Limit Synchronization
in Markov Decision Processes*

Laurent Doyen', Thierry Massart?, and Mahsa Shirmohammadi®:?

! LSV, ENS Cachan & CNRS, France
2 Université Libre de Bruxelles, Belgium

Abstract. Markov decision processes (MDP) are finite-state systems
with both strategic and probabilistic choices. After fixing a strategy, an
MDP produces a sequence of probability distributions over states. The
sequence is eventually synchronizing if the probability mass accumulates
in a single state, possibly in the limit. Precisely, for 0 < p < 1 the se-
quence is p-synchronizing if a probability distribution in the sequence
assigns probability at least p to some state, and we distinguish three
synchronization modes: (i) sure winning if there exists a strategy that
produces a l-synchronizing sequence; (ii) almost-sure winning if there
exists a strategy that produces a sequence that is, for all € > 0, a (1-¢)-
synchronizing sequence; (#i%) limit-sure winning if for all € > 0, there ex-
ists a strategy that produces a (1-€)-synchronizing sequence. We consider
the problem of deciding whether an MDP is sure, almost-sure, or limit-
sure winning, and we establish the decidability and optimal complexity
for all modes, as well as the memory requirements for winning strategies.
Our main contributions are as follows: (a) for each winning modes we
present characterizations that give a PSPACE complexity for the deci-
sion problems, and we establish matching PSPACE lower bounds; (b) we
show that for sure winning strategies, exponential memory is sufficient
and may be necessary, and that in general infinite memory is necessary
for almost-sure winning, and unbounded memory is necessary for limit-
sure winning; (c) along with our results, we establish new complexity
results for alternating finite automata over a one-letter alphabet.

1 Introduction

Markov decision processes (MDP) are finite-state stochastic models used in the
design of systems that exhibit both controllable and stochastic behavior, such as
in planning, randomized algorithms, and communication protocols [2,13,4]. The
controllable choices along the execution are fixed by a strategy, and the stochas-
tic choices describe the system response. When a strategy is fixed in an MDP,
the symbolic outcome is a sequence of probability distributions over states of the
MDP, which differs from the traditional semantics where a probability measure
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is considered over sets of sequences of states. This view is adequate in many ap-
plications, such as systems biology, sensor networks, robot planning, etc. [15,5],
where the system consists of several copies of the same process (molecules, sen-
sors, robots, etc.), and the relevant information along the execution of the system
is the number of processes in each state, or the relative frequency (i.e., the prob-
ability) of each state. In recent works, the verification of quantitative properties
of the symbolic outcome was shown undecidable [18]. Decidability is obtained
for special subclasses [6], or through approximations [1].

In this paper, we consider a general class of strategies that select actions de-
pending on the full history of the system execution. In the context of several
identical processes, the same strategy is used in every process, but the internal
state of each process need not be the same along the execution, since probabilistic
transitions may have different outcome in each process. Therefore, the execution
of the system is best described by the sequence of probability distributions over
states along the execution. Previously, the special case of word-strategies have
been considered, that at each step select the same control action in all states, and
thus only depend on the number of execution steps of the system. Several prob-
lems for MDPs with word-strategies (also known as probabilistic automata) are
undecidable [3,14,18,11]. In particular the limit-sure reachability problem, which
is to decide whether a given state can be reached with probability arbitrarily
close to one, is undecidable for probabilistic automata [14].

We establish the decidability and optimal complexity of deciding synchro-
nizing properties for the symbolic outcome of MDPs under general strategies.
Synchronizing properties require that the probability distributions tend to accu-
mulate all the probability mass in a single state, or in a set of states. They gener-
alize synchronizing properties of finite automata [20,10]. Formally for 0 < p < 1,
a sequence X = XX ... of probability distributions X; : Q — [0, 1] over state
space @ of an MDP is eventually p-synchronizing if for some ¢ > 0, the distri-
bution X; assigns probability at least p to some state. Analogously, it is always
p-synchronizing if in all distributions X;, there is a state with probability at
least p. For p = 1, these definitions are the qualitative analogous for sequences
of distributions of the traditional reachability and safety conditions [9]. In par-
ticular, an eventually 1-synchronizing sequence witnesses that there is a length
£ such that all paths of length ¢ in the MDP reach a single state, which is thus
reached synchronously no matter the probabilistic choices.

Viewing MDPs as one-player stochastic games, we consider the following tra-
ditional winning modes (see also Table 1): (i) sure winning, if there is a strategy
that generates an {eventually, always} 1-synchronizing sequence; (4i) almost-sure
winning, if there exists a strategy that generates a sequence that is, for all € > 0,
{eventually, always} (1—e)-synchronizing; (iii) limit-sure winning, if for all € > 0,
there is a strategy that generates an {eventually, always} (1 — €)-synchronizing
sequence.

We show that the three winning modes form a strict hierarchy for eventu-
ally synchronizing: there are limit-sure winning MDPs that are not almost-sure
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Table 1. Winning modes and synchronizing objectives (where M (T) denotes the
probability that under strategy «, after n steps the MDP M is in a state of T')

Always Eventually
Sure Ja Vn Mp(T)=1 Ja 3In MH(T)=1
Almost-sure  Ja inf, Mj(T) =1 Ja sup, M, (T) =1
Limit-sure sup,, inf, My (T) =1 sup, sup, My(T) =1

winning, and there are almost-sure winning MDPs that are not sure winning.
For always synchronizing, the three modes coincide.

For each winning mode, we consider the problem of deciding if a given initial
distribution is winning. We establish the decidability and optimal complexity
bounds for all winning modes. Under general strategies, the decision problems
have much lower complexity than with word-strategies. We show that all deci-
sion problems are decidable, in polynomial time for always synchronizing, and
PSPACE-complete for eventually synchronizing. This is also in contrast with
almost-sure winning in the traditional semantics of MDPs, which is solvable in
polynomial time for both safety and reachability objectives [§8]. Our complexity
results are shown in Table 2.

We complete the picture by providing optimal memory bounds for winning
strategies. We show that for sure winning strategies, exponential memory is suf-
ficient and may be necessary, and that in general infinite memory is necessary for
almost-sure winning, and unbounded memory is necessary for limit-sure winning.

Some results in this paper rely on insights related to games and alternating
automata that are of independent interest. First, the sure-winning problem for
eventually synchronizing is equivalent to a two-player game with a synchronized
reachability objective, where the goal for the first player is to ensure that a target
state is reached after a number of steps that is independent of the strategy of the
opponent (and thus this number can be fixed in advance by the first player). This
condition is stronger than plain reachability, and while the winner in two-player
reachability games can be decided in polynomial time, deciding the winner for
synchronized reachability is PSPACE-complete. This result is obtained by turn-
ing the synchronized reachability game into a one-letter alternating automaton
for which the emptiness problem (i.e., deciding if there exists a word accepted by
the automaton) is PSPACE-complete [16,17]. Second, our PSPACE lower bound
for the limit-sure winning problem in eventually synchronizing uses a PSPACE-
completeness result that we establish for the universal finiteness problem, which
is to decide, given a one-letter alternating automata, whether from every state
the accepted language is finite.

A full version of this paper with all proofs is available [12].

2 Markov Decision Processes and Synchronization

A probability distribution over a finite set S is a function d : S — [0, 1] such
that ) _gd(s) = 1. The support of d is the set Supp(d) = {s € S | d(s) > 0}.
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We denote by D(S) the set of all probability distributions over S. For T' # 0,
the uniform distribution on T assigns probability |711| to every state in T. Given
s € S, the Dirac distribution on s assigns probability 1 to s, and by a slight
abuse of notation, we usually denote it simply by s.

2.1 Markov Decision Processes

A Markov decision process (MDP) M = (Q,A,d) consists of a finite set Q
of states, a finite set A of actions, and a probabilistic transition function ¢ :
Q x A — D(Q). A state g is absorbing if 6(g, a) is the Dirac distribution on ¢ for
all actions a € A.

We describe the behavior of an MDP as a one-player stochastic game played
for infinitely many rounds. Given an initial distribution po € D(Q), the game
starts in the first round in state ¢ with probability po(g). In each round, the
player chooses an action a € A, and if the game is in state ¢, the next round
starts in the successor state ¢’ with probability §(q,a)(q’).

Given ¢ € @ and a € A, denote by post(q, a) the set Supp(d(q,a)), and given
T CQlet Pre(T) ={q € Q| 3JacA:post(q,a) C T} be the set of states from
which the player has an action to ensure that the successor state is in T'. For
k >0, let Pre®(T) = Pre(Pre* ' (T")) with Pre®(T) =T

A path in M is an infinite sequence m = qoagqia; ... such that ¢; 41 €
post(g;,a;) for all i > 0. A finite prefix p = goaogias ... ¢ of a path (or simply
a finite path) has length |p| = n and last state Last(p) = ¢,. We denote by
Play(M) and Pref(M) the set of all paths and finite paths in M respectively.

For the decision problems considered in this paper, only the support of the
probability distributions in the transition function is relevant (i.e., the exact
value of the positive probabilities does not matter); therefore, we can encode an
MDP as an A-labelled transition system (@, R) with R C @ x A x @ such that
(g,a,q') € R is a transition if ¢’ € post(q,a).

Strategies. A randomized strategy for M (or simply a strategy) is a function
a : Pref(M) — D(A) that, given a finite path p, returns a probability distribution
a(p) over the action set, used to select a successor state ¢’ of p with probability
S wena(p)(a) - 8(q,a)(q') where q = Last(p).

A strategy « is pure if for all p € Pref(M), there exists an action a € A such
that a(p)(a) = 1; and memoryless if a(p) = a(p’) for all p, p’ such that Last(p) =
Last(p’). We view pure strategies as functions « : Pref(M) — A, and memoryless
strategies as functions « : @ — D(A), Finally, a strategy « uses finite-memory if
it can be represented by a finite-state transducer T' = (Mem, mq, a,, o) where
Mem is a finite set of modes (the memory of the strategy), mo € Mem is the initial
mode, a,, : Mem X A X Q — Mem is an update function, that given the current
memory, last action and state updates the memory, and «a,, : Mem x Q — D(A)
is a next-move function that selects the probability distribution ,(m,q) over
actions when the current mode is m and the current state of M is ¢. For pure
strategies, we assume that a,, : Mem x Q — A. The memory size of the strategy
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is the number |Mem| of modes. For a finite-memory strategy «, let M(a) be the
Markov chain obtained as the product of M with the transducer defining «.

2.2 State Semantics

In the traditional state semantics, given an initial distribution py € D(Q) and a
strategy o in an MDP M, a path-outcome is a path m = qpapqia; ... in M such
that qo € Supp(o) and a; € Supp(a(goag ... a;—1¢;)) for all i > 0. The probabil-
ity of a finite prefix p = goapqras ... qn of 7 is po(qo) - H;:Ol algoao ... qj)(a;) -
0(gj,a;)(gj+1). We denote by Outcomes(uo, ) the set of all path-outcomes from
po under strategy . An event {2 C Play(M) is a measurable set of paths, and
given an initial distribution po and a strategy «, the probabilities Pr®(£2) of
events (2 are uniquely defined [19]. In particular, given a set T C @ of target
states, and k € N, we denote by OT = {qoaoq1 -+ € Play(M) | Vi : ¢; € T} the
safety event of always staying in T, by OT = {qoaoq1 - -+ € Play(M) | Ji : ¢; € T}
the event of reaching T, and by OFT = {qoapq1 --- € Play(M) | g1 € T} the
event of reaching T after exactly k steps. Hence, Pr®(OT) is the probability to
reach T under strategy a.

We consider the following classical winning modes. Given an initial distribu-
tion pp and an event {2, we say that M is:

— sure winning if there exists a strategy « such that Outcomes(ug, ) C £2;
— almost-sure winning if there exists a strategy a such that Pr®(£2) = 1;
— limit-sure winning if sup, Pr*(£2) = 1.

It is known for safety objectives OT in MDPs that the three winning modes
coincide, and for reachability objectives OT that an MDP is almost-sure winning
if and only if it is limit-sure winning. For both objectives, the set of initial
distributions for which an MDP is sure (resp., almost-sure or limit-sure) winning
can be computed in polynomial time [8].

2.3 Distribution Semantics

In contrast to the state semantics, we consider the outcome of an MDP M under
a fixed strategy as a sequence of probability distributions over states defined as
follows [18]. Given an initial distribution py € D(Q) and a strategy a in M,
the symbolic outcome of M from pg is the sequence (M%),ecn of probability
distributions defined by M¢(q) = Pre(O* {g}) for all k > 0 and ¢ € Q. Hence,

& is the probability distribution over states after £ steps under strategy o.
Note that Mg = po.

Informally, synchronizing objectives require that the probability of some
state (or some group of states) tends to 1 in the sequence (M%), en. Given a set
T C @, consider the functions sumy : D(Q) — [0,1] and mazr : D(Q) — [0, 1]
that compute sumr(X) = > . X(¢) and marr(X) = maxger X(g). For
f € {sump,mazr} and p € [0,1], we say that a probability distribution X
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Table 2. Computational complexity of the membership problem, and memory require-
ment for the strategies (for always synchronizing, the three modes coincide)

Always Eventually
Complexity Memory requirement Complexity Memory requirement
Sure PSPACE-C exponential
Almost-sure ~ PTIME-C memoryless PSPACE-C infinite
Limit-sure PSPACE-C unbounded

is p-synchronized according to f if f(X) > p, and that a sequence X = XX ...
of probability distributions is:

(a) always p-synchronizing if X; is p-synchronized for all i > 0;
(b) event (or eventually) p-synchronizing if X; is p-synchronized for some i > 0.

For p = 1, we view these definitions as the qualitative analogous for sequences of
distributions of the traditional safety and reachability conditions for sequences
of states [9]. Now, we define the following winning modes. Given an initial dis-
tribution pg and a function f € {sumy, mazr}, we say that for the objective of
{always, eventually} synchronizing from pg, M is:

— sure winning if there exists a strategy a such that the symbolic outcome of
« from g is {always, eventually} 1-synchronizing according to f;

— almost-sure winning if there exists a strategy a such that for all € > 0 the
symbolic outcome of « from pg is {always, eventually} (1 — €)-synchronizing
according to f;

— limit-sure winning if for all € > 0, there exists a strategy a such that the
symbolic outcome of «a from pg is {always, eventually} (1 — €)-synchronizing
according to f;

We often use X (T') instead of sumy(X), as in Table 1 where the definitions
of the various winning modes and synchronizing objectives for f = sumy are
summarized. In Section 2.4, we present an example to illustrate the definitions.

2.4 Decision Problems

For f € {sump, marr} and X € {always, event}, the winning region (1), (f)
is the set of initial distributions such that M is sure winning for A-synchronizing
(we assume that M is clear from the context). We define analogously the winning
regions (1) 2,06 (f) and (1), (f). For a singleton T = {q} we have sumr =
mazr, and we simply write (1))} (q) (where p € {sure, almost, limit}). We are
interested in the algorithmic complexity of the membership problem, which is to
decide, given a probability distribution 1o, whether g € (1)2(f). As we show
below, it is easy to establish the complexity of the membership problems for
always synchronizing, while it is more tricky for eventually synchronizing. The

complexity results are summarized in Table 2.
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Fig.1. An MDP M such that (1)5"(a) # (1)amow (@) and ()5 (¢2) #
(1) it (a2)

Always Synchronizing. We first remark that for always synchronizing, the three
winning modes coincide.

Lemma 1. Let T be a set of states. For all functions f € {mazxr, sumr}, we
have (L) eheev (f) = (1) gmens () = (D) fimt” (F)-

It follows from the proof of Lemma 1 that the winning region for always
synchronizing according to sumy coincides with the set of winning initial distri-
butions for the safety objective OT in the traditional state semantics, which can
be computed in polynomial time [7]. Moreover, always synchronizing according
to max7 is equivalent to the existence of an infinite path staying in 7" in the
transition system (@, R) of the MDP restricted to transitions (¢, a,q’) € R such
that 6(g,a)(¢") = 1, which can also be decided in polynomial time. In both cases,
pure memoryless strategies are sufficient.

Theorem 1. The membership problem for always synchronizing can be solved
in polynomial time, and pure memoryless strategies are sufficient.

Eventually Synchronizing. For all functions f € {mazr, sumr}, the following
inclusions hold: (L)<27t(f) € ()&, (/) C (1)2et(f) and we show that
the inclusions are strict in general. Consider the MDP in Fig. 1 with initial
state go and target T = {q1}. For all strategies, the probability in go is always
positive, implying that the MDP is not sure-winning in {¢; }. However, the MDP
is almost-sure winning in {¢; } using a strategy that always plays a. Now, consider
target T = {gz=}. For all € > 0, we can have probability at least 1 — € in g3 by
playing a long enough, and then b. For a fixed strategy, this probability never
tends to 1 since if the probability p > 0 in g is positive at a certain step, then
it remains bounded by 1 — p < 1 for all next steps. Therefore, the MDP is not
almost-sure winning in {g2}, but it is limit-sure winning.

Lemma 2. There exists an MDP M and states q1,q2 such that:
(1) (hsre’ (@) S (W) shmose(a1), and
(1) (L) Gimost (a2) © (L) Fmit (a2)-

The rest of this paper is devoted to the solution of the membership problem
for eventually synchronizing. We make some preliminary remarks to show that
it is sufficient to solve the membership problem according to f = sumt and for

MDPs with a single initial state. Our results will also show that pure strategies
are sufficient in all modes.
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Remark. For eventually synchronizing and each winning mode, we show that
the membership problem with function mazr is polynomial-time equivalent to
the membership problem with function sumqp, with a singleton T”. First, for
p € {sure, almost, limit}, we have (1)) ;""" (mazr) = U, 7 (1) (q), showing
that the membership problems for max are polynomial-time reducible to the
corresponding membership problem for sums with singleton T”. The reverse
reduction is as follows. Given an MDP M’, a singleton T = {¢} and an initial
distribution pf, we can construct an MDP M and initial distribution pg such
that ug € (1) (q) iff po € (1) 5™ (maxr) where T' = @ is the state space of
M. The idea is to construct M and p as a copy of M’ and p, where all states
except ¢ are duplicated, and the initial and transition probabilities are evenly
distributed between the copies. Therefore if the probability tends to 1 in some

state, it has to be in q.

Remark. To solve the membership problems for eventually synchronizing with
function sumy, it is sufficient to provide an algorithm that decides membership
of Dirac distributions (i.e., assuming MDPs have a single initial state), since to
solve the problem for an MDP M with initial distribution pg, we can equivalently
solve it for a copy of M with a new initial state gy from which the successor
distribution on all actions is pg. Therefore, it is sufficient to consider initial Dirac
distributions ug.

3 One-Letter Alternating Automata

In this section, we consider one-letter alternating automata (1L-AFA) as they
have a structure of alternating graph analogous to MDP (i.e., when ignoring the
probabilities). We review classical decision problems for 1L-AFA, and establish
the complexity of a new problem, the universal finiteness problem which is to
decide if from every initial state the language of a given 1L-AFA is finite. These
results of independent interest are useful to establish the PSPACE lower bounds
for eventually synchronizing in MDPs.

One-Letter Alternating Automata. Let BT(Q) be the set of positive Boolean
formulas over @, i.e. Boolean formulas built from elements in @ using A and V.
A set S C Q satisfies a formula ¢ € BT(Q) (denoted S = ) if ¢ is satisfied
when replacing in ¢ the elements in S by true, and the elements in @ \ S by
false.

A one-letter alternating finite automaton is a tuple A = (Q, 0.4, F) where @ is
a finite set of states, 4 : @ — BT(Q) is the transition function, and F C Q is the
set of accepting states. We assume that the formulas in transition function are
in disjunctive normal form. Note that the alphabet of the automaton is omitted,
as it has a single letter. In the language of a 1L-AFA, only the length of words
is relevant. For all n > 0, define the set Acca(n,F) C @ of states from which
the word of length n is accepted by A as follows:
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— Accq(0,F) = F;
— Acca(n, F)={qe Q| Acca(n —1,F) = d(q)} for all n > 0.

The set L(Ay) ={n € N| ¢ € Acca(n,F)} is the language accepted by A from
initial state q.

For fixed n, we view Acc(n,-) as an operator on 2% that, given a set F C Q
computes the set Acc4(n, F). Note that Acca(n,F) = Acca(l, Acca(n —1,F))
for all n > 1. Denote by Pre4(-) the operator Acc4(1,-). Then for all n > 0 the
operator Acca(n,-) coincides with Pre’y(-), the n-th iterate of Pre4().

Decision Problems. We present the classical emptiness and finiteness problems
for alternating automata, and we introduce a variant of the finiteness problem
that will be useful for solving synchronizing problems for MDPs.

— The emptiness problem for 1L-AFA is to decide, given a 1L-AFA A and an
initial state ¢, whether £(A;) = (. The emptiness problem can be solved
by checking whether g € Pre’y(F) for some n > 0. It is known that the
emptiness problem is PSPACE-complete, even for transition functions in
disjunctive normal form [16,17].

— The finiteness problem is to decide, given a 1L-AFA A and an initial state ¢,
whether £(A,) is finite. The sequence Pre’y (F) is ultimately periodic, and for
all n > 0, there exists ng < 2/9l such that Pre’ (F) = Pre’y(F). Therefore,
the finiteness problem can be solved in (N)PSPACE by guessing n, k < 2!@!
such that Pre"y™(F) = Pre’y(F) and ¢ € Pre’y (F). The finiteness problem is
PSPACE-complete by a simple reduction from the emptiness problem: from
an instance (A, q) of the emptiness problem, construct (A, q') where ¢ = ¢
and A" = (Q, ¢, F) is a copy of A = (Q, 0, F) with a self-loop on ¢ (formally,
0'(q) = qVvi(q) and & (r) = &(r) for all r € Q \ {q}). It is easy to see that
L(A;) = 0 iff L(A,) is finite.

— The universal finiteness problem is to decide, given a 1L-AFA A, whether
L(A,) is finite for all states g. This problem can be solved by checking
whether Pre”y(F) = () for some n < 29/ and thus it is in PSPACE. Note
that if Pre’y (F) = 0, then Pre’j (F) = 0 for all m > n.

Given the PSPACE-hardness proofs of the emptiness and finiteness problems,
it is not easy to see that the universal finiteness problem is PSPACE-hard.

Lemma 3. The universal finiteness problem for 1L-AFA is PSPACE-hard.

Relation with MDPs. The underlying structure of a Markov decision process
M = (Q,A,d) is an alternating graph, where the successor ¢’ of a state ¢ is
obtained by an existential choice of an action a and a universal choice of a
state ¢ € Supp(d(q,a)). Therefore, it is natural that some questions related
to MDPs have a corresponding formulation in terms of alternating automata.
We show that such connections exist between synchronizing problems for MDPs
and language-theoretic questions for alternating automata, such as emptiness
and universal finiteness. Given a 1L-AFA A = (Q, 04, F), assume without loss
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of generality that the transition function d 4 is such that d4(q) = ¢1V--- Ve, has
the same number m of conjunctive clauses for all ¢ € Q. From A, construct the
MDP M4 = (Q,A,dr) where A = {a1,...,an} and dr(g, ax) is the uniform
distribution over the states occurring in the k-th clause ¢ in d4(q), for all
g € Q and a; € A. Then, we have Acca(n,F) = Prely(F) for all n > 0.
Similarly, from an MDP M and a set T of states, we can construct a 1L-AFA
A =(Q,04,F) with F =T such that Acca(n,F) = Prel,((T) for all n > 0 (let
5A(Q) = \/aeA /\q’Epost(q,a) ¢ forall g € Q)

Several decision problems for 11.-AFA can be solved by computing the se-
quence Acca(n,F), and we show that some synchronizing problems for MDPs
require the computation of the sequence Pre'y,(F). Therefore, the above rela-
tion between 1L-AFA and MDPs establishes bridges that we use in Section 4 to
transfer complexity results from 1L-AFA to MDPs.

4 Eventually Synchronization

In this section, we show the PSPACE-completeness of the membership problem
for eventually synchronizing objectives and the three winning modes. By the
remarks at the end of Section 2, we consider the membership problem with
function sum and Dirac initial distributions (i.e., single initial state).

4.1 Sure Eventually Synchronization

Given a target set T', the membership problem for sure-winning eventually syn-
chronizing objective in T can be solved by computing the sequence Pre"(T') of
iterated predecessor. A state g is sure-winning for eventually synchronizing in T
if go € Pre™(T') for some n > 0.

Lemma 4. Let M be an MDP and T be a target set. For all states qo, we have
qo € {1)evert (sumy) if and only if there exists n > 0 such that gy € Prely (T).

sure

By Lemma 4, the membership problem for sure eventually synchronizing is
equivalent to the emptiness problem of 1L-AFA, and thus PSPACE-complete
(even when T is a singleton). Moreover if ¢y € Pre’y((T), a finite-memory strategy
with n modes that at mode 7 in a state ¢ plays an action a such that post(q,a) C
Pre'~* (T) is sure winning for eventually synchronizing. There exists a family of
MDPs M,, (n € N) that are sure winning for eventually synchronization, and
where the sure winning strategies require exponential memory [12]. Essentially,
the structure of M,, is an initial uniform probabilistic transition to n components
H,,...,H, where H; is a cycle of length p; the i-th prime number, and sure
eventually synchronization requires memory size p# = [[;_, p;. The following
theorem summarizes the results for sure eventually synchronizing.

Theorem 2. For sure eventually synchronizing in MDPs:

1. (Complexity). The membership problem is PSPACE-complete.
2. (Memory). Exponential memory is necessary and sufficient for both pure and
randomized strategies, and pure strategies are sufficient.
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a :b o a,b
é@@
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Fig.2. An MDP where infinite memory is necessary for almost-sure eventually syn-
chronizing strategies

4.2 Almost-Sure Eventually Synchronization

We show an example where infinite memory is necessary to win for almost-
sure eventually synchronizing. Consider the MDP in Fig. 2 with initial state qq.
We construct a strategy that is almost-sure eventually synchronizing in {g2},
showing that go € (1))€4°™  (g2). First, observe that for all € > 0 we can have
probability at least 1 — € in ¢o after finitely many steps: playing n times a and
then b leads to probability 1 — 21", in gz. Thus the MDP is limit-sure eventually
synchronizing in go. Moreover the remaining probability mass is in gg. It turns out
that from any (initial) distribution with support {qo, g2}, the MDP is again limit-
sure eventually synchronizing in go (and with support in {qo, g2}). Therefore we
can take a smaller value of € and play a strategy to have probability at least 1 —e¢
in g2, and repeat this for ¢ — 0. This strategy ensures almost-sure eventually
synchronizing in ¢go. The next result shows that infinite memory is necessary for
almost-sure winning in this example.

Lemma 5. There exists an almost-sure eventually synchronizing MDP for
which all almost-sure eventually synchronizing strategies require infinite memory.

It turns out that in general, almost-sure eventually synchronizing strategies
can be constructed from a family of limit-sure eventually synchronizing strategies
if we can also ensure that the probability mass remains in the winning region (as
in the MDP in Fig. 2). We present a characterization of the winning region for
almost-sure winning based on an extension of the limit-sure eventually synchro-
nizing objective with exact support. This objective requires to ensure probability
arbitrarily close to 1 in the target set T', and moreover that after the same num-
ber of steps the support of the probability distribution is contained in a given
set U. Formally, given an MDP M, let (1)) (sumqp, U) for T C U be the set
of all initial distributions such that for all € > 0 there exists a strategy « and
n € N such that M%(T) > 1 — € and M (U) = 1. We say that « is limit-sure
eventually synchronizing in T" with support in U.

We will present an algorithmic solution to limit-sure eventually synchronizing
objectives with exact support in Section 4.3. Our characterization of the winning
region for almost-sure winning is as follows. There must exist a support U such
that (¢) the MDP is sure winning for eventually synchronizing in target U,
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and (i¢) from distributions with support in U, it is possible to get probability
arbitrarily close to 1 in T', and support back in U. In the example of Fig. 2 with
T = {qz2}, we can take U = {qo,q2}.

Lemma 6. Let M be an MDP and T be a target set. For all states qo, we have
qo € (1) evet (sumz) if and only if there exists a set U such that:

almost

— qo € {(1)&ent (sumyy), and

— dy € (1) (sumy,U) where dy is the uniform distribution over U.

As we show in Section 4.3 that the membership problem for limit-sure even-
tually synchronizing with exact support can be solved in PSPACE, it follows
from the characterization in Lemma 6 that the membership problem for almost-
sure eventually synchronizing is in PSPACE, using the following (N)PSPACE
algorithm: guess the set U, and check that g9 € (1) (sumy), and that
dy € {(1)srem (sump,U) where dy is the uniform distribution over U (both
can be done in PSPACE by Theorem 2 and Theorem 4). We present a matching
lower bound using a reduction from the membership problem for sure eventually

synchronization [12], which is PSPACE-complete by Theorem 2.

Lemma 7. The membership problem for (1)t (sumq) is PSPACE-hard
even if T is a singleton.

The results of this section are summarized as follows.
Theorem 3. For almost-sure eventually synchronizing in MDPs:

1. (Complexity). The membership problem is PSPACE-complete.
2. (Memory). Infinite memory is necessary in general for both pure and ran-
domized strategies, and pure strategies are sufficient.

4.3 Limit-Sure Eventually Synchronization

In this section, we present the algorithmic solution for limit-sure eventually syn-
chronizing with exact support. Note that the limit-sure eventually synchronizing
objective is a special case where the support is the state space of the MDP. Con-
sider the MDP in Fig. 1 which is limit-sure eventually synchronizing in {g2},
as shown in Lemma 2. For i = 0,1,..., the sequence Pre’(T) of predecessors
of T = {qz2} is ultimately periodic: Pre’(T) = {¢2}, and Prei(T) = {q1} for all
i > 1. Given € > 0, a strategy to get probability 1 — € in ¢o first accumulates
probability mass in the periodic subsequence of predecessors (here {¢1}), and
when the probability mass is greater than 1 — € in ¢;, the strategy injects the
probability mass in g2 (through the aperiodic prefix of the sequence of predeces-
sors). This is the typical shape of a limit-sure eventually synchronizing strategy.
Note that in this scenario, the MDP is also limit-sure eventually synchroniz-
ing in every set Pre’ (T') of the sequence of predecessors. A special case is when
it is possible to get probability 1 in the sequence of predecessors after finitely
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many steps. In this case, the probability mass injected in T" is 1 and the MDP is
even sure-winning. The algorithm for deciding limit-sure eventually synchroniza-
tion relies on the above characterization, generalized in Lemma 8 to limit-sure
eventually synchronizing with exact support, saying that limit-sure eventually
synchronizing in 7" with support in U is equivalent to either limit-sure eventu-
ally synchronizing in Prek(T ) with support in Prek(U ) (for arbitrary k), or sure
eventually synchronizing in T' (and therefore also in U).

Lemma 8. For all T C U and all k > 0, we have (1) (sump,U) =
()evert (sumep) U (1) 2 (sump, Z) where R = Pre®(T) and Z = Pre* (U).

Thanks to Lemma 8, since sure-winning is already solved in Section 4.1, it
suffices to solve the limit-sure eventually synchronizing problem for target R =
Pre®(T) and support Z = Pre®(U) with arbitrary k, instead of T and U. We
can choose k such that both Pre”(T) and Pre®(U/) lie in the periodic part of
the sequence of pairs of predecessors (Pre’(T),Pre’(U)). We can assume that
k < 39l since Pre’(T) C Pre’(U) C @ for all i > 0. For such value of k the
limit-sure problem is conceptually simpler: once some probability is injected in
R = F’rek(T)7 it can loop through the sequence of predecessors and visit R
infinitely often (every r steps, where < 3%l is the period of the sequence of
pairs of predecessors). It follows that if a strategy ensures with probability 1 that
the set R can be reached by finite paths whose lengths are congruent modulo r,
then the whole probability mass can indeed synchronously accumulate in R in
the limit. Therefore, limit-sure eventually synchronizing in R reduces to standard
limit-sure reachability with target set R and the additional requirement that the
numbers of steps at which the target set is reached be congruent modulo r. In
the case of limit-sure eventually synchronizing with support in Z, we also need
to ensure that no mass of probability leaves the sequence Prei(Z). In a state
q € Pre'(Z), we say that an action a € A is Z-safe at position 4 if' post(q,a) C
Pre’"!(Z). In states ¢ & Pre’(Z) there is no Z-safe action at position .

To encode the above requirements, we construct an MDP My x [r] that
allows only Z-safe actions to be played (and then mimics the original MDP),
and tracks the position (modulo r) in the sequence of predecessors, thus simply
decrementing the position on each transition since all successors of a state g €
Pre'(Z) on a safe action are in Preifl(Z). Formally, if M = (Q,A,¢) then
Mz x [r] =(Q', A, ") where:

—Q =Qx{r—1,...,1,0} U {sink}; intuitively, we expect that ¢ € Pre’(Z)
in the reachable states (g, ) consisting of a state ¢ of M and a position 4 in
the predecessor sequence;

— ¢’ is defined as follows (assuming an arithmetic modulo r on positions) for
all (q,i) € Q' and a € A: if a is a Z-safe action in ¢ at position ¢, then
0'({(g,4),a)({¢',i — 1)) = &(q,a)(q"), otherwise §’({g, i), a)(sink) = 1 (and sink
is absorbing).

! Since Pre”(Z) = Z and Pre”(R) = R, we assume a modular arithmetic for exponents
of Pre, that is Pre®(:) is defined as Pre” ™9 "(.). For example Pre™*(Z) is Pre"(Z).
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Note that the size of the MDP Mz x [r] is exponential in the size of M (since
7 is at most 31<0).

Lemma 9. Let M be an MDP and R C Z be two sets of states such that
Pre"(R) = R and Pre"(Z) = Z where v > 0. Then a state qo is limit-sure
eventually synchronizing in R with support in Z (qo € (1) (sump, Z)) if
and only if there exists 0 < t < r such that {qo,t) is limil-sure winning for the
reachability objective O(R x {0}) in the MDP Mz X [r].

Since deciding limit-sure reachability is PTIME-complete, it follows from
Lemma 9 that limit-sure synchronization (with exact support) can be decided
in EXPTIME. We can show that the problem can be solved in PSPACE by
exploiting the special structure of the exponential MDP in Lemma 9.

Lemma 10. The membership problem for limit-sure eventually synchronization
with exact support is in PSPACE.

To establish the PSPACE-hardness for limit-sure eventually synchronizing in
MDPs, we use a reduction from the universal finiteness problem for 1L-AFAs.

Lemma 11. The membership problem for (1)2™ (sumy) is PSPACE-hard
even if T is a singleton.

The example in Fig. 2 can be used to show that the memory needed by
a family of strategies to win limit-sure eventually synchronizing objective (in
target T = {g=}) is unbounded.

Theorem 4. For limit-sure eventually synchronizing (with or without exact sup-
port) in MDPs:

1. (Complexity). The membership problem is PSPACE-complete.
2. (Memory). Unbounded memory is required for both pure and randomized
strategies, and pure strategies are sufficient.
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