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1 Introduction

The development in higher spin (HS) theories shows the importance of dynamics in gen-
eralized spaces with supplemented additional tensorial coordinates (see e.g. [1-9]). In
particular, in D = 4 the massless free HS fields can be derived from the quantization of
the spinorial particle model on flat tensorial space, described by D = 4 Minkowski space
extended by six tensorial coordinates [1, 2, 4] generated by the tensorial central charges.
We would like to point out that six commuting with each other tensorial charges are sup-
plemented as well if we enlarge the Poincare algebra to the Maxwell algebra [10-16]. The
corresponding Maxwell tensorial space-time, generated by fourmomenta and six additional
tensorial charges, is endowed in tensorial sector with constant torsion proportional to elec-
tromagnetic coupling constant e. The aim of this paper is to consider the spinorial particle
model in ten-dimensional D = 4 tensorial space-time with torsion described by the coset
of D = 4 Maxwell group. It follows that the additional tensorial coordinates can be linked
with the spin degrees of freedom, and the model after first quantization will describe linear
equations for coupled infinite-component HS field multiplets (Maxwell HS fields).

The Maxwell algebra [10, 11] is obtained as the following enlargement of the Poincare

algebra with generators (PaB’ Mg, Maﬁ') by six commuting with each other tensorial



charges Zog = Zga, Zyp = (Za )*+h2

[Paci, Pyg] = 2ie (edBZag + eaﬁzdg) : (1.1)
(Zaps Zns) = [Zaps Zag) = [Zap, Pys) = 0, (1.2)
where
[Mag, Py3] = —iey(aPpys » (M5, Prs] = —iesa P ) 5
[(Mag, Zys] = i(eavzﬁé + €B6Zow)7 (M5, 25 =i (Ecwzgs + Egszéw) : (1.3)
[Mag, Z&é] =0

and Myg = Mg, M, 5= (Mop)™ describe the Lorentz algebra generators

«

[Maﬂa M"/(F] = i<€a7M56 + EﬁdMoz'y>,

[Mdﬁ” Z"‘/S] = i (Ed’yMBS + GB(;MO'@) , (1'4)
[Mag, M. 5| = 0.

The quantity e in (1.1) is the dimensionless electromagnetic coupling constant.

One can introduce Maurer-Cartan (MC) one-forms (w?ﬁ), w?zﬁ), w?zﬁ)) on ten-

dimensional coset (M is the Maxwell group) which defines D = 4 proper Maxwell group M,

M (2B 7 *dBZ ) g ozBp .
Mg — _ iz aB+Z a’ﬂ)ew of 1.5
0= 5.1 (1.5)
By analogy with the constant torsion in N = 1 Wess-Zumino superspace, the ten-

sorial Maxwell space-time described by proper Maxwell group (1.5) is endowed with
constant torsion.

The simplest Maxwell generalization of standard relativistic D = 4 particle model was
considered in [20], where it was extended to ten-dimensional tensorial space-time man-
ifold (1.5). It was shown in [20] that after first quantization such a model presents in
Lorentz-covariant way the D = 4 particle interacting with electromagnetic (EM) field
characterized by a constant field strength (so-called Landau orbit problem). In this paper
we shall generalize the D = 4 spinorial particle model defined on flat tensorial space-time

"We shall consider in this paper the case D = 4 and use two-spinor notation, i.e. P.s= O'ZBPM, Zag =

ot Zuvs Zyy = &Z;ZW, where (6")aa = (12,5)aa, (61)** = eaﬁedﬁ(a")ﬁg = (12, —5)%, o™ = iol*5"],
E = 65',;/(5"‘“/)’\{(54. Always in this paper we use weight coefficient in
(anti)symmetrization, i.e. A Bg) = % (AaBs + AsBa), AjaBg = 1 (AaBs — AsBa).

’In (1.1) we do not introduce any dimensionfull parameter, i.e. we assume that the mass dimension of

suv s gv] ey HUy Yy s 3
ot =icMo" ol = €py(c™)a”, L

Zag, Zsp is 2 (twice of mass dimension of P, z). We stress that one can introduce any mass dimensionality
[Zag] = [Z4p] of tensorial generators by introducing suitable dimensionfull constant in (1.1). If we assume
[Zag] = [Z,5] = 1 we get the case of tensorial coordinates with dimensionalities as in [1-9]; if [Zap] =
[Z45] = 0 such form of Maxwell algebra was considered in [17-19]. In section 1-3 below we shall use only the
parameterless form (1.1)—(1.4) of Maxwell algebra. The consequences of introducing various dimensionfull

parameters in (1.1) for the basic equations derived in this paper we shall consider in appendix.



with supplemented Weyl spinor variable introduced in [1, 2, 4]. Let us recall that the
spinorial massless D = 4 N = 1 superparticle model was firstly described by the following
SUSY-invariant action, proposed by Shirafuji [21]

N=1SUSY _ 3. b
S _/AQAB%,), (1.6)

where the one-form w(?) is derived from the superalgebra {Q, Q ﬁ} = 2P, and Ao, A =
(Aa)T is an auxiliary two-component Weyl spinor. Below we shall con81der the Maxwell
counterpart of Shirafuji model, which by observing the correspondence (Qa, Q i iPaﬁ-) >

(Pg; Zap, 2, ) and w%?) < (w?ﬁ) 585 ) we define as follows

af’ “(2)
gMax _ (a/\ A’ +aX-X@dE3). (1.7)
AP (Z) a7BH(Z)
Because the tensorial coordinates (27, 768 ) and one forms (w(o‘;),w?g)) have mass di-
mensionality equal to —2 ([ af] = [Edfg] [w (ZB)] @] ap | = —2; see footnote 2) if as usual

“(2)
we assign [\%] = [A\Y] = %, we obtain that [a] = 1. By fixing global U(1) phase transfor-

mations A, = €% \q, )\a = e )4, which commute with Lorentz SL(2; C) transformations,
the complex parameter a can be made real (¢ = a = m) and introduces in the model a
mass-like parameter m.

It will be shown (see section3) that m is not providing standard notion of mass for
particular HS field components; its presence will be seen in the terms describing couplings
between D = 4 HS fields with different spins. Further, in order to obtain in our model
nontrivial “conformal limit” m — 0 we shall add to the action (1.7) the action (1.6) with P,
(commuting Poincare momenta) replaced however by the noncommuting Maxwell momenta
P, from (1.1).

In order to perform effectively the quantization which provides the HS field equations
in our Maxwell tensorial space X = (2%, 27, 798 ) we shall also add to the action (1.7)
the free kinetic term linear in time derivatives of Aas Ag.3

We recall that the D = 4 massless conformal fields were obtained as describing first
quantization of particle model in flat tensorial space X4 = (w29, 208, 748 ), with additional
two-tensor coordinates zH¥=(z7, zoB ) generated by the tensorial central charges appearing
in generalized D = 4 Poincare superalgebra.* Further there was considered the derivation
of HS fields in D = 4 AdS by quantization of the particle model on non-flat tensorial
superspace described by the group manifold Sp(4) [3, 5-7]. In AdS space-time there appears
a geometric dimensionfull parameter, AdS radius or cosmological constant, which permits
to introduce interacting higher spin fields for spins s > 2 [22, 23]. In this paper we introduce
other modification of flat tensorial space, characterized by alternative way of introducing
the dimensionfull parameter. In the formulation of Maxwell algebra (1.1) without geometric

3Such terms in generalized Shirafuji model in D = 4 tensorial space obtained by adding to Poincare
algebra the tensorial central charges was proposed by Vasiliev [4].

4Firstly such tensorial supercharges were postulated in D = 11 superalgebra what led to the notion of
M-algebra [25-27].



dimensionfull parameter (see footnote 2)) the mass-like parameter m is dynamical, appears
in the action (see (2.9)). However one can change the mass dimensionality of the generators
Zag, ZaB and dual tensorial coordinates 2z, 248 if we introduce in the relation (1.1) a
suitable geometric dimensionfull parameter. In general case one can replace (1.1) as follows

[Pag, Pygl = 2ieM € <edBZa5 + eaBZdB) , (1.8)

where ¢ is a real number, M describes a geometric mass parameter ([M] = 1), e is dimen-
sionless ([e] = 0). The value { = 0 was introduced in original Maxwell algebra (1.1)
with fourmomenta commutator proportional to dimensionless electromagnetic coupling
constant. If £ = 1 the geometric mass-like parameter M enters into the Maxwell alge-
bra, and one can show that in the dynamical equations of the corresponding particle model
the geometric parameter M replaced the dynamical parameter m (see appendix). In agree-
ment with the discussion of spin two barrier for higher spin interactions (see e.g. [24]) we
conjecture that it is the presence of new dimensionfull parameter which permits our frame-
work with coupled higher spin fields. Because in our model with Maxwell symmetries the
particle action contains the mass parameter m, it implies that the Maxwell-invariant HS dy-
namics is nonconformal. We shall present below such dynamics, what should help to arrive
at the physical interpretation of additional tensorial coordinates 27, 748 parametrizing
the Maxwell group manifold.

In section 2 we shall perform the canonical quantization of the model (1.7) with sup-
plemented kinetic term for A%, A*.> By using the phase space formulation we shall specify
the set of first and second class constraints. It appears that in first quantized theory the
first class constraints will describe the set of field equations for new higher spin multiplets
in the tensorial space X = (2°¢, 298, el ) which define new HS Maxwell dynamics. Such
equations will describe the generalization of the known “unfolded equations” [2, 4-6, 8, 9]
for massless HS free fields with flat space-time derivatives 8a5 replaced by the Maxwell-
covariant derivatives D i Important property of our particle model is that the Casimirs
of Maxwell algebra [11, 13]

Y™ = PP 4 de(MopZ®? 4 My 27 (1.9)

CY™ = ZopZ°P

C}S\/Iax _ ZdBZdB’ (110)
L 1 i .

Ci\dax _ QZaﬁZaBPadPﬂﬁ. _ 3 (Z'YCSZ,YCs + Z'Y‘SZ’.YS) PP, (1‘11)

20 (277255~ 29 Z5) (2°0 Mo — 2%, 5)

will vanish as a consequence of first class constraints. It follows from (1.9) that for vanishing
value of CM2* the formula for D = 4 mass square M2 = %PQBPO‘B is linear in Lorentz

5The additional kinetic term linear in time derivatives, more proper for spinorial degrees of freedom,
was used in [4, 28, 29].



generators describing relativistic angular momenta, what suggests some link with the known
mass formulae for Regge trajectories.5

In section 3 we shall describe the new linear set of field equations for space-time fields
describing the infinite-dimensional nonconformal Maxwell-HS multiplets. Similarly like in
SUSY-covariant field theory one uses superspace and the covariant odd derivatives D, Dy,
the Maxwell-covariant formulation is given by extended tensorial space-time X = (z,, z,,)
and Maxwell-covariant space-time derivatives D,. If we expand the fields on Maxwell
tensorial space into D = 4 HS fields with arbitrary Lorentz spins, in comparison with known
equations for decoupled free massless conformal HS fields we obtain the equations with new
space-time-dependent terms, which link fields with different values of the Lorentz spins
(71, J2). We shall also show that the second order equations, generalizing the Klein-Gordon
equation for the corresponding scalar Maxwell-HS fields can be described by the bilinear
Casimir (1.9) with Maxwell algebra generators (P, 5, Mag, M, 4> Zaps Z, B) suitably realized
in ten-dimensional tensorial space X describing the generalization of D = 4 space-time.

We recall that at present there was considered the quantization of spinorial particle
model of Shirafuji type on two D = 4 tensorial manifolds: the flat one, described by
RY [1, 2, 5, 6], and described by the group manifold Sp(4) [2-9]. Because both tensorial
manifolds can be described by the same coset Sp(8)/[GL(4) & K19] (K1p is ten-dimensional
Abelian group of generalized conformal translations) [5, 6], they provide two different
choices of coordinates on the same manifold, and consequently corresponding free particle
models have the same massless spectrum of free conformal HS particles. At present it is
not clear if there is a way of “diagonalizing” the interacting Maxwell HS multiplets, and
the question of their mass spectrum is the problem for further investigation. Subsequently
at the end of section 3 we show that the torsion of Maxwell space-time can be interpreted as
describing the coupling to Abelian gauge potential. Finally in Appendix we shall consider a
general scale reparametrization of the basic algebraic relation (1.1), modifying the “canon-
ical” dimensionality [Z.5] = [Z &3] and introducing additional, more geometric mass-like
parameter M.

2 Maxwell-covariant spinorial particle model and its formulation in gen-
eralized phase space

2.1 Covariant Maurer-Cartan one-forms

Taking exponential parametrization (1.5) and using algebraic relations (1.1), (1.3)

we obtain _ .
MG aMo = i (WP, 4+ w2 Zap + 6 7 (2.1)
where the Maurer-Cartan one-forms are
w8 = dgoB ,
. . . (2.2)
w? = dzP + ex(wdmf) , W = dz48 4 exW(d‘dazg) .

5The idea of linking D = 2 Maxwell algebra with Regge trajectories in two-dimensional stringy field
theory was firstly suggested by D.Soroka and V. Soroka [30].



The dual Maxwell-covariant derivatives Da=(D, 4 D, A Da,@') are given by the formulae

D .= —1i 3- +ex! 0 +exZ 6._ ,
op OxoB B 0z 978
0 _ 0
—f — D. .= — - .
$ 908 ap zagdﬁ

(2.3)

D.sg =

The relations (2.3) defines by means of the formula [D4, D] = T4 5 D¢ the nonvanishing
torsion in Maxwell tensorial space-time (x,,, 2.)

T, = 8f}ot). (2.4)

)

The one-forms (2.2) and vector fields (2.3) are invariant under the space-time (parameters
a®?) and tensorial Maxwell translations (parameters b5, p5)

5208 = qoB ,
0220 = pof 4 2 @Val) 529 = b 4 27 (0a]
and are covariant under the Lorentz transformations (parameters (3, 7B )
000 = (Ml 4 el 5200 = 20078 6790 = 97487 (2.6)
2.2 Particle action and constraints
We shall consider the following Maxwell-invariant particle action
S = / [AO}\B W +m (Aaxﬁ T EDWY wdﬁ)} . (2.7)

From action (2.7) follows a complicated structure of the constrains with four first class
constraints. Similarly as in the previous HS particle models in tensorial space-time [1, 2],
the appearance of the second class constraints p§ ~ 0, ﬁ‘i‘ ~ 0 makes the quantization
difficult. It is useful to convert these constraints into the first class constraints what is
achieved by adding four additional degrees of freedom and new four gauge symmetries [2]
. Effectively, as shown in [4], such conversion is produced by adding to the action (2.7) the
term with additional coordinates (y<,7%)

Sy = / dr (Aaya n ngd) . (2.8)

As a result, the constraints p§ =~ 0, ﬁi“ ~ 0 do not appear and y®, §* play the role of
canonical variables conjugate to Aa, A4.
Thus, we consider in this paper the model defined by the Lagrangian

L= Aah; %7 + mAahg (zaﬁ + ex%‘c§> +mAa (édB + esﬂ%ﬁ) F Aad® + Aad®, (2.9)



which describes the particle motion in generalized coordinate space (azo"B, 298, édg, Y, gY).
The definitions of corresponding momenta (p,, B> faps fa A Aas A ) lead to the following con-
straints in the model”

T, Epa5+efa7xg+ef5,.yxl—)\a;\ﬁ-mO, (2.10)
Taﬂ = faﬁ - m)\a)\ﬁ ~ 0, (2.11)
T = Fap—mAady = 0. (2.12)

It is easy to see that after insertion of (2.11), (2.12) in (2.10) we obtain the covariantization
of the constraints leading to unfolded equations for HS fields [2, 4]

T,5=D,;— dah (2.13)

R
where
D, =D+ exgpw + exlﬁﬁ-& , (2.14)
is the classical counterpart of the Maxwell-covariant derivative.
The only nonvanishing Poisson brackets (PB) of the constraints (2.10)—(2.12) are

{Tad, T/BB}P = 2e (%xﬁfaﬁ + Eaﬁfaﬁ') ~2em <€d,8)‘a)‘ﬂ + Eagx_\dj\g) . (2.15)

Therefore, the constraints (2.11), (2.12) are first class and imply that the tensorial coordi-
nates (2%, 248) are becoming pure gauge degrees of freedom whereas the constraints (2.10)
are the superposition of two first class and two second class constraints.

We stress that such structure is not present in the particle model describing the stan-
dard free massless HS particles [2, 4], where the counterparts of the constraints (2.10) are
first class. Only in limit e — 0 the model (2.9) yield the standard action [2, 4] of higher
spin particle.

For extracting second class constraints from (2.10) we shall use second Weyl spinor
Uq, as was proposed in [2]. Such auxiliary spinor satisfies the condition A*u, = 1 and
has nonvanishing PB {ua, v}, = usu® (see details in [2]). Then, considering PB of
the projections

Tyx = M Tas ), Tra = N That® T = uTaa\*, Tya = u*Thau®, (2.16)
we obtain that the unique nonvanishing PB following from (2.15) is
{T)\ﬁ +Tu5\7Tu’U«}P =4dem. (217)

Therefore the constraints (Thg + 7,5, Tua) are second class constraints, whereas (Thg — 1,5,

T\5) are first class.

"We omit below the consideration of the constraints p§—y* ~ 0, 5 —7% ~ 0 and py o ~ 0, fy & ~ 0. After
introducing for them Dirac brackets the variables (Aq, X&) become the momenta of (y*,7%). The tensorial
part of the phase space (xo‘ﬁ,zaﬁ,zdﬁ,paﬁ,fag,fdﬂ) is supplemented by auxiliary spinorial phase space
(y*, 9%, Aa, Aa) with the canonical Poisson brackets {y*,As}, = 35, {7%, 5‘,6}13 = 52‘ After quantization
these two parts of generalized phase space commute.



We introduce now the conversion of the pair of second class constraints into third
first class constraint by considering the equation Ty; ~ 0 as gauge fixing condition for
the constraint Thy + 7,5 ~ 0 generating new gauge degree of freedom. Then, we shall
consider further the constraints (2.10) as described by three first class constraints Thg ~ 0,
T,x ~ 0, T\5 ~ 0. Let us observe, however, that these constraints are equivalent to the
projections of the constraints (2.10) on the Weyl spinor components A%, A*. Thus, the
equivalent system, which we will quantize, is described by the phase space variables with

nonvanishing PB

{2°% pystp = 6505, (2%, frs}p =0 %5% {29, f.s)p = 01067, (2.18)
{yav)‘ﬁ}P:6g7 {y /\ﬁ}P: (2-19)

and the following first class constraints

So = TygM = (poy + € fana]) ) NV = DN 0, (2.20)
Sy = /\fBTBd =\ (pga + efgwxﬁ) ~ /\’8ng ~0, (2.21)
ag = fop —mAaAg =0, (2.22)
Tys = fap—mAary =0 (2.23)
Because
A*S, &~ A4S, (2.24)

the four relations (2.20), (2.21) describe only three independent first class constraints.

It is useful to make some comment about projections in (2.20), (2.21). By performing
these projections we omit the contribution in first class constraints which does not depend
on spinor variables and describes the field equation for spin zero case. Such contribution
is present in the following quadratic first class constraint

T =T, 0. (2.25)

Indeed, using A\®u, = A%y = 1 we obtain T = T\3Tua — ThaT,5 ~ O because after
conversion the constraints Thg ~ 0, T),5 ~ 0, Ty5 ~ 0 are of first class. We add that
the constraint (2.25) will provide the Maxwell extension of massless Klein-Gordon (KG)
equation satisfied by the free conformal HS fields.

2.3 Noether charges and the Casimirs

In order to interprete the role of the first class constraints (2.20)-(2.23), (2.25) in
our model we will find the Noether currents, generated by the Maxwell generators
(PQB,ZQB,ZQB,M Md/?) in generalized coordinate space (mag,zaﬁ,idﬁ,ya,gd). Using
the transformations (2.5), (2.6) and®

oyt =g, oyt =Py, Oda=—lagh, Sha = —l5\] (2.26)

8The spinors A\, ¥y are inert with respect to space-time and Maxwell translations.



we obtain the following dynamical phase space realization of Maxwell algebra generators
Pi= P+ exsz + efmxg ,
Zap = —fap
Zop = —Fap> (2.27)
Mag:x( 8)% —|-22 W8y T YAs)
My = (a Pyg) T Zz(afﬁ-),.y + y(d)\ﬁ-) .

Using the expressions (2.27) we find that the Casimirs (1.9), (1.10), (1.11) of Maxwell
algebra are expressed as follows in terms of the first class constraints (2.20)-(2.22), (2.25):

OV~ T, T + 278,
OMaX ~ T, 576 CMax o ngfaﬂ', (2.28)
CMax & 930365, G, .
The numerical eigenvalues of Casimirs (2.28) characterize the choice of infinite-dimensional
Maxwell-HS irreducible field multiplets. It appears from the quantization of our Maxwell-

Shirafuji model that we obtain the Maxwell-HS realizations corresponding to all four eigen-
values of Casimirs (2.28) equal to zero.

3 First quantization of the particle model and interacting HS fields

3.1 HS field equations from first class constraints

We consider the Schrodinger representation in which the wave function depends on the
generalized coordinates

O = B2 228 568 yo g (3.1)
and the generalized quantized momenta are realized by the partial derivatives
.0 .0 = . _ .a
pO‘B = axaﬁ = —'La faﬁ = —ZW = _Zaaﬂ, fa,@ = _ZaZdB = —Zﬁdg,
(3.2)
0 ) < 0
AO& - _2870‘ = —Zaa, )\d = —Z@ = —Za (33)

The Maxwell-covariant momenta D ;5 (see (2.14)) after quantization satisfy the relation

[Dad, DB,B} =2ie <Eo'¢,8fa/3 + 60‘5de> (3.4)
and in Schrodinger realization describe the Maxwell-covariant derivative. Physical field
equations are defined by the quantum counterpart of first class constraints (2.20)—(2.22):

iD, 40" ® = (9,5 + 0oy a) 8@ =0, (3.5)
iDgad® ® = (e + e oy }) 07 @ =0, (3.6)
(us + imdads)® = 0, (0.5 + imBady)® = 0. (3.7)



Let us use the Taylor expansion of the wave function ® with respect to the variables
z = 20 and z = 2%, Then the constraints (3.7) for the wave function

oo
1 .3 N
B ) = 3 g 2o i gk - (@.7)

a1 B1-.an By &1 B1...Cn B
k,n=0

(3.8)
provide the expression of all components &%) k>0, n > 0 by d(0:0) a5 follows:

(2k,2n) _
(1)01151---Oékﬁk 181 ..n B (=,9,9)

= (—im)k+n 8a1851 R 6ak@5k 5@15‘

B e 5d”5,3n (I)(O’O) (‘/Ev Y, g) . (39)

The formulae (3.9) can be written down as the solutions of egs. (3.7) by one compact
formula

_ aB 5685, 5.
B(a,2,2,y,5) = ¢ TR0 08:) 00) gy (3.10)

what confirms the auxiliary gauge nature of the tensorial coordinates z* = (27, P ).

Let us analyze the remaining equations (3.5), (3.6) for the unique unconstrained com-
ponent ®(0) (2,1, 7) of the wave function (3.8). We perform the following subsequent
Taylor expansion

oo
_ 1 g 3 (,
o0 (x,y,9) = Z Tl Yy yE yﬂ1 . yﬁ” gb((lln)ak byofn (z), (3.11)
kn=0
where gbg?i)ak byt (x) are the D = 4 space-time Maxwell-HS fields.

Note, that in limit e — 0 the equations (3.5), (3.6) yield massless Dirac-Pauli-Fierz
equations for massless conformal HS fields with arbitrary helicity

e=0: gt ) (z)=0, gk (z)=0.  (3.12)

at...ak B1...On al...ap Bi...0n

If e # 0 we obtain the generalization of these equations.
Now we list the equations for Maxwell-HS fields which are the consequence
of (3.5), (3.6):

e Using two-spinor identities 00, = 0905 = 0 we obtain the equation
00005 ® = 0 (3.13)

which gives the generalized Lorentz divergence conditions for the component fields
in (3.11) .
grbr pkm) (z)=0, kn>1. (3.14)

Qf...p ,81ﬁn
For n = k = 1 we obtain the standard Lorentz condition for the four-vector field.

e We obtain also the equations

03 0005 ® = 05 0505 @ (3.15)

,10,



which lead to the following set of equations

gox glkn=2) — 9bn  pk2m) kon>2. (3.16)

Brn—1 "ai..ap_1ak f1...0h—2 k=1 Taq.op_g B1Bn-16n’

for the component fields. In particular for antisymmetric 2-tensors described by
Lorentz spins (2,0) + (0, 2) we have the following equation

05 o =0 o7 (3.17)

After inserting of (3.11) the equations (3.5), (3.6) produce the following equations
for component fields

Qg (k,n) . =4 akBnta (k,n+2). ) . >1-

aﬁn+1 a1...ap B1...0n remx ¢0¢1~~ak B1--Brns1Bny2’ kz1; (3.18)
Bn (k,n) — 4 ak+2Bn (k+2,n) >

aa’”l ¢O¢1-~-Otk Br.Bn wemx ¢al-~-0¢k+10¢k+2 Br...Bn’ nzl, (3'19)

which are the Maxwell-invariant generalizations of Dirac-Pauli-Fierz equations.

The last constraint (2.25) takes in first-quantized theory the following form

[ 0,07 — 2i0°49,0,

+2iem (xg 8°¢89,85 + 2 amédég) — 2¢2m? (9,2°%0,)" ]cb = 0. (3.20)
However, from (3.5), (3.6) and (3.15) follows the equations
i 9°40,05 @ = ix) 0°0:9;5® = em (9a2°%8;)" @. (3.21)

Using the relations (3.21) and (3.13) we can reduce the constraint (3.20) to the
following form

— D0 + 262m? (8axad5d)2] ®=0. (3.22)
The equation (3.22) provides the following infinite set of component field equations

o .d)(kvn) L = 92¢2m2 xak+13n+1 xak+26n+2 (k+2,n+2) o )
T oo BB Q1O O 1ot 2 BB Bt 1Bntz

(3.23)
which are Maxwell-invariant generalization of massless Klein-Gordon equations.
One can demonstrate that the Maxwell-Klein-Gordon equations (3.23) for all com-
ponent fields qb(k’”), except d)(O’O), can be derived from the Maxwell-Dirac equa-
tions (3.18), (3.19). Single additional equation for the component fields following
from (3.23) is the Maxwell-Klein-Gordon equation for the scalar field ¢(%:0):

avﬁaﬁ.] ¢(010) — 2¢2m?2 xa1,31 xa2/32 ¢(2,2) (3.24)

araz BBz
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In order to specify in our model the irreducible Maxwell-HS multiplets let us represent
down the Maxwell algebra generators (2.27) in terms of realizations (3.2), (3.3). We obtain
that the infinitesimal Maxwell symmetry transformations are the following

PaB : 5qu(.{€.’n) 7”’8 ¢> + iem ao‘V({)’Bqﬁ k+2 m) +iem ao'”&éqS(.]f’ZgQ) ,
Zag : 5Z¢(ﬁ.’n) = —iem bo‘ﬁqu;%n) )
ZaB : 5Z¢(,I.€.’n) = —tem 5d5¢(k’7;2)

Mo M0 30T, = (zﬁvx e ) 02588 + k2%, n o ",

(3.25)
From the relations (3.25) follows that one can construct the infinite-dimensional
5. 2) described by the field o5 () if
we supplement the infinite chain of component fields ¢(#+2P7+27) () where p = 0,1,2,.. .,

Maxwell-HS multiplets with minimal Lorentz spin (

r=0,1,2,.... One can observe that

i) There are two infinite sets (bosonic and fermionic) of infinite-dimensional fields: with
integer spins s = $(k+n)+p+7 (k-+n even) and with half-integer spins (k-+n odd).

ii) The field equations relating the components ¢(#+272+27) (z) are given by the Maxwell-
Weyl equations (3.18), (3.19) and supplementary equations (3.16); only for spin-zero
field ¢(©9 we should supplement the Maxwell-Klein-Gordon equations (3.24). In
particular, the maximal bosonic Maxwell HS multiplet with scalar field ¢(0,0) (x) will
contain the link between all components with even Lorents spins (41, j2) = (p,r), and
there are two maximal fermionic multiplets: chiral, Wlth Maxwell-Weyl field gi)((ll 0) (x),
and the antichiral one , with Maxwell-Weyl field ¢a ( ) (in Majorana case they are
related by the relation qﬁg)’l)(:c) = (qb&l’o) (z))1).

iii) The equations (3.16), (3.18) and (3.19) link the fields with different spins (k,n). For
k> 1 and n > 1 the table of fields ¢(*™)(z) can be decomposed into triplet of spins
with the closed diagram

(k,n) e(—3—'1—8—)» (k,n+2) e(—3—'1—6-)+ (k+2,n) e(—g—'l—g—)+ (k,n) (3.26)
where over the double arrows we indicate the field equation which connects different
spins. For the fields with spins (k,0) and (0,7) one can not construct closed sequence
of links, however one can relate all the bosonic (k+ n even) or fermionic (k+ n odd)
fields of a such type (they correspond to self-dual curvatures of higher spin gauge
fields). One can compose the following two sequences

0) < ko) N 42,0

O < @m0 0nt)

(3.27)

We stress that the coupling between different spins described in (3.26), (3.27) by double
arrows is proportional to em. In particular if e — 0 the fields with different spins are
decoupled, and the equations (3.18), (3.19) describe the Dirac-Pauli-Fierz equations (3.12)
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for free HS fields; the limit e — 0 of (3.24) describes free Klein-Gordon equation for
spinless field.

We emphasize that performing the limit ¢ — 0 on the level of the action with La-
grangian (2.9) and subsequent quantization provides only subset of free fields described
by equations (3.12). In such free HS model the spectrum contains only the scalar field
(09 (z), the spin-tensor fields with undotted indices ¢gi0)ak(x) (k > 0) and spin-tensor
field with dotted indices gb((iOl,-T-L-)dn () (n > 0). This is due to the property of the action (2.9)
in the limit e — 0, in which all ten constraints in the system become of the first class, in par-
ticular all the constraints (2.10). Corresponding unfolded equations (8 N-ha i@aa@) b =0

yield besides the equations (3.12) and the Klein-Gordon equation for scalar field ¢(%0)(x)

also the constraints which express ‘mixed’ fields gb (k>0, "ZO) B
Qg P1
derivatives of the fields ¢(09)(z), &?_Oa(,)c) (x), qb(-o n>-2) (a:) (see details in [2, 4]).

aq...Q

If e # 0 it was shown in section 3.1 that only eight out of ten constraints (2.10)—(2.12)
are first class and one can introduce the fields ¢(*") for k # 0, n # 0 as independent.
Such fields enter together with the “unfolded” field qbggl’?_)ak (x) into the infinite-dimensional

multiplet ¢(¥+2P2") which describes an infinite-dimensional realization (see (3.25)) of D = 4

(z) in terms of space-time

Maxwell algebra.

Finally we add that the appearance of multiplicative massive parameter m can not
be avoided; it could be traced to nonvanishing dimensionalities of fourmomenta P, and
the space-time coordinates. In principle one can only rearrange the dimensionality [Z,,]
of the generators Z,,, but as we show in the appendix, if we consistently remove m in
the Lagrangian (2.9) by assuming that [Z,,,| = 1, we will be forced to introduce massive
parameter M into the Maxwell algebra relations (1.1) as well as in Maurer-Cartan one
forms (2.2).

3.2 HS field equations in dual picture for tensorial coordinates

We can also consider the Schrodinger representation in which the wave function is related
by Fourier transform in the tensorial sector

\il = i’(xaﬁvfaﬂafdgaya7gd)' (328)
The generalized dual momenta variables are realized by the following partial derivatives
0 0
aB _ S6fB _
2P =i ZY =1 3.29
Ol o7 (329

The Maxwell-covariant quantum momenta D satlsfy the relation

[ Do Dy | =20 (edgfaﬁ +€asfy) (3.30)
and describe the Maxwell-covariant derivative in Schrodinger realization (3.29). The field
equations are defined by the quantum counterpart of first class constraints (2.20)-(2.22):

iDaB@B U= (0,540 fura]) D7 =0, (3.31)
iDgad” U = (pa +ie fay a}) 070 =0, (3.32)
(fop +mdads) ¥ = 0, (Fup +mdady ) ¥ =0. (3.33)
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Let us consider the wave functions with polynomial dependence with respect to y = y“

and 7 = 7

- _ 1 : " _
V(e S Ty g) = D gy g g @ f ). (334)

at..ap Bi..
k,n=0

Then the constraints (3.33) for the wave function (3.28) lead to expressing of all components
UEn) k>1,n>1 by U000 g0 g0 and w1, For example,

@(2,0) _ 7m—1faﬁ‘i,(o,0) \i,(ozz) _ 7m—1f.5§,(0,0)
) - e’ )
(2,1) _ —1 ~(0,1) (1 2) _ 17 51,0
\I/am —m" " fag ¢>. \I/wﬁ m dﬁ\Il,y ,
GL _ -1 11) (1,3) _ 17 1D
\Paﬁw = — fap¥ , \Pvdﬁﬁ =—-m de\Ifw , etc.

Thus, if m # 0 the fields in the expansion (3.34) are determined by ten-dimensional
“generalized spin zero” field

VOO (z, £, f), (3.35)
two “generalized spin half” fields
O, f. ), V@ f ) (3.36)
and “generalized spin one” field
W0 (@, £, ). (3.37)

The constraints (3.33) provide the following constraints for the fields (3.35), (3.36), (3.37):

£ fapg @0z, £, F) =0, FPF 000, £, ) =0, (3.38)
12850 @, 1, ) =0, P0G (@, £,1) = 0, (3.39)
— A ( ;

JoPO @, f ) = 0

From the equations (3.31), (3.32) for the unconstrained component (3.36), (3.37) one
obtain the relations

(07 —ieral) W @ =0, (9% —icfal) W@ f. D) =0, (3.41)

(8“5 —ie f*7 xﬁ) (1’1)(30, f,.f)=0, (8’8‘5‘ —ie f9 xf) \il(ﬁlﬁ.’l)(x,f, f)=0, (3.42)

which have the form of the Dirac equations in a constant electromagnetic field, with elec-
tromagnetic potential A, = f,,2”. Contrary to the standard approach for Dirac spin-half
field, the wave functions in (3.41) depend also on continuous electromagnetic field strength
coordinates fqg, f &b This additional dependence of the wave functions can not be gen-
erated only by minimal coupling of the external electromagnetic field. We do not see yet
the relationship of our description of interacting HS fields to the approaches proposed in
recent papers [31, 32], however it would be interesting to find such a link.
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Generalized spin-zero field ¥(:0) (z, f, f) is described by generalized Klein-Gordon
equation, which follows from the constraint

T W~ 0. (3.43)
Taking into account that
Tadp o — _994y, 4 + e ( FoBs 4+ Flp a) O
5 62 (faﬂfaﬁ + fdﬁf ) x’y;ny"Y - 262faﬂfa[3xﬁdxa5 (3.44)
-2 (zam —{—efaﬂa: —}-efaﬁ ) 0004

we obtain the generalized Klein-Gordon equation for spin-zero field

[—D + e (faﬁmg n fdﬁxg) Do + %eQ (f2 n f?) 2% = 26 fap [ x| HOO = 0,
(3.45)
where [0 := 0%%0aq, 22 1= %% 0q, f2 = faﬁfag, 2= fdgfdg. It should be emphasized
that due to the equations (3.42) and the constraints (3.40) the last term in the opera-
tor (3.44) does not contribute to the equation (3.45) and we obtain finally the Klein-Gordon
equation in constant EM field.
The solutions of the equations (3.38)-(3.40) can be represented as the Fourier

transforms
GOz, f, f) = / d% e 1D GO0 (3 2 7). (3.46)
(10 (z, f, f) = /d 2 e i/ 4f2) \IIEY 0z, 2 %), (3.47)
\11(70 2 /dG,ze i(f=+F2) Wgo’l)(x,z,é), (3.48)
= (1,1) 6, —i(fz4fz) q,(1:1) >
U /d e V.. (z,2,2), (3.49)
where
(0,0) 7) — = LB apfy 561P1  sémbPn 4(2k2n ) .
U (x, 2, 2) kzo e S Z z . gi) (s B oo B (dlﬂl...dnﬁn)(m) , (3.50)
e
(170) o1 B 50181 56mfn 4 (2k+1,2n) ) .
v (2, 2) kzo k"n' S Z z S Z ¢(va1ﬁ1---ak6k) (dlﬁl---dnﬂn)(x) , (3.51)
n
o, 1) L0181 arBr 54161 *anﬁn (2k,2n+1)
\I} (z,2,2) kZO k"n' o E N o ¢ (1fr...apfBr) (Wdlﬁ.y--éénﬁ.n)(x) ) (3.52)
n
(1 1) LB arBr 0181 P p(2k+1.2n41)
(2,2, 2) kzo k"n' 2 z L Z ¢(7a161--.ak6k) (7d1,5’1.--0'zn/3n)(x) (3.53)
n

have polynomial dependence on z, Z and the component fields gbgzn)) (6..) re symmetric
with respect to all undotted and dotted spinor indices, as the component fields considered in
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previous subsection. The fields (3.46)—(3.49) have complicated, nonpolynomial dependence
on the variables f, f. In conclusion, generalized Dirac equations (see (3.41)-(3.42)) and
Klein-Gordon equation (3.45) yield nontrivial, nonminimal coupling of these component
fields to the constant EM field.

3.3 The link between constant torsion in tensorial sector and constant EM
field background

From the equations (3.41), (3.42) and (3.45) we see that for the link of different spins there
is responsible EM coupling described by nonvanishing parameter e. Indeed one can show
that if the torsion in six tensorial dimensions of Maxwell space-time depends on the D = 4

space-time coordinates it can be reinterpreted as a coupling to an Abelian gauge potential.
Let us introduce the following “block-diagonal” 10-bein E P = (53(52, E aﬂ'w’ E aﬁ?w ) in

the tensorial space (xa57 208, 5év5)

Vg =04+ Eag'yd(f)vvé + Eaﬁ(a:)v%, (3.54)
Vag = Oag s Vg =045 (3.55)

If we consider the plane wave solutions in additional dimensions, one can replace (see (3.2))
the derivatives (3.55) by constant tensors fy3, f af describing additional tensorial momenta.
In such a case the derivative (3.54) can be written as the Abelian gauge-covariant derivative

Vaﬁ' = 8@5 + ‘Aaﬁ(x) , (3.56)

where A s(z) = E, 375 (z) frys+E, B"Y‘; (z)f. <5~ In Maxwell tensorial space additional tensorial

coordinates are twisted by a constant torsion, the functions Ea575(x) and Eaﬁ'% (x) are
linear in z, and we obtain in (3.56) the Abelian gauge field four-potential A 4 describing
constant electromagnetic field strength ( fd 5= ( faﬁ)T)

Anp = I 5+ fgxw (3.57)

It can be added that the translations =5 — x5 + a4 modify (3.57) by a constant term,
which can be however compensated by the Abelian gauge transformation of Aaﬁ-, what
leads to the translational invariance of covariant derivative (3.56).°

4 Final remarks

In this paper we introduced in ten-dimensional tensorial space the Maxwell-invariant spino-
rial particle model with auxiliary spinor variables, which after its first quantization pro-
vides the generalization of massless conformal HS fields and define the infinite-dimensional
Maxwell-HS field multiplets. These multiplets of Maxwell HS fields should be further stud-
ied, in particular their relation with free massless conformal HS fields and the possibility of
their derivation from an action principle. New multiplets describe particular field-theoretic

9We thank E.Ivanov for this observation.
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realizations of Maxwell algebra with vanishing four Casimirs CMax, ¢Max oMax - CMax

(see (2.28)). We recall that the mass-shall condition CM** = 0, due to the presence in
C’i\dax of the term proportional to relativistic angular momentum (Mg, Ma B)’ can be pos-
sibly linked with the description of spin-dependent mass spectrum for Regge trajectories.

The infinite-dimensional sets of Maxwell-HS field which define the realization T
of Maxwell algebra is parametrized by two natural numbers £k =0,1,2,....,n=0,1,2,....
These numbers describe the minimal value of Lorentz spins ( jlzg, J2=7%) in the multiplet

of fields qb(k+2p’n+2r) (z) € T®™ where p=0,1,2,...,7=0,1,2,.... It follows that

aq...0k 4 2p .1-~-Bn+27'
the representation T+ if k> k, i > n respectively for even and for odd values of (k,n),
(k,n), is included in the bosonic (fermionic) representation 7" ie. TkA) < pln),
The largest “master” bosonic realization, with component fields having all integer spins
s = %(jl + j2), is given by 709 two maximal chiral and antichiral fermionic realizations,
with half-integer spins, are provided by 709 and 7O,

By considering the particle model on extended space-time (xa/é’ ZaBy Zy A, Ag) and
its quantization we have shown how the field-theoretic realizations of Maxwell algebra in
such ten-dimensional tensorial space can be used for the introduction of infinite-dimensional
D = 4 Maxwell-HS field multiplets with coupled spin components. The Maxwell-covariant
description of D = 4 Maxwell-HS fields requires the presence of space-time-dependent cou-
pling terms between different spin fields which can be also interpreted (see (3.41), (3.42))
as following from the electromagnetic covariantization of space-time derivatives in the pres-
ence of constant EM background field strength.

In conclusion we would like to comment that despite the remaining open questions we

hope that our model provides a step in understanding of the theory of interacting HS fields.
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A Different dimensionalities of tensorial coordinates and some conse-

quences

We can arbitrarily change the mass dimensionality of the generators; consequently the
relation (1.1) is replaced by relation (1.8). One gets in rescaled case

[Zag] = (2,

wl=2-¢, (A1)
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what implies ' B
[2°%] = [2%] = [wip)] = [@p) = 2+ €. (A.2)

The parameters introduced in (1.8) will modify the formulae (2.2) as follows
w = dz*? 4 era:(aﬁdxg) , % = dz90 4 eMga:'Y(ddxg) . (A.3)

After inserting relations (A.3) in (2.9) it follows from (A.2) that dimensionless action
requires the replacement of m by m!~¢. Subsequently we obtain the following modified
constraints (2.10)—(2.12)

T4 = Pag — Aarg + ém(Aang + XBM?J ~0, (A.4)
Top = fap —m S XAadg =0, (A.5)
TO'ZB = de — mligj\dj\ﬁ' ~0, (AG)

where the rescaled dimensionless coupling constant é is given by the formula

€= (M)g e. (A.7)
m
One can check that the constraints (A.4) lead to the basic field equations (3.18)—(3.19)
and (3.23) with the replacement m — ém. One can also reduce the number of parameters
by putting in (2.9) m = M. In such a case € = e and the theory contains only one geometric
mass parameter, determined by the structure constant of the of Maxwell algebra.

We shall make the following comments:

i) If € =0 and e # 0 the Maxwell algebra takes its original form [10-12] and describes
the space-time geometry with constant electromagnetic background. We obtain the
relations from section 1-3 with terms in the equations which couple different spins by
terms proportional to em.

ii) If £ = 1 we have the relation ém = eM. The equations (A.5), (A.6) are the same as in
the particle model in [1, 2, 4-9] providing massless HS free fields, however the eq. (A.4)
is modified due to the presence of generalized Maxwell space-time (x,,z,,) with
torsion proportional to eM. The basic field equations are obtained from (3.18), (3.19)
and (3.23) by the replacement m — M, i.e. for £ = 1 the dynamical mass parameter
in our model disappears from the constraints (A.4)—(A.6) and is transmuted into the
geometric one.

iii) If ¢ = 2 in the Lagrangian (2.9) the parameter m is replaced by m~!. Such choice
of Maxwell algebra generators (for e = 1) was considered recently in [17-19] as
the algebraic basis for the generalization of Einstein gravity but the corresponding
particle action (2.7) is singular in the limit m — 0.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License which permits any use, distribution and reproduction in any medium,
provided the original author(s) and source are credited.
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