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Abstract. For a hierarchy of properties of term rewriting systems, re-
lated to termination, we prove relative undecidability even in the case of
single rewrite rules: for implications X = Y in the hierarchy the property
X is undecidable for rewrite rules satisfying Y.

1 Introduction

A fundamental problem in the theory of term rewriting is the detection of termi-
nation: for a fixed system of rewrite rules, determine whether there are infinite
rewrite sequences. Besides termination a number of related properties are of
interest, linearly ordered by implication:

polynomial termination = w-termination = total termination
= simple termination = non-self-embeddingness => termination

= non-loopingness = acyclicity

We call this the termination hierarchy. Apart from polynomial termination, all
properties in the termination hierarchy are known to be undecidable ([11, 15,
13, 18, 8, 9}). In [9] we showed the stronger result of relative undecidebility: for
all implications X = Y in the termination hierarchy except one—polynomial
termination => w-termination—the property X is undecidable for term rewriting
systems (TRSs for short) satisfying property Y.

In this paper we address the question of relative undecidability for TRSs
consisting of a single rewrite rule. We show that for all implications X = Y in
the termination hierarchy except two—polynomial termination = w-termination
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= total termination—the property X is undecidable for one-rule TRSs satisfying
property Y.

Dauchet [1] was the first to prove undecidability of termination for one-
rule TRSs, by means of a reduction to the uniform halting problem for Turing
machines. Middeldorp and Gramlich [13] reduced the undecidability of simple
termination, non-self-embeddingness, and non-loopingness for one-rule TRSs to
the uniform halting problem for linear bounded automata. Lescanne [12] showed
that Dauchet’s result can also be obtained by a reduction to Post’s Correspon-
dence Problem (PCP). The results presented in this paper are stronger because
(1) we obtain the same undecidability results for (much) smaller classes of one-
rule TRSs, and (2) we show the undecidability of total termination for one-rule
(simply terminating) TRSs. The latter solves problem 87 in [4] and rectifies a
conjecture in [18].

The relative undecidability results in [9] are obtained by using PCP in the
following way: for the lower five implications X = Y in the termination hierarchy
and for all PCP instances P a TRS is constructed that always satisfies ¥ and
satisfies X if and only if P admits no solution. In this paper we present a more
uniform approach. First we construct a TRS U(P, Q) parameterized by a PCP
instance P and a TRS Q. The TRS U(P, Q) has the following properties: (1)
the left-hand sides of its rewrite rules are the same, (2) if P admits no solution
then U(P, Q) is totally terminating, and (3) if P admits a solution then Z/ (P, Q)
simulates Q. Because of property (1) every U(P, Q) can be compressed into a
one-rule TRS S(P, Q) without affecting the termination behaviour. In particular,
if P admits no solution then S(P, Q) is totally terminating. Finally, for the lower
five implications X = Y in the termination hierarchy we define a suitable TRS Q@
such that S(P, Q) satisfies Y if and only if P admits no solution. The advantage
of this approach is that the complicated part—the construction and properties
of the TRS U(P, Q)—is independent of the involved level in the termination
hierarchy.

The remainder of this paper is organized as follows. In the next section we
briefly recall the definitions of the properties in the termination hierarchy and
PCP. In Section 3 we define the TRS U(P, Q) and show that it simulates Q
whenever P admits a solution. In Section 4 we define the one-rule TRS S(P, Q)
and show that it inherits the termination behaviour from U(P, Q). In Section 5
we instantiate S(P, Q) by suitable TRSs Q in order to conclude the desired
relative undecidability results. For reasons of space, the difficult proof of total
termination of U(P, Q) in the case that P admits no solution has been omitted.
Tt can be found in the full version of this paper [10].

2 Preliminaries

For preliminaries on rewriting and termination we refer to [2, 3]. Let 7 be a
signature containing at least one constant. We write 7 (F) for the set of ground
terms over JF; for a set X of variable symbols we write 7 (F, X ) for the set of
open terms. A (strict partial) order > on T(F) is called monotonic if for all
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f € F and t,u € T(F,X) with t > u we have f(...,t,...) > f(...,u,...). A
TRS R over F and an order > on T(F) are called compatible if ¢t > u for all
rewrite steps t —x u. For compatibility with a monotonic order it suffices to
check that lo .> ro for all rules I — r in R and all ground substitutions ¢. It
is well-known that a TRS is terminating if and only if it is compatible with a
monotonic well-founded order. An F-algebra consists of a set A and for every
f € F afunction fs4: A™ — A, where n is the arity of f. A monotone F-algebra
(A,>) is an F-algebra A for which the underlying set is provided with an order
> such that every algebra operation is monotonic in all of its arguments. More
precisely, for all f € F and a,b € A with a > b we have fa(...,q,...) >
fa(...,b,...). A monotone F-algebra (A4,>) is called well-founded if > is a
well-founded order. Every monotone F-algebra (4,>) induces an order >4 on
the set of terms T(F,X) as follows: ¢t >4 w if and only if [a](t) > [a](u) for
all assignments a: X' — A. Here [a] denotes the homomorphic extension of «,
ie., [)(z) = alz) and [a)(f(t1,... ,tn)) = fa([a](t1),-..,[0](t,)) for z € X,
feF,andty,... ,t, € T(F,X). A TRS R and a monotone algebra (4, >) are
called compatible if R and >, are compatible. It is well-known that a TRS is
terminating if and only if it is-compatible with a well-founded monotone algebra.
The set of rewrite rules f(z1,...,z,) = z;forall f € Fand all i = 1,...,n,
where n > 1 is the arity of f, is denoted by Emb(F), or simply by Emb when the
signature F can be inferred from the context.

The properties in the hierarchy are defined as follows. A TRS is called ter-
minating if it does not allow an infinite reduction. A TRS R over a signature
F is called simply terminating if R U Emb(F) is terminating, or, equivalently,
R U Emb(F) has no cycle. A well-known sufficient condition for simple termina-
tion of terminating TRSs is length-preservingness, which means that llo| = |ro]
for all rules | — r and all ground substitutions . Here |t| denotes the number
of function symbols in t. A TRS over a signature F is called totally termi-
nating if it is compatible with a monotonic well-founded total order on T(F),
or, equivalently, it is compatible with >4 for some well-founded monotone F-
algebra (4, >) in which the order > is total. A TRS over a signature F is called
w-terminating if it is compatible with >4 for some well-founded monotone F-
algebra (A4,>) in which A = N and > is the usual order on N. A TRS over a
signature F is called polynomially terminating if it is compatible with >4 for
some well-founded monotone F-algebra (4, >) in which A = N, > is the usual
order on N and for which all functions fa are polynomials. A TRS R is called
looping if it admits a reduction ¢ —% C[to] for some term t, some context C' and
some substitution g. A TRS R is called cyclic if it admits a reduction ¢ —% t for
some term ¢. A TRS R over a signature F is called self-embedding if it admits a
reduction ¢t —} u = zmu(r) t for some terms ¢, u. Recent investigations of these
notions include (5, 7, 8, 14, 19].

For the proofs we use Post’s Correspondence Problem (PCP), which can be
described as follows:

given a finite alphabet I' and a finite set P ¢ T+ x I'*, is there some
natural number n > 0 and (@:,8:)) € Pfori = 1,... ,n such that
Az Qn = L1 3,7
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This problem is known to be undecidable even in the case of a two-letter alphabet
([16]). The set P is called an instance of PCP, the string a1as - - = B182- - - fBn
a solution for P. We use a fixed two-letter alphabet I' = {0, 1}.

We encode PCP instances P and, for each layer X = Y of the hierarchy, a
characteristic TRS Q into a one-rule TRS S(P, @) such that S(P, Q) isin Y for
all P, and in X if and only if P has no solution. Thus we reduce PCP to the
relative decision problem in each layer.

3 The Encoding

We are now going to encode a PCP instance P and a TRS Q with the property
that all left-hand sides coincide in a TRS U(P, @) with the same property.

The signature F; we add for our TRSs consists of constants 0, 1, $, and ¢,
binary symbols cons and ¢ons, and a symbol A the arity of which will depend
on the size of the PCP instance P.

The binary symbols cons and cons as well as the constant e build lists of
terms. Usually we drop the cons and €6ns symbols, and write only the appended
terms and barred terms, respectively. Formally, we define the notation ((t) for
any term ¢ and mixed sequence ¢ € {t,7|t € T(F, X)}* of barred and unbarred
terms as follows:

) = ¢ if ( = ¢,

) = cons(t, (') (=t

() = wons(t,('(t)) (=1
Moreover, with any sequence a = t1t2...tn of unbarred terms we associate the
sequence @ = &, ...z t1 of barred terms. Hence

a(t) = cons(t1,cons(ty, . ..cons(tn, t)...),

a(t) = Tons(tn,CONS(tn—1,.- .cons(t1,t)...)-
In order to avoid confusion, we will use the latter abbreviation only when
the appended terms are in the set {0,1,$} U A. For ‘instance, 00$(e) stands
for cons(0, coms(0), cons($,€))), Tyl(e) for cons(a, cons(y, cons(1, €))), plO(z) for
cons(1,cons(0, cons(0, 2))), and z(z) for cons(z,z). Note that 010(z) differs from

0 70(z) = cons(0, cons(1, cons(0, 2)))- o
Before we give the technical definition of U(P, Q) let us explain the 1ntu1t{0n
behind its architecture. The system U(P, Q) is a modification of the following

system from [18]:

Fle,aly), z,a()) _)F(a(m),%a(q-;_),y) foralla €T,
5(P) = {F&mf;,ﬁ(s,i)) — F(z,a(y), zBw)) for all (@, f) € P.

The system S(P) admits a reduction
Fy(z),u,7(@),y) =1 Fy(@),y,7(2),9) ¢9)
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if and only if +y is a solution of the PCP P. If P has no solution then S(P) is to-
tally terminating. The use of barred symbols in the second and fourth argument
is essential for total termination.

It is now straightforward to change the cyclic behaviour (1) to any desired
behaviour that can be expressed by some rewrite system Q. To this end an
argument is added to F. This last argument is left unchanged, except for the
step completing the cycle in which it is rewritten by a rule in Q.

To avoid unintended rewrite steps, we refine control: we distinguish two
states, exhibited by function symbols G and H, which enable only steps of the
first and second shape, respectively, in S(P). A change from state G to state H
is possible only if the second and the fourth argument equals €. Vice versa, a
change of state from H to G requires that the first and third fourth argument
equals €. This gives the rewrite system consisting of the rule

G(z,e,2,e,LHS) —» H(z,¢,z,&,LHS), (2)
the rules
H(a(z),y, 8(z), w,LHS) = H(z,a(y), z, B(w), LHS) 3)

for each (a, 8) € P, and the rules

H(e,a(y), e, a(w), LlHS) — G(a(e),y, a(e), w,RHS;) 4)
G(z,a(y), z,a(w), LHS) — G(a(z),y, a(z),w, LHS) (5)

for each a € T" and each rule (LHS — RHS;) € Q.

In view of the one-rule construction, finally, there is the need to have equal
left-hand sides. For this reason Q has to have this property, too. The two states
G and H in the previous definition are encoded by argument pairs (0,1) and
(1,0), respectively, hence one function symbol, A, can replace both G and H.
Finally, the end of a sequence may not be ¢ because sequences of various lengths
have to match. Instead the end is marked by a special symbol, $.

In this way, one gets four left-hand sides which can be regarded as instances
of one pattern. The match to the pattern can be delayed by the same trick as
in Lescanne [12]: One extends the argument vector (to the left) by a vector of
terms to match, and exchanges variables with the terms they should match.

Definition 1. Let P = {(a1,51),...,(n, Ba)} C T+ x It be a PCP instance®
and let = max{|al,|8] | (o,8) € P}. Let Q = {LHS — RHS,,...,LHS —
RHSp.} be a TRS over a signature Fg disjoint from Fu. We assignto Pand Q a
TRS U(P, Q) over the signature Fy; U Fg where A has arity 2n + 15. It consists
of therules ! = r;, 1 <i<n+2m+ 3, where [ and r; are defined as follows:

l = A(07 1)07 17 $,C¥1(5), .. ,an(e),O, 17 $7181(€)7 .- ,ﬂn(s),
U VWi - wy (W), Ta(x), 41 - .. yu(y), 7 (2), LHS),

5 Presenting PCP instances as ordered lists instead of sets entails no loss of generality.
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Ty = A(U,U,O, 1’$1,a1(8)7 e aan(€)707 1,21,/31(5), e 7/311(5)1 (2)
1,0,’LU1 o 'wu(w)ag(m):yl . 'y#(y)7§(z): LHS),

rip1 = A(w,4,0,1,8,01(e), .. ., i1 (), w1 . . . W)a; | (€), Ait1(E), - - -, An(E),
0,1,8,8:1(e), ..., Bi—1(),y1 - - 918, (€): Biw1(€)s - - - Bnl€)s (3)
1,0, Wigq 41 - - - wye(w), 85 T1(2), Yy )41 - - - Yu (y), BiZi(2), LHS)
forall1<i<n,
Tntldj = A, u,z1, L, wi,01(e), ..., 0m(€), 21, 1,41, P1(€), .. -, BulE), (4)
0,1,08ws ... w,(w),z,08ys ... yu(y), 2, RHS;)
Prgtamti = AW, u,0,31,w1,01(€),. .., an(€),0, 21,41, B1(€), - .. , Br(€),
0,1,18ws ... wu(w), =, 18y2 .. . yu(y), z, RHS;)
for all 1 < § < m, and finally
Fnremez = A, v,21,1,8,01(€), . .., an(€), 21, 1,8, B1(€), - - -, Bnle), (5)
0,1,0w; ... w,(w),z,0y; ... yu(y),z,LHS)
Pnram+s = Ay,v,0, 21,8,00(6),. .., 0n(€),0,21,8, B1(€), - - -, Bnle),
0,1, 1wy ... wu(w),z, 1y1 . .. Yu(y), 2, LHS).

In the following we denote 0,1,0,1,8,1(e),.--,x(€),0,1,8, B1(€),- . -, Bn(e),
i.e., the first 2n + 8 arguments of I, by V.

We are now going to show that in case P has a solution, reductions in Q
mirror reductions in U (P, Q). That is, if P is a PCP instance that has a solution
then we get the following particular form of reduction in U(P, Q).

Proposition 2. If the PCP instance P has a solution, ¥'a, then for every rewrite
rule LHS — RHS in Q we have

A(V,W,LHS)  —=fpg AVW, RHS)

where W denotes the sequence 0,1,a$ws .. .w“(w),W(z),a&/z . ..y#(y),$—7’(z).

Proof. Let y = o1 ...0n = P1... B = 7¥'a be a solution of the PCP instance
P. Let LHS — RHS be a rule in Q@ and abbreviate the terms $ws ... wy(w)
and $yz ...y (y) by w' and y', respectively. We have the following reduction in

U(P,Q):
A(V,0,1,aw’,$7 (2),ay’,$7'(2), LHS)
- AWV0,1, ', $(z), vy, $(%), LHS)
=@ AWVLO, yu', $(x), vy’ $(2),LHS)
—@ AV,1,0,09... anw', 801 (z), B2 - - - Bny', $B1(2), LHS)
—f AVL0, ', $v(z), v, $7(2), LHS)
—@ AV, aw',$7 (), ay’, $7'(2), RHS).
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First, using rules (5), 4’ in the 2n 4 12-th (2n + 14-th) argument is shifted to
the 2n + 11-th (2n + 13-th, resp.) argument character by character. Note that
$7/(z) = 7' $(z). Next by rule (2), there is a change of state from 0,1 to 1,0.
Then, since + is a solution of P, it can be shifted back by using rules (3). Finally,
with rule (4), the state is changed back to 0, 1. O

Conversely, a reduction in U (P, @) gives rise either to an underlying reduction
in Q or to a reduction in U (P, Q) without the 2m rules (4). We will denote the
latter system by U(P, ).

Proposition3. If W and t contain no A symbols then A(V,W,t) —y(p g
AV, W', t') implies t =g t' ort =t' and A(V,W,t) =y (pg) AV,W',1).

Proof. Since there is only one A symbol in A(V, W, t), the reduction must take
place at the root position. If a rule (4) has been applied, then ¢t —¢ t'. Otherwise,
A(V,W,t) =y pgy A(V,W',t'). Obviously, this implies ¢ = t' by the form of the
rules in U(P,9). a

Proposition4. The TRS U(P,0) is simply terminating, for any P.

Proof. Since U(P, () is length-preserving, it is sufficient to show termination. We
show termination by semantic labelling [20]. Let the model be {0,1}, and let 1
be interpreted by 1, and every other symbol by constant 0. Label the symbol A
by 2x2 + £2,1+10 where z; denotes the value of A’s i-th argument. In the labelled
system, U(P, Q3) obtained this way the symbol A carries the label 2 + v at the
left hand side, and the labels 2v, 2u, 2v+1 at the right hand sides r1, 7441, and
Tnt2m-+2, respectively. Taking into account that u,v € {0,1} one finds that the
label decreases for all rules except in case u = 1, v = 0 for type (2) rules, and
case v = 1 for type (5) rules, where it stays equal. Termination of the labelled
system is now shown by recursive path order with precedence Aip1 > A; and
A; greater than any other function symbol, and Aj; having status lexicographic
first 2n + 11 then 2n + 13 then the other arguments, A, having status first

2n+12 then 2n + 14 then the other arguments, and cons and cons having status
right-to-left. O

If P has no solution then (P, Q) can be ordered by a total reduction order,
for any Q.

Theorem 5. If P has no solution then U (P, Q) is totally terminating. o

The complicated proof can be found in the full version [10] of this paper.

4 One-Rule Systems

Transforming U(P, Q) into a single-rule TRS S (P, Q) is easy: we define S (P, Q)
as the rule

l — B(Tl, . ;Tn+2m+3)
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where B is a new function symbol of arity n 4+ 2m + 3. The symbol B is called
a dummy because it only appears in the right-hand sides of the rules, hence it
acts as a barrier for rewrite steps. So the transition from S(P, Q) to U(P, Q)
is a particular form of dummy elimination [6], a method to support proofs of
termination by decomposing right-hand sides.

Proposition6. Let R be a one-rule TRS 1 — B(ry,...,7) where B is a symbol
that does not occur in | nor in any of the r;, and let E(R) denote the system
{l = r; |1 <i < k}. Suppose E(R) is linear.®

1. If R is looping then E(R) is looping.

2. If E(R) is terminating then R is terminating.

8. If R is self-embedding then E(R) is self-embedding.

4. E(R) is simply terminating if and only if R is simply terminating.
5. E(R) is totally terminating if and only if R is totally terminating.

The converse of statements 1, 2, and 3 does not hold, as the counterexample
R = {f(g9(z)) = B(f(f(z)),g(g(x)))} shows. Here E(R) is looping, but R is
non-self-embedding.

Proof. A proof of statement 1 for the case k = 2 can be found in {19]. It easily
extends to the general case. Proofs of statements 2, 4, and 5 appear in [17]. It
remains to prove statement 3.

We call a position an inner position of ¢ if it is a function symbol position
of ¢t not.-at the top. Call a position p in a term ¢ touched by the rewrite step

t l—u—> ¢' if p is of the form p = u.v where v is an inner position in . Now a
—r
position p may be called touched during the reduction t —+; t' if the reduction

is of the form t =%t =g t"" = t' and a residual p'int'of pby t =+ t"is
touched in the step t" —g t".

Assume a self-embedding reduction ¢ —)% t' —%., t. If an inner position, ¢,
of ¢ remains untouched during this reduction, the reduction may be split into
the reduction steps above and those below the (unique) residual of g:

tlz]g =% t'[2le —eme tlz]gs tlg 2% tle —Ems tg

If ¢"" is below g then t[z]q =% tlzly =5 teler eme t[2]4 is a self-embedding
reduction. If ¢’ = g then one of the two reductions must be nonempty; it forms
a self-embedding reduction. Otherwise t|g =% ']y emp tla —Ems tlg 182 self-
embedding reduction. By induction, all untouched inner positions of ¢ can be
eliminated.

One may so assume that every inner position of ¢ is touched during the
self-embedding reduction. Then ¢ cannot contain B symbols except one B sym-
bol at the top. By a counting argument no B symbols occur in t at all. All
B symbols that are created by R steps must therefore be cancelled by an Emb
step later. One may commute the Emb step, B(ty,-..,tx) = ti, with all preced-
ing steps until the R step that created the corresponding B symbol. The pair

6 The proposition also holds without E(R) right-linear.
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c[lo] =r c[B(ri0,...,150)] —ems clrio] of steps can be replaced by an E(R)
step c[lo] — c[r;o]. Each such replacement reduces the number of B symbols
in the intermediate term, ¢'. Repeating this procedure removes all B symbols
from t' hence the reduction contains no more R steps. We have thus obtained a

self-embedding reduction for E(R). .

Proposition 7. If there are no A symbols in the sequence W of terms then
AV, W) _>Z-!{-(P Q) AV, W'Y if and only if A(V,W) —)&P,Q) CIA(V,W")] for
some context C. |

5 The Termination Hierarchy

In this section we apply the construction S(P, Q) to the following TRSs Q.
Definition 8. The TRSs Qy,..., Qs are defined as follows:

Q ={d—d}

0 _{gwﬁwiyﬁﬁgwwﬁﬂyn }
2= 9(d, ba), 1) = g(z’, o/, b(b(d)))
Qs = { g(d) - g(h(d)) }

_ [ a(dre,3') = gz, h(e), )
Q4_{M¢af%+MM@JZ®}

_ Jgld,e) = gle,e)
%‘{m¢@+m¢@}

Observe that in each Q; the left-hand sides coincide and that each Q; is
linear and uses no variables from Defn. 1. Hence U(P, Q;) is linear, too.

Now we have all the ingredients to complete the relative undecidability results
for single rule systems.

Proposition9. The TRS S(P, Q;) is acyclic. It is non-looping if and only if P
admits no solution.

Proof. Acyclicity is obvious. If P has a solution then U(P,Qq) is cyclic by
Prop. 2. According to Prop. 7 S (P, Q1) is looping. Conversely, if P has no solu-

tion then S(P, Q,) is totally terminating and hence non-looping by Theorem 5
and Prop. 6. O

Proposition10. The TRS S(P, Q2) is non-looping. It is terminating if and
only if P admits no solution.

Proof. Assume S(P, Q) admits a loop. By Prop. 6 one obtains a loop, say
t =% Clto], in U(P, Q,). Define the linear interpretation ¢ by 1(b(t)) = 4(t)
and P(f(t1,...,t)) = (1) +-- +9(tr)+1. for every other function symbol f of
arity k. Clearly, s —( P,Q;) §' implies ¥(s) > 7)(s’) for all terms s and s’ , hence
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C consists of b symbols only. Define another linear interpretation ¢ by ¢(b(t)) =
o(t) + 1 and ¢(f{t1,...,tx)} = 0 for every other function symbol of arity k. For
all terms s and s'jif 5 =y (p,0,) 5 then ¢(s) = @(s'), hence C is empty. Now
the loop must be of the shape D[A(V,W,u)] -+ D[A(Vo, Wo,uo)| where D is
a context not containing any. A symbol. Then A(V,W,u) -+ A(Veo, Wo,uo).
Since A(V,W,u) f);;( PO) AlVo,Wo,uo) would contradict Prop. 4, we obtain
U —}EZ uo by Prop. 3. This is impossible since Q, is non-looping [19].

Now let P have a solution.: There exists an infinite Qs-reduction ¢; — ty —
ts3 — --- in which all steps take place at the root position. With help of Props. 2
and 7 this sequence is transformed into an infinite S(P, Qz)-reduction

AV, Wity) = CIA(V, W, t2)] =7 Co[A(V, Wi t5)) = -+

Conversely, if P has no solution then S(P, Q) is totally terminating and there-
fore terminating by Theorem 5 and Prop. 6. 0

Proposition11. The TRS S(P; Q3) is terminating. It is non-self-embedding if
and only if P admits no solution.

Proof. We prove that (P, Q) is terminating, from which termination of S(P, Q3)
follows by Prop. 6. We use semantic labelling ([20]). As a model we choose {0,1},
where g is interpreted as the identity, h as being constant 0, and all other sym-
bols as being constant 1. Label the symbol A by the value of its last argument.
According to the main result of semantic labelling then U(P, Q3) is terminating
if and only if (P, O3) is terminating, where U(P, Qs) is obtained from U(P, Qs)
by replacing the A symbols in the right hand sides of the type (4) rules by Ap
and all other A symbols by A;. Now the number of A, symbols strictly decreases
by applying a type (4) rule from U (P, Qs), while it remains constant by apply-
ing any other rule. Hence an infinite U(P, Q3)-reduction gives rise to an infinite
U(P, Qs)-reduction without application of type (4) rules. By omitting the labels
this gives an infinite (P, #)-reduction, contradicting Prop. 4.

If P has a solution then we obtain A(V, W, g(d)) -—)§<P’Q3) CIA(V, W, g(h(d)))]
from Props. 2 and 7. Since A(V, W, g(d)) is embedded in C[A(V, W, g(h(d)))] this
shows that S(P,Qs) is self-embedding. Conversely, if P has no solution then
S(P, Q3) is totally terminating and thus non-self-embedding by Theorem 5 and

Prop. 6. a

Proposition12. The TRS S(P,Q4) is non-self-embedding. It is simply termi-
nating if and only if P admits no solution.

Proof. We prove that U (P,Q4) is non-self-embedding, non-self-embeddingness
of S(P, Q4) follows then by Prop. 6. Suppose to the contrary that U(P, Q4) is
self-embedding. Using a standard minimality argument we obtain

t= AV, W, g(de,t)) ~ip oy ¥ = AV, W',0) —5m t

such that t contains only one A symbol. Hence rules in Emb({A}) are not ap-
plied. So W' —%n W and v =%, 9(d,e,t") must hold. By Prop. 3 either
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g(d,e,t') —>*Q'4 v or A(V,W,g(d,e,t")) _)Z(P,(a) AV, W', g(d,e,t")). The _forn'ler
contradicts the non-self-embeddingness of Q4 and the latter simple termination
of U(P, 1) (Prop. 4). - -

If P has a solution then with help of Props. 2 and 7 we obtain the cyclic
S(P, Q4) U Emb(Fu U Fg)-reduction

A(V,W,g(d, e,d)) »F Ci[A(V, W, g(d, h(e),e))] = A(V, W, g(d, e,e))
=T Co[A(V, W, g(h(d), e, d))] = A(V, W, g(d, e, d)).

So in this case S(P, Q4) is not simply terminating. Conversely, if P has no
solution then S(P, Q4) is totally terminating and hence simply terminating by
Theorem 5 and Prop. 6. O

Proposition13. The TRS S(P, Qs) is simply terminating. It is totally termi-
nating if and only if P admits no solution.

Proof. If P has no solution then total termination of S(P,Qs) follows from
Theorem 5 in conjunction with Prop. 6. It remains to show that S(P, Qs) is
simply terminating but not totally terminating whenever P has a solution. By
Prop. 6, it is sufficient to show this for (P, Q).

Let P have a solution. Any infinite U(P, Q5)-reduction would by Propo-
sition 3 imply an infinite Qs-reduction, contradicting termination of Q5. So
U(P, Qs) is terminating and, since it is length preserving, even simply terminat-
ing. Suppose U(P, Qs) is totally terminating. With help of Prop. 2 we conclude
the existence of a total reduction order > such that both A(V,W,g(d,e)) >
A(V, W, gle,e)) and A(V,W, g(d,€)) > A(V,W, g(d,d)). By the truncation rule
for total reduction orders > in Zantema [17] one may remove the context C from
an inequation C[t] > C[t']. By doing this for the contexts A(V,W,g(_,e)) and
A(V,W,g(d, .)) we get d > e and e > d, which contradicts the irreflexivity of >.
So U(P, Qs) cannot be totally terminating. O

Of course the question emerges whether the next implication — w-termination
= total termination — is undecidable even for single rule TRSs. It is not hard
to encode the implication in a suitable TRS s, but one needs the stronger re-
sult of w-termination in Theorem 5. In the full version [10}, we present a proof
in w*. Trying hard we have also established a termination proof in w? but no
proof in w. So the question remains open.

Conclusion

We have shown that the lower five levels of the termination hierarchy are rel-
atively undecidable even for single rules. These results shows how difficult it is
in general to detect one of the properties in the termination hierarchy. A con-
sequence of our work is the impossibility of extending methods for establishing
total termination, like recursive path orders and Knuth-Bendix orders, to a level
where total termination can always be detected. This even holds if only simply
terminating single rewrite rules are allowed as input for the method.
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