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Abstract. Introducing the concept of function into inverse P-sets (inverse 
packet sets) and improving it, function inverse P-sets (function inverse packet 
sets) is obtained. Function inverse P-sets is the function set pair composed of 

function internal inverse P-set (function internal inverse packet set) FS and 

function outer inverse P-set (function outer inverse packet set) FS , or 

( , )F FS S is function inverse P-sets. Function inverse P-sets, which have 
dynamic characteristic and law characteristic (or function characteristic), can be 
reduced to finite general function sets S under certain condition. Inverse P-sets 
is obtained by introducing dynamic characteristic to finite general element set X 
(Cantor set X) and improving it. Inverse P-sets is the element set pair composed 
of internal inverse P-set FX (internal inverse packet set FX ) and outer inverse 

P-set FX (outer inverse packet set FX ), or ( , )F FX X is inverse P-sets which 
has dynamic characteristic. In this paper, the structure of function inverse P-sets 
and its reduction, the inverse P-information law fusion generated by function 
inverse P-sets, and the attribute characteristics and attribute theorems of inverse 
P-information law are proposed. Using these theoretical results, the hiding 
image and its applications generated by inverse P-information law fusion are 
given, which is one of the important applications of function inverse P-sets. 
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1 Introduction 

Shi (2008, 2009) indicated P-sets (packet sets), which has dynamic characteristic, are 
proposed by introducing dynamic characteristic to finite general element set X (Cantor 
set X) and improving it [1,2]. P-sets are a kind of mathematic structure using to 
research the information with dynamic characteristic. Function P-sets (function packet 
sets), which has dynamic characteristic and law (or function) characteristic, is put 
forward by introducing the concept of function to P-sets and improving it [3,4]. 
Function P-sets is a mathematic model used to research just the class of information 
law with dynamic characteristic. P-sets and function P-sets, are used in the theoretical 
and applicative research of dynamic information and dynamic information law 
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respectively [1-10], and they have the same logic characteristic as following: If X is 
finite general element set, or S is finite general function set, α is the attribute set of 
X, or α is the attribute set of S, then ix X∀ ∈ whose attribute satisfies conjunctive 

normal form, where ix has attribute 1
k
i iα=∧ (or is S∀ ∈  whose attribute satisfies 

conjunctive normal form , and is has attribute 1
k
i iα=∧ ). Shi (2012) introduced 

dynamic characteristic into finite general element set X and improving it at the same 
time, inverse P-sets, which has dynamic characteristic, is put forward [12]. Inverse P-
sets is the model to research the class of information with dynamic characteristic 
while it is a different class from that P-sets does, and inverse P-sets is also used in the 
theoretical and applicative research of a class of dynamic information. Shi (2013) 
introduced the concept of function to inverse P-sets and improving it at the same time, 
function inverse P-sets is proposed [13]. Function inverse P-sets, which have dynamic 
characteristic and law (or function) characteristic, is the mathematic model used to 
research the class of dynamic information law while it is a different class from 
function P-sets does. Inverse P-sets and function inverse P-sets have the same logical 
characteristic as following: If X is finite general element set, or S is finite general 
function set, α is the attribute set of X, or α is the attribute set of S, then 

ix X∀ ∈ whose attribute satisfies disjunctive normal form, where ix has attribute 

1
k
i iα=∨  (or is S∀ ∈  whose attribute satisfies disjunctive normal form , and is has 

attribute 1
k
i iα=∨ ). In this paper, the structure and characteristic of function inverse P-

sets, the inverse P-information law fusion of function inverse P-sets, the attribute 
characteristic and attribute theorems of inverse P-information law fusion, and the 
hiding information image generated by inverse P-sets and its applications are given. 

In order to make readers accept the concept, structure and characteristic of function 
inverse P-sets easily, the characteristic and structure of inverse P-sets [12] are simple 
introduced to Appendix, where readers can compare function inverse P-sets with 
inverse P-sets. In Appendix, the existence fact of inverse P-sets and P-sets [1, 2, 4, 7, 
8] and the proof are given respectively.  

2 Function Inverse P-sets and Its Structure 

Assumption. U(x) is the finite function universe, V(α) is the finite attribute universe, 
and 1 2( ) { ( ) , ( ) , , ( ) }nS x S x S x S x=  is the finite general function set on U(x), which 

is called function set for short. 1 2{ , , , }kα α α α=  is the finite attribute set on V(α), 

and S(x) and r(x) are both the function of x. U(x), V(α), S(x) and  r(x) are respectively 
written as U, V, S and r for short. 

Definition 1. Given function set 1 2{ }, , , qS s s s U= ⊂ , if 1 2{ ,,α α α=  

, }k Vα ⊂  is the attribute set of S, and then FS is called function internal inverse 

P-set (function internal inverse packet set) of S, moreover 

FS S S += ∪                                (1) 
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While S + is called the F -function supplementary set of S, moreover 

{ , , ( ) , }S r r U r S f r s S f F+ ′= ∈ ∈ = ∈ ∈
      

            (2) 

If FS has the attribute set Fα , which satisfies 

{ ( ) , }F f f Fα α α β α α′ ′= = ∈ ∈∪
      

            (3) 

Where , ,Vβ β α∈ ∈ and f F∈ can change β  into ( )f β α α′= ∈  in 

expression (3). 1 2{ }, , , rS s s s= , q r< , and ,q r N +∈  in expression (1). 

Definition 2. Given function set 1 2{ }, , , qS s s s U= ⊂ , if 1 2{ , ,,α α α=  

}k Vα ⊂  is the attribute set of S, then FS is called the function outer inverse P-set 

(function outer inverse packet set), moreover 

FS S S −= −                                (4) 

While S − is called the F - function deleting set of S, moreover 

{ , ( ) , }i i i iS s s S f s r S f F− = ∈ = ∈ ∈                     (5) 

If FS has the attribute set Fα , moreover 

{ ( ) , }F
i i if f Fα α β α β α= − = ∈ ∈                      (6) 

Where ,iα α∈ f F∈ can change iα into ( )i if α β α= ∈ in expression (6); and 
FS φ≠ , Fα φ≠  in expression (4) while 1 2{ }, , ,F

pS s s s= , p q< , and 

,p q N +∈ . 

Definition 3. The function set pair composed of FS and FS , is called function 
inverse P-sets (function inverse packet sets) generated by function set S, moreover 

( , )F FS S                                   (7) 

and finite function set S is called the ground set of function inverse P-sets ( , )F FS S . 

Using expression (3), we can get the following chain by adding attributes to α one 
after another, 

1 2 1
F F F F

n nα α α α−⊆ ⊆ ⊆ ⊆                        (8) 

and function inter inverse P-set can be gotten from expression (8), moreover 

1 2 1
F F F F

n nS S S S−⊆ ⊆ ⊆ ⊆                         (9) 

Using expression (6), we can get the following chain by deleting attributes from 
α one after another, 

1 2 1
F F F F
n nα α α α−⊆ ⊆ ⊆ ⊆                         (10) 
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and function outer inverse P-set can be gotten from expression (10), moreover 

1 2 1
F F F F

n nS S S S−⊆ ⊆ ⊆ ⊆                          (11) 

Definition 4 

{( , ) I, J}F F
i jS S i j∈ ∈                              (12) 

is called function inverse P-sets family generated by function set S, and expression 

(12) is the general form of function inverse P-sets, if ( , ) {( , ) I,F F F F
k i jS S S S iλ ∈ ∈

 
J}j ∈ is function inverse P-sets. 

Using expressions (1) to (12), the following can be gotten. 

Theorem 1. (The first reduction theorem of function inverse P-sets) Function inverse 

P-sets ( , )F FS S and function set S can satisfy that 

( , )F F
F FS S Sφ= = =                             (13) 

Theorem 2. (The second reduction theorem of function inverse P-sets) Function 

inverse P-sets {( , ) I, J}F F
i jS S i j∈ ∈  and function set S can satisfy that 

{( , ) I, J}F F
i j F FS S i j Sφ= =∈ ∈ =                       (14) 

Using the expressions (1) to (16) in part 2, part 3 is given as following. 

3 Data Disassembly-Synthesis and the Generation of Inverse  
P-information Law Fusion 

In reference [15], the following is given. 

The Principle of Data Disassembly-Synthesis 
Given finite data set 1 2{ }, , , nY y y y= , there are finite sub data sets 

,1 ,2 ,{ }, , ,i i i i ny y y y= while iy is a disassembly of Y, and Y and iy  fulfill 1{ ,Y y=  

2 ,1 ,2 ,
1 1 1

} { , , , }, ,
m m m

n i i i n
i i i

y y y y y
= = =

= ∑ ∑ ∑ , then Y is a synthesis of iy . ,,k k iy y∀ ∈  R , 

R is real number set, k=1, 2,…,n, i=1,2,…,m. 
Using the principle of data disassembly-synthesis, the following can be gotten. 

Definition 5. w(x) is called the information law generated by function set 

1 2{ }, , , qS s s s= , moreover 

1 2
1 2 1 0

1 , 1

( )
nn

n ni
j n n

j i j j i
i j

x x
w x y a x a x a x a

x x
− −

− −
= =

≠

−
= = + + + +

−∑ ∏           (15) 
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If w(x) is generated by Lagrange interpolation depending on the data points 1 1( , ),x y  

2 2( , ), , ( , )n nx y x y  composed by the discrete data set  

1 2 ,1 ,2 ,1 1 1
{ } { , , , }, , , q q q

n i i i ni i i
y y y y y y y

= = =
= = ∑ ∑ ∑  of S, and ,1 ,2{ , ,i i iy y y=  

, }i ny is the discrete data set of is S∈ , i =1, 2,…, q. 

Definition 6. ( )Fw x is called the inter inverse P-information law fusion of w(x) 

generated by FS , moreover 

1 2
1 2 1 0( )F n n

n nw x b x b x b x b− −
− −= + + + +                    (16) 

If ( )Fw x  is generated by expression (16) depending on the data points 

1 1 2 2( , ) ( , ), , ( , ),f f f
n nx y x y x y  composed by the discrete data set 1 2{ , ,F f fy y y=  

,1 ,2 ,1 1 1
} { , , , }, r r rf

n i i i ni i i
y y y y

= = =
= ∑ ∑ ∑ of FS . 

Definition 7. ( )Fw x  is called the outer inverse P-information law fusion of w(x) 

generated by FS , moreover 

1 2
1 2 1 0( )F n n

n nw x c x c x c x c− −
− −= + + + +                    (17) 

If ( )Fw x  is generated by expression (17) depending on the data points 1 1( , ),fx y  

2 2( , ), , ( , )f f
n nx y x y composed by the discrete data set 1 2{ }, , ,F f f f

ny y y y= =  

,1 ,2 ,1 1 1
{ , , , }

p p p

i i i ni i i
y y y

= = =∑ ∑ ∑ of FS . 

Where p, q and r fulfill p q r< <  and , ,p q r N +∈  in definitions 5 to 7. 

Definition 8. The information law fusion pair composed of ( )Fw x  and ( )Fw x , is 

called the inverse P-information law fusion of w(x) generated by function inverse P-

sets ( , )F FS S , and is called the inverse P-information law fusion for short, moreover  

( ( ) , ( ) )F Fw x w x                              (18) 

Theorem 3. (The relation theorem between inter inverse P-information law fusion 
and information law) If there is a difference information law ( ) 0w xΔ ≠ , inter inverse 

P-information law fusion ( )Fw x and information law w(x) satisfy that 

( ) ( ) ( )Fw x w x w x− Δ =                          (19) 

Theorem 4. (The relation theorem between outer inverse P-information law fusion 
and information law) If there is a difference information law ( ) 0w x∇ ≠ , outer 

inverse P-information law fusion ( )Fw x  and information law w(x) satisfy that 

( ) ( ) ( )Fw x w x w x+ ∇ =                           (20) 
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Theorem 5. (The relation theorem between inverse P-information law fusion and 
information law) If there is a difference information law ( ( ), ( ))w x w xΔ ∇ , ( )w xΔ  

0≠ , ( ) 0w x∇ ≠ , inverse P-information law fusion ( ( ) , ( ) )F Fw x w x  and informa-tion 

law w(x) satisfy that 

( ( ) , ( ) ) ( ( ) ( ), ( ) ( ))F Fw x w x w x w x w x w x= + Δ − ∇               (21) 

There are ( ) ( ) ( )Fw x w x w x= + Δ  and ( ) ( ) ( )Fw x w x w x= − ∇ in expression (21). 

It should be pointed out that the generation of information law w(x) can use 
piecewise interpolation method, linear regression method and other methods, and the 
discussions are omitted. 

The Engineering Background and Engineering Significance of Law Fusion  

f(t) is a rectangular wave or rectangular function, and f(t) can be decomposed to 
several sinkωt, k=1,2,…,m; or there is another saying, f(t) = sinωt+ 
sin2ωt+…+sinλωt+ sinmωt. If f(t) and sinkωt are defined as laws, it is obvious that 
f(t) is gotten by the fusion of sinωt, sin2ωt, …, sinmωt. Another saying, law f(t)is 
gotten by the fusion of sinωt, sin2ωt, …, sinmωt. Conversely, sinωt, sin2ωt, …, 
sinmωt are the law fusion of f(t). In the general mathematics, Fourier's sine series of 

f(t) are
1

( ) sinnn
f t b n tω∞

=
= =∑  1 2sin sin 2 sinb t b t b tλω ω λω+ + + + , under 

certain conditions, where f(t) and bksinλωt are defined as laws. Apparently, law f(t) is 
the law fusion of 1 sinb tω +  2 sin 2 sinb t b tλω λω+ + . Sinωt is called as 

fundamental wave in electric engineering, and sin2ωt and sin3ωt,… , are called as 
"second harmonic” , “third harmonic”, and so on. 

4 The Reduction Theorem of Inverse P-information Law Fusion 

Theorem 6. (The reduction theorem of inter inverse P-information law fusion) If 
F φ= , inter inverse P-information law fusion ( )Fw x and information law w(x) fulfill 

( ) ( )F
Fw x w xφ= =                                (22) 

Theorem 7. (The reduction theorem of outer inverse P-information law fusion) If 

F φ= , outer inverse P-information law fusion ( )Fw x  and information law w(x) 

fulfill 

( ) ( )F
Fw x w xφ= =                              (23) 

Theorem 8. (The reduction theorem of inverse P-information law fusion) If 

F F φ= = , inverse P-information law fusion ( ( ) , ( ) )F Fw x w x  and information law 

w(x) fulfill 

( ( ) , ( ) ) ( )F F
F Fw x w x w xφ= = =                        (24) 
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Corollary 1. Inverse P-information law fusion families satisfy 

{( ( ) , ( ) ) | I, J} ( )F F
i j F Fw x w x i j w xφ= =∈ ∈ =                  (25) 

5 The Attribute Characteristic of Inverse P-information Law 
Fusion 

Theorem 9. (The attribute theorem of inter inverse P-information law fusion) 
( )Fw x is the inter inverse P-information law fusion of w(x) if and only if there is 

attribute set α φΔ ≠ , and the attribute set Fα of ( )Fw x  and the attribute set α of 

w(x) fulfill 

( )Fα α α φ− Δ =∪                            (26) 

Theorem 10. (The attribute theorem of outer inverse P-information law fusion) 

( )Fw x  is the outer inverse P-information law fusion of w(x) if and only if there is 

attribute set α φ∇ ≠ , and the attribute set Fα of ( )Fw x  and the attribute set α of 

w(x) fulfill 

( )Fα α α φ− − ∇ =                             (27) 

Theorem 11. (The attribute theorem of inverse P-information law fusion) 

( ( ) , ( ) )F Fw x w x  is the inverse P-information law fusion of w(x) if and only if there is 

attribute sets α φΔ ≠ , α φ∇ ≠ , and the attribute sets ( , )F Fα α of ( ( ) ,Fw x  ( ) )Fw x  

and the attribute setα of w(x) fulfill 

( , ) (( ), ( ))F Fα α α α α α φ− Δ − ∇ =∪                     (28) 

There are Fα α α φ− Δ =∪ and ( )Fα α α φ− − ∇ =  in expression (28). 

Using the structure of function inverse P-set in part 2 and part 3 to 5, part 6 is 
given as following.  

6 The Hiding Information Image Generated by Inverse  
P-information Law Fusion and Its Application 

1. The Generation of Hiding Information Image and Its Structure  
Definition 9. 0 0( , ( ) , , ( ) )F Fa w x b w xO , which is called the information image with two 

boundary, is generated by function inverse P-sets 0 0( , )F FS S , while 0( )Fw x  and 

0( )Fw x are respectively called the lower-boundary and upper-boundary of 

0 0( , ( ) , , ( ) )F Fa w x b w xO . 



 Function Inverse P-sets and the Hiding Information Generated by Function Inverse 231 

 

Where a and b are the common points of 0( )Fw x  and 0( )Fw x , a b≠ ; ,a b R+∈ ; 

0( )Fw x  is the inter inverse P-information law fusion, and it is generated by 0
FS ; 

0( )Fw x  is the outer inverse P-information law fusion, and it is generated by 0
FS . 

Definition 10. * ( , ( ) , , ( ) )F F
ka w x b w x λO is called the hiding information image of 

0 0( , ( ) , , ( ) )F Fa w x b w xO , if its lower-boundary and upper-boundary respectively satisfy  

0( ) ( ) 0F F
kw x w x− ≥                             (29) 

0( ) ( ) 0F Fw x w x λ− ≤                             (30) 

Figure 1 shows 0 0( , ( ) , , ( ) )F Fa w x b w xO and *( , ( ) , , ( ) )F F
ka w x b w x λO  visually in the 

form of folder line.  

 

a b
0

0 0( , ( ) , , ( ) )F Fa w x b w xO * ( , ( ) , , ( ) )F F
k, a w x b w x λO

( )Fw x λ

( )F
kw x

0( )Fw x

0( )Fw x

 

Fig. 1. 0 0( , ( ) , , ( ) )F Fa w x b w xO is information law with two boundary, 0 0( , ( ) , , ( ) )F Fa w x b w xO is 

shown in real line; * ( , ( ) , , ( ) )F F
ka w x b w x λO is the hiding information image of 

0 0( , ( ) , , ( ) )F Fa w x b w xO , and *( , ( ) , , ( ) )F F
ka w x b w x λO is shown in broken line; a, b are common 

points, and a b≠ ; 0 0( , ( ) , , ( ) )F Fa w x b w xO  is shown in shade. 

Theorem 12. (The non-unique existence theorem of hiding information image) If 

0 0( , ( ) , , ( ) )F Fa w x b w xO is the information image with two boundary, then there are 

some *( , ( ) , , ( ) )F F
n ma w x b w xO , and any *( , ( ) , , ( ) )F F

ka w x b w x λO  in them is one of the 

hiding information images of 0 0( , ( ) , , ( ) )F Fa w x b w xO , (1,2, , )k n∈ , (1,2, , )mλ ∈ . 

The proof can be gotten by definitions 9 and 10, theorems 2 to 5, and corollaries 2 
to 4 , and it is omitted.  

2. The Application of Hiding Information Image in the Information Image 
Camouflage  

Definition 11. * ( , ( ) , , ( ) )F F
i ja w x b w xO  is called an information image camouflage of 

0 0( , ( ) , , ( ) )F Fa w x b w xO , if * ( , ( ) , ,F
ia w x bO  ( ) )F

jw x is a hiding information image of 

0 0( , ( ) , , ( ) )F Fa w x b w xO . 
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Using definitions 9 to 11, the following can be gotten.  

Stealth Camouflage Principle of Information Image  
Any hiding information image *( , ( ) , , ( ) )F F

p qa w x b w xO is the stealth camouflage of real 

information image 0 0( , ( ) , , ( ) )F Fa w x b w xO , and 0 0( , ( ) , , ( ) )F Fa w x b w xO is hidden in 
*( , ( ) , , ( ) )F F

p qa w x b w xO , or 

*
0 0( , ( ) , , ( ) ) ( , ( ) , , ( ) )F F F F

p qa w x b w x a w x b w x⊂O O                 (31) 

In expression (31),“ ⊂ ”expresses that 0 0( , ( ) , , ( ) )F Fa w x b w xO  is surrounding by 
*( , ( ) , , ( ) )F F

p qa w x b w xO , and (1,2, , )p n∈ , (1,2, , )q m∈ . 

The example in this part is from a sub-image of an important information image, 
which is a two-boundary image. In order to keep easy and not lose generality, the 

lower-boundary and upper-boundary of sub-image 0 0( , ( ) , , ( ) )F Fa w x b w xO and those of 

its hiding information images *( , ( ) , , ( ) )F F
ka w x b w x λO  are all expressed in folder line 

(here 0 0( ) , ( )F Fw x w x , ( )F
kw x and ( )Fw x λ are all the information law fusion in the form of 

folder line), which can not make misunderstanding. Table one shows the discrete data 

of 0( )Fw x  and 0( )Fw x , while Table two shows the discrete data of ( )F
kw x  and 

( )Fw x λ . The data in Table one come from the real measured value of the sub-image. 

Table 1. The discrete distribution of inter inverse P-information law fusion 0( )Fw x  and outer 

inverse P- information law fusion 0( )Fw x  

k 1 2 3 4 5 6 

o( )Fw x  1.20 1.35 0.94 1.55 1.63 1.38 

o( )Fw x  1.20 0.76 0.83 0.92 0.80 1.38 

Table 2. The discrete distribution of inter inverse P-information law fusion ( )F
kw x  and outer 

inverse P- information law fusion ( )Fw x λ   

k 1 2 3 4 5 6 

( )F
kw x  1.20 1.70 1.83 1.69 1.76 1.38 

( )Fw x λ  1.20 0.46 0.35 0.37 0.44 1.38 

 
It should be pointed out that the data in Table 2 is gotten depending on the 

principle of data disassembly-synthesis and the disassembly-synthesis rule given (the 
coefficient of data extension and contraction is the random number on (0,1)). The real 
values of the coefficient of data extension and contraction are omitted for some 
reason.  
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Basing on table one and two, it can be gotten that the stealth camouflages 
*( , ( ) , , ( ) )F F

ka w x b w x λO and 0 0( , ( ) , , ( ) )F Fa w x b w xO  of sub-image 0( , ( ) , ,Fa w x bO  

0( ) )Fw x  fulfill expression (31). It is difficult to finding out 0 0( , ( ) , , ( ) )F Fa w x b w xO  

from hiding information image *( , ( ) , , ( ) )F F
ka w x b w x λO , and it is difficult to steal 

0 0( , ( ) , , ( ) )F Fa w x b w xO  from *( , ( ) , , ( ) )F F
ka w x b w x λO , too. But it is easy for the image 

transmission to reduce *( , ( ) , ,F
ka w x bO  ( ) )Fw x λ  to 0 0( , ( ) , , ( ) )F Fa w x b w xO  by using 

the rule of data disassembly-synthesis. Figure 1 gives out 0 0( , ( ) , , ( ) )F Fa w x b w xO  

generated by table one and *( , ( ) , , ( ) )F F
ka w x b w x λO  generated by table two. In order to 

keep simple, the lower-boundary 0( )Fw x and upper-boundary 0( )Fw x of 

0 0( , ( ) , , ( ) )F Fa w x b w xO , and the lower-boundary ( )F
kw x and upper-boundary ( )Fw x λ of 

*( , ( ) , , ( ) )F F
ka w x b w x λO are all shown in the form of folder line. 

7 Discussion 

Function inverse P-sets are gotten by introducing dynamic characteristic into finite 
general function set S and improving it. In other words, introducing the concept of 
function into inverse P-sets and improving it, function inverse P-sets is gotten. 
Function inverse P-sets has dynamic characteristic and law characteristic, and it is a 
new model to research the characteristic and application of a class of dynamic 
information laws which is different from that of function P-sets does. Function 
inverse P-sets have the dynamic characteristic and law characteristic, which are 
contrary to that of function P-sets [3-4]. And function P-sets are also a new model to 
research the characteristic and applications of some one class of dynamic 
information laws, which is a different class from the one function inverse P-sets 
does. Function inverse P-sets and function P-sets are two separate dynamic models, 
which can’t be replaced by each other and can only be used separately. 

In order to understand the characteristic of function inverse P-sets and compare it 
with inverse P-sets, the structure of inverse P-sets in expressions (1*)-(14*) are given 
in appendix.  
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Appendix 

Inverse P-sets and Its Structure 

Given 1 2{ }, , , qX x x x U= ⊂ while 1 2{ , , }, k Vα α α α= ⊂ is the attribute set of X, 
FX  is called the inter inverse P-sets generated by X, and called FX is inter inverse 

P-sets for short, moreover  
FX X X += ∪                               (1*) 

X + is called F-element supplementary set of X, moreover 

{ , , ( ) , }X u u U u X f u x X f F+ ′= ∈ ∈ = ∈ ∈                 (2*) 

If FX has attribute set Fα , moreover 

{ , , ( ) , }F V f f Fα α α β β α β α α′ ′= ∈ ∈ = ∈ ∈∪              (3*) 
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Here in expression (1*), 1 2{ }, , ,F
rX x x x= , ,q r N +∈ , q r≤ . 

Given 1 2{ }, , , qX x x x U= ⊂ , 1 2{ , , }, k Vα α α α= ⊂ is the attribute set of X, 

and FX is the outer inverse P-sets of X, and FX is called outer inverse P-sets for 
short, moreover  

FX X X −= −                             (4*) 

X − is called the F -element deleting set of X, moreover 

{ , ( ) , }X x x X f x u X f F− = ∈ = ∈ ∈                     (5*) 

If FX has attribute set Fα , moreover 

{ , ( ) , }F
i i i if f Fα α β α α α β α= − ∈ = ∈ ∈                  (6*) 

Here in expression (4*), 1 2{ }, , ,F
pX x x x= , ,p q N +∈ , p q≤ , FX φ≠ , and in 

expression (6*), Fα φ≠ . 

The element set pair composed by inters inverse P-sets FX and outer inverse P-

sets FX , is called inverse P-sets generated by X, and called inverse P-sets for short, 
moreover  

( , )F FX X                                  (7*) 

and finite general element set X is called the ground set of inverse P-sets ( , )F FX X . 

By using expression (3*), the following can be gotten 

1 2 1
F F F F

n nα α α α−⊆ ⊆ ⊆ ⊆                         (8*) 

According to expression (8*), inter inverse P-sets FX fulfill 

1 2 1
F F F F

n nX X X X−⊆ ⊆ ⊆ ⊆                       (9*) 

By using expression (6*), the following can be gotten  

1 2 1
F F F F
n nα α α α−⊆ ⊆ ⊆ ⊆                       (10*) 

According to expression (10*), outer inverse P-sets FX fulfill 

1 2 1
F F F F
n nX X X X−⊆ ⊆ ⊆ ⊆                       (11*) 

By using expressions (9*) and (11*), the following can be gotten: 

{( , ) I, J}F F
i jX X i j∈ ∈                           (12*) 

Expression (12*) is called inverse P-sets family, and it is the general form of 
inverse P-sets.  

Using expressions (1*) to (12*), the following can be gotten: 
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Theorem 1*. If F F φ= = , then inverse P-sets ( , )F FX X and finite general element 

set X fulfill 

( , )F F
F FX X Xφ= = =                           (13*) 

Theorem 2*. If F F φ= = , then inverse P-sets {( , ) I, J}F F
i jX X i j∈ ∈  and finite 

general element set X fulfill 

{( , ) I, J}F F
i j F FX X i j Xφ= =∈ ∈ =                      (14*) 

Figure 2 shows inverse P-sets ( , )F FX X  directly. 

 

Fig. 2. U is finite element universe, X is the finite general element set on U, which has the 

attribute set α , and X can be shown in broken line. FX is inter inverse P-sets, it has the 

attribute set Fα , and FX can be shown in real line. FX  is outer inverse P-sets, it has the 

attribute set Fα , and FX  can be shown in real line. Inverse P-sets ( , )F FX X  is composed 

of FX and FX . 

The Existence Fact of Inverse P-sets and Its Proof  

A company can produce m kinds of productions which can be named 1 2, , , mx x x ; 

1 2, , , mx x x can compose to production universe U; 1 2, , , qx x x have the purchase 

contract (written as “Contract”) 1 2 , ,,α α  qα respectively; and if i jx x≠ , then 

i jα α≠ . If 1 2, , , qx x x are defined to element set 1 2{ }, , , qX x x x U= ⊂ , and 

“Contract” 1 2 , ,, qα α α are defined to the attribute sets of 1 2, , , qx x x  respectively, 

apparently, set 1 2{ , ,X x x=  }, qx has the attribute set 1 2{ , , }, qα α α α= where 

, , Nq m q m +< ∈ . If new attributes written as 1, ,,q q rα α α+ are adding to α , and 

α can be changed to Fα = 1 1 2{ , , } { , , }, ,q q r rα α α α α α α+ =∪ , then set 

1 2{ }, , , qX x x x= can be change to inter inverse P-sets 

1 2{ }, , ,F
q q rX X x x x+ += =∪  1 2{ }, , , rx x x . If 1 2 , ,,p p qα α α+ + are deleting from 

α , and α can be changed to Fα α= −  1 2 1 2{ , , } { ,, ,p p qα α α α α+ + =  , }pα , then 

FX

FX
X

U
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set 1 2{ }, , , qX x x x= can be changed to outer inverse P-sets 

1 2{ }, , ,F
p p qX X x x x+ += − =  1 2{ }, , , px x x ; p q<  r< , , , Np q r +∈ . By 

promoting this fact, we can get that if some new attributes are adding to α  while 
other attributes are deleting from α , then set X can be changed to set pair 

( , )F FX X , and ( , )F FX X is inverse P-sets. It is easy to get that in inverse P-sets, 

element ix and attribute iα satisfy (disjunctive normal form), and ix has the attribute 

set 1
k
i iα=∨ . 

The Existence Fact of P-sets and Its Proof  

1 2, 3 4 5, , ,x x x x x have the same attributes 1α = red and 2α = sweet apple. If 

1 2, 3 4 5, , ,x x x x x  are defined to element set 1 2, 3 4{ , , ,X x x x x=  5}x and both 1α and 2α are 

defined to the attributes of 1 2, 3 4 5, , ,x x x x x , it is apparent that set 

1 2, 3 4 5{ , , , }X x x x x x= has the attribute set 1 2{ , }α α α= . If the new attribute 3α = 

weight 150g are adding to α , and α can be changed to 3{ }Fα α α= =∪  1 2 3{ , , }α α α , 

then set X can be changed to inter P-sets 1{ ,FX X x= −  2, 4 3 5} { , }x x x x= . If 2α  is 

deleting from α  and α is changed to Fα α= −  2 1{ } { }α α= , then set X is changed to 

outer P-sets FX X= ∪ 6 7 8{ , }x x x  1 2 3 4 5 6 7 8{ , , , , , , }x x x x x x x x= . By promoting this 

fact, we can get that if some new attributes are adding to α  while other attributes are 

deleting from α , then set X can be changed to set pair ( , )F FX X , and ( , )F FX X is P-

sets [1,2]. It is easy to get that element ix and attribute iα satisfy conjunctive normal form 

in P-sets, and ix has the attribute set 1
k
i iα=∧ . 

From the upper facts and proofs, we can get that inverse P-sets and P-sets 
[1,2,5,8,9] are two dynamic mathematics models which has the oppose dynamic 
characteristic and logical relation from each other, inverse P-sets and P-sets are two 
separate model, and they can not be replaced by each other.  
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