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Abstract. This paper addresses the problem of computing three-dimen-
sional structure and motion from an unknown rigid configuration of point
and lines viewed by an affine projection model. An algebraic structure,
analogous to the trilinear tensor for three perspective cameras, is defined
for configurations of three centered affine cameras. This centered affine
trifocal tensor contains 12 non-zero coefficients and involves linear rela-
tions between point correspondences and trilinear relations between line
correspondences. It is shown how the affine trifocal tensor relates to the
perspective trilinear tensor, and how three-dimensional motion can be
computed from this tensor in a straightforward manner. A factorization
approach is also developed to handle point features and line features
simultaneously in image sequences. This theory is applied to a specific
problem in human-computer interaction of capturing three-dimensional
rotations from gestures of a human hand. Besides the obvious appli-
cation, this test problem illustrates the usefulness of the affine trifocal
tensor in a situation where sufficient information is not available to com-
pute the perspective trilinear tensor, while the geometry requires point
correspondences as well as line correspondences over at least three views.

1 Introduction

The problem of deriving structural information and motion cues from image se-
quences arises as an important subproblem in several computer vision tasks. In
this paper, we are concerned with the computation of three-dimensional struc-
ture and motion from point and line correspondences extracted from a rigid
three-dimensional object of unknown shape, using the affine camera model.
Early works addressing this problem domain based on point correspondences
from perspective and orthographic projection have been presented by (Ullman
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1979, Maybank 1992, Huang & Lee 1989, Huang & Netravali 1994) and others.
With the introduction of the affine camera model (Koenderink & van Doorn
1991, Mundy & Zisserman 1992) a large number of approaches have been devel-
oped, including (Shapiro 1995, Beardsley et al. 1994, McLauchlan et al. 1994,
Torr 1995) to mention just a few. Line correspondences have been studied by
(Spetsakis & Aloimonos 1990, Weng et al. 1992), and factorization methods for
points and lines constitute a particularly interesting development (Tomasi &
Kanade 1992, Morita & Kanade 1997, Quan & Kanade 1997, Sturm & Triggs
1996). These directions of research have recently been combined with the ideas
behind the fundamental matrix (Longuet-Higgins 1981, Faugeras 1992, Xu &
Zhang 1997) and have lead to the trilinear tensor (Shashua 1995, Hartley 1995,
Heyden 1995) as a unified model for point and line correspondences for three
cameras, with interesting applications (Beardsley et al. 1996) as well as a deeper
understanding of the relations between point features and line features over mul-
tiple views (Faugeras & Mourrain 1995, Heyden et al. 1997).

The subject of this paper is to build upon the abovementioned works, and to
develop a framework for handling point and line features simultaneously for three
or more affine views. Initially, we shall focus on image triplets and show how an
affine trifocal tensor can be defined for three centered affine cameras. This tensor
has a similar algebraic structure as the trilinear tensor for three perspective
cameras. Compared to the trilinear tensor, however, it has the advantage that
it contains a smaller number of coefficients, which implies that fewer feature
correspondences are required to determine this tensor. It will also be shown that
motion estimation from this tensor is more straightforward.

This theory will then be applied to the problem of computing changes in
three-dimensional orientation from a sparse set of point and line correspon-
dences. Specifically, it will be demonstrated how a straightforward man-machine
interface for 3-D orientation interaction (Lindeberg & Bretzner 1998) can be
designed based on the theory presented and using no other user equipment than
the operator’s own hand. For more details, see (Bretzner & Lindeberg 1998).

2 Geometric problem and extraction of image features

A specific application we are interested in is to measure changes in the orientation
of a human hand, as a straightforward interface to transfer 3-D rotational infor-
mation to a computer using no other user equipment than the operator’s own
hand. In contrast to previous approaches for human—computer interaction that
are based on detailed geometric hand models (such as (Lee & Kunii 1995, Heap
& Hogg 1996)) we shall here explore a model based on qualitative features only.
This model involves the thumb, the index finger and the middle finger, and for
each finger the position of the finger tip and the orientation of the finger are
measured in the image domain. Successful tracking of these image features over
time leads to three point correspondences and three line correspondences, and
the task is to compute changes in the 3-D orientation of such a configuration,
which is assumed to be rigid. It is worth noting that neither the trajectories of
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point features or line features per se are sufficient to compute the motion infor-
mation we are interested in. The problem requires the combination of point and
line features. Moreover, due to the small number of image features, the informa-
tion is not sufficient to compute the trilinear tensor for perspective projection
(see the next section). For this reason, we shall use an affine projection model,
and the affine trifocal tensor will be a key tool.

The trajectories of image features used as input are extracted using a frame-
work for feature tracking with automatic scale selection reported in (Bretzner
& Lindeberg 1996, Bretzner & Lindeberg 1997). Blob features corresponding to
the finger tips are computed from points (z,y; t) in scale-space (Koenderink
1984, Lindeberg 1994) at which the squared normalized Laplacian

(V12107'mL)2 = t2 (L-’ME + Lyy)2 (1)

assumes maxima with respect to scale and space simultaneously (Lindeberg
1994). Such points are referred to as scale-space maxima of the normalized Lapla-
cian. In a similar way, ridge features are detected from scale-space maxima of a
normalized measure of ridge strength defined by (Lindeberg 1996)

2
AL?y-—nurm = t4’y (L?)p - qu)Q = t47 ((L:c:v - Lyy)2 + 4Liy) ? (2)

where Ly, and Lg, are the eigenvalues of the Hessian matrix and the normal-
ization parameter v = 0.875. At each ridge feature, a windowed second moment
matrix (Férstner & Giilch 1987, Bigiin et al. 1991, Lindeberg 1994)

I L,L
u=// ( ? y) g(&,m; s)dédn (3)
(&m€ER? L. L, LZ

is computed using a Gaussian window function g(-,-; s) centered at the spatial
maximum of AL,_,orm and with the integration scale s tuned by the detection
scale of the scale-space maximum of AL, _pnorm. The eigenvector of u corre-
sponding to the largest eigenvalue gives the orientation of the finger.

The left column in figure 3 shows an example of image trajectories obtained
in this way. An attractive property of this feature tracking scheme is that the
scale selection mechanism adapts the scale levels to the local image structure.
This gives the ability to track image features over large size variations, which is
particularly important for the ridge tracker. Provided that the contrast to the
background is sufficient, this scheme gives feature trajectories over large numbers
of frames, using a conceptually very simple interframe matching mechanism.

3 The trifocal tensor for three centered affine cameras

To capture motion information from the projections of an unknown configuration
of lines in 3-D, it is necessary to have at least three independent views. A canon-
ical model for describing the geometric relationships between point correspon-
dences and line correspondences over three perspective views is provided by the
trilinear tensor (Shashua 1995, Shashua 1997, Hartley 1995, Heyden et al. 1997).
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For affine cameras, a compact maodel of point correspondences over multiple
frames can be obtained by factorizing a matrix with image measurements to the
product of two matrices of rank 3, one representing motion, and the other one
representing shape (Tomasi & Kanade 1992, Ullman & Basri 1991). Frameworks
for capturing line correspondences over multiple affine views have been presented
by (Quan & Kanade 1997) and for point features under perspective projection
by (Sturm & Triggs 1996).

The subject of this section is to combine the idea behind the trilinear tensor
for simultaneous modelling of point and line correspondences over three views
with the affine projection model. It will be shown how an algebraic structure
closely related to the trilinear tensor can be defined for three centered affine
cameras. This centered affine trifocal tensor involves linear relations between
the point features and trilinear relationships between the line features.

3.1 Perspective camera and three views

Consider a point P = (z,y,1,A)? which is projected by three camera matrices
M ={I,0], M' = [A,v/] and M" = [B,u"] to the image points p, p’ and p":

z 1000\ (7
p={y)={0t00} ]9}, (4)
1 0010 I\
z ot al al u't :r: atTp+ !
P=aly | =(a?a2adu”? ?{ = a?"p+ 2 |, (5)
1 a3 a3 ad u'® \)\ o p+ '
7" bl bl bl 't ; 817 p + Au!
=8y | =g’ | | = T+ | ()
1 b3 B3 b3 u"? A 57 p 4+ xu?

Following (Faugeras & Mourrain 1995) and (Shashua 1997), let us introduce the
following two matrices

-10 2 -10 2"
B v _
Tj"(O—ly’)’ 3k—(0_1yn>' (7)
Then, in terms of tensor notation {where 4,7,k € [1,3}, p,v € [1,2] and we
throughout follow the Einstein summation convention that a double occurrence

of an index implies summation over that index) the relations between the image
coordinates and the camera geometry can be written

/\ré‘u'j + r?a{p" =0, Asiul’® 4 sybtpt = 0. (8)
By introducing the trifocal tensor (Shashua 1995, Hartley 1995)

. - ;
T* = alu™ — bhu”, 9)
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the relations between the point correspondences lead to the trifocal constraint
Ty sk TiﬂC =0. (10)

Written out explicitly, this expression corresponds to the following four relations
between the projections p, p’ and p” of P (Shashua 1997):

.’L'”Tilgpi _ N IT33pZ 4z T31 i Tillpi — 0’
y'TPp -y e TP + &' TP - T2p' = 0
Z"TEp — oy THp 4y T3yt — T2yt = 0,
yIITiZ?)pi II IT33p2 +le32 7 Ti22pi =0.

(11)

Given three corresponding lines, (Tp =0, I'" p' = 0 and I"Tp" = =0, each 1mage
line deﬁnes a plane through the center of projection, given by LTP 0, LTp=
0 and L"TP =0, where

T=1"M =, I, 150),

L/T — lITM/ _ (l, ‘11: l/ a2’ l/ ag’ l; )’ (12)

U”:V”szangg@Jg%,gw*y

Since [, I" and 1" are assumed to be projections of the same three-dimensional
line, the intersection of the planes L, L' and L"” must degenerate to a line and

h ljal 1B
I la} 1 bk
Iy U ad 1y bk
0 U 1w

rank =2. (13)

All 3 x 3 minors must be zero, and removal of the three first lines respectively,
leads to the following trilinear relationships, out of which two are independent:

aﬂﬁ—hﬁh¢gzq
(LWT3* — 1T 11 = o, (14)
(LWT3* — LT™ 1 = 0.

These expressions provide a compact characterization of the trilinear line rela-
tions first introduced by (Spetsakis & Aloimonos 1990).

In summary, each point correspondence gives four equations, and each line
correspondence two. Hence, K points and L lines are (generically) sufficient to

express a linear algorithm for computing the trilinear tensor (up to scale) if
4K + 2L > 26 (Shashua 1995, Hartley 1995).
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3.2 Affine camera and three views

Consider next a point Q@ = (x,y,A,1)T which is projected to the image points
g, ¢' and ¢" by three affine camera matrices M, M’ and M", respectively:

z 1000\ (7
g=|y)=MQ=(0100]) |, (15)
1 0001 1
z ctcl ekt z
=y |=MQ=|232v? g), (16)
1 000 1 1
z" dt d} di " m
=y |=MQ=|&BHv" ||} (17)
1 000 1) \{]

Here, the parameterization of @ differs from P, since for an image point ¢ =
(z,y,1)T the projection (15) implies that the three-dimensional point is on the
ray Q = (z,y,\,1)T for some ). By eliminating A, we obtain the following linear
relationships between the image coordinates of ¢, ¢' and ¢"':

(Cédl Cld3)$ + (Cédé c2d3)y + dza’ ~ gz + (Cévul d3 /1) =0,
(Bd} — cid3)x + (c3dj — 3db)y + diy' — 3o’ + (v — djv'*) =0, 18)
(chd c1d2>x + (c3d2 - c2 By + dia’ — gy + (v’ d2 ?) =0,
(3 — d3)x + (c3d3 — 33y + By’ — 3y + (v — d§v'®) =0

This structure corresponds to the trilinear constraint (11) for perspective pro-
jection, and we shall refer to it as the afﬁne trifocal point constraint.

Three lines [Tq = 0, I q' =0 and l” " = 0 in the three images define three
planes LTQ =0, L' TQ 0 and L" TQ 0 in three-dimensional space with

LT =1"M = (I3, I3, 0, I3),
T _ yT e 1 ' ' / /2
=1"M' = (licl + 15,3, ek + 1h¢2, e + lhcl, llv +13),
T=pTyr = (di + 1y d3, l’l’dé +1d2, 1Vdy + 1) d3, li’v"1 + l’z’v"2 +13).

Since [, I’ and " are projections of the same three-dimensional line, the inter-
section of L, L' and L" must degenerate to a line and

A l’lc} + lgc% l’l’di + lgdi
rank 0 l163 + 1203 lllldé + lgdg =2 (19)

Ly e LA L [ DYy I
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All 3 x 3 minors must be zero, and deletion of the first, second and fourth rows,
respectively, results in the following relationships between I, I’ and I"":

Iy (" —d k'ﬂzz—h@mg—g@ﬂ;gza
L (C%"U”k _ k /]) — 1y (C]dk ledg)l; ;c’ =0, (20)
Iy (c)db - ng2) ljlk — Iy (c]df — cld}) Ll =0,

where ¢? = dj =0, v'* = ¢"® =1 and only two of the relations are independent.

This treatment, which largely derives similar results as (Torr 1995) while
using another formalism, shows that point and line correspondences are captured
by 16 coefficients. Each point correspondence gives four equations, and each line
correspondence two. Thus, K point correspondences and L line correspondences
are sufficient to compute this affine trifocal tensor (up to scale) if 4K +2L > 15.

3.3 The centered affine camera and its relations to perspective

Let us next consider the case when image coordinates in the affine camera are
measured relative to the center of gravity of a point configuration. This cen-
tered affine camera is obtained by setting (v'',v'%) = (v""',v"?) = (0,0) in (16)
and (17) and corresponds to disregarding the translational motion. Then, the
expressions (18) and (20) for the point and line correspondences reduce to:

(Adi — cid3)z + (c} d2 c2d3)y +diz' — g’ =0,
(i) + (3 = i+~ e’ =0
(c3d} — i)z (c3d2 czdz)y +diz’ —cyy” =0,
(c3di — cid3)z + (c3d3 d3)y + d3y’ — c3y" =0, (21)

+
LG — Ly (ds) + s (e (I ) s (1c3) (1 df) =0,
L))l — LI dS) + () (dS) — L (i c}) (i d5) =0,
LW(l5e)(1eds) — W) (Uids) + L) U dE) — (156 (lids) = 0.
Structurally, there is a strong similarity between these relationships for the cen-
tered affine camera and the corresponding relationships (11) and (14) for the

perspective camera. Let us make the following formal replacements between the
affine camera model (15)-(17) and the perspective camera model (4)—(6):

lid
lid

— Interchange rows 3 and 4 in the coordinate vectors in the 3-D domain:

Q=(z,y,\1)T = P=(z,y1,N7, (22)
— Interchange columns 3 and 4 in the camera matrices:
%%@w; cl c} 0c} b} b} b} "’ d} d} 0 d}
adadaiu’ | =[cdd0d |, BRoidu” | = | & d}od:
ad ad a3 3 0001 b?bgbgu”r& 0001

(23)
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Then, the algebraic structure between corresponding points and lines will be the
same for the two projection models. This implies that the relations between point
and line correspondences in (21) for three centered cameras can be expressed on
the form (11) and (14) with the centered affine trifocal tensor defined by

T = alu"* - bfu” = {(23)} = ddf — did]. (24)

2

Written out explicitly, the components of 7? k are given by

T = cid; - dics, T = aid; - die, T =cadi - dic; =0,
T =cid; - dici, T = dldi - dicj, T =clds —dic; =0,
T =clds —dic} =0, T =cldj~dic; =0, T°=cldj—dic; =0,
T’ =cd; - dics, T:* = ads - dic, 7% =adi —dic; =0,
T = cld; - dic, T = cd; - dic, TP =cldi —dic; =0,
TP =ddy—dic; =0, T*=dldj-di§ =0, T’=cdi-dic; =0,
T =cids—dies =0, T’ =adi-dieg =0, Ty’ =cidj—dici= s,
T =cids—dic; =0, T*=dd;-dic} =0, T =cid}—dici= -,
T =cld; —dicd =dy, T =cidi —dicf =d;, T =cldj-dic; =0, (25)

and the relations between point and line correspondences in (21) can be written

TR 4+ T3 — Tz — THy=0,
7;13yu + 7~332 r_ 7-112:1: _ 7’2121;: 0,
T4 Ty - T~ Ty=0,
Ty + TP - T - Ty =0, (26)

BUNT + BT + BETE + BIET)

- h(UET? + BT + BT + B T5%)= 0,

LUHT + UBT + BT + Bl TE)

= L(IET + LIS T + BT + Bl T%) = 0. (27)
The centered affine trifocal tensor has 12 non-zero entries. Due to the centering
of the equations, one point correspondence is redundant. Thus, K point corre-

spondences and L line correspondences are (generically) sufficient to compute
7?’“ (up to scale) provided that 4(K — 1) + 2L > 11.

4 Orientation from the centered affine trifocal tensor

To compute the camera parameters from the affine trifocal tensor, we largely
follow the approach that (Hartley 1995) uses for three perspective cameras. The
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calculations can, however, be simplified with affine cameras. From (25) we di-
rectly get

cé — _7%13, d% — 7-331’ C%Z _7?323’ d2___ 7;32' (28)

Given these ¢J and d%, the remaining ¢/ and d¥ can be computed from (25) using

4 -4 4\ (7

& 1 2 G C? 711?

B B L,
d3 1 e 1 c% = 111 . (29)

dy —C3 dy Ts

d3 —c | | & Ty

4 -4 ||d] [

4 - ) \d >

The camera matrices are, however, not uniquely determined. The centered affine
trifocal tensor 7;"“ in (24) is invariant under transformations of the type

dociimd,  &=dend (30)

With N’ and N" denoting the upper left 2 x 3 submatrices of M’ and M" re-
spectively, this ambiguity implies that both {N', N} and {N', N"} are possible
solutions (with N analogously)

. 1

121 =1 1.1 1

< éi Cs C ccs e N'T

I_<E%5%53>_<c%cgcg> 1 =N'T. (31)
2 *~3 1 %2 %3 7172,},3

To determine I', let us assume that the affine camera model corresponds to
scaled orthographic projection, and that internal calibration is available. Then,
the camera matrices can be written (with N analogously)

o {100\ o (P10
N—U(Ol())R_U (p’fp’gp’i ’ 32

T . . .
where p'?" = (p'},p'3, p'}) are the row vectors in the three-dimensional rotation
matrix R', while ¢’ is a scaling factor. Since the rows of R' are orthogonal,

o Tp’ik = d, where 4, is the Kronecker delta symbol, we have
NN = N'PTTN'T = (6" Lo, (33)
where I54o represents a unit matrix of size 2 x 2. With
10 " 10¢

rmr'=(10 Yo =[01p (34)
MR+ A+ £n¢



150

we rewrite (33) as

2¢icy 2c3¢3  (3)* -1 0 (c1)? + (c3)?
A2t ddtedd ded 0 0 & A 4l
2c; 2 (P10 || 1| | () (@)
2d}d; 2dyd;  (d3)? 0 -1 ne || (@) +(dh)?
did3 + did? didd + did? did2 0 0 () did? + dyd2
2Bz 23 (@) 0 1) \(7) (@)° + (d3)?

(35)

Solving this system of equations in the least squares sense gives (£, 7, ¢, (0/)?, (¢")?)
as function of ¢} and d¥ determined from (28) and (29). Then, I' is given by

100 10 0
r={o1o0]={01 0 (36)

T V2 Y3 Enty/(~-8—n?

and we estimate the first two rows of R’ in (32) by N’ = ¢'N'I". The third row
is then easily obtained as the cross product of the first two rows: p'® = p'* x o'
The ambiguity in the determination of 43 in I" corresponds to a sign change in
the last component of the first two rows of R’ and R", and a corresponding sign
change in the last row, ¢.e., the following solutions:

pi pé Py pi pé —pé
p=|rmpl|, p= PP —h5 | (37)
i 03 p3 -0} —p3 P}

This ambiguity reflects the fact that for scaled orthographic projection we cannot
distinguish between positive rotation of a point in front of the center of rotation
and negative rotation of a similar point behind the center of rotation. To choose
between the two possible solutions, we can either assume similarity between
adjacent rotations, or use the size variations of the tracked image features.

The matrices obtained from (37) depend upon I' and (&,7,¢, (0")?, (¢")?)
and are not guaranteed to be orthogonal matrices, since (&,7,¢, (¢")?, (¢")?) is
computed from an overdetermined system of equations. Given an estimate p of
the rotation matrix R, a singular value decomposition is carried out of p, and R
is determined from p = UXVT, which gives R = UV7T. This choice minimizes
the difference between p and R in the Frobenius norm.

5 Joint factorization of point and line correspondences

The treatment so far shows how changes in the orientation of an unknown three-
dimensional point and line configuration can be computed from three affine
views. To derive corresponding motion descriptors from time sequences, we shall
in this section develop a factorization approach, which treats point features and
line features together. In this way, we shall combine several of the ideas in the



151

factorization methods for either point features or line features (Tomasi & Kanade
1992, Quan & Kanade 1997, Sturm & Triggs 1996). It should be noticed, however,
that the main intention here is not to separate the motion information from
structural information a priori as in (Tomasi & Kanade 1992). The goal is to
exploit the redundancy between point features and line features over multiple
frames, and to avoid the degenerate cases that are likely to occur if we compute
three-dimensional motion using image triplets only.

Let us introduce a slightly different notion (and do away with the Einstein
summation convention). The centered affine projection of a three-dimensional
point Py = (X4, Y%k, Z¢)T in image n shall be written

:r onT Xy
(k) M"Pk—( i ) Ye |, (38)
yk ,6 Zk

while the (centered) affine projection of aline P, = (Xy,0, Y10, Zo4)T +7(U1, Vi, W)t =
Pig + 7Q; in image n shall be represented by the directional vector

U anT Ui
w (i) =wra=(Zhe D) (v ), (39)
W,

where the suppression of (X 0, V10, Zo )7 and the introduction of the scale factor
A7 account for the fact that the position of the line is unimportant, the length
of (up,v}) is unknown, and only the orientation of the line is significant.

Given K point correspondences and L line correspondences over N image
frames, we model these measurements together by a matrix G

1 B R
w% ...wK >\1u1 /\LuL T
211---3/1( )‘1U1 )‘LUL -p - X1...Xg Uy ... Up
. = i...Ye Vi ...V,
wgmg)\}z\\;ug /\fVuL —aNT—— 71 ... Zg Wh ... Wp
gy oyR AN AN _ﬂNT_

(40)

Since the rank of the matrices on the right hand side is maximally three, it follows

that any 4x4-minor must be zero, and we can, for example, form selections of
k, k', k" € [1.K], ! € [1..L] and n,n’ € [1..N], with

Ty Th Ti )\"ul"
yl?[ Y Y A “l
a:k :L'k, :rk,, /\" ul
e R e NP

=0. (41)

If we would have K > 4 point, correspondences, this would give us up to (5) ()L

linear relationships, out of which a subset could be selected for determining the
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scale factors A} from an overdetermined system of homogeneous linear equations.
Approaches closely related to this have been applied to line features by (Quan
& Kanade 1997) and to point features by (Sturm & Triggs 1996).

Given only three points, however, as in our test problem, these linear rela-
tionships degenerate, since any minor with K = 3 point features is zero (due to
centering, all the K points together will be linearly dependent).

To determine A} (totally NL scaling factors) in this case, we instead apply
the affine trifocal tensor to a set of randomly selected triplets of image frames
as a preprocessing stage. In analogy with (Quan & Kanade 1997) let us for each
such triplet n,n’,n" € [1..N], insert the following shape matrix

X1 X5 X3 100
iYoYs | =1010 (42)
7y Zy Zs 001
into the projection equation (40) for K = 3 point features:
— o™ — APup L AP}
— g7 — Al L ARl
g = | an; AT A 43)
- ﬂ"”T - )\{tlv{‘” /\z/v}f”
- a"HT — )\?”ui’” S AT UZ,
=B = AP up ... AT

Then, since the rank of the right hand side in (40) is maximally three, it follows
that any 4x4-minor of this matrix must be zero. For each line feature [ € [1..L],
we consider three algebraically independent minors. Given three camera matrices
M™, M™ and M™ , these minors define three homogeneous linear relations
between A, A and X' for each [ € [1..L]. The camera matrices for stating these
relations are determined by computing the trifocal tensor for the corresponding
triplets of image features as described in section 4.

From a set of such (randomly selected) triplets, we then for each [ define a
homogeneous system of equations of the following type for determining A7*:

* ... % A 0
D= ||| =]
* ... % )\{V 0

Three consecutive rows in D; correspond to one image triplet, and the entries
in the matrix D; have just been indicated by '+’ symbols. In practice, we let the
number of triplets be substantially larger than the number of image frames (by
a factor from 2 to 4). Moreover, a ranking of the image triplets is carried out
based on sorting and thresholding with respect to a condition number.

Then, A; is determined from the overconstrained system of equations using
a singular value decomposition of Dy:

D =UZ VT = A = the last row of V. (44)
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The A} values are inserted into G in (40) and a singular value decomposition is
computed G = UG,EgVGT . All elements except the three first ones in Yg are set
to zero to reduce the rank to three, and finally the ambiguity in the separation of
motion information from structure information G = MS = MLL™'5 is resolved
in a similar fashion as in (Tomasi & Kanade 1992, Quan & Kanade 1997).

6 Experiments

To investigate the properties of this framework for computing relative orienta-
tion, let us first apply it to synthetic data, which will be generated by the follow-
ing procedure: A three-dimensional point and line model is generated from three
lines and three points with the approximate shape of the thumb, the index fin-
ger and the middle finger of a hand. This configuration is subjected to a smooth
rotation, where the mean of the three directional vectors rotates by A¢ = 2
degrees between each frame, while the configuration also rotates by Ay =~ 2
degrees per frame around this moving axis. For each frame, an affine projection
is computed involving variations in scale and translation. White Gaussian noise
with zero mean and standard deviation X is added to the image projections,
where s is determined from a noise level v according to s = vD/2 and D is the
diameter of the circle that interpolates the three (undistorted) image points.

The difference between the orientation estimates and the true orientation is
measured in the following ways: (1) the Frobenius norm of the difference between
the true and the estimated rotation matrix, (ii) two geometric angles defined
as follows: 6 is the angle between the true and the estimate rotation axis (this
rotation axis is the real eigenvector of the rotation matrix}, and ¢ is the difference
between the estimated and the real rotation around this rotation axis.

Figure 1 shows the result of estimating rotations from these point and line
features using the affine trifocal tensor applied to triplets of frames only. The
distance between adjacent frames varies from An = 2 to 20 frames, and all
results are average values over 10 experiments.

Figure 2 shows a corresponding evaluation of the joint factorization approach.
Here, the error is shown as function of the number of frames for computing the

Noise level Error measure in 3-D Noise level Error measure in 3-D
v = 0.002 Frobenius ¢ 0} v = 0.005 Frobenius 6 ¢
An =2 0.22 31.00 5.92 An =2 0.27 48.74 6.18
An=5 0.39 20.3513.15 An=5 0.50 35.3317.18
An =10 0.11 2.69 3.35 An =10 0.29 11.58 8.85
An =20 0.02 0.46 0.30 An =20 0.08 1.58 1.30

Fig. 1: Experimental evaluation of the noise sensitivity when computing 3-D orientation
estimates by determining the affine trifocal tensor from three point correspondences
and three line correspondences over three affine views. From left to right, the tables
show the following error measures: (left) the Frobenius norm, (middle) the rotation
axis 6, and (right) the rotation angle ¢. The results are shown for two noise levels.
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Fig. 2: Experimental evaluation of the noise sensitivity when computing 3-D orientation
using the joint factorization of point features and line features. From left to right, the
graphs how the following error measures depend on the number of frames: (left) the
Frobenius norm, (middle) the rotation axis #, and (right) the rotation angle ¢. Three
curves are shown in each graph, for noise levels » = 0.002 and 0.005, respectively.

factorization. (The results are averages over 8 experiments with incremental com-
putations.) As expected, the error decreases with the number of image frames.
Finally, figure 3 shows the result of computing corresponding estimates by
applying the joint factorization approach to the feature trajectories obtained
by tracking blob and ridge features of a human hand as described in section 2.
Here, since no ground truth is available, the result is illustrated by subjecting a
synthetic cube to the rotation estimates computed from the feature trajectories.

7 Summary and discussion

We have presented a framework for capturing point and line correspondences
over multiple affine views. This framework is closely connected to and builds
upon several previous works concerning the affine projection model (Koenderink
& van Doorn 1991, Mundy & Zisserman 1992, Shapiro 1995, Faugeras 1995),
perspective point correspondences (Ullman 1979, Huang & Netravali 1994) and
line correspondences (Spetsakis & Aloimonos 1990, Weng et al. 1992) as can
be modelled by the trilinear tensor (Shashua 1995, Hartley 1995, Faugeras &
Mourrain 1995, Shashua 1997). It also builds upon factorization approaches for
affine (Tomasi & Kanade 1992, Quan & Kanade 1997, Morita & Kanade 1997)
and perspective (Sturm & Triggs 1996) projection.

We propose that the (centered) affine trifocal tensor constitutes a canonical
tool to model point and line correspondences in triplets of affine views (section 3).
This extends the advances by {Torr 1995) as well as the abovementioned works,
and we show how the trifocal affine tensor relates to the perspective trilinear
tensor. Indeed, the algebraic structure of the affine trifocal tensor can be mapped
to the algebraic structure of the perspective trilinear tensor. The centered affine
trifocal tensor makes it possible to explore sparse sets of point and line features,
since it contains 12 non-zero coeflicients compared to the 27 coefficients in the
trilinear tensor. The computation of motion parameters from the affine trifocal
sensor (section 4) is also more straightforward.

To capture point and line correspondences in dense time sequences, we have
also applied a factorization approach (section 5), to which the affine trifocal
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Fig. 3: Estimates of relative orientation from hand gestures. The left column shows
point features and line features obtained from a feature tracker with automatic scale
selection (Bretzner & Lindeberg 1997). The right column shows the result of computing
changes in 3-D orientation using the joint factorization of point and line features in
section 5. The results are illustrated by subjecting a three-dimensional cube to the
estimated rotations.
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tensor serves as an important processing step for computing the scaling factors
of line correspondences when three or less point correspondences are available.
When four or more point correspondences are given, these scaling factors can be
determined directly from a system of linear equations.

The abovementioned theory has been combined with a framework for fea-
ture tracking with automatic scale selection (section 2), which has the attractive
property that it adapts the scale levels to the local image structure and allows
image features to be tracked over large size variations. The extended feature tra-
jectories obtained in this way allow for higher accuracy in the motion estimates,
since the relative influence of position errors decreases as the motion gets larger
over time. The scale information associated with the image features also resolves
the inherent reversal ambiguity of scaled orthographic projection.

Specifically, we have considered a problem in human-computer interaction of
transferring three-dimensional orientation to a computer using no other equip-
ment than the operator’s own hand (Lindeberg & Bretzner 1998). Contrary to
the more common approach of using detailed geometric hand models (Lee &
Kunii 1995), we have here illustrated how changes in three-dimensional orien-
tation can be computed using a qualitative model, based on blob features and
ridge features from three fingers. Whereas a more detailed model could possi-
bly allow for higher accuracy in the motion estimates, the simplicity and the
generic nature of this module for motion estimation makes it straightforward to
implement and lends itself easily to extensions to other problems.
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