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ABSTRACT: We study the factorization and resummation prediction on the jet mass spec-
trum in one-jet inclusive production at the LHC based on soft-collinear effective theory.
The soft function with anti-k7 algorithm is calculated at next-to-leading order and its
validity is demonstrated by checking the agreement between the expanded leading singu-
lar terms with the exact fixed-order result. The large logarithms In™ (m% / p%) and the
global logarithms In" (34 / p2T) in the process are resummed to all order at next-to-leading
logarithmic and next-to-next-to-leading logarithmic level, respectively. The cross section
is enhanced by about 23% from the next-to-leading logarithmic level to next-to-next-to-
leading logarithmic level. Comparing our resummation predictions with those from Monte
Carlo tool PYTHIA and ATLAS data at the 7TeV LHC, we find that the peak positions
of the jet mass spectra agree with those from PYTHIA at parton level, and the predictions
of the jet mass spectra with non-perturbative effects are in coincidence with the ATLAS
data. We also show the predictions at the future 13 TeV LHC.
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1 Introduction

The substructure of jets produced at the Large Hadron Collider (LHC) has become one
of the hot topics for both theorists and experimentalists. The particles such as massive
electroweak bosons, top quark and other possible new resonances produced with transverse
momenta much greater than their masses, i.e., pr > m, can decay to hadronic products,
which are almost collinear and may be recombined into a single jet by jet algorithms.
Therefore it is necessary to find a way to distinguish the interesting signal jets from the
purely QCD backgrounds.

During the past few years, many studies on jet substructures have been performed [1-
13], in which new techniques and observables have been designed to analyze the events.
The event generators such as SHERPA [14, 15|, PYTHIA [16, 17] and HERWIG++ [18, 19], can
provide fully differential events, by which any observable can be predicted and compared
with data. However, the various event generators employ different models for parton shower
and non-perturbative effects, such as the hadronization and multiparton interactions. As
a consequence, they might provide very different predictions. For instance, the jet mass
spectra from the PYTHIA and the HERWIG++ do not agree with each other, as shown in
ref. [20]. Moreover, there is a type of color correlation between the initial and final colored
particles that is not taken into account in these event generators.

In order to obtain more precise predictions and test the validity of the Monte Carlo
tools, it is important to develop a theoretical framework to study the jet substructure.
Recently, various jet substructure observables have been investigated analytically based
on soft-collinear effective theory (SCET) [21-29] and the traditional perturbative QCD
(pQCD) resummation formalism [30-34]. For example, the factorization and resummation
prediction of the jet angularity in the multijet production at ete™ colliders have been
studied in refs. [23, 24], and the invariant mass and energy profile of jets at hadron colliders
have been explored in refs. [31, 32].

The theoretical developments of prediction on jet mass spectrum at hadron colliders
can be found in [28, 32, 33, 35]. In ref. [32], the jet mass was investigated with the pQCD
resummation formalism by focusing on the processes independent jet function, where it
was found that the nonperturbative effects are important at small jet mass. The author of
ref. [33] studied the distributions of m/ p% in pp — dijet and Z + 1 jet processes at NLL,
using the formula in refs. [36, 37], and including resummation effects of non-global logrithms
(NGLs) in large-N, approximation. The jet mass spectrum with the Higgs + 1 jet process
was discussed [35] in the N-jettiness global event shape [38]. The factorization formula
and resummation prediction of the jet mass spectrum for direct photon production in the
framework of SCET was provided in ref. [28], where the soft function was factorized into
two pieces with different scales. Thought the non-global logarithms were not resummed
there, their contribution were estimated and it was found that the NGLs only affect the
jet mass spectrum in the peak regions significantly.

Studies of the jet mass can not only help us understand QCD, but also be useful
to search for new physics, especially in the complex QCD environment of the LHC. In
particular, if we want to identify the mass peak of a highly boosted particle, the jet mass
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Figure 1. The illustrative picture for dijet production at the LHC. The blue and red arcs denote
the collinear and soft gluons, respectively.

spectrum of QCD background must be calculated precisely. Actually, the jet invariant mass
were explored in both ATALS and CMS collaborations at the 7TeV LHC [20, 39]. From
these results, we can see that the jet mass mj peaks at about 50 GeV, which can be much
smaller than the transverse momenta of jet pr. Therefore there exist large logarithmic

n
aS

terms 5 In™ (mQJ /p%) with m < 2n — 1 in the perturbative calculations near the peak

region, which need to be resummed to all order in order to give reliable predictions.

In this paper, we study one of the simplest jet substructures, i.e. the invariant mass
of a jet, and investigate the factorization and resummation prediction on the jet mass
spectrum in SCET for one-jet inclusive production at the LHC. Compared with direct
photon process [28], the factorization formula for dijet process is more complicated due
to the nontrivial color structure and associating soft radiation. The illustrative picture of
this process is shown in figure 1. Since the soft radiation can either be inside or outside
the cone of the measured jet, there are two kinematic variables which can lead to large
logarithms at threshold limit: one is the invariant mass m ; of the measured jet, and another
is the invariant mass ,/s4 of the partonic system that recoils against the observed jet. In
the threshold region m% — 0 and s4 — 0, both of the large logarithms In" (mg /pQT) and
In" (54 / pQT) need to be resummed to all order. In the threshold limits, the cross section can
be factorized as

- fPa ®be QH®S® Jobs. ®Jrec.7 (11)

where H, S, J, fp are the hard function, soft function, jet function and parton distribution
function (PDF), respectively. Both of the hard and soft function are matrices in color space.
The hard function includes the short distance contributions arising from virtual corrections.
The jet function presents the collinear radiation in the jet. The indices “obs.” and “rec.”
denote the observed jet and the recoiled one, respectively. The effects from soft gluon
emission are incorporated in the soft function and its phase space is constrained by the jet
algorithms. It is noteworthy that the large angle soft gluon arising from the initial state
radiation (ISR) and recoiled final state radiation are taken into account in this formalism.
In contrast to the cone algorithm adopted in ref. [28], we choose anti-k7 algorithm [40] to



calculate the jet and soft functions, which is boost-invariant and stable against the change
of jet boundary [41]. Thus, our prediction can be valid for the jet with both small and
large rapidity, and is more useful for phenomenological purposes.

This paper is organized as follows. In section 2, we analyze the kinematics of the
one-jet inclusive production at hadron colliders and give the definition of the threshold
region. In section 3, we derive the factorization formula. In section 4 and section 5, we
show the results of hard function and jet function at NLO, respectively. We calculate the
soft function at NLO and present its refactorization in section 6. In section 7, we give
the final renormalization group (RG) improved cross section analytically. In section 8, we
discuss the numerical results of the jet mass distribution for one-jet inclusive production at
the LHC, including the leading singular distribution at threshold limit, scale uncertainties,
R dependence, distinction between quark jets and gluon jets, and comparison between the
RG improved predictions and ATLAS data. We conclude in section 9.

2 Analysis of kinematics and factorization

In this section, we introduce the relevant kinematical variables and the factorization formula

needed in our analysis. We consider the process
Ni(P,) + No(P,) — J(ps) + X, (2.1)

where J denotes the leading final jet, and m is its invariant mass. The partonic channels
include qq¢ — qq, g9 — qq, 99 — gg and their various crossing ones. The Feynman diagrams
at leading order (LO) are shown in appendix A.

It is convenient to introduce two lightlike vectors nf = (1,0,0,1) and ng =(1,0,0,-1)
along the beam directions, and another lightlike vector n; = (1,7) along the measured jet
direction. In the center-of-mass (CM) frame of the initial partons, for the one-jet inclusive
production, the momentum of recoiling parton to the observed jet is along the direction
ny = (1,—ny). In the CM frame of the hadronic collision, the momenta of the incoming
hadrons are given by

I nt

n
PH = ECM7“, Pl = ECM?”. (2.2)

Here Ecyp is the CM energy of the collider and we have neglected the mass of the hadrons.
The momenta of the incoming partons, with a light-cone momentum fraction of the hadronic

momenta, are
I

nk nl
Da = xaECM7, Py = l'bECM7- (2.3)

The hadronic kinematic invariants are defined as
s=(Pa+DB)?, ti=(Pa—pp)—m3, w=(DL—py)-mj,
M2EP)%:(Pa+Pb—p]1)2:8+t1+U1+m?]1, (2.4)

and the partonic ones are defined as

~

5= (pa+pb)2 = TqTpS, tl — (pa_le)Z_mal — l’atl 5 fLl = (pb_pJ1)2 - m?h = Tpuy ,

ss=mx = o +Dp—psy)° =8+t + 01 +m7,, (2.5)



where pZJ1 = m?]l. In the threshold limits, we have p?,l — 0 and s4 — 0. The kinematic

region we are interested in is
8,101,101 > m7, 54> Nop - (2.6)

Any four vector can be decomposed along the light-like reference vector n;

Ak - n* aH _nt
P p) o+ (e p) o+ =t e 27)

Hence the momentum p# can be denoted by p* = (p™,p~,p1). The momentum modes
relevant to our discussions are the collinear mode pf,, ~ Vs (AQ, 1, )\), anti-collinear mode
Ph, ~ \/§(1,A2,A) and soft mode p§ ~ \/E(AQ,)\Q,)\Q), where A = m;/V/3 is treated as
a small expansion parameter. In the partonic threshold limits m; — 0 and s4 — 0, the
radiation is constrained to be either soft or collinear with the final-state partons.

In order to identify energetic cluster of radiation, the sequential recombination jet
algorithms are used. The longitudinal boost invariant distance measures d;; and d;p are
defined by

dij = min (pF;,p%;) ARij/R,  ARjj = \/(yz' — )%+ (i — ¢5)?,
dip = p%,z >

where R is the jet radius parameter, y; and ¢; are rapidity and azimuthal angle of the
jet i, respectively. a = —1, 0 and 1 represent the inclusive anti-kp [40], Cambridge-
Aachen [42, 43] and kp [44, 45] jet algorithms, respectively. The effects of jet algorithms
on the resummation have been studied in refs. [41, 46-49], among which ref. [41] has shown
that jet boundary can be changed significantly by boundary clustering for Cambridge-
Aachen and kp algorithms, while the change of the phase space is power suppressed for
anti-kp algorithm. In this paper, the anti-k7 algorithm is adopted, and the jet boundary
is just a circle of radius R in ¢ — y plane around the jet direction.

After clustering jets, the jet invariant mass m receives contribution from the radiation
inside the jet, whether from collinear and soft gluons. Thus we split the soft radiation k* to
two parts, denoted by k* = ki, + kb .. Then, the partonic threshold variables take the form

out-

m2j = (pJ1 + kin)2 = m2jl + 2k, “PJy s

ST (2.8)
54 = (ps, + kout)” = m3, + 2kout - D -

In the kinematic region m?], 54 < §, the momenta of the two jets can be written as p’jl =
Ejln‘j and p’jQ = EJQﬁf} in the partonic CM frame, where E; = E;, = \/§/2 in the
threshold limit. And m and s4 can be rewritten as

m?] = mQJl +2Ej(nj . kin);

) B (2.9)
sS4 =mj, —I—QEJ(nJ-/{?OUt).

For later convenience, we write ki, = ny - kin and kout = 1 - kout-



The hadronic threshold is defined as M)Q( — 0. In this limit, the final state radiations
and beam remnants are highly suppressed, which leads to final states consisting of two
narrow jets, as well as the remaining soft radiations. For convenience, we introduce the

dimensionless variables

v=14+—2, w=——=— T=1—0. (2.10)
S S+11
In terms of mx, x1, x9 and v,
m2
M% = xX + B2y [(1 = z)v + (1 — 29)T] + m? . (2.11)
2

In the limit 21 — 1, 29 — 1, m?, — 0 and m%c — 0, we have

MXme—ka—i——z[(l—ml)v—k(l—xg)@]—i—.... (2.12)

This expression is helpful when we derive the RG equation of the soft function by using
the RG invariance in section 6.

3 Factorization in SCET

To derive a factorization formula for dijet process in SCET, we first have to match the full
QCD onto the effective theory [50, 51]. To illustrate the factorization in detail, we consider
the process q¢' — qq’. The initial partons are labeled by 1 and 2 and the final partons are
labeled by 3 and 4, and the relevant operator in QCD is given by [52]

O = (' nTw5?) (V5" T'9) (en)gay » (31)
where ¢; denotes a 4 order color tensor with color indices a;, and T’ (I') denote the chirality
(P, or Pgr). In SCET, the n-collinear quark field 1,, can be written as

Xale) = Wi@en(@). &ula) = 2o (a), (3.2

where W, is the Wilson line, and x, is the gauge invariant combination of W,! and collinear
quark field &, in SCET. At the leading power in A, only the n-Ag; component of soft
gluons can interact with the n-collinear field y,(x), which can be decoupled by a field
redefinition [53]:

Xn () = Yo (2)xn (), (3.3)
with 0
Yo(x) = Pexp <igs/_ dsn-A%(z + sn)t“) . (3.4)

Then the effective Lagrangian can be expressed as

Loy =) C O, (3.5)



with

OFFT =3 (en) (@ [0° (@) ™ [0° ()] 11| (3.6)
{a}
[O°(@)]7 2% = X3 (@)3u T X3 (2) X2, (2)7 T/ X3 () (3.7)

bsay bzas

[0° @10 = [y ()] pa@)e [y @)] T Ma@)e (3.8)

Here CIF is the hard matching coefficient. The scattering amplitude for the ¢¢’ — q¢’ can
be written as

M (2)) = (X|OF(2)0%(2)|[N1N2)|CT) (3.9)
where |C1) is the vector of Wilson coefficient combination in color basis |c;), as following
1)y =Y C ler) - (3.10)
I
For q¢' — qq’, the color basis is chosen as
1) = i i tisin |€2) = Gisir i in - (3.11)

The differential cross section can be written as

o _1y v / d'a (M (2)|M (m3, pr,y, R)ME(0)),  (3.12)
r

2
dprdydm5  2s <

where the operator M (pr,y, R) denotes the measurement in the final state, including the
jet algorithm. It acts on the final-state collinear and soft particles with momenta {p.}, {ks}
as follows

M\ (m?fvav Y, R) |Xc+5> =M (m?])pTa Y, R, pe, ks) |XC+S> ; (313)

where
- Pc
M (m%apTaya R, {pc}a {ks}) =0 ((pc + ks)Q - m?]) 0 (|ch’ _pT) o <y - 71

De ) (3.14)
x © (R2 - (ys - yc)Q - ((Z)s - ¢c)2) :

Since the soft and collinear sectors are decoupled due to field redefinition, the matrix
element in eq. (3.12) can be factorized into a product of several matrices,

S M@M (3.7, B) M) = 1 3 Ot 00 st (P50 e ()
X I

x (N1(Py)[ X8 (2)x 3 (0)| N1 (Py))

x <N2(Pz)|>29‘2( )X52(0)| N2 (P2))

X Z 0|X ’Xcl < cl|>_($zi(0)|0>

X Z O\X x)| Xe2)( c2|>2%3(0)|0>

x Z (CT(0]0*" ()] X5)(Xs|0°(0)[0)|CT)
X

x M (m37pT7 y, R, {pc}a {ks}) ) (315)



where Ninix = 1/(4N?) denotes the average over the colors and spin of the initial-state
partons, and al, 81, etc, are Dirac indices. The initial state collinear sectors match to the
conventional PDFs:

_al AW L o\ i€ (ni-z) (s Py) /2
(NP X mi- 2 | X3 (0) [N(B2)) = gma- B | 5 1 d€ fo/n, (&) €& i
(3.16)

and the matrix elements of the collinear fields in the final state match to the quark jet
function:

vlol 4 ]
SO0 @) X Xa )0 = (5) [ 555007 () ) e =7 (31

Xcl

The soft function can be defined as the matrix element associated with the soft Wilson line
S(@, 1) = (0|01 ()| X,)(Xs]0°(0)[0), (3.18)
which can be decomposed in the color basis
Sty = (cir|Sles) . (3.19)
Now the matrix element appearing in eq. (3.15) can be simplified as
(CT10]0°(2)| X ) (X|O°(0)[0)|CT) = Zc SrsCY. (3.20)
All the above components in the factorization form in eq. (3.15) satisfy certain RG

equations, which we will discuss in the following sections. Combining the different parts
together, we get the factorized differential cross section in the threshold limits

do dzx, dxy JEPSR 9
dedydm, 871'8 Z / . e fz/Nl xa,llf)fj/NQ(JTb,/.tf)CU(S,tl,ul,mJ,R,,uf),
Channels
(3.21)
where Cj; is the hard-scattering kernel
Cij (8,11, 41, m3, R) = Z/dmgl dm3, dkin dkow Hry(8,t1,11) Sy1(Kin, kout) (3.22)

X Ji (m?,l) Jo (m?b) ) (mg — m%l — QEJkin) 1) (84—77132 —2Ejk0ut) ,

with
Hpy =Y crchr. (3.23)
I

And Hyy is the hard function, the details of which are shown in section 4.

For other channels, such as gg — qq¢’ or gg — gg, the formula of factorization is similar
to the process q¢' — qq’, except for the different jet functions and PDFs. The definitions
of gluon PDF and jet function are given by

_u . —
B o) A (") AL @) = [ % gy sz, a2
and
a bv _ gcab ury o 2 d4p 0 2\ —ixp
O A5 (@45 0)10) = 6% (=) 02 [ 55:06) 2,6%) 27 (329



12 — 34 | crossing | 12 — 34 | crossing | 12 — 34 | crossing | 12 — 34 | crossing
qq — qq’ stu qq' — q'q sut 99 — qq stu g9 — qq sut
qq — qq uts q7 — q'q tus q9 — 9q uts q9 — qg tus
qq — 74 tsu qq — ¢'q ust q9 — qg tsu q9 — gq ust

Table 1. Crossing relations for the 4-quark and gg — ¢ channels.

4 Hard function

The coefficient CIF can be obtained by matching the full theory onto SCET. The one loop
results for all partonic 2 — 2 process in QCD have been available in ref. [52], which are
derived in dimensional regularization and the MS renormalization scheme. In this section,
we show the crossing relations for different channels and the RG evolution briefly. The
explicit expressions of hard matching coefficients are shown in appendix B.

4.1 Wilsons coefficient at NLO

First, for the 4-quark processes, there are six channels if two different flavor quarks are

involved (e.g. ud — ud)
a¢ —qq's ¢ — a7, e3—d7, ed —dq, @ —Tq, @—d7.  (41)
The Wilson coefficients for the channel q¢’ — qq’ are denoted by CIF(S, t,u) and the others
can be obtained by crossing symmetries, as shown in table 1. For example, the Wilson
coefficients for the channel g7 — ¢'q are Cf(u, s,t). I' in Wilson coefficients denotes the
chirality of the incoming and outgoing partons. In general, there are 16 possible chirality
amplitudes. Actually, for the channel g¢’ — qq’, only 4 chirality amplitudes are non-zero.
This is because that chiralities of massless particles 1 and 3 (2 and 4) must be the same.
We rewrite the Wilson coefficients as C?I’AQ = C;‘I’AZ’)‘S’)“‘ with A1 2 = L or R. In addition,
since the chirality can be changed by charge conjugation, the only two independent chirality
amplitudes for ¢¢' — q¢’ are CFF and CFE.
If the 4 quarks are identical, there are two additional non-vanishing chirality amplitudes
CILRRL and CﬁLLR because of the contribution of u-channel. The interference between t-
channel and u-channel also makes the results different from qq’ — gq’ case. The results for

qq — qq can be expressed as

CHELL — CRRRR — oLL (5 ¢ ) 4 By ;CEE(s,u,t),

CHIL — it — (s, 1,0), 42
CHRRL _ CRLLR _ p CLR(s 1),
where
1 9
Byy=| & 1 |. (4.3)
T Ca Ca



The results of other channel associated with q¢ — gq can be obtained by crossing symmetry
as shown in table 1.
Next, we consider the Wilson coefficients for gg — qg channel and its crossing. There

are six relevant channels

99 = qd, q9 —4q9, 49 —4d9, 99—~ a4, 99— 949, 49— 9q- (4.4)
. . _ A1,A2,A3, M
The Wilson coefficients for the channel gg — ¢¢ are denoted by C; (s,t,u) and the

others can be obtained by crossing symmetries as shown in table 1. According to parity

invariance, we have
ALA2,A3,00 _ a=A1,—A2,—A3,— A4
C; =C; . (4.5)

In addition, C;‘l’)‘Q”\S’)“‘ = 0 when A3 = A\4. Thus, the Wilson coefficients for gg — ¢g can

. AL A Aot —
be rewritten as C;""™ = C;V 2t

, and there are only 4 independent chirality amplitudes
for each color structure, the explicit expressions of which are shown in appendix B.
Finally, we consider the process gg — gg. In ref. [52], the Wilson coefficients are
obtained by matching to an overcomplete basis of 9 color structures, though there are
only 8 independent color structures. Then, 16 possible helicity amplitudes for each color
structures give 144 matching coefficients. Basing on the symmetry, the Wilson coefficients

can be expressed concisely as follows

cf:4g§M§(1+Z—SQ§) [=1--6 T=1---6,
vy

05:4932‘—;@ I=7,89 T=1--6, (4.6)
«
Cf:4g§4—;Q§. I=1.---9 T =7---16.

The explicit expressions of /\/llf and QI; are listed in appendix B for the convenience of the
reader.

4.2 RG evolution of the hard function

The Wilson coefficients C} satisfy the RG equation [54-58]

d
o0 =T () (47)
where I‘?J can be expressed as
c —1 o
F;{](S, t, u, ,LL) = <'7cusp§ In ? + YH — /B(QS)> 5IJ + FYcuspMIJ(tg? ta u) ) (48)
S
with
cy = ngCr +nyCy, (4.9)
and
YH = NgYq + Mgy s (4.10)

,10,



where f(as) is the QCD beta function, veusp is the cusp anomalous dimension, and n,
and ng is the number of external quarks and gluons involved in the process, respectively.
Mjj(s,t,u) denotes the color mixing terms, and can be written as

M =S T L (sy) - L) (411)
i#]

where s19 = s34 = 8, 513 = So4 = 1, 514 = 593 = 1, and L(x) is defined as

L(z) =1In Lﬁ —imf(x) . (4.12)

The explicit expressions of M for each channel can be found in appendix B. M;; can be
diagonalized with eigenvalues \x. For example, for ¢’ — q¢’ channel, we have

(F-M-F V), = (Aol ;)2) : (4.13)

where F'(s,t,u) denotes the transform matrix, which can be calculated numerically. The
Wilson coefficients in the diagonal basis are denoted by C}; =Fx 1C¥, which satisfy the RG

equation

d
dlnp

Blas)

S

5 CH —t ~
C}:\(:u) = |:’Ycusp2 In ﬁ +YH + YeuspAK — :| C?(,U«) . (4.14)

The hard function in the diagonal basis is denoted by Hixr = (F-H - FT) KK'. With
eq. (3.23), the RG equation of the hard function can be obtained,

~

3]

112

d -

Hg g (p) = [%usp (CH In 2/3(axs)

s

+ Ak + A?{/) +2v0 — ] Hyro(p).  (4.15)

dlnp

Solving the RG equation, we can get the resummed hard function

2
N o Qg
Hy i (87t7u7,u) - a(éu:))Q exXp |:26HS(M/17M) - 2AH<:Uh7,u):|

X exp [—AF(Mh,M) </\K (§,£, ﬁ) + )\;(/ (§, A, ﬁ) +cy In >:| I:IKK/ (5,{,’&,”]1) N (4.16)

1,

where S(v, u) and Ar(v, i) are defined as

as(p) o /
S(v,p) = — / da 2] / do

) Bla)  Ja,w Bla')’ (4.17)
[ ) |
Ay(v,p) = /as(y) do‘ﬁ(a)'

Up to NNLL level, we need three loop 7cusp and g function and two loop v, and their
explicit expressions are collected in the appendix A of ref. [59].

— 11 —



5 Jet function

The jet functions J (p2, ,u), defined in egs. (3.17) and (3.25), describes a collinear quark or
gluon with the invariant mass p?. It is process independent and has been calculated at NLO
in ref. [60] and NNLO in refs. [61, 62], respectively. The nonvanishing diagrams contributing
to the NLO jet function in Feynman gauge are given in figure 2. The relevant diagrams
corresponding to quark jet function are shown in the top row, and the ones corresponding
to gluon are shown by the others. The RG evolution of the quark jet function is given by

dJ,(p% ) P2 P TP ) — Ty (% 1)
jlln 1 = <_2CF’VCUSP In E - 2,qu) Jq (pQ’ /~L) +20F’Ycusp /0 dq2 g p2 — q(; ( )
5.1

The gluon jet function is the same with Cg replaced by C4 and v/« replaced by ~7s,

respectively. This evolution equation can be solved by the Laplace transformation [63, 64]:

~ 2 oo 2
j <ln %u) :/o dp* exp (—Qfew> J(* 1), (5.2)

which satisfies the the RG equation

d ~ Q2 Q2 J ~ Q2
In = =(-=2C In = — 2y In =
dlnujq (n 12 ,,u> < F7Ycusp 11 12 Y Jg | 1 112 ) s
2

d ~ (@ Q - (@ o3
s (30#) = (200 2 ) 3 ()
Thus the jet function at an arbitrary scale p is given by
2 ~ 1 p2 1 eTVEN;
Jq (p ,M) = eXP[—4CFS(Mj7,U) +24,, (14 M)]Jq (anjaﬂj) Z? ? m )
J J
Nig  _ ' . (54)
Jy (p? 4C4S 24 > (9 1 [p*\ 7 e
o (0%, 1) = exp[—4CaS (1;, 1) + 245, (15, 1) ] g ( nwﬂj)p 2) T

where 7;, = 2CpAr(uj, p) and n;, = 2C2 Ar(pj, ). The p-dependent part of the Laplace
transformed jet function j(L,pu) is determined by the anomalous dimensions of the jet
function as in eq. (5.3), while the p-independent part can be obtained by a fixed-order

calculation. At NLO, it is

= as (TF 5 J J
JLyp) =14+ —=| L+ L+c). (5.5)
4m \ 2
When jet algorithm is applied, the phase space for the collinear radiation need to be
constrained. For anti-kp algorithm, the restriction of phase space is given by
R Kt (pm)?
_ 2
@antifkT =06 (tan 5 > W . (56)
p and k denote the incoming and loop momenta, respectively. In the threshold limit p? — 0,
the integral region of momentum k can be expressed as

2 p2
p~ tan?

p

— 2R
p~ tan® 5

— 12 —



(e) (f)

(2) (h)

Figure 2. Nonvanishing diagrams contributing to the quark and gluon jet function at NLO.

To avoid the double counting of the soft region covered by soft function, the zero-bin
subtraction [65] should be considered. Taking the soft limit of the restriction in eq. (5.6),
the phase space of zero-bin region is given by [22, 24|

Lkt
G);(l?l)ti_kT =0 (tamQ—;2 > k:‘) : (5.8)

After integrating the phase space and taking zero-bin substraction, the jet functions with
anti-kp algorithm are given by

o _ Cras (1 2p?
JEKT (52 = R, p) = Jy(pP ) + <2> -
*(p) 92

4t \p 2 tan 59
JantifkT( 2 - R ) J ( 2 )+ Qs < 1> p2 (40 2 ) ( ' )
) s 4,y = ) T\ 5 T 9. o R —<nyg),
g p p M g p /’L 47_[_ p2 . (p—)2tan2 % A f

where J, (pQ, ,u) and J, (p2, u) are traditional jet functions. Jgnti_kT and Jf;nti_kT approach
to the traditional ones when jet radius R — oo, which means that there is no restriction to
collinear radiation. In addition, it can be seen that the R-dependent terms in eq. (5.9) are
suppressed by m%/p?r at threshold limit, because p? ~ m%, p~ ~2E;and m; < Ej. We
have checked numerically that the corrections from R-dependent terms to jet mass spectra
are below 1% for mj < 100 GeV, so we will use the traditional jet functions in the following
numerical calculation.
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6 Soft function

The soft function defined in eq. (3.18) describes soft interactions between all colored parti-
cles. When calculating the soft function, we need to consider jet algorithm, which imposes
a restriction on the phase space of the soft radiation. In ref. [28], the jet was defined as all
the radiation in a cone of half-angle R around the jet direction, which is different from the
one defined by the standard sequencial recombination jet algorithms at hadron colliders.
In this work, we choose anti-k7 algorithm to calculate the boost-invariant soft function. In
addition, as discussed in ref. [28], there are multiple soft scales in soft function, which need
to be refactorized. In this section, we first discuss the calculation of the NLO soft function
with jet algorithm for all channels, and then show its refactorization. The details of the
calculations can be found in appendix C.

6.1 NLO calculation

As shown in eq. (3.19), the soft function S(kiyn, kout, t) can be decomposed in color space
and calculated in the eikonal approximation. Eq. (3.11) has shown the color structures for
4-quark channels. For gg — ¢ and 4-gluon channels, the color structures are given by

1) = (E8%) 5,4, 5 le2) = (@285, 5, 0 les) = 690204y, (6.1)
and
|c1) =Tr (t*1¢92¢43¢%4) | |co) =Tr (t*1¢92¢%4¢%3) | |cg) =Tr (t*1¢*4¢*3t*?),  (6.2)
|cg) =Tr (t41 44423 | |cs) =Tr (t*1 9342 | |cg) =Tr (t*1 932t |
|e7) =Tr (t1¢%) Tr (£92t%) ,  |eg) =Tr (¢1¢%?) Tr (t%3t*),  |cg) =Tr (¢*1¢*3) Tr (¢42¢*) ,
respectively. At LO, the soft functions is given by
S}?f) = 5(1?7)5<kin)5(k0ut) . (63)
At NLO, the soft functions can be expressed as follows
) i#j
S}J)(kina kouta yJa R’ /‘L) = Z (wij)[J I’ij(kina kOllta yJa R’ /‘L) ? (64)
i?j

where ¢ and j index the massless external partons, while I and J index the color structures.
According to eq. (3.19), the color matrix (w;;),, can be written as

(wij) ;= (er|Ti - Tjley). (6.5)

For Z;; (kin, kout, P, ¥, R, 1t), we need to calculate the non-vanishing real emission diagrams
in dimension regularization, as shown in figure 3, which is given by

drag [ ple®
(2m)d=1\  4r¢

ni~nj

(ni-q)(nj-q)
(6.6)

Iij(kina kouta Yy, R7 /1') = - ) /ddq 5(612) Q(QO)MR(kiny kouty Ra q)

— 14 —



1 J7 J1
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(d) Zos
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J2 J2 2
(c) Tua
J1 J7 1
g, | P
(f) Zsa

Figure 3. Non-vanishing diagrams contributing to the soft function at NLO.

In the CM of partons, the measurement function M pg(kin, kout, R,q) for anti-kp

algorithm is

M(Fin, ko, s @) = O (R = (y = 4)? = (6 = 6)? )8 (kin = s - )
+ ®<(y - yJ)2 + (d) - ¢J)2 - RQ)(S(kout —nj- Q) ’

(6.7)

where y; and ¢ presents the rapidity and azimuthal angle of the measured jet. And y and

¢ are the rapidity and azimuthal angle of the soft gluon with momentum ¢*, respectively.

For convenience, we calculate the soft function in the CM frame of initial partons and take

¢ to be zero. The results of function Z;; are

-2-12(kina kouh Y, R7 :UJ) = (

e
4
2

6

) {(5(kin)5(k0ut) [ — 4R? In(2coshyy) — 2R?> +4R’In R

— 4log?(2coshyy) + F] + d(kout) [—2R2 (;) ]
in/ 4

+ 6(kin) [—8 [

Qs

1 kou 1
ln( t2coshyt]>] +2R2< ) }
Eout M - Eout *

2

R
Il3(kin7 kouta Y, R7 :U’) = (7) {5(kin)5(k0ut) |: - R2 111(2 cosh y]) - 7 + R2 InR

47

—8InRIn(2coshyy) + 41n% R — 4y% 4 41n(2 cosh yj)}

1 kin
+ 0(kout) {4 |:k1n In <H2 coshw)L — (
1 kout
+ 6 (kin [—4 [ ln< 2 cosh )]
(Kin) - . Wl

R? 1
+<2+4MR+@Q(QMX]}
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Qs

214(k;in7 Kout, v, R, :U’) - (E

) {5(kin)6(kout) [;QR%Qstech@ ,
x [~4(R* + 8)In(2coshy,) — R* + 4(R* + 8) In R — 16| }

1 1
+ 6(kout) [—lﬁerJsech@ JR*(R? +8) () }
*

kin
1 1
+ 0(kin) [ezstecthJRz(R2 + ) <> ]
16 kout *
as 2
Taa(kin, kout, s Ry 1) = (4—) 8(kin)8(kow) | — 8In R In(2coshyy) + 41n? R
T

2
+ 41n%*(2coshyy) — 7r6}

1 kin 1
kout) |4 |— In | —2 cosh —4lnR|—
+6( t) |: |:kin n( H o yJ>:|* ! (kin)*:|
1 kout
in) | 4 1 2 cosh
+6(k )< I:kout n( . cos yJ)L

+2[—21nR+41n(2005hyJ)]< ! ) >} (6.8)

kout

Ts3 and Zo4 can be obtained by the relations
I23(kin7 kout> YJ, R) M) = 113(kin7 koutv —YJ, R7 M) 5
224(kin7 kout, Y7, R, /~L) = I14(kin) Eout, =y, R, /~L) .
In the calculation, we take the limit that R — 0, but we have kept all the terms up to

(6.9)

O(R?) so that our result can can be used for a wider range of R.

6.2 RG equation of the soft function

Now, we discuss the evolution of the soft function. Its RG equation can be derived by
using the RG invariance of the cross section. In the hadronic threshold limit, we have [59]

2
Toua | gey [des [am2 [ am? [ aks, [ ko 6.10
dM3dy N 72

X HIJ(§7 Aﬂla,u) SJI(kina kouta,u) fq/N1 (xla /’l/)fq/NQ(x27 M)Jl (mglhu‘) JQ(m?fzvu)

2 2
X 5[M)2( — <m31 +m3, + 2B (kin + kout) + %(1 —x1) + %T(l — (L'Q)>:| .

To transform the convolution form to a product form, using the Laplace transformation

A%z 0 M?2 d%c
— = dM?3 X 6.11
dQ2dy /0 X eXp( Q267E> dM3dy’ (6.11)
we can obtain
dQ& A A ~ ~ ~ ~ ~
A%y Hiy (8,8,4, 1) Sy1 (Kin, Kout, 1) fir jvy (713 1) Fi gy (T2, 1) 71 (Q%, 1) G2 (Q%, 1)

(6.12)
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where s is the Laplace transformed soft function

_ Y > in Kout
SIJ(K‘ina Rout, ,u) = /0 dkin /0 dkout exp <_ Iﬁ?ine’YE) €xXp <_ Hout€7E> SIJ(kina kout ,u) .
(6.13)
The RG invariance requires
d A 2 A ~ rs rs ~ -~
i [HIJ(SJ,U,M) S71 (Kin, Fouts 1) fiy vy (713 10) Fiy yvs (T2, 1) 71 (Q%, 1) Jz(Qz,u)} =0.
(6.14)
And the RG equation of PDF is
d.)? N(Tv :u) i
(1/7 = 2CF'}/cusp In (T) + 2’7qu| fq/N(Ta :u) ) (6'15)
dln p
with
) . _ 2 h
n=0Q%/(~t), m=Q%/(-h), (6.16)
for beam Nj and No, respectively. Here
2 2
== 4 =_PT (6.17)
v v

in threshold limit m?,h g, = 0and w — 1. The gluon PDF equation is the same with
Cp — Cx and y/a — 79, With egs. (4.15), (5.3), (6.14) and (6.15), the RG equation of
the soft function Sk in the diagonal basis is given by

d
dlnp

gK’K(Hiny Houtaﬂ) = {'Ycusp [20721[/('&1) + (2Cz - CH)L(tAl) o /\;(/]
, ) (6.18)
— 29eusp (Ciy + Ciy — Cj, — C3) In - 275} kK

where 7% = yg +~7i fyfio -yt 2, C;,; = Cr and Uy for quark and gluon, respectively.

A~

The relation between the soft functions s and s is

Sk = [(F—l)T 3 F‘l} (6.19)

K'K
We have checked that the NLO soft function in eq. (6.4) satisfies the RG equation (6.18),
which means our factorization is reasonable.

6.3 Refactorization of the soft function

As shown in eq. (6.4), the soft function depends on two variables ki, and koyt, which are
kin ~ m?]/pT and kouy ~ S4/pr, in principle. It means that we should treat the two
scales separately to control the convergence of perturbative expansion. However, at two-
loop level, a complicated dependence on ki, /kout Will emerge [27, 66], which represents the
nonglobal structure of the soft radiation. Although we could not ideally factorize the soft
function into separate two pieces which depend only on ki, /i and koyt /1, respectively, we
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can at least extract part of the soft function which depend only on a single scale [28]. We
define an auxiliary soft function S™ which only depends on ki,

5™ (kim) = (0|O°T| XM (X0%(0)(0)8 (kin — ny - P) - (6.20)

In color basis, the NLO S™(k;,) can be expressed as

i#j
S}I}](kln) = Z (wij)]JI;;(kinayJaRaﬂ) 9 (621)
i,J

where I;;l can be computed by the similar integration in eq. (6.6), except for the measure-
ment function replaced by

Min(kins B,q) = O (B = (y = ys)* = (6 = 6)?) ok —ny-q). (6:22)

Besides, it is necessary to introduce the residual soft function to describe the soft radiation

excluded by S§™ (ki)

S(kim kouta ,U)
Sin(kina M)

At one-loop level, we consider only one soft gluon emission, which is either inside or outside

S (kin, kout, 1) = (6.23)

the jet. It means that S™ describe the soft radiation outside the jet, which only depend
on kout at O(as), and we rewrite it by notation S (kqyut)
i#j
S?;t(kout) — Z (wij)[J I?]}lt(koutu Y7, Ra M) ) (624)
i,J

where I%“t(kout, ys, R, ) can be calculated according to eq. (6.6), through replacing the
measurement function by Mot (kout, R, q)

Mout(kouty R7 Q) = @((y - yJ)2 + (d) - ¢J)2 - RQ)(S(kout —ng- q) . (625)

Now, the soft function at O(«s) in diagonal basis reads

P N -1 .
SK’K(k'in’ koum Hsins Hsout s /'L) = S}?’L(kina Hsiy s /~L) (S(O)> LM S]?/l]l;((koum Hsout s :U’) . (626)

~j ~out ~. ~
fém(Lin, w) and i (Lout, pt) is the Laplace transformation of S™ and S°%, respectively, and

their RG equations are

d  4in =i ~i ~; Adn
mSK/L(Lin, ,U/) = |:_2B}I{1/L70usp Lin — C}I(I/L'ycusp — '7%/[]} SK/L s
6.27)
d ~out ~ ~ ~ ~out (
mSMK(Louta M) = [_QB%}(’YCusp Lowt — C]?/l[lﬁ{lycusp - ’7?\/1[1;(:| SMK »
where 7™ are anomalous dimensions depending on the jet radius R, which are given at

one-loop level in appendix C. Solving the RG equation, we get the resummed soft functions
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Sin and Sout

SiKn/L(kina Msmvu) = exp [_23}?% S(:U’Sin’ :u) + CiI?’L AF(MSin’H) + A%?’L (Msimu)}

. 1 k;in \/W Tlin e~ VEin
3o 6.28
SK L( Min “Sm) kin (Msm nignag F(nin) ’ ( )

83 (outs fsons 1) = €xD | ~2B5%c S (toguer 1) + Citle AL (s 1) + Asgss (s 1)
~out 1 Kout 2n19 flout e~ TETout
x Dpout v/ . (6.29
SMK( Tlout lusout) k;out </1/sout niJnog F(nout) ( )

Tin = 2B Ar (s s 1)

with

nout - 2§]\4[{ AF(MSOut7/“L) N

As shown in ref. [28], the above procedure, so-called refactorization, is an approximate
factorization, because the residual soft function would depend on both ki, and ko beyond
O(as). At two-loop level, In"(kin/kout) would emerge due to the non-global structure,
which has been widely studied at the e*e™ colliders [27, 30, 66-71], but rarely investigated
at hadron colliders with a sequencial recombination jet algorithm [33]. A systematical
discussion of them requires the complete two-loop results of the soft function with jet
algorithms, and is beyond the scope of this paper.

7 RG improved cross section

From eq. (3.22), using eqs. (4.16), (5.4) and (6.28), we can obtain

Cij (§,f,ﬁ,m31,u) = Z ol exp [2CHS(Mh’ R 2AH(’uh"u)]
K,K',L,M as(p)?

):| HKK’(§7£7 a,/.l,h)

x exp | =2BRp S (psinr 1) + Crp Ar(ptsy,s 1) + Azin, (usm’#)}

xexp[ r(tn, p ()\K—l—/\K,—i-cHln /TQ
h

nln
M A
X exp [_4015(:“]'1 ) H) + 2AJ1 (:u]'l ) H)] (&)

2 2 \Mm _
~ ~in H 1 m;y e 1M
X §1(Onys iy )Sgerp, | In —2 0, : :
71(O1, 151) KL< [is, DT + Onus Msiy m31 2

2

Tlout
o -1 =
X (S(O))LM exp [—4C S (o, 1) + 247, (1o 14)] (Msou]jpT>

x exp | <283k S (togus 1) + Cite Ar (s 1) + Asgys (s 1)

~ 2out /LQ 1 54 ' e~ VEN2
X J2(Ony s 5 In + 05 tsou , (71
32(Onas 132 )Snr T Hsout 'qu T(12) (7.1)

with
M=+, M2 = Nous + Nj, - (7.2)
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And the resummed cross section (3.21) can be written as

doNNLLp _pr Z /1 ) @ x15+x1t1+u1+m31 dsy
dedydm2J1 87s 7 7":;:‘71 x1 Jo Sq4 — X1t — m%l
X fi/Nl (-Tlaﬂf> fj/NQ(xQHUf) Cij (§,pT,y7m31,Mf) ) (7.3)

where NNLL, denotes the approximate NNLL resummation, which means that the NGLs
are ignored in this paper. Here, we have changed the integration variables from xo to sy,
which have relation

2
S4 — xltl — mJl

$2(84) = (7.4)

18 + Ul
To give precise predictions, we resum the singular terms In" (m% / p%) and In"(s4/ p%)
in threshold limits to all orders and include the nonsingular terms up to NLO. And the
RG improved differential cross section is given by

doNNLL,+NLO doNLO P )( doNNLL, doNNLL,
J

= -
alpTalyalm%1 dedyalm?,1

, (7.5)
expanded to NLO

(7.6)

dealyahn%1 B dedydm?I1

where

1
f(my) = :
1+ (my/mipateh)’
is the weight function, as defined in refs. [72, 73]. m?at‘:h denotes the scale above which
the fixed order calculation is reliable. For small my, f(mj) approximates to one, and

O_NLO and JNNL

LP|expanded will cancel each other, and the resummation result dominates
the cross section. With increasing m; above mf}‘a“h, f(my) goes to zero quickly, and the
main contributions are from the fixed-order results. When the power index ¢ becomes
larger, the translation from the resummation results to the fixed-order ones is faster. In

match

this work, m’ is chosen at 100 GeV and i is taken as 4. But the numerical results are

not sensitive to the choices of these parameters.

8 Numerical results

In this section, we discuss the numerical results for the jet mass distribution in dijet pro-
cess at the LHC. Throughout the numerical calculations, we use the MSTW2008 PDF
sets [74] and associated strong coupling as. In order to compare with Monte Carlo tools,
we use PYTHIAS8 [17] with its default “Tune 4C” input. FASTJET [75] is used to perform jet
clustering, and the anti-k7 algorithm is chosen unless specified otherwise.

8.1 Leading singular spectrum of jet mass

To verify the correctness of the factorizatoin formula, we expand the eq. (3.22) to the
leading singular terms (blue dashed line), and compare with the exact NLO results (red
solid line), which are obtained from ref. [76]. From figure 4, we can see that the leading
singular terms of the jet mass distribution can reproduce the exact NLO jet mass spectrum
in small my region. As m increases, the difference between the leading singular terms and
the exact NLO results increase. We find that in both cases of R = 0.4 and 1, the expanded
results agree with the fixed-order ones. This means that our soft function is applicable for
not only small R.
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Figure 4. The jet mass distributions from the exact NLO calculation and the resummed results
expanded to leading order (SCET Expand). Here, prmax = 600 GeV.
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Figure 5. The rescaled contribution from hard, soft and jet functions, as a function of their
corresponding scales.

8.2 Scale choices and uncertainties

The factorization scales are set at pp unless specified otherwise. Besides, there are five
other matching scales, pp, fis;,, [, Msow and fij,, which need to be chosen properly so
that the corresponding hard, soft and jet functions have stable perturbative expansions.
The matching scales can be determined by examining the contribution of the NLO matching
coefficients as a function of their corresponding scales [59, 77-79]. As shown in figures 5a
and 5b, the values of the scale yy, fis,,, and pj, are chosen as

pun =14pr, e =02pr +80GeV, pj, =0.5pr, (8.1)

where the relevant one-loop contributions get the extreme values.
However, the extreme points of the one-loop contributions of the observed jet function
J1(p5,) and soft function Siy,(js;,) do not exist. It can be seen from their NLO corrections

2 2

1
AUNLON—z Aln@—i—Bln&—kC , (8.2)
m; g, PTHs;y,
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where A, B, C are scale independent coefficients. If we measure the jet mass my, it
should not be integrated so that there is no quadratic logarithm term of s, and pj, in
the one-loop corrections, which is different from the cases of Sout(fts,n,) and Jo(pj,). As
shown from the red line in figure 5c, the NLO corrections to J; always decrease with
increasing fj,. For p;, = 3mj, we can see that the corrections decrease slowly. The blue
lines in figure 5c show the variations of resummed results as a function of p, for different
jet radius R. The extreme points emerge because higher order contribution of S$™ are
included. The variations of us, are minimized at about 20 GeV and 120 GeV for R =1
and 0.4, respectively. Using the method in ref. [28], we can determine ps, numerically by
the power function of m

(8.3)

where cp is an R-dependent parameter, pi = 400GeV and i, = 1.67m%47 (m in GeV) [28].
According to the extreme points of the variations of 8™, cg is numerically determined as
14000 and 2400 for R = 1 and R = 0.4, respectively.

After all of the natural scales involved in this process have been chosen, we discuss the
scale dependence of the resummation results of jet mass spectra in figure 6. At NNLL,
level, three loop cusp anomalous dimension and two loop normal anomalous dimension are
used. For the R-dependent pieces, the one-loop soft anomalous dimensions are used. At
NLL level, two loop cusp anomalous dimension and one loop normal anomalous dimension
are used. Figure 6 shows the scale uncertainties for variation of each scales by a factor
of 2 about its default value. It can be seen that the scale uncertainties for pp,, pj,, 1),
and fi,,,, reduce significantly from NLL to NNLL,. But for scale j, , the NNLL, bands
are broader than the NLL ones at large mj region. The reason may be that in large m;
region non-singular terms become important and the resummation results are unreliable.
In addition, we can also see that the distribution is enhanced by about 23% from NLL to
NNLL,, at the peak region. We confirm numerically that this enhancement mainly comes
from the one-loop corrections of the hard function, which are included at NNLL,, order,
but not at NLL. This means that if we want to obtain accurate theoretical predictions, the
high order corrections of the hard function must be included.

8.3 R dependence

In figure 7a, the blue and red solid lines show the results of NNLL,, resummation for R = 1
and 0.4, respectively. We can see that the jet mass spectra shift to right with increasing
R, and peak at about 20 GeV for R = 0.4 and 40 GeV for R = 1, respectively. This is due
to the fact that when R increases, more large angle soft radiation can be combined into
the jet, so that the invariant mass of jet mj; = \/(p. + ks)? become larger. The results
from PYTHIA are shown as dashed histograms. Figure 7a shows that the peak positions
and shapes of our resummation results agree with the ones of PYTHIA at parton level.

8.4 The difference of jet mass spectra between quark and gluon

In order to study the difference between quark jet and gluon jet, we show the jet mass
distributions for processes with quark and gluon final state separately. In figure 7b, the
blue and red solid lines correspond to ¢ — q¢ and qq — gg, respectively. The jet mass

— 922 —



0.12

0.

o
o
@

[pb/GeV?]
‘\\\‘\\\‘\\\‘\

m Jde
o
&

do

d
o
o
=

0.02

[ dependence
{s=7 TeV, LHC
pp— 2 jets, R=1
p,=400GeV, lyl<2

NLL
NNLL,

0.12

0.1

2:
depT [pb/Ge V7]
T’ T 17T *®

do

d
o
o
=

0.02

[ dependence
{s=7 TeV, LHC
pp— 2 jets, R=1
p,=400GeV, lyl<2

NLL
NNLL,

=)

80 100
m, [GeV]

120 140

(a) py

=)

|
80 100 120

m, [GeV]
(b) pn

140

0.12

0.

0.08

[pb/GeV?]

Ltjz dependence
{s=7 TeV, LHC
pp— 2 jets, R=1
p,=400GeV, lyl<2

NLL
NNLL,

0.12

0.

0.08

[pb/GeV?]

[T dependence
Vs=7 TeV, LHC
pp— 2 jets, R=1
p,=400GeV, lyl<2

NLL
NNLL,

==

80 100
m, [GeV]

120 140

(C) Heja

=)

|
80 100 120

m,; [GeV]
(d) Hsou

140

0.12

0.

o
o
s3]

[pb/GeV?]

+0.06

do
mdp

<)

o

=
[T T T

Hy dependence
[s=7 TeV, LHC
pp— 2 jets, R=1
p,=400GeV, lyl<2

NLL
NNLL,

0.12

0.

o
o
=3

[pb/GeV?]

+0.06

do
mdp

o
I
L

[ dependence
(s=7 TeV, LHC
pp— 2 jets,R=1
p,=400GeV, lyl<2

NLL
(' NNLL,
Ky
sy

e
=

==}

80 100
m, [GeV]

120 140

(e) gy

==}

80 100
m, [GeV]

(F) 15y

20

Figure 6. The scale uncertainties of the resummation results for pp = 400GeV and R = 1.

— 23 —



0,048 - ey B R
o.o4§ LHC, (s=7 TeV — NNLL,, R=0.4 f; 0025 | HC, (5=7 TeV — NNLL, q@—q3
0,005 500<p;<600GeV - pyipia part. R=0.4 L 500<p,<600GeV --- pythia q—>qq |
F ] 0.02/— - -
oo M2 —NNLL,R=l - _ o YR —NNLL,, q3—>gg |
> £ 7 > L i
“‘8 0.025 -- Pythia part. R=1 3 “‘8 0015 == Pythiaqg—gg ]
g’ 0.02; é olg’ N ]
o " % :
0.015 — .01 B
0.01; é [ ]
E = 0.005— -
0.005—; - L ]
=R A R A I P P R e
%1020 30 40 50 60 70 80 90 100 02072060 80 100 120 140 160 180 200
m, [GeV] m, [GeV]
(a) R dependence (b) Jet mass spectra of quark jet and gluon jet

Figure 7. (a) R dependence of the jet mass distribution. (b) Comparison of jet mass spectrum
between quark jet and gluon jet.

spectra for quark and gluon jet peak at about 30 GeV and 55 GeV, respectively, which is
helpful to distinguish between the quark and gluon jet. The peak positions and shapes of
our resummation results agree with the ones of PYTHIA.

8.5 Phenomenological studies of jet mass spectrum at the LHC

In this section, we give the RG improved predictions of jet mass spectra at the LHC, and
compare them with the results of PYTHIA and the ATLAS data [20]. Figure 8 shows the
normalized jet mass distributions with R = 1 in four different pr bins. At NNLL, + NLO
level, the jet mass spectra peak around 25—40 GeV, and shift to right with increasing jet pp.
The peak positions agree with the ones of PYTHIA at parton level. In addition, we can see
from the results of PYTHIA that the additional hadronization and multiparton interaction
shift the spectra to right by about 10 GeV and 20 GeV, respectively. This means that
if we want to obtain predictions which are comparable to data,! the non-perturbative
effects must be considered. Ref. [80] has computed the non-perturbative corrections to
jet mass and their results have been used for Z+1 jet process in ref. [33], where a shift
m?, — m?] + 2QR pr for jet mass has been used to account for the non-perturbative effects.
However, as discussed in ref. [33], this shift in small jet mass region is not meaningful,
so we truncate the spectrum in the left side of the peak. Figure 8 also shows that the
NNLL, + NLO results with a shift of Q2 = 3.0GeV (the black solid lines) are consistent
with the ATLAS data [20] in all of four py bins. Here the shift accounts for the total effects
of hadronization and multiparton interaction, so the value of €2 in this work is larger than
the one in ref. [33], where only hadronization is concerned. Notice that our treatment of
the non-perturbative interaction effects here is just an approximation. A precise estimate
of these effects require some modification of the resummation scheme and global fitting
with certain precise data. The further discussion of the non-perturbative effects is beyond
the scope of this work, and left in future study.

'Here we have included the multiparton interaction to the non-perturbative effects for simplicity thought
it is not necessarily true.
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Figure 8. Comparison between theoretical predictions and ATLAS data at the 7TeV LHC. The
label MI in the plots denotes the multiparton interactions. The blue lines represent our NNLL,, +
NLO predictions, and the black solid lines represent the results with non-pertubative effects. The
red solid, green dashed and green solid histograms represent the results from PYTHIA.

In figure 9, we give our RG improved predictions at the 13 TeV LHC. Comparing with
the results at the 7TeV LHC, the jet mass spectra at parton level in the same kinematic
region shift to right by about 5 GeV. The reason is that the dominated contributions is
from q¢ — qg and gg — gg channel for 7TeV and 13TeV LHC, respectively, and the
latter channel gives more gluon final states, the average jet mass of which is larger than
the one of quark final states. After including the non-perturbative effects (hadronization
and multiparton interaction), the PYTHIA results are closer to the SCET predictions with
Q) = 4.5GeV than Q@ = 3GeV, which implies that the non-perturbative effects become
more significant at hadron colliders with higher CM energy.

Moreover, we can see this more clearly with the mean values of the jet mass squared,

defined as 1 J
o
<M2)5/ 2 e ——dmy, (8.4)

which can be changed by non-perturbative effects in collisions. In table 2, we list the mean
jet mass squared at parton level, including hadronization, and both hadronization and
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Figure 9. Predictions of jet mass spectrum at 13 TeV run of the LHC.
\/g <M§art.> <Ml?ad.> <M}%ad.+MI> 5Ml%ad. 6M%E

pp — dijet | 7TTeV 7893 8689 10460 796 1771

13 TeV 9295 10190 12420 895 2230

q7— ¢ q | 7TTeV 4777 5295 6989 518 1694

13 TeV 5183 5731 8101 548 2370
gg—gg | 7TeV 11370 12490 14060 1120 1570
13 TeV 12020 13120 15430 1100 2310

Table 2. The comparison of mean values of jet mass squared from PYTHIA at the 7TeV and
13TeV LHC. 6M2, 4 = (M2, ,) — (M3,.) and 6MZy = (M7 4 ) — (M2,4)- The observed jets

part.
are selected with 400 < py < 500 GeV and |y| < 2. Unit is GeV?.

underlying event (described by multiparton interactions in PYTHIA), which are denoted by
<M§art_>, (MZ,) and (Mg, i) respectively. We can see that 0Mg2, ; and § Mgy, increase
by about 12% and 26%, respectively, with CM energy from 7TeV to 13TeV. Besides,
6Ml?ad. in gluon final states is much larger than in quark final states (because of the color
factor difference between quark final state and gluon final state [80]), and nearly insensitive
to the CM energy. Because the g g — g ¢ channel is more dominant at higher CM energy
collision, (5M£ad' increases apparently in the pp — dijet production. In contrast, 5M%E
is almost the same for the quark and gluon final states and sensitive to the CM energy,
which increases by about 40%-50% from 7TeV to 13 TeV with PYTHIA. This is just the
improvement from = 3GeV to 2 = 4.5 GeV in our resummation predictions, as shown
in figure 9.

9 Conclusion

We have studied the factorization and resummation of jet mass for the one-jet inclusive
production at the LHC with SCET. The factorization formula is derived systematically.
The NLO soft function with anti-k7 algorithm is calculated and its validity is demonstrated
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by checking the agreement between the expanded leading singular terms with the fixed
order results. The soft function is refactorized into two pieces corresponding two different
scales. The RG invariance of the cross section is checked at NLO for all channels, which
demonstrates the correctness of the factorization. By ignoring the NGLs, we first carry out
the resummation at approximate NNLL level. From the numerical results, we find that
the jet mass spectrum is enhanced by about 23% from NLL to NNLL,, at the peak region.
The enhancement mainly comes from one-loop correction of the hard function. The jet
mass spectra shift to right with increasing jet radius R and transverse momentum pp. In
addition, we show that there is a significant difference in jet mass spectra between quark
and gluon jets. Finally, the normalized jet mass distributions with R = 1 are given in four
different transverse momentum regions. We show that the NNLL, + NLO spectra peak at
25-40 GeV and shift to right with jet ppr increasing. The peak positions agree with the ones
of PYTHIA at parton level. Including the non-perturbative effects, our results are consistent
with the ATLAS data. We also give the RG improved predictions at the 13 TeV LHC and
find that the peak shift to right by about 5 GeV comparing with the results at the 7TeV
LHC. Our results are helpful to precisely study jet mass spectrum at hadron colliders and
test the validity of the Monte Carlo tools.
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A LO Feynman diagrams

The Feynman diagrams for dijet process at LO are shown in figure 10.

B Explicit expressions of hard Wilson coefficients

All the expression of Wilson coefficients can be found in ref. [52]. We list them below the
convenience of the reader.
For q¢’ — qq’ channels, the expressions of the Wilson coefficients in eq. (4.2) are given by

CEE(s,t,u) = zg§§ {1+Z‘8 {—QCFL(t)%er(s,t, w)L(t)+Y + (;C’A—%‘F) Z(s,t, u)} } ,
i
CEA(s,tou) = 2625 {14 75 [22CR L + Xu(s, L, u) L(t) + Y + 20k — Ca) Z(u,t,5)] }
LL — 923 ] % _Cr
Cy™(s,t,u) = 2g; . {477 |:X2(S,t, u)L(t) 2CAZ(s,t, u)} } ,
LR _op2t s Cr
Cy (s, t,u) = 2g3 ; { - [Xg(s,t,u)L(t) + 2CAZ(u,t, S):| } , (B.1)
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(d)g+g—g+g

Figure 10. Feynman diagrams contributing to the 2 — 2 process at leading order.
with

Xi(s,t,u) =6Cp — By + 8Cp[L(s) — L(u)] — 2C4[2L(s) — L(t) — L(u)]

Xals,t,) = SIS — Lla)

1 2 B.2
Y:CA<30+7T2>+CF<7;—16)+§60 (B2

Z(s,t,u) = f <t 207 ) — LR + 2(L(w) — L(t)] + 72 F 2“) .

S S

If the 4 quarks are identical, the corresponding Wilson coefficients can be obtained by
using eq. (4.2). The other crossed channels, the Wilson coefficients can be obtained by
using crossing relations shown in table 1.
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For gg — qq channel, the Wilson coefficients are given by

Vit s
Ot (st ) = 2023 {14 02 [(Ca+ Cr)L(s P+ Vs, ) L(s) + Wals, t,w)] }
Cfr_(s,t,u) = 2g§u\/ﬂ{1+o¢s [—(CA+C’F)L(3)2+‘/1(3,t,u)L(s)—I—WQ(s,t, u)]}
s\t 47
Cit(s,t,u) =Cy (s,t,u) = 2g° g%I/Vg(s t,u)
1 IS 1 Yy S t47T » Uy

(B.3)

4
C;f(s, t,u) = C;Jr(s, u, t)
C;'+(s,t, u) =Cq (s,t,u) =0,
where

Wi(s,t,u) = (Ca — CF)% ([L(s) — L(H)]* + 7T2> 1+ C4—8Cp + <7CA+CF> 2

+(20a 50 ) (- p s op T 0 L (TR 2
Wi(s, t,1) = 205 — 2C.s — ?2)—2(0,4 )
Was. 1) = ~2(1() = L)J? — [L(s) — LOJILE) — L) + 2
Vi(s, tu) = 3Cp — 2C4[L(t) — L(s)]
Va(s,t,u) = [L(s) — L(w)] + S[L(t) — L(w)]. (B.4)

For the other crossed channels, the Wilson coefficients can be obtained by using crossing
relations shown in table 1.

For 4-gluon channel, the Wilson coefficients can be obtained by eq. (4.6). The LO
matching coefficients MF can be obtained in table 3. At NLO, we also need Q. They can
be expressed in terms of A, B and F, the expressions of which are

7T2
Al tru) = =2CaL0)* + (= 20AIL(5) — )] + o))+ (5= = ) Cact Sgng
Blsst,0) = Als, ) + B s [L(w) — L(3)] = 22255 (ILw) = LGs)P + 7°)
+(Ca=np)% {S L) = L) + (55 —2) (L) = L(s)2 +77) = 1}
82 82 S S
F(s,t,u) = C}A <tuB(t’ s,u) + EB(’LL, s, t) + %A(s,t,u) + 27./4(8, u,t)) . (B.5)
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Table 3. LO matching coefficients M for the 4-gluon channel.

C Calculation of the soft functions

C.1 Color matrix
The color matrix of NLO soft function has been defined in eq. (6.5). At tree level, the color
matrix is
1
0  _ [3CaCp 0
Sqq'—qq = ( 0 Cfx : (C.1)

The NLO color matrix is

w12 = | c.Cr , Wiz = 2 )
— 9 0 0 —CACF

C
wiy = TF—ﬁCﬁCF —3CaCr 7
_ECACF 0

W3 = W14, w4 = W13, W34 = W12 - (C.2)
For gg — qq channel, the color matrix at tree level is

CuC3: —E CaACr
523)%6: —5F CuC} CaCr |- (C.3)
CACF CACF QCI%CF

The NLO color matrix is

—1C%CF 0 —C%CF
wio = 0 _%CiCF _CiCF ;
—C%Cp —C3iCrp —2C%CrCy
LC3Cr(1-3Ca) $C3Cr —3C3Cr
w3 = LC%Cr Lo3Cr 3C4Cr |,
—1C%CF 1CiCp 0
=CiCr  CACF 3CACF
wiy = | 5C4Cr 5CACF(1—3Ca) —3C3CF |,
2CaCr  —3C3Ck 0
- ~L(8Ca+1)Cp —CaC%
w34 = —%2 (3CA + 1) CF —% _CAC}QF )
—C4C% —C4C% —2C4C%
w23 = Wi4 , W24 = Wiy - (C4)
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For gg — gg channel the color matrix at tree level is

ap by co by bo by do do —ep
bo ap bo by co bo —eg do do
co bop ap bo bo by do do —eg
c bo bo bo ap bo co do —eo do
gg?))—)gg = ﬁ bg (&) bo bo agp b() —€ d() d() s (C5)
bo bo bo co bo ag do —eo do
d() —€0 d() do —€0 d() d() €0 eg e%

d() do do —€Q do —€Q 63 doeo 63

—eg dog —eg do dy dp e% e% doeo
with
ap=0C%—3C%5+3, bp=3-C%, co=3+C%, dy=20%CF, ex=Cy4. (C.6)

The NLO color matrix is

a h ¢ b h b—f d O gbgb b b f f k
h a hbc b 0 d-—f b a bh ¢ h 0 —fd
¢c h a b h b—-fd 0 gbgb b b f f k
b b b g b g f Kk f b h ba h c —f 0 d
wi=| h ¢ h b a b 0 d—-f1|, wsz=|b c b h a h 0 —f d |,
b b b g b g f k f b hbc h a—fO0 d
—f 0 —=ff 0 f 0 —e e fo0 f—=f0—-f0 e —e
d d dk d k—em —e f=ff 0 —-f0 e 0 —e
0 —f 0 f—ff e — O kdkd d d —e —em
a b ¢c hbh d-f0
b gb b g b k f f
¢c ba hbh d—-f0
hbh abc d 0 —f
wyu=|bgb bgb k [ [ [,
h b h ¢ ba d 0 —f
d kd dk d m —e —e
—ff—=f 0 f 0 — 0 e
0 f 0 —ff—-f—-ee O
W3 = W14, W24 = W13, W34 = W12, (C.7)
with
1 1 1
a:—l—ﬁ(cjﬁ—zcim)cF, b:—E(2—Cf‘)CF, c:—g(ciﬂ)cF,
1 1 1 1
d= —10310%7 e= gCiCF, f= ECiCFa g= ZCACJ%U (C.8)
CF CACF 1
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C.2 Calculation of Z;;

Here, we show the detail of the calculation of the Z;; function. First, in order to compute
Ifjut conveniently, we define an auxiliary function Zf}-ux(kout) with the measurement function

Maux(kouta R7 q)7
Mas(bouts B, q) = O (B2 = (y = 4)? = (6 = ) )dlkous =y q) . (C9)

which is the same as M, in eq. (6.22) except for the delta function. Then I%ut can be
obtained by
I%ut(kom) = Iifjull(kmlt) - I%‘ux(kout) ) (ClO)

where If;“(kout) denote the soft radiation without constraints from jet algorithm, the
results of which are

[ 277,12 7T2 -1 k 277,12 |
T (outs 1) = = (52) 00k) |2 22 = 2o | g | (=
( t"u) 4 ( ) N14 N24 6 + _k . )% niqanayq ) | * ’
s [ 27113 71'2 _1 k 2n13 |
Ifullkou’ :_<O‘){5k n2 -~ — — | +38 ln( )
(Kout 1) A7 (k) N14 N34 6 | Lk BV niansg )|, (C.11)
s [, 2 2] [1 k[ 2 ]
T oo ) = — (22) {6(k) w2 T g s (,/n”’) } :
47 I 24 N34 _k wV Mn24MN34 ) |,

6
Ifun(kouta ) IQHH(kouta ) Iguu(kouta ) 07

where n;; = n; - n;.
In partonic CM frame, the four vectors of initial and final partons can be written as

nf = (1,0,0,1),
nt = (1,0,0, 1),
pjl = pT(COSh Y, 07 17 SinhyJ) ) (C12)

p!JLQ = pT(COSh Y, 07 -1,- sinh yJ) )
q" = qr(coshy,sin ¢, cos ¢, sinh y) .

This choice of frame makes the measurement functions simple but leaves the complexity in
delta function. The phase space integration can be written as

/ddqé((f)@(qo) = ET)/O dé sin™ 2€¢/dy/quq1 2| (C.13)

§—€

Integrating over the delta function, we can get

kin cosh y z
- C.14
ar cosh(y —yy) —cos¢’ ( )
for soft emission inside jet, and
k h
qT out COs y] (C15)

- cosh(y +yy) +cos¢’
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for the one outside the jet. For 12;1 and Z7**, the integral region of rapidity y and azimuthal
angle ¢ are constrained by measurement function is a circle with radius R. We redefine
the integration variables

y=vy +ys;, Yy =rcosp, ¢=rsine (C.16)

and then
™ R s
2 (N2 42)
/dy/o d¢p© (R (y—ys) —o ) /0 drr/o dep. (C.17)

For 775, we can get

. 4o e\ 2w 1 (k|
Bk B0 = ~555% (3 ) T (r
12( n, YJ M) (271')3_26 (47‘() I (% — 6) kin ( H© )

(C.18)
R T
X / drr/ d¢psin™2¢ ¢ (coshy — cos ¢)* cosh > ;.
0 0
This integration can be computed analytically by approximation at small R
sing ~ ¢ =rsinp,
1, (C.19)

1 1
coshy’ — cos ¢ ~ §y’2 4 §¢2 - §7a _

From figure 4, we can see that the approximation is validity at even larger R, i.e. R = 1.
The other IZI;I and 7™ functions can be calculated by similar method.

The results of the refactorized soft function in Laplace space are

~ o . 0
Iig(ninvvaRvu) = (78> < 11?2 +’7§13 Lin) ’

47
1 honts i, Bor) = (52) (AR =9 L2 =982 Lows)

12 cusp ““out VD)

rin in 1 0
Il3("£ina Yy, Rv M) = ( I3 + §7éggpL12n + 7.(713 Lin> ’

- 1 0
Ii)?l,lt("{outa ys, R, p) = (A?}lgt - §Vég)spL(2)ut + Z’VéggpyJLout - %(rl;z LOut> )

|23

N———
=E

'

=3
(-

&

=]
N———

fiﬁ(ﬁinay‘h RHUJ) = (

ii)zlllt('%outa Y, Ra M) =

(SN

f;,rzi(ﬁinv Yy, Rv H) -

s

fgzt(ﬁoutv Y, R7 /'L) -

/N N N
£ 512 &

5o
3

. 1 0
) (4 30 28280 B

1
AR+ 5980 L2 = 2080 1n (2 coshys) Lo — i) Low |

fé%(ﬁinvij R,H) = Ii3(/{'in’ —YJ, Rvu) ) jggt(’iout7yJ7R7 :U’) = ffgt(KOUb —y7, R, /J“) ’
I;I}l(’k‘:inv Y, Rvu) - I]i.?l(/{’ina —YJ, R:M) ) Ingt(’%out?yJ7R7:u') - Iloﬁlllt(HOUt7 —YJ, R’ M) )
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with Li, = In (2ki, coshyy/p) and Loyy = In (2K0ys coshyy/p). The one-loop R-dependent

anomalous dimensions vy, are

R2
sz(yJ’R):*?RQa vg(yJ,R):*?WllnR,
1
7}?2 (ys, R) = _ER2 (R2 + 8) e2stech2yJ, fyg)z (yj,R) = —4InR,
0 0 0 0
Vi 0, B) = 710~y ). YW R) =4\ (—ys R),  (C.20)

in,out
and the constant terms A7"°" are
v

i]rig(yJaR) = R2 (71 +2IDR) ;

2
A7 (ys, R) = —4R?In (2coshyy) + R*(~1 +2In R) — %
in 1 2 ) 7'1'2
h (v, R) = SR IR+ 2 R+ —,
1
AP (ys, R) = 3 [R? — 161n(2 cosh ;)] In R — (R? + 8y) In(2 cosh 1)
2 2
- % +2In% R — 493 + 41n*(2coshyy) — %,
i 1
11?4(3/J’ R) = @RQ [RQ +4 (R2 + 8) InR — 16] egstecthJ,

114

1
Ay, R) = 6—4R2 [—8 (R2 + 8) In(2coshyy) — 3R? + 4 (R2 + 8) InR— 16] e?¥sech?yy ,

2

n (4, R) =2In® R + %,
2

A9 (y7, R) = —81n(2coshyy) In R + 21n? R 4 81n?(2 coshyy) + WZ ,

T34
1123 (yJa R) = AIII;; (_yJ7 R) ) A(;;; (yJ7 R) = A(I)&t(_yJa R) s
By R) = AR, (—ys, R), A% (ys, R) = A% (—vs, R).
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