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1 Introduction

The development in higher spin (HS) theories shows the importance of dynamics in gen-

eralized spaces with supplemented additional tensorial coordinates (see e.g. [1–9]). In

particular, in D = 4 the massless free HS fields can be derived from the quantization of

the spinorial particle model on flat tensorial space, described by D = 4 Minkowski space

extended by six tensorial coordinates [1, 2, 4] generated by the tensorial central charges.

We would like to point out that six commuting with each other tensorial charges are sup-

plemented as well if we enlarge the Poincare algebra to the Maxwell algebra [10–16]. The

corresponding Maxwell tensorial space-time, generated by fourmomenta and six additional

tensorial charges, is endowed in tensorial sector with constant torsion proportional to elec-

tromagnetic coupling constant e. The aim of this paper is to consider the spinorial particle

model in ten-dimensional D = 4 tensorial space-time with torsion described by the coset

of D = 4 Maxwell group. It follows that the additional tensorial coordinates can be linked

with the spin degrees of freedom, and the model after first quantization will describe linear

equations for coupled infinite-component HS field multiplets (Maxwell HS fields).

The Maxwell algebra [10, 11] is obtained as the following enlargement of the Poincare

algebra with generators (Pαβ̇ , Mαβ , M̄α̇β̇) by six commuting with each other tensorial
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charges Zαβ = Zβα, Z̄α̇β̇ = (Zαβ)
+,1,2

[Pαα̇, Pββ̇] = 2i e
(

ǫα̇β̇Zαβ + ǫαβZ̄α̇β̇

)

, (1.1)

[Zαβ , Zγδ] = [Zαβ , Z̄α̇β̇ ] = [Zαβ , Pγγ̇ ] = 0 , (1.2)

where

[Mαβ , Pγγ̇ ] = −iǫγ(αPβ)γ̇ , [M̄α̇β̇, Pγγ̇ ] = −iǫγ̇(α̇Pγβ̇) ,

[Mαβ, Zγδ] = i
(

ǫαγZβδ + ǫβδZαγ

)

, [M̄α̇β̇, Z̄γ̇δ̇] = i
(

ǫα̇γ̇Z̄β̇δ̇ + ǫβ̇δ̇Z̄α̇γ̇

)

,

[Mαβ, Z̄γ̇δ̇] = 0

(1.3)

and Mαβ = Mβα, M̄α̇β̇ = (Mαβ)
+ describe the Lorentz algebra generators

[Mαβ,Mγδ] = i
(

ǫαγMβδ + ǫβδMαγ

)

,

[M̄α̇β̇ , Z̄γ̇δ̇] = i
(

ǫα̇γ̇M̄β̇δ̇ + ǫβ̇δ̇M̄α̇γ̇

)

,

[Mαβ, M̄γ̇δ̇] = 0.

(1.4)

The quantity e in (1.1) is the dimensionless electromagnetic coupling constant.

One can introduce Maurer-Cartan (MC) one-forms (ωαβ̇
(P ), ωαβ

(Z), ωα̇β̇

(Z̄)
) on ten-

dimensional coset (M is the Maxwell group) which definesD = 4 proper Maxwell groupM0

M0 =
M

O(3, 1)
= ei(z

αβZαβ+z̄α̇β̇Z̄
α̇β̇

)eix
αβ̇P

αβ̇ . (1.5)

By analogy with the constant torsion in N = 1 Wess-Zumino superspace, the ten-

sorial Maxwell space-time described by proper Maxwell group (1.5) is endowed with

constant torsion.

The simplest Maxwell generalization of standard relativistic D = 4 particle model was

considered in [20], where it was extended to ten-dimensional tensorial space-time man-

ifold (1.5). It was shown in [20] that after first quantization such a model presents in

Lorentz-covariant way the D = 4 particle interacting with electromagnetic (EM) field

characterized by a constant field strength (so-called Landau orbit problem). In this paper

we shall generalize the D = 4 spinorial particle model defined on flat tensorial space-time

1We shall consider in this paper the case D = 4 and use two-spinor notation, i.e. Pαβ̇ = σ
µ

αβ̇
Pµ, Zαβ =

σ
µν
αβZµν , Z̄α̇β̇ = σ̃

µν

α̇β̇
Zµν , where (σµ)αα̇ = (12, ~σ)αα̇, (σ̃

µ)α̇α = ǫαβǫα̇β̇(σµ)ββ̇ = (12,−~σ)α̇α, σµν = i σ[µσ̃ν],

σ̃µν = i σ̃[µσν] σ
µν
αβ = ǫβγ(σ

µν)α
γ , σ̃µν

α̇β̇
= ǫβ̇γ̇(σ̃

µν)γ̇ α̇. Always in this paper we use weight coefficient in

(anti)symmetrization, i.e. A(αBβ) =
1
2
(AαBβ +AβBα), A[αBβ] =

1
2
(AαBβ −AβBα).

2In (1.1) we do not introduce any dimensionfull parameter, i.e. we assume that the mass dimension of

Zαβ , Z̄α̇β̇ is 2 (twice of mass dimension of Pαβ̇). We stress that one can introduce any mass dimensionality

[Zαβ ] = [Z̄α̇β̇ ] of tensorial generators by introducing suitable dimensionfull constant in (1.1). If we assume

[Zαβ ] = [Z̄α̇β̇ ] = 1 we get the case of tensorial coordinates with dimensionalities as in [1–9]; if [Zαβ ] =

[Z̄α̇β̇ ] = 0 such form of Maxwell algebra was considered in [17–19]. In section 1-3 below we shall use only the

parameterless form (1.1)–(1.4) of Maxwell algebra. The consequences of introducing various dimensionfull

parameters in (1.1) for the basic equations derived in this paper we shall consider in appendix.
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with supplemented Weyl spinor variable introduced in [1, 2, 4]. Let us recall that the

spinorial massless D = 4 N = 1 superparticle model was firstly described by the following

SUSY-invariant action, proposed by Shirafuji [21]

SN=1SUSY =

∫

λαλ̄β̇ ω
αβ̇
(P) , (1.6)

where the one-form ωαβ̇
(P) is derived from the superalgebra {Qα, Q̄β̇} = 2Pαβ̇ and λα, λ̄α̇ =

(λα)
+ is an auxiliary two-component Weyl spinor. Below we shall consider the Maxwell

counterpart of Shirafuji model, which by observing the correspondence
(

Qα, Q̄β̇ ;Pαβ̇

)

↔
(

Pαβ̇ ;Zαβ , Z̄α̇β̇

)

and ωαβ̇
(P) ↔

(

ωαβ
(Z), ω̄

α̇β̇

(Z̄)

)

we define as follows

SMax =

∫

(

aλαλβω
αβ
(Z) + āλ̄α̇λ̄β̇ω̄

α̇β̇

(Z̄)

)

. (1.7)

Because the tensorial coordinates (zαβ , z̄α̇β̇) and one forms (ωαβ
(Z), ω̄

α̇β̇

(Z̄)
) have mass di-

mensionality equal to −2 ([zαβ ] = [z̄α̇β̇ ] = [ωαβ
(Z)] = [ω̄α̇β̇

(Z̄)
] = −2; see footnote 2) if as usual

we assign [λα] = [λ̄α̇] = 1
2 , we obtain that [a] = 1. By fixing global U(1) phase transfor-

mations λα = eiϕλα, λ̄α̇ = e−iϕλ̄α̇, which commute with Lorentz SL(2;C) transformations,

the complex parameter a can be made real (a = ā = m) and introduces in the model a

mass-like parameter m.

It will be shown (see section 3) that m is not providing standard notion of mass for

particular HS field components; its presence will be seen in the terms describing couplings

between D = 4 HS fields with different spins. Further, in order to obtain in our model

nontrivial “conformal limit” m → 0 we shall add to the action (1.7) the action (1.6) with Pµ

(commuting Poincare momenta) replaced however by the noncommuting Maxwell momenta

Pµ from (1.1).

In order to perform effectively the quantization which provides the HS field equations

in our Maxwell tensorial space X = (xαα̇, zαβ , z̄α̇β̇) we shall also add to the action (1.7)

the free kinetic term linear in time derivatives of λα, λ̄α̇.
3

We recall that the D = 4 massless conformal fields were obtained as describing first

quantization of particle model in flat tensorial space XA = (xαα̇, zαβ, z̄α̇β̇), with additional

two-tensor coordinates zµν=(zαβ , z̄α̇β̇) generated by the tensorial central charges appearing

in generalized D = 4 Poincare superalgebra.4 Further there was considered the derivation

of HS fields in D = 4 AdS by quantization of the particle model on non-flat tensorial

superspace described by the group manifold Sp(4) [3, 5–7]. In AdS space-time there appears

a geometric dimensionfull parameter, AdS radius or cosmological constant, which permits

to introduce interacting higher spin fields for spins s > 2 [22, 23]. In this paper we introduce

other modification of flat tensorial space, characterized by alternative way of introducing

the dimensionfull parameter. In the formulation of Maxwell algebra (1.1) without geometric

3Such terms in generalized Shirafuji model in D = 4 tensorial space obtained by adding to Poincare

algebra the tensorial central charges was proposed by Vasiliev [4].
4Firstly such tensorial supercharges were postulated in D = 11 superalgebra what led to the notion of

M-algebra [25–27].
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dimensionfull parameter (see footnote 2)) the mass-like parameter m is dynamical, appears

in the action (see (2.9)). However one can change the mass dimensionality of the generators

Zαβ , Z̄α̇β̇ and dual tensorial coordinates zαβ , z̄α̇β̇ if we introduce in the relation (1.1) a

suitable geometric dimensionfull parameter. In general case one can replace (1.1) as follows

[Pαα̇, Pββ̇] = 2i eM ξ
(

ǫα̇β̇Zαβ + ǫαβZ̄α̇β̇

)

, (1.8)

where ξ is a real number, M describes a geometric mass parameter ([M ] = 1), e is dimen-

sionless ([e] = 0). The value ξ = 0 was introduced in original Maxwell algebra (1.1)

with fourmomenta commutator proportional to dimensionless electromagnetic coupling

constant. If ξ = 1 the geometric mass-like parameter M enters into the Maxwell alge-

bra, and one can show that in the dynamical equations of the corresponding particle model

the geometric parameter M replaced the dynamical parameter m (see appendix). In agree-

ment with the discussion of spin two barrier for higher spin interactions (see e.g. [24]) we

conjecture that it is the presence of new dimensionfull parameter which permits our frame-

work with coupled higher spin fields. Because in our model with Maxwell symmetries the

particle action contains the mass parameterm, it implies that the Maxwell-invariant HS dy-

namics is nonconformal. We shall present below such dynamics, what should help to arrive

at the physical interpretation of additional tensorial coordinates zαβ , z̄α̇β̇ parametrizing

the Maxwell group manifold.

In section 2 we shall perform the canonical quantization of the model (1.7) with sup-

plemented kinetic term for λα, λ̄α̇.5 By using the phase space formulation we shall specify

the set of first and second class constraints. It appears that in first quantized theory the

first class constraints will describe the set of field equations for new higher spin multiplets

in the tensorial space X = (xαα̇, zαβ , z̄α̇β̇) which define new HS Maxwell dynamics. Such

equations will describe the generalization of the known “unfolded equations” [2, 4–6, 8, 9]

for massless HS free fields with flat space-time derivatives ∂αβ̇ replaced by the Maxwell-

covariant derivatives Dαβ̇ . Important property of our particle model is that the Casimirs

of Maxwell algebra [11, 13]

CMax
1 = Pαβ̇P

αβ̇ + 4e
(

MαβZ
αβ + M̄α̇β̇Z̄

α̇β̇
)

, (1.9)

CMax
2 = ZαβZ

αβ ,

CMax
3 = Z̄α̇β̇Z̄

α̇β̇ , (1.10)

CMax
4 = 2ZαβZ̄α̇β̇Pαα̇Pββ̇ −

1

2

(

ZγδZγδ + Z̄ γ̇δ̇Z̄γ̇δ̇

)

Pαα̇Pαα̇ (1.11)

+ 2e
(

ZγδZγδ − Z̄ γ̇δ̇Z̄γ̇δ̇

)(

ZαβMαβ − Z̄α̇β̇M̄α̇β̇

)

will vanish as a consequence of first class constraints. It follows from (1.9) that for vanishing

value of CMax
1 the formula for D = 4 mass square M2 = 1

2 Pαβ̇P
αβ̇ is linear in Lorentz

5The additional kinetic term linear in time derivatives, more proper for spinorial degrees of freedom,

was used in [4, 28, 29].
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generators describing relativistic angular momenta, what suggests some link with the known

mass formulae for Regge trajectories.6

In section 3 we shall describe the new linear set of field equations for space-time fields

describing the infinite-dimensional nonconformal Maxwell-HS multiplets. Similarly like in

SUSY-covariant field theory one uses superspace and the covariant odd derivatives Dα, D̄α̇,

the Maxwell-covariant formulation is given by extended tensorial space-time X = (xµ, zµν)

and Maxwell-covariant space-time derivatives Dµ. If we expand the fields on Maxwell

tensorial space intoD = 4 HS fields with arbitrary Lorentz spins, in comparison with known

equations for decoupled free massless conformal HS fields we obtain the equations with new

space-time-dependent terms, which link fields with different values of the Lorentz spins

(j1, j2). We shall also show that the second order equations, generalizing the Klein-Gordon

equation for the corresponding scalar Maxwell-HS fields can be described by the bilinear

Casimir (1.9) with Maxwell algebra generators (Pαβ̇ ,Mαβ , M̄α̇β̇ , Zαβ , Z̄α̇β̇) suitably realized

in ten-dimensional tensorial space X describing the generalization of D = 4 space-time.

We recall that at present there was considered the quantization of spinorial particle

model of Shirafuji type on two D = 4 tensorial manifolds: the flat one, described by

R10 [1, 2, 5, 6], and described by the group manifold Sp(4) [2–9]. Because both tensorial

manifolds can be described by the same coset Sp(8)/[GL(4)⊂×K10] (K10 is ten-dimensional

Abelian group of generalized conformal translations) [5, 6], they provide two different

choices of coordinates on the same manifold, and consequently corresponding free particle

models have the same massless spectrum of free conformal HS particles. At present it is

not clear if there is a way of “diagonalizing” the interacting Maxwell HS multiplets, and

the question of their mass spectrum is the problem for further investigation. Subsequently

at the end of section 3 we show that the torsion of Maxwell space-time can be interpreted as

describing the coupling to Abelian gauge potential. Finally in Appendix we shall consider a

general scale reparametrization of the basic algebraic relation (1.1), modifying the “canon-

ical” dimensionality [Zαβ ] = [Z̄α̇β̇ ] and introducing additional, more geometric mass-like

parameter M .

2 Maxwell-covariant spinorial particle model and its formulation in gen-

eralized phase space

2.1 Covariant Maurer-Cartan one-forms

Taking exponential parametrization (1.5) and using algebraic relations (1.1), (1.3)

we obtain

M−1
0 dM0 = i

(

ωαβ̇Pαβ̇ + ωαβZαβ + ω̄α̇β̇Z̄α̇β̇

)

, (2.1)

where the Maurer-Cartan one-forms are

ωαβ̇ = dxαβ̇ ,

ωαβ = dzαβ + e x(αγ̇dx
β)
γ̇ , ω̄α̇β̇ = dz̄α̇β̇ + e xγ(α̇dx

β̇)
γ .

(2.2)

6The idea of linking D = 2 Maxwell algebra with Regge trajectories in two-dimensional stringy field

theory was firstly suggested by D. Soroka and V. Soroka [30].
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The dual Maxwell-covariant derivatives DA=(Dαβ̇ , Dαβ̇ , D̄α̇β̇) are given by the formulae

Dαβ̇ = −i

(

∂

∂xαβ̇
+ e xγ

β̇

∂

∂zαγ
+ e xγ̇α

∂

∂z̄β̇γ̇

)

,

Dαβ = −i
∂

∂zαβ
, D̄α̇β̇ = −i

∂

∂z̄α̇β̇
.

(2.3)

The relations (2.3) defines by means of the formula [DA, DB] = TA,B
CDC the nonvanishing

torsion in Maxwell tensorial space-time (xµ, zµν)

Tµ, ν
λρ = δ[λµ δρ]ν . (2.4)

The one-forms (2.2) and vector fields (2.3) are invariant under the space-time (parameters

aαβ̇) and tensorial Maxwell translations (parameters bαβ , b̄α̇β̇)

δxαβ̇ = aαβ̇ ,

δzαβ = bαβ + x(αγ̇a
β)
γ̇ , δz̄α̇β̇ = b̄α̇β̇ + xγ(α̇a

β̇)
γ

(2.5)

and are covariant under the Lorentz transformations (parameters ℓαβ , ℓ̄α̇β̇)

δxαβ̇ = ℓαγxβ̇γ + ℓ̄α̇γ̇xβγ̇ , δzαβ = 2ℓαγzβγ , δz̄α̇β̇ = 2ℓ̄α̇β̇ z̄β̇γ̇ . (2.6)

2.2 Particle action and constraints

We shall consider the following Maxwell-invariant particle action

S =

∫

[

λαλ̄β̇ ω
αβ̇ +m

(

λαλβ ω
αβ + λ̄α̇λ̄β̇ ω̄

α̇β̇
)]

. (2.7)

From action (2.7) follows a complicated structure of the constrains with four first class

constraints. Similarly as in the previous HS particle models in tensorial space-time [1, 2],

the appearance of the second class constraints pαλ ≈ 0, p̄α̇λ ≈ 0 makes the quantization

difficult. It is useful to convert these constraints into the first class constraints what is

achieved by adding four additional degrees of freedom and new four gauge symmetries [2]

. Effectively, as shown in [4], such conversion is produced by adding to the action (2.7) the

term with additional coordinates (yα, ȳα̇)

Sλ =

∫

dτ
(

λαẏ
α + λ̄α̇ ˙̄yα̇

)

. (2.8)

As a result, the constraints pαλ ≈ 0, p̄α̇λ ≈ 0 do not appear and yα, ȳα̇ play the role of

canonical variables conjugate to λα, λ̄α̇.

Thus, we consider in this paper the model defined by the Lagrangian

L = λαλ̄β̇ ẋ
αβ̇ +mλαλβ

(

żαβ + e xαγ̇ ẋβγ̇

)

+mλ̄α̇λ̄β̇

(

˙̄zα̇β̇ + e xγα̇ẋβ̇γ

)

+ λαẏ
α + λ̄α̇ ˙̄yα̇ , (2.9)

– 6 –
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which describes the particle motion in generalized coordinate space (xαβ̇ , zαβ , z̄α̇β̇ , yα, ȳα̇).

The definitions of corresponding momenta (pαβ̇ , fαβ , f̄α̇β̇ , λα, λ̄α̇) lead to the following con-

straints in the model7

Tαβ̇ ≡ pαβ̇ + e fαγx
γ

β̇
+ e f̄β̇γ̇x

γ̇
α − λαλ̄β̇ ≈ 0 , (2.10)

Tαβ ≡ fαβ −mλαλβ ≈ 0 , (2.11)

T̄α̇β̇ ≡ f̄α̇β̇ −mλ̄α̇λ̄β̇ ≈ 0 . (2.12)

It is easy to see that after insertion of (2.11), (2.12) in (2.10) we obtain the covariantization

of the constraints leading to unfolded equations for HS fields [2, 4]

Tαβ̇ = Dαβ̇ − λαλ̄β̇ , (2.13)

where

Dαβ̇ = pαβ̇ + e xγ
β̇
pαγ + e xγ̇αp̄β̇γ̇ , (2.14)

is the classical counterpart of the Maxwell-covariant derivative.

The only nonvanishing Poisson brackets (PB) of the constraints (2.10)–(2.12) are

{

Tαα̇, Tββ̇

}

P

= 2e
(

ǫα̇β̇fαβ + ǫαβ f̄α̇β̇

)

≈ 2em
(

ǫα̇β̇λαλβ + ǫαβλ̄α̇λ̄β̇

)

. (2.15)

Therefore, the constraints (2.11), (2.12) are first class and imply that the tensorial coordi-

nates (zαβ , z̄α̇β̇) are becoming pure gauge degrees of freedom whereas the constraints (2.10)

are the superposition of two first class and two second class constraints.

We stress that such structure is not present in the particle model describing the stan-

dard free massless HS particles [2, 4], where the counterparts of the constraints (2.10) are

first class. Only in limit e → 0 the model (2.9) yield the standard action [2, 4] of higher

spin particle.

For extracting second class constraints from (2.10) we shall use second Weyl spinor

uα, as was proposed in [2]. Such auxiliary spinor satisfies the condition λαuα = 1 and

has nonvanishing PB {uα, y
β}

P
= uαu

β (see details in [2]). Then, considering PB of

the projections

Tλλ̄ ≡ λαTαα̇λ̄
α̇ , Tλū ≡ λαTαα̇ū

α̇ , Tuλ̄ ≡ uαTαα̇λ̄
α̇ , Tuū ≡ uαTαα̇ū

α̇ , (2.16)

we obtain that the unique nonvanishing PB following from (2.15) is

{Tλū + Tuλ̄, Tuū}P
= 4em . (2.17)

Therefore the constraints (Tλū+Tuλ̄, Tuū) are second class constraints, whereas (Tλū−Tuλ̄,

Tλλ̄) are first class.

7We omit below the consideration of the constraints pαλ−yα ≈ 0, p̄α̇λ−ȳα̇ ≈ 0 and py α ≈ 0, p̄y α̇ ≈ 0. After

introducing for them Dirac brackets the variables (λα, λ̄α̇) become the momenta of (yα, ȳα̇). The tensorial

part of the phase space (xαβ̇ , zαβ , z̄α̇β̇ , pαβ̇ , fαβ , f̄α̇β̇) is supplemented by auxiliary spinorial phase space

(yα, ȳα̇, λα, λ̄α̇) with the canonical Poisson brackets {yα, λβ}P
= δαβ , {ȳ

α̇, λ̄β̇}P
= δα̇

β̇
. After quantization

these two parts of generalized phase space commute.

– 7 –
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We introduce now the conversion of the pair of second class constraints into third

first class constraint by considering the equation Tuū ≈ 0 as gauge fixing condition for

the constraint Tλū + Tuλ̄ ≈ 0 generating new gauge degree of freedom. Then, we shall

consider further the constraints (2.10) as described by three first class constraints Tλū ≈ 0,

Tuλ̄ ≈ 0, Tλλ̄ ≈ 0. Let us observe, however, that these constraints are equivalent to the

projections of the constraints (2.10) on the Weyl spinor components λα, λ̄α̇. Thus, the

equivalent system, which we will quantize, is described by the phase space variables with

nonvanishing PB

{xαα̇, pββ̇}P
= δαβ δ

α̇
β̇
, {zαβ , fγδ}P

= δ(αγ δ
β)
δ , {z̄α̇β̇, f̄γ̇δ̇}P

= δ
(α̇
γ̇ δ

β̇)

δ̇
, (2.18)

{yα, λβ}P
= δαβ , {ȳα̇, λ̄β̇}P

= δα̇
β̇

(2.19)

and the following first class constraints

Sα ≡ Tαβ̇λ̄
β̇ =

(

pαβ̇ + e fαγx
γ

β̇

)

λ̄β̇ ≈ Dαβ̇λ̄
β̇ ≈ 0 , (2.20)

S̄α̇ ≡ λβTβα̇ = λβ
(

pβα̇ + e f̄α̇γ̇x
γ̇
β

)

≈ λβDβα̇ ≈ 0 , (2.21)

Tαβ ≡ fαβ −mλαλβ ≈ 0 , (2.22)

T̄α̇β̇ ≡ f̄α̇β̇ −mλ̄α̇λ̄β̇ ≈ 0 . (2.23)

Because

λαSα ≈ λ̄α̇S̄α̇ (2.24)

the four relations (2.20), (2.21) describe only three independent first class constraints.

It is useful to make some comment about projections in (2.20), (2.21). By performing

these projections we omit the contribution in first class constraints which does not depend

on spinor variables and describes the field equation for spin zero case. Such contribution

is present in the following quadratic first class constraint

T ≡ Tαβ̇T
αβ̇ ≈ 0 . (2.25)

Indeed, using λαuα = λ̄α̇ūα̇ = 1 we obtain T = Tλλ̄Tuū − TλūTuλ̄ ≈ 0 because after

conversion the constraints Tλū ≈ 0, Tuλ̄ ≈ 0, Tλλ̄ ≈ 0 are of first class. We add that

the constraint (2.25) will provide the Maxwell extension of massless Klein-Gordon (KG)

equation satisfied by the free conformal HS fields.

2.3 Noether charges and the Casimirs

In order to interprete the role of the first class constraints (2.20)–(2.23), (2.25) in

our model we will find the Noether currents, generated by the Maxwell generators

(Pαβ̇ , Zαβ , Z̄α̇β̇ ,Mαβ , M̄α̇β̇) in generalized coordinate space (xαβ̇ , zαβ , z̄α̇β̇ , yα, ȳα̇). Using

the transformations (2.5), (2.6) and8

δyα = ℓαβyβ , δȳα̇ = ℓ̄α̇β̇ ȳβ̇ , δλα = −ℓαβλ
β , δλ̄α̇ = −ℓ̄α̇β̇λ̄

β̇ (2.26)

8The spinors λα, y
α are inert with respect to space-time and Maxwell translations.
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we obtain the following dynamical phase space realization of Maxwell algebra generators

Pαβ̇ = −pαβ̇ + e xγ̇αf̄γ̇β̇ + e fαγx
γ

β̇
,

Zαβ = −fαβ ,

Z̄α̇β̇ = −f̄α̇β̇ ,

Mαβ = xγ̇(αpβ)γ̇ + 2zγ(αfβ)γ + y(αλβ) ,

M̄α̇β̇ = xγ(α̇pγβ̇) + 2z̄γ̇(α̇f̄β̇)γ̇ + ȳ(α̇λ̄β̇) .

(2.27)

Using the expressions (2.27) we find that the Casimirs (1.9), (1.10), (1.11) of Maxwell

algebra are expressed as follows in terms of the first class constraints (2.20)–(2.22), (2.25):

CMax
1 ≈ Tαβ̇T

αβ̇ + 2λαSα ,

CMax
2 ≈ TαβT

αβ , CMax
3 ≈ T̄α̇β̇T̄

α̇β̇ ,

CMax
4 ≈ 2λαλ̄α̇SαS̄α̇ .

(2.28)

The numerical eigenvalues of Casimirs (2.28) characterize the choice of infinite-dimensional

Maxwell-HS irreducible field multiplets. It appears from the quantization of our Maxwell-

Shirafuji model that we obtain the Maxwell-HS realizations corresponding to all four eigen-

values of Casimirs (2.28) equal to zero.

3 First quantization of the particle model and interacting HS fields

3.1 HS field equations from first class constraints

We consider the Schrödinger representation in which the wave function depends on the

generalized coordinates

Φ = Φ(xαβ̇ , zαβ , z̄α̇β̇ , yα, ȳα̇) (3.1)

and the generalized quantized momenta are realized by the partial derivatives

pαβ̇ = −i
∂

∂xαβ̇
≡ −i∂αβ̇ , fαβ = −i

∂

∂zαβ
≡ −i∂αβ , f̄α̇β̇ = −i

∂

∂z̄α̇β̇
≡ −i∂̄α̇β̇ ,

(3.2)

λα = −i
∂

∂yα
≡ −i∂α , λ̄α̇ = −i

∂

∂ȳα̇
≡ −i∂̄α̇ . (3.3)

The Maxwell-covariant momenta Dαβ̇ (see (2.14)) after quantization satisfy the relation

[

Dαα̇, Dββ̇

]

= 2i e
(

ǫα̇β̇fαβ + ǫαβ f̄α̇β̇

)

(3.4)

and in Schrödinger realization describe the Maxwell-covariant derivative. Physical field

equations are defined by the quantum counterpart of first class constraints (2.20)–(2.22):

iDαβ̇ ∂̄
β̇ Φ =

(

∂αβ̇ + e ∂αγ x
γ

β̇

)

∂̄β̇ Φ = 0 , (3.5)

iDβα̇∂
β Φ =

(

∂βα̇ + e ∂̄α̇γ̇ x
γ̇
β

)

∂β Φ = 0 , (3.6)
(

∂αβ + im∂α∂β

)

Φ = 0 ,
(

∂̄α̇β̇ + im∂̄α̇∂̄β̇

)

Φ = 0 . (3.7)
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Let us use the Taylor expansion of the wave function Φ with respect to the variables

z ≡ zαβ and z̄ ≡ z̄α̇β̇. Then the constraints (3.7) for the wave function

Φ(x, z, z̄, y, ȳ) =
∞
∑

k,n=0

1

k!n!
zα1β1 . . . zαkβk z̄α̇1β̇1 . . . z̄α̇nβ̇n Φ

(2k,2n)

α1β1...αkβk α̇1β̇1...α̇nβ̇n
(x, y, ȳ)

(3.8)

provide the expression of all components Φ(k,n), k > 0, n > 0 by Φ(0,0) as follows:

Φ
(2k,2n)

α1β1...αkβk α̇1β̇1...α̇nβ̇n
(x, y, ȳ)

= (−im)k+n ∂α1∂β1 . . . ∂αk
∂βk

∂̄α̇1 ∂̄β̇1
. . . ∂̄α̇n ∂̄β̇n

Φ(0,0)(x, y, ȳ) . (3.9)

The formulae (3.9) can be written down as the solutions of eqs. (3.7) by one compact

formula

Φ(x, z, z̄, y, ȳ) = e
−im

(

zαβ∂α∂β+z̄α̇β̇ ∂̄α̇∂̄β̇

)

Φ(0,0)(x, y, ȳ) , (3.10)

what confirms the auxiliary gauge nature of the tensorial coordinates zµν = (zαβ , z̄α̇β̇).

Let us analyze the remaining equations (3.5), (3.6) for the unique unconstrained com-

ponent Φ(0,0)(x, y, ȳ) of the wave function (3.8). We perform the following subsequent

Taylor expansion

Φ(0,0)(x, y, ȳ) =
∞
∑

k,n=0

1

k!n!
yα1 . . . yαk ȳβ̇1 . . . ȳβ̇n φ

(k,n)

α1...αk β̇1...β̇n
(x) , (3.11)

where φ
(k,n)

α1...αk β̇1...β̇n
(x) are the D = 4 space-time Maxwell-HS fields.

Note, that in limit e → 0 the equations (3.5), (3.6) yield massless Dirac-Pauli-Fierz

equations for massless conformal HS fields with arbitrary helicity

e = 0 : ∂α1γ̇ φ
(k,n)

α1...αk β̇1...β̇n
(x) = 0 , ∂γβ̇1 φ

(k,n)

α1...αk β̇1...β̇n
(x) = 0 . (3.12)

If e 6= 0 we obtain the generalization of these equations.

Now we list the equations for Maxwell-HS fields which are the consequence

of (3.5), (3.6):

• Using two-spinor identities ∂α∂α = ∂̄α̇∂̄α̇ = 0 we obtain the equation

∂αα̇∂α∂̄α̇Φ = 0 (3.13)

which gives the generalized Lorentz divergence conditions for the component fields

in (3.11)

∂α1β̇1 φ
(k,n)

α1...αk β̇1...β̇n
(x) = 0 , k, n ≥ 1 . (3.14)

For n = k = 1 we obtain the standard Lorentz condition for the four-vector field.

• We obtain also the equations

∂β
α̇ ∂α∂β Φ = ∂β̇

α ∂̄α̇∂̄β̇ Φ (3.15)
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which lead to the following set of equations

∂ αk

β̇n−1
φ
(k,n−2)

α1...αk−1αk β̇1...β̇n−2
= ∂ β̇n

αk−1
φ
(k−2,n)

α1...αk−2 β̇1...β̇n−1β̇n
, k, n ≥ 2 . (3.16)

for the component fields. In particular for antisymmetric 2-tensors described by

Lorentz spins (2, 0) + (0, 2) we have the following equation

∂ β
α̇ φ

(2,0)
αβ = ∂ β̇

α φ
(0,2)

α̇β̇
. (3.17)

• After inserting of (3.11) the equations (3.5), (3.6) produce the following equations

for component fields

∂ αk

β̇n+1
φ
(k,n)

α1...αk β̇1...β̇n
= iemxαkβ̇n+2 φ

(k,n+2)

α1...αk β̇1...β̇n+1β̇n+2
, k ≥ 1 ; (3.18)

∂ β̇n
αk+1

φ
(k,n)

α1...αk β̇1...β̇n
= iemxαk+2β̇n φ

(k+2,n)

α1...αk+1αk+2 β̇1...β̇n
, n ≥ 1 , (3.19)

which are the Maxwell-invariant generalizations of Dirac-Pauli-Fierz equations.

• The last constraint (2.25) takes in first-quantized theory the following form

[

− ∂αα̇∂
αα̇ − 2i∂αα̇∂α∂̄α̇

+2iem
(

xβα̇ ∂
αα̇∂α∂β + xβ̇α ∂

αα̇∂̄α̇∂̄β̇

)

− 2e2m2
(

∂αx
αα̇∂̄α̇

)2
]

Φ = 0 . (3.20)

However, from (3.5), (3.6) and (3.15) follows the equations

ixβα̇ ∂
αα̇∂α∂β Φ = ixβ̇α ∂

αα̇∂̄α̇∂̄β̇ Φ = em
(

∂αx
αα̇∂̄α̇

)2
Φ . (3.21)

Using the relations (3.21) and (3.13) we can reduce the constraint (3.20) to the

following form
[

−∂αα̇∂
αα̇ + 2e2m2

(

∂αx
αα̇∂̄α̇

)2
]

Φ = 0 . (3.22)

The equation (3.22) provides the following infinite set of component field equations

∂γγ̇∂γγ̇ φ
(k,n)

α1...αk β̇1...β̇n
= 2e2m2 xαk+1β̇n+1 xαk+2β̇n+2 φ

(k+2,n+2)

α1...αkαk+1αk+2 β̇1...β̇nβ̇n+1β̇n+2
,

(3.23)

which are Maxwell-invariant generalization of massless Klein-Gordon equations.

One can demonstrate that the Maxwell-Klein-Gordon equations (3.23) for all com-

ponent fields φ(k,n), except φ(0,0), can be derived from the Maxwell-Dirac equa-

tions (3.18), (3.19). Single additional equation for the component fields following

from (3.23) is the Maxwell-Klein-Gordon equation for the scalar field φ(0,0):

∂γγ̇∂γγ̇ φ
(0,0) = 2e2m2 xα1β̇1 xα2β̇2 φ

(2,2)

α1α2 β̇1β̇2
. (3.24)

– 11 –



J
H
E
P
0
2
(
2
0
1
3
)
1
2
8

In order to specify in our model the irreducible Maxwell-HS multiplets let us represent

down the Maxwell algebra generators (2.27) in terms of realizations (3.2), (3.3). We obtain

that the infinitesimal Maxwell symmetry transformations are the following

Pαβ̇ : δPφ
(k,n)
··· = aγγ̇∂γγ̇φ

(k,n)
··· + iemaαγ̇∂β

γ̇φ
(k+2,n)
αβ ··· + iemaα̇γ∂β̇

γφ
(k,n+2)

··· α̇β̇
,

Zαβ : δZφ
(k,n)
··· = −iem bαβφ

(k+2,n)
αβ ··· ,

Z̄α̇β̇ : δZ̄φ
(k,n)
··· = −iem b̄α̇β̇φ

(k,n+2)

··· α̇β̇
,

Mαβ , M̄α̇β̇ : δMφ
(k,n)
α ··· α̇ = −

(

ℓβγxγ̇β + ℓ̄β̇γ̇xγ
β̇

)

∂γγ̇φ
(k,n)
α ··· α̇ + k ℓβαφ

(k,n)
β ··· α̇ + n ℓ̄β̇α̇φ

(k,n)

α ··· β̇
.

(3.25)

From the relations (3.25) follows that one can construct the infinite-dimensional

Maxwell-HS multiplets with minimal Lorentz spin (k2 ,
n
2 ) described by the field φ(k,n)(x) if

we supplement the infinite chain of component fields φ(k+2p,n+2r)(x) where p = 0, 1, 2, . . .,

r = 0, 1, 2, . . .. One can observe that

i) There are two infinite sets (bosonic and fermionic) of infinite-dimensional fields: with

integer spins s = 1
2(k+n)+p+r (k+n even) and with half-integer spins (k+n odd).

ii) The field equations relating the components φ(k+2p,n+2r)(x) are given by the Maxwell-

Weyl equations (3.18), (3.19) and supplementary equations (3.16); only for spin-zero

field φ(0,0) we should supplement the Maxwell-Klein-Gordon equations (3.24). In

particular, the maximal bosonic Maxwell HS multiplet with scalar field φ(0,0)(x) will

contain the link between all components with even Lorents spins (j1, j2) = (p, r), and

there are two maximal fermionic multiplets: chiral, with Maxwell-Weyl field φ
(1,0)
α (x),

and the antichiral one , with Maxwell-Weyl field φ
(0,1)
α̇ (x) (in Majorana case they are

related by the relation φ
(0,1)
α̇ (x) = (φ

(1,0)
α (x))†).

iii) The equations (3.16), (3.18) and (3.19) link the fields with different spins (k, n). For

k ≥ 1 and n ≥ 1 the table of fields φ(k,n)(x) can be decomposed into triplet of spins

with the closed diagram

(k, n)
(3.18)

L9999K (k, n+ 2)
(3.16)

L9999K (k + 2, n)
(3.19)

L9999K (k, n) (3.26)

where over the double arrows we indicate the field equation which connects different

spins. For the fields with spins (k, 0) and (0, n) one can not construct closed sequence

of links, however one can relate all the bosonic (k+ n even) or fermionic (k+ n odd)

fields of a such type (they correspond to self-dual curvatures of higher spin gauge

fields). One can compose the following two sequences

(k, 0)
(3.18)

L9999K (k, 2)
(3.16)

L9999K (k + 2, 0)

(0, n)
(3.19)

L9999K (2, n)
(3.16)

L9999K (0, n+ 2)

(3.27)

We stress that the coupling between different spins described in (3.26), (3.27) by double

arrows is proportional to em. In particular if e → 0 the fields with different spins are

decoupled, and the equations (3.18), (3.19) describe the Dirac-Pauli-Fierz equations (3.12)
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for free HS fields; the limit e → 0 of (3.24) describes free Klein-Gordon equation for

spinless field.

We emphasize that performing the limit e → 0 on the level of the action with La-

grangian (2.9) and subsequent quantization provides only subset of free fields described

by equations (3.12). In such free HS model the spectrum contains only the scalar field

φ(0,0)(x), the spin-tensor fields with undotted indices φ
(k,0)
α1...αk

(x) (k > 0) and spin-tensor

field with dotted indices φ
(0,n)
α̇1...α̇n

(x) (n > 0). This is due to the property of the action (2.9)

in the limit e → 0, in which all ten constraints in the system become of the first class, in par-

ticular all the constraints (2.10). Corresponding unfolded equations
(

∂αβ̇ + i∂α∂̄β̇

)

Φ = 0

yield besides the equations (3.12) and the Klein-Gordon equation for scalar field φ(0,0)(x)

also the constraints which express ‘mixed’ fields φ
(k>0,n>0)

α1...αk β̇1...β̇n
(x) in terms of space-time

derivatives of the fields φ(0,0)(x), φ
(k>0,0)
α1...αk

(x), φ
(0,n>0)
α̇1...α̇n

(x) (see details in [2, 4]).

If e 6= 0 it was shown in section 3.1 that only eight out of ten constraints (2.10)–(2.12)

are first class and one can introduce the fields φ(k,n) for k 6= 0, n 6= 0 as independent.

Such fields enter together with the “unfolded” field φ
(k,0)
α1...αk

(x) into the infinite-dimensional

multiplet φ(k+2p,2r) which describes an infinite-dimensional realization (see (3.25)) of D = 4

Maxwell algebra.

Finally we add that the appearance of multiplicative massive parameter m can not

be avoided; it could be traced to nonvanishing dimensionalities of fourmomenta Pµ and

the space-time coordinates. In principle one can only rearrange the dimensionality [Zµν ]

of the generators Zµν , but as we show in the appendix, if we consistently remove m in

the Lagrangian (2.9) by assuming that [Zµν ] = 1, we will be forced to introduce massive

parameter M into the Maxwell algebra relations (1.1) as well as in Maurer-Cartan one

forms (2.2).

3.2 HS field equations in dual picture for tensorial coordinates

We can also consider the Schrödinger representation in which the wave function is related

by Fourier transform in the tensorial sector

Ψ̃ = Ψ̃(xαβ̇ , fαβ , f̄α̇β̇, y
α, ȳα̇) . (3.28)

The generalized dual momenta variables are realized by the following partial derivatives

zαβ = i
∂

∂fαβ
, z̄α̇β̇ = i

∂

∂f̄α̇β̇
. (3.29)

The Maxwell-covariant quantum momenta Dαβ̇ satisfy the relation
[

Dαα̇, Dββ̇

]

= 2i e
(

ǫα̇β̇fαβ + ǫαβ f̄α̇β̇

)

(3.30)

and describe the Maxwell-covariant derivative in Schrödinger realization (3.29). The field

equations are defined by the quantum counterpart of first class constraints (2.20)–(2.22):

iDαβ̇ ∂̄
β̇ Ψ̃ =

(

∂αβ̇ + i e fαγ x
γ

β̇

)

∂̄β̇ Ψ̃ = 0 , (3.31)

iDβα̇∂
β Ψ̃ =

(

∂βα̇ + i e f̄α̇γ̇ x
γ̇
β

)

∂β Ψ̃ = 0 , (3.32)
(

fαβ +m∂α∂β

)

Ψ̃ = 0 ,
(

f̄α̇β̇ +m∂̄α̇∂̄β̇

)

Ψ̃ = 0 . (3.33)
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Let us consider the wave functions with polynomial dependence with respect to y ≡ yα

and ȳ ≡ ȳα̇

Ψ̃(x, f, f̄ , y, ȳ) =

∞
∑

k,n=0

1

k!n!
yα1 . . . yαk ȳβ̇1 . . . ȳβ̇n Ψ̃

(k,n)

α1...αk β̇1...β̇n
(x, f, f̄) . (3.34)

Then the constraints (3.33) for the wave function (3.28) lead to expressing of all components

Ψ̃(k,n), k > 1, n > 1 by Ψ̃(0,0), Ψ̃(1,0), Ψ̃(0,1) and Ψ̃(1,1). For example,

Ψ̃
(2,0)
αβ = −m−1fαβΨ̃

(0,0) , Ψ̃
(0,2)

α̇β̇
= −m−1f̄α̇β̇Ψ̃

(0,0) ,

Ψ̃
(2,1)
αβγ̇ = −m−1fαβΦ̃

(0,1)
γ̇ , Ψ̃

(1,2)

γα̇β̇
= −m−1f̄α̇β̇Ψ̃

(1,0)
γ ,

Ψ̃
(3,1)
αβγγ̇ = −m−1fαβΨ̃

(1,1)
γγ̇ , Ψ̃

(1,3)

γα̇β̇γ̇
= −m−1f̄α̇β̇Ψ̃

(1,1)
γγ̇ , etc.

Thus, if m 6= 0 the fields in the expansion (3.34) are determined by ten-dimensional

“generalized spin zero” field

Ψ̃(0,0)(x, f, f̄) , (3.35)

two “generalized spin half” fields

Ψ̃(1,0)
α (x, f, f̄) , Ψ̃

(0,1)

β̇
(x, f, f̄) (3.36)

and “generalized spin one” field

Ψ̃
(1,1)

αβ̇
(x, f, f̄) . (3.37)

The constraints (3.33) provide the following constraints for the fields (3.35), (3.36), (3.37):

fαβfαβΨ̃
(0,0)(x, f, f̄) = 0 , f̄ α̇β̇ f̄α̇β̇Ψ̃

(0,0)(x, f, f̄) = 0 , (3.38)

fα
βΨ̃

(1,0)
β (x, f, f̄) = 0 , f̄α̇

β̇Ψ̃
(0,1)

β̇
(x, f, f̄) = 0 , (3.39)

fα
βΨ̃

(1,1)

ββ̇
(x, f, f̄) = 0 , f̄α̇

β̇Ψ̃
(1,1)

ββ̇
(x, f, f̄) = 0 . (3.40)

From the equations (3.31), (3.32) for the unconstrained component (3.36), (3.37) one

obtain the relations

(

∂αβ̇ − i e fαγ xβ̇γ

)

Ψ̃
(0,1)

β̇
(x, f, f̄) = 0 ,

(

∂βα̇ − i e f̄ α̇γ̇ xβγ̇

)

Ψ̃
(1,0)
β (x, f, f̄) = 0 , (3.41)

(

∂αβ̇ − i e fαγ xβ̇γ

)

Ψ̃
(1,1)

ββ̇
(x, f, f̄) = 0 ,

(

∂βα̇ − i e f̄ α̇γ̇ xβγ̇

)

Ψ̃
(1,1)

ββ̇
(x, f, f̄) = 0 , (3.42)

which have the form of the Dirac equations in a constant electromagnetic field, with elec-

tromagnetic potential Aµ = fµνx
ν . Contrary to the standard approach for Dirac spin-half

field, the wave functions in (3.41) depend also on continuous electromagnetic field strength

coordinates fαβ , f̄α̇β̇ . This additional dependence of the wave functions can not be gen-

erated only by minimal coupling of the external electromagnetic field. We do not see yet

the relationship of our description of interacting HS fields to the approaches proposed in

recent papers [31, 32], however it would be interesting to find such a link.
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Generalized spin-zero field Ψ̃(0,0)(x, f, f̄) is described by generalized Klein-Gordon

equation, which follows from the constraint

T̂αα̇T̂αα̇ Ψ̃ ≈ 0 . (3.43)

Taking into account that

T̂αα̇T̂αα̇ = −∂αα̇∂αα̇ + 2ie
(

fαβxα̇β + f̄ α̇β̇xα
β̇

)

∂αα̇

+
1

2
e2

(

fαβfαβ + f̄ α̇β̇ f̄α̇β̇

)

xγγ̇xγγ̇ − 2e2fαβ f̄α̇β̇x
βα̇xαβ̇ (3.44)

−2
(

i∂αα̇ + efαβxα̇β + ef̄ α̇β̇xα
β̇

)

∂α∂̄α̇ ,

we obtain the generalized Klein-Gordon equation for spin-zero field
[

−�+ 2ie
(

fαβxα̇β + f̄ α̇β̇xα
β̇

)

∂αα̇ +
1

2
e2
(

f2 + f̄2
)

x2 − 2e2fαβ f̄α̇β̇x
βα̇xαβ̇

]

Ψ̃(0,0) = 0 ,

(3.45)

where � := ∂αα̇∂αα̇, x
2 := xαα̇xαα̇, f

2 := fαβfαβ , f̄
2 := f̄ α̇β̇ f̄α̇β̇ . It should be emphasized

that due to the equations (3.42) and the constraints (3.40) the last term in the opera-

tor (3.44) does not contribute to the equation (3.45) and we obtain finally the Klein-Gordon

equation in constant EM field.

The solutions of the equations (3.38)–(3.40) can be represented as the Fourier

transforms

Ψ̃(0,0)(x, f, f̄) =

∫

d 6z e−i(fz+f̄ z̄)Ψ(0,0)(x, z, z̄) , (3.46)

Ψ̃(1,0)
γ (x, f, f̄) =

∫

d 6z e−i(fz+f̄ z̄)Ψ(1,0)
γ (x, z, z̄) , (3.47)

Ψ̃
(0,1)
γ̇ (x, f, f̄) =

∫

d 6z e−i(fz+f̄ z̄)Ψ
(0,1)
γ̇ (x, z, z̄) , (3.48)

Ψ̃
(1,1)
γγ̇ (x, f, f̄) =

∫

d 6z e−i(fz+f̄ z̄)Ψ
(1,1)
γγ̇ (x, z, z̄) , (3.49)

where

Ψ(0,0)(x, z, z̄) =
∞
∑

k,n=0

1

k!n!
zα1β1 . . . zαkβk z̄α̇1β̇1 . . . z̄α̇nβ̇n φ

(2k,2n)

(α1β1...αkβk) (α̇1β̇1...α̇nβ̇n)
(x) , (3.50)

Ψ(1,0)
γ (x, z, z̄) =

∞
∑

k,n=0

1

k!n!
zα1β1 . . . zαkβk z̄α̇1β̇1 . . . z̄α̇nβ̇n φ

(2k+1,2n)

(γα1β1...αkβk) (α̇1β̇1...α̇nβ̇n)
(x) , (3.51)

Ψ
(0,1)
γ̇ (x, z, z̄) =

∞
∑

k,n=0

1

k!n!
zα1β1 . . . zαkβk z̄α̇1β̇1 . . . z̄α̇nβ̇n φ

(2k,2n+1)

(α1β1...αkβk) (γ̇α̇1β̇1...α̇nβ̇n)
(x) , (3.52)

Ψ
(1,1)
γγ̇ (x, z, z̄) =

∞
∑

k,n=0

1

k!n!
zα1β1 . . . zαkβk z̄α̇1β̇1 . . . z̄α̇nβ̇n φ

(2k+1,2n+1)

(γα1β1...αkβk) (γ̇α̇1β̇1...α̇nβ̇n)
(x) (3.53)

have polynomial dependence on z, z̄ and the component fields φ
(k,n)
(α...) (α̇...) are symmetric

with respect to all undotted and dotted spinor indices, as the component fields considered in
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previous subsection. The fields (3.46)–(3.49) have complicated, nonpolynomial dependence

on the variables f , f̄ . In conclusion, generalized Dirac equations (see (3.41)–(3.42)) and

Klein-Gordon equation (3.45) yield nontrivial, nonminimal coupling of these component

fields to the constant EM field.

3.3 The link between constant torsion in tensorial sector and constant EM

field background

From the equations (3.41), (3.42) and (3.45) we see that for the link of different spins there

is responsible EM coupling described by nonvanishing parameter e. Indeed one can show

that if the torsion in six tensorial dimensions of Maxwell space-time depends on the D = 4

space-time coordinates it can be reinterpreted as a coupling to an Abelian gauge potential.

Let us introduce the following “block-diagonal” 10-bein EAB
CD =

(

δγαδδ̇
β̇
, Eαβ̇

γδ, Eαβ̇
γ̇δ̇
)

in

the tensorial space
(

xαβ̇ , zαβ , z̄α̇β̇
)

∇αβ̇ = ∂αβ̇ + Eαβ̇
γδ(x)∇γδ + Eαβ̇

γ̇δ̇(x)∇γ̇δ̇ , (3.54)

∇αβ = ∂αβ , ∇α̇β̇ = ∂α̇β̇ . (3.55)

If we consider the plane wave solutions in additional dimensions, one can replace (see (3.2))

the derivatives (3.55) by constant tensors fαβ , f̄α̇β̇ describing additional tensorial momenta.

In such a case the derivative (3.54) can be written as the Abelian gauge-covariant derivative

∇αβ̇ = ∂αβ̇ +Aαβ̇(x) , (3.56)

where Aαβ̇(x) = Eαβ̇
γδ(x)fγδ+Eαβ̇

γ̇δ̇(x)f̄γ̇δ̇. In Maxwell tensorial space additional tensorial

coordinates are twisted by a constant torsion, the functions Eαβ̇
γδ(x) and Eαβ̇

γ̇δ̇(x) are

linear in x, and we obtain in (3.56) the Abelian gauge field four-potential Aαβ̇ describing

constant electromagnetic field strength (f̄α̇β̇ = (fαβ)
†)

Aαβ̇ = f γ
α xγβ̇ + f̄ γ̇

β̇
xαγ̇ . (3.57)

It can be added that the translations xαβ̇ → xαβ̇ + aαβ̇ modify (3.57) by a constant term,

which can be however compensated by the Abelian gauge transformation of Aαβ̇ , what

leads to the translational invariance of covariant derivative (3.56).9

4 Final remarks

In this paper we introduced in ten-dimensional tensorial space the Maxwell-invariant spino-

rial particle model with auxiliary spinor variables, which after its first quantization pro-

vides the generalization of massless conformal HS fields and define the infinite-dimensional

Maxwell-HS field multiplets. These multiplets of Maxwell HS fields should be further stud-

ied, in particular their relation with free massless conformal HS fields and the possibility of

their derivation from an action principle. New multiplets describe particular field-theoretic

9We thank E. Ivanov for this observation.

– 16 –



J
H
E
P
0
2
(
2
0
1
3
)
1
2
8

realizations of Maxwell algebra with vanishing four Casimirs CMax
1 , CMax

2 , CMax
3 , CMax

4

(see (2.28)). We recall that the mass-shall condition CMax
1 = 0, due to the presence in

CMax
1 of the term proportional to relativistic angular momentum (Mαβ , M̄α̇β̇), can be pos-

sibly linked with the description of spin-dependent mass spectrum for Regge trajectories.

The infinite-dimensional sets of Maxwell-HS field which define the realization T (k,n)

of Maxwell algebra is parametrized by two natural numbers k = 0, 1, 2, . . ., n = 0, 1, 2, . . ..

These numbers describe the minimal value of Lorentz spins (j1=
k
2 , j2=

n
2 ) in the multiplet

of fields φ
(k+2p,n+2r)

α1...αk+2p β̇1...β̇n+2r
(x) ∈ T (k,n), where p = 0, 1, 2, . . ., r = 0, 1, 2, . . .. It follows that

the representation T (k̃,ñ) if k̃ > k, ñ > n respectively for even and for odd values of (k, n),

(k̃, ñ), is included in the bosonic (fermionic) representation T (k,n), i.e. T (k̃,ñ) ⊂ T (k,n).

The largest “master” bosonic realization, with component fields having all integer spins

s = 1
2(j1 + j2), is given by T (0,0); two maximal chiral and antichiral fermionic realizations,

with half-integer spins, are provided by T (1,0) and T (0,1).

By considering the particle model on extended space-time (xαβ̇ , zαβ , z̄α̇β̇ , λα, λ̄α̇) and

its quantization we have shown how the field-theoretic realizations of Maxwell algebra in

such ten-dimensional tensorial space can be used for the introduction of infinite-dimensional

D = 4 Maxwell-HS field multiplets with coupled spin components. The Maxwell-covariant

description of D = 4 Maxwell-HS fields requires the presence of space-time-dependent cou-

pling terms between different spin fields which can be also interpreted (see (3.41), (3.42))

as following from the electromagnetic covariantization of space-time derivatives in the pres-

ence of constant EM background field strength.

In conclusion we would like to comment that despite the remaining open questions we

hope that our model provides a step in understanding of the theory of interacting HS fields.
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A Different dimensionalities of tensorial coordinates and some conse-

quences

We can arbitrarily change the mass dimensionality of the generators; consequently the

relation (1.1) is replaced by relation (1.8). One gets in rescaled case

[Zαβ ] = [Z̄α̇β̇ ] = 2− ξ , (A.1)
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what implies

[zαβ ] = [z̄α̇β̇ ] = [ωαβ
(Z)] = [ω̄α̇β̇

(Z)] = −2 + ξ . (A.2)

The parameters introduced in (1.8) will modify the formulae (2.2) as follows

ωαβ = dzαβ + eM ξx(αγ̇dx
β)
γ̇ , ω̄α̇β̇ = dz̄α̇β̇ + eM ξxγ(α̇dxβ̇)γ . (A.3)

After inserting relations (A.3) in (2.9) it follows from (A.2) that dimensionless action

requires the replacement of m by m1−ξ. Subsequently we obtain the following modified

constraints (2.10)–(2.12)

Tαβ̇ = pαβ̇ − λαλ̄β̇ + ẽm
(

λαλγx
γ

β̇
+ λ̄β̇λ̄γ̇x

γ̇
α

)

≈ 0 , (A.4)

Tαβ = fαβ −m1−ξλαλβ ≈ 0 , (A.5)

T̄α̇β̇ = f̄α̇β̇ −m1−ξλ̄α̇λ̄β̇ ≈ 0 , (A.6)

where the rescaled dimensionless coupling constant ẽ is given by the formula

ẽ =

(

M

m

)ξ

e . (A.7)

One can check that the constraints (A.4) lead to the basic field equations (3.18)–(3.19)

and (3.23) with the replacement m → ẽm. One can also reduce the number of parameters

by putting in (2.9) m = M . In such a case ẽ = e and the theory contains only one geometric

mass parameter, determined by the structure constant of the of Maxwell algebra.

We shall make the following comments:

i) If ξ = 0 and e 6= 0 the Maxwell algebra takes its original form [10–12] and describes

the space-time geometry with constant electromagnetic background. We obtain the

relations from section 1–3 with terms in the equations which couple different spins by

terms proportional to em.

ii) If ξ = 1 we have the relation ẽm = eM . The equations (A.5), (A.6) are the same as in

the particle model in [1, 2, 4–9] providing massless HS free fields, however the eq. (A.4)

is modified due to the presence of generalized Maxwell space-time (xµ, zµν) with

torsion proportional to eM . The basic field equations are obtained from (3.18), (3.19)

and (3.23) by the replacement m → M , i.e. for ξ = 1 the dynamical mass parameter

in our model disappears from the constraints (A.4)–(A.6) and is transmuted into the

geometric one.

iii) If ξ = 2 in the Lagrangian (2.9) the parameter m is replaced by m−1. Such choice

of Maxwell algebra generators (for e = 1) was considered recently in [17–19] as

the algebraic basis for the generalization of Einstein gravity but the corresponding

particle action (2.7) is singular in the limit m → 0.

Open Access. This article is distributed under the terms of the Creative Commons

Attribution License which permits any use, distribution and reproduction in any medium,

provided the original author(s) and source are credited.
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Phys. Lett. B 707 (2012) 160 [arXiv:1101.1591] [INSPIRE].

– 19 –

http://dx.doi.org/10.1142/S0217732399001358
http://arxiv.org/abs/hep-th/9811022
http://inspirehep.net/search?p=find+EPRINT+hep-th/9811022
http://dx.doi.org/10.1103/PhysRevD.61.045002
http://arxiv.org/abs/hep-th/9904109
http://inspirehep.net/search?p=find+EPRINT+hep-th/9904109
http://dx.doi.org/10.1103/PhysRevD.61.065009
http://arxiv.org/abs/hep-th/9907113
http://inspirehep.net/search?p=find+EPRINT+hep-th/9907113
http://dx.doi.org/10.1103/PhysRevD.66.066006
http://arxiv.org/abs/hep-th/0106149
http://inspirehep.net/search?p=find+EPRINT+hep-th/0106149
http://dx.doi.org/10.1088/1126-6708/2003/04/013
http://arxiv.org/abs/hep-th/0301067
http://inspirehep.net/search?p=find+EPRINT+hep-th/0301067
http://arxiv.org/abs/hep-th/0310297
http://inspirehep.net/search?p=find+EPRINT+hep-th/0310297
http://dx.doi.org/10.1088/1126-6708/2005/05/031
http://arxiv.org/abs/hep-th/0501113
http://inspirehep.net/search?p=find+EPRINT+hep-th/0501113
http://arxiv.org/abs/hep-th/0301235
http://inspirehep.net/search?p=find+EPRINT+hep-th/0301235
http://dx.doi.org/10.1016/j.nuclphysb.2007.10.017
http://arxiv.org/abs/0707.1085
http://inspirehep.net/search?p=find+EPRINT+arXiv:0707.1085
http://dx.doi.org/10.1007/BF02725178
http://inspirehep.net/search?p=find+J+NuovoCim.,A67,267
http://dx.doi.org/10.1002/prop.19720201202
http://inspirehep.net/search?p=find+J+Fortsch.Phys.,20,701
http://dx.doi.org/10.1063/1.525811
http://inspirehep.net/search?p=find+J+J.Math.Phys.,24,1295
http://dx.doi.org/10.1016/j.physletb.2004.12.075
http://arxiv.org/abs/hep-th/0410012
http://inspirehep.net/search?p=find+EPRINT+hep-th/0410012
http://dx.doi.org/10.1088/1751-8113/42/14/145206
http://arxiv.org/abs/0808.2243
http://inspirehep.net/search?p=find+EPRINT+arXiv:0808.2243
http://dx.doi.org/10.1088/1751-8113/43/1/015201
http://arxiv.org/abs/0812.4140
http://inspirehep.net/search?p=find+EPRINT+arXiv:0812.4140
http://dx.doi.org/10.1088/1126-6708/2009/08/039
http://arxiv.org/abs/0906.4464
http://inspirehep.net/search?p=find+EPRINT+arXiv:0906.4464
http://dx.doi.org/10.1103/PhysRevD.83.124036
http://arxiv.org/abs/1012.4402
http://inspirehep.net/search?p=find+EPRINT+arXiv:1012.4402
http://dx.doi.org/10.1016/j.physletb.2011.07.003
http://arxiv.org/abs/1101.1591
http://inspirehep.net/search?p=find+EPRINT+arXiv:1101.1591


J
H
E
P
0
2
(
2
0
1
3
)
1
2
8

[19] R. Durka, J. Kowalski-Glikman and M. Szczachor, Gauged AdS-Maxwell algebra and gravity,

Mod. Phys. Lett. A 26 (2011) 2689 [arXiv:1107.4728] [INSPIRE].

[20] S. Fedoruk and J. Lukierski, New particle model in extended space-time and covariantization

of planar Landau dynamics, Phys. Lett. B 718 (2012) 646 [arXiv:1207.5683] [INSPIRE].

[21] T. Shirafuji, Lagrangian mechanics of massless particles with spin,

Prog. Theor. Phys. 70 (1983) 18 [INSPIRE].

[22] E.S. Fradkin and M.A. Vasiliev, Cubic interaction in extended theories of massless higher

spin fields, Nucl. Phys. B 291 (1987) 141 [INSPIRE].

[23] E.S. Fradkin and M.A. Vasiliev, On the gravitational interaction of massless higher spin

fields, Phys. Lett. B 189 (1987) 89 [INSPIRE].

[24] X. Bekaert, N. Boulanger and P. Sundell, How higher-spin gravity surpasses the spin two

barrier: no-go theorems versus yes-go examples, Rev. Mod. Phys. 84 (2012) 987

[arXiv:1007.0435] [INSPIRE].

[25] T. Curtright, Are there any superstrings in eleven-dimensions?,

Phys. Rev. Lett. 60 (1988) 393 [Erratum ibid. 60 (1988) 1990] [INSPIRE].

[26] J. de Azcarraga, J.P. Gauntlett, J. Izquierdo and P. Townsend, Topological extensions of the

supersymmetry algebra for extended objects, Phys. Rev. Lett. 63 (1989) 2443 [INSPIRE].

[27] E. Sezgin, The M algebra, Phys. Lett. B 392 (1997) 323 [hep-th/9609086] [INSPIRE].

[28] S. Fedoruk and V. Zima, Massive superparticle with tensorial central charges,

Mod. Phys. Lett. A 15 (2000) 2281 [hep-th/0009166] [INSPIRE].

[29] S. Fedoruk and E. Ivanov, Master higher-spin particle, Class. Quant. Grav. 23 (2006) 5195

[hep-th/0604111] [INSPIRE].

[30] D.V. Soroka and V.A. Soroka, Another approach to cosmological term problem, talk at the

International Workshop Supersymmetries and Quantum Symmetries (SQS’2011), July

18–23, Dubna, Russia (2011).

[31] M. Porrati, R. Rahman and A. Sagnotti, String theory and the Velo-Zwanziger problem,

Nucl. Phys. B 846 (2011) 250 [arXiv:1011.6411] [INSPIRE].

[32] I. Buchbinder, T. Snegirev and Y. Zinoviev, Cubic interaction vertex of higher-spin fields with

external electromagnetic field, Nucl. Phys. B 864 (2012) 694 [arXiv:1204.2341] [INSPIRE].

– 20 –

http://dx.doi.org/10.1142/S0217732311037078
http://arxiv.org/abs/1107.4728
http://inspirehep.net/search?p=find+EPRINT+arXiv:1107.4728
http://dx.doi.org/10.1016/j.physletb.2012.10.072
http://arxiv.org/abs/1207.5683
http://inspirehep.net/search?p=find+EPRINT+arXiv:1207.5683
http://dx.doi.org/10.1143/PTP.70.18
http://inspirehep.net/search?p=find+J+Prog.Theor.Phys.,70,18
http://dx.doi.org/10.1016/0550-3213(87)90469-X
http://inspirehep.net/search?p=find+J+Nucl.Phys.,B291,141
http://dx.doi.org/10.1016/0370-2693(87)91275-5
http://inspirehep.net/search?p=find+J+Phys.Lett.,B189,89
http://dx.doi.org/10.1103/RevModPhys.84.987
http://arxiv.org/abs/1007.0435
http://inspirehep.net/search?p=find+EPRINT+arXiv:1007.0435
http://dx.doi.org/10.1103/PhysRevLett.60.393
http://inspirehep.net/search?p=find+J+Phys.Rev.Lett.,60,393
http://dx.doi.org/10.1103/PhysRevLett.63.2443
http://inspirehep.net/search?p=find+J+Phys.Rev.Lett.,63,2443
http://dx.doi.org/10.1016/S0370-2693(96)01576-6
http://arxiv.org/abs/hep-th/9609086
http://inspirehep.net/search?p=find+EPRINT+hep-th/9609086
http://dx.doi.org/10.1142/S0217732300002875
http://arxiv.org/abs/hep-th/0009166
http://inspirehep.net/search?p=find+EPRINT+hep-th/0009166
http://dx.doi.org/10.1088/0264-9381/23/17/006
http://arxiv.org/abs/hep-th/0604111
http://inspirehep.net/search?p=find+EPRINT+hep-th/0604111
http://theor.jinr.ru/sqs/2011
http://dx.doi.org/10.1016/j.nuclphysb.2011.01.007
http://arxiv.org/abs/1011.6411
http://inspirehep.net/search?p=find+EPRINT+arXiv:1011.6411
http://dx.doi.org/10.1016/j.nuclphysb.2012.07.012
http://arxiv.org/abs/1204.2341
http://inspirehep.net/search?p=find+EPRINT+arXiv:1204.2341

	Introduction
	Maxwell-covariant spinorial particle model and its formulation in generalized phase space
	Covariant Maurer-Cartan one-forms
	Particle action and constraints
	Noether charges and the Casimirs

	First quantization of the particle model and interacting HS fields
	HS field equations from first class constraints
	HS field equations in dual picture for tensorial coordinates
	The link between constant torsion in tensorial sector and constant EM field background

	Final remarks
	Different dimensionalities of tensorial coordinates and some consequences

