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termined in terms of the generalized Donaldson-Thomas invariants, through a twistorial
construction. At the same time, in the mirror type IIB picture, and in the limit where
only D3-D1-D(-1)-instanton corrections are retained, it should carry an isometric action
of the S-duality group SL(2,Z). We prove that this is the case in the one-instanton ap-
proximation, by constructing a holomorphic action of SL(2,Z) on the linearized twistor
space. Using the modular invariance of the D4-D2-D0 black hole partition function, we
show that the standard Darboux coordinates in twistor space have modular anomalies
controlled by period integrals of a Siegel-Narain theta series, which can be canceled by a
contact transformation generated by a holomorphic mock theta series.
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1 Introduction

In type II string vacua with N = 2 supersymmetry in four dimensions, the moduli space
spanned by massless scalar fields famously factorizes as the product My x My of the
vector multiplet (VM) and hypermultiplet (HM) moduli spaces, respectively [1, 2]. A
complete understanding of the former was achieved by the end of the last millenium, and
has led to key developments in black hole physics and algebraic geometry. By contrast,
until recently our understanding of the latter was confined to the tree-level [3-5] and one-
loop [6-10] approximations to the metric, together with some general expectations about
the form of instanton corrections [11, 12]. While it has been clear to many that an exact
solution for the quaternion-Kéhler (QK) metric on My would have considerable impact
both for physics and geometry, progress was hindered mainly by the lack of a convenient
parametrization of this class of metrics.

The situation has improved dramatically in recent years, as projective superspace and
twistorial techniques [13-19] were brought to bear on this problem. The key idea behind
these methods is that the QK metric on My is encoded in the complex contact struc-
ture on the twistor space Z, a P! bundle over My [16]. The latter is in turn specified
by a set of holomorphic generating functions for complex contact transformations between
local Darboux coordinate systems, subject to certain global consistency and reality require-
ments [20]. These gluing conditions can be converted into a system of integral equations,
which can often be solved by iteration. The QK metric on My is then obtained by ex-
panding the resulting Darboux coordinates around any fixed section of Z, similar to the
usual twistorial construction of HK manifolds [15, 21].

Using these techniques, combining earlier results on the twistorial description of the
perturbative metric and of D1-D(-1)-instantons [22-25] and taking inspiration from a sim-
ilar construction in the context of gauge theories [26], a general construction of the D-
instanton corrected HM moduli space was laid out in [27, 28|, in terms of the generalized
Donaldson-Thomas (DT) invariants €(+; z) which count D-instantons. For reasons that
will become clear below, we refer to the construction of [27, 28] as the ‘type IIA’ con-
struction. In type ITA string theory compactified on a Calabi-Yau (CY) threefold 2),
D-instantons come from D2-branes wrapping special Lagrangian cycles, while in type IIB
string theory compactified on the mirror threefold 2), they come from D5-D3-D1-D(-1)-
branes wrapping even-dimensional cycles, or more generally coherent sheaves on @ Al-
though the DT invariants typically depend on the complex structure moduli (in type ITA)
or Kédhler moduli (in type IIB), they are piecewise constant away from walls of marginal
stability, and their discontinuity is such that the resulting contact structure on Z (and
hence, the QK metric on M) is smooth [26]. In fact, the type ITA construction of [27, 28]
is essentially dictated by consistency with wall-crossing, and is isomorphic to the gauge
theory construction of [26] under the QK/HK correspondence [29, 30].

In addition to these D-instantons, one also expects contributions from NS5-brane in-
stantons wrapped on the CY threefold. Those effects are in principle determined from the
known D5-instanton corrections, by requiring that the QK metric should carry an isomet-
ric action of SL(2,7Z), originating from S-duality in ten-dimensional type IIB string theory.



NS5-brane corrections were constructed at linear order in [31] (see also [32-34]), but an
understanding of these effects at non-linear level is still missing.

In this work, we focus on a subset of the allowed instanton corrections, namely those
corresponding to D3-D1-D(-1)-instantons on the type IIB side. Although these effects are
exponentially suppressed compared to D1-D(-1)-instantons in the large volume limit, they
are still exponentially larger than D5 and NS5-brane instantons. Thus, a natural question
is whether the twistorial construction of [27, 28] produces a modular invariant quaternion-
Kahler metric, in the large volume limit where D5-NS5-instantons are ignored but the
effects of D3-D1-D(-1)-instantons with non-zero D3-brane charge are still retained.! In
this work, we shall answer this question in the affirmative, at least in the one-instanton
approximation. As will become clear shortly, even in this simplified setting, modular
invariance is achieved in a very non-trivial way, and depends on the sophisticated machinery
of Fichler integrals and indefinite theta series. We expect an even richer structure beyond
the one-instanton approximation, but we shall hardly touch upon it in this work.

The reason why this problem is non-trivial is that modular invariance is far from man-
ifest in the ‘type ITA’ twistorial construction [27, 28]. Indeed, when lifted to a holomorphic
action on twistor space, the action of S-duality involves a SU(2) rotation along the fiber,
and therefore relates Darboux coordinate systems on different patches. The only exception
are the patches around the points ¢t = +i, where ¢ is the usual stereographic coordinate on
the fiber, which are mapped onto themselves under S-duality. But even in these patches
the Darboux coordinates need only be modular covariant up to a local complex contact
transformation. Finally, a technical but serious difficulty is that the natural type IIA co-
ordinates parametrizing the twistor fiber need not have simple transformation properties
under S-duality, and it is a priori unclear how to construct a basis of type IIB fields which
would transform covariantly. Put differently, there is no general method to construct the
quantum mirror map (see however [36] for recent progress in a closely related set-up).

Fortunately, we find that this picture drastically simplifies in the large volume limit
YV — o0, provided one simultaneously scales z ~ (¢t 1) — 0 keeping the product PAA
fixed. In this case all BPS rays (the contours on P! associated to D-instantons [26, 27])
coincide with the real axis in the complex z plane, shifted slightly above or below the origin
z = 0 depending on the D1-brane charge. The corrections to Darboux coordinates are then
given by integrals of certain Siegel-Narain theta series along these contours, corresponding
to the sum over D1-brane charges at fixed D3-brane charge. These Gaussian theta series
are far simpler than the non-Gaussian sums which would otherwise arise at finite volume.

Another simplification of the large volume limit is that the moduli-dependent DT in-
variants can be traded for another set of invariants, which we call the MSW invariants,
which are independent of the Kéahler moduli in type IIB (or complex structure moduli in
type ITA), and have simple modular properties. The idea is that D3-D1-D(-1)-instantons
are governed by the same DT invariants which count D4-D2-D0 black holes in type ITA
string theory compactified on the same CY threefold @ At large volume, the latter can

!For zero D3-brane charges, i.e. in the limit where only D1-D(-1)-instantons are retained, the QK metric
and twistor space are known to be modular invariant [22, 35, 36], although this is not apparent in the usual
type ITA formulation.



be described by micro-states of the MSW superconformal field theory (SCEFT) [37], and
bound states thereof [38, 39]. We define the multi-instanton expansion in the large vol-
ume limit in such a way that only elementary MSW states contribute in the one-instanton
approximation. With this definition, the Gaussian theta series alluded to in the previous
paragraph reconstruct the elliptic genus of the SCFT (or modular derivatives thereof), and
the corrections to Darboux coordinates are now identified as Eichler integral of the MSW
elliptic genus. For illustration, we display the result for the correction to the Darboux
coordinates & conjugate to the D1-brane charges q, evaluated for simplicity at the point
z = 0 on the twistor fiber,

D o i g, u(w, T, t, b, ¢) dw
0€(0) = ——— ¢~ 25 Z hpu(T) / pu — ) , (1.1)
4 eh/A = i(w—T)

where S is the classical D3-instanton action (4.11). It involves the Siegel-Narain type

theta series ép#(w,%,t,b, c) (A.16) of weight (%, b2;1), where by = bg(@), analytically

continued away from the slice w = 7, and the partition function of the MSW invariants

hpu(T), which is a vector-valued modular form of weight (—%2 —1,0). As a consequence,
the Darboux coordinates around ¢t = =i are not modular covariant, but transform with a
specific modular anomaly given by the period integral of the MSW elliptic genus. In the
example above, this implies

el 7,t,b,c) dw
(0 (e ra) ™ (360 B et 3 nyyie) [ Gonl Db
a [JEA*/A —d/C l(w — T)

(1.2)

The final step in the proof is to show that the modular anomalies in the Darboux
coordinates can be absorbed by a complex contact transformation, which will then ensure
that the complex contact structure on Z transforms covariantly under S-duality. For this
purpose, we observe that the Fichler integral which determines the corrections to the Dar-
boux coordinates is in fact the modular completion of the holomorphic mock theta series
introduced in [40],

Opu(r,t,t',be)= > (1) [sgn((k+b) - t)—sgn((k+Db) - t')] ¢~ i (kb)? +2mic-(k+3b)
k€A+u+%p
(1.3)

where t are physical Kidhler moduli and ¢’ is an arbitrary reference point on the boundary
of the Kéhler cone. In an amusing role reversal, we find that this holomorphic mock theta
series provides the generating function of a complex contact transformation which cancels
the modular anomaly in the Darboux coordinates. This establishes the modular invariance
of the QK metric in the large volume, one-instanton approximation.

Clearly, an important challenge for the future is to establish modularity at the non-
linear level. One possible strategy would be to recast the type ITA twistorial construction
into the manifestly SL(2,Z)-invariant type IIB formalism presented in [36]. As a first step
in this direction, one may try to use the Poincaré series representation (also known as Farey
tail [41, 42]) of the generating functions of the MSW invariants to represent the section of



H'(Z,0(2)) describing D3-instanton corrections at linear order as a sum H = > mn Gmon,
such that S-duality acts by permuting these contributions. Unfortunately, this manipula-
tion is formal since Poincaré series with negative weight are divergent without a suitable
regularization. Even though this naive idea fails, it nevertheless provides very useful guid-
ance for determining the quantum mirror map, as we explain in appendices B and C.
The remainder of this work is organized as follows. In section 2, we review the general
properties of the HM moduli space in type I1B string theory compactified on a CY threefold,
with particular emphasis on the discrete symmetries under S-duality and large gauge trans-
formations, and recall the type IIA twistorial construction of D-instantons. In section 3,
we recall the geometric description of D3-brane instantons in terms of coherent sheaves,
the definition of the generalized DT invariants which count them and their relation to the
MSW invariants, which are independent of the moduli and have simple modular properties.
We define a multi-instanton expansion which is best suited for studying modularity, and
give a heuristic explanation of modular invariance in twistor space. In section 4, we analyze
the instanton corrections to the Darboux coordinates in the large volume, one-instanton
limit, zooming in near the S-duality invariant points ¢ = £i. We express these instanton
corrections in terms of Eichler integrals of Siegel-Narain theta series, and construct their
modular invariant completion. Some open problems are discussed in section 5. The relevant
properties of indefinite theta series and Eichler integrals are reviewed in appendix A, while
appendix B contains details about the derivation of instanton corrections and quantum mir-
ror map in the large volume limit. Finally, appendix C gives a preliminary attempt to recast
the type IIA twistorial construction of D3-instantons in the type IIB framework of [36].

2 HM moduli space in type I1IB CY vacua

In this section, we briefly recall some basic facts about the hypermultiplet moduli space in
type IIB CY vacua. We mainly follow [27], incorporating further improvements introduced
in [28, 30, 31], as well as some new insights on the action of S-duality on the tree level
geometry.

2.1 Tree-level metric

Recall that the hypermultiplet moduli space in type IIB string theory compactified on a CY
threefold Q:) is a quaternion-Kéahler manifold M g of dimension 4bs + 4, where by = bg(@),
which describes the dynamics of

1. the ten-dimensional dilaton gg;

2. the Kahler moduli b* +it® = ffya J (a=1,...,b2) where J = B+1iJ is the complex-
ified Kéhler form on 9) and 4® is a basis of Hz(2),Z);

3. the Ramond-Ramond (RR) scalars c°, c%, &, &, corresponding to periods of the RR
0-form, 2-form, 4-form and 6-form on a basis of Heven(@, 7);

4. the NS axion 1, dual to the NS 2-form B in four dimensions.



0 combine into the

The ten-dimensional string coupling 72 = 1/g, and the RR axion 71 = ¢
ten-dimensional axio-dilaton field 7 = 7 +im. The resulting field basis 7, t%, b%, ¢%, ¢,, ¢, ¥
is adapted to the action of S-duality in ten dimensions, as will become apparent below.
At tree level in type IIB string perturbation theory, the metric on My is obtained
from the moduli space Mgk of complexified Kéhler deformations (which also describes
the vector multiplet moduli space in Type ITA string theory compactified on the same CY
threefold @) via the c-map construction [3, 5]. In the large volume limit, the special Kéhler
manifold Mgk is characterized by the holomorphic prepotential
Xexbxe 1

oo T pAaX X, (2.1)

FC](XA) = —Rabe 6X

where X* are homogeneous complex coordinates on Mgy such that X4 /X9 = 24 (with
20 = 1), Kape is the triple intersection product in Hy(),Z), and Apyx is a constant, real
symmetric matrix which satisfies the quantization conditions [31, 43]?

1
Aw €7,  Agy = 02221“ Y7, AgpP — ilﬁabcpbpc €Z forVp*e€Z.  (2.2)

The c-map construction [5] produces the QK metric

d 2 1 - _ ’ ~ ’
Ak, = 5+ ddste — o (A0 = Mawdc®) TN (dy = Nysrdc™) 05
2.3
1 - ~ 2
q ded _ eAg )
+716r2< 0+ Cad¢" = ¢hdCy )
where ds?;,C is the metric on Mg with Kéahler potential K = — log[i()_(AFXl — XAFXI)],

[Im7 - X|p[Im T - X]p/

= TAN\/ 2i 2.4
Nanr = Tanr +2i XT Tm reg XY (2.4)
is the Weil period matrix, Tox = Oyadxs F(X) the Griffiths period matrix, and
2 1 1
rz%V, V:6/ J/\J/\Jzémabct“tbtc. (2.5)
2

Here V is the volume of the threefold Qj in string units, and the variable r is related to the
four-dimensional string coupling by r = 1/g%. The variables 2%, ¢M (o, o appearing in (2.3)
are the natural variables in type ITA string theory compactified on the threefold ) mirror
to @, and are related to the type IIB fields 7,t%,b%, ¢%, ¢4, Co, % by the ‘classical mirror

map’ [44]
A =b"+itt, O =7, (= (" -7,
- 1 ~ 1
¢l =G+ 5 Habe Wo(c® —mb°),  §=é— § Habe b0 (¢ — T1b°) (2.6)
1 1
o= —2(1[) + 27'150> + Co(c* — 11b%) — g fabe b2cb (e — Tb°).

2For simplicity we set Agp = 0 in this paper, as this can always be achieved by an integer symplectic
transformation. The constants cz,, are the components of the second Chern class of %) along the basis of
Hy(D), 7).



Here the primed coordinates ¢y = (y — Aax¢? are the RR fields in a non-integer homology
basis on the type ITA side, which is best suited for comparison with type IIB [31]. The
electric charges ¢} in this basis are related to the electric charges g in the integer basis
by ¢} = qa — Apxp”, and therefore satisfy the quantization properties

0
P 1 1
- 7ﬁabcpbpca Q6 €L — 7pa02,a- (27)

!
7 £
o € 5= 9 %a "5 24

The prepotential in the non-integer basis is given by (2.1) with Axy, = 0, which we hence-
forth denote by F'!(X*%).

2.2 Continuous symmetries at tree-level

The tree-level metric (2.3) is invariant under a large group of continuous isometries which
is generated by three subgroups:

e continuous shifts of the RR and NS axions
T ig ) (¢ Chva) = (M40, Ga 4+ 7ia, o+ 26 —ial™ + 1), (2.8)
e monodromies around the large volume point

~ ~ 1
Mea @ 0% = 0" + €”, Ca = Ca+€aCO ) C(;'_)Cclz_’fabccbec_ 5 ﬁabcﬁbecgo )
(2.9)

~ P 1 1
s G = Qe+ 5 mape O+ e

e continuous SL(2,R) transformations given in the type IIB field basis by

ar +b
cr+d’

(o) () 6

with ad —be =1 [7, 44].

t* v t%er + d|, Cq > Cq
= )
Y b a ) \¥Y

The algebra generated by these isometries is the semi-direct product SL(2,R) x N,
where N = NU ¢ N2 ¢ NO) is a nilpotent algebra of dimension 3by + 2, satisfying

[N(l), N(l)] c N®, [N(P), N(q)] =0 ifp+q>3, (2.11)

with the generators in NV, N2 NG) transforming as by doublets, by singlets and one
doublet under SL(2,R), respectively. The relation of this algebra decomposition to the
symmetries presented above is the following:

e the group elements T, ) obtained by exponentiating N1 (with a suitable admix-

(e®n%)
ture of higher level generators) consist of the monodromies (2.9) and the Heisenberg

shifts (2.8) with non-vanishing n“;



e the group elements ngf) obtained by exponentiating N2 correspond to the Heisen-
berg shifts with non-vanishing 7j,;

e the group elements T ((%)H

non-vanishing 79 and x;

) associated to N3 coincide with Heisenberg shifts with

e unlike the other Heisenberg shifts which belong to N, the Heisenberg shift ¢° — ¢%4-n°
belongs to SL(2, R) and in fact coincides with the SL(2, R) transformation 7 ~ 7+7°.

In the presence of quantum corrections, all these continuous isometries are lifted, but a dis-
crete subgroup of these symmetries is conjectured to remain unbroken, as will be discussed
in section 2.4.

2.3 Twistorial description of the tree-level metric

In studying instanton corrections to hypermultiplet moduli spaces, it has proven very use-
ful to encode the metric on a QK manifold M in terms of the complex contact structure
on its twistor space Z, the total space of the P'-bundle over M twisted with the projec-
tivized SU(2) connection (see [46] for a review of this approach). This contact structure is
represented by a (twisted) holomorphic one-form X', which locally can always be expressed

in terms of complex Darboux coordinates as
Xl = qald + é[A"]dg[?] , (2.12)

where the index [i] labels the patches Uf; of an open covering® of P!. The contact structure
on Z (hence, the QK metric on M) is then encoded in holomorphic generating functions
HIiJ] (f[/i\],é/[{], am) for the contact transformations between Darboux coordinate systems on
the overlap U; NU;. For QK manifolds with one quaternionic isometry, which in our case is
realized as constant shifts of the NS axion o, the transition functions H"! should be inde-
pendent of al/l. In this case, the corresponding contact transformation takes the following
form

g[/j%] — g[fg] _ 85[Aj] Al gl[{} _ g/[i] + 0, " Hlil,
bl = qlil 4 glidl 5%35 " Fylid] (2.13)
and reduces to a complex symplectomorphism in the subspace spanned by (£*, é A) variables.
In addition to the set of transition functions HW), one must also specify a real constant c,,
known as the anomalous dimension, which characterizes the singular behavior of o near
the poles of P'. The QK metric is then obtained by ‘parametrizing the twistor lines’, i.e.
solving the gluing conditions (2.13) for the Darboux coordinates as functions of coordinates
on the base M and the P! coordinate ¢, and expanding the contact one-form in the vicinity
of any fixed point on P'. A useful construct in this procedure is the contact potential e®,
which determines a Kéhler potential on Z (see [20] for more details on this procedure).

3In principle, since Z is a non-trivial P!-bundle over M, one should be using an open covering of Z. How-
ever, for QK manifolds with one quaternionic isometry, as is the case in this paper, the QK/HK correspon-
dence gives a natural trivialization of an open subset of Z, which allows to view Z as a M-bundle over P*.



As explained in [20, 27], the QK metric (2.3) can be cast in this twistorial framework
by choosing a covering of P! consisting of two patches U, U_ around the north and south
poles, t = 0 and t = oo, and a third patch Uy which covers the equator. The transition
functions between complex Darboux coordinates on each patch are given by

HE = F(eh), B = Pt (2.14)
whereas the corresponding Darboux coordinates in the patch Uy read as [20, 47]
En=C+ 2 (T FS -t P, (2.15)
a=o+2 @t twd—twd),
where W denotes the ‘superpotential’
W (z) = F(z) M — 27, (2.16)

and we have traded the Darboux coordinate a for & = —2a — £4,&*. Moreover, the contact
potential e® turns out to coincide with the four-dimensional string coupling  given in (2.5).
A very useful property of this twistorial framework is that isometries of M can always
be lifted to a holomorphic contact transformation on the twistor space Z, by a suitable
choice of action on the P! fiber. Thus, the nilpotent generators (2.8) and (2.9) (supple-
mented with the trivial action on P!) lift to the holomorphic contact transformations

T inny = (6% €08) = (€80t Ea+a, 6426 — Al + 1), (2.17)
~ ~ 1
Mea 50 — gO ) ga = é-a + €a€07 féL = g; - Kabcgbec - § ﬁabcebecgo ,
Ly . (2.18)
56 = 56 - Saea + 5 ﬁabcéaebec + 6 Kabceaebecgoy a 547

respectively, where we defined the Darboux coordinates in the non-integer symplectic basis
in the same way as in (2.6),

L - 1
Eh=Er—Ag™, o/ =a— S AT (2.19)

Similarly, the isometric SL(2,R) action (2.10) lifts to the following holomorphic action
on Z (here expressed in terms of the Darboux coordinates in the patch Up):

€O+b a ga &/ ol
goHZLfoﬁa SHm7 gaHga (£O+d)ﬁabcfga

(ﬂ]) — (d —C> <£O> + = Kb gagbgc ( I /(C§0 +d) ) (2‘20)
o -b a o g abe _[02((150 +b) +20]/(C§0 +d)2 .

This action agrees with (2.10) provided the latter is supplemented with a SU(2) rotation
along the fiber,
= cT+d
z
ler +d|

(2.21)



where the coordinate z is related to the coordinate ¢ appearing in (2.15) by the Cayley
transformation:

IS S

z

(2.22)

-, i .
t—1i 1—-=2
Under this action, the complex contact one-form (2.12) transforms by an overall holomor-
phic factor X0 — X0 /(¢£0 + d), leaving the complex contact structure invariant, while

the contact potential e® transforms with modular weight (—%, —%),
(0]
@ e
e = —. 2.23
ler +d| (2.23)

It will be key to note that the points z = 0, 0o (corresponding to ¢ = +i) are invariant under
SL(2,R). As a result, the leading Taylor coefficients of the Darboux coordinates around
these points have simple modular transformations, e.g. % = 7b% — ¢* + O(z) transforms
with modular weight (—1,0).

2.4 Quantum corrections and S-duality

Away from the large volume, weak coupling limit, the continuous SL(2,R) isometric action
is broken by several types of quantum corrections. Firstly, due to worldsheet instan-
tons the holomorphic prepotential (2.1) entering the c-map metric (2.3) is corrected into
F = F' 4+ Vs where

. : a 0
Fw.s.(XA) _ ng 2(27Ti)3 _ o Z nl(ci) Lis (eQﬂlkaX /X > _ (2.24)
kaVQEH;r(@)

—

The first term, proportional to the Euler number Xs) of ii), corresponds to a perturbative
correction in the o/-expansion around large volume. The second term corresponds to a
sum of worldsheet instantons, labeled by their effective? homology class k,v* € Hy (2),7),

and weighted by the genus zero Gopakumar-Vafa invariants ngi) € Z. These instantons

contribute through the tri-logarithm function Liz(z) = Y ov_; m~32™, which takes into
account multi-covering effects. Note that the two terms in (2.24) may be combined by
including the zero class k, = 0 in the sum and setting néo) = —Xg /2. In the presence of
these worldsheet instantons, the twistor space is still described by three patches related by
the transition functions (2.14), where F°(£2) is replaced by F(&%).

Secondly, the HM moduli space receives corrections controlled by the string coupling
gs- At the perturbative level, it is believed [7, 9, 20] that the only corrections occurs at
one-loop, and is proportional to the Euler number Xs) [6, 7]. Its effect on the metric was
explicitly calculated in [9, 10]. At the level of the twistor space, the one-loop correction
is simply incorporated by allowing a logarithmic singularity in the Darboux coordinate &
with prescribed coefficient,

v
dza%—%(t*lW—tW)—%logt. (2.25)

4Effective means k, € Z1 for all a, not all k,’s vanishing simultaneously.

,10,



Including both worldsheet instantons and the one-loop correction, the contact potential
(equivalently the one-loop corrected four-dimensional dilaton) is now given by

& 722 C(3)X@ 9 D Xg)

_ o _Tay, - 2.26
e R TS BRI 1927 (2:26)
where
7—2 . 3 a . i a
= ke [Us () wanktt ()] 22
ka'YaEH;(@)

In addition to these perturbative corrections, one expects instanton corrections from
Euclidean D(-1), D1, D3, D5-branes wrapping supersymmetric 0,2,4,6-cycles on @, as well
as from Euclidean NS5-branes wrapping Q:) Lacking a non-perturbative definition of string
theory, an effective way of computing these effects is to assume that a certain discrete
subgroup of the classical symmetry group SL(2,R) x N stays unbroken at the quantum
level, and investigate how this symmetry constrains quantum contributions.

For what concerns the nilpotent algebra of isometries N, it is natural to assume that
quantum corrections will be invariant under the unipotent group N(Z) consisting of integer
monodromies around the large volume point, and large gauge transformations of the RR
and NS axions. The former consists of monodromies M. in (2.9) with € integer. The
latter were analyzed in [31, 34] using properties of the five-brane partition function. It was
found that large gauge transformations act by integer shifts of the RR axions (%, Q:A, but
require an additional shift of the NS-axion,

T jin ) * O 0+ 2K — ﬁA(CA — 29A) + nA(g:A —20p) — i (2.28)

where 6%, ¢, are the characteristics entering the fivebrane partition function, and & is an
arbitrary integer. Clearly, the same correction must also affect the transformation of the
Darboux coordinate & in (2.17).

Finally, since the SL(2,R) action (2.10) descends from the S-duality of ten-dimensional
type IIB string theory (or, in the T-dual picture, from the diffeomorphism symmetry of
M-theory compactified on ij x T?), it is natural to assume that the modular subgroup
SL(2,7Z) remains a symmetry at the quantum level. It was noted in [31], and will be
further confirmed in this paper, that the action of S-duality must however differ from the
naive action (2.10) by an additional shift in the RR axion dual to D3-branes

Co > Cq —C246(9), (2.29)

where £(g) € (—3, %] is defined in terms of the multiplier system of the Dedekind eta

at+b
. N\ er b
e27r15(g) _ ( +d) g= (a ) . (230)

function n(7):

(e + d)!/2n(r)’ cd
Of course, the same correction must affect the Darboux coordinate é{l,

gzlz = é(lz ( 50 —|—d) "iabc{ § —C2a 5(9) : (2'31)
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b | dc* d¢q 0¢o 0
T((ela),o) € 0 % Fape€lc® —€%¢, f% Kapee® (b?+2€%)ce % Kabe®cPct
Tiohey | 0| 0% | =% kapen® b+ Aapn® | & Fapen®be + Aoan® na(lc ’ _%Zt% f“bnacnb
— 6 Fabel] b (cc+2n°)
7 o | o la 0 0
& 1o o 0 7o K

Table 1. The action of Heisenberg group generators on type IIB fields.

These additional shifts are closely related to the quantization condition (2.7) for the charge
45, and ensure the coincidence of the Heisenberg shift ¢ — (% +7° with the SL(2,Z) trans-
formation 7 + 7 + n°, which was noticed at the classical level. Moreover, it was observed
that the characteristics 6* must vanish, and that ¢, must transform under monodromies
M as ¢ — ¢q + %naabeb. Based on these considerations, it is therefore natural to
expect that the instanton corrected moduli space wil be invariant under the action of’
SL(2,Z) x N(Z), where the action of the unipotent group N(Z) in the type IIB field basis
is summarized in table 1.

In the remainder of this paper, we shall ignore the action of this discrete symmetry on
the axions ¢y and v, since they couple only to D5-brane and NS5-branes. In this sector,
the generators Tf;g”)ﬁ act trivially, and the remaining generators satisfy the Heisenberg-type
relations (not to be confused with the Heisenberg algebra satisfied by the generators (2.8))

(1) (1) ) 1) (2
T([)yfna) T(*Ea,o) T(O,na) T(E”,O) — Tﬁabcfbnc . (232)

It is interesting to note that this Heisenberg-type algebra is isomorphic to the one which ap-
pears in the Coulomb branch of five-dimensional gauge theories compactified on a torus [45].
We comment on the relation between the string theory and field theory set-ups in section 5.

2.5 Twistorial construction of D-instanton corrections

Using the twistorial methods reviewed above and the symmetry restrictions discussed in
the previous subsection, in [27, 28] it was shown how to incorporate all D-brane multi-
instanton corrections. For convenience we shall phrase this construction in the language
of type IIA string theory compactified on the mirror threefold ), where D-instantons
correspond to Euclidean D2-branes wrapping special Lagrangian cycles with homology
class v = (p™,qa) € H3(9),7Z) (or more generally, elements in the Fukaya category of 2)).

To specify the twistor space corrected by these D2-brane contributions, one should
replace the patch Uy, appearing in the above perturbative construction, by a (in general
infinite) set of angular sectors which extend between two consecutive BPS rays

b, ={teP . Z,(z")/tciR™}, (2.33)
where Z,(2%) is the central charge
Z2,(2) = qnet — PPFA(Y), (2.34)

"Further enhancements of S-duality to SL(3,Z) or SU(2,1,Z) were proposed in [32, 33].
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evaluated at a fixed point 2 in Mgg. Across each BPS ray /., the Darboux coordinates
are required to jump by the following complex contact transformation

Q(v;2%)

~ Q(v; 2%
Aéy = (;m) ga log[1 — o, X, (2.35)

Q(v;2%)

~ . 1
Ao = 92 <L12 (0,Xy) — 5 log X, log [1 — 07X7]> ,

where X, = E(pAgA - qA§A>, Q(v; 2%) are the generalized Donaldson-Thomas (DT) in-

variants,® o0, is the quadratic refinement
1
On = E(—QquA + quA - pA¢A> ) (236)

and we introduced the notation E(x) = €?™® which will be extensively used below. In [28]
it was shown how to integrate the contact transformation (2.35) to a generating function
HUIl = DI, While the result is somewhat cumbersome, we will only require its limit in
the one-instanton approximation,

(e, €) = % Liz (0,,) (2.37)

Using the fact that the Darboux coordinates must approach the classical an-
swer (2.15), (2.25) exponentially fast at ¢ = 0, ¢t = oo, the gluing conditions (2.35) can be
rewritten as integral equations for the Fourier modes X, having the form of the Thermo-
dynamical Bethe Ansatz equations [26, 49],

el 1 I A U
X, =T E ) ZQ(% 29 (v,7") — ——log [l -0y Xy] |, (2.38)
w2 & e, VUt
where p
7_ — ~
X = E<22 (th - ;) +pC — QACA> (2.39)

are the Fourier modes constructed from the perturbative Darboux coordinates (2.15).
Eq. (2.38) uniquely determines the Darboux coordinates in each angular sector in terms
of the DT invariants Q(v;2%). In the weak coupling limit, it can be solved iteratively,
leading to a (formal) multi-instanton series. The one-instanton approximation is obtained
by substituting X, — /'\,’,j}c on the r.h.s. and evaluating the integral over ¢'. The latter is
dominated by a saddle point at

t! Z

L= i|7”|, S, = m|Z,| —i(p*Ca — qaC™), (2.40)
Y

5As further discussed in section 3.1, the DT invariants are piecewise constant functions of the moduli
z%. Thus, despite appearances (2.35) is still a holomorphic complex transformation. Moreover, as in the
gauge theory setting [26], the consistency of the construction for different values of the moduli 2z requires
that the jump of the DT invariants across lines of marginal stability (where two BPS rays collide) satisfies

the Kontsevich-Soibelman wall-crossing formula [48].
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—2m%7) consistent with the expected semi-classical

leading to a correction of order O(e
action for single-centered D-instantons. Having solved these equations, the contact

potential is then obtained from the Penrose-type integral

2
@ _ T2 K(=) iy At 1y 4z _
¢ = T Kl +1927T 64ﬂ22 (v 2 / = (1712, = t2,) log[1 — 0y . (2.41)

Since the HM moduli spaces of type IIA and type IIB string theories compactified
on mirror Calabi-Yau threefolds must be identical, the above construction also defines in
principle the D-instanton corrections in the type IIB formulation. In practice however,
this is complicated by the fact that the relation between the coordinates Za7€A,§A,O'
appearing in the boundary conditions (2.15) and the physical type IIB fields” is a priori
unknown beyond the classical mirror map (2.6). One way to specify this relation is
to require that the physical type IIB fields 7,c%,t%, b%, ¢,, ¢, should satisfy the same
transformation rules (2.10) as at tree-level. But then, one faces the second shortcoming
of the construction above, namely that of the lack of manifest S-duality invariance. This
problem was solved in the D1-D(-1) sector in [35, 36] where both, a manifestly S-duality
invariant twistor construction and the quantum corrected mirror map were found. In this
paper we address the more complicated case of D3-instantons and uncover their S-duality
invariant description in the linearized approximation.

3 Modularity of DT invariants for D3-instantons

In this section, we establish the modular properties satisfied by the generalized DT
invariants which count D3-instantons. The arguments are very similar to those which
allow to establish the modularity of the partition function of D4-D2-D0 black holes in
type IIA/9), or equivalently of M5-branes in M-theory on ) [37, 50-53]. This is not a
surprise, since T-duality relates the HM moduli space in type IIB on iij x S1 to the VM
moduli space in type ITA on @ x S1, and maps D3-brane instantons wrapping a divisor D
in type IIB to a D4-brane instanton wrapping D x S in type IIA. In section 3.1, we recall
the geometric representation of D3-instantons as coherent sheaves on divisors, and recall
the main properties of the generalized DT invariants which count them. This subsection
may be skipped by the reader uninterested in mathematical aspects of D3-instantons. In
section 3.2, we express the DT invariants in the large volume limit in terms of the MSW
invariants, which have simple modularity properties, and define a novel multi-instanton
expansion which is well suited for modularity. In section 3.3, we give a heuristic description
of D3-instanton corrections in twistor space, formally summing up the transition functions
while ignoring the fact that each of them is associated to a different contour. A more
rigorous treatment of modularity in twistor space is deferred till section 4.

"In contrast, it is reasonable to assume that the coordinates z%, CA, EA: o are identified with the physical
type ITA fields, as they transform in the required way under symplectic transformations.
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3.1 D3-instantons, coherent sheaves and DT invariants

First, we recall the description of D3-brane instantons in type IIB string theory compact-
ified on a Calabi-Yau threefold 9) in the large volume limit. Similarly to their D4-brane
cousins [53-56], D3-instantons are described by pure, dimension-two, semi-stable sheaves
& supported on a divisor D C Qj], i.e. a complex hypersurface in ﬁ] (more generally, objects
in the derived category of coherent sheaves [54, 57].). Let the 4-cycles 7, (Poincaré dual to
2-forms w,) denote an integer basis of Hy4(2),Z) = A, and the 2-cycles v* (Poincaré dual
to 4-forms w®) denote an integer basis of Hy(2),Z) = A*, such that

We N\ Wp = Kgpe WS, wa/\wbzégw@, /wb:/ wh =9y, (3.1)
e b

where wg, is the volume form, normalized to fg) wyg = 1, and Kgpe = fQJ WawpWe = (Yas Yoy Ve)-
The homology class of the divisor D may be expanded on the basis of 4-cycles as D = d%,,
or equivalently its Poincaré dual may be expanded on a basis of 2-forms, [D] = d®w,. We
denote by d the vector (d', ... ,de). We assume that D is an ample divisor, i.e. that [D]
belongs to the Kahler cone,

d® = kaped®d®d® > 0, r-d? = Kgped®d®re > 0, q-d=q,d* >0, (3.2)

for all effective divisors r%y, € Hy(2),Z) and effective curves ¢,7* € Ha(9),Z). The
intersection matrix of 2-cycles of an ample divisor D provides a natural quadratic form
Kabed® on A, which has signature (1,by — 1). This also provides the quadratic form
K = (Kaped®) ™" of A*. In the following, we shall use this quadratic form to identify A as
a sublattice of A*, k% — k, = Kapep"kC.

Given any coherent sheaf £ on Qj, the D-brane charges are given by the components
of the generalized Mukai charge vector 7/ on a basis of H e"en(Qj, 7),

v =ché& Tdﬁjj:powLpawa—qgw“Jrqéw@, (3.3)
and satisfy the quantization conditions (2.7). D3-brane instantons correspond to
dimension-two sheaves with p° = 0. Such a sheaf £ can be considered as the push for-
ward £ = 1,(F) of a coherent sheaf F on D, where ¢ : D — 9) is the embedding of the
surface D in the Calabi-Yau. The Chern character ch & is related to the Chern character
of the sheaf F on 9) by the Grothendieck-Riemann-Roch formula (58, 59]

ch(E) = 1, (ch(F) TA(D)) / Td(D), (3.4)

where ¢, is the push-forward in cohomology, obtained by first Poincaré dualizing on D,
then pushing-forward in homology, then Poincaré dualizing on Q:) (thereby increasing the
form degree by 2). The Chern character ch(F) is given in terms of the rank r of F and
Chern classes ¢;(F) by: ch(F) = r + c1(F) + 3¢1(F)? — co(F). We recall that the first
Chern class of F must satisfy ¢1(F) € H*(D,Z) + 1¢1(N), where V is the normal bundle
of D in 2). The components of the charge vector 4/ are then [56, 60]

P’ =0, p* =rd?, q, = - *(wa) 61(}")—1—tcl(D) ;
; L /D < ) (3.5)
=[5, (1P +5a(P)) + 5y x(D) AP,
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where * denotes the pull-back map in cohomology, and ¢;(D) = —¢1(N) = —[D]. The
Euler number of D is

X(D) = D +e5(D) - [D] = &* + ez - d, (3.6)

while A(F) is the Bogomolov discriminant, invariant under tensoring by line bundles,

AF) =1 /D <cQ(f) _r=b ﬁ(f)) . (3.7)

Similarly to BPS D4-brane black holes, D3-instantons with the minimal number of
fermionic zero modes (namely, four) correspond to semi-stable sheaves. Recall that a sheaf
F is semi-stable if all subsheaves F' C F satisfy u(F') < u(F). The (generalized) slope®
for D3-instantons is defined by

(q’+b).t'

F = 3.8
n(Fo) = (33)
In particular the Bogomolov discriminant (3.7) of a semi-stable sheaf is positive, which can

be stated physically as a bound

r 1 /1
o< —x(D)=—=p’ : :
Go < 57 X(D) 24<T2p + c2 p>, (3.9)
on the ‘invariant D(-1) charge’
NS B S
Go=do— 59" = 5;x(P) —rAF), (3.10)

where g2 = k%q/q/. A useful property of §o is that it is, like the Bogomolov discrimi-
a'th

nant, invariant under tensoring of F by a line bundle £ on D. If ¢;(£) = —e € A, the
corresponding change of the Chern character ch(€) is the ‘spectral flow’
/ / / / / 1 2

PP, d—d € GG € gt pe (3.11)

Note that the residue class of ¢’ € A* modulo A is unaffected by this flow. This operation

however does not leave invariant the stability condition for sheaves £ on 2), unless one

also changes the moduli z accordingly: z — z + € [38].
The moduli space of semi-stable dimension-two sheaves £ on Qj is a complex space
of finite dimension. The generalized Donaldson-Thomas invariant Q(0,p, ¢’, ¢(; z) is an

integer given, informally, by the Euler characteristics of this moduli space. It is also useful
to consider the rational DT invariant [48, 61, 62],

Qviz) =) % Q(v/d; 2), (3.12)
dly

8The relevant stability condition in string theory is II-stability, but this reduces in the large volume limit
to (generalized) slope stability (see [54] for further details).
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which coincides with the integer €2(v/d; z) whenever ~ is a primitive vector, but in general
is a rational number. Both € and  are piecewise constant as a function of the Kahler
moduli z, but are discontinuous across walls of marginal stability where the sheaf becomes
unstable. This moduli dependence persists even in the large volume limit, with the
exception of CY threefolds with by = 1, where the invariants Q(p, ¢', ¢(;; z) are independent
of z at large volume.

3.2 MSW invariants and modularity

The moduli dependence of the DT invariants makes it difficult to state their modular
properties directly. Fortunately, it is possible to express the DT invariants in the large
volume limit in terms of a different set of invariants (g, ¢}), which we call the MSW
invariants. They are moduli independent and given by Fourier coefficients of a certain
Jacobi form, namely the elliptic genus of the MSW superconformal field theory which
describes D4-D2-DO0 black holes [37, 50-53],

ZP(Ta y) = TI‘/(2J3)2<_1)2J3 E<<L — ﬂ) (Z() - ﬁ) T+ q/ . y)
1 1,
= Z 1P Qp( »Q6)E<—qm— 5 7~ Qq’fqu"y) . (3.13)
)(IQ

Here, the summation runs over

1 1
Tezbr 4 - LEL — — 14
¢ €L +5p,  dEL- g cap (3.14)
where (p)a = Kapep’p®, subject to the bound (3.9). For a general vector k € A, the vectors
ki € A®R are projections of k onto the positive and negative definite subspaces of A ® R
defined by the magnetic charge vector p and the Kihler moduli® ¢

k+:Ltt2t, ko=k—ky, k=K 4k, (3.15)
p .
which satisfy

k% >0, k2 <0, VEk#O. (3.16)

We also use the notation ki to denote the modulus of the vector ki. It follows from
general properties of the CFT that the elliptic genus (3.13) is a Jacobi form of weight
(=2, 3) under SL(2,Z), with multiplier system Mz = E(e(g) cz - p), where £(g) is the
multiplier system (2.30) of the Dedekind eta function.

The MSW invariants ,(q’, q}) coincide with the generalized DT invariants at the

so-called ‘large volume attractor point’ [64]

Q(d q0) =Q2(0,p,4",4p; 200(7)),  2oo(y) = Lim (b(y) +irt(y)), (3.17)

A——+00

9This result is usually stated for ¢ oc p, but the SCFT has a moduli space of marginal deformations
which allows to go away from this point [63].
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where z(y) = b(y) + it(y) is the standard attractor point. In particular, Q,(q’,q() is
invariant under tensoring by a line bundle (3.11), which corresponds to the spectral flow
symmetry in the SCF'T. Decomposing

1
q=pt+etgp, (3.18)
where g € A*/A is the residue class!? of ¢’ — %p modulo €, it follows that the MSW
invariant Qp(q’,¢) = Qp.u(Go) depends only on p, p and go. As a result, the elliptic genus
has a theta function decomposition:

Zp(Tv Yy, t) = Z h’P,M (T) ep,u (7-7 Yy, t) ’ (319)
pEA* /A

11

where 0, ,, is the Siegel-Narain theta series’ associated to the lattice A equipped with

the quadratic form kg of signature (1,by — 1),

1 1
Opu(ryt)= > (-)*PE <2 KiT+ 3 k>7+ k- y) : (3.20)
keA+p+ip

and the y-independent coefficients are given by

hpu(T) = > Qpuldo) E(—do7) . (3.21)
do<rx(D)/24

Since the theta series (3.20) is a vector valued Jacobi form of modular weight (3, b22_ 1) and

multiplier system My under SL(2,Z), it follows that the function hjp, , must transform as a
vector-valued holomorphic!? modular form of negative weight (—%2 —1,0) and multiplier
system M (g) = Mz x mfl under the full modular group SL(2,Z). This is equivalent to
M(g) = Mz x My since My is unitary. The Fourier coefficients of hp,, with go > 0 are
known as the polar degeneracies, and determine the remaining MSW invariants by the
usual Rademacher representation [53].13

Away from the large volume attractor point z(7y) (but still at large volume), the DT

invariant (0, p, ¢/, q(; z) differs from the MSW invariant Qn u(do) by terms of higher order

The quotient A*/A is a finite group of order | det k45|, sometimes known as the discriminant group.

"looseness=-1 Note that (3.20) coincides with the theta series (A.6) with Yy, =bit—cy,y_=b_7T—c_,
up to a phase E(2(b37 +b27 —b-¢)).

12Non-compact directions in the target space of the CFT could potentially lead to mock modular forms
and thus holomorphic anomalies [65]. For local Calabi-Yau manifolds, e.g. O(—Kp2) — P?, it is known that
the holomorphic generating series of DT-invariants for sheaves with rank > 1 requires a non-holomorphic
addition in order to transform as a modular form [66]. We assume that this issue does not arise here.

13The most polar term ¢~ "™X(P)/24_ arises in the CFT from the fact that Lo > 0 and that ¢, = rx(D).
Application of the Cardy formula shows that the asymptotic growth of states is dominated by r = 1
for given magnetic charge p, therefore the contribution of non-Abelian D3-instantons is exponentially
suppressed compared to Abelian instantons.
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in the MSW invariants [38, 39]:

Q(0,p, 4", 4; 2) = Qp.u(do)
+ g (se (GO )

py - t? p -

71+72=(0,p,a’ ,q()
p;>0

X (v1,72) (1) 72 Q. (do,1) Uy oy (do2)
+ ...

(3.22)

where v; = (0, p;, q;, q5;), and therefore (v1,72) = p; - g5 — P, - g}. Moreover one recognizes
on the second line the difference of the slopes (3.8) of the constituents. The higher order
terms can be thought of as describing bound states of the MSW constituents, which exist
away from the large volume attractor point z.. (7). This decomposition is analogous to
the decomposition of the index in terms of the multi-centered black hole bound states,
although the elementary MSW constituents may themselves arise as bound states of more
basic constituents such as D6-anti D6 bound states [53], which may decay across walls in
the interior of the Kéhler cone. The decomposition (3.22) hinges on the fact that walls
for constituents with p; = 0, py # 0 lie on the boundary or outside the K&hler cone,
such that the only relevant walls are those between D3-instantons, i.e. constituents with
charges p; > 0 [38]. As shown in [38], the ‘two-centered’ contribution in (3.22) (after
smoothing out the sign function into a error function as in eq. (A.8)) leads to a modular
invariant partition function with the same modular properties as the elliptic genus, and
it is expected that modularity persists to all orders. It is worthwhile to note that the
expansion (3.22) has a finite number of terms in any chamber related by a finite number
of wall-crossings from the large volume attractor chamber.

Having expressed the generalized DT invariants in terms of the moduli-independent
MSW invariants, which have simple modular properties, it is thus natural to reorganize the
multi-instanton series expansion of the integral equations (2.38) by first expressing Q(v; z)
in terms of Qp ,,(qo) using (3.22), and then expanding in powers of the MSW invariants
Qp#. We stress that this expansion in MSW invariants is not a Taylor expansion in a
small parameter, rather it is a finite sum in any chamber separated by a finite number
of walls from the large volume attractor chamber. In terms of the usual multi-instanton
expansion of (2.38), the n-th order in this reorganized multi-instanton expansion will
contain the usual n-instanton contribution weighted by products of MSW degeneracies
Qp.u, together with terms with n’ < n instantons weighted by terms of order n —n’ in the
expansion (3.22). In the remainder of this work, we shall be concerned with only the first

term in this expansion, which we dub the ‘one-instanton approximation’.

3.3 One-instanton approximation: heuristics

In the one-instanton approximation introduced in the previous subsection, quantum
corrections to the perturbative metric are effectively encoded by the set of holomorphic
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functions*

1
(2m)?
which generate the infinitesimal complex contact transformation across the BPS ray /5.
The set of all (¢,, H,) can be viewed as a Cech representative of H'(Z,0(2)), which is
known to classify the linear deformations of QK manifolds. In this subsection, we take a

H’Y(éoaévg) =

Qp.uldo) 0 Xy (3.23)

heuristic approach and consider the formal sum H = Zw H.,, ignoring the important fact
that the functions H., are attached to different contours. This will allow us to highlight the
main mechanism which ensures invariance under S-duality, deferring a rigorous treatment
to section 4.1 onward.

Ignoring the contributions of D5 and NS5-instantons, which are exponentially
suppressed at large volume with respect to D3-D1-D(-1)-instantons, and restricting to a
fixed D3-brane charge p, the D3-D1-D(-1) one-instanton corrections are thus described by

the formal sum®®

Hom e Y P B B(pE —d ), (a2

q 7q0

where Qp,.(Go) are the MSW invariants introduced in the previous subsection. In
writing (3.24), we identified the quadratic refinement o, with the phase (—1)P¢ by
setting the characteristics 6%, ¢ to zero. We also omit the phase E(%AAgpApE) which is
unimportant for fixed magnetic charges p®. The assumption ¢ = 0 is for simplicity, since
¢ couples only to magnetic charges which are kept constant in our set-up. In contrast,
the condition % = 0 is necessary for modular invariance, which requires the phase factor
(=1)P'9" in the sum (3.24). The vanishing of #* was also seen to be necessary in the linear
analysis of NS5-instanton corrections in [31].

Using the same steps as before, we can therefore trade the sum over ¢’, ¢ in (3.24)
for a sum over u,go and k = € + p + % p, and represent (3.24) as a sum of theta series
analogous to (3.19),

1 . _
Ho = GrpB(P8) 3 toul)Zpule’0) (3.25)
where '
- 1 1
Epu(€,€) = Z E<—2 k-p’—k-&— B k2§0> (3.26)
keA+u+%p

and hyp,,, (€°) is the same modular function which was defined in (3.21), evaluated at 7 = &°.
It therefore transforms as a vector-valued holomorphic modular form of modular weight
—%2 — 1 and multiplier system M(g) = Mz x My under the S-duality action (2.20). On

Tndeed, the multi-covering contributions induced by the dilogarithm function in (2.37) are described
just as well by replacing Liz(0,Xy) — 04X, and using the rational DT invariants (3.12) in place of the

integer DT invariants. Due to (3.22), the rational DT invariants can then be replaced by Qyp ..
1

15The symbol 3 indicates a divergent sum.
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the other hand, = ,, (€9, €) is formally a holomorphic theta series for the lattice A of rank
by with quadratic form —kgp, with modular parameter 7 = &Y and elliptic parameters
&% Thus, under the action (2.20), it is expected to transform as a holomorphic Jacobi
form of weight %2, multiplier system M, I and index Mah = —%/{ab. Finally, thanks to the
term proportional to ¢z, in the transformation of &, the exponential prefactor in (3.25)
transforms as the automorphy factor of a multi-variable holomorphic Jacobi theta series
with the index mg, = %mab and multiplier system Mz 1. We thus conclude that, under the
action of S-duality in twistor space, the formal sum (3.24) transforms as a holomorphic
Jacobi form of weight —1 and trivial multiplier system. In [36] it was shown that this is
precisely the condition ensuring the presence of the SL(2,Z) isometry group. Thus, H, is
expected to generate an S-duality invariant deformation of the perturbative HM metric.

However, this analysis overlooks the important fact that the quadratic form kg, has
indefinite signature (1,by — 1), and therefore the theta series (3.26) is formally divergent.
Fortunately, the theta series (3.26) never arises as such in the computation of the metric,
rather each of the terms in (3.26) must be integrated along a different contour, which
renders the resulting series convergent. Another fortunate circumstance is that there does
exist a natural holomorphic ‘mock’ theta series of signature (1,b2 — 1), the convergence
of which is ensured by restricting the sum to lattice vectors lying in a certain cone where
the quadratic form is definite positive [40]. While each of these two series transform with
modular anomalies, their sum is in fact modular invariant, ensuring the modular invariance
of the D3-instanton corrected metric, as the next section will aim to demonstrate.

4 D3-instantons, period integrals and mock theta series

In this section, we discuss how S-duality is realized in the presence of D3-D1-D(-1)
instantons, but in the absence of D5 and NS5-instantons. This situation arises in the
large volume limit, where D5 and NS5-brane instantons are suppressed compared to
D3-D1-D(-1) and worldsheet instantons. In section 4.1 we introduce a large volume limit
which retains modular invariance but reduces the D3-instanton sums to (generalized)
Gaussian theta series, and obtain the instanton corrections to the Darboux coordinates
and contact potential in this limit. We establish their modularity (or lack thereof) in
section 4.2, section 4.3. Finally, in section 4.4 we show how modular anomalies can be
canceled by a contact transformation generated by a mock theta series.

4.1 Instanton corrections in the large volume limit

In order to analyze the action of S-duality on the D-instanton corrected twistor space, it
is useful to focus on the Darboux coordinates around the point ¢ = —i, or equivalently
z = 0, which is invariant under the S-duality action (2.21) on the P! fiber. In the large
volume limit ¢t* — oo, it may be checked that the saddle points (2.40) dominating the
integral equations (2.38), for D3-D1-D(-1) charges v = (0, p, q,qo) such that p - t* > 0,
accumulate near the same point

k+b E+b
t’z—i—ngﬁ.. z’z—i( + )++

v wlp.tQ ’ v 1/p.t2

(4.1)
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Thus, it is natural to expand the Darboux coordinates around the point z = 0, t* — o0,
keeping the product zt* fixed. Retaining all the terms from the perturbative result (2.15)
which are finite or divergent in this limit, we find

&=
£ = 70 — " + 21ot%2 + 0&°,

!/

1 ~
0= %Tgﬁabctbtc 4+ Cq + iﬁabcbb(cc — Tbc) — 27y /iabctbbc Z 4+ iy /iabctbtc 22 + (Sf(ll,

_ 1 1 -
& = énabchtatb(2tCz+3bc)+Eo—6ﬁabcbabb(cc—7bc)+72 Fapet B0 (b€ 2 —it°2%) 4 6E),
1 1
o = —gnabcTQt“tb(Ztczf +3c) + v+ glﬂlabcba<bb7' — Cb)(bcT —2¢°) (4.2)
+722Kgpct” (bb(bcT —2¢°) + 1°(22b° + iz200)> +0a/,

where 0£%, etc, denote the instanton corrections which include two types of contributions:
from the integral terms in (2.38) and from instanton corrections to the classical mirror
map (2.6). Note that the former contributions can be split into two parts. The first
corresponds to D-branes with charge v with p - t?> > 0, while the second comes from anti
D-branes with opposite charge —v. In the former case, the integrals are dominated by a

saddle point at t/w which approaches ¢ = —1i in the large volume limit, while in the latter
case, they are dominated by a saddle point at the antipodal point ¢ = —1/t, which

approaches ¢ =i or 2/ = oo in the large volume limit. This suggests to keep fixed inside
these integrals a different combination, t%/2’.

Besides the Darboux coordinates, it is important to consider also the contact potential
e®. In our approximation, it is dominated by the classical term in (2.26), so we can write
it as

1
e® = 5 2V + de?. (4.3)

Our task will be to compute the corrections d£%, etc. in the one-instanton and large
volume approximation, and to show that the resulting instanton corrected Darboux coordi-
nates (4.2) and contact potential (4.3) continue to transform in the same way (2.20), (2.23)
as their perturbative counterpart, possibly up to a contact transformation. For what con-
cerns the coordinates £€% and the contact potential e®, this requires showing

0&? @ e?®

0&” o —_—
¢ Tt d ‘ H\c7’+d|

(4.4)

For what concerns the other coordinates fN(’l, é(’), o/, the corresponding constraints are best

expressed by forming suitable linear combinations!®

& = 6€" 4 Kupe (bb - iztb> see,
bpa! =60 + TOE) + Kape (D — i2t%) (P — TH® — 27921%)8EC, (4.5)
b_a! =60/ + TOEY + Kape(D* — i2t%) (P — Ty B® — To2t®)5EC.

Y These linear combinations are equal to the large volume limit of the linear combinations in eq. (B.6)
of [36], up to a divergent term which also transforms as in (4.6) and can therefore be dropped.

— 922 —



These linear combinations are designed to transform canonically under S-duality as

ora 5 o ol
o o 4.6
er+d’ T ard (4.6)

5688, Gual e

if and only if the corrected Darboux coordinates (4.2) transform according to (2.20).

As was mentioned above, the instanton corrections acquire two types of contributions.
The first is computed by replacing X, by Xf{f on the r.h.s. of the integral equations (2.38)
and (2.41), taking the large volume limit, and evaluating the integrals in terms of the
type ITA coordinates TQ,ZG,CA,EA,O'. The latter can then be replaced by the type IIB
coordinates T,t%, b%, ¢, ¢,, ¢y, ¥, adapted for S-duality, using the classical mirror map (2.6).
However, there are further contributions stemming from instanton corrections to this
mirror map and coming from the tree level terms on the type ITA side. In appendix B
we extend the procedure of [36] and compute these corrections to the mirror map in our
approximation. The result is presented explicitly in (B.15). In the same appendix it is
shown that, adding up the two types of contributions, the instanton corrections to the
Darboux coordinates and the contact potential can be written as

0§ = 27Tipu7pa
08 = —D - Jp,
ol = [%D D- 2} T (4.7)

Z/

K d
o_a’ = —[Ar7D_1 + (¢ — 7b) - D] - Jp + imp2(p - t7) Z/@ (2')? Ho
qan -

1
5e® = —% Z/K dz' [qo + 5 (k+b—izt) (k+b— 3iz’t)} H, +c.c.
N v

where

T =3 /é st o (48)

and D_1, D, D are the covariant derivative operators'”
1 b i _
Dy =— (0. + — D= 70p — i - 7b)], D= (D). (4.
1= (0 5 ). 9+ 700~ im(e ) (D). (19)
Moreover, H.., is the large volume limit of (3.23) where one keeps fixed 21t respectively.
Explicitly, these two functions are given by
—1)Pk _ 1 1 1
HW:( ) — Qp (o) E(iSa— s (k+b)3 77— (Go+ 5 (k+b)% | 7+c - (k+5b) +1Q4(2) )
(2m) 2 2 2
(_1)pk _ N L= 1 9 R 1 2 _ 1 . /
H_, = )2 Qp.pu(do) E 1SC1+§(k+b)+r+ q0+§(k+b)_ T—c- k+§b +iQ—~(2) ],
(4.10)

7 Acting on theta functions of weight (b, ), the operators Dy, D, D raise the modular weight by (2,0),
(1,0), (0,1), respectively. To avoid cluttering, we abuse notation and declare that Dy annihilates the classical,
modular invariant contribution S¢ in H,.

— 23 —



where S is the leading part of the Euclidean D3-brane action in the large volume limit,
and Q+~(2) is the only part which depends on z,

2
T2 2 no_ 2 Nt c (B+D)4

The notation |, ‘0 signifies that each term must be integrated on a contour which extends

from 2/ = —o0 to 2’ = +00 and goes through the saddle point 2, = —i(k + b)4//p - t*.
This corresponds to the BPS ray £, in the large volume limit.

As we shall see momentarily, the corrections (4.7) do not quite transform as required
in (4.6), but the modular anomaly can be absorbed by a contact transformation. This issue
however does not arise in the case of the contact potential, which we consider first.

4.2 Modular invariance of the contact potential

The one-instanton correction to the contact potential in (4.7) involves a Gaussian integral
over 2’ (renamed as z) which is easily calculated. Rewriting the integrand

1
d (k+b)2> ——+—0, +—20, || H .C.
Z/g “ [QO tolet ) 8777'2 47r7'2 < 8mTo P - t2 )] yec

(4.12)
and dropping the total derivative, we arrive at
16%2\/27'2 p-t2% 81T (4.13)

1
X E(iSd—Q(k—i—b)i%— <qo—|— (k+b)2 > T+c- <k+2b>> + c.c.

The sum over g is recognized as the partition function (3.19), except for the insertion in
the square bracket. The latter in turn arises by acting with the covariant derivative D_3s,

2
obtaining

—27S¢)
6 C
66(1:‘ =

2 3" hpu(r) Opu(r,t,bc) + cc. (4.14)

1672/21 p - t2 B per /A

The action of D_s on hy ,(7)0p u(T,t, b, c) raises the modular weight from (—32,1) to
2

272
(,1), while the overall factor of 7 reduces this to (—3, —3) (recall that the combination

79 p-t? is modular invariant). Therefore, the correction de® transforms as required in (4.4).

njw

4.3 Instanton corrections to Darboux coordinates and period integrals

We now turn to the instanton corrections to the Darboux coordinates. Unlike the contact
potential, which is modular covariant, it will turn out that the Darboux coordinates have
anomalous modular transformations, due to the fact that the contour ¢, is not invariant.
However, we shall be able to give a precise characterization of this modular anomaly, by
rewriting the Penrose-type integral over 2z’ as an Eichler integral.
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For simplicity we start from the last term in o_al (4.7). Tt is given by a Gaussian
integral in 1/2’ which can be easily evaluated. The result is

/ .
irpz(p - 1%) Z/ﬁ (;1;2)2 H = —% V27 p - 12 e 25 Z hpu(T) Op (7, ¢, b, C).
aa v peEN* /A

(4.15)

It transforms as a modular function of weight (0, —1) in full agreement with the required
transformation properties (4.6).

All the other instanton corrections to Darboux coordinates in the large volume limit

are determined by the function Jp(2) (4.8). Therefore, our prime interest is to understand

its modular properties. To this aim, let us consider the integral appearing in this function,

namely

I(z) = /E d=' E(iQ,()) . (4.16)

2 -z
.

By shifting the contour, this may be rewritten as

+oo /
I(Z):/ ,diz-e_ﬁ%a GZM, B=\2rmp-t. (4.17)
R B (¢ /p - 12

Since z can be absorbed by a shift of a, we shall first consider the value of Z at z = 0.
Using the identity

/OO 4=’ e = in sgn(Re (a)) e Erfc(sgn( Re (af3)) aﬁ), (4.18)

T
R

valid for a, B € C with Re (%) > 0 and Re (a) # 0, the integral representation
Erfe(y/m ) = / duw=t2 e, Re (z) > 0, (4.19)
22

and changing variable from u to w = 7 — iu/(k + b)2, valued in the lower half plane, one
may cast Z(0) in the form of an Eichler integral (A.14)!8

18I fact, the integral over 2’ (4.18) can be rewritten as an integral over w without ever evaluating it

7(0) = —x k4 b)s E@(k L B)2(7 - w)) . (4.21)

in terms of the error function, upon representing both factors in the integrand in terms of their Fourier
transforms
! — = isgn(a) /00 dwe @ iws n(segn(a) w)
Z — i oo

7322/2 - 1 /oo ’ 7iw/217w/2/(462>
e = dw' e , 4.20
A8 oo (420

where 7 is the Heaviside step function, and carrying out the integral over z’,w,w’. Thus, the integration
variable @ in (4.21) is Fourier dual to the twistor coordinate 2’ in (4.16).
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Inserting the representation (4.21) into (4.8), restricting to z = 0 for simplicity, and
carrying out the sum over ¢p in the same fashion as in section 3.2, we arrive at

i 67271'501 —ico

jp(o) = T o2 Z hp,u(T)

dw
8w pehs /A 7 Vi(w —71)

1 1 1
_1\kp = 2 - - 2 . -
X E (—1) (k+b)+E< 2(kz+b)+w 2(k:+b)_7+c <k+2b)>.
keA+p+ip

(4.22)

The second line in this expression is recognized as the (complex conjugate of the)
Siegel-Narain theta series (A.16) of weight (3,3 (b — 1)), analytically continued away
form the slice w = 7. Eq. (4.22) is thus an Eichler integral of weight (%2, 0), multiplied by
the vector-valued modular form hyp , of weight (—1 — %2, 0). Thus, Jp(z = 0) transforms
with modular weight (—1,0), except for a modular anomaly of the form (A.15) given by
the period integral of the theta series (A.16).
More generally, using this type of manipulations, one may rewrite the full function
Jp(z) away from z = 0 as
: —27S, —ico Y (0 = 3 a7
Ip(z) = % Z hp,u(T) T”(w,r, Z)dw

8 peA /A 7 \/i(w—T)

(4.23)

where
— N . 27_—*’[1) 2 k- 27’21/p.t22
T“(w,T,Z)—E<1T2p.t P > E (-1) p<(k+b)++w—7-
(4.24)

k€A+u+%p
1 , 1 ) 1
xE( gk +b3m—S(k+b)’rtc (k+b)).

It is easy to see that the integral is identical to the complex conjugate of the generating
function Qf;u(y) (A.27) evaluated at y = 2m94/p - 22, i.e.

6_27TS°1

82

Tp(2) = > hpu(r)G2,.2n\p - t22). (4.25)

peEA* /A

In appendix A it is shown that provided y transforms with the modular weight (0,—1),
which is indeed the case for our identification between y and z, the generating function
gg,“(y) transforms as an Eichler integral of weight (0,b2/2). As a result, the full
function (4.25) possesses the following transformation property

ie2mS 00 Y, (w, 75 2) dw
—1 _16 17 s 1y
Fole) = ) | Do) = 3 T [0S e BCED

i.e. transforms with modular weight (—1,0) and an anomaly given by a period integral.
Recalling the properties of the covariant derivative operators Dh,D,E mentioned in
footnote 17, this allows to conclude that the corrections §&, 3%’, d1a/ transform as required
in (4.6), except for the modular anomaly (4.26), acted upon by the corresponding covariant
derivatives.
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4.4 Anomaly cancelation from mock theta series

Having expressed the corrections to the Darboux coordinates as Eichler integrals, or
modular derivative thereof, it remains to show how the modular anomalies can be canceled
by a suitable contact transformation.

As explained in appendix A, the modular anomaly of an Eichler integral can be
canceled by adding to it a certain mock theta series. Typically it appears as a theta series
with insertion of a difference of two sign functions defined by two Kéhler moduli ¢ and
t', with one of them chosen to lie on the boundary of the Kéhler cone, i.e. p-t? = 0.
The simplest example is provided by (A.11) and (A.10), respectively, which describe the
instanton corrections to Jp(0).

Similarly, the modular anomaly in (4.26) can be canceled by replacing the generating
function ggi M in (4.25) by its modular completion ggju — gg{ o where the second term is
the generating function defined in (A.24), evaluated at y = 27+/p - t22. In this way, we
find that the modular completion of [J7,(z) is given by

jp = jp - Hanom ) (427)

where

6—271'501

872

Hanom = hp,u(T) gz(;),u(QTQ VD t22) : (428)

peEN* /A

Using (A.26), this can be rewritten as

Hanom:$ Z hp,p,(fo) (429)
peEA* /A

<X (VP [ (ke 40) ) s (40) ¢)] Bp €€ 5 €0 ().
keA+p+ip

which shows that miraculously, Hanom is a holomorphic function of the Darboux co-
ordinates. In fact, Hanom is proportional to the holomorphic mock theta series (A.10)
evaluated at 7 = £°,y = £ (upon taking into account the identification between y and b, ¢
mentioned in footnote 11).

Moreover, one can show that the corresponding modular completions of the Darboux
coordinates €, (55{), do/, following from (4.5), (4.7) and obtained by substitution of Jp by
jp, have the following form

0& — OgHanom,  0E) + O Hanom, 00" + (1 = €20¢) Hanom (4.30)

and transform according to (2.20), without any further anomaly. Moreover, the modular
completion (4.30) is recognized as a holomorphic contact transformation (2.13). It is
interesting to note that the theta series (4.29) can be written as

1

Hanom = 5 Z [Sgn ((k + b) : t) — sgn ((k + b) ’ t/)] H’Y (431)

A
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and differs from the formal sum (3.24) only by an insertion of the two signs which makes
the sum over charges convergent. As a result, the compensating contact transformation
is generated by a proper subset of the original transition functions, and the modular
covariant Darboux coordinates differ from the original type ITA Darboux coordinates by
a sequence of symplectomorphisms associated to the BPS states for which the two signs
are different. This mimicks the situation in the D1-D(-1) sector [36].

Thus, we have demonstrated that the modular anomaly is canceled by performing
the transformation (2.13) generated by the mock theta series (4.29). In fact, we have a
continuous family of modular completions labeled by the parameter ¢’ on the boundary
of the Kéahler cone. It would be interesting if this ambiguity was fixed by some physical
principle. This concludes the proof of the modular invariance of the HM moduli space

corrected by D3-instantons in the large volume, one-instanton approximation.

5 Discussion

In this work, we investigated the modular invariance of D3-D1-D(-1)-instanton corrections
to the hypermultiplet moduli space of type IIB string theory compactified on a CY threefold
Qj. We focused on the large volume limit, where D5-NSb5-instantons can be consistently ig-
nored. Using similar arguments as the ones which enter in the proof of modular invariance
of the partition function of D4-D2-D0 black holes in type ITA string theory compactified
on the same threefold ﬁ), we showed that the DT invariants which govern D3-instanton
corrections are expressible in terms of the Fourier coefficients of the elliptic genus of the
MSW superconformal field theory, which we refer to as MSW invariants. Unlike the DT
invariants, the MSW invariants are independent of the moduli and have simple modular
properties. In the one-instanton approximation, we found that the D3-instanton correc-
tions to the standard Darboux coordinates are expressible as Eichler integrals of the MSW
elliptic genus, and modular derivatives thereof. Thus, they suffer from modular anomalies,
which can however be absorbed by a local complex contact transformation. The generat-
ing function for this contact transformation was recognized as the holomorphic mock theta
series of signature (1, b2 — 1) introduced in [40]. In this physical set-up, the Eichler integral
which provides the modular completion of the mock theta series arises as a Penrose-type
integral along the twistor fiber, or rather its Fourier transform.!? Unlike Darboux co-
ordinates, the contact potential (also known as the four-dimensional dilaton) transforms
covariantly, and is proportional to the (modular derivative of the) MSW elliptic genus.
While it is very satisfying to see modularity emerge in the large volume, one-instanton
approximation, an outstanding problem is to extend the results of this paper beyond this
regime. This can be in principle addressed by expanding the integral equations (2.38)
to higher order in the MSW invariants, as indicated in section 3.2. There are two
contributions at next-to-leading order, namely (i) the two-instanton correction in the
usual iterative expansion of (2.38), with the DT invariant Q(v; 2) replaced by the MSW
invariant Qp,,, and (ii) the usual one-instanton correction, with Q(v; z) replaced by the

198ee [65] for another example where the modular completion of a mock modular form arises naturally
from physics.
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quadratic term in (3.22). The first contribution is weighted by e~272(2(v1.2)[+12(32,2)])
whereas the second contribution is weighted by e27212(n1+72:2)l By construction, the
sum of these contributions is continuous across walls of marginal stability, although they
are separately discontinuous. We expect that the D3-instanton correction at two-instanton
order will be modular invariant, and will be related to the two-center D4-brane partition
function in the same fashion as at one-instanton order, with the two-center Siegel-Narain
theta series replaced by an indefinite theta series. It is encouraging that the partition
function for two-center D4-black holes, corresponding to the contribution of (i), indeed
becomes modular invariant and continuous after adding a suitable non-holomorphic
completion [38], which should arise from contributions of type (ii).

More ambitiously, it would be very interesting to show that S-duality invariance holds
at the non-linear level. One way to achieve this would be to recast the standard type
ITA twistorial construction into the manifestly invariant framework developed in [36]. A
naive attempt using the standard representation of the MSW elliptic genus as a Poincaré
series [42] fails, due to the necessity of regulating the Poincaré series (see appendix C). It
is conceivable that this obstruction may be avoided by taking into account the constraints
on the polar degeneracies from modular invariance. Eventually, we hope that it will
be possible to formulate all D5-D3-D1-D(-1) and NS5-brane instanton corrections in a
manifestly invariant S-duality fashion, going beyond the linear order analysis of [31] and
providing a tight set of constraints on the generalized Donaldson-Thomas invariants on
Calabi-Yau threefolds.

Finally, we expect that the structure uncovered in this paper in the context of the
HM moduli space in type II string theories on a compact CY threefold will continue
to exist in the rigid limit near singularities of Qj Specifically, the Coulomb branch of
N = 2 five-dimensional SU(2) gauge theories compactified to a two-torus [45], obtained
by considering type IIA string theory on a non-compact CY threefold given by the
anti-canonical bundle O(—Kg) — S over a rational surface S [67], gives a family of
hyperkahler manifolds parametrized by the modular parameter of the torus, which must
be invariant under modular transformations. We expect this family of HK metrics to be
described by a similar twistorial construction as in this paper, using the generalization
of the QK/HK correspondence put forward in [36]. For such line bundles over rational
surfaces, the DT invariants Q(v; 2%) with p® = 0 can be computed explicitly [68], and
the analogue of the MSW CFT is a (0,4)-supersymmetric sigma model with target space
given by the Atiyah-Hitchin moduli space of monopoles in three dimensions [45, 69]. An
important difference between the rigid case and the assumptions in this paper is that the
generating function hp, ,(7) of DT invariants for rational surfaces is mock modular [66, 70].
It is natural to expect that its non-holomorphic modular completion will arise from
multi-instanton corrections. Finally, by the general logic of the QK/HK correspondence,
this family of HK metrics will be naturally endowed with a rank two modular invariant
hyperholomorphic line bundle analogous to the rank one hyperholomorphic line bundle
which arises in 4D gauge theories [30, 71], whose physical role remains to be understood.

— 29 —



Acknowledgments

We would like to thank Daniel Persson for valuable comments on the draft.

A Indefinite theta series and period integrals

In this appendix, we review some aspects of indefinite theta series with Lorentzian signature
(1,n — 1), which are essential for describing D3-instanton corrections.

A.1 Vignéras’ theorem

Let Q(x) = x? be a quadratic form on R" with signature (1,n—1), and A an n-dimensional
lattice such that Q(k) € Z for k € A. Let P(x) be a function on R™ such that P(z) ™’
is integrable. Let p € A be a characteristic vector (such that k? + k- p € 2Z, Yk € A),
p € A*/A a glue vector, and A an arbitrary integer. Following [72], with some changes of
notations, we construct the family of theta series

Opu (P XiTib)=m 2 37 ()PP (V2 (ktb)) g 2 M E<_C' (’”;b)) |
keA—&-u—l—%p
(A.1)
where ¢ = €2™7 and b,c € A ® R. Irrespective of the choice of P and A, (A.1) satisfies the
elliptic transformation properties

Ipu (P, Xm0+ Kk, ¢) = (—1)k'p E(;c . k) Upu (P, A0, c),
) (A.2)
Upu (P, A0, e+ k) = (—1)1"1’ E<—2b . k> Upu (P, X730, ¢),

for any k € A.
Now, let us assume that P(z) €™ decays sufficiently fast?” at infinity, and that P(z)
is annihilated by the differential operator

[A42m(x -0y — )] P(x) =0, (A.3)

where A = 92 is the Laplacian operator on R”. Then, using the same methods as in [72],
one may show that the family of theta series (A.1), with p running over all cosets in A*/A,
transforms as a vector-valued Jacobi form of weight (0, + n/2) under the full modular
group. This means that it satisfies the modular properties

1 o n 1
Upu (P, A —1/1;¢,—b) = W(lr))”rg E(_4p2> Z; E(—p-v)d9p, (P, \;75b,¢),
veA* /A
1 1 \?
Upu (P, A;74+1;b,¢+b)) =E 5 w+ §p Upu (P, A;73b,¢), (A.4)

on top of the elliptic properties (A.2). In the next subsections, we present the relevant
instances of this general construction relevant for the present work.

2More precisely, f(x) = P(x) ¢™” should be such that, for any D(x) be any differential operator of
order < 2 and R(x) any polynomial of degree < 2, f(x), D(x)f(x) and R(x)f(x) should be both integrable
and square integrable on R".

— 30 —



A.2 Siegel-Narain theta series

(t) )2 (t)

The simplest example arises for P(x) = e Ty , A= —1, where x” is the projection of
x along a fixed time-like vector ¢ in R™ (¢? > 0):
-t -1
®_Z e =T g a® (A.5)

X = —, -
TVt Tttt
(t)

)2 = (.%‘E:))Q >0, (m(_t))2 < 0. In case no confusion arises, we write " = z.

so that (mf)

The corresponding theta series (A.1) is then, up to a power of 7o and lattice shift, the
standard Siegel-Narain theta series,

Opu(T:t,b,¢) = Tz_l/%qp,u (eiﬂﬂﬂ —1;7;b, C)

=Y ()RR b i) E(_c. <k+ 1b>>‘ (A.6)

k:EA+IL+%P
Thus, 0, transforms as a vector-valued Jacobi form of weight (%, ”T_l)

A.3 Zwegers’ mock theta series

The other prime example is Zwegers’ indefinite theta series of weight (0, 5) [40] (based on
earlier works [73, 74]),

@1,7“(7',1§,t’7b7 c)= Z (_Uk-p [Erf (m“; + b)g)) _FErf (\/ﬁ(l{: + b)g’))}

D)
where t and # are two time-like vectors and Erf(y/7z) = 2 [7 e ™dt is the
standard error function. This series again belongs to the class (A.1) with

Plx) = Erf(\/%a:(f)) - Erf(\/%mgf/)). Each of the two terms in P(x) satisfies the
differential equation (A.3) for A = 0, and the sum of the two terms satisfies the decay
conditions, although this is not true for each term separately. Using

Erf(y/mz) = sgn(z) (1 — Erfe(y/7|z))), (A.8)
one may decompose (A.7) into a sum of three terms
Opu(T,t, ', b,c) = —Cp (1, £,b,¢) + Op (7, 1,8 b, ) + Bp (1, b, €), (A.9)
where the middle term is anti-holomorphic in 7,
Opu(rt.t b,e)= 3 (~1)*7 [sgn((k +5)) —sen((k +1)|)] q—%<k+b>2E<—c-(k+;b)),

keEA+p+ip
(A.10)
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while the first and last term are given by

Dy (7,8, b, c)= Z (—1)kP sgn((ker)Sf)) Erfc (\/ﬁ [(k+ b)gf)\) gz (kt)? E<c . <k+;b>) .
keEA+p+ip
(A.11)
It is useful to note that both (A.10) and (A.11) are of the form (A.1) with a function P(x)
which is square integrable?! and obeys the differential equation (A.3) everywhere, except
on the locus where ng) vanishes. As a result, the three terms in (A.9) are not separately
modular invariant, although their sum is.

The modular anomaly of (A.11) may be exposed by using the identity

ico (t)
. 1 k+b)d
sgu((k + b)) 2 0L Brfe (\/27m\(k + b)(f)l) = —i/ E(Q(k+b)2+(w—7)) (k0 du _i(z:_:)u
(A.12)

to rewrite (A.11) as a (generalized) Eichler integral,

ico (t)
. b L(k+b)2 _ 1 > (k+0b)y dw 1
Cpu(rtbe)=—i[ D (-1)FPgz" Hg 2kt WE —c(k+5b)).
T k:eA—HH—%p
(A.13)
where ¢, = E(w). Recall that if F(7,7) is an analytic modular form of weight (b, ), and

if F(w,T) is its analytic continuation away from the slice w = 7, the Eichler integral

o Pw,7) dw
o(7) _/T ECEE] (A.14)

transforms with modular weight (0,5 + 2 — b), up to modular anomaly given by a period
integral,
Fag_ o P(w,7)dw
O(y7) = (7 + )"0 | &(1) - / e A (A.15)
—aje [Fi(w =)
The function F(7,7) is known as the shadow of the Eichler integral (A.14), and can be
extracted from ®(7) by acting with the operator —(27)2799,.
Returning to (A.13), ®, ,.(7,t,b, c) is then identified as an Eichler integral of weight
n—1

(0, %), with shadow proportional to the theta series of weight (%, 52,

Opu(T,t,b,c) = 72_3/2191,,“ <($+/\/§) e_”’i, —2;7:b, c)
= 3 (—UFP (k4 D) g2 g kD2 E<_C. (,H;b)) - (A16)
keA+p+ip

Let us now consider what happens with (A.9) when one of the time-like vectors, say
t', approaches the boundary of the Kihler cone, i.e. becomes light-like t?> = 0. Then
(k + b)g:') diverges and, since Erfc(|z|) is exponentially suppressed as @ — oo, the last

“1For the holomorphic theta series (A.10), this follows from the fact that the difference of sign functions
vanishes on all time-like vectors.
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term in (A.9) vanishes, leaving only the first two. Thus, for any choice of light-like vector
t', the holomorphic theta series Op ,(7,t,t',b,c) in (A.10) gives a modular completion
of the Eichler integral @, ,,(7,t,b,c) (or conversely, the Eichler integral gives a modular
completion of the holomorphic theta series).

A.4 An infinite sequence of mock theta series

Finally, let us describe an infinite sequence of indefinite theta series similar to (A.7),

obtained by applying the projection Df)

of the covariant derivative D (4.9) along a
time-like vector t. This derivative acts on any Jacobi form of weight (b, h) by changing its
modular weight to (h, b + 1). In particular, it preserves the class (A.1) of theta series and

acts on them in the following way

DP9y (P A T3 b,€) = Oppu (0P A+ 173 b,¢) Oy P(x)

[i t-(0p + 2n)

)

(A.17)
Using this result as well as the identity

) sgn(azgfl)) = (m/2)™/? Hm(lﬁ$$)) sgn(a:&fl)), (A.18)

where H,, are the Hermite polynomials, one finds that the m-th derivative of (A.10) is
given by

s

(Dg))m @p’l‘(’r, t, t,, b7 C) = <27_2

m/2 /
)X ke fsmnle ) - s+ ) )]

keA+p+ip
1
 Hp (i\/27r72 (k + b)$))g—%<k+b>2 E <—c : <k+2b>> . (A.19)
Similarly, the m-th derivative of (A.11) is found to be

_ m —m 1 1
(D) @pu(rt bic) =13 " 7 (<175, (V2ra (e + )Y ) <’”">E<c~<k+2b>),
keEAt+p+ip
(A.20)

where we introduced the function

Sm(x) = OFZ) (Sgn(:cgf)) Erfc (\/77\;3+\)) -
= g (2" (e )™ s (Rl |

The modular anomaly of (A.20) can be exposed by writing it as an Eichler integral

similar to (A.13) using the integral representation of S,

o272 k+b+S (\/E|(k+b)+]):—1m'/m ( §(k+b) ( w)>

( Py 2 [_(’fz)b 1?52, m even
X m—1

T w—T 2 —iy/T2 dw
("31)!< 2w) Py M odd

(A.22)
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In this way, we find

= m . —m o0 P .5 11 1
(DY) "= —iry ™2mt [ 3 (—1)RP g g 5(’“+”>2E(—c- <k+2b>>
TkeA+u+%p

L (-gumr)t et (A.23)
x (3) <_§ w—*) Wv m even
1 ™ W—T 2 —i/Todw
(=) <_§ w—F> [_i@(ﬁ7 m odd

The two theta series (A.19) and (A.20) have anomalous modular transformations, but their
difference, provided the vector ¢’ belongs to the boundary of the Kahler cone, transforms
as a modular function of weight (0, § +m).

The infinite set of derivatives of the theta series constructed above occurs in the
analysis of instanton corrections to Darboux coordinates in section 4.4 through their
generating functions

G9u(y) = y% (D" Opp. G2 = z: (D" ®,,.  (A24)
m=0 m=0
Using
e i Hp(2) % (A.25)
one finds that the first generating functionmisogiven by
Gou) = 3 (<17 [sga((k + 1)) — sen((k + b))

keA+u+%p

t i 2 1 2 1
E((k+b)Py g2 *E( —c. (k+-b) ),
4 T 2
while the second generating function can be easily found from (A.23),
o[l dw iy? w—r
@
- S )] (e
Gp.n9) 1/T [—i(w EEORE (472 w— 7")
3(R+0)3 __1(pyb 1
(k+b)y+——) g2 g a2 B e (k+-b) ).

x> (= < +b)4+— T)q +3

k€A+u+2p

(A.26)

(A.27)

Assuming that the generating parameter y transforms under SL(2, Z) with weight (0, —1),
it follows that the difference ggi w(y) — gg »(y) is a non-anomalous modular form, with the
same weight as that of the original theta series (A.9), i.e. (0, %).

B Instanton corrections in the large volume limit

B.1 S-duality and mirror map

To establish the modularity of the type IIA construction of D-instantons, we have to find
instanton corrections to the classical mirror map (2.6) such that the Darboux coordinates

— 34 —



on the twistor space expressed in terms of the type IIB fields transform as in (2.20).
For this purpose, it will be useful to borrow some methods from the work [36] where a
manifestly S-duality invariant twistorial construction of a QK manifold with two commuting
isometries was provided. This is despite the fact that the Poincaré series representation is
not immediately applicable to our framework, as further discussed in appendix C.
i
the integral equations (2.38), which transforms in complicated way under S-duality, can

One of the main insights of the construction in [36] was that the kernel entering

be replaced by an invariant kernel
a1 (t’+t 1/t’t’) dt’ 12 4z d

Kt t)— == -z e
(t )t’ 2\t'—t 1/t +t) t 22—z 2

(B.1)

It differs from the original one by a t-independent term which can be absorbed into a
redefinition of the coordinates parametrizing the HM moduli space ¢4, C~A, o. Essentially
this redefinition provides a substantial part of quantum corrections to the mirror map.
However, the kernel (B.1) is still not convenient for the study of the large volume
limit because the additional ¢-independent term gives a divergent contribution in this limit
(recall that the integrals over ¢’ are localized at ¢ = +i). Fortunately, there is a way to
cure this problem. To this end, let us note that the invariant kernel (B.1) is not unique.
In particular, two other natural choices suggest themselves,
dt dt 1+it  d d.  dt! 1-it =z do

Kt (t,t)— = = K (t.t)— = .
<’)t’ t—t1+it! 2 —2’ (’)t’ t—tl1—it! 22—z

. (B.2)

Both are S-duality invariant, differ from the original one by a t-independent term, and more-
over are finite in the limit where ¢ — Fi, respectively. The crucial difference between them
and (B.1) is that the latter is invariant under the combined action of the antipodal map ¢ :
t — —1/t and complex conjugation, whereas the kernels (B.2) are mapped into each other

dt/ dt/
S [K+(t, t’)t/] = K_(t,t’)7. (B.3)

This plays an important role in ensuring the reality conditions on the Darboux coordinates

=g <EN=&, =l (B4)

where U; is the image of the patch U; under the antipodal map. Therefore, the new kernels
can be used to generalize the construction of modular invariant QK manifolds in [36] as
follows:
Let Z be the 2n + 1-complex dimensional contact manifold defined by the infinite
covering
Z=Uy UU-UUyU (U}, Uk ) U (U i ) 5 (B.5)

m,n“*mmn m,n“*'m,n

and transition functions

gF = Fgl), B =Rl HlmmT =GR (e e (B.6)

where FNX) = —kgpe XZ))(:OXC is an arbitrary cubic prepotential, A = (0,a) =

0,1,...n—1. Here Uy are the usual patches around the poles of P', Z/IT% are two sets

s
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of patches which are mapped to each other under SL(2,7Z)-transformations, and Uy covers
the rest. They must be chosen so that Uy is mapped to itself under the antipodal map and
S-duality, whereas Uy, », are mapped to each other according to

m/ ac\ /m
)= wmig (W)=(00) () @0
The holomorphic functions Gmn are assumed to transform as*
+
S [Gi | =a}, GE Gt + non-linear terms + re (B.8)
m,n m,n? m,n C€O+d g .

where +reg. denotes equality up to terms which are regular in Z/I;LE, o

Given these conditions, the associated QK manifold M can be shown to carry an
isometric action of SL(2,Z). The only difference with [36] is the presence of two sets of
twistorial data, labeled by 4+ and —, which are mapped to each other by the antipodal
map. Physically, they can be interpreted as contributions of branes and anti-branes. The
Darboux coordinates in the patch Uy then satisfy the following integral equations:

gozco_i_ﬂ(fl_t)7
-1y a a € €
=+t -1y +ZZ% Lth/K (t,1') g0 G

e=tm,n
z[0] ~cl —1 el € €
= t L FS(Y) — tFy Ke(t,t") 0 G B.9
= Ch Tt YY) —tF(Y) pa imn ?{aant’ " eh, o Gmans (B.9)
L. * \¢ — —1 e C —1 ¢ el (v
ol = —2(5+ M) - (t L) (7RI + 0FUY) ) - A (TR Y - B ()
_ € / 7 " €
Z Z j{ 27r1t’ K (t,¢) (1 f[m ”]( )35[%”]) Grnn
e=tm,n m,n
+ (T RE(0, ) P (Y) — 1K (00, ) FEN(Y) ) g0 G|
where C’i are contours on P! surrounding Z/{nﬁ;’n counter-clockwise and

(12,Y% (Y, 4 ( &°) are coordinates on M.

The key to prove the presence of S-duality is to find expressions of the coordinates
(ve,¢s,
the Darboux coordinates. Let us do this explicitly for the coordinates entering £*. To this

(Cl &) in terms of (7,b%,t%, c%, é,, 1)) which ensure the proper transformations of

end, note that the derivative 85[0] Gmn(t') transforms, like the transition function (B.8),

with an overall factor of (c£°(¢') 4+ d)~!. Using the property

etV 4+ d

g =2, (B.10)

1—2z

22We refrain from writing the full non-linear transformation of Gm n, since we are interested only in the
linear approximation in this paper. The transformation property required for modular invariance at the
non-linear level can be found in [36].
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this factor can be converted into (c£%(t) + d)~! by multiplying the kernel by 11_‘2/2. Put

*22
differently, the Darboux coordinate £* would transform as in (2.20) if it were equal to

2279

f[%] = 70—+ 1.2 (t* +1izb%)
1 / d! 1-2"7 de! 1-27 23 (B.11)
- f 772(95 G%n""f 3 385 Gon
2mis~ | Jor 2=z 1=z ST o 2=z 1=22 (2)3 G
It is easy to verify that this equality can be achieved if one chooses
a2 gy S dz 4 dz g -
Y= (0 +it?) % chl 5217 %0Cna=§_ 55(1-2) 00 G
’ ’ ’ (B.12)
o sa “ ! zdz n dz _
Ccl - _(C —Tib ) - Z [ﬁ& H ag([lol Gm,n - o W 85"([10] Gm,n :
m,n m,n m,n

We will leave the other relations undetermined because their derivation is more involved
and they are not of interest for our purposes.

B.2 Large volume limit

We shall now use the above results, in particular (B.2) and (B.12), as a guidance for finding
the mirror map between type IIA and type IIB fields. To apply them to our situation,
we replace (CﬁfL,n,Gim) by (l4, Hiy) where v = (0,p% ¢l qo) with p-t* > 0. After this
replacement, the Darboux coordinates are given by the same integral equations (B.9) where

O ~1‘§1, 5! differ from the type ITA fields €%, Ca, o by the terms coming from the redefinition
of the kernel.?? Our aim here is to study their large volume limit t* — oco.

In this limit we concentrate on the infinitely small region of the P! fiber around the
S-duality invariant point z = 0 such that the combination zt* stays finite. Moreover, all
integrals along ¢+~ are dominated by a saddle point at 2z’ = 0 for the set of charges  and at
2" = oo for the set of charges —v. Using this fact and the relations (B.12) (with the above
replacements), the Darboux coordinates of the type ITA construction in the one-instanton,
large volume approximation are given by (4.2) where the instanton contributions read as

" “ dz’
08" = p Z/ - v
an ¢

-
/ : : /
q i b i b dz
dz’ 2 — - 0| Hy + t —_H_
/gﬂ/ z (z/ . 9 RabeP ) o' + 9 RabeP /é (Z/)2 ’Y] )

~y

08, = 00, +
qA

/ .
& o / 4o 1 agb, cr 1 asbyc
5, = 5(0—1—qu /6de (Z/—Z+4Rab0t t"p°(z —1—22)—1—2/<cabcptb)H7 (B.13)
1 b c/ dzl s 1a a /
— = Rapel'D 2i2'b% +t*(1 4+ 222")) H_~ |,
4 abc 0 (Z/)3 ( ) Y
285! also contains an additional classical term ?mubcbabbbc.
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Sol = ; (30 + a4 ) + Z —

/ B % + @7 + ¢, (7D — ¢ + 279t 2')
E'Y

1 /
—5 Iiabcpc <icatb + 2T2batb + <Z(7’1 - 3i7’2) + % (7’1 - 3i7’2)> tatb>) fl‘7

1 dz’
+Z /ﬁabctbplf ( ;2)3 ((2ic® —4mb®) 2" +1* (11 (14222") +im2(3+222"))) HV] .
_\Z

Here (5&,50 denote instanton corrections to the classical mirror map (2.6) to be found
from the condition of modularity.

To study the modular properties of (B.13), it is more convenient to replace the last
three expressions by the combinations introduced in (4.5). Using the covariant derivative
operators (4.9), they can be shown to be given by

0" = 2rmip® Jp
§& =6l —D tbpe 42 H &y
&a Ca oJp + Habc p Z Z 1y + . W |

§ial = 760, — X (5a +¢haCh ) + [?m“bDan -2| 7, (B.14)

d
/dz (b (114 3im2) — *+279t%2") H,, / —Zg ((c“—?ba)z'—szt“)HV] ,

1
+2 ﬂabctprZ[
£y

qAa

B B ds
d_a' = 76¢, — 3 (50 + CA5C;\> — [T D_1 + (" — 7b*)Dy] Jp + iTaz(p - %) Z / éH_W
an

1 dz’
+ = Kapet'p° g [/ d2' (b — "+ 1ot )H, —/ (% ((c*+(3iTa—71)b%) 2" +272t%) H_.y] ,
¢_\%
an v

2i 2,

where we used the notation (4.8). All the terms independent on the P! variable z can be
canceled by choosing appropriately the mirror map. This fixes the instanton corrections
to the mirror map (2.6) in the large volume, one-instanton approximation to be

a:—i 1-— o H, H_
0 47‘(’7’2 [/ dz(1-2) §a / 7]

6¢* =0,

6 = — %ﬁabctbz Re ( /g dz 8§~CH7> , (B.15)
5§0 =— Habct Z Re / —it?2) 8£~CH77

oo /{abct Z Re / (11 — 4imp)b® — (i1 + 372)t"2) O H,.

Plugging these relations into (B.14), one arrives at the expressions (4.7) given in the main
text. Note that the integrals over £, are Gaussian and can be easily computed. It is worth
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stressing that 0z% gives a correction to the mirror map between the type IIA complex
structure moduli z¢ and the type IIB Kéahler moduli 6 +it®. Such corrections do not arise
for D1-D(-1)-instantons, but are in general necessary in the presence of D3-instantons [36].

C Relation to the Poincaré series construction

In this section, we make a first attempt at recasting the type IIA twistorial construction
into the manifestly S-duality invariant framework developed in [36]. The basic idea is to
represent the partition function (3.19) as a Poincaré series, and assign each term in the
sum over cosets to a different transition function Gy, 4.

For this purpose, recall that the partition function of MSW invariants (3.21) is a
vector-valued holomorphic modular form of negative weight h = —by/2 — 1, therefore the
positive frequency Fourier coefficients can be expressed in terms of the polar (negative
frequency) coefficients by the Rademacher formula [75]

00 N\ P
= s . =~ s _ . AN dm
Qpuldo) =217 D" Qpuldy) Y ¢ K(do, do ) < qoo> Iy <c\/_CI0 Q()),
=1

0< gy <rx(D)/24 c=
(C.1)

where K (do, ), ¢) is the Kloosterman sum
o . fabd ga . d
K(qovqé’c) = Z M 1 < ) E<Q6C+q06> ) (CQ)
—c<d<0,(c,d)=1 cd
Using this representation one can express the elliptic genus (3.19) as a Poincaré series [42]%4

Zew=3 Y X X T+ ) Qpulio) (1M

0<go<rx(D)/24 peA* /A k€At p+3p gET oo\

~ 1 ar +b k-y 2miqo
E(— —K? — R R C.3
. ( [q0+2 } et +d CT+d> -1-% (c(c¢+d)>’ (C:3)

where the factor

Ry(xz) =1- I’(ll—h) /xoo e 27 0dz (C4)

approaches 1 exponentially fast at Re(z) — oo and Ry(z) ~ 2279/T'(2 — h) at = — 0.

The group element g = <a ®) runs over the coset I'\SL(2,Z), i.e. (¢,d) run over pairs

cd
of coprime integers and a, b are chosen such that ad — bec = 1.

Applying the same strategy to the formal theta series H ;) (3.25) on the twistor space,
one arrives at a formal Poincaré series. This gives

Hpyy= Y > Z > Geay (C.5)

0<Go< D) peA*/A keA+pt5p 9€T\T

%4 For simplicity, we assume that the constant term of (3.21) vanishes. Moreover, the sum over ¢, d should
be regulated to 1 < ¢ < K, |d| < K, before sending K to infinity.
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where 5 = (p, p, k, §o),

(1k?

Q
o
&
Y

Il
2

) (0 + DB (- &)~ |+ 5] )~ - 0(©))

27ido

s (qota) 0

and the action of g € I'no\SL(2,Z) on &%, & and £ is given by (2.20). Although the
series (C.5) is divergent due to the sum over D1-brane charges k, it formally transforms
like a holomorphic modular form of weight —1.

The representation (C.5) suggests a natural Ansatz for the holomorphic transition
functions (B.6) that enter the manifestly S-duality invariant twistorial construction
outlined in section B.1, namely

G;tn,n = Gty (C.7)

and choose the contours C’ffm as the geodesic circles joining the two essential singularities
+

of (C.6), namely the two roots t , of the quadratic polynomial t(m&°(t) + n). In
particular, it is easy to check that the contact potential generated by these twistorial
data in the large volume limit coincides with (4.14). Unfortunately, the transition
functions (C.6) do not satisfy the transformation property (B.8) due to the presence of the
R-factor (C.4) which transforms as a period integral. As a result, the SL(2,7Z) invariance
of the construction is not guaranteed, and indeed the Darboux coordinates computed
from (C.6) acquire a modular anomaly. This anomaly should however be cancelable by a
similar holomorphic contact transformation as the one described in section 4.4. We hope

to put this construction on a more solid basis in future work.
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