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Abstract Four variant measures are used to represent combinatorial functions
including binomial coefficients. These variant measures are based on two types of
m-bit vectors. Type A corresponds to non-periodic boundary conditions, while Type
B corresponds to periodic boundary conditions. For each type, groups containing
the four variant measures are formed, which are invariant against permutative and
associative operations. By mapping two group elements of Type B on coefficients of
binomial decompositions, patterns similar to Pascal’s triangle are observed.
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1 Introduction

For any n 0–1 variables, variant logic provides a 2n! × 22
n
-dimensional configuration

space [16, 17] to support measurement and analysis [14, 15], which is a real difficulty
for any practical activities [1, 9–11]. From ameasuring analysis viewpoint [6–8, 13],
it is essential to manipulate static states and their measuring clustering as effective
measures to be a core content of any 0–1 measuring framework. In this chapter,
starting fromm variables of a 0–1 vector, binomial expressions are applied to support
the four meta measures of variant partitions and associated multinomial expressions.
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Using permutative and associative operations, various variation and invariant
properties are investigated. From a global invariant viewpoint, various combinatorial
clustering properties are systematically explored.

2 Elementary Equation

Let x be an m-bit vector, x = x0x1 . . . xi · · · xm−1, xi ∈ {0, 1}, 0 ≤ i < m, x ∈ Bm
2 .

Each x is an m bit state. From a variation viewpoint, there are two types {A, B}
distinguished. Let {m⊥,m+,m−,m�} be four measuring operators.

2.1 Type A Measures

For a pair of (i, i + 1) elements, (xi , xi+1), 0 ≤ i < (m − 1) form partitions. (Non-
periodic boundary conditions)

Four measures can be calculated from the following equations.

m⊥(x) =
m−2∑

i=0

[(xi , xi+1) == (0, 0)] (1)

m+(x) =
m−2∑

i=0

[(xi , xi+1) == (0, 1)] (2)

m−(x) =
m−2∑

i=0

[(xi , xi+1) == (1, 0)] (3)

m�(x) =
m−2∑

i=0

[(xi , xi+1) == (1, 1)] (4)

m = m⊥(x) + m+(x) + m−(x) + m�(x) + 1 (5)

From a clustering viewpoint, the last bit of x , xm−1 can be used to distinguish
relevant combinatorial numbers. While xm−1 == 1, there are

( m−1
m++m�+1

)
and for

xm−1 == 0, there are
( m−1
m++m�

)
, possible x vectors, where m+ + m� is the number

of 1 elements in a vector. By adding both binomial coefficients, Pascal’s rule [4] is
obtained.

(
m

p

)
=

(
m − 1

p

)
+

(
m − 1

p − 1

)
, (6)

p(x) = m+(x) + m�(x) + 1, 0 ≤ p ≤ m, x ∈ Bm
2
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2.2 Type B Measures

Apair of (i, i + 1) elements is linked as a ring, (xi , xi+1(mod m)), 0 ≤ i < m (Periodic
boundary conditions).

m⊥(x) =
m−1∑

i=0

[(xi , xi+1(mod m)) == (0, 0)] (7)

m+(x) =
m−1∑

i=0

[(xi , xi+1(mod m)) == (0, 1)] (8)

m−(x) =
m−1∑

i=0

[(xi , xi+1(mod m)) == (1, 0)] (9)

m�(x) =
m−1∑

i=0

[(xi , xi+1(mod m)) == (1, 1)] (10)

m = m⊥(x) + m+(x) + m−(x) + m�(x) (11)

Let p be the number of 1 elements, p(x) = m+(x) + m�(x), then the number of
possible x vectors is

(
m

p

)
, 0 ≤ p ≤ m. (12)

3 Partition

Either Type A or B, internal parameters are associated with the four meta measures.
For a brief analysis, TypeBwill be selected as initial part,multinomial coefficients are
applied to partition relevant binomial coefficients. Using m variable, p number and
q branches, the following equations are formulated. Under the partition condition,
vector x can be ignored.

m = m⊥ + m+ + m− + m� (13)

p = m+ + m� (14)

m − p − q = m⊥ (15)

q = m+ = m− (16)

p − q = m� (17)
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Based on equivalent quantitative numbers, there are one-to-one corresponding on
the four meta measures and relevant quantitative measures:

{m⊥,m+,m−,m�} ↔ {m − p − q, q, q, p − q}

from a global restriction to establish an equivalent expressional framework.
From an expressional viewpoint, different partitions are investigated from a single

binomial coefficient to a set of multinomial coefficients with equivalent properties
among different expressions. Their partitions undertaken on various levels are illus-
trated in the following sections. From a binomial coefficient, there are multiple levels
of representations involved, the first level and the nth level can be connected as

(
m⊥ + m+ + m− + m�

p

)
→

p∑

k=0

n∏

l=1

(
fl(m⊥,m+,m−,m�)

gl(p, k)

)
(18)

0 ≤ p ≤ m 0 ≤ k ≤ m.

The core content of this chapter is to establish a global invariant framework using
n levels of representations by deriving the functions fl and gl .

4 Variation Space

Let {a,b,c,d} be a set of four distinct measures. Two operations, permutative and
associative, can be determined. For an ordered tuple with four measures (a, b, c, d),
Permutative operator π : (a, b, c, d) → (π(a), π(b), π(c), π(d)) to map one mea-
sure to another measure.

Associative operator α: {a, b, c, d} → α{a, b, c, d} to group one tomultiple mea-
sures keeping the initial ordering.

e.g. (a, b, c, d) → (b, d, a, c) is a permutative operation and
{a, b, c, d} → {a, b}{c}{d} is an associative operation.

A permutative operation changes the order of four tuple variables and an asso-
ciative operation changes sequential relationship on its neighbourhood elements. In
a normal arithmetical condition, two operations have conservative under add opera-
tions with global invariant properties. From an algebraic viewpoint, two operations
are independent.

Lemma 1 For an ordering structure with four measures under two operations: per-
mutative and associative, there are 192 configurations identified.

Proof For a vector with 4 members, there are a total of 24 distinct permutations
4! = 24. For an ordered set of 4 elements, 8 associated patterns are identified as
follows: {{a,b,c,d}; {a}{b,c,d}; {a,b}{c,d}; {a,b,c}{d}; {a}{b}{c,d}; {a}{b,c}{d};
{a, b}{c}{d}; {a}{b}{c}{d}}. Two operations are independent, so the whole system
contains 24 × 8 = 192 configurations.
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5 Invariant Combination

Using both permutative and associative operations, various combinatorial invariants
can be identified.

5.1 Type A Invariants

Five invariant groups can be distinguished.

Item Set Cluster
0 { } 1
1 {a,b,c,d} 1
2a {a}{b,c,d}; {b}{a,c,d}; {c}{a,b,d}; {d}{a,b,c} 4
2b {a,b}{c,d}; {a,c}{b,d}; {a,d}{b,c} 3
3 {a,b}{c}{d}; {a,c}{b}{d}; {a,d}{b}{c}; {b,c}{a}{d}; {b,d}{a}{c}; {c,d}{b}{a} 6
4 {a}{b}{c}{d} 1

Proposition 1 For a measuring structure with four members, Type A has 16 com-
binatorial invariants distinguished (0 item: 1 cluster; 1 item: 1 cluster; 2a item:
4 clusters; 2b item: 3 clusters; 3 item: 6 clusters; 4 item: 1 cluster).

Proof CheckingTypeAconditions listed, all combinatorial conditions are exhaustive
included.

5.2 Type B Invariants

For Type B, let b = c, following simplification can be performed.

Item Set Cluster
0 { } 1
1 {a,b,b,d} 1
2a {a}{b,b,d}; {b}{a,b,d}; {b}{a,b,d}; {d}{a,b,b}
→ {a}{b,b,d}; {b}{a,b,d}; {d}{a,b,b} 3
2b {a,b}{b,d}; {a,b}{b,d}; {a,d}{b,b}
→ {a,b}{b,d}; {a,d}{b,b} 2
3 {a,b}{b}{d}; {a,b}{b}{d}; {a,d}{b}{b}; {b,b}{a}{d}; {b,d}{a}{b}; {b,d}{b}{a}
→ {a,b}{b}{d}; {a,d}{b}{b}; {b,b}{a}{d}; {b,d}{a}{b} 4
4 {a}{b}{b}{d} 1
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Proposition 2 For a measuring structure with four members, Type B has 12 com-
binatorial invariants distinguished (0 item: 1 cluster; 1 item: 1 cluster; 2a item: 3
clusters; 2b item: 2 clusters; 3 item: 4 clusters; 4 item: 1 cluster).

Proof CheckingTypeBconditions listed, all combinatorial conditions are exhaustive
included.

6 Combinatorial Expressions of Type B Invariants

Applying m⊥ = m − p − q,m+ = m−,m� = p − q to replace {a, b, c, d}, there
are 11 effective formula:

Item Set of measures Cluster
1 {m} 1
2a {m − p − q}{p + q}; {q}{m − q}; {p − q}{m − p + q} 3
2b {m − p}{p}; {m − 2q}{2q} 2
3 {m − p}{q}{p − q}; {m − 2q}{q}{q}; {2q}{m − p − q}{p − q}; {p}{m − p − q}{q} 4
4 {m − p − q}{q}{q}{p − q} 1

Corollary 1 Type B invariants include 11 nontrivial expressions.

Proof Only 0 item is a trivial one.

7 Two Combinatorial Formula and Quantitative
Distributions

From a combinatorial viewpoint, 1. item formula is a binomial coefficient
(m
p

)
,

0 ≤ p ≤ m, to show various partition properties with relevant parameters. For conve-
nient illustration, two expressions are selected: {m − p}{p} and {2q}{m − 2q} from
2 clusters of 2b item of Type B.

7.1 Case I. {m − p}{ p}

In combinatorics, the following identity for binomial coefficients:

(
m + n

r

)
=

r∑

k=0

(
m

k

)(
n

r − k

)
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isVandermonde’s identity (orVandermonde’s convolution), for any nonnegative inte-
gers r,m, n. The identity is named after Alexandre-Théophile Vandermonde (1772),
although it was already known in 1303 by the Chinese mathematician Zhu Shijie
(Chu Shi-Chieh) [2, 3, 5, 12].

Applying Chu-Vandermonde’s identity to identify {m − p}{p} as f1 and f2 in
Eq. (18), the binomial coefficient in level n = 2 can be written as

(
m

p

)
=

p∑

k=0

(
m − p

k

)(
p

p − k

)
(19)

=
p∑

k=0

(
m − p

k

)(
p

k

)
, 0 ≤ p ≤ m.

In this way, each binomial coefficient
(m
p

)
is composed of p + 1 pairs of binomial

coefficient multiplications and a total of sums on relevant groups.

Theorem 1 For all coefficients of Type B, sum of all coefficients in {m − p}{p},
0 ≤ p ≤ m is equal to 2m.

Proof Since

∀m > 0,
m∑

p=0

(
m

p

)
= 2m,

p∑

k=0

(
m − p

k

)(
p

k

)
=

(
m

p

)
,

so
m∑

p=0

p∑

k=0

(
m − p

k

)(
p

k

)
= 2m .

According to Theorem 1, all parameters of {(m−p
k

)(p
k

)} are distributed in (m + 1)2

2D array.
For e.g., whilem = 10, all coefficients are in 11 × 11 region and nontrivial values

are composed of a triangle shape with reflect symmetric properties on p values.

m > 0, 0 ≤ k, p ≤ m, { f (m, p, k) =
(
m − p

k

)(
p

k

)
} :
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f (10, p, k) 0 1 2 3 4 5 6 7 8 9 10 p
10
9
8
7
6
5 1
4 15 25 15
3 35 80 100 80 35
2 28 63 90 100 90 63 28
1 9 16 21 24 25 24 21 16 9
0 1 1 1 1 1 1 1 1 1 1 1
k

7.2 Case II. {2q}{m − 2q}

Applying Chu-Vandermonde’s identity to identify {2q}{m − 2q} as f1 and f2 in
Eq. (18), the binomial coefficient in level n = 2 can be written as

(
m

p

)
=

p∑

k=0

(
2q

k

)(
m − 2q

p − k

)
(20)

0 ≤ p ≤ m, 0 ≤ q ≤ 	m/2


By using this formula, it is possible to select a special q value in {(2qk
)(m−2q

p−k

)} to
form 	m/2
 + 1 2D coefficient distributions.

Theorem 2 For Type B {2q}{m − 2q}, 0 ≤ p ≤ m, 0 ≤ q ≤ 	m/2
 equation,
selecting a proper value of q, all coefficients are distributed in 	m/2
 + 1 2D arrays
and the sum of total coefficients in a 2D array is equal to 2m.

Proof Since

∀m > 0, 0 ≤ q ≤ 	m/2
,
(
m

p

)
=

p∑

k=0

(
2q

k

)(
m − 2q

p − k

)
&

m∑

i=0

(
m

p

)
= 2m,

so
m∑

p=0

p∑

k=0

(
2q

k

)(
m − 2q

p − k

)
= 2m

According to Theorem 2, {(2qk
)(m−2q

p−k

)} coefficients are distributed in 	m/2
 + 1
levels of (m + 1) × (m + 1) 2D planes.
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For e.g., whilem = 10, all coefficients are arranged on 6 levels of 11 × 11 regions
with multiple symmetric properties.

m > 0, { f (m, q, p, k) =
(
2q

k

)(
m − 2q

p − k

)
} : 0 ≤ k, p ≤ m, 0 ≤ q ≤ 	m/2


m = 10, q = 0:

f (10, 0, p, k) 0 1 2 3 4 5 6 7 8 9 10 p
10 1
9 10
8 45
7 120
6 210
5 252
4 210
3 120
2 45
1 10
0 1
k· · ·

m = 10, q = 3:

f (10, 3, p, k) 0 1 2 3 4 5 6 7 8 9 10 p
10
9
8
7
6
5
4 1 6 15 20 15 6 1
3 4 24 60 80 60 24 4
2 6 36 90 120 90 36 6
1 4 24 60 80 60 24 4
0 1 6 15 20 15 6 1
k· · ·
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m = 10, q = 5:

f (10, 5, p, k) 0 1 2 3 4 5 6 7 8 9 10 p
10
9
8
7
6
5
4
3
2
1
0 1 10 45 120 210 252 210 120 45 10 1
k

7.3 Result Analysis

Two formulas selected from 2b item of Type B show completely different properties.
In Case I, for a given m, all coefficients are distributed in one triangle area with
reflection properties on p direction.

However, Case II provides multiple levels of 2D distributions and each one is
corresponding to a selected q value. From three listed conditions, q = 0 and q = 5
are linear structures, the first one is located on diagonal positions of the plane and
the second one is located on k = 0, p = {0, 1, . . . , 10} a horizontal region. While
0 < q < 5, all distributions are shown in as parallelograms. Each line is shown in
special symmetries.We can observe associatedwith variations of q values, horizontal
projection keeps the same, however, the vertical projection will be changed from
q = 0 binomial distribution, to be a pulse on q = 	m/2
 condition. This type of
controllable properties could be useful to explore future advanced applications.

8 Conclusion

A new approach to decompose binomial coefficients under permutative and asso-
ciative operations is proposed. Using this approach, it is feasible to investigate four
meta measures in global invariant spaces. The resulting set of 192 configurations is
categorized into standard group theory mechanism. From a statistic viewpoint, Type
A (Five levels in 16 clusters) and Type B (Five levels in 12 clusters) provide global
identifications on complicated partitions on wider restrictions, further theoretical
explorations and practical applications are deeply expected in the coming period.
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