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In a l e t t e r  to the  a u t h o r  and in an a b s t r a c t  fo r  1Vfathematical R e v i e w s  [1], P r o f e s s o r  G. M. B e r g m a n  
m a d e  a s e r i e s  of r e m a r k s  about  the  a r t i c l e  i n d i c a t e d  above  [2]. We give h e r e  the  c o r r e s p o n d i n g  c o r r e c -  
t i ons .  

1. If A i s  a r i n g  not  con t a in ing  1, l e t  A '  denote  the r i n g  ob t a ined  f r o m  A b y  i den t i fy ing  un i t s .  In [1] 
i t  i s  no ted  tha t ,  if  in T h e o r e m  3 of [2] we o m i t  the  cond i t ion  RE4,,  then  the r i n g  Q = Q(R,  4,, I) wi l l  be  the  
e s s e n t i a l  c o m p l e t i o n  of the  r i n g  (p (it) a s  a r i gh t  ~v(R) ' -module ;  it  is  a l s o  no ted  tha t  the  m a p p i n g  r in T h e o -  
r e m  4 of (2) is  an i m b e d d i n g  wi thout  a s s u m i n g  tha t  R E4, 2. In [3] it  i s  po in t ed  out tha t  if  R E6,  then Q is  
e x a c t l y  the  e s s e n t i a l  c o m p l e t i o n  of q~(R). We now give  the  c o r r e c t e d  f o r m s  of T h e o r e m s  3 and 4 and t h e i r  

c o r o l l a r i e s  in [2]. 

T H E O R E M  3. If �9 i s  a r i g h t - h a n d  I - s y s t e m  and q~ is  the c a n o n i c a l  m a p p i n g  ~v: R ~ Q, then  Q i s  
e x a c t l y  the  e s s e n t i a l  c o m p l e t i o n  of ~v (R) a s  a r igh t  ~v (it) ' - m o d u l e .  

P r o o f .  We m u s t  show tha t  i f  0 ~ ql  = 0fA and q2 = 0fB a r e  e l e m e n t s  of Q and A,  BEG,  then  t h e r e  
e x i s t s  ~ v ( r )  + o~ Eq~(R)', w h e r e  a EZ, such  tha t  0 ~ q t @ ( r )  + ~)  E~v(R) and q2@(r)  + o~) Eq~(R). 

F i r s t  t ake  q2 ~ 0. Then  in D = A fl B E O a r e  found e l e m e n t s  r '  = r 1 + el and r "  = r 2 + fi, w h e r e  oz, 
fiEZ and s u c h t h a t  f A ( r ' ) ~ I  and f B ( r " ) $ I ,  s i n c e  o t h e r w i s e  OfA = Of B = 0 .  I f f B ( r ' ) r  o r  f A ( r " ) f i I ,  l e t  
d = r '  o r  d = r " ,  r e s p e c t i v e l y .  If  bo th  f B ( r ' ) E I  and fA( r" )  EI, we def ine  d = r '  + r " .  H e r e  f A ( r '  + r " ) t  I 

and  f B ( r '  + r " ) E I .  

If  d = r '  we c o n s i d e r  the  c o m p o s i t i o n s  q l @ ( r l )  + e~) = 0 fA(0f r l  + o~) = 0 fA0f r i  + s o f  A and q2@(rl )  + c~) 
= 0 fB0f r l  + ~0 f  B. If  q l @ ( r l )  + ~ )  = 0, t hen  t h e r e  e x i s t s  ~t C E ~  such  tha t  fo r  a l l  v c E C  the r e l a t i o n s  
(fAfrl  + ~fA) (c) = f A ( r l c  + o~e) = f A ( r ' ) c  EI a r e  va l id .  But then  fA ( r ' )C  ~ I and f A ( r ' ) E I ,  c o n t r a r y  to the  
a s s u m p t i o n .  T h e r e f o r e  q l @ ( r l )  + ~)  r 0. 

I t  r e m a i n s  to show tha t  q l @ ( r l )  + ~ ) E ~ ( R )  and q2@(r l )  + a)Ecp(R),  i . e . ,  tha t  t h e r e  e x i s t s  ~tG, EE4, 
wh ich  fo r  a l l  V g E G ,  eEE s a t i s f y  the r e l a t i o n s  (fAfr~ + ozfA-~r~3)  (g)EI and (fBfrl  + o~fB--fr~ ) (g)EI ,  w h e r e  
r 3, r~ ER. The le f t  p a r t  of the  f i r s t  of the  r e q u i r e d  r e l a t i o n s  has  the  f o r m  fA(r~g + ~g) - r g  -- f A ( r ' ) g - r g .  
T h e r e f o r e ,  l e t t i ng  r 3 = fA( r ' )  and G = R we ob ta in  q~@(r~) + ~) Eq~(R). To s a t i s f y  the s e c o n d  r e l a t i o n  it is  
su f f i c i en t  to l e t  r 4 = fB( r ' )  and E = R (or R ' ) .  Now tt  i s  c l e a r  how i t  goes  for  q2 = 0. 

In the c a s e s  when d = r "  o r  d = r '  + r " ,  we a r g u e  s i m i l a r l y  v i a  the  r e p l a c e m e n t  of q~(r~) + a by  ~p(r2) 
+ fi o r  by  q~(r~ + r2) + o~ +/3, r e s p e c t i v e l y .  The  t h e o r e m  is  p r o v e d .  

T H E O R E M  4. If  4,~ and 4,2 a r e  r i g h t - h a n d  I - s y s t e m s  such  tha t  4,~ ~ ~2 and q~i i s  the  c a n o n i c a l  m a p -  
p ing  q~i: R --* Qi = Q(R,  4,i, I ) ,  then t h e r e  e x i s t s  an i m b e d d i n g  ~: Q2 --~ Q~ fo r  which  q;@2(r)) = ~p~(r) fo r  a l l  

V r E R .  

The  p r o o f  p r o c e e d s  a s  in [2] wi th  the  c o r r e c t i o n s  of T h e o r e m  3 used .  

C O R O L L A R Y  1. If fo r  any  r igh t  I - s y s t e m s  4,1 and 4,2 and fo r  a l l  VAE61,  BEq' 2, fBEHomR(B,  R) ,  
fB(I) ~ I ,  t h e r e  e x i s t  r igh t  I - s y s t e m s  4,3 and 4~ such  that  A N B E ~  3 and fA-1]3Eq~, then the r i n g  R has  

an I ( R ) - m a x i m a l  quo t ien t  r ing .  
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COROLLARY 2. Every ring R for which there is a quotient ring of the form Q(R, ~, [) has an It2~)- 

maximal quotient ring. 

2. In [I] it is shown that if one considers only right I(R)-systems (but not arbitrary I-systems, as 
shown there) , then the maximal quotient ring will be the ring Q(R, ~u' It. Therefore, in formulating Theo- 
rem 19 of [2], the following necessary conditions are inserted for the equality and read: 

THEOREM 19. If I [s an S-prime ideal of the ring R, then we have the relations (under the condition 
that  the r ing  Q(R, ~I,j, I) exis ts ) :  Q(R, {5 E ,  I) ~ Q(R, ~B,  It c Q(R, ~ F - L ,  I) = Q(R, 4~ U, It = Q(R, (I,j, It .  

3. The beg inn ing  of C o r o l l a r y  3 to T h e o r e m  5 of [2] should  read:  "Let  ~i be a r ight  I j - s y s t e m  (i: 
j = 1, 2)." 

4. In [1] it is  shown that  the condi t ions  of T h e o r e m  7 of [2] a re  not sa t i s f i ed  for  n > 1 o r  fo r  e v e r y  
r ing.  T h e r e f o r e ,  we give a s econd  s t a t emen t  and p roof  for  the c a s e s  when Q(it ,  ~ ,  It = QU(R, 0), as in[4] .  

R n denotes  the n x n m a t r i x  r ing  o v e r  the r ing  R, and we let  4~n = {A is a r ight  ideal  of Rni t he re  
ex i s t s  ~BE4, ,  B n ~ A}. 

LEMMA. The s y s t e m s  e n  a r e  r ight  I n - S y s t e m s  fo r  the r ings  R n if R conta ins  1. 

P r o o f .  Condi t ions  oz t, /3), and T) of such  I - s y s t e m s  (1, w I[ 1) a r e  sa t i s f i ed  in a t r iv i a l  way.  Let: 
A, C be e l e m e n t s  O f ~ n  a n d B ,  D o f ~  w i t h B  n c A ,  D n c C, fA in HOmRn(A, Rn) andfA(In)  ~ I n . If 

D e f i n e a r n a  in ' k~ ek/ i s  a m a t r i x  unit in Rn a n d b E B ,  then b e k / E A .  Let fA(bekl) = (rij(b, k,  l)). PP g flj : 
b le t t tn  f klm~ r ~ k l B ~ R y " g ij ~J = ij~ D, , ). Because  fA is an R n h o m o m o r p h i s m ,  it e a s i ly  fol lows that fij k/ 

fijkl (1) (ftjkl)-~D '~ (fijkl)_~ is an R h o m o m o r p h i s m .  Since fA(In) ~ I n ,  ~ I. But then E~5 We let Nkl = N 
{ j =t  

DE~ and N = n' Nk/E~.  Since fo r  all v k ,  l, rENk/ fA( rek l  ) = (r i j (r  , k,  I))ED n, t h e r e f o r e  fA(Nn) ~ Dn, 
k,l=l 

fA-1C = N n and fA- lC E~ n. This  p r o v e s  condi t ion  5). 

Now let AE@ n, BE@, B n ~ A, [ =  (r i j )ER n, a n d T A  c in. S i n c e t n A a r e  c o n t m n e d a l l  m a t r i c e s l n  
which  a s ingle  e l emen t  be longs  to B, but the r e m a i n i n g  e l e m e n t s  a r e  z e r o ,  then for  all V r i j  we have r t jB 
c I, ri j  EI, and 7EIn,  i . e . ,  condi t ion a) is sa t i s f ied .  The l e m m a  is p roven .  

THEOREM 7'. If R contains 1 and 4} is a right I-system, there is a quotient ring Q(R n, ~n, In) ~ Q 
�9 (R, e ,  I )n .  

Proo f .  By the l e m m a ,  the r ing  Q(Rn, ~n,  In) ex is t s .  If  AE,I~ n, fAEHOmRn(A, Rn),  fA(In) ~ In, and 
r E R ,  then mul t ip ly ing  rek l  by  e l e m e n t a r y  m a t r i c e s  which  in t e rchange  co lumns  we obtain that  fA(rekl)  
= fA( rekm ) fo r  all Vl, m. T h e r e f o r e  t he re  a re  only n 2 d i f ferent  R - h o m o m o r p h i s m s  fij k/,  which we denote 
by  fik The e l emen t  0nfAEQ(Rn,  ~n,  In) c o r r e s p o n d s  to the ma t r i x  (akl = 0f/k) EQ(R, ~ ,  I)n. tt is e a s y  to 
v e r i f y  that  the c o r r e s p o n d e n c e  g ives  the r e q u i r e d  i s o m o r p h i s m .  

5) In [1] it is  noted that  the s econd  mapp ings  of T h e o r e m s  8, 9, 11, and 13 in [2], a s s o c i a t e d  with 
the m a x i m a l  quot ient  r ings  Q(R, ~ j ,  I), Q(R, ~ U '  I), Q(R, r L ,  I), and Q(R, r  I), a r e  not c o r r e c t .  To 
make  this mapp ing  val id  condi t ion 6) fo r  r ight  I - s y s t e m s  mus t  be r e p l a c e d  by the following: 

5 ' )  i f  A,B~@ andfAEHomR(-4/I,R/I), t hen  f z ' B =  {x6AI]A(x-{-I ) ~-B/I} 6r 

The c o n s t r u c t i o n  of  the r ing  Q(R, ~ ,  I) fol lows f rom le t t ing M A = {fAEHOmR(A/I ,  R/i)} fo r  all V A E ~ ,  
but the r e l a t ion  0 on M = ~ M A mus t  be defined in the fol lowing way: fPflfB if  and only if t he re  ex i s t s  

5I D E~, D c A N B such  that  fo r  all VdED,  fA(d) = fB(d). These  changes  make  all r e su l t s  in [2] c o r r e c t  
(with the noted c o r r e c t i o n s  given in 1-4).  

6. In [1] it is  shown that  the c o n s t r u c t i o n s  of Gabr ie l ,  Maranda ,  and Chew (in [2] e r r o n e o u s l y  wr i t t en  
as  "Khyu" t a r e  equivalent .  As shown in [5] p. 413 the c o n s t r u c t i o n s  of [2] a r e  not equivalent  to t he i r s .  In 
Sect ion 5 of the s u r v e y  a r t i c l e  [5] one mus t  i n s e r t  the c o r r e c t i o n s  h e r e  indica ted  in 1-6.  
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