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1 Introduction

One of the most important features of superstring theory and M/F-theory are string du-

alities, which relate compactified string theories to one another, often making the very

concept of space-time geometry ambiguous.1 The subject of string dualities has been

vastly explored in the past two decades, and most results obtained in this context about

toroidal compactifications and Calabi-Yau (CY) geometries are by now textbook material.

While supersymmetric backgrounds with exceptional holonomy G2 and Spin(7) have been

explored in the past,2 the corresponding stringy dualities are much less explored — with

the notable exceptions of few seminal works in the subject, that include e.g. [2–10]. One

reason for this is the lack of supersymmetry for the corresponding models — only very

recently it has been shown that these backgrounds survive α′ corrections [11]. A further

reason was the lack of examples of compact manifolds with holonomy G2 and Spin(7).

Recently, about 50 million novel examples of compact G2 manifolds have been obtained

as twisted connected sums (TCS) of pairs of asymptotically cylindrical CY three-folds [12–

14]. This is a result with interesting implications in the context of compactifications of

superstring theories and M-theory [15–19]. In particular, this opens the question of the

behaviour of these novel backgrounds with respect to stringy dualities. While some steps

in these directions have been taken recently [17, 19], there is still lots of work to be done in

this subject. The main purpose of this paper is to revisit and extend our exploration of the

generalized mirror symmetry for Type II compactifications on TCS G2 backgrounds [17].

Aspects of stringy dualities have been understood for the Joyce orbifolds of T 7 and

T 8 [20–22]. However, it is well-known that toroidal orbifolds enjoy many more special

properties than generic supersymmetric backgrounds. Hence, the question of which among

the observed stringy dualities were consequences of the Joyce examples being toroidal

orbifolds, rather than just G2 or Spin(7) holonomy, is to answer.

Conjecturally, G2 backgrounds can exhibit two types of generalized mirror symmetries

which are close cousins of the more familiar mirror symmetries of CY compactifications.

We denote the corresponding dualities T3 and T4, as these can be obtained in the same

1This is similar to what happens in the context of field theory dualities, where often the notion of the

strength of a coupling is made ambiguous (e.g. weakly coupled electric phases are dual to strongly coupled

magnetic ones and vice versa).
2See e.g. [1] for a nice review.
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Figure 1. A schematic description of the Kovalev limit for a G2 manifold J . The K3 surfaces in

the asymptotic cylinders of the two CYs X± are denoted S±. The K3 surface in W is denoted S0.

spirit of the SYZ mirror symmetry, by performing fiberwise T -dualities along calibrated

associative and coassociative toroidal fibrations [5]. The T3 duality gives an equivalence

between Type IIA and Type IIB (and vice versa), while the T4 duality gives an equivalence

between Type II strings of the same Type.

One of the main results of this paper is that TCS G2 backgrounds can exhibit both

types of behaviors.3 In order to better explain our results, let us briefly describe the TCS

construction — a more detailed review is found in section 3. A given G2 manifold J can

be realized as a TCS if it admits a Kovalev limit. In a Kovalev limit, the manifold J is

stretched along one real direction developing a long neck that is locally isomorphic to a

product of a K3, a torus and an interval I (see figure 1). Along the Kovalev neck, the G2

manifold J can be cut open along a codimension one hypersurface, denoted W in the figure,

3In our previous work on the subject only the map T4 case was addressed.
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which is isomorphic to K3×T 2. We obtain a pair of manifolds with boundary, denoted by

J+ and J−, such that ∂J± ' W . In the limit of infinite Kovalev neck J+ and J− are well

approximated by asymptotically cylindrical CY three-folds, denoted by X+ and X−, times

a circle. Recall that a given CY three-fold is said to be asymptotically cylindrical if outside

of a compact submanifold it is isomorphic to a K3 surface times a cylinder. Crucially,

the complex structures on the two asymptotic K3 surfaces S± induced from the complex

structures on X± are different and related by a hyper-Kähler rotation Ξ, called a matching

in the literature, that is induced by identifying S± with S0, the K3 component of W . In

order to preserve the G2 structure of J , also the A and B cycles of the two-tori in the

asymptotic regions of J± have to be swapped when identified with the T 2 component of W

(see figure 1). Conversely, G2 manifolds which allow such a limit can be constructed as a

twisted connected sum from appropriate pieces. In particular, one has to provide a pair of

asymptotically cylindrical CYs and a matching in between the corresponding asymptotic

K3 fibers. Schematically, we denote the G2 manifolds so obtained as

J −→ X+ ∪Ξ X− (1.1)

to remind ourselves that J has a codimension one locus in its moduli space where it can be

described as a TCS of X+ and X− with matching Ξ. Sometimes, we use also the notation

J −→ X+ ∪W X− . (1.2)

We find that the T4 mirror symmetry for TCS G2 backgrounds J → X+ ∪Ξ X− can be

constructed whenever X+ and X− both have CY mirrors, denoted respectively by X∨+ and

X∨−. We obtain that the T4 mirror of J , denoted by J∨, is a TCS,

J∨ −→ X∨+ ∪Ξ∨ X
∨
− , (1.3)

where Ξ∨ is the T4 mirror matching, obtained from Ξ by K3 mirror symmetry. Similarly,

the T3 mirror of J , denoted by J∧, can be constructed if X− has a CY mirror and the K3

which fibers X+ is elliptically fibered. We show that J∧ is a TCS too,

J∧ −→ X+ ∪Ξ∧ X
∨
−, (1.4)

where Ξ∧ is the T3 mirror matching, obtained from Ξ by K3 mirror symmetry as well.4 It

is very likely that a given G2 background admits more than one Kovalev limit. If that is

the case, to each such Kovalev limit can correspond a duality of T4 or T3 type, thus giving

rise to a network of dualities, that we schematically represent in figure 2.

The structure of the 3D N = 2 theories corresponding to Type II compactifications on

TCS G2 backgrounds is as follows. The two CY sides contribute two subsectors with 3D

N = 4 supersymmetry, that are coupled together by a sector with 3D N = 2 supersym-

metry. The neck region locally looks like a 3D N = 8 subsector, but there is no trace of

N = 8 multiplets left. This happens because the two 3D N = 4 subsectors are coupled to

4For the sake of simplicity, in this discussion we have dropped some useful technicalities that the inter-

ested readers can find in section 4.
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Figure 2. Network of generalized G2 mirror symmetry maps obtained from T-dualities.

the N = 8 one preserving only a common N = 2 supersymmetry subalgebra. In geometry

this corresponds to the fact that the matching preserves only one of the three complex

structures of the K3. For IIA, this is a circle reduction of the corresponding M-theory

background, studied in [18].

The scalar manifold for a compactification of Type II supergravity on a G2 manifold

J is a Kähler manifold with complex dimension

dim MJ = 1 + b2(J) + b3(J). (1.5)

In the supergravity approximation, the generalized mirror symmetry predicts that

dim MJ = dim MJ∗ (1.6)

where we denote with J∗ a G2 mirror of J , obtained with either the T3 or the T4 map.

This is the supergravity analogue of the Shatashvili-Vafa relation [2]. In our previous work

we have showed that the T4 duality has the Shatashvili-Vafa property in all TCS examples

that are built by means of dual pairs of tops [23]. The same strategy can be applied to the

T3 duality in that context. In this paper, we drop the hypothesis that the building blocks

are built from projecting tops, and show in full generality that both the T3 and T4 maps,

if they exist, preserve the total integer cohomology group (forgetting the grading). Since

dimH•(J,Z) = 2 dim MJ (1.7)

this shows that both dualities satisfy the Shatashvili-Vafa relation.

One of the main motivations to revisit our work [17] was the confusing prescription

that we proposed for the matching of the B-field in a TCS G2 background. In this paper,

we give the correct prescription to always obtain consistent supergravity backgrounds,
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clarifying the role of the B-field in this context. This is extremely important because the

B-field and its powers can be used to calibrate non-trivial even-dimensional cycles on G2

backgrounds, thus giving rise to novel supersymmetric cycles that are neither associative,

nor coassociative! Notice that this is a departure from the more familiar CY cases. In

particular, in the CY case cycles calibrated by the B-field always coincide with holomorphic

cycles in geometry, which are calibrated by the Kähler form and its powers.

We discuss some aspects of 3D N = 2 non-Abelian gauge dynamics in the context

of superstring compactifications on backgrounds with G2 holonomy. In particular, we

discuss how the dynamically generated potential that lifts the Coulomb branch moduli

arises in the context of IIA compactifications, reproducing some of the known results in

the literature [24–26]. We stress that in order to obtain results which are consistent with the

gauge theory predictions, the existence of two-cycles calibrated by the B-field is key. One

of the features that we expect from T3 and T4 dualities is that they respect this property

of the spectrum. A first step to show that this is indeed the case requires extending our

results to the context of G2 backgrounds with singularities.

Certain Joyce orbifolds admit a Kovalev limit, such as for instance the T 7/Z3
2 orbifold

discussed in Σ 12.2 of [22]. This allows to directly compare our geometric results to the

well-known ones obtained from SCFTs [2, 3, 9], thus providing a stringent consistency

check for our methods. We conclude our paper by providing several examples for all of the

above that are not Joyce orbifolds, obtained using the toric methods of [23].

There is a caveat to all of our discussions, however: due to the lack of supersymmetry

for compactifications of type II strings on G2 manifolds, it is possible that these geometrical

T-dualities can be spontaneously broken by quantum effects. It is important to stress that

all of our arguments here are geometric in nature, therefore hold only in the large volume

limit, where such stringy quantum corrections are negligible. For instance, to test the

generalized mirror symmetry maps, it is important to verify that the corresponding Kähler

potentials, superpotentials, BPS spectra and phase structures match. In this paper we make

some first preliminary comments about the BPS spectrum, and the possible homological

version of G2 mirror symmetry. We find that the Bn-cycles, the n-cycles calibrated by the

B-field, have a role to play here as well.

Vectors in 3D are dual to scalars, as is well-understood in the context of Abelian gauge

groups. In the non-Abelian case the effect of this 3D duality is less transparent [27]. Our

geometric engineering techniques can be used to shed some light about this interesting

topic, and we take some first steps towards this interesting direction.

Another interesting consequence of these mirror symmetries is obtained by considering

probe branes in the context of the proposed dualities. It is easy to argue that there are

interconnections among these dualities and 3D N = 1 dualities. Consider for instance the

T3 generalized mirror symmetry map. It relates IIA on J to IIB on J∧. In particular,

notice that by placing a D2-brane along the flat R2,1 component of the ten-dimensional

background R2,1 × J , we obtain a worldvolume theory on the brane which has N = 1 in

three dimensions. Under the duality this configuration of branes is mapped to a D5-brane

in Type IIB which is wrapped along the T 3 fiber. The coupling of the gauge theory on

the D5 brane is inversely proportional to the volume of such a T 3, and as we are shrinking
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it to zero size, the corresponding 3D theory hence becomes strongly coupled. It is dual,

however, to the weakly coupled theory on the stack of D2-branes probing the dual G2

manifold. In contrast, the T4 generalized G2 mirror symmetry maps relate superstrings

of the same Type. Consider the IIA to IIA case. Here, a probe D2-brane is related to a

D6-brane wrapping the coassociative T 4 fiber and vice versa, and a similar mechanism is in

place. The precise nature of such 3D N = 1 dualities along the lines of [28, 29] is currently

under investigation.

It would be also interesting to study what happens in the context of heterotic com-

pactification on TCS dual pairs in light of the recent progresses in this context [30–33].

The structure of this paper is as follows. In section 2 we review the supergravity limit

of G2 compactifications, with special emphasis on the massless spectrum. In section 3 we

review the TCS construction, we discuss the structure of the massless spectra in these

examples, and we clarify the role played by the B-field. Section 3 concludes with a brief

review of the construction of [23]. In section 4 we discuss the details of the T3 and T4 maps,

we extend (and clarify) the heuristic arguments of [17], we show that the discrete torsion

in cohomology is mapped consistently, we derive the Shatashvili-Vafa relation for these ex-

amples, and we generalize our construction to singular examples. Section 4 concludes with

some speculations about possible generalizations of our construction outside the TCS class.

Section 5 is devoted to a detailed study of a Joyce orbifold which can be realized as a TCS.

There we compare the results in the SCFT literature with our geometric methods. Several

explicit examples in the context of G2 backgrounds obtained via projecting tops [23] are

discussed in section 6. In this section we discuss explicit examples of the mirror manifolds

which arises from this construction and revisit the examples discussed in [17], emphasizing

the role played by G2-manifolds with singularities.

2 Type II superstrings on G2 manifolds

2.1 Massless modes

In this section we briefly review Type II superstring compactifications on a G2 manifold

J in the supergravity approximation. Let us denote the Betti numbers of J by bm ≡
bm(J). Both Type IIA and IIB supergravities compactified on G2 manifolds preserve four

supercharges giving rise to 3D N = 2 supersymmetry. Let us split the 10d coordinates

as follows

XM = (yµ, xa) 0 ≤M ≤ 9, 0 ≤ µ ≤ 2, and 1 ≤ a ≤ 7. (2.1)

Let us first consider the NS sector, which is common to both supergravities. The dilaton,

the metric, and the B-field are the bosonic degrees of freedom. The KK reduction of the

metric gives b3 scalars, corresponding to the independent deformations of gab, and the

dilaton gives a real scalar in 3D. The B-field can be expanded as

B =

b2∑
k=1

ω
(k)
2 βk(y) , (2.2)

– 6 –
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where ω
(k)
2 is a basis of harmonic 2-forms for J and the φk(y) are scalars. Notice that we

discard the 2-form along R1,2, as well as the modes corresponding to one-forms on J from

the expansion of the B-field. The reason for the former is that in a d+1 spacetime k-forms

with k ≥ d are non-dynamical and the reason for the latter is that the first and the sixth

cohomology groups of a G2 holonomy manifold are trivial.

Let us now consider the RR sector of a IIB background. We find it convenient to

consider a democratic formulation and impose the duality on the RR potentials after the

reduction [34]. The 2-form RR potential C(2) has a mode expansion analogous to the

B-field:

C(2) =

b2∑
k=1

ω
(k)
2 γk(y) (2.3)

which gives additional b2 scalars that combines with the B-field modes of equation (2.2)

into b2 complex scalars. In a democratic formulation, one has to include the C(6) RR

potential which gives vectors

C(6) =

b5∑
k=1

ω
(k)
5 ∧A1,(k) + . . . (2.4)

where we have chosen our basis of harmonic forms on J in such a way that ?7ω
(k)
5 = ω

(k)
2 ,

and the . . . represent terms giving rise to higher forms in 3D that we discard. We have to

impose the duality relation among the RR potentials

?10 dC
(2) = dC(6) , (2.5)

which, using ?10 = ?3 ⊗ ?7, gives

?3 dγk = dA1,(k) (2.6)

for the massless 3D KK modes. Therefore the scalars γk are dual to the vectors A1,(k)

obtained reducing the 6-form RR potential. Consider now the self dual 4-form potential

C(4)+. It has the following decomposition

C(4)+ =

b4∑
j=1

(
ω

(j)
4 ρj(y) + ω

(j)
3 ∧ Ã1,(j)

)
+ . . . , (2.7)

where the dots indicate higher forms we are discarding, the ρj(y) are scalars and the Ã1,(j)

are 1-forms. The requirement that F (5) = dC(4)+ is self-dual implies that the vectors

corresponding to the 1-forms Ã1,(j) are dual to the scalars ρj(y). Indeed,

dC(4)+ =

b4∑
j=1

(
ω

(j)
4 ∧ dρj(y) + dω

(j)
3 ∧ Ã1,(j) + ω

(j)
3 ∧ dÃ1,(j)

)
+ . . . , (2.8)

– 7 –
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and using the fact that ?10 = ?7 ⊗ ?3 we get

?10 dC
(4)+ =

b4∑
j=1

(
?7ω

(j)
4 ∧ ?3dρj(y) + ?7ω

(j)
3 ∧ ?3dÃ1,(j)

)
+ . . . ,

=

b4∑
j=1

(
ω

(j)
3 ∧ ?3dρj(y) + ω

(j)
4 ∧ ?3dÃ1,(j)

)
+ . . . ,

(2.9)

where we have chosen our basis of harmonic forms on J in such a way that ?7ω
(j)
3 = ω

(j)
4 , and

the . . . again represent terms giving rise to higher forms in 3D that we discard. Comparing

the coefficients of the corresponding harmonic forms, we find that the KK modes associated

with C(4)+ are dual to each other

?3 dÃ1,(j) = dρj . (2.10)

We can combine the scalars ρj with the scalars arising from the deformations of the metric

into complex scalars. On top of these modes we have one complex scalar from the axio-

dilaton field. Hence we obtain a scalar manifold parametrized by 1+b2+b3 complex modes.

We now come to the RR sector of a IIA compactification, again working in a democratic

formulation. The 3-form potential can be expanded as follows:

C(3) =

b3∑
j=1

ω
(j)
3 ρj(y) +

b2∑
k=1

ω
(k)
2 ∧A1, (k) , (2.11)

while the 5-form potential gives

C(5) =

b5∑
k=1

ω
(k)
5 γk(y) +

b4∑
j=1

ω
(j)
4 ∧ Ã1 (j) + . . . (2.12)

Now the requirement that these are dual

?10 dC
(3) = dC(5) (2.13)

reflects on the KK modes: indeed we obtain

?3 dÃ1, (j) = dρj ?3 dA1, (k) = dγk , (2.14)

by suitably choosing our basis of harmonic forms. Of course, here we are using that b2 = b5
and b3 = b4 for any compact smooth 7-manifold. Hence these RR potentials give rise to

b2 + b3 extra scalars which combine with the modes arising from the B-field and the metric

giving a total of b2 + b3 complex scalars. The 1-form potential C(1) gives rise to a vector

that can be dualized to a PQ scalar in 3D. The latter combines with the dilaton giving rise

to one complex scalar field. Hence, the scalars manifold is 1+ b2 + b3 complex dimensional.

The matter content of the IIA and IIB compactifications at this level looks identical,

and one can be lead to conjecture that the compactifications of IIA and IIB on a G2

manifold J give rise to the same 3D N = 2 physics [35]. In order to establish quantum

equivalence, however, the corresponding Kähler potentials, superpotentials, BPS spectra

and phase structure have to match. This can happen, for instance, if a given G2 manifold

is self mirror, e.g. J∧ = J — as has been observed in the context of Joyce orbifolds by [9].

– 8 –
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Figure 3. Local model corresponding to an ADE gauge subsector in IIA compactifications. In this

example, we depict an A2 singularity that corresponds to an SU(3) gauge subsector.

2.2 Non-Abelian gauge symmetries

It is well-known that in order to obtain a non-Abelian gauge symmetry specific types of

singularities are needed in the context of geometric engineering. Let us consider the IIA

case. A local model for the geometry that engineers a simple gauge group G is given by

a fibration of a C2/ΓG singularity over an associative S 3 cycle.5 This can be argued by

a circle reduction of the more familiar M-theory setup where gauge subsectors arise from

singularities in real codimension four [6, 37, 38] — see also [16] for a recent discussion. In

M-theory one obtains in this way a 4d N = 1 SYM subsector. In particular, the singularity

cannot be resolved in the M-theory moduli, which corresponds to the absence of scalars

in N = 1 vectormultiplets. In contrast to the M-theory case, however, the Type IIA

backgrounds have a Coulomb phase. The additional modes that gives a resolution of the

C2/Γ singularity arise from the B-field in type IIA, and correspond to the classical Coulomb

phase for the corresponding 3d N = 2 theory. Resolving the ADE singularity C2/ΓG one

obtains a collection of spheres (S 2)a, a = 1, . . . , r ≡ rank(G), intersecting according to the

corresponding ADE Dynkin graph (see figure 3). On the resolved geometry, it is always

possible to chose a basis of harmonic 2-forms ω
(b)
2 as follows∫

(S 2)a

ω
(b)
2 ≡ δ

b
a. (2.15)

5Here ΓG is a discrete subgroup of SU(2), and we are considering the case of simply-laced gauge groups

for simplicity. The case of non simply-laced gauge groups can be dealt with in the standard way by fibering

the ADE singularity over S 3 with monodromies that correspond to a folding of the ADE Dynkin diagram

to its non-simply laced counterpart [36].
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The massless modes of the RR-potential C(3) along the ω
(b)
2 directions give rise to the

Cartan U(1)b subgroups of the gauge group, here b = 1, . . . , rank(G). The periods of the

B-field give rise to the corresponding Coulomb branch scalars

φa ∼
∫

(S 2)a

B. (2.16)

D2-branes wrapped over connected collections of 2-cycles (S 2)a provide the massive W-

bosons, leading to gauge group enhancement in the limit φa → 0, which is a well-known

fact for geometric engineering in IIA, see e.g. the discussion in section 2 of [39]. Notice

that this geometric engineering setup is also consistent with the fact that pure SYM in 3d

N = 2 develops a non-trivial runaway superpotential [24]. For instance for a gauge group

SU(2) the superpotential is expected to be

W ∼ exp

(
− φ

g2
YM

)
(2.17)

where φ is the Coulomb branch vev and gYM is the YM gauge coupling. A natural candidate

to generate such a superpotential term is from wrapped euclidean D4 branes. Each such

D4 brane is wrapping (S 2)a × S 3
base and it contributes to the effective action with the

exponential of (minus) a factor

AD4a ∼ V ol(S 3
base)×

(∫
(S 2)a

B

)
=

1

g2
YM

× φa (2.18)

where the volume of the associative S 3 is inversely proportional to 1/g2
YM. We claim that

the superpotential W receives contributions only from the Euclidean D4 branes wrapping

a single (S 2)a at a time, because for others configurations of D4-branes wrapping multiple

(S 2)a there are extra zero modes. We are thus lead to conjecture that

W ∼
r∑

a=1

exp(−AD4a) =
r∑

a=1

exp

(
− φa
g2

YM

)
, (2.19)

which agrees with the results in the literature [25, 26]. The IIB version of this setup can

be worked out using the mirror map. We postpone this discussion to section 4.5.

3 Twisted connected sum G2 backgrounds

3.1 Geometry

3.1.1 Review of the Kovalev construction

A TCS G2-holonomy manifold [12–14] is obtained from a pair X+ and X− of CY threefolds

which are asymptotically cylindrical. This means that outside of a compact submanifold,

X± have the form R+ × S 1 × S±, where S± are smooth K3 surfaces.6 Let

ds2
± = dt2±+ dθ2

±+ dS 2
S± , ω± = dt± ∧ dθ±+ωS± , Ω± = (dθ±− idt±)∧ΩS± , (3.1)

6See [13], Definition 2.4.
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denote (respectively) the metric, Kähler form, and holomorphic top form on X± in the

asymptotically cylindrical region. Here t± (resp. θ±) is a coordinate along the R+ (resp.

S 1) direction for X±. The manifolds

J± ≡ (S 1)± ×X± (3.2)

inherit the standard G2-structures

ϕ± ≡ dξ± ∧ ω± + Re(Ω3,0
± ) ? ϕ± ≡ 1

2ω
2
± − dξ± ∧ Im(Ω3,0

± ), (3.3)

where we have denoted by ξ± the coordinate of the ‘outer’ S 1. Let us proceed by describing

the construction of the corresponding TCS G2 manifold. Consider the asymptotically

cylindrical regions, fix an ` > 0 large enough, and let t± ∈ (`, `+ 1) ⊂ R+. Denote by J±,`
the submanifolds of J± over such intervals. We want to construct a diffeomorphism of J±,`
that preserves the corresponding G2-structures. The map

Ξ` : J+,` −→ J−,`, (3.4)

which in local coordinates is given by

Ξ` : (ξ+, t+, θ+, z
+
1 , z

+
2 ) 7→ (θ−, `+ 1− t−, ξ−, z−1 , z

−
2 ), (z−1 , z

−
2 ) ≡ g(z+

1 , z
+
2 ) (3.5)

does the job, provided g : S+ → S− is a hyperkähler rotation, i.e. a diffeomorphism of K3

surfaces which induces

g∗IS− = −IS+ , g∗RS− = ωS+ , g∗ωS− = RS+ , (3.6)

where

IS ≡ Im(ΩS) RS ≡ Re(ΩS). (3.7)

The map g in equation (3.6) is called a matching in [14]. Notice that it follows from the

definition that Ξ` is a diffeomorphism such that

Ξ`
∗ϕ− ≡ ϕ+. (3.8)

Truncating both manifolds J± at t± = ` + 1 one obtains compact manifolds with bound-

aries (T 2)± × S± which can be glued via the diffeomorphism Ξ`. By Theorem 3.12 of [14],

for sufficiently large `, the manifold J so obtained is a G2-holonomy manifold, the twisted

connected sum of X− and X+. The Ricci-flat metric and three-form ϕ of J is a small

perturbation of the Ricci-flat metrics on the asymptotically cylindrical Calabi-Yau mani-

folds X± and the three-forms (3.3). As discussed in the Introduction, we use the following

notation

J → X+ ∪Ξ X− (3.9)

for a TCS G2-holonomy obtained from X± with matching Ξ. Often in the discussion below,

we are going to write

IS− = −IS+ RS− = ωS+ ωS− = RS+ (3.10)

for the matching conditions, because we consider less abstract situations where the match-

ing Ξ is simply obtained from a restriction on the codimension one hypersurface W , as we

discussed in the Introduction.
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3.1.2 Structure of a TCS Type II superstring background

From the perspective of the geometric engineering, the structure outlined above is reflected

in the field content of the corresponding models. The compactification of IIA or IIB on a

background of the form S 1×X± gives a 3D N = 4 supersymmetric model, that oxidizes to

an ordinary 4D N = 2 CY compactification when the radius of the circle goes to infinity.

Vector and hypermultiplet moduli are related in this context by the c-map [40]. These 3D

N = 4 subsectors are coupled to a 3D N = 8 subsystem that corresponds to the Kovalev

neck with topology (`, `+ 1)× T 2 ×K3. The N = 8 symmetry, however, is broken by the

coupling with the two 3D N = 4 subsectors in such a way to preserve only a common 3D

N = 2 supersymmetry.7 This gives rise to a model that has two 3D N = 4 subsectors,

that are coupled together by a common 3D N = 2 subsector. The 3D N = 2 modes

decouple in the limit of infinite Kovalev neck. This structure is reflected in the massless

KK spectrum when looking at the cohomology of TCS G2 manifold in detail, which we do

in section 3.2 below.

Another interesting angle on these compactifications is the following. The Kovalev

neck for the compactified theory can be viewed as a 4D N = 4 theory on an interval,

where the matching plays the role of a codimension one defect. The CYs X± at the two

ends of the Kovalev neck can be interpreted as end-of-the-world domain walls for such a

4D N = 4 theory, chosen in such a way that the only propagating degrees of freedom are

along the remaining three-dimensions and have N = 2 supersymmetry. For non-compact

TCS G2 holonomy backgrounds, the mirror maps we discuss in this paper should have a

field theoretical interpretation along these lines.

3.2 Cohomology and the massless KK spectrum

3.2.1 Mayer-Vietoris argument and H•(J,Z)

Consider a TCS G2 manifold

J → X+ ∪Ξ X−, (3.11)

glued from two pieces J± = (S 1)± × X±, the intersection of which, J+ ∩ J− = W × I,

retracts to W = T 2 × S. The integral cohomology of J can be found by exploiting the

exactness of the Mayer-Vietoris sequence:

· · · →Hm−1(J) → Hm−1(J+)⊕Hm−1(J−) →Hm−1(W ) →
→Hm(J) → Hm(J+)⊕Hm(J−) →Hm(W ) → · · ·

(3.12)

With the pull backs

γm = γm+ ⊕ γm− : Hm(J+)⊕Hm(J−)→ Hm(W ) , (3.13)

the cohomology groups of J are hence given by

Hm(J) = ker(γm)⊕ coker(γm−1) . (3.14)

7For IIA, this is a circle reduction of the corresponding M-theory background [18].
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In order to describe the details of their structure a little bit of extra notation is necessary.

Given an asymptotically cylindrical CY X with asymptotic K3 fiber S, the embedding

S ↪→ X induces a map in cohomology

ρX : H2(X,Z)→ H2(S,Z) ' Γ3,19 . (3.15)

The lattices

N ≡ im ρX , K ≡ ker ρX , and T ≡ N⊥ ⊂ H2(S,Z). (3.16)

are defined by this restriction map. The lattice N is a sublattice of the Picard lattice of

S and in many examples the two are equal; If that is the case, the lattice T is isomorphic

to the transcendental lattice of S. The lattice K contains those two-forms of X which do

not descend from two-forms of S. Let us denote the cohomology class of the 3-form αS ,

which is Poincaré dual to the fiber S ⊂ W , by [αS ]. As detailed in [14], the non-trivial

cohomology groups of J are determined by the following isomorphisms:

H2(J,Z) ' N+ ∩N− ⊕K+ ⊕K−
H3(J,Z) ' Z[αS ]⊕ Γ3,19/(N+ +N−)⊕ (T+ ∩N−)⊕ (N+ ∩ T−)

⊕H+ ⊕H+ ⊕H− ⊕H− ⊕K+ ⊕K−
H4(J,Z) ' H4(S)⊕ (T+ ∩ T−)⊕ Γ3,19/(T+ +N−)⊕ Γ3,19/(N+ + T−)

⊕H+ ⊕H+ ⊕H− ⊕H− ⊕K∗+ ⊕K∗−

(3.17)

Here, we have abbreviated H± ⊕H± = H3(X+)/T+. The above is enough to compute all

of the integral cohomology groups of J . Besides H1(J) = H6(J) = 0, we have that b5 = b2
and

torH3(J,Z) = torH2(J,Z) = torH5(J,Z), (3.18)

so that all of the integral cohomology groups are determined. However, it will be conve-

nient for us to find a different expression for H5 by using (3.12). Defining the restriction

homomorphisms

βm± : Hm(X±)→ Hm(S × S 1) = Hm(S)⊕Hm−1(S) , (3.19)

the maps γ4 and γ5 needed for the computation of H5(J) can be written as

γ4 =

(
β4

+ 0 β4
− 0

0 β3
+ 0 β3

−

)
: H4(X+)⊕H3(X+)⊕H4(X−)⊕H3(X−)

→ H4(S,Z)⊕H2(S,Z)

γ5 =

(
β4

+ 0

0 β4
−

)
: H4(X+)⊕H4(X−)→ H4(S,Z)⊕H4(S,Z)

(3.20)

As the image of β3
± is T± (see [14] for details) it follows that

ker(γ5) = K∗+ ⊕K∗−
coker(γ4) = Γ3,19/(T+ + T−)

(3.21)
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so that

H5(J,Z) = Γ3,19/(T+ + T−)⊕K∗+ ⊕K∗− (3.22)

Note that torH3(J,Z) = torH5(J,Z) implies with the above results that

tor Γ3,19/(T+ + T−) = tor Γ3,19/(N+ +N−). (3.23)

Let us conclude by remarking that the total cohomology of a TCS G2 manifold has the

pleasingly symmetric form

H•(J) = H0(J)⊕H7(J)⊕ Z[αS ]⊕ Z[S]

⊕K⊕4
+ ⊕K⊕4

− ⊕H⊕4
+ ⊕H⊕4

−

⊕N+ ∩N− ⊕ Γ3,19/(T+ + T−)⊕ T+ ∩ T− ⊕ Γ3,19/(N+ +N−)

⊕N+ ∩ T− ⊕ Γ3,19/(T+ +N−)⊕ T+ ∩N− ⊕ Γ3,19/(N+ + T−) .

(3.24)

where we have exploited the isomorphisms K± ' K∗±. This is going to be very useful to

establish the Shatashvili-Vafa relation for our conjectural G2-mirror pairs.

A matching Ξ is said to be orthogonal iff [14]

N± = N± ∩N∓ ⊕N± ∩ T∓ , (3.25)

where all lattices above are taken −⊗ R. If that is the case,

b2 = |K+|+ |K−|+ |N+ ∩N−| ,
b3 = 23 + 2(|H+|+ |H−|) + |K+|+ |K−| − |N+ ∩N−| ,

(3.26)

where we have used that |Γ3,19/(N+ + N−)| = 22 − |N+| − |N−| + |N+ ∩ N−| together

with (3.25) to simplify the formula for the dimension of b3.

3.2.2 Massless spectrum of a TCS G2 manifold

We now discuss how the various subsectors of Type II strings on a TCS G2 manifold arise

from (3.17). First consider the IIA setup. We work in a duality frame in which we choose

the modes appearing in C(3) over those appearing in C(5). The modes corresponding to the

sublattices K± of H2(J,Z) and H3(J,Z) give rise to N = 4 vector multiplets in 3d: for each

basis element in K+ or K− we have an N = 2 vector multiplet, from the decomposition

of C(3), as well as an N = 2 chiral multiplet, arising from the decomposition of the metric

and the B-field. These combine to the 3 real scalars of an N = 4 vector multiplet. These

are remnants of the 4D N = 2 vector moduli of the IIA compactification on the CYs X±,

which are inherited by the reduction on a TCS G2 manifold. The modes corresponding to

the sublattice N+ ∩ N− of H2(J,Z) give rise to 3D N = 2 vectormultiplets instead. The

sublattices H3(X+)/T and H3(X−)/T of H3(J,Z) are respectively isomorphic to H+⊕H+

and H−⊕H−. The modes corresponding to the metric, which we identify with the periods

of ϕ3, as well as the modes arising from the decomposition of C(3) on H± ⊕ H± give 3D

N = 4 hypermultiplets. The remaining modes organize in 3D N = 2 chiral multiplets.8

We summarize these findings in table 1

8Even if there is no chirality in 3D, the notion of a chiral multiplet is defined — see e.g. [41] for a review.

– 14 –



J
H
E
P
0
3
(
2
0
1
8
)
0
8
2

H•(J)⊗ R sublattice IIA modes IIB modes

K± N = 4 vector N = 4 vector

H± N = 4 hyper N = 4 hyper

N+ ∩N− ' Γ3,19/(T+ ∩ T−) N = 2 vector N = 2 chiral

T+ ∩ T− ' Γ3,19/(T+ ∩ T−) N = 2 chiral N = 2 vector

N+ ∩ T− ' Γ3,19/(T+ ∩N−) N = 2 chiral N = 2 vector

T+ ∩N− ' Γ3,19/(N+ ∩ T−) N = 2 chiral N = 2 vector

Z[αS ] ' H4(S) N = 2 chiral N = 2 vector

Table 1. Structure of the massless spectra for type II compactifications on TCS. Here we show the

spectrum in the C(3) duality frame for IIA. For IIB we chose to use the vectors arising from C(4)+

and we work with C(2).

We now discuss the IIB setup. In this case, the modes corresponding to the sublattices

K± of H2(J,Z), H3(J,Z) and H4(J,Z) give rise to N = 4 vectormultiplets in 3D: for each

element in K+ or K− we have an N = 2 vector multiplet, where the vector arise from

the decomposition of C(4)+ and the corresponding scalar arise from the reduction of C(2),

as well as an N = 2 chiral multiplet, arising from the decomposition of the metric and

the B-field. Together these form N = 4 vector multiplets. Similarly, one obtains N = 4

hypermultiplets from the reduction of C(4)+ and the metric on the modes corresponding

to the sublattices H3(X)/T of H4(J). Notice that we have picked a duality frame that

matches our choice for the IIA setup.

From the structure of the cohomology groups, we conclude that there are no other

N = 4 multiplets that can be constructed out of the KK reduction of Type II on TCS G2

manifolds. Notice that the structure of the spectrum that organizes in N = 4 multiplets

is identical. This is a low-energy manifestation of the fact that on a background R1,2 ×
S 1 ×X, where X is a CY 3-fold, IIA and IIB are related by T-duality on the S 1. In our

setup, there is an unbroken subsector with enhanced supersymmetry for which this applies,

corresponding to the components of the TCS J that are not affected by the matching. The

remaining parts of the massless KK spectrum are organized in terms of 3d N = 2 multiplets,

whose bosonic components are detailed in section 2. This completes our analysis of the

structure of these backgrounds from section 3.1.2.

It is amusing to remark that the 3D duality among scalars and vectors (both in IIA

and IIB) relies on the following lattice identities

dimN+ ∩N− = dim Γ3,19/(T+ + T−) ,

dimT+ ∩ T− = dim Γ3,19/(N+ +N−) ,

dimT+ ∩N− = dim Γ3,19/(N+ + T−) ,

dimN+ ∩ T− = dim Γ3,19/(T+ +N−) ,

(3.27)

as well as on the isomorphisms K± ' K∗±. Changing duality frame in the democratic

formulation of supergravity, correspond to dualizing vectors to scalars in the corresponding

3D model.
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3.3 Building blocks and tops: a lightning review

An asymptotically cylindrical Calabi-Yau threefold X can be obtained by excising a fibre

S0 from an appropriate compact K3 fibered algebraic threefold Z, commonly called a

building block. Following [13], we call an algebraic threefold Z a building block if Z has a

projection,

S ↪→ Z

↓π
P1

the generic fibres of which are non-singular K3 surfaces and the anticanonical class of which

is primitive in H(2)(Z) and equal to the class of the fibre, S:

[−KZ ] = [S] .

Picking a smooth and irreducible fibre S0, there is a natural restriction map

ρ : H2(Z,Z)→ H2(S0,Z) ∼= Λ = (−E⊕2
8 )⊕ U⊕3 (3.28)

and the fibration is trivial in the vicinity of S0. If we denote the image of ρ by N , we

demand that the quotient Λ/N is torsion free, i.e. the embedding N ↪→ Λ is primitive.

Finally, we demand that H3(Z,Z) has no torsion.9 Under these assumptions, it follows

that Z is simply connected and the Hodge numbers H1,0(Z) and H2,0(Z) vanish. As Z is

a K3 fibration over P1, the normal bundle of the fibre, and in particular of S0, is trivial.

By excising the fibre S0, we may form the open space

X ≡ Z \ S0 . (3.29)

from a building block Z. If Z satisfies the assumptions formulated above, X is an asymp-

totically cylindrical Calabi-Yau threefold. For cohomology this gives, for instance, that

H3(X,Z) = H3(Z,Z)⊕ T , (3.30)

which simplifies the cohomology formulas in equation (3.17). In particular we have that

H± ' H2,1(Z±,Z). (3.31)

The TCS G2 manifolds obtained by glueing asymptotically cylindrical CY arising from a

pair of building blocks have the special feature that they turn out to be K3 fibrations over

a base S3 [17].

Building blocks may be realized from blowups of semi-Fano threefolds [13], but may

also be realized as toric hypersurfaces. These have an elegant combinatorial description [23]

which we will use extensively to make examples. We summarize this construction here for

completeness, however for a detailed exposition we refer the reader to [23].

9In fact, this is not strictly necessary as pointed out in [14].
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A dual pair of tops is a pair of four-dimensional lattice polytopes ♦◦ and ♦ embedded

in a pair of dual lattices N and M , respectively, such that

〈♦,♦◦〉 ≥ −1

〈♦, νe〉 ≥ 0 〈me,♦
◦〉 ≥ 0

(3.32)

with the choice me = (0, 0, 0, 1) and νe = (0, 0, 0,−1). The lattice ♦ defines a compact toric

variety through its normal fan Σn(♦), together with a family of hypersurfaces Zs. Both

the ambient variety and the corresponding hypersurfaces are generically singular. Each

k-dimensional face Θ of ♦ is associated with a (4−k) dimensional cone σ(Θ) of the normal

fan Σn(♦). The resulting variety Zs has a crepant resolution into a smooth manifold Z by

refining the fan Σ→ Σn using all of the lattice points on ♦◦ as rays. As shown in [23], the

resulting manifold Z has all of the properties of a building block. Concretely, the defining

equation of the resolved hypersurface is

Z :
∑
m∈♦

cmz
〈m,ν0〉
0

∏
νi∈♦◦

z
〈m,νi〉+1
i = 0 . (3.33)

Here, m are lattice points on ♦, the cm are (generic) complex coefficients, the zi are

homogeneous coordinates corresponding to the lattice points νi on ♦◦, while z0 is the

homogeneous coordinate associated with the ray through ν0 = (0, 0, 0,−1). Note that Z

as defined in this way has first Chern class given by the fiber class, which equals [z0].

The Hodge numbers of Z as well the ranks of the lattices N and K can be described

in purely combinatorial terms. The result is that hi,0(Z) = 0 and [17, 23]

h2,1(Z) = `(♦)− `(∆F ) +
∑

Θ[2]<♦

`∗(Θ[2]) · `∗(σn(Θ[2]))−
∑

Θ[3]<♦

`∗(Θ[3])

h1,1(Z) = −4 +
∑

Θ[3]∈♦

1 +
∑

Θ[2]∈♦

`∗(σn(Θ[2])) +
∑

Θ[1]∈♦

`∗(σn(Θ[1]) + 1)(`∗(σn(Θ[1])))

|N | = `(∆◦F )−
∑

Θ
[2]
F <∆◦F

`∗(Θ
[2]
F )− 4 +

∑
ve Θ

◦[1]
F <∆◦F

`∗(Θ
[1]
F )`∗(Θ

◦[1]
F )

|K| = h1,1(Z)− |N | − 1

= `(♦◦)− `(∆◦F ) +
∑

Θ◦[2]<♦◦

`∗(Θ◦[2]) · `∗(σn(Θ◦[2]))−
∑

Θ◦[3]<♦◦

`∗(Θ◦[3]) .

(3.34)

The quantities in these relations are defined as follows. ∆F is the subpolytope of ♦, which

is orthogonal to νe. It is reflexive and determines the algebraic family in which the K3

fibres are contained via the construction of [42]. The k-dimensional faces of ♦ are denoted

by Θ[k] and σn(Θ) is the cone in the normal fan associated with each Θ. The function `

counts the number of lattice points on a polytope, while the function `∗ counts the number

of lattice points in the relative interior. In the case of `∗(σn(Θ[k])) this refers to the points

on ♦◦ in the relative interior of σn(Θ[k]). Finally, in the expression for |N |, the sum only

runs over vertically embedded (ve) faces Θ◦[1] of ∆◦F , which are those faces bounding a face

Θ◦[2] of ♦◦ which is perpendicular to F = ν⊥e , see [17, 23] for a detailed exposition. The

faces Θ◦[1] and Θ[1] are the unique pair of faces on ∆F ,∆
◦
F obeying 〈Θ[1],Θ◦[1]〉 = −1.
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3.4 B-field

In the context of the compactification of Type II superstrings, equation (3.6) must be

supplemented with an instruction about the B-field. If we wish to have a string compact-

ification which has a global geometric interpretation, these instructions must be such that

B descends from a two-form on J . In particular, for J → X− ∪Ξ X+ we must have

Ξ∗B− = B+. (3.35)

Such a two-form will pull back to a (unique) two-form on any K3 fibre S, so that the

matching of equation (3.6), must be extended as follows:10

g∗BS− = BS+ . (3.36)

to include the B-field on the corresponding K3s. Possible choices for the B-field can be

easily detected by examining the formula for H2(J), cfr. equation (3.17). The contributions

K± are two-forms which stem from localized divisors on X± and we may hence think of

components of the B-field along such cycles are localized as well. In particular, such

components will not participate in the gluing (3.35). On the contrary, components of the

B-field along (N+∩N−)⊗R pull back to a two-form on every K3 fibre which are identified

under the gluing Ξ. For TCS built from building blocks, elements of N± correspond to (not

necessarily effective) curves in the fibres S± which are constant over the base P1s of the

building blocks, i.e. they do not undergo monodromy. Hence we may think of two-forms

of J associated with N+ ∩N− as arising from two-forms of S which are constant over the

base S 3 of J .

On the K3 fibres S± in the asymptotically cylindrical region, the two-form B hence

becomes an element of

BS+ = BS− ⊂ (N+ ∩N−)⊗ R (3.37)

which nicely complements the constraints

ωS+ = RS− ⊂ (N+ ∩ T−)⊗ R
RS+ = ωS− ⊂ (T+ ∩N−)⊗ R
IS+ = −IS− ⊂ (T+ ∩ T−)⊗ R

(3.38)

which arise from the matching (3.6). We will later see how this structure is exploited under

various mirror maps.

In models with non-trivial torsion in H3(J,Z) ∼= H2(J,Z) there are furthermore dis-

crete choices of the B-field, which correspond to discrete torsion in the corresponding

CFT [43]. By (3.17) and (3.18), such components of the B-field restrict to elements

in the torsion subgroup of Γ3,19/(N+ + N−) which is equal to the torsion subgroup of

Γ3,19/(T+ + T−). It is precisely Γ3,19/(T+ + T−) which appears in the expression (3.22)

for harmonic five-forms on J . These are Poincaré dual to two-cycles of J which define the

B-field background by integration. We are hence led to associate possible choices of the

B-field to elements of Γ3,19/(T+ + T−)⊕K+ ⊕K−.

10Notice the sign change with respect to [17]. We will show below that this action of Ξ is indeed consistent

with the mirror map.

– 18 –



J
H
E
P
0
3
(
2
0
1
8
)
0
8
2

4 Mirror maps for TCS G2 manifolds

The SYZ argument has a natural generalization in the context of G2-holonomy mani-

folds [5]. Recall that G2-manifolds have two kinds of calibrated submanifolds: the three-

dimensional associatives, which are calibrated by the 3-form ϕ, and the four-dimensional

coassociatives, which are calibrated by ?ϕ [44]. The main difference among these two kinds

of calibrated submanifolds is that the deformations of the former are obstructed, while the

deformations of latter are not: a coassociative submanifold M has a smooth moduli space

of dimension b+2 (M), the number of self-dual harmonic 2-forms [45]. Let (J, J∨) (resp.

(J, J∧)) denote a putative G2-mirror pair relating IIA to IIA (resp. IIA to IIB). In a

compactification of IIA on J , a D0-brane has a moduli space which equals J , which must

correspond to the moduli space of a wrapped Dp-brane on J∨ (resp. J∧). As we want a

BPS configuration, in IIA the only option left is wrapping a coassociative M ⊂ J∨ with a

D4-brane, in IIB instead we have to wrap an associative cycle A ⊂ J∧ with a D3-brane.

The U(1) vector field on the brane gives rise to b1 additional moduli whence the physical

moduli space has dimension b1(M) + b+2 (M) in the coassociative case, while b1(A) + x in

the associative case. Here, x is related to a counting of harmonic spinors with values in a

particular vector bundle, whose definition may be found in [45]. This is much harder and

requires some additional (reasonable) assumptions.

For the moduli space of a wrapped D4-brane to coincide with the D0 brane moduli

space we must require that b1(M) + b+2 (M) = 7. It is hence natural to conjecture that

M ' T 4 [5]. To determine x, following [5], we claim that A is a T 3 which fibers the whole

J∧. If that is the case, the dimension of the moduli space of the wrapped D3 brane is

again 7, and the argument of SYZ can be carried on. Four (resp. three) T-dualities along

the cycles of such a T 4 (resp. T 3) map the wrapped D4-brane on J∨ (resp. the wrapped

D3-brane on J∧) to the D0-brane on J . Repeating the argument vice-versa entails that J

has an analogous T 4 (resp. T 3) fibration.

In what follows we are going to heuristically argue that this is indeed the case for

TCS G2 manifolds, provided they have some additional structure. Let us denote the

asymptotically cylindrical CY which emerge in the Kovalev limit of J by X+ and X−:

J → X+ ∪W X−, (4.1)

where W = X+×S1∩X−×S1 ' T 2×S0. If a given CY X has a mirror X∨, let us denote

the corresponding SYZ special lagrangian fibration LX . Moreover, for the two asymptotic

sides J± = (S1)± ×X± we refer to (S1)± as the ‘outer’ circle. Then:

• J admits a generalized T4 mirror map, if X± both have CY mirrors (X±)∨ and W is

such that

(S1)± × LX±
∣∣
W

(4.2)

are glued together to a coassociative toroidal fibration of J ;

• J admits a generalized T3 mirror map, if X− admits a CY mirror (X−)∨, while the

asymptotic K3 surface S+ of X+ is elliptically fibered, with fiber E+, and W is such

– 19 –



J
H
E
P
0
3
(
2
0
1
8
)
0
8
2

that

LX−
∣∣
W

and (S1)+ × E+

∣∣
W

(4.3)

are glued together to form an associative toroidal fibration of J .11

We remark that while the existence of a coassociative fibration is stable with respect to

small deformations, this is not the case for an associative fibration. For this reason the

SYZ associative argument holds only at a very specific point of moduli space. Of course,

there are lots of subtleties we are not addressing here (which are in part related with the

subtleties in the original SYZ argument [46, 47] and also go beyond), but the arguments

presented in sections 4.1 and 4.2 are meant to be no more than a motivation to look for

TCS G2-mirror pairs that have relations like the ones we discuss in section 4.4.

In the discussion below, for the sake of simplicity, we are going to assume there is no

discrete torsion. We deal with it in section 4.3.

4.1 T4 mirror maps from coassociative fibrations

Let us begin by analyzing the generalized T4 mirror symmetry map in the context of TCS

G2 manifolds. As the Kovalev CYs X± admit mirrors by assumption, by the SYZ argument,

these have two T 3 special lagrangian fibrations. Let us denote such fibrations by L±. In

the asymptotically cylindrical region of the manifold X± ∼ R+×S 1×S±, the SYZ special

lagrangians must asymptote to L± ∼ S 1 × Λ±, where Λ± are the SYZ special lagrangian

T 2 fibrations within the asymptotic K3s (with respect to the K3 complex structure induced

by the ambient CY). In particular, they do not extend along the R+ direction. Let us fix

the phase of the holomorphic top form on X± such that the SYZ special lagrangians are

calibrated as follows

volL± = −Im
(

Ω3,0
±

)
|L± . (4.4)

Notice that a special lagrangian L gives rise to a coassociative cycle ML ≡ S 1×L ⊂ S 1×X
if and only if it satisfies (4.4). In particular,

Im(Ω3,0
± ) = dθ± ∧ IS± − dt± ∧RS± (4.5)

therefore, for our special lagrangians L± we have

Im(Ω3,0
± )|L± = −dθ± ∧ IS± . (4.6)

Now, equation (3.3) entails that the four-cycles M± ≡
(
S 1
)
± × L± ⊂ J± are such that

? ϕ±|M± = dξ± ∧ dθ± ∧
(
IS±
)
|Λ± = volM± (4.7)

which entails these are coassociative submanifolds. Since

Ξ∗(?ϕ−|M−) = Ξ∗(dξ− ∧ dθ− ∧ IS−)

= −dθ+ ∧ dξ+ ∧ −IS+

= dξ+ ∧ dθ+ ∧ IS+

= ?ϕ+|M+ ,

(4.8)

11It is natural to conjecture that such an associative T 3 fibration can be exploited to obtain a fiberwise

duality relating Heterotic on TCS G2-manifolds with M-theory on Spin(7) manifolds that are K3 fibered.

This construction hints towards extending the TCS construction to Spin(7) manifolds.
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the TCS glueing diffeomorphism Ξ is such that M± are glued into a coassociative subman-

ifold M ⊂ J which has the topology of a T 4, which may become singular along loci in

J .

Performing three T-dualities along the L± SYZ fibres is mapping X± to their mirrors

X∨± by construction. However, as the S 1 within the asymptotic CY cylinders are swapped

with the ‘outer’ S 1 by the matching along the Kovalev neck, these circles must have the

same size and we have to necessarily perform four T-dualities along the corresponding

T 4 coassociative. By construction X∨± are asymptotically cylindrical, and it is natural to

ask whether J∨ is a twisted connected sum of the CY mirrors X∨± of X±. In order to

show this, it is sufficient to map the original matching g across the mirror map. In the

asymptotically cylindrical region, two of the four T-dualities occur along the Λ± special

lagrangian SYZ fibrations of S±. This induces mirror symmetries on the asymptotic K3

fibres in the glueing region. As the hyper-Kähler rotation induces a diffeomorphism, we

can identify Λ+ = Λ− ≡ Λ in the cylindrical region. Due to the matching (3.6), this means

that Λ is calibrated by IS+ on S+, and by −IS− on S−. This leads to a several signs in the

mirror maps. Furthermore, the B-field B± must be contained in N± on both sides both

before and after the mirror map which constrains the hyper-Kähler structure. Explicitly,

the K3 mirror maps act as:
ω∨± = ∓R±
R∨± = ∓ω±
I∨± = ±B± + I± − I±2

B∨± = ±I±2

(4.9)

where IS±2
is the projection of IS± to the sublattice Γ2,18 perpendicular to Λ and its

dual Λ0 (see appendix A for our conventions about K3 mirror symmetry). The matching

needed for the TCS construction on the mirror side is obtained from the original matching

by applying the mirror map of equation (4.9) to equations (3.6) and (3.36) and then by

applying the mirror map of equation (4.9) to get back. One obtains:

ω∨± = ∓R± = ∓ω∓ = R∨∓ ,

I∨+ = −B+ + I+ − I2+ = −B+ − I+ + I2+ = −I∨− ,
B∨+ = I2+ = −I2− = B∨− .

(4.10)

This concludes our heuristic argument showing that J∨ is indeed a TCS G2-holonomy

manifold obtained as a twisted connected sum of the pair (X∨+, X
∨
−), which are the CY

mirrors of (X+, X−).

4.2 T3 mirror maps from associative fibrations

Let us now turn to the generalized G2 mirror map corresponding to fiberwise T 3 duality.

In this case, only X− is required to have a mirror. Let us denote by L− the corresponding

SYZ fibration. Rotating the phase of Ω−, we can choose to calibrate the SYZ special

lagrangian fibers with Re(Ω−). In this case,

ϕ−|L− = Re(Ω)|L− = dθ ∧RS− . (4.11)
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In particular, this entails that Λ−, the SYZ fibration of the asymptotic K3 fiber S−, is

calibrated by RS− . It is clear that L− gives rise to an associative fibration of S 1 × X−.

Moreover, we require that the asymptotic K3 of X+ is elliptically fibered. Let E+ denote

the corresponding elliptic fiber. By definition E+ is holomorphic, meaning the it is a cycle

calibrated by ωS+ . Therefore, S 1 × E+ ⊂ S 1 ×X+ is an associative T 3 submanifold, and

the elliptic fibration of S+ gives rise to an associative T 3 fibration of S 1×X+. Remarkably,

Ξ∗(dθ− ∧RS−) = dξ+ ∧ ωS+ (4.12)

by definition. Hence, the Ξ diffeomorphism glues the associative T 3 fibrations of S 1 ×X±
constructed above into an associative T 3 fibration of J . Performing three fiberwise T -

dualities transforms J into its T3-mirror J∧. The same argument above entails that X− is

swapped with its mirror (X−)∨ by performing the three SYZ fiberwise T -dualities, however

the two fiberwise T -dualities along the holomorphic T 2 fibration of S+ map X+ back to

itself. Without further ado, we claim that J∧ is a TCS G2 manifold that in the Kovalev

limit degenerates to the TCS of X∨− and X+. In this case, however, the SYZ fibration of

S− is calibrated by RS− while on S+ we are T-dualizing on a cycle calibrated by ωS+ . We

have worked out the associated mirror maps in appendix A. Here, we again demand that

the B-field is contained in N+∩N−, and is hence perpendicular to Ω, both before and after

application of the mirror map. The result is that

R∨+ = −I+ = I− = ω∨− ,

I∨+ = R+ = ω− = −I∨− ,
B∨+ = ω2+ = R2− = B∨− ,

ω∨+ = −B2+ + ω+ − ω2+ = −B2− +R− −R2− = R∨− .

(4.13)

This concludes our argument that the T 3-mirror J∧ is a TCS as well.12

4.3 Discrete torsion

In general, the B-field is not completely determined by giving a two-form in H2(J,R),

but needs the extra data of discrete torsion [43]. This data is given by fixing a torsional

element in H2(J,Z) ∼= H3(J,Z), which in our case are isomorphic to the torsional elements

of Γ3,19/(N+ + N−). Torsional cycles in H3(J,Z) hence restrict to cycles in H2(S,Z),

which itself is torsion-free. As argued above, the B-field including discrete torsion is hence

captured by periods of the B-field on elements of

Γ3,19/(T+ + T−) (4.14)

on the asymptotic K3 fibres of a TCS G2 manifold.

The appearance of torsion in cohomology in relation to discrete torsion phases is dis-

cussed for CY manifolds in the context of mirror symmetry in [48, 49]. For CY manifolds,

12As we have already stressed in [17], the same subtleties arising in the context of the original SYZ

argument [46, 47] arise here. This discussion is meant to be no more than a motivation to look for TCS

G2-mirror pairs where these structures are manifest.
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the central observation are non-trivial torsional cycles in torH2(X,Z) ∼= torH3(X,Z) for a

resolution X of an orbifold theory including discrete torsion in the CFT [48]. The discrete

torsion in the CFT can be thought of as non-trivial discrete periods of the B-field over

cycles in torH2(X,Z). As the relation torH2(X,Z) ∼= torH3(X,Z) does not depend on the

dimension of X, so we can make the same argument for G2 manifolds.

In the presence of discrete torsion, i.e. torsion in Γ3,19/(N+ + N−), we now longer

need that B± · Ω± = B∨± · Ω∨± = 0 as B restricted to S± does not need to sit purely

in (N+ ∩ N−) ⊗ R. Hence we can no longer conclude that the mirror map takes the

rather restrictive forms (A.12), (A.14) and (A.16). In the case that the torus used for

two T-dualities is calibrated by the Kähler form ω, this means that the associated elliptic

fibration does no longer need to have a holomorphic section.

Let us first discuss the mirror map related to associative fibrations. Assuming as before

that the torus E is calibrated by ω+ and R−, we can use the general form (A.6) adapted

to these calibrations in order to find the action of the mirror maps on the matching. This

yields

ω∨+ = −B+ + E0 +
(

1
2(R2

2+ −B2
2+) +B+ · E0

)
E

= −B− + E0 +
(

1
2(ω2

2+ −B2
2−) +B− · E0

)
E = R∨−

R∨+ = −I+ − I+ · (B+ − E0)E = I− + I− · (B− − E0)E = ω∨−

I∨+ = R+ +R+ · (B+ − E0)E = ω− + ω− · (B− − E0)E = −I∨−
B∨+ = ω+ − E0 + ω+ · (B+ − E0)E = R− − E0 +R− · (B− − E0)E = B∨−

(4.15)

so that the gluing is preserved even in a completely general setting!

For mirror maps related to coassociative fibrations, the torus E is calibrated by ±I
on S±. In the most general setting including components of the B-field which are not in

(N+ ∩N−)⊗ R, the mirror map then acts as

ω∨± = ∓R± ∓R± · (B± − E0)E = ∓ω∓ ∓ ω∓ · (B− − E0)E = R∨∓

I∨+ = −B+ + E0 +
(

1
2(ω2

2+ −B2
2+) + (B+ · E0)

)
E

= −B− + E0 +
(

1
2(R2

2− −B2
2−) + (B− · E0)

)
E = −I∨−

B∨+ = I+ − E0 + I+ · (B+ − E0)E = −I− − E0 − I− · (B− − E0)E = B∨−

(4.16)

Note that we have the normalization of the various forms is such that ω2 = R2, which

implies ω2
2 = R2

2, see appendix A.

We can hence conclude that even in the most general setting with discrete torsion,

where B is not contained purely in (N+∩N−)⊗R, the matching is preserved by both mirror

maps considered in this work. In fact, we have seen that the matching conditions (3.6)

supplemented by the condition (3.35) for the B-field, are respected by mirror maps for any

choice of B-field on the K3 surface.

4.4 Mirror symmetry, cohomology, and Shatashvili-Vafa relation

4.4.1 Action of T3 and T4 on cohomology

If one assumes to have only abelian gauge sectors in the 3d N = 2 theory arising from

a Type II background with G2 holonomy, it is always possible to dualize the vectors to
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scalars. Hence, for establishing the duality among massless KK modes all that matters

is thus the complex dimension of the corresponding scalar manifolds, which is given by

1 + (b2 + b3) as we have discussed in section 2. One must check that the corresponding

mirror G2 manifolds satisfy the Shatashvili-Vafa relation

b2(J) + b3(J) = b2(J∨) + b3(J∨). (4.17)

In this section, we will discuss the total cohomology H•(J,Z) and show that it remains

invariant under the mirror maps introduced above. This implies the invariance of b2 + b3
under both mirror maps, because for a G2 manifold b1(J) = b6(J) = 0 implies

dimH•(J,Z) = 2 + 2b2(J) + 2b3(J) . (4.18)

For models with non-Abelian gauge sectors, checking the duality is a bit more involved.

We discuss this in section 4.5 below.

Now, for a G2 manifold J constructed from two asymptotically cylindrical Calabi-Yau

threefolds X± = Z± \S± with asymptotic K3 fibres S±, the topology of J is fixed in terms

of the topologies of X± together with the matching g : S+ → S− and the images N± of

ρ± : H2(Z±)→ H2(S±).

To find the topological properties of the mirrors X∨±, we may argue as follows [17].

Assume that there is a compact Calabi-Yau threefold Xc which is fibered over a base P1

by K3 surfaces from a lattice polarized family with polarizing lattice N , such that we

can degenerate the base P1 of Xc and obtain two asymptotically cylindrical Calabi-Yau

threefolds Xi = Zi \ Si, i = 1, 2 with N ≡ N1 = N2. Of course, gluing X1 with X2 along

the asymptotic necks, so that X1 ∩ X2 = Si × S1 × I, one obtains Xc back. The Hodge

numbers of Xc are given by

h1,1(Xc) = K(Z1) +K(Z2) + 1 + |N |
h2,1(Xc) = h2,1(Z1) + h2,1(Z2) + 21− |N |

(4.19)

where Ki = ker (ρi)/[Si]. These expressions can be found by using the Mayer-Vietoris

sequence which is particularly easy for h1,1(Xc) = b2(Xc). Here, there is a one-dimensional

contribution from the cokernel of γ1 and a contribution K(Z1) + K(Z2) + |N | from the

kernel of γ2. In the latter, the |Ki| arise from the kernels of the maps γ2
i , and |N | is the

dimension of the common image of both of the γ2
i . The expression for h2,1(Xc) can now

be found from h1,1(Xc) by expressing the Euler characteristic of Xc

χ(Xc) = χ(Z1) + χ(Z2)− 48 = χ(X1) + χ(X2)

= 2(h1,1(Xc)− h2,1(Xc)) ,
(4.20)

in terms of the Euler characteristics of the Zi:

χ(Zi) = 2 + 2h1,1(Zi)− 2h2,1(Zi) . (4.21)

Note that the Xi are obtained by excising a K3 fibre with χ(K3) = 24 from Zi and X1∩X2

has Euler characteristic zero. Together with h1,1(Zi) = K(Zi)+1+ |N |, this implies (4.19).
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The mirror map on Xi must also act as the mirror map on the asymptotic K3 fibres

Si. These are from a lattice polarized family with lattice polarization N , so that their

mirrors are from a lattice polarized family with polarizing lattice N∨i , such that Ni ⊕N∨i
has a primitive embedding into Γ2,18 [50]. This implies that |N | = 20 − |N∨| and both

lattices share the same discriminant group and form [51]. This further implies that we can

write the lattice T , which is the orthogonal complement of N in Γ3,19 as

T = U ⊕ T̃ (4.22)

and N∨ = T̃ . This follows from T sharing the same discriminant group and form with N

and hence with N∨. On the other hand, U ⊕ T̃ is the unique lattice with the same rank,

signature and discrimant group and form [51], so that the existence of a mirror implies the

above decomposition. We can hence think of the mirror map on lattice polarized families

of K3 surfaces as exchanging the lattice N with the lattice T̃ of rank 20− |N |.
In order to study the action of the mirror map on the asymptotically cylindrical Calabi-

Yau threefolds X1 and X2, it is now convenient to assume that Z ≡ Z1 = Z2 which implies

X ≡ X1 = X2. The mirror map on the compact Calabi-Yau threefold Xc must now

exchange h1,1(Xc) with h2,1(Xc), so that |N | = 20− |N∨| now implies that Z∨ satisfies:

|K(Z∨)| = h2,1(Z)

h2,1(Z∨) = |K(Z)| .
(4.23)

We have hence found the action of the mirror map for any building block Z. Note that this

is precisely the behaviour we have observed in our explicit construction of Z∨ in [17], but

it is reassuring that such a relation can be derived regardless of how the threefolds Z are

realized. Furthermore, note that |K±| and h2,1
± precisely make up an N = 4 subsector of

the 3D effective theory, with |K| and h2,1 giving rise to the dimensional reduction of vector-

and hyper-multiplets, respectively.13 Assuming as before that the mirror map preserves

the structure of J as being glued as a TCS hence forces (4.23).

In applications to mirror symmetry, it is convenient to rewrite the expression (3.24)

for the total cohomology in terms of Γ4,20 = Γ3,19 ⊕ U . Instead of working with N =

im H2(Z,Z)→ H2(S,Z), we can lift the whole structure to

N̂ = im H•(Z,Z)→ H•(S,Z)

T̂ = N̂⊥in Γ4,20
(4.24)

so that N̂ = N ⊕U , with the extra summand given by H0(S,Z)⊕H4(S,Z). We can then

rewrite (3.24), as

H•(J) =⊕K⊕4
+ ⊕K⊕4

− ⊕H⊕4
+ ⊕H⊕4

−

⊕ N̂+ ∩ N̂− ⊕ T̂+ ∩ N̂− ⊕ N̂+ ∩ T̂− ⊕ T̂+ ∩ T̂−
⊕ Γ4,20/(N̂+ + N̂−)⊕ Γ4,20/(T̂+ + N̂−)⊕ Γ4,20/(N̂+ + T̂−)⊕ Γ4,20/(T̂+ + T̂−) .

(4.25)

13Which contribution corresponds to which one of course depends on weather we consider IIA or IIB

string theory, but as we have remarked above (c-map) in the circle reduction one can always find a duality

frame in which the two ends up being identical.
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Note that the terms H0(J)⊕H7(J)⊕ Z[αS ]⊕H4(S,Z) are now contained in N̂+ ∩ N̂− ⊕
Γ4,20/(T̂+ + T̂−).

We are now ready to study the behaviour of this expression under our mirror maps.

In appendix A, we have reviewed the mirror map for K3 surfaces. This is most naturally

formulated in terms of a lift of the Kähler form ω, the real and imaginary parts R and

I of the holomorphic two-form Ω and the B-field B to a positive norm four-plane Σ4 in

Γ4,20 ⊗ R. Our case of interest is in algebraic families, ω̂ and B̂ are generic elements in

N̂ ⊗ R, and Ω̂ is a generic element in T̂ ⊗ R. This means that we write N̂ = Ω̂⊥ in Γ4,20

and furthermore T̂ = 〈ω̂, B̂〉⊥ in Γ4,20 and N̂⊥ = T̂ as usual. As the mirror map exchanges

the roles of the two-plane spanned by Ω̂ with the two-plane spanned by ω̂ and B̂, it follows

that the mirror map acting on a K3 surface simply exchanges the two lattices N̂ and T̂ .

Together with (4.23) it then follows that the total cohomology, and hence b2 + b3,

remains invariant both under the mirror map associated with four T -dualities, where both

X± are traded for their mirror, and the mirror map associated with three T -dualities, for

which only X− is replaced by X∨−:

H•(J,Z) = H•(J∨,Z) = H•(J∧,Z) . (4.26)

Note that the only non-trivial torsion classes are torH3(J,Z) and torH4(J,Z) and that

these are independently conserved under the mirror map related to a coassociative T 4

fibration [17].

4.4.2 Remark about D-branes and homological G2 mirror maps

We stress here that the quantum consistency checks we mentioned at the end of section 2.1

are in order also for our mirror maps. While the fact that the resulting models have the

same b2 + b3 entails that they have moduli spaces of the same dimensions neglecting non-

perturbative corrections, for the duality to be true, it is important that all such corrections

match. In particular, this entails that the corresponding Kähler potentials, superpotentials,

BPS spectra and phase structure match across each proposed duality.

In this section we consider the behavior of branes and point out that it is slightly more

interesting than one may naively expect. Indeed, it is tempting to claim that the possible

BPS particles in these models arise from D3-branes wrapped on associative cycles in IIB,

and D4-branes wrapped on coassociative cycles in IIA. As the BPS spectra on the two sides

have to agree, which is the statement of homological mirror symmetry, this would lead one

to conclude that the mirror symmetry map is swapping associatives with coassociatives

and vice versa. This is not precise, however, because of the role played by the B-field,

as seen for instance in the discussion in section 2.2. The point is that a B-field can give

‘quantum’ volumes to additional cycles in the G2 holonomy manifold, thus giving rise to

additional BPS sectors that do not correspond to the ordinary calibrated submanifolds

for G2 holonomy that were analyzed, e.g. in [52]. In particular, it can happen that some

vanishing two-cycles can be ‘puffed up’ in the quantum moduli space, because the latter

has a component corresponding precisely to the B-field periods.14

14It would be interesting to carry over a detailed analysis of the quantum moduli space of the 2d worldsheet

SCFTs in the spirit of [53, 54].
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We call Bn-cycles the non-trivial cycles of this sort. When n is 2 or 4, the corresponding

Bn-cycle is codimension 5 and 3, respectively quantum-calibrated by B and B ∧ B. For

instance, in a IIA setting there are BPS states corresponding to D2-branes wrapping B2-

cycles, as well as D4-branes wrapping B4-cycles. And this is not the end of the story: in

type IIB, the presence of non-trivial rigid B2-cycles can give rise to instantons by wrapping

them with euclidean D1-branes, that would end up correcting the prepotential.

Moreover, we can have non-trivial fibrations of B2-cycles on associatives, which give

rise to B-associatives cycles, or B5-cycles, that have codimension 2, and are quantum-

calibrated by ϕ3 ∧B. In type IIA the B5-cycles wrapped by Euclidean D4-branes can give

rise to non-trivial superpotential terms, as we have observed in section 2.2. One could

also speculate about the existence of B-coassociatives, or B6-cycles, but for compact non-

singular G2 manifolds it is a well-known theorem that there are no non-trivial 6-cycles,

hence the latter are ruled out by topology, unless they trigger a supersymmetry breaking.

Also, they could emerge in the context of flux compactifications, as well as in the case in

which the hypothesis of compactness of the corresponding G2-background is dropped.

These remarks make the homological version of G2 mirror symmetry much more inter-

esting than naively expected. In particular, the fact that the two spectra of BPS particles

must agree in IIA and IIB gives a rather non-trivial prediction on the structure of associa-

tive, coassociative, and Bn-cycles across the G2 mirror map. Notice that while coassociative

are stable against perturbations of the G2 structure, associatives are not and decay. In a

IIB compactification, D3 branes wrapped on associatives give rise to BPS particles and vor-

texes in 3D. The fact that associatives decay corresponds to phase transitions in the BPS

spectrum. D4 branes wrapped on coassociatives in IIA cannot reproduce this behavior,

but we expect that it can be matched by D2 branes wrapped on B2-cycles.

4.5 Singular mirrors and non-Abelian gauge symmetry

In order to obtain gauge theory subsectors or any kind of non-trivial dynamics, we need

that our backgrounds have singularities. For a Type IIA background, singularities in

codimension 4,6,7 are understood and correspond respectively to non-Abelian gauge groups,

matter organized in chiral plus antichiral N = 2 multiplets, and matter organized in N = 2

multiplets of given chirality for the resulting 3d theory. This follows by a circle reduction

of the M-theory setup [1, 6, 37, 38, 55, 56]. Using our mirror map we can translate this

information to the Type IIB backgrounds. If dualities of the form

T4 : IIA on J ←→ IIA on J∨

T3 : IIA on J ←→ IIB on J∧
(4.27)

hold, then the corresponding 3d N = 2 theories must agree, which in particular entails that

the corresponding gauge sectors must agree. Here we present some preliminary evidences

for the existence of the relevant structures needed to establish that this is indeed the case,

leaving a detalied analysis of this interesting question for the future.
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J J∧ J∨

K− H∧− H∨−

K+ K∧+ H∨+

H− K∧− K∨−

H+ H∧+ K∨−

Table 2. Action of the mirror symmetry maps on N = 4 subsectors.

4.5.1 N = 4 gauge subsectors and G2 mirrors pairs

Let us begin by considering the T3 mirror map in between IIA on J and IIB on J∧. Our

aim here is to show that the N = 4 subsectors of the 3d N = 2 theories so obtained agree.

The Kovalev limit of J is given by

J → X+ ∪W X− (4.28)

and the T3 mirror dual has Kovalev limit

J∧ → X∨− ∪W∧ X+. (4.29)

Recall from section 2.1 that the N = 4 subsectors arise from the KK modes corresponding

to the sublattices K± and H± of cohomology. Under our mirror map we have that

K− = H∧− , K+ = K∧+ , H− = K∧− , and H+ = H∧+. (4.30)

On the X− side, the duality follows from the usual arguments in the context of compactifi-

cations on CY 3-folds [39]. Indeed K− plays the role of the Kähler moduli, while H− plays

the role of the complex structure moduli in ordinary mirror symmetry. The 3D N = 4

subsectors that arise from K− and H− have a 4D N = 2 origin. The equivalence of IIA on

X− and IIB on X∨− is sufficient to prove the equivalence of the latter 4D N = 2 models.

Then, to conclude, one has to remark that the outer S1 on the J− side of the Kovalev limit

is left untouched by the T3 mirror map. The 3D N = 4 subsectors corresponding to X−
and X∨− are obtained by the dimensional reduction on the outer (S1)− at the same radius

of the corresponding 4D N = 2 models, and hence agree.

Let us discuss the case of a single non-Abelian gauge group in detail. In type IIA

geometric engineering, a given 4D N = 2 gauge theory subsector with gauge group G

arises from a local CY three-fold X by fibering a K3 with an ADE singularity along a

base P1. The Cartan U(1)s correspond to the modes of C(3) along the Kähler classes

that resolves the ADE singularity. If the gauge group is non-simply laced one obtains a

fibration with monodromies implementing the corresponding outer automorphisms that

from a simply-laced group map to a non-simply laced one [36]. Resolving the singularities

one obtains −2 curves in the K3 that intersect with intersection matrix that equals the

Cartan matrix of the corresponding group. The W-bosons arise from wrapped D2 branes

on such 2-cycles. In this case the 3D gauge coupling is governed by S1×P1
base, that indeed

is an associative in the G2 structure corresponding to J−.
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In a Type IIB setup, the resulting local model for the mirror geometry is

eZ + e−Z +WG(X,Y, U) = 0, (4.31)

where WG(X,Y, U) are canonical ADE singularities (orbifolded in the non-simply laced

case). The complex structure deformation of such a CY hypersurface encodes the corre-

sponding moduli. One obtains a bouquet of 2r rigid special Lagrangian S 3’s that cor-

respond to the Milnor fibration of such a complex singular hypersurface, where r is the

rank of the corresponding gauge group. It is always possible (up to Picard-Lefschetz mon-

odromies) to chose a basis such that the anti-symmetric intersection matrix among such

rigid S 3’s is [57, 58] (
CG − CtG CtG
−CG 0

)
(4.32)

where CG is the Cartan matrix of the corresponding gauge group. The W-bosons in this

case are more tricky to obtain, because these arise as boundstates of monopoles and dyons,

engineered by wrapping the D3 branes on the rigid S 3 special lagrangians along the Milnor

fiber, which is the IIB counterpart of the arguments in [59]. Nevertheless, one can show that

these are always present also in the Type IIB setup [58, 60]. Adding N = 4 hypermultiplets

to this story one obtains systems that can be treated similarly, along the lines of [60–62].

Since J− ' S1 ×X−, for the modes that do not participate in the glueing, the equivalence

of the corresponding 3D N = 4 subsectors follows from the equivalence of their 4D N = 2

avatars on X− and X∨−.

Therefore, we conclude that on the X− side of the TCS the 3D N = 4 theories agree

by ordinary mirror symmetry. For the N = 4 modes corresponding to X+ one uses the

fact that compactifications of IIA and IIB on S 1 ×X+ are T-dual, hence give rise to the

same 3d N = 4 spectra (c-map [40]), as we remarked in section 2.

Let us now consider the case of the T4 mirror map. The T4 mirror of a G2 background

with Kovalev limit J → X+ ∪W X− is given by

J∨ → X∨+ ∪W∨ X∨−. (4.33)

The 4D N = 2 avatars of the X± and of the X∨± modes are indeed equivalent under mirror

symmetry, but in this case the outer S1 on J± undergoes a T -duality too, therefore we

obtain that from the chain of equivalences

(IIA on S1 ×X)↔ (IIB on S1 ×X∨)↔ (IIA on (S1)∨ ×X∨) (4.34)

it follows that the N = 4 subsectors of IIA on J and IIA on J∨ have to agree. One can

argue similarly for the IIB case.

4.5.2 N = 2 gauge subsectors and G2 mirrors pairs

Consider now the case of the 3D N = 2 gauge subsectors. As we have discussed in section 2

the N = 2 vectormultiplets arise from the matching of the K3 fibers for TCS G2 manifolds.

This entails that the corresponding N = 2 gauge groups are encoded in the ADE sublattices
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J J∧ J∨

N̂− T̂∧− T̂∨−

N̂+ N̂∧+ T̂∨+

T̂− N̂∧− N̂∨−

T̂+ T̂∧+ N̂∨+

Table 3. Action of the mirror symmetry maps relevant to characterize N = 2 subsectors.

of the asymptotic K3 fibers and in the way they intersect along W . Here, for the sake of

simplicity, we neglect the effects of monodromies that can give rise to non-simply laced

versions of the gauge symmetry groups. In a Type IIA engineering there are two possible

sources for N = 2 non-Abelian gauge groups. It is natural to expect that these arise

whenever there are nontrivial ADE sublattices of the type

Γ
(2)
G ⊆ N+ ∩N− (4.35)

or

Γ
(4)
G ⊆ (T+ ∩ T−)⊕ Γ3,19/(T+ +N−)⊕ Γ3,19/(N+ + T−). (4.36)

The notation Γ
(n)
G is a shorthand to denote a G type ADE sublattice for the second homol-

ogy of S0, the K3 fiber of W, while n is a bookkeeping to remind ourselves of the degree

of the cohomology group of the TCS in which the corresponding sublattices sit, from the

Mayer-Vietoris argument. For instance Γ
(2)
A2

would indicate that inside N+ ∩ N− there is

an A2 lattice, while N+ ∩N− contributes to H2(J,Z).

Back to our discussion now. The massless KK modes of C(3) (resp. C(5)) give rise

to vectors corresponding to the N+ ∩ N− sublattice of H2(J) (resp. to the (T+ ∩ T−) ⊕
Γ3,19/(T+ + N−) ⊕ Γ3,19/(N+ + T−) sublattices of H4(J)). The corresponding W-bosons

arise from wrapped D2 branes and D4 branes respectively. The stringy instantons that

generates the corresponding superpotentials arise by Poincaré duality. Indeed, for each

elements in a Γ
(2)
G lattice, there is a corresponding 2-form in the G2 manifold, which in

turn is Poincare’ dual to a five cycle which, wrapped by euclidean D4 branes, give rise to

a superpotential correction of the type we discussed in section 2.2. Similarly, the elements

in Γ
(4)
G correspond to three cycles which, wrapped by euclidean D2 branes, give rise to

analogous superpotential corrections. In a Type IIB engineering non-Abelian gauge N = 2

sectors can arise from ADE sublattices

Γ
(3)
G ⊆ Γ3,19/(N+ +N−)⊕ (T+ ∩N−)⊕ (T− ∩N+) (4.37)

or

Γ
(5)
G ⊆ Γ3,19/(T+ + T−) (4.38)
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which correspond to vectors arising from C(4)+ and C(6) respectively. The W-bosons in

these cases arise from wrapped D3 and D5 branes respectively. The stringy instantons that

generates the corresponding superpotentials arise by Poincaré duality here as well.15

The effect of the generalized mirror symmetry maps on the elements of cohomology

that are relevant for N = 2 subsectors is summarized, schematically, in table 3. There

we use the more transparent version that arises at the level of the Γ4,20 lattices of the

K3s. Of course, as we have emphasized in section 4.4 the actual mirror map at the level of

cohomology depends crucially on the splitting of the transcendental lattices T± in U and

its orthogonal complement T̃±. For the sake of clarity, in the discussion in this section we

are sloppy about this fact, and assume that all the various Γ
(n)
G sublattices are not affected

by this splitting. Under this assumption, we can forget about the distinction in between T

and T̃ in the discussion that follows.

Let us begin by considering the T3 mirror map from IIA to IIB. Considering the C(3)

duality frame in IIA. In that frame the only source of non-Abelian gauge symmetry is an

ADE sublattice Γ
(2)
G ⊆ N+ ∩ N−. The T3 mirror of such a lattice is an ADE sublattice

Γ
(3)
G ⊆ N∧+ ∩ T∧− . The latter in IIB gives rise to the an ADE gauge subsector choosing

the duality frame corresponding to the vector moduli of the C(4)+ RR potential. Hence

wrapped D2 branes (resp. euclidean D4 branes) are mapped to wrapped D3 branes (resp.

euclidean D3 branes). Consider now the C(5) duality frame in IIA. The modes arising from

Γ
(4)
G ⊆ (T+ ∩ T−)⊕ Γ3,19/(N+ + T−) (4.39)

are mapped under the T3 mirror map to

Γ
(3)
G ⊆ (T∧+ ∩N∧−)⊕ Γ3,19/(N∧+ +N∧−) (4.40)

which in IIB gives rise to the an ADE gauge subsector as discussed above. In particular

wrapped D4 branes (resp. euclidean D2 branes) are mapped to wrapped D3 branes (resp.

euclidean D3 branes). The modes arising from

Γ
(4)
G ⊆ Γ3,19/(T+ +N−) (4.41)

are mapped to

Γ
(5)
G ⊆ Γ3,19/(T∧+ + T∧−) (4.42)

and hence give rise to vectors in the C(6) duality frame for IIB, wrapped D4 branes are

mapped to wrapped D5 branes and wrapped euclidean D2 branes are mapped to wrapped

euclidean D1s. This concludes our argument that the T3 mirror map respects non-Abelian

gauge subsectors: for every possible realization of a non-Abelian gauge sector on one side of

the duality, there is a corresponding duality frame on the other side that renders manifest

the corresponding gauge symmetry.

Let us proceed by showing that this is indeed the case also for the T4 mirror map in

between IIA on J and IIA on J∨. Consider the C(3) duality frame on J . Again in that

15A full-fledged analysis of these geometric engineerings is a rather interesting open problem that goes

beyond the modest scope of this subsection.
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case the only source of non-Abelian gauge sectors is

Γ
(2)
G ⊆ N+ ∩N−. (4.43)

The latter is mapped to

Γ
(4)
G ⊆ T

∨
+ ∩ T∨− . (4.44)

in the dual, that indeed corresponds to the same gauge group in the C(5) duality frame on

J∨. Similar sublattices of Γ3,19/(N± + T∓) are mapped to each other and give rise to a

consistent self-dual subsector of the C(5) frame. Similarly for type IIB the ADE sublattices

of (T± ∩N∓) are mapped to each other by the T4 map, while ADE sublattices

Γ
(3)
G ⊆ Γ3,19/(N+ +N−) (4.45)

are mapped to

Γ
(5)
G ⊆ Γ3,19/(T∨+ + T∨−). (4.46)

Hence vectors arising from C(4)+ (resp. D3 branes, and dual euclidean D3 branes) for Γ
(3)
G

are mapped to vectors arising from C(6) (resp. D5 branes, and dual euclidean D2 branes)

for Γ
(5)
G . This concludes our argument that the T4 mirror map respects non-Abelian gauge

subsectors.

4.5.3 Singular mirrors

The physical reasoning above has the following apparently paradoxical mathematical coun-

terpart: depending on the given TCS G2 manifold J , its mirrors J∨ or J∧ can end up

being singular spaces. This happens as follows. First note that the matching in (3.6)

implies (3.38), which in turn implies that

(Σ3)± ⊥ (N+ ∩N−) (4.47)

where (Σ3)± is the space-like three-plane spanned by ω±, R± and I± in Γ3,19⊗R. If we fix

a point in the moduli space of Ricci-flat metrics of a K3 surface S, S has ADE singularities

if and only if there are vectors γ of length −2, also called ‘roots’, such that

Σ3 ⊥ γ . (4.48)

The type of ADE singularities is then determined by the root lattice generated by such γ.

If we try to construct a matching for which N+ ∩N− contains a root sub-lattice G of ADE

type, the asymptotic K3 fibres S± hence necessarily have the corresponding singularities.

As only the holomorphic two-form varies along the base P1s of the building blocks Z±,

this means that every K3 fibre of Z+ and every K3 fibre of Z− in fact has singularities

G (as discussed in [18, 19]). We expect such singularities to glue to an S 3 worth of ADE

singularities of the G2 manifold J , thus giving rise to a non-Abelian N = 2 gauge subsector.

In the following, let us focus on the mirror maps associated with four T-dualities for

definiteness. There are mirror pairs for which N+ ∩ N− does not contain any roots but
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N∨+ ∩N∨− does. However, our mirror map not only relabels N+ ∩N− as T̃∨+ ∩ T̃∨− but also

B as ±Im(Ω∨±):

(N+ ∩N−)⊗ R ↔ (T̃∨+ ∩ T̃∨−)⊗ R

↪→ ↪→

B ↔ ±Im(Ω∨±)

(4.49)

For a sufficiently generic choice of X±,∫
C

Im(Ω±) 6= 0 (4.50)

for any curve C associated with a root in T̃∨+ ∩ T̃∨− . Under the mirror map, this means that∫
C
B 6= 0 (4.51)

for every rational curve in N+∩N−. In other words, a compactification of IIA string theory

on J∨ has no non-Abelian gauge symmetry and only the U(1)s associated with the Cartan

subgroup are unbroken. Together with two-cycles of finite size, these are captured by the

contribution |N+∩N−| to b2(J∨). If J∨ is indeed the mirror of J , we can hence argue that

b2(J∨) = |N∨+ ∩N∨−|+ |K∨+|+ |K∨−| (4.52)

and fix b3 by

b2(J) + b3(J) = b2(J∨) + b3(J∨) (4.53)

which is equivalent to applying the formula (3.17).

If, one the other hand, some of the roots in N+ ∩N− do have vanishing periods of the

B-field B±, so that a non-Abelian gauge groups remains unbroken, the periods of Im(Ω∨)

on the same roots vanish for the mirror. Hence the mirror has the same unbroken non-

Abelian gauge groups. A similar discussion hold for the mirror map associated with three

T-dualities.

In general, for a fixed matching of geometry (3.6) together with the B-field (3.36), the

non-Abelian gauge group is given by the lattice spanned by the roots γ in Γ4,20 orthogonal

to Σ̂4:

G = 〈γ ∈ Σ̂⊥4 | γ2 = −2〉 . (4.54)

As this condition is manifestly invariant under the mirror map, it follows that the non-

Abelian gauge groups are preserved.

4.6 Multiple TCS mirrors and further generalization

The (co)associative fibrations used to construct our mirror maps restrict to calibrated

fibrations of S± by tori, and one may wonder if it is possible to find different mirror maps

(of type T3 or T4) by exploiting different calibrated T 2 fibrations on S± for a given TCS

G2 manifold J . In the light of [2], which conjectures that any two G2 manifolds with

same b2 + b3 lead to mirror compactifications of type II strings, it becomes a particularly

interesting question if this may lead to mirrors with different topologies.
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Let us first address this in the case T3. Let us hence assume that S+ has several

elliptic fibrations, calibrated by ω+, which are matched with special Lagrangian fibrations

on S− calibrated by Re(Ω−). Denoting the fibres of these fibrations on both sides by Ei±,

we furthermore assume that Ei− × S 1 defines a special Lagrangian fibration on X− for

some complex structure. We can then apply our mirror map J → J∧i and deduce from

the arguments given above that b2 + b3 stays invariant in each case. We can hence detect

mirrors of different topology by comparing

b2(J∧i) = |N+ ∩N∧i− |+ |K+|+ |K∧i− | (4.55)

for various choices of Ei. First note that the last term is equal to h2,1(X−), so that it

in particular does not depend on the fiber Ei± chosen. For the first term, note that the

existence of an elliptic fibration on S+ which is mapped to a special Lagrangian fibration

calibrated by Re(Ω−) on S− means that there is a primitive embedding

UEi ↪→ N+ ∩ T− (4.56)

which fixes the calibrated torus Ei. This implies that there is a decomposition

N+ ∩ T− = UEi ⊕ L(Ei) , (4.57)

i.e. there exists a lattice L(Ei) such that the above relation holds for every embed-

ding (4.56). As the mirror map acts on S− such that N∧i− = T̃i where T = UEi ⊕ T̃i,

we conclude that

N+ ∩N∧i− = L(Ei) , (4.58)

which always has the same rank |N+ ∩ T−| − 2 for a given TCS G2 manifold J irrespective

of the choice of Ei. Hence we can conclude that

b2(J∧i) = b2(J∧j) (4.59)

for all choices of Ei, Ej . However, different choices of Ei lead to different root sublattices

in L(Ei), which in turn leads to different singularities for the mirrors J∧i. We leave a

thorough exploration of this to future work.

The fact of having a Kovalev limit for J is very interesting, but it is a strong require-

ment, and it is possible to drop it in favour of a slightly less restrictive setup. The key

ingredients for our construction to work are the following. First, it should be possible to

cut J open along a hypersurface, W in such a way that J \W has two connected com-

ponents J+ and J− each with boundary W . Identifying the common boundary, induces a

diffeomorphism

ΞW : J+ −→ J− (4.60)

such that it is possible to recover J as a (twisted) connected sum

J = J− tΞW
J+. (4.61)
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Second, the two seven-manifolds J± should have some extra structure for generalized mirror

symmetry to take place. In our examples

J± ' (S 1)± ×X±, (4.62)

where X± are CYs with boundaries such that

(S 1)± × ∂X± 'W. (4.63)

If W ' T 2 × S where S is a K3, then we obtain a Kovalev limit for J , but this is not the

case in general. For the case of equation (4.62), this isomorphism allows to reconstruct the

G2 structure of J out of the CY structures of X±, in particular we must have that

ϕJ
∣∣
J±\W = dξ± ∧ ω± + Re(Ω3,0

± ) and (?ϕ)J
∣∣
J±\W =

1

2
ω± ∧ ω± + dξ± ∧ Im(Ω3,0

± )

(4.64)

where ξ± parametrize (S 1)±. Assuming both X± admit CY mirrors (X±)∨, we can repeat

word for word our argument above and glue their SYZ T 3 fibrations into a coassociative T 4

fibration of J . Four fiberwise T-dualities thus lead to a generalized mirror map J → J∨.

Similarly, if X− admits a CY mirror, X+ has an elliptic fibration with fiber E+, and if the

SYZ fibration of X− restricted to W gets identified with the restriction of (S 1)+ × E+ to

W , it is possible to glue them together to form an associative T 3 fibration of J . Then three

fiberwise T-dualities lead to a generalized mirror map J → J∧.

Of course, there are more possibilities, corresponding to the fact that not all the

generalized mirror symmetries for a given G2 manifold are consequences of ordinary mirror

symmetries for CYs. For instance, if J± are G2-manifolds with G2-structures ϕ± and (?ϕ)±
and boundaries

∂J± 'W (4.65)

such that

ϕJ
∣∣
J±\W = ϕ± and (?ϕ)J

∣∣
J±\W = (?ϕ)±, (4.66)

then it is still possible to glue coassociative and associative cycles of J± into coassociative

and associative cycles of J . In particular, if J± admit coassociative T 4 (resp. associative T 3)

fibrations it is possible to glue them together to form coassociative T 4 (resp. associative T 3)

fibrations of J . As long as the cohomological properties of J± and W are known, the Mayer-

Vietoris argument still determines the cohomological properties of J . It is interesting to

exploit this fact to check that the corresponding generalized G2-mirror pair indeed satisfies

the Shatashvili-Vafa relation (1.6), however this is technically slightly more involved than

the TCS case and we leave it for future work.

5 A Joyce orbifold and its smoothing as a TCS

The first examples of compact manifolds with holonomy G2 were constructed by Joyce [20–

22], as resolutions of orbifolds T 7/Γ for appropriate groups Γ. Some of the Joyce examples

have been analyzed in details using 2d SCFT techniques [2, 3, 9] and the relation among
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generalized G2-mirror symmetry and T-duality has been addressed. In particular, the

example considered in [9] can be realized as a twisted connected sum, and this gives rise

to an interesting consistency check of the ideas discussed above to which we now turn.16

5.1 Explicit realization of the TCS structure on the orbifold

To present this example we follow the discussion in section 12.3 of [22]. We describe the

seven-torus T 7 using coordinates xi with identifications xi ∼ xi + 1 and i = 1, . . . , 7. The

flat G2-structure on R7 descends to T 7

ϕo = dx123 + dx145 + dx167 + dx246 − dx257 − dx347 − dx356

?ϕo = dx4567 + dx2367 + dx2345 + dx1357 − dx1346 − dx1256 − dx1247

(5.1)

where dxijk = dxi ∧ dxj ∧ dxk. Denote

ri ≡ xj 7→ (1− 2δij)xj and si ≡ xj 7→ xj + δij / 2. (5.2)

The Joyce orbifold group of T 7 is generated by

α ≡ r4 ◦ r5 ◦ r6 ◦ r7, β ≡ r2 ◦ r3 ◦ (s6 ◦ r6) ◦ r7, γ ≡ r1 ◦ r3 ◦ r5 ◦ (s7 ◦ r7), (5.3)

acting on the coordinates as follows

α : (x1, x2, x3, x4, x5, x6, x6)→ (x1, x2, x3,−x4,−x5,−x6,−x7)

β : (x1, x2, x3, x4, x5, x6, x6)→ (x1,−x2,−x3, x4, x5,
1
2 − x6,−x7)

γ : (x1, x2, x3, x4, x5, x6, x6)→ (−x1, x2,−x3, x4,−x5, x6,
1
2 − x7)

(5.4)

This action preserves the flat G2 structure of equation (5.1), which descends to the quotient

J ≡ T 7/〈α, β, γ〉. (5.5)

Let us proceed by showing that this singular G2-manifold (as well as its resolutions) admit

a Kovalev limit, adapting to this case an argument of [63]. In order to do this, we need to

have a better understanding of the action of the orbifold group 〈α, β, γ〉 on T 7. First of all,

notice that all generators commute and square to the identity because of the identifications

xi ∼ xi + 1. This entails that

〈α, β, γ〉 ' (Z2)α × (Z2)β × (Z2)γ . (5.6)

Notice that the element βα = s6 ◦ r2 ◦ r3 ◦ r4 ◦ r5 acts freely on T 7 because the 1
2 -shift

s6 has no fixed points on x6. The same argument holds for the elements γα, γβ and γβα.

The elements α, β and γ, instead, have non-trivial fixed point sets, given by 16 copies of

T 3 each.17 The group 〈β, γ〉 (resp. 〈α, γ〉) acts freely on the sixteen 3-tori with stabilizer

16There are more examples of Joyce orbifolds that can be realized as TCS. A systematic analysis of the

relation among the worldsheet results and the geometric construction presented in this paper goes beyond

the scope of this work, and it will be discussed elsewhere.
17Of course, ri fixes the points xi = 0 and xi = 1

2
, while si ◦ ri fixes the points xi = 1

4
and xi = 3

4
.

Moreover, each generator in equation (5.3) acts only on four coordinates, leaving the others fixed.
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〈α〉 (resp. 〈β〉), giving rise to orbits of four 3-tori each. The group 〈α, β〉 however does not

act freely on the sixteen 3-tori with stabilizer 〈γ〉: αβ acts trivially, while α and β gives

rise to eight orbits of order two. Therefore the singular set of J is given by eight copies of

T 3 (four fixed by 〈α〉 and four fixed by 〈β〉) and eight copies of T 3/〈αβ〉 (fixed by 〈γ〉).
Consider the orbifold hypersurface X0, defined as the image of the six-torus {x6 =

1
8} ⊂ T 7 under the orbifold group action. Since x6 = 1

8 is fixed only by γ, we have the

isomorphism

W '
(
T 4
)
x1,x3,x5,x7

/(Z2)γ ×
(
T 2
)
x2,x4

×
{
x6 =

1

8

}
(5.7)

Each of the eight copies of T 3/〈αβ〉 in the singular locus of J fixed by γ intersects W along

a T 2, the other eight 3-tori in the singular locus do not intersect W . The complement of

W in J is given by two connected components M− and M+:

J \W = M− t M+ (5.8)

where M− is the connected component of J \W that contains {x6 = 0}, while M+ is the

connected component that contains {x6 = 1
4}. In particular, M− contains the four inequiv-

alent 3-tori in the singular locus of J fixed by α and M+ contains the four inequivalent

3-tori fixed by β. The two orbifolds M− and M+ are diffeomorphic via the involution of J

xj 7→ xj + δ6j/4. (5.9)

Consider M−. Its pre-image in T 7/〈α, γ〉 has two connected components which are identi-

fied by β, following [63] we identify

M− '
({
−1

8
< x6 <

1

8

}
×
(
T 6
)
x1,x2,x3,x4,x5,x7

)
/〈α, γ〉 (5.10)

This gives a diffeomorphism

M− '
(
Rx6 ×

(
T 5
)
x1,x3,x4,x5,x7

)
/〈α, γ〉 ×

(
S 1
)
x2

(5.11)

because 〈α, γ〉 acts on x2 as the identity. Let us introduce three complex coordinates and

one real coordinate:

ξ− ≡ x2, z−1 = x1 − ix3, z−2 = −x5 + ix7, z−3 = x4 + ix6. (5.12)

Using these coordinates we see that M− ' S 1 ×X− where

X− '
(
Rx6 ×

(
T 5
)
x1,x3,x4,x5,x7

)
/〈α, γ〉 (5.13)

and notice that the orbifold actions

α : (z−1 , z
−
2 , z

−
3 ) 7→ (z−1 ,−z

−
2 ,−z

−
3 )

γ : (z−1 , z
−
2 , z

−
3 ) 7→ (−z−1 ,−z

−
2 + i

2 , z
−
3 )

(5.14)

are compatible with the Kähler form

ω− ≡ i
2(dz−1 ∧ dz̄

−
1 + dz−2 ∧ dz̄

−
2 + dz−3 ∧ dz̄

−
3 ) = dx31 + dx75 + dx46, (5.15)
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and with the top form

Ω3,0
− ≡ dz−1 ∧ dz

−
2 ∧ dz

−
3

= −dx154 + dx374 − dx356 − dx176 + i (dx354 + dx174 − dx156 + dx376) ,
(5.16)

which gives to X− the structure of a CY orbifold. Moreover, for x6 > 0, X− is isomorphic

to a CY cylinder:

X−
∣∣
x6>0

' Rx6>0 ×
(
S 1
)
x4
×
(
T 4
)
x1,x3,x5,x7

/(Z2)γ , (5.17)

where t− ≡ x6, θ− ≡ x4, and S− ≡
(
T 4
)
x1,x3,x5,x7

/(Z2)γ inherits the K3 structure:

ωS− ≡
i

2
(dz−1 ∧ dz̄

−
1 + dz−2 ∧ dz̄

−
2 ) = dx31 + dx75,

ΩS− ≡ dz−1 ∧ dz
−
2 ≡ RS− + iIS− ,

RS− ≡ −dx15 + dx37,

IS− ≡ dx35 + dx17.

(5.18)

Notice that indeed, with these identifications

dξ− ∧ ω− + Re(Ω3,0
− ) = ϕo. (5.19)

Now consider M+. The discussion is identical to that for M− with the only difference that

now the roles of α and β are swapped. This suggest to choose the coordinates

ξ+ ≡ x4, z+
1 = −x1 + ix5, z+

2 = x3 + ix7, z+
3 = x2 − ix6 (5.20)

to realize the isomorphism

M+ '
(
Rx6 ×

(
T 5
)
x1,x3,x2,x5,x7

)
/〈β, γ〉 ×

(
S 1
)
x4
. (5.21)

Again, the orbifold action on the complex coordinates

β : (z+
1 , z

+
2 , z

+
3 ) 7→ (z+

1 ,−z
+
2 ,−z

+
3 − i1

2)

γ : (z+
1 , z

+
2 , z

+
3 ) 7→ (−z+

1 ,−z
+
2 + i

2 , z
+
3 ),

(5.22)

is compatible with the Kähler form

ω+ ≡
i

2
(dz+

1 ∧ dz̄
+
1 + dz+

2 ∧ dz̄
+
2 + dz+

3 ∧ dz̄
+
3 ) = −dx15 + dx37 − dx26, (5.23)

and the top form

Ω3,0
+ ≡ dz+

1 ∧ dz
+
2 ∧ dz

+
3

= −dx132 − dx572 + dx536 − dx176 + i (dx532 − dx172 + dx136 + dx576) .
(5.24)

This endows the orbifold

X+ '
(
Rx6 ×

(
T 5
)
x1,x3,x2,x5,x7

)
/〈β, γ〉 (5.25)
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of a CY structure. Moreover

X+

∣∣
x6<0

' Rx6<0 ×
(
S 1
)
x2
×
(
T 4
)
x1,x3,x5,x7

/(Z2)γ (5.26)

has the structure of a CY cylinder, where t+ ≡ −x6, θ+ ≡ x2. Along the fiber

S+ '
(
T 4
)
x1,x3,x5,x7

/(Z2)γ (5.27)

the CY structure induces a K3 structure

ωS+ = −dx15 + dx37

RS+ = dx31 + dx75

IS+ = dx53 + dx71.

(5.28)

It is clear that

dξ+ ∧ ω+ + Re(Ω3,0
+ ) = ϕo. (5.29)

Moreover, to match M− and M+ with W it is necessary to map

ξ+ = x4 = θ− − t+ = x6 = t− θ+ = x2 = ξ− (5.30)

while the K3 structures on S− in equation (5.18) and on S+ in equation (5.28) are identified

precisely by a hyper-Kähler rotation — see figure 4.

5.2 Generalized mirror symmetry from calibrated tori

The mirror maps analyzed in [9] correspond to performing either three or four T-dualities.

Equivalent T-dualities are obtained for n-uples in the following subsets:18

I+
3 ≡ {(1, 6, 7) , (2, 4, 6) , (3, 5, 6)}
I−3 ≡ {(1, 2, 3) , (1, 4, 5) , (2, 5, 7) , (3, 4, 7)} (5.31)

I+
4 ≡ {(1, 2, 4, 7) , (1, 3, 5, 7) , (2, 3, 4, 5)}
I−4 ≡ {(1, 2, 5, 6) , (1, 3, 4, 6) , (2, 3, 6, 7) , (4, 5, 6, 7)}. (5.32)

According to our recipe, the maps above should be given by T -dualities along calibrated

fibrations of J . A quick glance to the form of ?ϕo and ϕo in equation (5.1) is sufficient

to confirm this idea, at least at the level of the orbifold. Indeed, the forms ?ϕo and ϕo
are left fixed by the orbifold group action on the coordinates. In particular each of the

coordinates in the T -dualities of equations (5.31) and (5.32) gives rise to an invariant form.

In each equivalent subset of coordinates, at least two elements correspond to a calibrated

associative or coassociative (see table 4).19

Looking at the directions above, however, it is easy to see that all the maps in the

sets I−4 , and I+
3 involve the x6 direction. This is precisely the one corresponding to the

18Note that we have adapted the conventions of [9] to ours, which are identical to the ones of [22]. The

translation is (x8−i|[9] = xi|[22]).
19These cycles are singular in the orbifold limit. One should check that the T -dualities survive the

desingularizations. We are dealing with this in section 5.3 below.
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x6 = 1/4

x4

T 4/(Z2)γ T 4/(Z2)γ

x2

x4

x2

x6 = 0 ← x6 →

x1
x3
x5
x7

x1
x3
x5
x7

X− X+

Figure 4. Cutting along x6 = 1
8 , the orbifold J is decomposed into two halves S 1 × X− and

S 1×X+ with isomorphic Calabi-Yau orbifolds X− and X+. These are both realized as a (constant)

fibration of a K3 orbifold T 4/(Z2)γ over a base which (topologically) forms an open S 2 due to the

degeneration of the S 1 formed by x2 (for X−) and x4 for (X+).

(
T 3
)
x1,x6,x7

,
(
T 3
)
x2,x4,x6

I+
3(

T 3
)
x1,x2,x3

,
(
T 3
)
x1,x4,x5

I−3(
T 4
)
x2,x3,x4,x5

,
(
T 4
)
x1,x3,x5,x7

I+
4(

T 4
)
x2,x3,x6,x7

,
(
T 4
)
x4,x5,x6,x7

I−4

Table 4. The tori whose image in the orbifold quotient give rise to the calibrated cycles corre-

sponding to the T -dualities of equations (5.31)–(5.32).

infinitely long neck of the Kovalev limit of J . This is incompatible with performing a

T -duality along such a direction. There are other kinds of limits of J in which such maps

may be realized, but not the other ones along the lines of our discussion in section 4.6.

Before turning to that, we first consider the maps in the sets I+
4 and I−3 involving four

and three T -dualities.

Let us start with the case of four T-dualities and see that these indeed arise from differ-

ent T 3 special lagrangian fibrations of X±. Consider the top form of X− in equation (5.16).

We have

dξ− ∧ Im(Ω3,0
− ) = dx2 ∧ (dx345 − dx147 − dx156 − dx367), (5.33)
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while from equation (5.24) we obtain

dξ+ ∧ Im(Ω3,0
+ ) = dx4 ∧ (dx127 + dx136 − dx235 − dx567). (5.34)

From this follows that the maps I+
4 corresponding to four T -dualities along (1, 2, 4, 7) and

(2, 3, 4, 5) are indeed realized according to our picture.

Let us now turn to the case of three T-dualities. From equation (5.16), we have that

Re(Ω3,0
− ) = dx145 + dx167 − dx347 − dx356 (5.35)

The T 3 on (1, 4, 5) is indeed calibrated by Re(Ω3,0
− ) and corresponds to one of the realiza-

tions of the map I−3 . Within M+ this same cycle corresponds to the product of (S 1)ξ+
with an holomorphic T 2 ⊂ X+, which is calibrated by

dx51 =
i

2
dz+

1 ∧ dz̄
+
1 . (5.36)

This is precisely an elliptic fiber for the asymptotic K3 given by S+ '
(
T 4
)
x1,x3,x5,x7

/(Z2)γ .

Thus, I−3 is instance of the generalized mirror map J → J∧ we discussed above.

In order to geometrically realize the T -dualities corresponding to I+
3 and I−4 , it is

possible to cut J open along different orbifold hypersurfaces. The various possible outcomes

of this procedure have been considered in section 7.3.5 of [64]. In particular,

• A generic point along the x1 direction is fixed by 〈α, β〉. We can split J apart along

the hypersurface

W =

{
x1 =

1

4

}
×
(
T 6
)
x1,x2,x4,x5,x6,x7

/〈α, β〉 '
{
x1 =

1

4

}
×X19,19, (5.37)

where X19,19 is the famous split bicubic Calabi-Yau. In this case M± are G2-manifolds

with a CY boundary. Similarly, a generic point along the x2 (resp. x4) coordinate is

fixed by the subgroup 〈α, γ〉 (resp. 〈β, γ〉) and can be treated similarly, also giving

rise to M± that are G2-manifolds with the same CY boundary (but with a differ-

ent topology).

• A generic point along the x3 coordinate is fixed by the subgroup 〈α, βγ〉 of the orbifold

group. Therefore one can cut J along the hypersurface

W =

{
x3 =

1

4

}
×
(
T 6
)
x1,x2,x4,x5,x6,x7

/〈α, βγ〉, (5.38)

which is a double cover of T 2×K3. The two sides M± in this case are asymptotically

cylindrical G2 manifolds. The case of x5 is identical, as it is fixed by 〈β, αγ〉.

• A generic point along the x7 coordinate is fixed by (Z2)αβ ≡ 〈αβ〉. In this case (Z2)αβ
acts without fixed points, hence

W =

{
x7 =

1

8

}
×
(
T 6
)
x1,x2,x3,x4,x5,x6

(5.39)

is a regular hypersurface. Moreover we have that M− ' S 1 × X− where X− is

an asymptotically cylindrical CY, and M+ is a G2 manifold which is isomorphic to

(T 3 × dP9)/Z2.
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It is precisely stretching J along x7 that one can realize the T -dualities corresponding to I+
3

and I−4 geometrically using the ideas outlined above. For example, exploiting the fact that

dP9 is elliptically fibered one can easily realize I+
3 explicitly by glueing a special lagrangian

T 3 fibration of X− with the T 3 fibration of M+ obtained out of the elliptic fiber of dP9

times one of the ‘outer’ circles.

5.3 Smoothing the Joyce orbifold

Recall that the singular locus of J is given by eight copies of T 3 (four fixed by 〈α〉 and

four fixed by 〈β〉) and eight copies of T 3/〈αβ〉 (fixed by 〈γ〉). The orbifold group acts also

in the normal directions of such loci giving rise to conifold singularities. We have eight

singularities of the form

T 3 × C2/Z2 (5.40)

and eight singularities of the form

(T 3 × C2/Z2)/Z2. (5.41)

The former can be resolved by smoothing C2/Z2 using the Eguchi-Hansen metric for each

of the eight 3 tori in the singular set. The idea is that we cut out a tubular neighbourhood

which deformation retracts to T 3 and glue in a resolution T 3 × Y where Y ' T ∗P1 is

the blowup of C2/Z2 at the origin, and deformation retracts to T 3 × S 2. Each of these

operations increases the Betti numbers of J by the difference between the Betti numbers

of T 3 × S 2 and those of T 3. Each such singularity therefore contributes to the resolution

∆(b2, b3, b4, b5) = (1, 3, 3, 1). (5.42)

For the latter type of singularities there are two inequivalent choices of resolutions Y+

and Y− that are distinguished by the action of αβ on the locus fixed by γ. Choosing

(T 3 × Y+)/Z2 one obtains

∆(b2, b3, b4, b5) = (1, 1, 1, 1). (5.43)

Choosing (T 3 × Y−)/Z2 instead one obtains

∆(b2, b3, b4, b5) = (0, 2, 2, 0). (5.44)

We therefore find

b2(J`) = 8× 1 + `× 1 = 8 + `

b3(J`) = 7 + 8× 3 + `× 1 + (8− `)× 2 = 47− `,
(5.45)

where ` is the number of Y+ and 8 − ` is the number of Y−, ` = 0, . . . , 8, we have chosen

to obtain a manifold J`. It is shown in [9] that the signature l of αβ is related to discrete

torsion phases and that

I+
4 : J` ↔ J` I−3 : J` ↔ J8−`. (5.46)

Here we would like to reproduce this result using our language. Moreover, in [9] it is

shown that

I+
3 : J` ↔ J` I−4 : J` ↔ J8−`, (5.47)

whence they identify I+
3 with the duality proposed in [35]. This is an instance of self-mirror

G2 manifold, of the kind mentioned at the end of section 2.1.
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5.4 Smoothing in the language of TCS

Let us first discuss the geometry of the smoothing obtained by blowing up X−. It is

convenient to view X− as half of the well-known compact Calabi-Yau orbifold T 6/(Z2×Z2),

for which the two Z2s act as
z1 z2 z3

Za2 : −z1 −z2 z3

Zb2 : z1
1
2 − z2 −z3

. (5.48)

The resolution X19,19 of this orbifold has Hodge numbers (19, 19) and it can be described

as a constant K3 fibration with four (isomorphic) singular fibres [65]. The generic fibre is

a Kummer surface of product type, the resolution of (T 2 × T 2)/Z2. It has a Picard lattice

of rank 18. Over four points in the P1 base, the fibre degenerates into k components. The

corresponding monodromy action is inherited from the second Z2, it is the non-symplectic

involution with invariants (r, a, δ) = (10, 8, 0) in Nikulin’s classification [66]. In particular,

this means that the rank of the even sublattice of the Picard lattice of the generic fibre is ten-

dimensional. We can hence compute the Hodge number h1,1(X19,19) as 19 = 10+1+4(k−1),

so that k = 3 follows. We may also compute the Euler characteristic of X19,19 by excising

the bad fibres to find the contribution χf of each degenerate fibre

χ(X19,19) = 0 = 24 · (2− 4) + 4 · χf , (5.49)

giving χf = 12.

The (resolution of the) threefolds X± has a compactification to a threefold Z± (a

‘building block’ in the language of [14]) by adding a single K3 fibre. Note that the mon-

odromy action on each of the singular K3 fibres of X± is the same Z2, so that this can be

done consistently. Note also that Z± is very similar to X19,19: it just has two degenerate

fibres instead of four. Hence we can immediately compute

χ(Z±) = 24 · (2− 2) + 2 · χf = 24 . (5.50)

On the other hand, χ(Z±) = 2+2·h1,1(Z±)−2·h2,1(Z±) and h1,1(Z±) = 1+10+2·(k−1) =

15. As k = 3, it hence follows that h2,1(Z±) = 4. The building blocks Z± are hence

characterized by the topological numbers

h2,1(Z±) = 4 , |K(Z±)| = 4 , |N(Z±)| = 10 . (5.51)

Before smoothing, we can think of each of the two building blocks Z± as a constant

fibration of a Kummer surface (T 2×T 2)/Z2 over P1 which only encounters Z2 monodromy

when going on a loop around two points in the base P1. This remains true if we completely

resolve Z± as discussed above. We may however, consider slightly more general smoothings

in which we still blow up the singularities localized over x6 = 0, 1
4 , but allow more general

smoothings of the (constant) K3 fibre. This is the strategy we will use in the following to

describe the various smoothings of the orbifold (5.3) as a TCS.

First, let us discuss the action of α and β on the 16 fixed points of γ on the K3

fibre. These 16 fixed points are at any of the 24 combinations of x1 = (1
4 ,

3
4), x3 = (0, 1

2),
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x1 x5

x3 x7

×

α ∼= β

Figure 5. The generic fibre of the fibration of T 7/Z3
2 is T 4/Z2. We have shown the T 4 as a

product of two T 2’s. The fixed points of the action of γ are shown in red and we have also indicated

the action of α on the fixed points. The action of β is identical.

x5 = (0, 1
2), and x7 = (0, 1

2). We may hence label the 16 nodes as n1357, n1̄357, · · · , n1̄3̄5̄7̄,

where e.g. n1357 is the node at x1 = 1
4 , x3 = x5 = x7 = 0 and n1̄35̄7 is the node at x1 = 3

4 ,

x3 = 0, x5 = 1
2 and x7 = 0, and so on. The action of α and β on the 16 nodes is the same on

Z+ and Z−, in that both α and β swap the position of the fixed points in the x1 direction:

α, β : n1357 7→ n1̄357, see figure 5. This means the sixteen fixed points in the fibre K3 form

eight orbits under α and β. The transverse space is the T 3/Z2 with coordinates x2, x4, x6;

note that the action of αβ leaves the fixed points invariant and acts as ( 1
2 + x2,−x4,−x6)

on the T 3. Hence we see again that the fixed point set is four T 3 from each building block

and 8 times T 3/Z2 along the K3 fibre.

For the fixed T 3s which are localized on Z− and Z+, the same smoothing as before

can be applied, i.e. we can simply blow them up [21]. The remaining singularities, which

are the eight fixed points of γ, each have two different smoothings, i.e. we can blow them

up or deform them. Such choices influence the action of α and β on the exceptional

cycles [9]. Let us digress to discuss this in some detail. First of all, we like to describe

the resolution process in terms of deformations of the Kähler forms ω and the holomorphic

two-forms Ω of the K3 fibres. Of course, such deformations have to respect the TCS gluing

conditions (3.6) and need to have the right behaviour under α and β, i.e. for X± to be

Calabi-Yau threefolds, ω− (ω+) must be even and Ω− (Ω+) must be odd under α (β). As

the discussion is essentially the same for both Z+ and Z−, we only discuss the action of α

on the smoothing of the fibre of Z−.

When we smooth any of these nodes njklm either by deformation of blow-up on the K3

fibre, an exceptional cycle with the topology of an S 2 appears. We denote the homology

class of such cycles by the symbol ηjklm. Together with the six even forms dxij for i, j =

{1, 3, 5, 7} of T 4 under the action of γ, there are then 22 independent two-forms spanning

H2(K3,Q). The inner form among those cycles is such that

η2
jklm = −2

dxij · dxkl = 2εijkl
(5.52)

with all other products vanishing. Here we have defined ε1357 = 1 and the remaining values

of εijkl are fixed by it being totally antisymmetric. The full lattice H2(K3,Z) furthermore
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contains appropriate half-integral linear combinations of the ηjklm and the dxij which are

of the form
1

2

(
dxij +

∑
ij

ηijkl

)
, (5.53)

see e.g. [67, 68] for a detailed discussion.

The sixteen nodes are all modelled on C2/Z2, which is equivalent to a simple surface

singularity of type A1. Using the coordinates z−1 and z−2 , see (5.12), the action of α is

z−2 → −z
−
2 . The blow up of C2 at the origin is described by

z−1 ξ2 = z−2 ξ1 . (5.54)

The action of the involution α then extends the homogeneous coordinates [ξ1 : ξ2] on the

exceptional P1 as [ξ1 : ξ2] → [ξ1 : −ξ2]. This map is nothing by rotation by 180◦ on the

two-sphere and, in particular, leaves the volume form invariant. If we choose to blow up

n1klm and n1̄klm, the action of α is hence

α : η1klm 7→ η1̄klm . (5.55)

To study the deformation, we start by describing C2/Z2 as a hypersurface singularity

by introducing the (invariant) coordinates

w1 + w2 = (z−1 )2 , w1 − w2 = (z−2 )2 , w3 = z−1 z
−
2 , (5.56)

which satisfy the identity

w2
1 + w2

2 = w2
3 . (5.57)

The action of α is now w3 7→ −w3. A deformation is given by

w2
1 + w2

2 = w2
3 + ε . (5.58)

and we can think of the class of the exceptional S 2 as being the real two-sphere formed by

Re(w1),Re(w2) and Im(w3), taking ε to be real. The involution w3 7→ −w3 now corresponds

to an antipodal map on S 2. This map does not respect the volume form on the S 2 and

correspondingly

α : η1klm 7→ −η1̄klm . (5.59)

follows for a (complex structure) deformation. The same analysis can be repeated for

S+. Here, the nodes are described by C2/Z2 with coordinates z+
1 , z

+
2 and the action of β

is z+
2 → z+

2 .

Summarizing, the action of α and β is:

resolution : η1klm 7→ η1̄klm

deformation : η1klm 7→ − η1̄klm

(5.60)

The action of αβ keeps all of the sixteen nodes njklm fixed, but precisely acts with a sign

whenever a node is deformed from the perspective of one of the building blocks and resolved

from the perspective of the other. Out of the eight linear combinations

ηklm ≡ η1klm + η1̄klm (5.61)
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there may be l cycles for which αβ acts as +1 and 8 − l for which it acts as −1, so that

l out of the cycles ηklm give a contribution to b2 and 8− l give a contribution to b3. This

distinguishes between different smooth G2 manifolds Jl for which

b2(Jl) = 8 + l , b3(Jl) = 47− l , (5.62)

together with the remaining cycles independent of this choice [21]. Let us use the notation

η+
i = η1klm + η1̄klm

η−i = η1klm − η1̄klm .
(5.63)

i.e. the index i = 1 . . . 8 runs over the eight choices {(3, 5, 7), (3̄, 5, 7), · · · (3̄, 5̄, 7̄)} for (klm).

As the threefolds X± must become (open) Calabi-Yau threefolds, the holomorphic

two-forms of the K3 fibres S± must be odd under the action of α and β, whereas the

Kähler forms must be even. Due to the matching, nodes which are resolved on one side

are necessarily deformed on the other side. We can hence realize a situation where l nodes

have eigenvalue +1 under αβ by deforming all of the 16 nodes on Z+, but blowing up 8− l
pairs of nodes on Z−. This means that

N− ⊃ 〈η+
i 〉i=l+1...8 + 〈η−i 〉i=1...l ,

N+ ⊃ 〈η−i 〉i=l+1...8 + 〈η−i 〉i=1...l .
(5.64)

It now follows that the rank of N− ∩ N+ is equal to l, generated by the l different cycles

η−i for i = 0 . . . l − 1. As the topology of Z± is the same as that of the building blocks

discussed above, we have h2,1(Z±) = |K(Z±)| = 4, so that we recover (5.62).

Before we discuss the mirror maps in the context, let us make two observations. The

first observation is that we can use the formula (3.17) to also learn about torsion in co-

homology in this setting. First note that N− + N+ contains 8 − l pairs of cycles 2η1klm

and 2η1̄klm as linear combinations η+
i + η−i . Besides the forms η±i written above, N−+N+

also contains some of the half integral combinations (5.53). However, no integral linear

combinations of these can ever be used to find recover of the ηjklm. Hence all 8 − l pairs

of forms η1klm and η1̄klm which are resolved on one side and deformed on the other cannot

be contained in N− + N+. As N− + N+ contains 2η1klm and 2η1̄klm, as well as η±jklm, we

find that

tor H3(Jl) = tor Γ3,19/(N+ +N−) = Z8−l
2 . (5.65)

Note that η1klm ∼ η1̄klm in the quotient. The number of independent torsion cycles

precisely equals the number of discrete torsion phases which are used in the CFT de-

scription of [9]. The appearance of torsion in cohomology in relation to discrete tor-

sion phases is discussed for Calabi-Yau manifolds in the context of mirror symmetry

in [48, 49]. For Calabi-Yau manifolds, the central observation are non-trivial torsional cycles

in torH2(X,Z) ∼= torH3(X,Z) for a resolution X of an orbifold theory including discrete

torsion in the CFT [48]. The discrete torsion in the CFT can be thought of as non-trivial pe-

riods of the B-field over cycles in torH2(X,Z). As the relation torH2(X,Z) ∼= torH3(X,Z)

does not depend on the dimension of X, discrete torsion phases are found in H3(X,Z) for

G2 manifolds as well.
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The second observation is that both building blocks admit elliptic fibration with a

holomorphic section after resolving or deforming the nodes. To see this, let us explicitly

write down the hyper Kähler structure of S− after we have deformed l pairs of nodes and

resolved the remaining 8− l pairs. In the same notation as above, we then have

ω− = c31dx31 + c75dx75 +

8∑
i=l+1

ciη
+
i

R− = −c15dx15 + c37dx37

I− = c35dx35 + c17dx17 +

l∑
i=1

ciη
+
i

(5.66)

where the cij and ci are real coefficients, which should be chosen such that these forms are

appropriately normalized. Note that the 8 − l cycles η+
i for i = l + 1 . . . 8 are even under

α and the l cycles η+
i for i = 1 . . . l are odd under α, as required for the fibration of S−

over z−3 to be a Calabi-Yau threefold. From this presentation, it follows that the 2 · (8− l)
nodes corresponding to the η+

i for i = l + 1 . . . 8 are resolved and the remaining nodes

are deformed.

We may now pick the elliptic curve E and its dual E0, which is related to the section

σ = E0 − E as

E = dx57

E0 = dx57 +
1

2
(dx13 + η1357 ± η1̄357 + η13̄57 ± η1̄3̄57)

(5.67)

which are both integral cycles on a smoothed Kummer surface. We have to choose the two

signs in E0 such that E0 is even under α in order for E0 to become a cycle on the building

block Z− as well. With this choice, E0 ·Ω− = 0 follows, as the expansion of I− only contains

two-forms which are odd under α and hence perpendicular to forms even under α. The

Picard lattice of any fibre S− hence contains a lattice U so that S− is elliptically fibered.

The same argument can be applied to S+ and the analogue of the expansion above can be

found by simply applying the matching condition to (5.66).

5.5 TCS mirror maps

Knowing the topology of the resolved building block, and the fact that for this example

Z− and Z+ are isomorphic, we can make an easy argument which verifies that the actions

in (5.46) indeed can be realized using our construction. The building blocks Z± satisfy

|N±| = |N∨±| = 10.

h2,1(Z±) = |K±| .
(5.68)

For orthogonal embeddings, such as the one relevant here, the lattices N and T̃ (recall that

T̃ is defined by T = U ⊕ T̃ ) satisfy

|N−|+ |N+| − |N− ∩N+|+ |T̃−|+ |T̃+| − |T̃− ∩ T̃+| − |N− ∩ T̃+| − |T̃− ∩N+| = 20. (5.69)
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Now, from |K±| = 4 and 8 + ` = b2 = |K−|+ |K+|+ |N− ∩N+|, it follows that

|N− ∩N+| = ` (5.70)

for the different resolutions. Then

20 = `+ |T̃− ∩ T̃+|+ |N− ∩ T̃+|+ |T̃− ∩N+|. (5.71)

On the other hand,

b3 = 1 + 22− (|N−|+ |N+| − |N− ∩N+|) + |N− ∩ T̃+|+ |T̃− ∩N+|+ 24 (5.72)

implies

|N− ∩ T̃+|+ |T̃− ∩N+| = 20− 2` , (5.73)

so that

|T̃− ∩ T̃+| = ` (5.74)

follows. Swapping Z± with Z∨± in our construction produces the map I+
4 , and indeed the

roles of |N− ∩N+| and |T̃− ∩ T̃+| are swapped, which is hence not expected to lead to any

change in Betti numbers for these cases.

Going back to the explicit identification of holomorphic coordinates on X±, (5.12)

and (5.20), our prescription of performing four T-dualities on the SYZ fibres of X± together

with the extra S 1 corresponds to T-dualities along the directions (2, 3, 4, 5), which by (4)

gives the mirror map I+
4 .

We now turn to the mirror maps related with associative fibrations. As argued in the

last section, the K3 fibres of both building blocks Z± are elliptically fibered, so that there

are two such maps. Let us first exploit the elliptic fibration in Z+. The mirror map is

then given by swapping Z− with (Z−)∨ while leaving Z+ unchanged. This has the effect

of swapping N− with T̃−, while switching N+ with Ñ+ and T̃+ with T+, so that

b2(J∧) = |K−|+ |K+|+ |T̃− ∩ Ñ+| = 8 + 8− ` = 16− ` (5.75)

where we have used the symmetry of equation (5.73) to determine |T̃− ∩N+| = 10− ` and

that T̃− ∩ Ñ+ differs from the former by a unimodular lattice of rank 2. Moreover,

b3(J∧) = 1 + 22− (|T̃−|+ |Ñ+| − |T̃− ∩ Ñ+|) + |T̃− ∩ T+|+ |N− ∩N+|+ 24

= 39 + `
(5.76)

which indeed is the result expected by applying the map I−3 . The same results are found

by working out the rank of N+ ∩ N− after the mirror map. As the mirror map on Z−
changes which nodes are deformed and which ones are blown up, we now have

N∨− ⊃ 〈η−i 〉i=l+1...8 + 〈η+
i 〉i=1...l ,

N+ ⊃ 〈η−i 〉i=l+1...8 + 〈η−i 〉i=1...l .
(5.77)

so that N+∩N∨− is now generated by 8− l lattice vectors instead of l. By (5.12) and (5.20),

this mirror map corresponds to performing three T-dualities along the directions 1, 4, 5,

which indeed corresponds to one of the I−3 maps in table 4.
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Finally, we can also exploit the elliptic fibration in Z−. consider swapping only Z+ with

(Z+)∨ while leaving Z− unchanged, which should capture the mirror map I−3 associated

with T-dualities along the directions 1, 2, 3. As we have assumed above that all sixteen

nodes on Z+ are deformed, we now have

N− ⊃ 〈η+
i 〉i=l+1...8 + 〈η−i 〉i=1...l ,

N∨+ ⊃ 〈η+
i 〉i=l+1...8 + 〈η+

i 〉i=1...l .
(5.78)

Again, the rank of the intersection of N+ ∩N− changes from l to 8− l as expected for I−3 .

6 Examples from dual pairs of tops

A wide variety of generalized building blocks which can be used in the construction of TCS

G2 manifolds is obtained from pairs of four-dimensional projecting tops ♦,♦◦ [23]. For

such building blocks there is an analogue of Batyrev mirror symmetry, namely the dual

pairs of building blocks are obtained swapping the roles of the two projecting tops in the

construction

Z = (♦,♦◦)↔ Z∨ = (♦◦,♦) (6.1)

This fact can be exploited to generate a wide variety of concrete explicit examples for both

types of mirror maps we discussed above.

Here we also notice that the examples we construct can involve also singular fibrations.

Also in this case the spectra of the corresponding KK reduced supergravities always match,

which gives a zeroth order consistency check for our duality. We are going to discuss such

examples in more detail below.

6.1 Different G2 manifolds from a single matching

For a fixed building block constructed from a dual pair of projecting tops, we may find

‘nearby’ building blocks for which the K3 fibre is from the same algebraic family, and

has the same lattice N , by considering different tops with the same ∆◦F = ♦◦ ∩ F .20 A

particularly easy way to find such tops is to start from a given top ♦◦+ with few lattice points

above the plane F and add further vertices {v} to it which do not lie in the plane F . As the

new top is supposed to be projecting, this means such new vertices must lie above ∆F , i.e.

the choices are restricted to be integral points of ∆◦F,+, displaced by some positive integer

n in the fourth direction. If the new polyhedron constructed in this way is a projecting

top (i.e. half a reflexive polytope), a new example ♦◦+,{v} with the same N+, but different

K+ and h2,1
+ is found. Any matching between the building block X+ = X(♦,♦◦+) and any

other building block X− is now also a matching for the building block X{v} associated with

♦◦+,{v} and X−. Hence we can use this method to easily find a large set of examples with

different values of b2 and b3. We will present examples of this method below.

The building blocks X+,{v} are related to X+ by singular transitions in which three-

cycles are collapsed by a deformation of complex structure, followed by a crepant resolution

20In general, it is not enough to have the same ∆◦F for two tops to give rise to the same lattice N , as

there may be monodromy acting on the algebraic cycles of the fibre depending on the choice of ♦◦.
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of singularities. Hence K(X+,{v}) is generally larger than K(X+), so that employing X+,{v}
leads to a set of G2 manifolds with larger values of b2 as compared to X+ (recall that the

matching, and hence N+ ∩ N−, is fixed). From the point of view of the K3 fibration,

increasing the number of lattice points above F will give us a reducible fibre with more

reducible components.

6.2 Smooth G2 manifolds with smooth T4 mirrors

One can easily construct examples for which N+ ∩N− = 0, so that it in particular has no

roots, by employing building blocks for which the asymptotic K3 fibres are a mirror pair.

Under our mirror construction, this property will be preserved for such examples, so that

N∨+ ∩N∨− = 0 holds as well.

6.2.1 Building blocks fibered by a quartic K3 or its mirror

As the simplest algebraic realization of a K3 is given by a quartic hypersurface in P3, the

simplest building block can be found as a hypersurface in P3×P1 of bidegree (4, 1). In the

language of tops, this means we consider a pair of dual tops with vertices

♦◦+ =


−1 0 0 0 1

−1 0 0 1 0

−1 0 1 0 0

0 1 0 0 0

 , ♦+ =


−1 −1 3 3 −1 −1 −1 −1

−1 −1 −1 −1 3 3 −1 −1

−1 −1 −1 −1 −1 −1 3 3

−1 0 0 −1 0 −1 0 −1

 (6.2)

The ambient toric variety of any building block has a fan with the extra ray ν0 = (0, 0, 0,−1)

besides lattice points on ♦◦. Applying (3.33) then reproduces a hypersurface of bidegree

(4, 1) in P3 × P1. Using (3.34), the Hodge numbers of X+ = X(♦+,♦◦+) are found to be

h1,1(X+) = 2 , h2,1(X+) = 33 , |N(X+)| = 1 (6.3)

which can easily be verified using the standard index and vanishing theorems. This building

block can also be found by degenerating a K3 fibered Calabi-Yau threefold, given by a

hypersurface of bidegree (4, 2) in P3 × P1.

The lattice N(X+) is simply (4) in this case (generated by the hyperplane class of P3)

and the lattice T is

T+ = (−4)⊕ U⊕2 ⊕ (−E8)⊕2 . (6.4)

It follows that K(X+) = 0, which corresponds to the K3 fibration having no reducible

fibres and hence no localized divisors.

Computing the Hodge numbers for X∨+ results in

h1,1(X∨−) = 53 h2,1(X∨−) = 0 , |N(X∨−)| = 19 . (6.5)

Let us make a choice for the building block X− for which the fibre is the mirror of the

quartic K3 surface. A particularly simple choice of such a top is given by

♦◦− =


−1 −1 −1 0 3

−1 −1 3 0 −1

−1 3 −1 0 −1

0 0 0 1 0

 , ♦− =


−1 −1 1 1 0 0 0 0

−1 −1 0 0 0 0 1 1

−1 −1 0 0 1 1 0 0

−1 0 0 −1 −1 0 −1 0

 (6.6)
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The hodge numbers of X− are

h1,1(X−) = 32 , h2,1(X−) = 3 , |N(X−)| = 19. (6.7)

and the N is the orthogonal complement of (4) in Γ2,18. Hence we have |K−| = 12.

Computing the Hodge numbers for X∨− results in

h1,1(X∨−) = 5 h2,1(X∨−) = 12 , |N(X∨−)| = 1 . (6.8)

We may perpendicularly glue S+ and S− to a G2 manifold with Betti Numbers

b2(J) = 12 , b3(J) = 107 (6.9)

For the mirror, |K| and h2,1 are exchanged, so that

b2(J∨) = 36 , b3(J∨) = 83 . (6.10)

We may now employ the method explained in section 6.1 above to find more examples

which employ the same gluing as in the last section above. Let us focus on the building

block associated with a generic fibration of a quartic K3 surface (a hypersurface in P3×P1),

which can be constructed from the dual pair of tops in (6.2). By adding further vertices

{v}, we can find new building blocks with the same N = (4) which then can be matched

with the building block X− associated with the pair of tops in (6.6).

By making a simple scan through possible sets {v}, it turns out that all inequivalent

cases can already be found by adding a single new vertex v to ♦◦. We find the following

inequivalent examples of smooth G2 manifolds along with their smooth mirrors:

v |K+| h2,1
+ b2(J) b3(J) b2(J∨) b3(J∨)

(1, 0, 0, 0, 1) 1 22 13 86 25 74

(1, 0, 0, 0, 2) 2 15 14 73 18 69

(1, 0, 0, 0, 3) 3 12 15 68 15 68

(6.11)

6.2.2 Building blocks fibered by an elliptic K3 surface

We now consider examples of building blocks for which the fibre is an elliptic K3 surface.

Let us consider elliptic K3 surfaces with a single reducible fibre of type II∗, so that N =

U ⊕ (−E8). We may perpendicularly glue any pair of building blocks with such K3 fibres

to find a G2 manifold J with a smooth mirror J∨.

Let us consider the building block as Z constructed from the dual pair of tops

♦◦ =


−1 0 2 2 2

0 −1 3 3 3

0 0 −1 6 6

0 0 0 0 1

 , ♦ =


−2 1 1 1 1 1

1 1 1 1 1 −1

0 6 6 −1 −1 0

0 0 −6 0 −6 0

 (6.12)

The Hodge numbers of Z and Z∨ are

h1,1(Z) = 11 h2,1(Z) = 240 |N(Z)| = 10

h1,1(Z∨) = 251 h2,1(Z∨) = 0 |N(Z∨)| = 10
(6.13)

so that |K(Z)| = 0 and |K(Z∨)| = 240.
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As before, we may find many new building blocks with the same lattice N = U ⊕ E8

by using the technique described in section 6.1. Any two such building blocks Za and Zb
can be made into a G2 manifold by gluing such that Na ∩ Nb = 0. The mirror building

blocks again have N = U ⊕E8, and the mirror gluing is such that N∨a ∩N∨b = 0 again. For

any pair of such building blocks we find the Betti numbers

b2(J) = Ka +Kb

b3(J) = 23 + (Ka +Kb) + 2(h2,1
a + h2,1

b ) .
(6.14)

Below we list a few building blocks with N = U ⊕ E8. For the sake of simplicity we

focus on tops ♦◦v which contain a single extra vertex in comparison to the top ♦◦ of (6.12).

v |K| = (h2,1)∨ h2,1 = |K∨|
(2, 3,−1, 1) 7 37

(2, 3, 0, 1) 6 66

(2, 3, 1, 1) 5 95

(2, 3, 2, 1) 4 124

(2, 3, 3, 1) 3 153

(2, 3, 4, 1) 2 182

(2, 3, 5, 1) 1 211

(2, 3, 6, 2) 6 126

(2, 3, 6, 3) 12 84

(2, 3, 6, 6) 36 36

(2, 3, 6, 7) 36 36

(2, 3, 6, 14) 84 12

(2, 3, 6, 21) 126 6

(2, 3, 6, 42) 240 0

(6.15)

As indicated above, the mirror building blocks are such that |K| and h2,1 are swapped. We

may glue any of the building blocks above (or its mirror) with any other building block (or

its mirror) to find a G2 manifold J .

6.3 Smooth G2 manifolds with singular T4 mirrors

As discussed in section 4.5, the matching condition forces every K3 fibre of J to have the

associated ADE singularities, whenever the lattice N+ ∩ N− contains roots. This implies

that J has an S 3 worth of ADE singularities. As the T4 mirror map swaps the lattices

N+ ∩N− ↔ T̃∨+ ∩ T̃∨− (6.16)

a smooth G2 manifold may have a singular mirror under T4 if T̃∨+ ∩ T̃∨− contains roots.
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6.3.1 Quartic K3 surfaces

An example of this type already appeared in [17], so we can be brief here. Using the

building block X associated with the pair of dual tops introduce in (6.2) twice, we find a

G2 manifold with Betti numbers

b2(J) = 0 , b3(J) = 155 , (6.17)

and
N+ ∩N− = 0

T∨+ ∩ T∨− = (−4)⊕2 ⊕ (−E8)⊕2 .
(6.18)

The mirror building blocks obtained by swapping the roles of ♦ and ♦◦ in (6.2) have

h1,1(X∨) = 53 h2,1(X∨) = 0 |K(Z∨)| = 33 , (6.19)

and

N(X∨) = T∨(X) = (−4)⊕ U ⊕ (−E8)⊕2 (6.20)

and the mirror J∨ of J under T4 is found by gluing two such building blocks with

N(X+) ∩N(X−) = (−4)⊕2 ⊕ (−E8)⊕2 , (6.21)

so that every K3 fibre has two E8 singularities.

A naive application of (3.17) results in

b2 = 18 + 33 + 33 = 84

b3 = 1 + 2 + 1 + 1 + 33 + 33 = 71 .
(6.22)

6.3.2 Elliptic K3 surfaces

A large class of building blocks with interesting mirrors can be found using elliptic K3

surfaces as the fibre. Although the mirrors will sometimes be smooth, as in the example

discussed above in section 6.2.2, they will give us many interesting examples with geomet-

ric singularities.

Before construction the building blocks, let us discuss possible choices of elliptic K3

surfaces for the fibre and possible hyper Kähler rotations as well as their mirrors. A family

of elliptic K3 surfaces with a section can be characterized in terms of a decomposition of

its Picard lattice,

Pic = W ⊕ U , (6.23)

where W is the frame lattice containing information about reducible fibres and extra

sections. For frame lattices W sitting inside one of the two even unimodular sixteen-

dimensional lattices, Γ16
1 = E8 ⊕ E8 and Γ16

2 = D̃16,21 we may assume that

T =
(
W⊥

)
⊕ U⊕2 , (6.24)

21This lattice can be constructed as the root lattice D16 with an additional ‘glue vector’ v for which

2v ∈ D16 [69].
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where W⊥ is the orthogonal complement of W in one of the Γ16
i . It is well-known how to

construct such elliptic K3 surfaces using reflexive polytopes [70, 71].

We can now employ the elliptic K3 surfaces described above to engineer interesting

building blocks. In particular, we may consider building blocks X for which N = Pic =

U ⊕W . This means that there is no monodromy acting on the components of reducible

elliptic fibres, i.e. we are in the ‘split’ case of [36]. It is a simple task to generalize this to

more complicated cases.

Below are some examples of elliptic building blocks over P1×P1 for which W ⊂ E8×E8

and U ⊕W = N .

W W⊥ |K| h2,1

E8 ⊕ E8 0 12 20

0 E8 ⊕ E8 0 112

A2 E8 ⊕ E6 0 90

A4 E8 ⊕A4 0 76

E7 E8 ⊕A1 1 70

(6.25)

It is easy to extend this list by further examples. Furthermore, there are many associated

building blocks which can be obtained by the method explained in section 6.1.

Let us consider the case W = A4. The tops ♦◦ and ♦ used to construct the corre-

sponding building block have vertices

♦◦A4 =


−1 0 0 0 1 2 2 2

0 −1 0 1 1 3 3 3

0 0 1 1 1 1 −1 0

0 0 0 0 0 0 0 1



♦A4 =


−2 −1 1 −1 1 1 1 1 1 1 0 0

1 1 1 1 1 1 1 0 0 −1 0 0

0 −1 6 −1 6 −1 −1 −1 −1 0 −1 −1

0 −2 0 0 −6 0 −6 0 −3 0 0 −1


(6.26)

in this case. We can now find many more examples with the same lattice N by adding

further vertices to ♦◦ such that the new polytope is also a projecting top. The following

cases exist for a single new vertex v:

v |K| h2,1

(2, 3,−1, 1) 1 47

(1, 2, 0, 1) 1 57

(2, 3, 1, 1) 1 72

(0, 1, 0, 1) 2 38

(−1, 0, 0, 1) 3 19

(6.27)
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and for two new vertices v1, v2:

v1.v2 |K| h2,1

(−1, 0, 0, 1), (2, 3,−1, 1) 4 14

(0,−1, 0, 1), (−1, 0, 0, 1) 7 11

(0, 1, 0, 1), (2, 3,−1, 1) 3 29

(0, 1, 0, 1), (−1, 0, 0, 1) 3 19

(0, 1, 0, 1), (0,−1, 0, 1) 5 13

(1, 1, 0, 1), (0, 1, 0, 1) 3 35

(1, 1, 0, 1), (2, 3,−1, 2) 4 23

(1, 2, 0, 1), (2, 3,−1, 1) 2 40

(1, 2, 0, 1), (−1, 0, 0, 1) 3 19

(1, 2, 0, 1), (0, 1, 0, 1) 2 38

(1, 2, 0, 1), (1, 1, 0, 1) 2 45

(2, 3, 0, 1), (2, 3,−1, 1) 1 47

(2, 3, 0, 1), (−1, 0, 0, 1) 3 19

(2, 3, 0, 1), (0, 1, 0, 1) 2 38

(2, 3, 0, 1), (1, 2, 0, 1) 1 57

(2, 3, 1, 1), (2, 3,−1, 1) 2 43

(2, 3, 1, 1), (1, 2, 0, 1) 2 55

(2, 3, 1, 1), (2, 3, 0, 1) 1 72

(2, 3, 1, 1), (0, 1, 1, 1) 3 54

(2, 3, 1, 1), (1, 2, 1, 1) 2 65

(2, 3, 1, 2), (1, 1, 1, 1) 4 48

(6.28)

A thorough classification of possibilities will require to use the classification of semi stable

degenerations of K3 fibres [72, 73] together with a generalization to fibre components of

multiplicity > 1, see also [74, 75].

For any pair of the examples of building blocks tabulated above, we may find hyper

Kähler rotations for the elliptic K3 fibres such that

N+ ∩N− = W+ ∩W−
T+ ∩N− = U ⊕W⊥+ ∩W−
N+ ∩ T− = U ⊕W+ ∩W⊥−
T+ ∩ T− = U ⊕W⊥+ ∩W⊥− .

(6.29)

If W+ ∩W− (or W⊥+ ∩W⊥− contains vectors of length −2, J (or J∨) has the corresponding

ADE singularities.

If the W± are furthermore orthogonally embedded in Γ16
i , this gives us an orthogonal

gluing. In these cases one can easily compute

b2(J) = |K+|+ |K−|+W+ ∩W−
b3(J) = 23 + |K+|+ |K−|+ 2

(
h2,1(X+) + h2,1(X−)

)
−W+ ∩W−

(6.30)
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as well as

b2(J∨) = h2,1(X+) + h2,1(X−) +W⊥+ ∩W⊥−
b3(J∨) = 23 + h2,1(X+) + h2,1(X−) + 2 |K+|+ |K−|)−W⊥+ ∩W⊥−

(6.31)

Further examples of building blocks which can be used here are given in sections 6.2.2 (for

W = −E8 ) and 6.4 (for W = 0).

6.4 Smooth G2 manifolds with smooth T3 mirrors

In order to find smooth G2 manifolds with smooth T3 mirrors, we need to find pairs of

building blocks Z+, Z− for which at least one of the two (Z+ say) is elliptic and a matching

for which both N+∩N− and N+∩ T̃− contain no roots. A simple class of examples is given

by using building blocks with N = U . Starting from the dual pair of tops

♦◦


−1 0 2 2 2

0 −1 3 3 3

0 0 −1 0 1

0 0 0 1 0

 ♦ =


−2 1 1 1 1 1

1 1 1 1 1 −1

0 6 6 −6 −6 0

0 0 −6 0 −6 0

 (6.32)

which gives a building block Z with N(Z) = U , K = 0 and h2,1 = 112. Adding a single

new vertex v to ♦◦ results in building blocks with the properties

v |K| h2,1

(2, 3,−1, 1) 1 83

(2, 3,−1, 2) 2 54

(2, 3,−1, 3) 5 33

(2, 3,−1, 4) 8 24

(2, 3,−1, 6) 12 16

(2, 3,−1, 12) 20 12

(−1, 0, 0, 1) 3 25

(0, 1, 0, 1) 2 54

(1, 2, 0, 1) 1 83

(2, 3, 0, 2) 2 66

(2, 3, 0, 3) 4 44

(2, 3, 0, 6) 20 12

(2, 3, 1, 1) 1 83

(2, 3, 1, 2) 2 54

(2, 3, 1, 3) 5 33

(2, 3, 1, 4) 8 24

(2, 3, 1, 6) 12 16

(2, 3, 1, 12) 20 12

(6.33)

Any such pair may be glued such that Na ∩ Nb = 0 and we find a smooth G2 manifold.

As both building blocks are elliptic, there are two mirror maps of the type T3. For any
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such building block T̃ (Z) = U ⊕ (−E8)⊕2 and T̃a ∩Nb = Na ∩ T̃b = 0, so that we find two

(in general different) smooth T3 mirrors. The Betti numbers of these along with their two

mirrors T3,a and T3,b are

b2(J) = Ka +Kb

b3(J) = 23 + (Ka +Kb) + 2(h2,1
a + h2,1

b )

b2(J∧a) = h2,1
a +Kb

b3(J∧a) = 23 + (2Ka +Kb) + (h2,1
a + 2h2,1

b )

b2(J∧b) = Ka + h2,1
b

b3(J∧b) = 23 + (Ka + 2Kb) + (2h2,1
a + h2,1

b )

(6.34)

Note that applying both T3,a and T3,b means we swap both Na ↔ T̃a and Nb ↔ T̃b as

done for the mirror map T4. This leads to Na ∩ Nb = (−E8)⊕2 so that we end up with a

singular TCS G2 manifold.

6.5 Smooth G2 manifolds with singular T3 mirrors

Finally, let us present a set of examples with potentially singular T3 mirrors. For this,

we can use any of the sets of building blocks introduced in sections 6.2.2, 6.3.2 and 6.4.

Depending on frame lattices W and the matching, various patterns can be realized. Again,

whenever Wa ∩Wb contains roots, the corresponding G2 manifold has the associated ADE

singularities. Recall that this does not imply a non-Abelian gauge if we make a generic

choice of the B-field inside Na ∩Nb.

The Betti numbers, along with the two potential mirrors are given by

b2(J) = Ka +Kb + |Wa ∩Wb|

b3(J) = 23 + (Ka +Kb) + 2(h2,1
a + h2,1

b )− |Wa ∩Wb|

b2(J∧a) = h2,1
a +Kb + |W⊥a ∩Wb|

b3(J∧a) = 23 + (2Ka +Kb) + (h2,1
a + 2h2,1

b )− |W⊥a ∩Wb|

b2(J∧b) = Ka + h2,1
b + |Wa ∩W⊥b |

b3(J∧b) = 23 + (Ka + 2Kb) + (2h2,1
a + h2,1

b )− |Wa ∩W⊥b |

(6.35)

One may also perform both maps T3,a and T3,b, which gives a manifold with the same Betti

numbers as the image under T4:

b2(J∨) = Ka + h2,1
b + |W⊥a ∩W⊥b |

b3(J∨) = 23 + (Ka + 2Kb) + (2h2,1
a + h2,1

b )− |W⊥a ∩W⊥b |
(6.36)

Acknowledgments

We thank Bobby Acharya, Marc-Antoine Fiset, Sergei Gukov, Jim Halverson, Zohar Ko-

margodski, Magdalena Larfors, Yang Li, David Morrison, Sakura Schäfer-Nameki, Nathan
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A K3 mirror symmetry and SYZ

In this appendix, we review the results of [49] concerning the relation of the mirror map

for K3 surfaces with T-duality along a calibrated fibration, comparing them with the more

traditional approach of [50, 76]. We then give the K3 mirror maps associated with two

T-dualities along T 2 fibres calibrated by the different forms of the hyper-Kähler structure

of the K3 surface.

The charge lattice of IIA superstrings on K3 coincides with H•(S,Z) which is an

even unimodular lattice of signature (4, 20), Γ4,20. A point in the moduli space of the

corresponding 2d N = (4, 4) c = 6 SCFT is given by fixing a four-plane Σ̂ in Γ4,20⊗R. Any

such point in moduli space can have many different interpretations in terms of geometry

and a B-field. A choice of a geometric realization amounts to choosing an hyperbolic (1, 1)

sublattice Uv of Γ4,20, and different choices of such sublattices give different geometric

interpretations. Denoting the generators of Uv by v0 and v such that

v2 = 0 = v2
0 v · v0 = 1. (A.1)

we may think of v0 and v as corresponding to a generator of H0(S,Z) and H4(S,Z),

respectively. This splits Γ4,20 = Uv ⊕ Γ3,19. A choice of Kähler form ω, complex structure

Ω = R+ iI and B-field B can then be specified in terms of the fourplane Σ̂ as follows:

ω̂ = ω − (ω ·B)v

Ω̂ = Ω− (Ω ·B)v

B̂ = B + v0 +
1

2
(ω2 −B2)v

(A.2)

Of course, choosing a geometric interpretation does not entail choosing a complex structure,

i.e. the identification we have written above is invariant under hyper-Kähler rotations acting

on R, I, ω, which fits with the fact that a Ricci-flat metric on a K3 surface is determined

by a positive-norm three-plane Σ in Γ3,19 ⊗ R = H2(K3,Z)⊗ R.

Assuming that the K3 surface S furthermore has a sLag T 2 fibration calibrated by R

entails that there is a 2-cycle E ∈ Γ3,19 ' H2(S,Z) such that i.e. I · E = 0 and ω · E = 0

but R · E 6= 0. We can choose an E0 ∈ Γ3,19 such that

E2 = 0 = E2
0 E · E0 = 1, (A.3)
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which entails that Γ4,20 = Uv ⊕UE ⊕Γ2,18. We can hence expand the generators of Σ̂ with

respect to Uv and UE as:

ω̂ = ω2 − (R2 · ω2)E − (B2 · ω2)v

R̂ = R2 + E0 +
1

2
(I2

2 −R2
2)E − (B2 ·R2 + α)v

Î = I2 − (I2 ·R2)E − (B2 · I2)v

B̂ = B2 + v0 +
1

2
(ω2

2 −B2
2)v + αE

(A.4)

where the subscript 2 indicates the projection to the sublattice Γ2,18 and ω2 · R2 = 0, as

well as ω2
2 = R2

2. The various coefficients above are fixed by demanding that the generators

of Σ̂ and Σ are orthogonal and normalized such that

R̂2 = Î2 = B̂2 = ω̂2 = R2 = I2 = ω2 = B2 . (A.5)

Following the arguments of SYZ, the mirror map arises from performing two T-dualities

along the fibres E of a sLag fibration calibrated by Re(Ω) and acts as [49]:

ω∨ = I + I · (B − E0)E

R∨ = −B + E0 +

(
1

2
(ω2

2 −B2
2) + (B · E0)

)
E

I∨ = −ω − ω · (B − E0)E

B∨ = R− E0 +R · (B − E0) E

(A.6)

One can think of σ = E0 − E as a section of the sLag fibration with fibre E and we have

assumed that B ∈ E⊥.

As mirror symmetry leaves the SCFT invariant, there is an alternative description of

the mirror map as the automorphism of Γ4,20 which swaps UE ↔ Uv and identifies

ω̂∨ = Î Î∨ = ω̂

R̂∨ = B̂ B̂∨ = R̂ .
(A.7)

This implies the new geometrical identification [76]

ω∨ = I2 − (B2 · I2)E = I − I · (B + E0)E

R∨ = B2 + E0 +
1

2
(ω2

2 −B2
2)E = B + E0 +

(
1

2
(ω2 −B2)− (B · E0)

)
E

I∨ = ω2 − (B2 · ω2)E = ω − ω · (B + E0)E

B∨ = R2 − (B2 ·R2 + α)E = R− E0 −R · (B + E0)E

(A.8)

– 59 –



J
H
E
P
0
3
(
2
0
1
8
)
0
8
2

Note that this yields the map (A.6) upon replacing B → −B and ω → −ω, which can

again be realized by the automorphism(
v

v0

)
7→ −

(
v

v0

)
B̂ 7→ −B̂ ω̂ 7→ −ω̂ . (A.9)

In the following, we will adopt the map resulting from this automorphism, (A.6), as the

mirror map.

In the simple situation where ω = ω2, I = I2 and R ∈ UE , B ∈ Uv, i.e. B = 0 both

before and after the mirror map, the above identification becomes

ω∨ = I R∨ = R I∨ = −ω (A.10)

which is just a hyper-Kähler rotation. Note that the sign change in ω is crucial here. From

the point of view of the SYZ picture of mirror symmetry, this sign change is related to

keeping the orientation of the fibres of the SYZ fibration intact [49].

In our applications to G2 manifolds, the B-field in the asymptotic K3 fibres S0± must

become a globally well-defined two-form on J . This means that is must be confined to

the intersection N+ ∩N− in the absence of torsion, i.e. B is in particular contained in the

Picard lattice of both S0+ and S0−. Furthermore, in order to have a well-defined mirror

map on J , this must hold both before and after an application of the mirror map, which

gives us several constraints. Note that in particular the matching of S± forces that

ω± ·B± = R∓ ·B∓ = 0 . (A.11)

Let us first discuss the case in which E is calibrated bt R considered above. In this

case B · Ω = B∨ · Ω∨ = 0 gives B2 · Ω2 = ω2 · Ω2 = 0, as well as R2 · I2 = ω2 · B2 = 0 and

the mirror map becomes

ω∨ = I2 =I

R∨ = −B2 + E0 +
1

2
(ω2

2 −B2
2)E =−B2 +R−R2

I∨ = −ω2 =− ω

B∨ =R2

(A.12)

Let us now consider the case where E is calibrated by ±I. We can find the mirror

map by replacing (
R

I

)
→

(
±I
∓R

)
. (A.13)

in (A.4) and (A.8). The constraint B · Ω = B∨ · Ω∨ = 0 now gives, as for the case where

E is calibrated by R, B2 ·Ω2 = ω2 ·Ω2 = 0, as well as R2 · I2 = ω2 ·B2 = 0 and the mirror
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map becomes

ω∨ = ∓R2 =∓R

R∨ = ±ω2 =± ω

I∨ = ∓B2 + E0 +
1

2
(ω2

2 −B2
2)E =∓B + I − I2

B∨ = ±I2 =± I2

(A.14)

Finally, let us consider the case where E is calibrated by ω. We can find this from (A.4)

and (A.8) by replacing (
R

ω

)
→

(
ω

−R

)
. (A.15)

Implementing B · Ω = B∨ · Ω∨ = 0 gives only B2 · Ω2 = ω2 · Ω2 = 0. However, in case

we want to match this with another building block for which B2 · Ω2 = 0, we also need

B2 · ω2 = 0 and I2 ·R2 = 0. Using this we find the mirror map

ω∨ = −B2 + E0 +
1

2
(R2

2 −B2
2)E =−B2 + ω − ω2

I∨ = R2 =R

R∨ = −I2 =− I

B∨ = ω2 =ω2

(A.16)

in this case.
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