700707 (8y + D3)wos(x),
07 () = 0T (x) — 07076 (3o + D3)X" (),
i0754(5) = 10755 (x) — 070707 (0o + 03)75 ().

10Tn 4D the variable change reads y* = z* + i@’gaggé’é and y" = z* — iGﬂagBéf}.
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Recalling the reality condition the total 7,(y) has the expression

Nq(7) = na(z) + 29+§+9 0~ (95 — 03)nq(x) + 070 wls(2)

+if g () — 9 (o + 03)74 ()
+i0 T (z) — 07 (00 + 93)7% (2)-
Let us compute now D 7, for subsequent use
D1 (g) = 207 (g — 03)ng — 070707 (02 — 03)ng + 2070707 (93 — 93)n, + (5.9)

—0twis(z) — 0100~ (9o + 03)wis(x) — Y% ()

—010% (00 — 03)7% (x) + 0707 (9o + 03)75 () — 10161070 (95 — 05)7 (x).
Notice that even for f, non constant, i.e., a non-Abelian direction in the vector superfield
but w{s = 0 the terms contributing to the scalar potential (not to the kinetic term) coincide
with the ones for n, constant discussed in section 4.4. The expression (5.9) is simplified
by recalling the reality condition of 7,(y):

D.iia(y) = 207076 (95 — 05)na — 0 wiy(z) — 74 (2)
—0107 (0 — 03)7% (x) — 010070 (95 — 93)7% (2).

Let us now write the vector superfield of the GLSM U(1) gauge group Vj in the Wess-
Zumino gauge [22]

_ _ _ 1 .-
Vo = —00"0uv, () — i0?ON(x) + 020\ (z) + 592920(35) (5.10)
= (1)0 — v3)0+9+ + (’1)3 + 1)0)(9_9__ — \/5509_§+ — \/§UQQ+§_
+2i0T07 (0" AT —0TAT) + 2070 (0TAT — 07 AT).
+20707070" D(x).
Furthermore the quantity D_V}, appearing in (5.2) and the field strength read:
D Vo = 0 (v3 + o) — 00707 (g + 3)v30 +iv/20~ 00T (9y + 03)50 (5.11)
—V2600" — 210707 N + 2i0T0TAT — 200707 \T
12010616 (9 + Ds)A — 201816 D,

1._
Yo = 5D4D_Vo (5.12)
1 _ _ _
= E&Q +i0TANT 40N +0T0 (D — i(aovg — 831)0))
1 - 1 = L
—i—0707(8y + D3)50 — —=01070107 (87 — 92)G0 + 207070 (9y — D3)\T
VG (0o + 03)00 7 (0y — 95)00 (0o — 03)

—201070(3p + 93)X .
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In order to see if there are extra contributions to the scalar potential we calculate
9 o
—TQ /d9+d9d9d9+XaVoffza = —QV250(2G N4 -1—1'\@’&)&) (5.13)

—%(Ug + vo) (Wi xa + m/i’?if(i) + QDnyz,

—QV2iA X" — QivV2XTX4.

Comparing with (4.47), we see there is an extra contribution to the scalar potential, only
dependent on the gauged field boson w§s, the sum of the U(1) vector potentials vz + vy and
the twisted chiral scalar x,. This extra contribution is given by U = %wg‘g(vg—i—vo)(ma—i—f{l).
This matches the observation that

9 ~ _
f/d@d@*XaDJFﬁaD_Vo = —%wgg,xa(vo +oug)+.... (5.14)

This renders a total scalar potential, in which we have included interaction terms with
the U(1) gauge field component vy + v3. Via a gauge transformation this field combination
can be set to a constant,!! therefore we can look at the effective potential obtained after
taking the Higgs branch and integrating vgs:

U= 2Q262|xana - t/(2Q)|2 + %wgs(xa + Zq)(vo + v3). (5.15)

The previous vacua found from (4.50) remains the same by taking V, w{s = 0. This is
a restriction on the semichiral real superfield f, to 7, = ng(y) + 07V, (¥) + 077, (),
excluding total derivatives, which restricts the gauged field V. A particular case is when
N, depends on space-time 7, = ng(x). This is very interesting, because it implies that the
results of previous section for a family of Abelian T-dualities inside of SU(2) apply beyond
the Abelian situation. Because 71, is not constant one has really a vector superfield with
the direction in the Lie algebra V = |V|(x,0,0)h.(x,0,0)0,. Even if fi, has the discussed
restrictions the components of V' along the different generators V, = |V |(z, 6, 0)7q(x,0,0)
are different from each other. This lets us identify the vacua discussed in subsection 4.4 as
vacua of a non-Abelian dual theory.

Furthermore we can consider w§s and (vg+wv3) to be different from zero, and investigate
how the Higgs branch vacuum with o9 = 0 is modified. Let us see this in the gauge
X+ X9 = X3+ X3 = 0. The vacuum of (5.15) is given by

4B, t1
Re(z)) = —— L — , 5.16
(1) 8An2  2Qn, (5.16)
Im(z)n;  Im(z2)ne to
I = — —
m(es) n3 n3 2Qn3’

with B, = %(Uo—i—vg)w&)) and A = 2Q?¢? such that the potential (5.15) reads U = A|z,n, —
t/(2Q) + Ba(za + Za).

1 Additionally note that by going to the Higgs branch, with o9 = 0, due to the mass hierarchies in the

IR [3] one can integrate vos and the field strength components do not contribute to the action.
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Without fixing the gauge one obtains for the vacuum equations

Bl _ Re(azg)ng o Re(l‘g)ng . tl

R = — 5.17
e(1) 2An% ni ni 2Qn,’ ( )
Im(:):l)nl Im(xg)ng t2
1 = — _

B1n1 = Bgng.

The addition of the non-Abelian contribution (5.14) changes the vacuum by changing the

hyperplane to be z,n, = % - 2571“. The condition wé3n1 = w83n3 needs to be satisfied.

In this vacuum there are two positive eigenvalues and four zero eigenvalues of the Hessian
matrix (0,0,0,0, A, A). The positive eigenvalues represent the growing directions of the
potential. The zero eigenvalues of the Hessian represents the real dimension 4 of the vacuum

space.
n1 n2
n3’ ng’
A. The infinitesimal transformation in the directions in which the potential grows are

The directions of the eigenvector ( 1,0,0, ()) corresponds to non zero eigenvalue

given by

Re(z1)n1 — Re(z1)n1 + 52%7}17 (5.18)
3

Re(x2)ne — Re(xa)ng + 5,2%712,
3

Re(z3)ns — Re(xs)ng + dzng,

1
R a a R a a 76 .
; e(zq)n %; e(zq)n +n3 z

One direction corresponding to 0 eigenvalue, the first in table 1, gives a flat direction.
This transformation preserves the condition (5.16) and is given by

Im(z1)n; — Im(z)ng + <—235y> ny, (5.19)
1
Im(z3)ns — Im(z3)ns + (0y)ns,

Zlm(xa)na — Zlm(xa)na.

Fixing the gauge as in (4.23) the new vacuum is given by the 2 dimensional space:
t B;
— - 5.20
Ea:%”“ 2Q  24An; (5.20)

To + To = w3+ T3 = 0.

At the quantum level, i.e., the level of the partition function there is in addition the

symmetry z, — T4 + %ZZICQ“, ko, € Z coming from the periodicity of t. The classical vacua

are given by a plane in R?. Taking into account the quantum symmetry the supersymmetric
vacua space is given by a T2 torus. The value of the potential in the minimum is given by

Unin = (B1(—2B;1 + Any Re(t1)))/(84n?). (5.21)
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A Eigenvectors

7n37n37

0,0,0, 71, m2 1)

A (m nz 1,0,0,0)

n3’ ng’

Table 1. Eigenvectors and eigenvalues of the Hessian matrix in the critical points of the Higgs
branch. The four zero eigenvalues corresponds to the real dimensions of the vacuum space, directions
in which the potential is flat.

To obtain a supersymmetric minimum is required a zero scalar potential U = 0, this can
be achieved by setting B = A"%e(tl), ie. (vo+ vg)w(l]3 = 2Qe’n; Re(ty).12

The geometry of the susy vacua space of the non-Abelian dual theory (5.20) and of
the family of Abelian dual theories in (4.56) coincides. This is another indication that
the family of Abelian dualities captures features of the non-Abelian T-Duality. We also
found in this section that the family of Abelian dualities inside of SU(2) describes really
a subset of the full non-Abelian duality. We obtained a Lagrangian where the coefficient
ng determining the vector superfield can depend for example on the space-time, giving for
the vector superfield components the dependence V, = |V|(z#, 0%, 0%)n,(x*). This means
that the scalar potential coincides in both cases. Nevertheless there are kinetic terms
which make the Lagrangians distinct. When we look at the vacuum we considered the n,
as constant coefficients, but they appear in the action and make it invariant under local
transformations that are not Abelian. Therefore further investigation should me made
to clarify the connection. If one considers a more general expansion, then an additional
interaction term between U(1) vector superfields of the GLSM and twisted chiral scalars
arise (5.14), that deform this vacuum. The general conclusion is that in this model a
family of Abelian dualities inside the gauged group can capture relevant features of the
non-Abelian T-duality. The two dimensional space obtained as supersymmetric vacuum
has the same definition in both cases, with only a change in the effective ¢ parameter.
However the true comparison should be made after including the instanton corrections.
We need to find the expression for the instanton contributions in the non-Abelian dual
theory. It would be interesting to check if for other groups a family of Abelian dualities
also casts important properties of the non-Abelian duality.

12As in footnote 9 one can make a change of variables trying to grasp better the geometry of the one
complex dimensional curve. The change of variables is given by y, = e“*"¢  this gives the one complex

t_ _B1
dimensional space y, € C, y1y2ys = e® 2471 |yz| = |ys| = 1. The quantum shift symmetry becomes

mikg
Ya ~ Ya€ 22 |, ko € 7.
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6 Comparison with mirror symmetry and Abelian T-duality

In this section we analyze different dualities of the CP' model obtained from a U(1) GLSM
with SU(2) global symmetry, i.e., two chiral superfields with equal charges, which has as
target variety CP'. We first compare the Abelian dualization of the CP! model leading
to mirror symmetry as done by Hori and Vafa with our dualization procedure. Then we
compare a family of Abelian dual models which is inside the non-Abelian T-duality with
a model obtained by a single U(1) dualization. We have already shown that the family of
Abelian dual models inside SU(2) are more than just Abelian, displaying properties of the
full non-Abelian duality. The mirror theory obtained with two Abelian dualities and the
non-Abelian dualization lead to different geometries. However, a more careful comparison
will have to include the knowledge of the instanton contributions in the non-Abelian dual
theory, we discuss also the steps to investigate this question.

The initial theory is the CP! model given by a U(1) GLSM with two equally charged
chiral superfields ®1, ®5 described in subsection 4.2, and we want to describe its mirror
model. The Hori-Vafa dualization is performed on the two chiral superfields ®1, ®5 to
obtain the twisted chiral superfields Y7 and Y5. These two Abelian dualities lead to a dual
model with a twisted superpotential W(0) ~ © + 1/© [3]. This superpotential gives rise
to Toda A; space {z € C*,W(z) := 2+ 1/z}. It is appropriate to integrate the U(1) gauge
field strength in the IR limit since the mass of og, the scalar component of >, is high due
to the relation of the coupling and the energy scale e > A. The dual model obtained by
Hori-Vafa is given by the Lagrangian

1 _ _ 1 _ _
Linirror = 3 /d94(Y1 +Y1)In(Y1 + Y1) — 2/d04(y2 +Y)In(Ya+Ys)  (6.1)
1 _ 1 y
+5 /d9220(Y1 Y1) + 5 /d02(e“ +e72) +he.
b do*se2
2¢2 050

First, we consider the vacua obtained in the Higgs branch without taking into account
the instanton corrections. Taking into account the Ké&hler metric components K7 =

——L1 Ky, = ——1— and the auxiliary fields contribution KﬁGiC_}j from the kinetic
2(Y1+Y1) 2(Y2+Y2)
term, the Lagrangian leads to the scalar potential
_ _ _ 1 _
U=—(G1+G2)og— (G1 +G2)o0 — /————G1G1 — ———G2G
(G )70 = (G 2)% 2(y1 + 1) e 2(y2 + 92) .

. L = 1 .
—(y1 + Yo — t)(D — 21)03) - (y1 + Yz — E)(D + ZUog) — @|D — ZU()3|2. (62)
Let us integrate out the auxiliary fields G, G5 and the field combination D —ivg3 to obtain:
Uett = 2¢°|y1 + g2 — t|° + |00[*2(y1 + y2 + 51 + B2)- (6.3)

The solution is given by y1 +y2 — ¢t = 0 and ¢ = 0. This is equivalent to considering
the classical solution and go to the Higgs branch, integrating ¥, which in the IR limit
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develops a large mass. In the case when we only consider the potential for the dynamical
fields in the GLSM, integrating out G1, G2 and the real auxiliary field D one obtains the
potential

2

(&
U =2|oo)*(y1 + 91 + y2 + Ta2) + E(yl + Y2+ g —t—1)> (6.4)

This leads to a Higgs branch at o9 = 0 and Re(y; + y2) = Re(t) = . On the other hand
the Coulomb branch appears at Re(y1 +y2) = 0,00 = 2e/r, which is supersymmetric only
at r = 0, therefore there is no supersymmetric Coulomb branch.

The interaction terms of vg3 with the scalars are added in order to determine the
effective potential:

1 . _ i _ _ N _
Ueiro = —@(v§3+2w%03(t—t—y1+y1 —ya+ 7o) =2 (—t—t+y1 + 71 +yo+72)°). (6.5)

In the Higgs branch the Y field gets a large mass, and integrating it out is equivalent
to integrating out vp3 from (6.5) to obtain (6.3). Therefore the condition Y; + Ys = ¢
comes from integrating out ¢ along the Higgs branch of the theory. The relevant twisted
superpotential of the effective theory is given by W=e" 4 e V1 or after making the
change of variables © = t/2 — Y7, one obtains W= e t/2(e=® 4 ¢9). This is a Landau-
Ginzburg model with twisted superpotential W, constituting the A; Toda supersymmetric
field theory. It has two vacua with scalar component of © given by ¢go = mi = 2mi, these
can be mapped to the CP' model.

Let us compare the mirror theory obtained with the Hori-Vafa procedure to the one
obtained by our dualization procedure. This corresponds to the case discussed in subsec-
tion 3.4. We specialize to the case of three chiral superfields, two of them equally charged.
After dualization there will be a total Lagrangian given by:

Ly = Lyirror + / A D3e?@03V0 G, (6.6)

This is the specialization of Lagrangian (3.32) to the mentioned case. There is an spectator
chiral superfield ®3 which is uncharged under the gauged symmetry. The scalar potential
of the dual theory is given by

1
Up = —[(y1 + 1) + (y2 + 52) — (t +1)] D — 2Re[oo(G1 + G2)] — @DQ (6.7)
+K;;GiG; — FsF3 — Qo3Du3zs,

with F3 and z3 the auxiliary and scalar component of ®3 respectively. The scalar poten-
tial (6.7) has a Higgs branch with vevs oy = x3 = 0, where the U(1) field can be integrated
out. This leads to the effective potential Uyg = 2¢2|t — y1 — y2|?. The resulting effective
theory is obtained by integrating ¥y and is given by the condition Y; 4+ Y5 = ¢ and twisted

superpotential W — e Y1 | gt

This is exactly the mirror symmetric theory obtained
as well from the Hori-Vafa’s procedure discussed before.
The mirror theory of the CP' model is different from the dual theories considered in

our work. In particular it is different from the family of Abelian dualities inside of SU(2),
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because to obtain it the dualization is done along two U(1) directions. Therefore, it is
natural to expect a difference when one compares with the non-Abelian duality. However, a
true comparison with the non-Abelian case requires the non-Abelian instanton corrections.
From the non-Abelian dual theory we know the supersymmetric vacua given in (5.20),
but instanton corrections will change this picture. Hori and Vafa studied the Euclidean
Wick rotated original GLSM finding the instanton solutions in their subsection 3.2. To
match with the dual theory they study a fermionic two-point function (x4x_) with the
fermion components of the dual field Y in the original and the dual theory. The result
is matched by identifying the e~Y contribution to the twisted superpotential in the dual
theory. To determine the non-Abelian instanton correction to W we would need to study

~Xana obtained for a family

similar objects in the non-Abelian dual theory. The Ansatz e
of Abelian dualities is an starting point, but as it was discussed in section 5 is not the
correct modification since it does not lead to the correct effective U(1) superpotential on
the non-Abelian dual theory.

Next, let us match the family of Abelian dualities inside SU(2) with an U(1) dual-
ization of the theory. Considering the instanton Ansatz e~ X" the family is given by
a constant twisted superpotential. This should fit with the model obtained by a single
U(1) dualization. We compare the dual model obtained dualizing the U(1) GLSM with
two equal charged chiral superfields (3.9) along an U(1) direction of one of them, with the
model of Abelian duality inside SU(2) presented in section 4.4, equation (4.1). The kinetic
part of (4.1) can be written in matrix form as ®7M®, where M = elVI"a% and &7 = @,

then it is possible to rotate the element M into an element generated by o1 to obtain

Viol et + eV et —e
e =\ v v v v |- (6.8)
V1 _eV1 V1LV

This can be seen from formula (B.7). Then the kinetic term in (3.9) can be written as

1, - 1 eV V1 e 08} =/ 2Q0Vo+V =1 2QoVo—-Vi
5 ((1)1‘1)2) <€V1 —_e V1 M + e V1 Dy = (I)/le Qoo 1(I)/l + (1)’26 Q0¥ 1(I)/27 (6'9)

where the prime fields are obtained by diagonalizing the exponential of the vector superfield
matrix to get ®) = (&1 + ®3)/v/2 and ®, = (P — ®1)/v/2. Since the GLSM has an U(1)
symmetry, we can make a gauge transformation Vy — Vg+ 2‘& which is substituted in (6.9)
to obtain

P 2@V 2Vig) | @l 2@Vl (6.10)

Setting the charge @) to 1 this is exactly the kinetic term of the two chiral superfields
GLSM (3.9). Also the Lagrange multiplier term is given by [d'0Tr(AY) = [d'0X;V;.
These observations establish that the gauged theories are equivalent. Now, let us compare
the vacuum of both models. In the model of duality along the direction o; in SU(2) the
vacuum is given at r; = % with constant twisted superpotential W= 2uet/ (@) On the
dualization of the Abelian symmetry along one chiral superfield the susy vacuum is given
at y = t/Q and the twisted superpotential reads W = e~t/Q. These results are equivalent
after taking into account the correct normalization factors.
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The family of Abelian dualities inside of SU(2) leads to a dual model with scalar
potential that coincides with the one of the models with more general vector super-
fields (5.7). These duals with more generic vector superfields constitute truly non-Abelian
duals. The extension to more general vector superfields gives rise to extra terms in the La-
grangian (5.2). In this non-Abelian case one has to still determine the instanton correction
to W. This will be a next step in order to explore the non-Abelian T-duality in GLSMs
leading to determinantal CY varieties and their connection to mirror symmetry.

In this section we first compared the mirror of the CP! GLSM obtained with the Hori-
Vafa procedure, to the one obtained by our dualization procedure. We also checked that
non-Abelian T-duality coincides in the limit with Abelian T-duality, by comparing the
resulting Lagrangians and the effective theories. This is an important sanity check and a
necessary step toward testing the duality. With the methods developed we plan to consider
in the future the study of non-Abelian T-dualities in more general examples.

7 Conclusions

We have used the method of gauging a global symmetry in field theories, with subsequent
addition of a Lagrange multiplier enforcing flatness condition and alternative elimination of
fields, to describe T-duality in GLSMs. Tackling the description of T-Duality in GLSMs by
this gauging procedure allows us to obtain a Lagrangian with added Lagrange multipliers
and a vector superfield. Integration of the latter leads to the dual model. The method
applies to GLSMs with multiple U(1)’s and multiple chiral superfields. More importantly
for our goals is that the method admits a generalization to the gauging of non-Abelian
global symmetries, which lead to non-Abelian-T dualities in GLSMs.

Let us emphasize that with respect to the Hori-Vafa dualization procedure our method
has the benefit of being easily generalized for the case of non-Abelian symmetries. Recall
that the Hori-Vafa’s method consists on creating a Lagrangian that upon integration of
certain fields leads to one or the dual model. In the case when the global symmetry is
non-Abelian there is not known systematic way of constructing the analog of Hori-Vafa
master Lagrangian. We have, however, presented a systematic way of generating such
master Lagrangian using the method studied in this manuscript. Our method can also be
applied to GLSMs with non-Abelian gauge groups, as the ones leading to determinantal
CY varieties. To the best of our knowledge, our results constitute the first systematic
formulation of non-Abelian T-duality in (2,2) gauged linear sigma models.

Considering a U(1) GLSM with n chiral superfields and a generic non-Abelian global
symmetry group we gauged the global symmetry. We obtained the equations of motion
for this generic case. The non-Abelian duality leads to twisted superfields only for certain
cases, constituting an important difference with the Abelian T-duality. For generic groups
the elementary fields in the equations of motion are semi-chiral.

We have analyzed in detail the concrete example of a GLSM with a single U(1) gauge
field and two chiral superfields of equal charges. This theory has a global SU(2) symmetry
which can be gauged. For SU(2) group the fundamental fields of the duality are twisted
chiral superfields. The Kéhler potential of the dual theory is obtained in terms of the dual
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twisted superfields. First, assuming an Abelian direction inside of the gauged group the
twisted superpotential can be obtained as well. This direction means that we consider a
vector superfield proportional to a linear combination of SU(2) generators with constant
coefficients. This constitutes a family of Abelian dualities which display characteristics of
the full non-Abelian duality, as is supported by the obtained Kéhler potential. Furthermore,
for coefficients depending only on a scalar component the scalar potential reduces to the one
of a family of Abelian dualities. This observation implies that the afore mentioned family
of Abelian dualities is richer than one could have naturally expected since it describes a
truly non-Abelian duality inside of SU(2), even if not the most general one. In a next step
we generalize the dualization to truly non-Abelian T-Duality by imposing a semi-chiralilty
condition on the coefficients of the generator expansion. The supersymmetric vacuum of
this non-Abelian dual model has the same geometry as the supersymmetric vacuum of
the family of Abelian T-dualities previously mentioned. Both vacua definitions differ only
by a constant coming from an interaction term between the gauged fields and the GLSM
original U(1) gauge field. In the IR limit, i.e., considering the Higgs branch when the U(1)
field strength is integrated out, this term contributes to the scalar potential, and therefore
to the supersymmetric vacuum.

We took some steps toward the inclusion of nonperturbative effects. Namely, we pos-
tulated an Ansatz for the twisted-superpotential instanton corrections. In the dual theory
along an Abelian direction of the group (which is a linear combination of the generators) we
verified that the effective action for the U(1) gauge field coincides for the original and the
dual model. These instanton corrections allow to compare the Abelian dual theory family
inside the non-Abelian dual theory with the case of an Abelian T-dual model with a single
U(1) dualization. The result is that they match, i.e., their effective potentials have the
same vacuum and the twisted superpotential can be mapped to each other. For the fully
non-Abelian case however, we do not have the instanton corrections; this is an important
direction that we leave for future investigations.

It is worth pointing out a number of interesting problems that our investigation nat-
urally highlights. With the methods studied here it would be interesting to tackle some
explicit examples of dualities for determinantal CY varieties such as those presented in [23].
In particular, it seems possible to arrive at a more systematic description of mirror sym-
metry in the Pfaffian CYs presented in [24], which were recently realized as GLSMs [25].
Note that explicit computations of Gromov-Witten invariants for the CY of [23] were given
in [26], providing a concrete framework for testing the non-Abelian T-duality proposed
in this manuscript. Given the advances in explicit computation in GLSMs, it would be
interesting to apply the technique of supersymmetric localization to our models in order
to better understand the effects of non-Abelian T-duality.

Finally, we have seen glimpses of new representations, such as the semi-chiral superfield
representation appearing in our construction. It would be useful to achieve a complete un-
derstanding of the possible representations, arguably opening a window into a formulation
of non-Abelian T-duality for generalized geometry.
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A Equations of GLSM non-Abelian T-dualization

Here we present details of the calculations in subsection 4.1 where we compute the equations
of motion of the integrated vector superfield of the gauged symmetry.

In the following we expand the variations of the Lagrange multiplier terms in the
Lagrangian. The variation with respect to the gauged field V' of the Lagrangian term for
the Lagrange multiplier ¥ is given by:

§Te(DyWe VD_e) = Tr (xD4+¥ + Dy Uy + D_D,W)AV) (A1)
= Tr((xD+¥ + Dy Vx + D_D,U)T,)AV,
= Tr(xTp T, — TyxTo + TyToD_) D1 W, AV,
= (Tr(e”VD_eV [Ty, T,)) Dy Wy + D_D, U, /2)AV,
= (ifupe Tr(e”V D_e"T)Dy Wy + D_D, W, /2)AV,.

The hermitian conjugate term reads:

STe(DyWeVD_e™V) = Tr (-D_e V' Dy WeV+e VD UD_eV+e V' (DyD_W)e" )AV)
=Tr(-D_e VD, ¥e"4+e VD, UD_e"+e V(D D_W)eVT,)AV,
= (Tr(—e"T,D_e VT,—D_e" T,e V' T,) D, T,
+Tr(e™VTye" T,) (D D_Wy)AV,)
= (D_Tr(—e"Tue V1) D1 Uy +Tr(e ™Y TyeV To) (D D_1y)) AV,
= (D4 D_Uy+D, UyxD_)Tr(eV Tpe VT})AV,. (A.2)

These expressions are valid for any group, and we write them for further reference.

B Formulae for SU(2) group

In this appendix we present relevant formulae for superfields calculations in the case of
the SU(2) group. We start presenting relations among the generators, formulae for the
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exponentials, and expansions for the vector superfields. We also integrate the equations of
motion for the vector superfield (4.16).
For the generators T, of SU(n) gauge the following identity applies:

1 1. .
.1, = %&zbl + i(lfabc + dabc)Tc- (Bl)

For the case SU(2) lets us give the specification of (B.1) and another useful formula:

0a0p = Ogpl + i€qpc0e, (B.2)

Tr(oq0p0:) = 2i€gpe.
The real vector superfield can be written as
V =V,o,=1|V|n-6. (B.3)

where o, are the Pauli matrices, 6 = (01, 092,03), N, = V,/|V| is an unitary vector and

V| =+vViVa.

Performing the series expansion of the exponential one gets

eV = cosh |V| + 740, sinh |V, (B.4)
eV = cosh |V| — fa0, sinh V],
D_etV = ((sinh |V| & faqoq cosh |V|)D_|V| £ D_fi04sinh |V]),

D_e*V = ((sinh |V| £ figo, cosh |[V[)D_|V| £ D_fia0, sinh [V]) .
Previous equations combine to give

e VD_e" =n-6D_|V|+ D_n-ésinh|V|cosh |V| — i, D_fpo,0psinh [V|?  (B.5)
= (g D_|V| + D_n,sinh |V| cosh |V| — figD_fipiegpq sinh |V |*)og
= XaOa-
For the case V. = Viog ones has e VD_e" = D_Vzos with Tre V' D_e" = 0, but
Tr D, ¥(e VD ") =D, ¥3D V3.

There is a particular case easy to treat, this is when V = V,n,0, with n, independent
of the superspace coordinates or satisfiying the restriction D_n, = 0. Then let us consider
V = |V|iao, giving eV D_e" = D_|V|i,0,. For this case Tr UY = D, ¥, D_|V|f,. The
explicit form of the exponential eV in this case is

Vo (cosh]V|'+ ng'sinh\V] (nq +in2)sin.h\V] ) . (B.6)
(ng —ing)sinh [V| cosh|V| — nzsinh |V
One can then use the relations (4.17) to obtain
1Py cosh |V| + ((ny + ing)|®1|* — n3®y o) sinh |[V] + At Xlz;é(‘i)(z +X2) =0, (B.7)
and
BBy cosh |V] + (1 — ina)|@af? + ngya) sinh [V] + LT XLt X+ Xo) 0 o)

2e2Q%
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Setting ny = ng = 0 the only possible solution implies ng = 0 also. So for the gauge

Vi = Vo =0 also V3 = 0 is required. On the other hand n3 = 0 implies that |®1]? = |®5|?
D2
3

= Let us study first the case ng = 0, in this case by summing up the
equations (B.7) and (B.8) one gets:

meaning %

((I)lq)g + (I)1<I>2) cosh |V| + ’I’Lg((i)lq)Q — q)l(I)Q) sinh |V| (Bg)
X1+ X
2 . 1 1
and by subtracting them:
(®1®y — ®1P2) cosh |V| + ng(®1 Py + ®1P2) sinh |V (B.10)
Xo+ X
. 2 . .42 2
—ZQTLQ‘@l’ sinh ‘V‘ + ZW = 0.

For convenience let us rewrite (4.21) as

— (X3 + Xg) + \/(Xl + X1)2 + (X2 + XQ)Q + (X3 + X3)2
(X1+ X1 —i(Xy + X2))
= |(I)1‘2F(XaaXa)- (B.ll)

- [0}
D19y = gj|‘1>1|2 = [®]?

The expression for F' is given by

¥ X B (Xg + Xg + \/Za(XGJ + Xa)2> (X1 + Xl + Z(XQ + XQ)) B
F(Xq, Xq) = — X1 L X2t (Xt Ko . (B.12)

Frp (XXt /Y, + X)) (X0 + X)

ReF = = — — — ,
2 (X1 + X1)2 + (X2 + X3)2

Fop (Xt Xt 5,0+ X)) (X + Xo)

ImF = — = — — < .
21 (X1 + X1)2 + (X2 + X3)2

Thus obtaining from (B.9)

= = . X1+ X
(F 4 F)cosh|V|+ (2n3(F — F) + 2n;) sinh |[V| 4+ 2D, 2 =0. (B.13)

This is solved in terms of |V to obtain

_ _ S 2
—ﬁ%@¢+¢M?%F+FP+Q£ﬁ§Q
V| =In _ (B.14)
F+F+2n1
[ - +X1) + \/(471% — (F + F)2)(e29%]®1 )2 + (X1 + X1)° N
= 1n —
F+F+2n1

—2QVp — In(|91[?).
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As well from (B.10) one gets

. = : - Xo+Xo
2Im F cosh F+F)—i2 h —————= =0. B.1
i2Im F cosh [V| + (n3(F + F) — i2ng) sinh |V| + ZGQQV0]<I>1|2 0 (B.15)

This is solved by

_ S 2
X+ X0 2 2 Xo+Xo
200 |0, 2 + \/4n2 4Im F** + <62Qv0|q)1|2>

2ImF — 2n2

V| =1In (B.16)

—(Xz + Xa) + |/ (4n] — 4Tm F2)(£2Q%[,[2)2 4 (Xp + X5)?
2Im F — 2TL2

=1In +

—2QVy — In(|®4]?).

One can equate (B.14) and (B.16) to obtain an expression for (¢2?V0|®;|?). This will serve
to finally eliminate the chiral and antichiral superfields ®; and ®; from the action. The
result reads

sinh ’V’((ng + in3/2(F + F))(Xl + Xl) + (n1 + n3/2(F — F))(XQ + XQ)) (B.17)
—COSh|V|((X1 —I—Xl)ImF — (X2 —|—X2) ReF) = 0.

This relation implies either n1y = ny =0, n1 = X7 =0, ng = Xo =0 or X7 = Xy = 0.
The most interesting possibilities seem to be the 2nd and the 3rd. The solution with
Vo=V3=Xo=0,V =V and |®1|? = |®2|? implies 2(X; + X1)(X3 + X3) = 0 which is an
additional restriction on X7 and X3. As well Vi = V3 = X7 =0, V = V5 and |®;]? = |®5]?
implies 2(Xs + X5)(X3 + X3) = 0 which is an additional restriction on X and X3.

A solution for |V| can also be obtained for generic values of nj, ng and n3 using (B.7)
and (B.8). This is given by

V| = In(K(X;, Xi,nj)) — 2QVo — In(|®1/?).

The expression K(X;, X;,n;) in the argument of the logarithm is given by:

K — (F—n1—ing—i—F’ng)(Xl+X1+i(X2+X'2)) (B 18)
2F((F — 1)ny — i(F2 4 1)ng + 2Fns3) '
F(F(nl — iTLQ) +nsg — 1)(X1 + Xl — i(XQ + Xg))

2F((F — 1)ny — i(F2 + 1)ng + 2Fn3) '

C Twisted chiral expansion

In this section we compute explicitly some useful expression in components of the (anti-)
twisted chiral superfields used along the paper, that can become handy for working with
twisted chiral superfields. These derivations are based on the procedure for chiral super-
fields presented in the book of Wess and Bagger [22].
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First, let us recall the expansions of twisted and anti-twisted chiral superfields

Y; = yi-l-\69+X++\@§_X—+29+é_Gi+"'7 (C.1)
Y = i+ V2x4 0 + V2x_0" +20707Gi + ... (C.2)

In previous formulae y;, x—, X+, G; represent the scalar, fermionic and auxiliary com-
ponents of the twisted chiral superfield Y;. Their conjugates are the components of the
(anti-)chiral superfield Y;. Consider a function K representing the Kihler potential that
depends on twisted chiral and anti-twisted chiral fields Y; and Y;, where i runs from 1, ..., n.
Now, assuming that K(Y1,...Y,, Y1,...,Y,) can be Taylor expanded, we compute a generic
term of the expansion namely,

Yi1"'YiNYj1"'YjM' (C'S)

Since this generic term can be regarded as the product of the monomial YZ1 -Y;, and

Y, -+ Yj,,, thus let us Taylor expand the functions P(Y;, ---Y;,) and P(Yj ---Yj,,) to
obtain
_ OP(y) g [~ 0Py) 1 9*P(y)
PY; ---Y;,)=P 20TV —L + 070 |G, — = X+iX—j , (C4
oo . +OPY) | a4 0Py 1_ &*P(y)
A Vgt — At + . = . .
P(le YJM) P(y) + \/§X+29 s +0707 |G 0Y; 2X+ZX_] 8@8@]
where y = (¥i,, ..., Yiy). We can use this expressions since K can be regarded as products
Y’s and Y's
P(Y)P(Y) = PP+20~ 9+iPP+«9 0" |G, iPP ! o PP
X+j (9 3 X-HX Ja Gy]
2
+v201 x4 0 LPP (C.5)
0y; i0Yj
. . 0% 1 ok -
2000t i U v, | PP
CALRT [Gfayiayj 2X“X"“8yiayjayk}
- (9 1 82 ~
T i PP
_ - 0? 1 3 -
N [Gi— . ] PP
X+k 3,%3% 2X+ X ]8yzay]agk
o 1 o? 1 o?
9+9 6~ 9+ i v _ = YooY  i—
[G Gl D50y 2G X+ X kayiagjj@gjk 2GkX+]X T y:07: 0y
_|_1* . . v 6—4 PP

The contribution to the Lagrangian is the term proportional to 88, which is easily

computed in (C.3) with the aid of the previous expression setting P = Y;, ---Y;, and

N
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--Yj,,, without including fermionic terms we get

vl
I
o

=

_ _ . _ 0 o,
+0—0—p+ - = =
= . 440107070 [GiGi({mayi(yil"'yiN%l"'y?N>:|: (C.6)

hence the 0000 term of K (Y;,,...,Y;,, Y}, ...,Y;,) is the sum over all the monomials (with
their respective constants of the power expansion) of the form (C.6). Thus the Kéhler
potential contribution reads

_ _ H? B B
K(}/;lv"'7mn7)/}17"'75/}n) :—|—40+0 00t |:GiGj8yiayjK(y1,...,yil,yl,...,ygn)]

In general if P = y;, - - - y;,, and P = Ujy - - Yjar» Summing over all the terms of the expansion
of the Kéahler potential together with the following results of Kahler geometry

K;; = 83/?85K’ (C.8)
Kijp = 838/kK” = szffk, (C.9)
Kijr = (;;Kij = Kzel“ﬁk (C.10)
we can express (C.5) as:
K(Y,)Y) =K — 20—9+X+j;ng +670" [Gi(f%ff - ;X+inK;5} (C.11)

yi T 95,09,

+V207 x4

- = 1 _

0 1 0?2
K= X et K
0Yyi XX 1 0y;0y; ]

+616~ [Gi

_ _ 1_ 7
—V20t0t0 X+ k |:G’L'Ki]:; - 2X+iX—jKjZP£i]

o . 1 ) ;1. ;
A [GjGiKi; - 5Gix+ PN KT — 3 GEX X~ ST

1_ _
+ZX+injX+ kX—ZKjk,ie:| .

D Dualization along o3, vector superfield: |V| = V;

In this appendix we discuss the dualization along a particular direction of the SU(2) global
symmetry, this is the direction along the o3 generator. This case was not considered in the
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main text because it has the particularity that solving the equations of motion for the vector
superfield in terms of the twisted chiral superfields one encounters the condition V3 = 0.
Nevertheless, one can write the dual model Lagrangian, and compare the suspersymmetric
vacuum with the one obtained in the case of Abelian duality.

Let us consider that the e" components fullfill eYQ = egl = 0. This is to choose a

direction along o3, which constitutes a reduction to an Abelian model. For this case

—Vs
V _ Vzos _ | € 0 _ _
el =e’3% = < 0 €V3> ) V= Vs, ns = 1. (D.1)

The two following relations coming from the equation of motion for V' (4.16) hold

051

2P el B = (X1 4+ X1 —i( Xy + )‘Q))E, (D.2)
20Dy, By = (X1 4+ X1 + i(Xy + XQ));;.
These imply
QY — (X, + Xy —i(Xa + XZ))M);, (D.3)
e2QVoeY, = (X1 + Xy + (X2 + XQ))2(I)1(I)2.

which is a bit problematic because in this case e}; = 1/e),. Let us look at the other term
in the Lagrangian

1- 1 _ 1
To(VS) = —5 Dy WsD Vs = — o (- D_(D4 U3Va) + X3Vs) = —5 X3Vs, (D)

from this term a twisted superpotential is generated.
On the other hand from (D.3) we obtain

—(X1+ X)) —i(Xe + X
e}’lze*‘/‘”’:( ( 1"‘71) (X + 2)), (D.5)
2(131(1)262QV0
(—(X1+ X1) — (X2 + Xo))
2&31(1)262(2‘/0

V3 = —1In

—(Xl + Xl)Q — (X2 -+ XQ)Q

—(X3+ X3)2 £ /2, (Xa + Xao)?

There is an apparent problem, which is that using the component e¥2 expression in (4.17)
one gets a result for V3 which implies that V3 = —V3 — V3 = 0.3 As however V; # 0 and

= —1In -+ 1H(2§)1‘I>1) =+ 2@‘/0

13This observation can be connected with the fact that in the WZ gauge one has for the Lagrange
multiplier term: [ d*0 Tr((xT+7x+D-7)os)= [ d*0 Tr((x7+7x+D-D+¥)o3)= [d*0 Tr((xT+7x)03) = 0.

— = A% T . S _
As well writing explicitly (4.14) as e2@"0 diel;®; = —e2Q% 2‘13/‘1’2 _ EQQ(D,D+\111-4;2/D,D+\112+h4c.) _D D, Wyt
21 21

h.c., the last term will drop when integrating over d*6.
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In(2|®1]?) # 0 one can write the dual model. The dual model is given by the Lagrangian

Lawa = [ 0%0\J(X0+ X0+ (X + )2 + (Xs + Xo)2 (D.6)

1 (X34 X3)2 4 />, (Xa + Xa)?
+§ /d46X3 In +h

(X1 4+ X1)2 + (Xo + X5)2
_ ~ _ A\ 1 _
+2Q/d9‘d9+ <X3 - D o + 2Q/d9+d9— <X3 _ i) S — /d49222020.
e

Let us briefly discuss that the dualization along o3 can be mapped to an Abelian

dualization along the phase of one chiral superfield as the one discussed in subsection 3.3
and in section 6. in the main text this discussion is done for the direction oy which is the
one analyzed systematically. The kinetic part of (4.1) can be written in matrix form as
ST M®, where M = elVI"e% and ®T = &. It is possible to rotate the element M into an
element generated by o3 to obtain

Vi
Ve e
elVles _ ( 0 e"V) . (D.7)

Then the kinetic term in (4.1) can be written as
Lign = $12@V0HVIg, 4 §pe2@0V0-Vig,, (D.8)

Since the GLSM has an U(1) symmetry, we make a gauge transformation Vp — Vp + %
which is substituted in (D.8) to obtain

Lyin = 200 2WVg, 4 §,e2Q0%0 0, (D.9)

setting the charge @ to 1 this is exactly the kinetic term of the two chiral superfields
GLSM (3.9).

E Notation and identities

Here we give a short resume of many of the conventions for the supersymmetry calculations
performed in the paper.

The sigma matrices 013, which generate SU(2), together with ¢” constitute the set
ot, n=20,1,2,3. They are given by:

0_0: -1 0 ’ 0_1: 01 : 0_2: Q_Z , 0_3: 10 '
0 —1 10 1 0 0 -1

Spinor indices are raised and lowered via the Levi-Civita tensor [22]:

P =P, o = eapt’ (E.1)
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Under this transformation the superspace coordinates are related via 6, = 6~ and 0_ =
—0T. The conjugation of spinor products is performed via [22]:

()T = (x* )t = Yax® = ¥x = X (E.2)

The following identities are of use in the derivations presented in section 5. First we
write some relations needed to reduce a component of the vector superfield i.e. the gauge

field in (5.6):

0™ Ovyn = (v3(y) — vo(y)070F + (vi(y) —iva(y))d~ 0" (E.3)
+(v1(y) +iv2)0707 — (v3(y) +vo(y))~ 07,
(60" 0vm)T = (v3() — vo(§))070F + (v1(y) — iv2())0~ 0 (E.4)
+(v1(y) + iv2(7))0707 — (v3(7) + vo(7))0~
Ox = 0% =0 xye +607x_, (E.5)
Oy = 047 = —0" v, — 0 x_. (E.6)

Then we write the reduction of the fermionic components A, A of the vector superfield:

020X () = 100,05\

=2i0T07 (0" AT —0TA7), (E.7)
—i0%0\(z) = —i04090° )\,
= 2070 (0T A" — 07 \T). (E.8)

The integrations in superspace of the Kéhler potential and the twisted superpotential
are given by the conventions [3]:

1 _
/ d*K = i / dotdo—do—doT K,

1 —~ 1 _ —
~ | 0w = = | do—doT

5 [ 0 = [ ararv
1 Y 1 ~1 =
3 d2OW = 3 dotdo—w,

In the notation from [16] one gets the following expression for the twisted chiral field
strength:

Y = \}§D+D_V =0 — V20T N — V207N + V20107 (D — ivg3) (E.9)

—i0=07 (01 — o)o — 00 (Do + D)o + V2070707 (9 — D) Ay
+V2070707 0y + 01N — 07070707 (92 — 8?)o.

These formulas are useful for most of the superfield calculations performed in the main text.
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F An SU(2) scalar example, dualizing along o3 direction

The aim of this appendix is to work out explicitly another example of gauging a global
symmetry on a gauge theory. We consider two complex scalar fields ¢; and ¢y charged
with identical charge under an U(1) gauge group with field /Al# and the charge of both been
g. This theory has an SU(2) global symmetry.

Let us make a dualization of this symmetry only under the o3 generator direction. This
is equivalent to having the two complex scalar fields of the doublet charged with opposite
charges under another U(1), and to dualize in that direction. The corresponding covariant
derivatives act on the fields as

Dub1 = (D, +iqA)¢1,  Dupa = (D, —iqA,)ps. (F.1)
Both fields have the same charge under the initial U(1) gauge so that 15“ =0, + icj/l“.
The Lagrangian once the extra U(1) symmetry has been gauged is given by

Lo = (Dyu¢1) DF ¢y + (Do) ' Dy + N9 A1 — 01 Ap). (F.2)
To obtain the dual model we integrate (F.2) with respect to A, to obtain
_ O A — ig(DFd2) 05 — (DF )" dr — (D' 1) + (DFé1)* 1)

AH . F.3
2¢%|6|? 3

Substituting the equation (F.3) in (F.2) one obtains
L = (Dyué1) D61 + (Dug2) D" — ¢* A, A9, (F.4)

The term —q?A3|¢|? will give

_(01))? N (D5 — D¢1f — hoc.)? i N(D¢ags — DO¢1; — h.c.)
4q?|9|? 4|¢|? 2q|¢ '

The term ¢?A2|¢|? will give

(DAN)?  (D'¢ags — D¢} —hc)? i \(D gags — D'¢1¢ —h.c.)

—q"Aj|o|* =

242142 = _
AT = 4 2op 1P 240
Such that:
DUAIEN 10" Ny (DP oty — DP ¢t — h.c.)
C2A A2 = D - 1P 2 ! F.5
CAANS = g 24107 (5)
(DF ol — DFp1 ¢t — h.c.)?
- 1oP '

The two gauge U(1) transformations can be used to fix the components p = 0,1 of
ﬁpq§1¢’1‘ to be real leading to the Lagrangian
AN 1M N, (DPhogh — huc.)
A¢*|of? 2|9

Ly = (Dug1) D¢y + (Dyg) Dl + (F.6)

(DF ¢ — h.c.)?
4|6
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Let us write explicitly ¢1 = €' to obtain that
(D) DF o1 = (8,m1) + 3 (8,01 + A,)*

Results of (F.5) can be used to analyze two other simpler cases:

1. When we keep only one scalar field ¢; and no gauge field such that 15“ = 0y, the

gauge symmetry can be used to eliminate the phase of ¢; leaving the Lagrangian

(BoN)?

Ly = 0,010"¢1 + yPEIPER

(F.7)

with ¢1 = ¢] and A the dual component.

When we keep the two scalar fields ¢1 and ¢9 and no gauge field, the gauged symmetry
can be used to eliminate one phase. Choosing that phase as the one of ¢ one obtains
the Lagrangian

(0A)?  i0"Aeup(0Phags — hoc.)
4q?|o[? 2q|4|?

Ly = 0,010"p1 + 0,030" P2 + (F.8)

(0#¢25 — h.c.)?
o> 7

with ¢1 = ¢] and A the dual component.

In this appendix we have presented the main elements of a non-Abelian SU(2)
duality which renders the scalar part of a GLSM dualization along os direction.
Further analysis of this connection will be presented elsewhere.
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