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Abstract. Spurious temporal drift is abundant in fMRI data, and its
removal is a critical preprocessing step in fMRI data assimilation due to
the sparse nature and the complexity of the data. Conventional data-
driven approaches rest upon specific assumptions of the drift structure
and signal statistics, and may lead to inaccurate results. In this paper
we present an approach to the assimilation of nonlinear hemodynamic
system, with special attention on drift. By treating the drift variation as
a random-walk process, the assimilation problem was translated into the
identification of a nonlinear system in the presence of time varying bias.
We developed two-stage unscented Kalman filter (UKF) to efficiently
handle this problem. In this framework the assimilation can implement
with original fMRI data without detrending preprocessing. The fMRI re-
sponses and drift were estimated simultaneously in an assimilation cycle.
The efficacy of this approach is demonstrated in synthetic and real fMRI
experiments. Results show that the joint estimation strategy produces
more accurate estimation of physiological states, fMRI response and drift
than separate processing due to no assumption of structure of the drift
that is not available in fMRI data.

1 Introduction

Over the past decade, the neuroimaging community has witnessed an explosive
rise in research that melds observed fMRI data with hemodynamic response
models to generate accurate forecasts on underlying physiological states and/or
parameters [4,6]. In general, a comprehensive assimilation scheme is suitable for
most nonlinear phenomena and distinct spatio-temporal scales. Even though the
modeling may differ, the approach chosen is general [9].

However, there is still something unique to fMRI data that needs additional
concern. The original fMRI measurements contain abundant slowly varying drift.
These undesirable drift may be caused by instrumental instability, spontaneous
head movement, as well as aliasing of physiological pulsations. The amount and
direction of drift is difficult to predict, whereas estimation and removal of these
components have a strong impact on assimilation performance and ensuing sta-
tistical analysis due to the inherent low signal to noise ratio (SNR) of fMRI
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data. And, from a frequency perspective, the nuisance drift is also difficult to
be discriminated from true fMRI response that often has similar low frequency
components. Detrending therefore is an important preprocessing step in fMRI
data analysis.

Although the conventional data driven methods have provided good perfor-
mance, and there have been numerous attempts on drift function design and
optimization for their improvement, it remains true that all data-driven de-
trending methods are based on specific assumptions of the drift curve and signal
statistics [1]. In practice, however, the drift has complicated structures due to
the interaction of various possible sources. Real drift is noisy, not a smooth curve
supposed by data driven methods. In this context, such assumptions may not
capture the structure of drift well. As a result, the quality of the assimilation will
be subject to degradation imposed by these assumption on drift formulation.

Since the assimilation processing always occurs in activation areas, the actual
trended fMRI signal can be explained as a linear combination of the hemody-
namic response and drift. Considering a more general case, in which both process
and observation are biased,

ẋ = f(x, θ) + Bb + v v ∼ N(0,Q) (1)

y = h(x, θ) + Cb + w w ∼ N(0,R) (2)

where f is nonlinear hemodynamic response function, h is nonlinear measure-
ment function that describes the transformation from physiologic states to the
fMRI observation at a given brain region, x represents physiological state, θ is
physiological parameters, B, C are time-variant coefficient matrices. b is biases
state and y is the measurement. The process and measurement noise v,w are
zero-mean white Gaussian noise. It is noted that the drift is low frequency, slowly
varying component, and can be treated as stochastic variation in assimilation
procedure. In this sense, the assimilation problem naturally fall into the prob-
lem of estimating the state variables of a nonlinear system in the presence of
unknown random bias.

Eq. (1) and (2) form a state-space-like representation for the fMRI data assim-
ilation problem, with (1) describing the physiological process and (2) expressing
the observation. However, the bias terms make the problem in a nonstandard
state-space formulation. A convenient approach to this problem is to concate-
nate the original state vector and the bias terms into a higher-order state vector.
The filter then implements on the augmented state space. However, it may suffer
from computational burden and numerical problems when state dimensions are
large because of solving the inverse of the covariance matrix. This method there-
fore is reasonably effective only when the number of states is relatively small. In
1969, Friedland introduced a Kalman estimation concept applicable to the case
in which state variables contain unknown, constant bias [3]. The resulting two-
stage estimator has since received considerable attention because of its inherent
computational efficiency and stability. It was also extended to handle nonlinear
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systems and more general cases (e.g. time varying bias) [5]. However, most of
them cast the standard extended Kalman filter (EKF) into a two-stage struc-
ture to deal with nonlinearity, therefore easily lead to the problem of numerical
stability due to the linearization of the nonlinear system in practical application
and their method is reliable only for near linear system on the time scale of
the updates. The unscented Kalman filter (UKF) has been developed to address
the deficiencies of EKF [8]. In this paper, we develope a two-stage unscented
Kalman estimator for the nonlinear system in the presence of unknown ran-
dom bias. In this framework, the fMRI response, system states associated with
physiological variables and the drift can be forecasted at the same assimilation
procedure, thereby realizing detrend-free assimilation approach to original fMRI
data without detrending preprocessing.

2 Unscented Kalman Estimator

Two-stage estimation separates the estimation of the bias from that of the dy-
namic state, thereby reducing the dimensionality of states involved in the com-
putations. Two separate, uncoupled filter run in parallel to generate the optimal
estimate of the bias and of the ”bias-free” state. A thorough description of the
linear two-stage estimator can be found in (not presented here for lack of space)
[3]. For a nonlinear dynamic system, the bias-free estimator can be immediately
replaced with the standard UKF formulation [8]:

Xk−1 = [x̂k−1 x̂k−1 + η
√

Pk−1 x̂k−1 − η
√

Pk−1] (3)

Xk|k−1 = F [Xk−1,uk−1] (4)

x̂−
k =

2L∑

i=0

W
(m)
i Xi,k|k−1 (5)

P−
k =

2L∑

i=0

W
(c)
i [Xi,k|k−1 − x̂−

k ][Xi,k|k−1 − x̂−
k ]T + Rv (6)

Yk|k−1 = H[Xk|k−1] (7)

ŷ−
k =

2L∑

i=0

W
(m)
i Yi,k|k−1 (8)

Pỹkỹk
=

2L∑

i=0

W
(c)
i [Yi,k|k−1 − x̂−

k ][Yi,k|k−1 − ŷ−
k ]T + Rn (9)

Pxkyk
=

2L∑

i=0

W
(c)
i [Xi,k|k−1 − x̂−

k ][Yi,k|k−1 − ŷ−
k ]T (10)
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Kk = Pxkyk
P−1

ỹkỹk
(11)

x̂k = x̂−
k + Kk(yk − ŷ−

k ) (12)

Pk = P−
k −KkPỹkỹk

KT
k (13)

having the following variable definitions: P is the covariance matrix, α = 0.01
determines the size of the sigma-point distribution, β = 2 for a Gaussian dis-
tribution, L is the states dimension, λ = L(α2 − 1) and η =

√
(L + λ) is

the scaling parameter, {Wi} is a set of scalar weights (W (m)
0 = λ/(L + λ),

W
(c)
0 = λ/(L + λ) + (1 − α2 + β), W

(m)
i = W

(c)
i = 1/{2(L + λ)}, i = 1,. . . ,2L).

Rv, Rn is the process and observation noise. The recursive algorithm given by
(3-13) defines the first stage of a two-stage estimator.

The bias b is time-varying term added to nonlinear functions. It is clear that
the bias estimator have the same forms as in the original linear separate-bias
estimation. It is realized in another separate recursive procedure:

b̂−k = b̂−k−1 (14)

P−
b (k) = Pb(k − 1) (15)

Kb(k) = P−
b (k)ST

k [HkP−
k Hk + SkP−

b (k)ST
k + Rn]−1 (16)

Pb(k) = [I − Kb(k)Sk]P−
b (k) (17)

b̂k = b̂−k + Kb(k)(rk − Sk b̂−k ) (18)

where b̂ is the bias estimate, Kb is the bias gain equation, Pb is the bias estimation
error covariance matrix, rk = yk − ŷ−

k is the measurement residual of the bias-
free estimation, rk and P−

k can be available from the bias-free estimator, and Sk

is available from the sensitivity functions.
Note that HkP−

k Hk is the measurement covariance, by the definitions given
by Equation (9), Equation (16) becomes

Kb(n) = P−
b (n)ST

n [
2L∑

i=0

W
(c)
i [Yi,k|k−1−x̂−

k ][Yi,k|k−1−ŷ−
k ]T +SnP−

b (n)ST
n +Rn]−1

(19)
The recursive algorithm defined by (14–15) and (17–19) constitute the second
stage of the two-stage Kalman estimator.
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Suppose that the bias is perfectly known, the optimal estimate of b would be
the constant value, and the recursive estimate of x may be expressed as

X̂−
k = f(x̂k−1) + Bkb (20)

X̂k = X̂−
k + Kk(yk − h(X̂−

k ) − Ckb) (21)

where X̂−
k and X̂k are the priori and posteriori estimates of x when b is perfectly

known, and b is the true value of the bias vector. Its gain equation is clearly
identical to that of the bias-free estimator. Since the bias term is linear in nature,
the component of the general X estimate due to the forcing function y is identical
to the bias-free x estimate. It allows the following relationship as given [3]:

X̂−
k = x̂−

k + Ukb (22)

X̂k = x̂k + Vkb (23)

where U and V is priori and posterior sensitivity functions, respectively. The key
step for developing the bias aware nonlinear estimator is to design the sensitivity
functions, which connect two parallel filters. From Equation (22), we have

X̂−
k − x̂−

k = f(X̂k−1) − f(x̂k−1) + Bkb =

(
∂f

∂x

∣
∣
∣
∣
x=x̂k−1

Vk−1 + Bk

)

b (24)

Therefore, a priori sensitivity function becomes

Uk =
∂f

∂x

∣∣
∣
∣
x=x̂k−1

Vk−1 + Bk (25)

Similarly, the posterior error is written as

X̂k − x̂k = Vkb =

[

Uk −Kk

(
∂h

∂x

∣∣
∣
∣
x=x̂−

k

Uk + Ck

)]

b (26)

The a posterior sensitivity becomes

Vk = Uk −KkSk (27)

where Sk is given by

Sk =
∂h

∂x

∣
∣∣
∣
x=x̂−

k

Uk + Ck (28)

Equations (25), (27), and (28) develop as the counterpart of the sensitivity func-
tions in the linear bias aware estimation. Taken together they provide a recursive
algorithm, which links two separate stages. Thus, it is possible to employ the
estimate of b for correcting the bias-free estimate x̂ in the nonlinear bias system.
The optimal estimate output give as (22) (23).
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Fig. 1. Estimated drift (a,b) and fMRI signal (c,d) from synthetic data with linear
drift and quadratic drift

(a) (b)

(c) (d)

3 Experimental Validation and Discussion

We consider the actual fMRI measurements in which only the observations are
biased, B = 0. The physiological processes underlying the BOLD response were
charactered using the hemodynamic Balloon model in this study [2,4]. The rest-
ing blood volume fraction V0 = 0.02 [6] and stiffness parameter α = 0.33 are
assumed known [7] in the assimilation procedure.

Synthetic Data. Since the ground truth is unavailable in real fMRI data, syn-
thetic data are chosen to examine the proposed approach. The synthetic time se-
ries contains a known activation response, a known drift term bj , and Gaussian
white noise ej, with signal-to-noise ratio (SNR) of 3dB. We implement linear drift
and quadratic drift in the experiment. The artificial BOLD response is generated
by Balloon model, where ε = 0.59, τs = 1.38, τf = 2.7, τ0 = 0.89, α = 0.33,
E0 = 0.3, and V0 = 0.02 within their typical range [4]. The experimental condi-
tion of synthetic data is consistent with real fMRI experiments below.

Figure 1 (a), (b) show the synthetic time series and the known and estimated
drift by the proposed method and the polynomial method [1]. The hemodynamic
response of detrend-free assimilation, assimilation after polynomial detrending
and true response are shown in Figure 1 (c), (d). Polynomial detrending generates
an elevated drift estimate due to the whitening assumption. The recalibration
of the baseline can only partly alleviate this effect, shown as a green line in
Figure 1. The artificial elevated drift result in underestimated fMRI response
(green line), and degrade the performance of data assimilation. In contrast, with
the constraint of the hemodynamic model, our two-stage assimilation strategy
tracks the known drift better, illustrating the advantage of introducing physio-
logically meaningful prior into detrending. As a result, the two-stage assimilation
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Fig. 2. Real fMRI signal and estimated drifts (a,b), as well as their spectra (c,d)

(a) (b)

(c) (d)

Subject
F -Statistics (F59,59)

Original Polynimal Model

1 1.4335 1.5458 1.6926
2 1.1046 1.2271 3.2548
3 1.6961 2.5561 3.1550
4 1.6701 1.7248 2.1788
5 1.2970 1.3327 1.5098
6 1.1409 1.3153 1.4276
7 1.0064 1.6961 1.8957
8 1.0083 1.7504 2.3548

Table 1. F -statistics of assimila-
tion with the original signal, assim-
ilation after polynomial detrend-
ing, and detrend-free assimilation
for the greatest activated area of
the group in superior temporal
gyrus (GTs). For a significance
level of P < 0.05, F0.95,59,59 =
1.54.

generates better estimation of physiological states and reconstructed responses
than separate processing (blue line). The statistical analysis effectively shows this
case as well. It is noted that the significant level is greater by detrend-free assim-
ilation (F59,59 = 3.22 for linear drift, F59,59 = 2.51 for quadratic drift, average
from 250 simulations), which shows better detection performance in compari-
son with assimilation after polynomial detrending (F59,59 = 3.00 for linear drift,
F59,59 = 2.48 for quadratic drift, average from 250 simulations).

Real Data. The real data was acquired from 8 healthy subjects. The condition
for successive blocks alternated between rest and auditory stimulation, starting
with additional 8 rest scans. Total 136 acquisitions were made (RT=2s), in blocks
of 8, giving 16 16-second blocks. We select the largest activated voxels of the
group in superior temporal gyrus (GTs) to implement assimilation.

Figure 2 (a), (b) show the real fMRI time series and the estimated drift by
polynomial detrending method and the proposed method from two subjects.
Intuitively, the estimated drift by detrend-free assimilation (blue line) can track
the complicated drift variation with good approximation while the polynomial
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approach (green line) does not work quite well. The estimated drift by detrend-
free strategy has more freedom in selecting the structure of the drift component
due to the introduction of physiological constraint. As a result, the detrend-
free assimilation yields greater estimates of the fMRI response than separate
processing (not presented here). Table 1 lists results of statistical analysis from
all subjects. The statistic-F is obviously higher for detrend-free method than
assimilation after polynomial detrending. In addition, in order to understand
the effect of detrending on the spectrum of the fMRI signal, the power spectrum
of the original time series is compared with detrended time series by the proposed
method and polynomial method shown in Figure 2. It is noted that under the
restriction of the hemodynamic model, detrend-free method has impact on all
frequency contexts that are responsible to drift, whereas polynomial detrending
only removes part of the low frequency component.

In this paper, we have developed a two-stage unscented estimator for nonlinear
fMRI data assimilation, which casts the nonlinear unscented transform into the
linear separate bias estimator, to account for the presence of time varying bias.
It can deal with simultaneously the fMRI responses and drift in an assimilation
cycle. It provides more accurate estimation of fMRI signal and physiological
states than separate processing, thereby produces higher F value for statistic
activation detection. On the other hand, it makes no assumption of the structure
of the drift. As proper prior hemodynamics is adopted to guide the detrending
procedure, information of the underlying physiological process is included, more
reasonable drift estimates can be obtained. It is therefore particularly suited for
fMRI imaging where the formulation of real drift remains difficult to acquire.
Moreover, other prior knowledge can also be incorporated into the estimation
procedure, such as cardiac and respiratory prior from external monitoring, and
baseline drift of MR scanner.
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