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Abstract. In this paper, we try to extend human eyes’ contrast sensi-
tivities characteristics (CSF) to three-dimensional space, but the exper-
imental results show that the traditional characteristics of CSF has
limitations in three-dimensional space. In order to investigate the char-
acteristics of human eyes’ CSF in three-dimensional space, the traditional
CSF test method is developed to measure the corresponding values of CSF
in different inclined planes in three-dimensional space. Human visual con-
trast sensitivity characteristics with different inclined angles θ are ana-
lyzed, and the mathematical expression of θ−CSF is built up based on the
experimental results. The proposed θ −CSF model of three-dimensional
space in this paper can well reflects human visual contrast sensitivity
characteristics in 3D space and has significant effect on three-dimensional
image processing.

Keywords: Human visual system · Contrast sensitivity function ·
Spatial frequency · Three-dimensional space

1 Introduction

With the development of science and technology, information processing tech-
nology is becoming more mature [1]-[4]. In order to really reflect what people
seen in the natural scene, human visual system (HVS) is often incorporated
into the technology of image processing [5],[6]. The most important one among
human visual characteristics in HVS is the contrast sensitivity characteristic
[7],[8] which has been widely used in the area of image processing in plane space
[9],[10]. Chen et al. [11] proposed a perceptual quality evaluation method for
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image fusion based on CSF which is focus on the night vision application; Tao et
al. [12] developed a novel reduced-reference image quality assessment scheme by
incorporating CSF and the objective assessment results, which can well reflect
the visual quality of images. Some effective quality assessment methods also
effectively built by incorporating CSF characteristics and wavelet transforms of
image, such as Gao [13] and Li [14], which can well reflect human visual percep-
tion. Besides, Zhang [15], Wu [16] and Müller [17] et al. applied CSF character-
istic to the technology of image processing and made great achievements. Urvoy
[18] and Tsai [19] et al. proposed an effective perceptual watermarking technique
based on CSF and achieved good robustness against the common operations.

The characteristic of human eyes’ traditional CSF (in this paper CSF
proposed by the predecessors called traditional CSF) is built based on the grat-
ing test system, in which the monitor paralleled to the viewer’s face in two-
dimensional (2D) space without considering other inclined planes that not par-
alleled to human face. The traditional CSF is just aim at the plane display tech-
nologies, such as 2DTV and 2D movie. In fact, what people see in the real world
are not all displayed on the plane paralleled to human face. With the develop-
ment of three-dimensional image processing technology and display technology
[20],[21], more and more 3D displays are widely used, such as 3DTV, holographic
display and so on. Whether traditional CSF suits for three-dimensional space has
not been verified, and limited its application in three-dimensional space. It is very
necessary to study human visual contrast sensitivity characteristics in 3D space.

The rest of this paper is organized as follows. In Section 2, it describes the
theory of the traditional CSF. Section 3 the extension of traditional CSF in
three-dimensional space is illustrated. And the comparison between experiment
results and the results of the extension of traditional CSF is showed in Section
4. In Section 5, the model of CSF in three-dimensional space is built. Finally,
conclusion and future work are given in Section 6.

2 An Overview of Traditional CSF

Human eyes have different visual characteristics in different frequency bands,
i.e., we are unable to recognize a stimuli pattern if its frequency of visual stimuli
is too high. For example, given an image consisting of horizontal black and white
stripes, we will perceive it as a gray image if stripes are very thin; otherwise, we
can distinguish these stripes. Based on the visual characteristics, traditional con-
trast sensitivity function (CSF) has been proposed which measures how sensitive
we are to the various spatial frequencies of visual stimuli. Now the value of tra-
ditional CSF can be measured by grating contrast sensitivity test system (shows
in Fig.1.(a)) which has been used to study the physiology of the visual system
[22] for some time and increasingly used to study ophthalmology [23]. Unlike
the Snellen letter acuity test [24], which establishes visual acuity in terms of the
smallest recognizable object presented at 100% contrast, the grating test allows
the specification of an observer’s sensitivity to larger targets of lower contrast,
and sensitivity is defined as the reciprocal of the contrast threshold. Mannos and
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Fig. 1. (a)Traditional CSF test system: the observers view the gratings monocular with
the fellow eye occluded (b) The concept of spatial frequency:two circles per degree.
(c)2D CSF characteristics surface

Sakrison [25], after conducting a series of psychophysical experiments on human
subjects, found that CSF can be modeled by the function in Eq.(1).

A(f) = (0.0499 + 0.2964f)e−(0.114f)1.1
(1)

where f is the spatial frequency which means the number of cycles per degree
subtended at the eye (shows in Fig.1.(b)), with unit of cycles/degree. Eq.(1)
reveals that the values of traditional CSF are related with the circles of grating
in human eyes (that is f).

Generally in image processing area, human visual system has the same con-
trast sensitivity in all directions of plane space, and the 2D version [26] can be
easily obtained by replacing f with radial frequency

√
f2

x + f2
y

A = (0.0499 + 0.2964
√

f2
x + f2

y )e−(0.114
√

f2
x+f2

y )
1.1

(2)

where fx and fy are the horizontal and vertical frequencies respectively, and
they make no sense for frequencies above 30 cycles/degree. Fig. 1(c) shows the
2D CSF characteristics surface.

3 The Extension of Traditional CSF in Three-Dimensional
Space

Traditional CSF is a nonlinear function of spatial frequency which is built based
on the plane of two-dimensional space (such as plane 1 shows in Fig.2(a)). Here
we try to extend it to three-dimensional space including many inclined planes
such as plane 2 and plane 3. Because of the existence of inclined angles (θ1 and
θ2 show in Fig.2(a) ), the value of spatial frequency in the inclined plane will be
changed. Based on the theory of traditional CSF, the values of CSF in different
inclined planes can be get by applying the spatial frequency of each inclined
plane to Eq.(1). To verify the practicability of traditional CSF in 3D space,
subjective experiments, shown in Fig.2(b) (to get the inclined plane by rotating
the test monitor), are conducted to study the relationship between calculated
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(a) (b)

Fig. 2. (a) Geometric simulation figure of three-dimensional image (b) CSF test system
of different inclined plane.

(a) (b)

Fig. 3. (a) Geometric simulation figure of test system of traditional CSF (b) Geometric
simulation figure of test system of CSF in the inclined plane

CSF values based on Eq.(1) and the experimental data on different inclined
planes, and investigate human eyes’ characteristics of CSF in three-dimensional
space.

According to the test theory of traditional CSF, the monitor of test system
is set to paralleled to viewers’ face, the observers viewed the gratings monocular
with the fellow eye occluded and the view angle is α (shows in Fig.3(a)). Define
the circles of grating in human eyes as n, and the viewing distance is h (the
value is far greater than n). After rotating the monitor clockwise to form the
inclined angle θ (shows in Fig.3(b)), the circles of grating is still n, because what
the observer see is the same monitor and the circles of gratings are not change,
while the view angle is changed to β1+β2, so the spatial frequency f is changed.
Based on the concept of the spatial frequency [27] shown in Eq.(3).

f(
cycles

degree
) =

fi

arcsin 1√
[1+d2(H2+V 2)]

(3)

where fi is the image frequency (obtained from Fourier transform), the normal-
izing factor fn is the number of pixels within 1 degree at the viewing distance
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of d times the diagonal image size, H is the horizontal image size and V is the
vertical image size in pixels. Based on the geometrical relationships, we have:

fu(
cycles

degree
) =

n

α
(4)

fθ(
cycles

degree
) =

n

β
(5)

where β = β1 + β2. fu, horizontal spatial frequency, is the spatial frequency of
the plane with inclined angle 0◦; fθ, inclined spatial frequency, is the spatial
frequency of the inclined plane with inclined angle θ; Because h is far greater
than n, so the viewing angle is very small. According to the mathematical theory,
when an angle is too small, the value of tangent of the angle and the value of
angle are approximately equal. So:

α = 2arctan
n/2
h

≈ 2 × n/2
h

=
n

h
(6)

β = arctan
n
2 cosθ

h + n
2 sinθ

+ arctan
n
2 cosθ

h − n
2 sinθ

(7)

≈
n
2 cosθ

h + n
2 sinθ

+
n
2 cosθ

h − n
2 sinθ

From the above analysis, the horizontal spatial frequency fu and the inclined
spatial frequency fθ are obtained:

fu =
n

α
≈ h (8)

fθ =
n

β
≈ n

hncosθ/(h2 − n2

4 sin2θ)
(9)

Because h is far greater than n, so :

h2 − n2sin2θ

4
≈ h2 (10)

fθ =
n

β
≈ h

cosθ
(11)

Then the relationship between the horizontal spatial frequency fu and the
inclined spatial frequency fθ is given by :

fθ = fu/cosθ (12)
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Besides, based on the geometric symmetry, it can be easily get the conclu-
sion: when the monitor of the test system rotated counterclockwise (plane 3 in
Fig.2(a)), the corresponding spatial frequency in these inclined directions and
the horizontal spatial frequency are all meet the mathematical expression of
Eq.(12). And together with the expression of traditional CSF and the replace-
ment of f in Eq.(1) by fu/cosθ, the CSF’s expressions of each inclined plane is
expressed by:

A(fθ) = (0.0499 + 0.2964(fu/cosθ))e−(0.114(fu/cosθ))1.1
(13)

To verify the correctness of Eq.(13), the rest work in the paper will take the
clockwise rotation direction as an example, and use the grating test system to
test the values of contrast sensitivities in different inclined planes when observers
view the monitor monocular with the fellow eye occluded.

4 The Comparison between Experiment Result and the
Result of Extension of Traditional CSF

This work firstly tests the value of human eyes’ traditional CSF values to verify
the reliability of the experimental data and then rotated the monitor of the test
system to form different inclined angles. The values of CSF in different inclined
planes is measured and verified whether the above A(fθ) meet human visual
characteristics.

The gratings of the test system are electronically generated on the screen
of a monochrome television monitor (Melford Electronics DU1/20, 625 lines,
50Hz, 2:1 interlaced, P4 phosphor). The experiments are performed under pho-
topic conditions with the mean luminance of the gratings constant at 100cd/m2.
The television screen is subtended 180 × 15◦. To minimize fading at low spa-
tial frequencies and the generation of after-images the gratings are continuously
reversed at the rate of 1cycles/s and observers are instructed to fixate a small
spot in the center of the screen. The observers view the gratings monocular with
the fellow eye occluded. At each spatial frequency the contrast of the grating is
reduced by means of a potentiometer until the observer indicate that the grating
is just disappeared, then record the contrast value as the threshold of this spatial
frequency.

We select 18 observers, age from 20 to 40 years, to conduct this experiment.
Before the test, all subjects receive a complete clinical evaluation to ensure that
their visual fields, color vision, and intraocular pressure within the normal range
for the Clinical Branch of the National Eye Institute. All subjects receive a fun-
dus evaluation by a staff ophthalmologist to ensure that there is no detectable
ocular pathology affecting either retinal or preretinal (e.g., cataract) levels within
the eye. In addition, each subject receive a complete refractive evaluation before
testing. All subjects have best-corrected visual acuities of 20/20 or better in both
eyes. Before the grating tests officially start, the observers take a period of time
to adopt to the experiment process. Every observer conducts this experiments
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Table 1. CSF test values of observers

fu 2 4 8 16 32

CSF0 0.3786 0.7849 0.9862 0.7270 0.1233

CSF π
4

0.3434 0.7849 0.9862 0.4227 0.0971

CSF π
3

0.3663 0.7849 0.9862 0.4371 0.1028
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Fig. 4. (a) Comparison results between test result with the inclined angle 0◦ and
traditional CSF curve. (b)The fitting curve with the inclined angle of π

4
(c)The fitting

curve with the inclined angle of π
3

twice and the mean value is calculated as the final data. Then human eyes’ con-
trast sensitivities test value is defined as the mean of 18 observers’ independent
decisions. The values of observers’ CSF in the plane with inclined angle 0◦ is
tested at the beginning of the project and the range of the spatial frequency of
the test system is from 2circles/degree to 32circles/degree. The result is shown
in Table 1, the first row.

The test data is normalized within 1 and frequencies above 60cycles/degree
is meaningless in reality. Compared with the traditional CSF curve, the test
results, as shown in Fig.4(a), are accurate. Then two inclined angles, π

4 and π
3

are set to carry out the experiment, the test data shown in Table 1, the second
and third rows. With the function of A(fθ), the CSF values of the inclined
planes with the inclined angles π

4 and π
3 are calculated. The test results and

the calculated values are shown in Fig.4(b) and (c). Fig.4(b) and (c) indicate a
great difference between experiment results and calculated values, which means
that traditional CSF has limitations in three-dimensional space, and cannot be
expanded to three-dimensional space directly.

5 The Proposal of CSF in Three-Dimensional Space

In order to build human eyes’ CSF in different inclined planes, it is necessary to
obtain data from more inclined angles and values of observers’ contrast sensi-
tivities, so π

12 ,π
6 and 5π

12 are set to test. The results shown in Table 2, and fitted
shown in Fig.5 (a) and (b) with the amplitude normalized within [0,200]. Using
geometry relationship to analyze the test data, it reveals that the curve trends
of different inclined angles are the same and all of them have the nature of band
pass filter.
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Table 2. Human eyes’ test values of CSF with different inclined angles

fu 2 4 8 16 32

CSF π
12

0.4227 0.9185 0.9862 0.7849 0.1378

CSF π
6

0.4634 0.9158 0.9862 0.7849 0.1233

CSF 5π
12

0.3434 0.9158 0.7849 0.3260 0.0986

(a) (b)

Fig. 5. (a)The fitting surface of the experiment data. (b) The vertical view of fitting
surface.

Specifically, contrast sensitivities of human eyes are different in varied
inclined planes; all CSF characteristic curves experience the same trend at differ-
ent stereo-angles and all have the nature of band pass filter, but the position of
the peaks are gradually moved back with the increased inclined angle; besides,
the descending velocity of the curve at the high spatial frequency gradually
decreased with the increased inclined angle; what’s more, the CSF curves in
each inclined plane are all like the traditional CSF curve, so it is possible for
us to build the θ-CSF’s expression of each inclined plane A(fθ, θ) based on the
traditional CSF’s expression, as follows:

A(fθ, θ) = (a + bfθ)e−(cfθ)
d

(14)

where fθ is spatial frequency of the inclined plane with inclined angle θ.
Based on the experimental results, we apply MATLAB fitting tool to obtain

the specific value of each parameter, shown in Table 3. Each equation is well fitted
with fitting coefficient R−square > 0.9, while the values of RMSE are less than
0.4. Table 3 indicates that among all parameters only b and c are changed, and
other coefficients are the same as those in traditional CSF under different inclined
angle θ. In order to get a general θ−CSF model, the relationship between b and
θ, and c and θ are fitted, shown in Fig.6, which indicate a cosine relationship
between b (c) and the inclined angle θ. The good linear correlation with the
Pearson correlation coefficients r > 0.9 indicates the goodness of the fit. Then
the expression of θ − CSF based on the inclined angles θ in three-dimensional
space is defined as Eq.(15):

A(f, θ) = (0.0499 + 0.2964f × cosθ)e−(0.114f×cosθ)1.1
(15)

Here the inclined angles are in the unit of radians.
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Table 3. Parameters of each inclined plane

A(fθ, θ) a b c d

A(f0, 0) 0.0499 0.2964 0.114 1.1

A(f π
12

, π
12

) 0.0499 0.2863 0.1101 1.1

A(f π
6
, π
6
) 0.0499 0.2567 0.0987 1.1

A(f π
4
, π
4
) 0.0499 0.2096 0.0806 1.1

A(f π
3
, π
3
) 0.0499 0.1482 0.0570 1.1

A(f 5π
12

, 5π
12

) 0.0499 0.0767 0.0295 1.1
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Fig. 6. (a)The fitted model of b. (b) The fitted model of c.

We quantifies the goodness of the fits with a Q measure given in the figures.
Q is a χ2 distribution function, and Q of 0.1 suggests an acceptable model fit
[28]. Each sub-figure provides a very good fit for Q > 0.1, which indicates that
this model is able to fit our psychophysical data. The surface of the θ − CSF
is illustrated in Fig.8(a), it reveals that the data are agree with the above test
values in Fig.5(a). Besides, the CSF curve with the inclined angle 0◦ are the same
as the traditional CSF curve and the vertical view shown in Fig.8(b) coincide
with that in Fig.5(b). These results indicate that the proposed θ − CSF here is
in according with human visual characteristics.
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Fig. 7. Comparision results between test value and caculated value from proposed
θ − CSF
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Fig. 8. (a)θ−CSF characteristics surface in three-dimensional space. (b) The vertical
view of θ − CSF characteristics surface.

6 Conclusion

This paper aims to apply the concept of the plane spatial frequency to analyze
the relationship among different inclined plane, and to extend the traditional
CSF to three-dimensional space. According to the experimental results and the
geometric relationship between horizontal spatial frequency and the spatial fre-
quency in the directions of inclined angles, θ − CSF characteristic surface of
human eyes based on the inclined angle is built with a specific function expres-
sion. The proposed CSF characteristics in three-dimensional space is consistence
with human visual characteristics.
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