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Abstract. The family of separating circles of two finite sets S1 and S2 in the
plane consists of all the circles that enclose S1 but exclude S2. We prove that the
maximum and minimum distance between a point p and any separating circle in
this family can be found by examining only a finite subset of circles, although
the family itself is infinite. In addition, we introduce the concept of elementary
circular separations to clarify some of the properties of separating circles.

1 Introduction

We consider the problem of finding the shortest and largest distance between a point
and a family of separating circles. More precisely, let S− and S+ be two sets of planar
points. We consider the family of separating circles for which the points of S− always
lie inside the circles and the points of S+ outside. We want to show that shortest and
largest distance between a planar point and any member of this family can be found in
a finite number of steps, although the family itself is infinitely large. This result is also
of use for finding distances between two families of separating circles, or between a
straight line and a family of circles.

O’Rourke et al already noted that there is a unique smallest separating circle, which
can be found by convex programming [7]. The largest separating circle cannot be found
by convex programming and is not always unique. They also showed that any largest
separating circle of finite radius must either pass through 3 points of S+, or must pass
through 2 points of S+ and one of S−. Thus, the largest circle can be found by exam-
ining all the 3-point subsets of S− ∪ S+.

Our results on separating circles are also relevant for digitized circles. In the past
two distinct views have been developed on digital curves [6]. In one view one regards
a digital curve as a set of points for which there is a continuous curve that is passing
close to these points. This is the preferable viewpoint when regarding a digital curve as
the digitization of a continuous curve. A second view is preferred, when one considers
a digital curve as the boundary of a digital set. Then the digital set can be separated
from its complement by a continuous curve. The separation/closeness dichotomy reap-
pears when we examine the basic properties of digital curves. Elemental subsets are
the smallest subsets of a curve for which it is meaningful to define closeness. Thus, an
elemental circular subset has 4 points, since a circle can always pass at zero distance
from 3 points. The word elemental comes from robust estimation theory where it refers
to subsets that are just large enough to produce an estimate. As for separation, we will
introduce the concept of elementary circular separations, containing as few as 3 points.
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Several authors have proposed algorithms to determine circular separability [3–8].
Invariably, either the parameter domain of the separating circles, or its projection on
the plane of circle centers, plays an important role in these algorithms. In this work
we shall prove some additional results that link the parameter domains to elementary
circular separations.

2 Elementary Circular Separations and Parameter Domains

Elementary circular separations are introduced to provide a means of separating the
points of a set S = S− ∪ S+ unambiguously by circles, even when a circle passes
through some points of S. Since 3 points uniquely define a circle, the definition of
elementary circular separations is based on 3-point subsets, although more than 3 points
are allowed when they are circular by coincidence.

Let R ⊆ S be a set of 3 or more points lying on a common circle conveniently
denoted by CR. Let σR : R → {+,−} be a function that attributes a sign to each point
of R.

Definition 1. The sign function σR is called an elementary circular separation if there
exists a circle C not equal to CR, such that all the points of the preimage σ−1

R (+) lie
outside C and all the points of the preimage σ−1

R (−) lie inside C.

By definition C does not pass through any of the points of R. We will often use the
shorthands R+ = σ−1

R (+), and R− = σ−1
R (−). Note that although the total number of

points must be at least 3, one of the subsets R+ or R− may be empty.
Since the circle CR only passes through the points in R and not through any other

point of S, the separation function σR can be extended to a function σS over the entire
set in an unambigous way, where σS attributes the minus sign to a point that lies in
the interior of CR, and the plus sign when it is exterior. We will use the shorthands
S+ = σ−1

S (+), and S− = σ−1
S (−).

2.1 Path-Connected Parameter Sets

The extension of σR from an elementary separation to the entire set is straightforward.
We will show that the converse is also true. When a family is defined as the set of
circles that separate S into given parts S+ and S−, we show that this family can always
be represented by an elementary circular separation. To accomplish this we define path-
connected sets in the parameter space of separating circles. Let S be a non-empty finite
set of points in the plane. A circle is defined by an equation of the form

(x − a)2 + (y − b)2 − r2 = 0,

which can always be rewritten as

x2 + y2 − 2ax − 2by + c = 0, (1)

with a2 +b2−r2 = c. Conversely, (1) corresponds to a real circle provided c ≤ a2+b2.
We are interested in circles that separate the points of S unambiguously, which is the
case if they do not pass through any of the points of S. This leads to a 3D parameter
space from which some planes are removed.
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Definition 2. Let S be a finite subset of R
2 and let U ⊂ R

3 be the set parameter points
(a, b, c) such that

a2 + b2 > c,
x2

i + y2
i − 2axi − 2byi + c �= 0, (xi, yi) ∈ S.

(2)

The closure of a path-connected subset of U is called a domain of separating circles.

The set U is an open set consisting of multiple disconnected subsets, which may be
bounded or unbounded. If C is any circle not passing through the points of S, then the
unique domain in which its parameters lie will be denoted as D(C).

It is not difficult to see that the path-connected subsets of U are exactly the families
of circles that always separate the set S in the same two parts. According to Definition
2 the subset U consists of all the points in R

3 for which

x2
i + y2

i − 2axi − 2byi + c �= 0

for (xi, yi) ∈ S. If we let (a, b, c) vary along a continuous path (a(t), b(t), c(t)), t ∈
[0, 1] then if a point p lies inside the circle defined by (a(0), b(0), c(0)) it will also be
inside the circle defined by (a(1), b(1), c(1)) since a path cannot contain circles that
pass through p. Similarly, exterior points will remain exterior along the path. Therefore,
the connected sets in U have the form

a2 + b2 > c,
x2

i + y2
i − 2axi − 2byi + c > 0, (xi, yi) ∈ σ−1

S (+),
x2

j + y2
i − 2axi − 2byi + c < 0, (xi, yi) ∈ σ−1

S (−),
(3)

where σS is a circular separation of S. Since a domain was defined as the closure of a
connected subset of U , a domain is a set that satisfies the following inequalities:

a2 + b2 ≥ c,
x2

i + y2
i − 2axi − 2byi + c ≥ 0, (xi, yi) ∈ σ−1

S (+),
x2

j + y2
i − 2axi − 2byi + c ≤ 0, (xi, yi) ∈ σ−1

S (−).
(4)

We shall denote this domain as D(σS).

2.2 Polyhedral and Polytopal Domains

It is often assumed that a domain of separating circles is always polyhedral. For a gen-
eral set S this is not always true, however. We shall make this more precise. The equa-
tion a2 + b2 = c defines a paraboloid [7, 8]. For each point (xi, yi) in S, the equation

x2
i + y2

i − 2axi − 2byi + c = 0

represents a plane tangent to this paraboloid. The tangent point is (a, b, a2 + b2). Half-
spaces of the form x2

i + y2
i − 2axi − 2byi + c ≥ 0 correspond to points of S+, and are

always oriented towards the paraboloid. Halfspaces that correspond to points of S− are
oriented away from the paraboloid.

There is also an unbounded non-polyhedral domain which consists of the circles that
do not contain any of the points of S, that is, S+ = S and S− = ∅. This domain is
not polyhedral as one of its boundary surfaces is the paraboloid c = a2 + b2. All other
domains are polyhedral, however.
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Proposition 1. Let S be a finite set. Let C be a circle not passing through any point of
S, giving rise to a circular separation σS . Then D(C) is a H-polyhedron if and only
if S− is non-empty. Furthermore, D(C) is a polytope if convS+ ∩ convS− contains a
non-empty open set.

Proof. First, if S− contains a single point p1, then the intersection of D(C) with the
surface c = a2 + b2 contains exactly one point, which represents the circle with radius
r = 0 centered at p1. If S− contains more than one point, each circle must have a
strictly positive radius, and the intersection of D(C) with the paraboloid c = a2 + b2

is therefore empty. In either case, we can discard the inequality a2 + b2 > c. Hence,
D(C) is a H-polyhedron, that is, the intersection of a finite set of closed half-spaces.

Second, the set defined by (4) is bounded provided there are no parameter points for
circles with infinite radius. For this it suffices that S+ cannot be separated from S− by
a straight line, even if we discard the points on that line. This is equivalent to stating
that convS+ ∩ convS− contains a non-empty open set. �

Both conditions of Proposition 1 are satisfied if the interior of the convex hull of S+

contains at least one of the points of S−. Therefore, the simplest example of a polytopal
domain is when S+ contains three points p1, p2, p3, and S− a fourth point p4 which lies
inside the triangle p1p2p3. The polytope is then bounded by four planes. These planes
delimit four halfspaces, three oriented towards the paraboloid, and one oriented away
from the paraboloid.

2.3 Polytopal Domains and Elementary Circular Separations

There is a direct relation between elementary circular separations and domains. Since
an elementary circular separation can be extended unambigously to a global separation,
we define D(σR) as D(σR) = D(σS) where σS is the extension of σR. Assume further-
more, that the domain D(σR) is polytopal. Then each face of the polytope corresponds
to a point of S, i.e., a face lies in a plane of the form

x2
i + y2

i − 2axi − 2byi + c = 0

where (xi, yi) ∈ S. Similarly, each vertex of the polytope corresponds to an elemen-
tary circular separation. To be precise, a vertex lies at the intersection of three or more
parameter planes of the form

x2
1 + y2

1 − 2ax1 − 2by1 + c = 0,
. . .
x2

n + y2
n − 2axn − 2byn + c = 0,

(5)

where (x1, y1), . . . , (xn, yn) lie on a common circle. By attributing signs to the points
we can establish an elementary circular separation consistent with Definition 1. The
relative position of the vertex with respect to the polytope determines the sign of each
point. If the polytope is contained in the halfspace x2

1 + y2
1 −2ax1−2by1 + c ≥ 0, then

(x1, y1) receives a positive sign, otherwise (x1, y1) receives a negative sign.
An edge of the polytope always corresponds to a family of circles that have two

points in common, as we can verify by explicit calculation. To be precise, the edge
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that connects a vertex (a1, b1, c1) with a vertex (a2, b2, c2), corresponds to a family of
circles of the form

x2 + y2 − 2(a1(1 − t) + a2t)x − 2(b1(1 − t) + b2t)y + c1(1 − t) + c2t

where 0 ≤ t ≤ 1. Since all coincidence relations are preserved by an affine transfor-
mation, without loss of generality, we may assume that the vertices are (a1, b1, c1) =
(−1, 0, c1) and (a2, b2, c2) = (1, 0, c2). The above expression then simplifies to

c1(1 − t) + c2t − 2(−1 + 2t)x + x2 + y2. (6)

By letting t take two distinct values t1 and t2, we find that the intersection points are
(1/4(−c1 +c2),±1/4

√−(c1 − c2)2 − 8(c1 + c2)). Because these coordinates are in-
dependent of t1 and t2, each circle in (6) passes through the same two points.

Fig. 1 shows an example. The elementary circular separation with R− = {(1, 1),
(2, 1)}, and R+ = {(1, 0), (2, 0)}, induces the signs shown in Fig. 1 (a). The gray
points belong to S− and lie inside the separating circles, the black points belong to S+.
There are infinitely many circles that separate S into S+ and S−. Fig. 1 (a) shows one
of these circles. Fig. 1(b) shows the polytopal domain, which has 5 vertices. The gray
area in Fig. 1 (c) shows the possible positions of the circle centers, which can be found
by projecting the domain onto the ab-plane. Each vertex of the domain corresponds to
one circle, also shown in Fig. 1 (c). Each circle, and therefore each vertex, determines
an elementary circular separation.

Fig. 1. Family of separating circles

Fig. 2 shows a family of circles whose parameters lie on a polytope edge, all passing
through two common points. Clearly, if a planar point p lies inside one of these circles,
then p lies in at least one of the two circles that correspond to the vertices of the edge.
In other words, the area covered by all the members of the family is the same as the area
covered by the two circles of the vertices. This property can be generalized. Let C(a,b,c)

denote the circle with parameters (a, b, c).

Proposition 2. Let σS be a circular separation with polytopal domain D(σS). If a
planar point p lies inside one of the circles with parameters in D(σS), then there is a
vertex v = (a, b, c) of D(σS) such that p lies inside C(a,b,c).
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Fig. 2. Circles that correspond to a polytope edge. All the circles pass through two common
points.

Proof. The polytope D(σS) contains all the circles that separate S into two sets S−

and S+. The half-space H of circles containing the point p = (x0, y0) is determined by

x2
0 + y2

0 − 2ax0 − 2by0 + c < 0.

The point p lies inside one of the circles of D(σS) provided H ∩ D(σS) �= ∅. If H ∩
D(σS) is non-empty, it forms a polytope which contains all the circles that contain p.
Since D(σS) is a polytope, H ∩D(σS) contains at least one vertex v of D(σS). Hence,
the circle C(a,b,c) contains p. �

Thus the area covered by the interior of the circles in D(σS) is the same as the area
covered by the interior of the circles corresponding to the vertices of D(σS).

3 Properties of Elementary Circular Separations

We prove two additional properties of elementary circular separations. First, determin-
ing whether a circular set and a sign map form an elementary circular separation is
straightforward.

Proposition 3. Let σR : R → {+,−} be a map that attributes signs to the points of
a circular set R. Then the map σR is an elementary circular separation if and only if
σ−1

R (+) can be separated by a straight line from σ−1
R (−).

Proof. We use the shorthands R+ = σ−1
R (+), and R− = σ−1

R (−). First we show that
the preimages R+, R− of an elementary circular separation σR can always be separated
by a straight line. Let D be the common circle on which the points lie. Let L be any
straight line separating R+ from R−. Then L divides the open disk bounded by D into
two parts, L+ and L−, with R+ ⊂ L+ and R− ⊂ L−. Furthermore, L crosses D in
two distinct points v and w. Let q denote any point that lies on the bisector of v and w
and in L+. Then the circle C passing through v, q, w satisfies the conditions required
by Definition 1, that is, all the points in R+ lie outside C and all the points in R− lie
inside C.

Conversely, suppose the points of R+ ∪ R− lie on a common circle, but that R+

cannot be linearly separated from R−. Since they cannot be linearly separated, the
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intersection of their convex hulls, i.e., convR+∩convR−, is non-empty. However, since
the points lie on a circle, none of the points in R+ lies in convR−, and vice-versa. It
follows that there are two points p1, p2 in R+ and two points p3, p4 in R− such that the
line segment p1p2 crosses the line segment p3p4. If there exists a circle C that separates
R+ from R−, then C would also separate p1, p2 from p3, p4. Therefore it is sufficient
to prove that even these 4 points cannot be separated by a circle, with p1, p2 outside the
circle and p3, p4 inside the circle.

This part of the proof is illustrated in Fig. 3, which shows four points on a common
circle D, and the bisectors of the pairs {p1, p3}, {p3, p2}, {p2, p4}, and {p4, p1}. These
bisectors pass through the circle center and they divide the plane into 4 open disjoint
segments S1, . . . , S4. The bisector of {p1, p3} divides the plane into two open half-
planes. If a circle C has to satisfy Definition 1, then p1 must lie outside C and p3 inside
C, and the center of C must lie in the half-plane which contains p3. Furthermore, since
p2 must also lie outside C, it follows that the center of C must lie in the sector S3. On
the other hand, by considering p1, p2, and p4 we find that the center must also lie in the
sector S4. Since S3 ∩ S4 = ∅, this is impossible. �


Fig. 3. Illustration of the proof of Proposition 3

With Proposition 3 we can list all elementary circular separation functions that can
be defined on a finite circular set. If we divide the points of a circular set into linearly
separable parts, these parts always belong to two disjoint circle segments. Hence, each
elementary circular separation corresponds to a partitioning of a circular set into two
contiguous parts.

O’Rourke et al showed that any largest separating circle of finite radius must either
pass through 3 points of S+, or it must pass through 2 points of S+ and one of S− [7].
As a related result, we will show that in a domain there is at least one circle passing
through 2 points of S+ and one point of S−.

Proposition 4. Let σS be a circular separation with polytopal domain D(σS). Then
D(σS) always contains a vertex defined by an elementary circular separation σR with
|σ−1

R (+)| ≥ 2 and |σ−1
R (−)| ≥ 1.

Proof. We use the shorthands S+ = σ−1
S (+) and S− = σ−1

S (−). Let C be any circle in
the domain D(σS). We will deform C continuously until its parameters coincide with
an elementary circular separation that satisfies the above requirements. We will start by
deforming C until it touches two points p+

1 , p+
2 of S+. Then we will deform it further

until it touches a third point p−3 that lies in S−.
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Since the domain is bounded, C separates S into two subsets S+ and S− that cannot
be linearly separated. Clearly, this is only possible if |S−| ≥ 1, and |S+| ≥ 3. First, we
increase the radius of C until the circle passes through a point p1 of S+, as shown in
Fig. 4(a). This is always possible since |S+| ≥ 3.

Second, consider the tangent to C passing through the point p1. Since S+ and S−

cannot be separated linearly, there must be at least one other point of S+ that lies at
same side of the tangent as all the points of S−. Hence, by moving the center a of C
along the line p1a away from p1, we can further increase the radius of the circle until it
passes through p1 and a second point p2 of S+. Fig. 4(b) illustrates this.

Finally, we arbitrarily select a point q of |S−| that does not lie on the line p1p2. We
distinguish two cases.

Case A. The point q lies at the same side from the line p1p2 as the center of C. Then
we start to move the center along the bisector of p1 and p2 in the direction of p1p2 until
the circle passes through p1, p2 and and q or one of the other points of S−. This is
illustrated in Fig. 4(c). Note that it may be necessary to move the center to the other
side of p1, p2.

Case B. The chosen point q lies at the side from the line p1p2 which is the opposite
of the side of the center of C, as shown in Fig. 4(d). In this case we increase the radius
of the circle by moving its center a along the bisector of p1 and p2 away from the line
p1p2 until C passes through p1, p2 and q or one of the other points of S−.

In both cases, however, the motion of the center of the circle may stop when the
circle touches a point of S+ before it reaches a point of S−. First, consider how this
can happen in case A. Fig. 4(e) shows that the circle has hit a third point p3 of S+ before
it reaches q. Note that this point must always lie at the side of p1p2 that is opposite to q.
If this happens, it suffices to replace the chord p1p2, by one of the smaller chords, for
example p1p3, and continue the shrinking process along the bisector of the new chord.
If we then hit another point of S+ we can keep replacing the chords by smaller chords.
Since S+ is finite this process must end until we hit one of the points in S−. Second,
we consider how this can happen in case B. Fig. 4(f) shows that the circle has hit a point
p3, which must lie at side of p1p2 that is opposite to q. Clearly, q lies at the same side
of the line p2p3 as the center of the circle. That is, we can replace the chord p1p2 by the
chord p2p3 and continue as in case A.

In either case, we can deform the circle until it passes through two points p1 and p2

of S+ and one point of S−. �

In the example shown in Fig. 1, three of the 5 vertices satisfy the conditions of Propo-
sition 4. There is also a vertex with |R+| = 3, |R−| = 0. One of these four vertices
yields the largest separating circle.

4 Distances and Geometric Properties

Once the domains of the families of separating circles have been calculated several geo-
metric properties can be verified immediately, since they directly relate to the topologi-
cal relations between the polytopal domains. For example, given two families of circles
there exists a pair of concentric circles, one from each family, provided the circle cen-
ters of the two families intersect. This section considers a more involved computation:
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Fig. 4. Illustration of the proof of Proposition 4

the distance between a family of circles and a point. The distance between a point p
and a circle C is defined as the shortest distance between p and any point q on C, and
will be denoted as d(p, C). If D(σS) is a polytopal domain of circles, then we define
the maximum distance between a point p as max(a,b,c)∈D(σS) d(p, C(a,b,c)). That is, as
maximum of the distances between p and any circle in D(σS). Likewise, the minimum
distance is defined as min(a,b,c)∈D(σS) d(p, C(a,b,c)). We will prove that the maximum
distance can be found by examining only the circles that correspond to the vertices of a
domain. We start with a simplified case.

Lemma 1. Let V = {(a1, b1, c1), (a2, b2, c2)} be a set of two parameter points, and
let P denote their convex span. Let p be any point in the plane. Then there is a point
u ∈ C(a1,b1,c1) ∪ C(a2,b2,c2) such that

max
(a,b,c)∈P

d(C(a,b,c), p) = d(u, p).

Furthermore, if p does not lie on one of the circles of P , then there is a point w ∈
C(a1,b1,c1) ∪ C(a2,b2,c2) such that min(a,b,c)∈P d(C(a,b,c), p) = d(w, p).

Proof. The proof follows from simple geometric considerations, illustrated in Fig. 5.
Fig. 5(a) shows two circles, one centered around c1 and one around c2, and an ellipse
passing through q1 and q2. This ellipse is part of the locus of points that are equidistant
to both circles. This locus also comprises a hyperbola (not shown here). The ellipse
consists of those equidistant points that lie inside one circle but outside the other circle.

The family of circles with parameters in P consists of circles that pass through the
points q1 and q2, and can be represented as

x2 + y2 − 2(a1(1 − t) + a2t)x − 2(b1(1 − t) + b2t)y + c1(1 − t) + c2t (7)

with 0 ≤ t ≤ 1. With q1, q2, c1, c2 we construct 5 straight line segments. Together with
the ellipse they divide the plane into 8 distinct regions, shown in Fig. 5(b). For example,
region R7 is bounded by the ellipse, and the lines c2q1 and c2q2.
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The maximum distance between a planar point p and the family of circles (7) depends
on the region in which p lies. When p lies either in R3 or R4 the maximum distance
between p and (7) is the distance between p and q1. For example, when p lies in R4, this
maximum is attained by a circle whose center lies on the straight line passing through p
and q1. In that case, the circle lies ”behind” the point q1 as seen from p. Similarly, when
p lies either in R1 or R2, the maximum distance is equal to distance between p and q2.
When p lies in either R6 or R8, the maximum distance between p and (7) is the same
as the distance between p and the circle centered around c1. In fact, this is the furthest a
circle in this family can move away from p. Finally, when p lies in either R5 or R7, the
maximum distance is equal to the distance between p and the circle centered around c2.

In all the cases considered the maximum distance is given by either the distance to
the circle in (7) for which t = 0, that is C(a1,b1,c1),or for which t = 1, that is C(a2,b2,c2),
or by the distance to one of the two points q1 or q2 which are common to both circles.

For the minimum distance, the proof proceeds in a similar way. We only give a
brief sketch. Fig. 5(c) illustrates the proof when the polytope consists of a line segment
between the two parameter points (a1, b1, c1) and (a2, b2, c2). Fig. 5(c) shows how the
two circles, and their equidistant ellipse and equidistant hyperbola divide the plane in 8
regions. When p either lies in R2, R3, R6 or R7 there is a circle of the form (7) passing
through p. This case is excluded from the theorem. If p does not lie on a circle of P ,
then p either lies in R1, R4, R5 or R8. When p lies in R1 or R5, the closest circle is
C(a1,b1,c1). If p lies in R4 or R8, the closest circle is C(a2,b2,c2). Hence, the minimum
distance is either zero, or equal to min(d(p, C(a1,b1,c1)), d(p, C(a2,b2,c2))). �


Fig. 5. (a) Two circles shown with dashed lines, and an ellipse of points that are equidistant to
both circles. (b) The ellipse and straight lines through the centers and the common points divide
the plane into 8 regions.

We now extend this result to a more general setting.

Theorem 1. Let σS be a circular separation with polytopal domain D(σS). Let V be
set of vertices of D(σS), and let W denote the set

⋃
(a,b,c)∈V Ca,b,c. Let p be any point

in the plane. Then there is a point u in W such that max(a,b,c)∈D(σS) d(C(a,b,c), p) =
d(u, p). Furthermore, if p does not lie on one of the circles of D(σS), then there is a
point w in W such that min(a,b,c)∈D(σS) d(C(a,b,c), p) = d(w, p).
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Proof. We use the shorthand S+ = σ−1
S (+) and S− = σ−1

S (−). It suffices to show
that the point u always lies on one of the circles C(a,b,c) where (a, b, c) ∈ V . Let
(a0, b0, c0) ∈ D(σS) be the parameters of a circle for which we have d(C(a0,b0,c0), p)
= max(a,b,c)∈P d(C(a,b,c), p). We will show that we can always replace C(a0,b0,c0) by
a circle C(a,b,c), with (a, b, c) ∈ V whose distance to p is at least as large as that of
C(a0,b0,c0). Showing that (a, b, c) ∈ V is equivalent to showing that C(a,b,c) contains at
least three points of S+ ∪ S−. We start by assuming that C(a0,b0,c0) does not contain
any point of S+ ∪S−. Then we can always move the center (a0, b0) away from p along
the line passing through (a0, b0) and p. If the radius is kept constant the distance will
increase. Since this is impossible, C(a0,b0,c0) contains at least one point of S+ ∪ S−.

Next, we assume that C(a0,b0,c0) contains just one point q1 of S+∪S−. Let L denote
the line passing through (a0, b0) and p. First, suppose q1 lies on L. Then it is clear that
we can move the center along L while keeping the distance to p fixed until we hit a
second point of of S+ ∪ S−. Second, suppose q1 does not lie on L. Let q′1 denote the
mirror image of q1 by the reflection across L. We define a pencil of circles of the form
(7) with common points q1, q′1 and center on L. Let q3 be the first point of S+ ∪ S−

that we hit when we move in this pencil (a0, b0) away from p, and let q4 be the first
point of S+ ∪ S− hit when we move (a0, b0) towards from p. Since P is bounded
both points must exist. Let C(a1,b1,c1) be the circle passing through q1, q′1, q3 and let
C(a2,b2,c2) denote the circle passing through q1, q′1, q4. According to Lemma 1 the
maximal distance between p and the pencil of circles is either the distance to C(a1,b1,c1),
to C(a2,b2,c2) or to one of the points q1, q′1. However, q1, q′1 lie at the same distance of
p, and q1 is a point of S+ ∪ S−. Hence, we can replace C(a0,b0,c0) always by a circle
that contains two points q1, q2 of S+ ∪S−, and state that the maximal distance is either
the distance to this circle or one of the points of S+ ∪ S−.

Finally, we can repeat the previous argument, but now for the pencil of circles defined
by the common points q1, q2, until we hit a third point of S+∪S−. The maximal distance
is either the distance to this new circle or to one of the points q1, q2, which are both in
S+ ∪ S−. For minimum distances, the proof is similar. �


The above result also shows how an algorithm can compute the correct maximum or
minimum distance. First, for each edge of the polytope we compute the maximum dis-
tance between p and the circles of the edge. This can be done by examining the position
of p with respect to the straight lines shown in Fig. 5, where the circles correspond to
the vertices adjacent to the edge. If p lies in one of the regions R1, . . . , R4 the maxi-
mum distance is either d(p, q1) or d(p, q2). Otherwise, it is the distance to one of the
two circles corresponding to the vertices. After this distance has been computed for all
the edges, it suffices to take the global maximum.

To find the minimum distance one first has to verify whether p = (xp, yp) does not
lie on one the circles in P . It suffices to verify whether the plane

x2
p + y2

p − 2axp − 2byp + c = 0

crosses the polytope P . If p does not lie on any of the circles, the distance can be found
by computing the distance for each circle corresponding to a vertex, and by taking the
global minimum.
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5 Time Complexity and Conclusion

Clearly, the computation of the distance between a point and the separating circles de-
pends mainly on the computation of the complete face lattice (faces, edges, and vertices)
of the parameter polytope. Clarkson and Shor give a randomized algorithm in 3D with
expected time complexity of O(n log n), where n is the number of half-spaces. This
algorithm was derandomized by Chazelle [1, 2]. The polytope of separating circles for
|S| = n can therefore be computed in O(n log n) time, where O(n log n) is an
upper bound for the expected number of edges, as well as vertices in the face lattice.
The computation of the maximal and minimal distances requires the examination of all
edges and vertices, where each vertex or edge can be processed in constant time. Hence
distances can be computed in O(n log n) time.
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