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Abstract. The existence of deep connections between partial metrics
and valuations is well known in domain theory. However, the treatment
of non-algebraic continuous Scott domains has been not quite satisfactory
so far.

In this paper we return to the continuous normalized valuations g on
the systems of open sets and introduce notions of co-continuity ({U,, 1 €
I} is a filtered system of open sets = u(Int([),o; U:)) = infier (V1))
and strong non-degeneracy (U C V are open sets = p(U) < u(V)) for
such valuations. We call the resulting class of valuations CC-valuations.
The first central result of this paper is a construction of CC-valuations
for Scott topologies on all continuous dcpo’s with countable bases. This
is a surprising result because neither co-continuous, nor strongly non-
degenerate valuations are usually possible for ordinary Hausdorff topolo-
gies.

Another central result is a new construction of partial metrics. Given
a continuous Scott domain A and a CC-valuation g on the system of
Scott open subsets of A, we construct a continuous partial metric on A
yielding the Scott topology as u(z,y) = u{A\ (Cz N Cy)) — u(lz; N 1),
where C; = {y € AlyE z}and I, = {y € A|{z,y} is unbounded}. This
construction covers important cases based on the real line and allows to
obtain an induced metric on Total(A) without the unpleasant restrictions
known from earlier work.

1 Introduction

Recently the theory of partial metrics introduced by Matthews [14] undergoes
active development and is used in various applications from computational de-
scription of metric spaces [9] to the analysis of parallel computation [13]. The
relationship between partial metrics and valuations was first noticed by O’Neill
in [15].

In [3] Bukatin and Scott generalized this relationship by considering valua-
tions on powersets of bases, instead of valuations on the domains themselves,
as in [15]. They also explained the computational intuition of partial metrics by
generalizing them to relazed metrics, which take values in the interval numbers.
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Partial metrics can be considered as taking values in the upper bounds of those
interval numbers. However it is often desirable to remove the most restrictive
axioms of partial metrics, like small self-distances, u{z,z) < u(z,y), and strong
Vickers-Maithews triangle inequality, u(z, z) < u(z, y)+u(y, z)—u(y, y). Thus [3]
only requires symmetry and the ordinary triangle inequality for the upper bounds
of relaxed metrics.

However, it can be shown (see Section 6) that if the upper bounds u(z,y)
of relaxed metrics are based on the idea that common information. or more
precisely, measure of common information about = and y, brings negative con-
tribution to u(x.y) — e.g. in the normalized world we can consider u(z,y) =
1 — p(Info(z) N Info(y)) — then all axioms of partial metrics should hold for u.
In fact, it makes sense to introduce both positive and negative information, and
to define u(z,y) = 1 — p(Info(z) N Info(y)) — u(Neginfo(z) N Neginfo(y)), then
defining meaningful lower bounds {(z, y) = p(Info(z)N Neginfo(y))+ u(Info(y)N
Neginfo(z)) and obtaining an induced metric on Total(A).

This is, essentially, the approach of Section 5 of [3], where Info(z) and
Neginfo(z) can be understood as subsets of a domain basis. However, there
was a number of remaining open problems. In particular, while [3] builds partial
metrics on all continuous Scott domains with countable bases, the reliance of [3]
on finite weights of non-compact basic elements does not allow to obtain some
natural partial metrics on real-line based domains, and also introduces some un-
pleasant restrictions on domains which should be satisfied in order to obtain an
induced classical metric on Total(A).

1.1 Co-continuous Valuations

This paper rectifies these particular open problems by defining partial metrics via
valuations on the systems of Scoit open sets of domains. The theory of valuations
on open sets underwent a considerable development recently (see [5, 11, 18, 2]
and references therein). However we have found that we need a special condition
of co-continuity for our valuations — for a filtered system of open sets {U;, i €
I}, p(Int(M;ey Ui)) = infier(u(Us)). We need this condition to ensure Scott
continuity of our partial metrics.

The paper starts as follows. In Section 2 we remind the necessary defini-
tions of domain theory. Section 3 defines various properties of valuations and
introduces the class of CC-valuations — continuous, normalized, strongly non-
degenerate, co-continuous valuations. Section 4 builds a CC-valuation on the
system of Scott open sets of every continuous dcpo with a countable basis. This
is the first central result of this paper.

It seems that the notion of co-continuity of valuations and this result for the
case of continuous Scott domains with countable bases are both new and be-
long to us. The generalization of this result to continuous depo’s with countable
bases belongs to Klaus Keimel [12]. He worked directly with completely distribu-
tive lattices of Scott open sets of continuous dcpo’s and used the results about
completely distributive lattices obtained by Raney in the fifties (see Exercise 2.30
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on page 204 of [§]). Here we present a proof which can be considered a simplifi-
cation of both our original proof and the proof obtained by Keimel. This proof
also works for all continuous dcpo’s with countable bases. A part of this proof,
as predicted by Keimel, can be considered as a special case of Raney’s results
mentioned above. However, our construction is very simple and self-contained.
Keimel also pointed out in [12] that our results are quite surprising, because
both co-continuity and strong non-degeneracy, U C V are open sets = p(U) <
u(V), seem contradictory, as neither of them can hold for the system of open sets
of the ordinary Hausdorff topology on [0, 1]. However, if we replace the system
of open sets of this Hausdorff topology with the system of open intervals, both
conditions would hold. We believe that the reason behind our results is that the
Scott topology is coarse enough for its system of open sets to exhibit behaviors
similar to the behaviors of typical bases of open sets of Hausdorff topologies.

1.2 Application to Partial Metrics

Section 5 discusses partial and relaxed metrics and their properties. Section 6
describes an approach to partial and relaxed metrics where the upper bounds
u{z,y) are based on the idea of common information about z and y bringing
negative contribution to u(z,y). We formalize this approach introducing the
notion of pInfo-structure. However, we feel that this formalization can be further
improved.

In particular, Section 6 presents the second central result of this paper —
given a CC-valuation on the system of Scott open sets of any continuous Scott
domain (no assumptions about the cardinality of the basis are needed here),
we build a Scott continuous relaxed metric (l,u) : 4 x A — R, such that
u: AxA — R7 is a partial metric, the relaxed metric topology coincides with the
Scott topology, and if x, y € Total(A), l(z,y) = u(x, y) and the resulting classical
metric Total(A) x T'otal(A) — R defines a subspace topology on T'otal(A). Here
R/ is the domain of interval numbers, R~ is the domain of upper bounds, and
Total(A) is the set of maximal elements of A.

Section 7 discusses various examples and possibilities to weaken the strong
non-degeneracy condition — to find a sufficiently general weaker condition is an
open problem.

A more detailed presentation can be found in [4].

2 Continuous Scott Domains

Recall that a non-empty partially ordered set (poset), (5, C), is directedif Vo, y €
S . d2 €8 zC z,yC 2. A poset, (4,C), is a depo if it has a least element, L,
and for any directed S C A, the least upper bound US of S exists in A. A set
U C Ais Scott open if Ve, y € A,z € U,x C y = y € U and for any directed
poset SC A, US €U = Is € S. s € U. The Scott open subsets of a depo form
the Scott topology.
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Consider dcpo’s (A,£4) and (B,Cpg) with the respective Scott topologies.
f : A — B is (Scott) continuous iff it is monotonic (x C4 y = f(z) Cs f(v))
and for any directed poset S C A, f(UaS) = Up{f(s) | s € S}.

We define continuous Scott domains in the spirit of [10]. Consider a dcpo
(A, C). We say that z < y (¢ is way below y) if for any directed set S C A4,
yC US = 3s € S. 2 C s. An element z, such that ¢ < z, is called compact.
We say that A is bounded complete if VB C A. (Ja€ A.Ybe BbC a) = UyB
exists.

Consider a set K C A. Notice that 1 4 € K. We say that a dcpo A is a
continuous depo with basis K, if for any a € A, the set K, = {k € K | k < a}
is directed and a = UK,. We call elements of K basic elements. A continuous,
bounded complete dcpo is called a continuous Scott domain.

3 CC-valuations

Consider a topological space (X, ), where O consists of all open subsets of X.
The following notions of the theory of valuations can be considered standard
(for the most available presentation in a regular journal see [5]; the fundamental
text in the theory of valuations on Scott opens sets is [11]).

Definition 3.1. A function p : O — [0, +oc] is called valuation if

LYU.VEO.UCV = u(U) < u(V):
2. VUV € 0. w(U) + u(V) = p(UNV) + u(UUV):
3. u(0) =0.

Definition 3.2. A valuation p is bounded if u(X) < +oc. A valuation y is
normalized if u(X) = 1.

Remark: If a valuation g is bounded and p(X) # 0, then it is always easy
to replace it with a normalized valuation ' (U) = p(U)/u(X).

Definition 3.3. Define a directed system of open sets, U = {U;, i € I}, as sat-
isfying the following condition: for any finite number of open sets
Ui,. Uiy, -, Ui, €U thereis U;, 1 € I, such that U;, CU;,---,U;, CU;.

Definition 3.4. A valuation p is called continuous when for any directed
system of open sets u(|J;¢; Us) = sup;e; p(Us).

We introduce two new properties of valuations.

Definition 3.5. A valuation g : O — [0, +oc] is strongly non-degenerate if
YU, VeO. UCV=ul)<pulV)s

This is, obviously, a very strong requirement, and we will see later that it
might be reasonable to look for weaker non-degeneracy conditions.

Consider a decreasing sequence of open sets /3 D Us D ..., or, more gen-
erally, a filtered system of open sets U = {U;,i € I}, meaning that for any
finite system of open sets U;,,---U;, € U there is U;, i € I, such that U; C

3 Weuse U CV as an equivalent of U CV & U # V.
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Ui, -, Ui CU;,. Consider the interior of the intersection of these sets. It is
easy to see that for a valuation u

ﬂ(Int(ﬂ Ui)) < }Telfll(Ui)-
i€l

Definition 3.6. A valuation p is called co-continuous if for any filtered
system of open sets {U;, 1 € I}

w(Int([) U:)) = inf u(Ui).
i€l

Definition 3.7. A continuous, normalized, strongly non-degenerate,
co-continuous valuation y is called a CC-valuation.

Informally speaking, the strong non-degeneracy provides for non-zero contri-
butions of compact elements and reasonable “pieces of space”. The co-continuity
provides for single non-compact elements and borders B\ Int(B) of “reasonable”
sets B C A to have zero measures.

“Reasonable” sets here are Alexandrov open (i.e. upwardly closed) sets.
Thus, it is possible to consider co-continuity as a method of dealing with non-
discreteness of Scott topology. We follow here the remarkable definition of a
discrete topology given by Alexandrov: a topology is discrete if an intersection
of arbitrary family of open sets is open (e.g. see [1]). Of course, if one assumes the
T} separation axiom, then the Alexandrov’s definition implies that all sets are
open — the trivial (and more standard) version of the definition. In this sense,
Alexandrov topology of upwardly closed sets is discrete, but Scott topology is
not.

We should also notice that since our valuations are bounded, they can be
extended onto closed sets via formula u(C) = u(A) —pu(A\ C), and all definitions
of this section can be expressed in the dual form. :

A bounded valuation g can be uniquely extended to an additive measure
defined on the ring of sets generated from the open sets by operations N, U,
\ [16]. The issues of c-additivity are not in the scope of this text (interested
readers are referred to [11, 2]). We deal with the specific infinite systems of
sets we need, and mainly focus on quite orthogonal conditions given to us by
co-continuity of p.

3.1 Example: Valuations Based on Weights of Basic Elements

This example essentially reproduces a construction in [3]. Consider a continuous
dcpo A with a countable basis K. Assign a converging system of weights to basic
elements: w(k) > 0, 3, g w(k) = 1. Define p(U) = 3~ .y w(k). It is easy to
see that p is a continuous, normalized, strongly non-degenerate valuation.

However. u is co-continuous if and only if all basic elements are compact
(which is possible only if A is algebraic). This is proved in [4] using the following
observations.
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First, observe that arbitrary intersections of Alexandrov open (i.e. upwardly
closed) sets are Alexandrov open. Also it is a well-known fact that {y|z < y}
is Scott open in a continuous dcpo.

Lemma 3.1 (Border Lemma) Consider an Alezandrov open set B C A.
Then its interior in the Scott topology, Int(B) = {y € A|3z € B.x K y}. Cor-
respondingly, the border of B in the Scott topology, B\Int(B) = {y € B|—(3z €
B.x < y)}

3.2 A Vertical Segment of Real Line

Consider the segment [0, 1], C=<. Define p((z, 1]) = 1 — z. Unfortunately, to
ensure strong non-degeneracy we have to define ({0, 1]) = 1 + ¢, € > 0. This is
the first hint that strong non-degeneracy is too strong in many cases. In order
to obtain a normalized valuation we have to consider y'(U) = u(U)/(1+¢). The
resulting y’ is a CC-valuation.

4 Constructing CC-valuations

In this section we build a CC-valuation for all continuous dcpo’s with countable
bases. The construction generalizes the one of Subsection 3.1. We are still going
to assign weights, w(k) > 0, to compact elements. For non-compact basic ele-
ments we proceed as follows. We focus our attention on the pairs of non-compact
basic elements, (&', k"), which do not have any compact elements between them,
and call such elements continuously connected. We observe, that for every such
pair we can construct a special kind of vertical chain, which “behaves like a ver-
tical segment [0, 1] of real line”. We call such chain a stick. We assign weights,
v(k', k") > 0, to sticks as well, in such a way that the sum of all w(k) and all
v(k', k") is 1.

As in Subsection 3.1, compact elements & contribute w(k) to p(U). if k£ €
U. An intersection of the stick, associated with a continuously connected pair
(k’. k"), with an open set U “behaves as either (g, 1] or [g¢, 1], where ¢ € [0, 1].
Such stick contributes (1 — g) - v(k’, k") to u(U). The resulting p is the desired
CC-valuation.

It is possible to associate a complete lattice homomorphism from the lattice
of Scott open sets to [0, 1] with every compact element and with every stick
defined by basic continuously connected elements, k' and &”. Then, as suggested
by Keimel [12], all these homomorphisms together can be thought of as an in-
jective complete lattice homomorphism to [0, 1]7. From this point of view, our
construction of g is the same as in [12].

Thus the discourse in this section yields the proof of the following:

Theorem 4.1 For any continuous dcpo A with a countable basis, there is a
CC-valuation p on the system of its Scott open sets.
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4.1 Continuous Connectivity and Sticks

Definition 4.1. Two elements z < y are called continuously connected if the
set {k € Alk is compact, ¢ € k < y} is empty.
Remark: This implies that ¢ and y are not compact.

Lemma 4.1 If ¢ € y are continuously connected, then {z |z € z < y} has
cardinality of at least continuum.

Proof. We use the well-known theorem on intermediate values that z <
y=> 3z € Ar <z < y (see [10]). Applying this theorem again and again we
build a countable system of elements between x and y as follows, using rational
numbers as indices for intermediate elements:

fc<<f11/2<<y, €C<<<11/4<<al/2<<a3/4<<y,...

All these elements are non-compact and hence non-equal. Now consider a di-
rected set {a;|i < r}, where r is a real number, 0 < r < 1. Introduce b, =
U{a; |7 < r}. We prove that if r < s then b, < b;, and also that £ € b, € b; €
y, thus obtaining the required cardinality. Indeed it is easy to find such n and
numbers q;. g2, g3, g4, that

T L agyjan Cbr Cagy/om K agyyon € bs K agyyem Ky
O

Definition 4.2. We call the set of continuum different non-compact elements
{a, |7 € (0,1)} between continuously connected & < y, built in the proof above,
such that z € a, € a4 € z & r < ¢ a (vertical) stick.

4.2 Proof of Theorem 4.1

Consider a continuous dcpo A with a countable basis K. As discussed earlier,
with every compact k£ € K we associate weight w(k) > 0, and with every con-
tinuously connected pair (k’, k"), k', k" € K, we associate weight v(k’, k") > 0
and a stick {a*"*" | r € (0,1)}. Since K is countable, we can require 3" w(k) +
S u(k' k) = 1.

Whenever we have an upwardly closed (i.e. Alexandrov open) set U, for any
stick {a¥"*" | r € (0,1)} there is a number q(kjl’k” € [0,1], such that r < q[kj”k” =
ak'*" ¢ U and qg’k” < r = a¥'*" € U. In particular, for a Scott open set U
define

p@= Y wk)+ 3 (1—g5 ") u(k', k")

keUis compact k’.k""eKare continuously connected

It is easy to show that y is a normalized valuation. The rest follows from the
following Lemmas.

Lemma 4.2 y is continuous.
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Lemma 4.3 p is strongly non-degenerate.

Proof. Let U and V be Scott open subsets of A and U C V. Let us prove
that V \ U contains either a compact element or a stick between basic elements.
Take z € V\U. If z is compact, then we are fine. Assume that r is not compact.
We know that z = UK, K; = {k € K |k <« z} is directed set. Since V is open
dk e K, keV.SincekCzandz € U, k € V\U. If there is k' — compact,
such that k € k' < x, we are fine, since k' € V' \ U. Otherwise, since any basis
includes all compact elements k and z are continuously connected

Now, as in the theorem of intermediate values z = UK,, K, = {k' €
K|3k" € K. ¥ € k" « z} is directed set, thus Hk’lc” kC K<k <z,
thus (k. k) yields the desired stick.

If k € V\U and k is compact, then p(V) — u(U) > w(k) > 0. If the stick
formed by (k, k') isin V \ U, then u(V) — p(U) 2 v(k, k") > 0.

0
Lemma 4.4 pu s co-continuous.

Proof. Recall the development in Subsection 3.1. Consider a filtered system
of open sets {U;, ¢ € I'}. By Lemma 3.1 for B = (};; U, B\ Int(B) = {y €
B|~(3z € B. £ € y)}. Notice that B\ Int(B), in particular, does not contain
compact elements. Another important point is that for any stick, q BT quf;)

The further development is essentially dual to the omitted proof of Lemma 4.2.
We need to show that for any € > 0, there is such U;,1 € I, that u(U;) —
u(Int(B)) < e.

Take enough (a finite number) of compact elements k1 ..... . kpn, and contin-
uously connected pairs of basic elements, (k{,k{), ..., m: ki), so that w(k;) +

oA wlkn) + ok ED) .+ b(k;nkxl) > 1 —€/2. For each k; ¢ Int(B), take

Us;.i; € T, such that k; ¢ U;,. For each (K}, k), such that qI’t(ké) > 0, take

Ui .35 € I, such that qlnth) k’;k’ < €/(2m). A lower bound of these U;, and
Uz; is the desired U;. ’

]

It should be noted that Bob Flagg suggested and Klaus Keimel showed that
Lemma 5.3 of [7] can be adapted to obtain a dual proof of existence of CC-
valuations (see {6] for one presentation of this). Klaus Keimel also noted that
one can consider all pairs k. k' of basic elements, such that & < k', instead of
considering just continuously connected pairs and compact elements.

5 Partial and Relaxed Metrics on Domains

The motivations behind the notion of relaxed metric, its computational meaning
and its relationships with partial metrics [14] were explained in [3]. Here we focus
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on the definitions and basic properties, revisit the issue of specific axioms of
partial metrics, and list the relevant open problems.

The distance domain consists of pairs {a,b) (also denoted as {a, b]) of non-
negative reals (+oc included), such that a < b. We denote this domain as R
[a,b]Cge [c.d]iff a < cand d < b.

We can also think about R! as a subset of R* x R, where Cr4=<, Cp-=>,
and both Rt and R~ consist of non-negative reals and +oc. We call Rt a
domain of lower bounds, and R~ a domain of upper bounds. Thus a distance
function p : A x A — RT can be thought of as a pair of distance functions (I, u),
l:AxA—-Rt . u:AxA— R".

Definition 5.1. A symmetric function u : A x A — R~ is called a relazed
metric when it satisfies the triangle inequality. A symmetric function p : Ax A4 —
RI is called a relazed metric when its upper part u is a relaxed metric.

An open ball with a center # € A and a real radius ¢ is defined as B, =
{y € A | u(z.y) < €}. Notice that only upper bounds are used in this definition
— the ball only includes those points y, about which we are sure that they are
not too far from z.

We should formulate the notion of a relaxed metric open set more carefully
than for ordinary metrics, because it is now possible to have a ball of a non-zero
positive radius, which does not contain its own center.

Definition 5.2. A subset U of A is relazed metric open if for any point
x € U, there is an € > u(z, z) such that B, . CU.

It is easy to show that for a continuous relaxed metric on a dcpo all relaxed
metric open sets are Scott open and form a topology.

5.1 Partial Metrics

The distances p with p(z,z) # 0 were first introduced by Matthews [14, 13].
They are known as partial meirics and obey the following axioms:

=y iff p(z,z) = p(z.y) = p(y. y).

Whenever partial metrics are used to describe a partially ordered domain, a
stronger form of the first two axioms is used: If z C y then p(z,z) = p(z.y).
otherwise p(z,z) < p(x.y). We include the stronger form in the definition of
partial metrics for the purposes of this paper.

Section 8.1 of [3] discusses the issue of whether axioms u(z.z) < u(z.y)
and u(z,z) < u(z,y) + u(y.2) — u(y, y) should hold for the upper bounds of
relaxed metrics. In particular, the approach in this paper is based on u(z,y) =
1 — g(Common information between x and y) and thus, as will be explained in
details in the next section, the axioms of partial metrics hold. Further discussion
of the utilitarian value of these axioms can be found in [4].
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6 Partial and Relaxed Metrics via Information

6.1 plnfo-structures

Some of the earlier known constructions of partial metrics can be understood via
the mechanism of common information between elements  and y bringing neg-
ative contribution to u(z,y) (see [3, Section 8]). This can be further formalized
as follows. Assume that there is a set 7 representing information about elements
of a depo A. We choose a ring, M(Z), of admissible subsets of Z and introduce
a measure-like structure, y, on M(Z). We associate a set, Info(z) € M(Z), with
every ¢ € A, and call Info(z) a set of (positive) information about z. We also
would like to consider negative information about =, Neginfo(z) € M(Z). — in-
tuitively speaking. this is information which cannot become true about z. when
z 1s arbitrarily increased.

Definition 6.1. Given a decpo A, the tuple of (4,7, M(Z), u, Info, Neginfo)
is called a pInfo-structure on A, if M{Z) C P(Z) — aring of subsets closed with
respect to N, U, \ and including @ and Z, u : M(Z) — [0, 1], Info : A — M(T),
and Neginfo : A — M(Z), and the following axioms are satisfied:

1. (VALUATION AXIOMS)
(a) 1(T) = 1. u(0) =0;
(b) UCV = pU) < u(V);
() pU)+p(V)=pUnV)+p(UUV);
2. (Info AXIOMS)
(a) # C y & Info(z) C Info(y);
(b) & C y= Info(z) C Info(y);
3. (Neginfo AXIOMS)
(a) Info(x) N Neginfo(z) = 0;
(b) # C y = Neginfo(z) C Neginfo(y);
4. (STRONG RESPECT FOR TOTALITY)
z € Total(A) = Info(z) U Neginfo(x) = I;
5. (CONTINUITY OF INDUCED RELAXED METRIC)
if B is a directed subset of A and y € A, then
(a) p(Info(UB)N Info(y)) = supzep(u(Info(x) N Info(y)).
(b) u(Info(UB) N Neginfo(y)) = supzep(p(Info(z) N Neginfo(y)).
(¢) u(Neginfo(UB) N Info(y)) = supzen(p(Neginfo(z) N Info(y)),
(d) p(Neginfo(UB) N Neginfo(y)) = supyes(p(Neginfo(z) N Neginfo(y)):
6. (SCOTT OPEN SETS ARE RELAXED METRIC OPEN)
for any (basic) Scott open set U C A and € U, there is an ¢ > 0, such that
Vy € A. u(Info(z)) — p(Info(z) N Info(y)) < e =>y € U.

In terms of lattice theory, p is a (normalized) valuation on a lattice M(T).
The consideration of unbounded measures is beyond the scope of this paper,
and pu(Z) = 1 is assumed for convenience. Axioms relating C and Info are in the
spirit of information systems [17], although we are not considering any inference
structure over 7 in this paper.
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The requirements for negative information are relatively weak, because it is
quite natural to have V& € A. Neginfo(x) = 0 if A has a top element.

The axiom that for ¢ € Total(A), Info(x) U Neginfo(z) = I, is desirable
because indeed, if some ¢ € 7 does not belong to Info(z) and & can not be
further increased, then by our intuition behind Neginfo(z), ¢ should belong to
Neginfo(z). However, this axiom might be too strong and will be further dis-
cussed later.

The last two axioms are not quite satisfactory — they almost immediately
imply the properties, after which they are named, but they are complicated and
might be difficult to establish. We hope, that these axioms will be replaced by
something more tractable in the future. One of the obstacles seems to be the
fact in some valuable approaches (in particular, in this paper) it is not correct
that z; C x5 C - - - implies that Info(Uienzi) = U;en Info(:).

The nature of these set-theoretical representations, Z, of domains may vary:
one can consider sets of tokens of information systems, powersets of domain
bases, or powersets of domains themselves, custom-made sets for specific do-
mains, etc. The approach via powersets of domain bases (see [3]) can be thought
of as a partial case of the approach via powersets of domains themselves adopted
in the present paper.

6.2 Partial and Relaxed Metrics via pIn fo-structures

Define the (upper estimate of the) distance between z and y from A as u :
AxA—-R™:

u(z,y) = 1 — p(Info(z) N Info(y)) — u(Neginfo(z) N Neginfo(y)).

I.e. the more information & and y have in common the smaller is the distance
between them. However a partially defined element might not have too much
information at all, so its self-distance u(z,z) = 1 — p(Info(x)) — p(Neginfo(z))
might be large.

It is possible to find information which will never belong to Info(z)N Info(y)
or Neginfo(z)N Neginfo(y) even when z and y are arbitrarily increased. In partic-
ular, Info(z) N Neginfo(y) and Info(y) N Neginfo(zx) represent such information.
Then we can introduce the lower estimate of the distance [: A x A — R*:

I(z,y) = p(Info(z) N Neginfo(y)) + u(Info(y) N Neginfo(z)).

The proof of Lemma 9 of [3] is directly applicable and yields I(z,y) < u(z,y).
Thus we can form an induced relaxed metric, p: A x A — RY, p = (I, u),
with a meaningful lower bound.

The following theorem is proved in [4] without using the strong respect for
totality axiom.

Theorem 6.1 Function u s a partial metric. Function p'is a continuous relazed
metric. The relazed metric topology coincides with the Scott topology.
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Due to the axiom Vx € Total(A). Info(z) U Neginfo(z) = Z, the proof of
Lemma 10 of [3] would go through, yielding

z,y € Total(A) = l(z,y) = u(z,y)
and allowing to obtain the following theorem (cf. Theorem 8 of [3]).

Theorem 6.2 For all x and y from Total(A), (x.y) = u(zx,y). Consider
d:Total(A) x Total(A) - R, d(z.y) = l(z.y) = u(z,y). Then (Total(A),d) is
a metric space, and its metric topology is the subspace topology induced by the
Scott topology on A.

However, in [3] € Total(A) = Info(z) U Neginfo(z) = T holds under an
awkward condition, the regularity of the basis. While bases of algebraic Scott
domains and of continuous lattices can be made regular, there are important
continuous Scott domains, which cannot be given regular bases. In particular, in
R no element, except for L, satisfies the condition of regularity, hence a regular
basis cannot be provided for R.

The achievement of the construction to be described in Section 6.4 is that by
removing the reliance on the weights of non-compact basic elements, it eliminates
the regularity requirement and implies £ € T'otal(A) = Info(z)U Neginfo(z) =T
for all continuous Scott domains equipped with a CC-valuation (which is built
above for all continuous Scott domains with countable bases) where Info(z) and
Neginfo(z) are as described below in the Subsection 6.4.

However, it still might be fruitful to consider replacing the axiom Vx €
Total(A). Info(x) U Neginfo(x) = T by something like Vo € Total(A). u(Z \
(Info(x) U Neginfo(z))) = 0.

6.3 A Previously Known Construction

Here we recall a construction from [3] based on a generally non-co-continuous val-
uation of Subsection 3.1. We will reformulate it in our terms of pInfo-structures.
In [3] it was natural to think that 7 = K. Here we reformulate that con-
struction in terms of 7 = A, thus abandoning the condition 2 € Total(A) =
Info(z) U Neginfo(z) = T altogether.

Define I, = {y € A|{z.y} isunbounded}, P, = {y € A|y < z} (cf. [, =
{k € K |{k,x}is unbounded}. K, = {k € K |k < z} in [3]).

Define Info(z) = P, Neginfo(z) = I,. Consider a valuation g of Subsec-
tion 3.1: for any S C I = A, p(S) = ) 4 csnx W(k). p is a continuous strongly
non-degenerate valuation, but it is not co-continuous unless K consists only of
compact elements.

Because of this we cannot replace the inconvenient definition of Info(z) =
P, by Info(z) = C; = {y € A|y C z} ( which would restore the condition
z € Total(A) = Info(x) U Neginfo(x) = A) as p(Cy) would not be equal to
supy e #(Crr) if k is a non-compact basic element, leading to the non-continuity
of the partial metric u(x, y).
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Also the reliance on countable systems of finite weights excludes such natural
partial metrics as metric u : Ry ;; x Rjg ;) — R7, where Ry ) is the set [0, 1]
equipped with the dual partial order C = >, and u(z, y) = maz(z,y). We rectify
all these problems in the next Subsection.

6.4 Partial and Relaxed Metrics via CC-valuations

Assume that there is a CC-valuation u(U) on Scott open sets of a domain A.
Then it uniquely extends to an additive measure y on the ring of sets generated
by the system of open sets. Define T = A, Info(z) = C;, Neginfo(x) = I,. It is
easy to see that valuation, Info, and Neginfo axioms of pInfo-structure hold. We
have ¢ € Total(A) = CzU I, = A. Thus we only need to establish the axioms of
continuity of induced relaxed metrics and Scott open sets are relaxed
metric open in order to prove theorems 6.1 and 6.2 for our induced relaxed
metric (u(z.y) = 1 - p(Ce NCy) - p(le N 1y), l(x.y) = p(Ce N Iy) + p(Cy N I)).
These axioms are established by the Lemmas below.

You will also see that for such bare-bones partial metrics, as u(z,y) = 1 —
p(Cz N Cy), which are nevertheless quite sufficient for topological purposes and
for domains with T, only co-continuity matters, continuity is not important.

Observe also that since the construction in Section 3.1 does form a CC-
valuation for algebraic Scott domains with bases of compact elements, the con-
struction in [3] can be considered as a partial case of our current construction if
the basis does not contain non-compact elements.

Lemma 6.1 Assume that p is a co-continuous valuation and B is a directed
subset of A. Then u(Cup N Q) = sup,cp(p(Ce NQ)), where Q is a closed or
open subset of A.

Remark: Note that continuity of y is not required here.

Lemma 6.2 Assume that p is a continuous valuation and B is a directed subset
of A. Then p(IupNQ) = sup,ep(u(l:NQ)), where Q is an open or closed subset
of A,

Remark: Co-continuity is not needed here.

Lemma 6.3 Assume that u ts a strongly non-degenerate valuation. Then the
plInfo-structure aziom Scott open sets are relaxed metric open holds.

Remark: Neither continuity, nor co-continuity required, and even the strong
non-degeneracy condition can probably be made weaker (see the next Section).

7 Examples and Non-degeneracy Issues

In this section we show some examples of “nice” partial metrics, based on valua-
tions for vertical and interval domains of real numbers. Some of these valuations
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are strongly non-degenerate, while others are not, yet all examples are quite
natural.

Consider the example from Subsection 3.2. The partial metric, based on the
strongly non-degenerate valuation p’ of that example would be v/(z,y) = (1 —
min(z,y))/(1 +¢€), if z,y > 0, and u'(z,y) = 1, if « or y equals to 0. However,
another nice valuation, p”, can be defined on the basis of u of Subsection 3.2:
p((z, 1) = p((z,1])) = 1 — &, p”([0,1]) = 1. i is not strongly non-degenerate,
however it yields the nice partial metric ¥”(z,y) = 1 — min(z, y), yielding the
Scott topology.

Now we consider several valuations and distances on the domain of interval
numbers located within the segment [0, 1]. This domain can be thought of as
a triangle of pairs (z.y}, 0 < ¢ < y < 1. Various valuations can either be
concentratedon0<x§y<l,oron:c:0,0§y§1andy::1,0§:c<1 or,
to insure non-degeneracy, on both of these areas with an extra weight at (

Among all these measures, the classical partial metric u([z.y], [z', y
max(y, y’) — min(z, z’) results from the valuation accumulated at z = 0,
y<land y=10<z <1, namely p(U) = Length({x:OOﬁy
1}NU) + Length({y = 1,0 < z < 1} nU))/2. Partial metrics generated
strongly non-degenerate valuations contain quadratic expressions.

1).
])=
0 <
<
by

It is our current feeling, that instead of trying to formalize weaker non-
degeneracy conditions, it is fruitful to build a plnfo-structure based on Z =
[0,1] + [0, 1] in situations like this.

8 Conclusion

We introduced notions of co-continuous valuations and CC-valuations, and built
CC-valuations for all continuous depo’s with countable bases. Given such a val-
uation, we presented a new construction of partial and relaxed metrics for all
continuous Scott domains, improving a construction known before,

The key open problem is to learn to construct not just topologically correct,
but canonical measures and relaxed metrics for higher-order functional domains
and reflexive domains, and also to learn how to compute these measures and
metrics quickly.
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