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Abstract. A Discrete Integral Sliding Mode algorithm is proposed to control a 
Stereo Vision System (SVS) and perform Visual Object Tracking. The kinema-
tical model of the structure is obtained using Geometric Algebra (GA). The  
localizing part was done in a real SVS in order to obtain the reference for orien-
tation vector and the application for a Pan Tilt Unit is presented. The algorithm 
presents a good and robust performance.  
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1   Introduction 

Consider a stereo vision system (SVS) that is mounted on a mechanical device which 
defines the system’s orientation related to a defined base frame. The global task can be 
divided in two parts: first the system must recognize the target in the scene and extract a 
vector that will characterize the object’s position; then the system must re-define its 
kinematical structure, so its orientation can be aligned with the target’s position. Using a 
stereo system provides the advantage of depth information, this is fundamental in tasks 
like grasping and manipulating objects, in addition to visual tracking. 

1.1   Target Localization 

Model-based algorithms use a pre-obtained model of the object, usually composed of 
lines. From this model, points of interest are projected on the image plane, and when 
the correspondences of these points are located and the image, the target is located as 
well [1]. Global Appearance-based methods segment a region from the image con-
taining the object. Among the algorithms used for feature detection are the Harris 
corner detector and SIFT [2]. Histogram-based methods use histograms obtained from 
the target and it is compared with a reference image in the scene. The histogram uses 
usually color [3] or spatial information. 

1.2   Kinematical Control 

Several algorithms have been used to control robotic devices such as the classic PID 
controller, Adaptive Control [4], Neural Control [5] and Sliding Mode Control (SMC) 
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[6]. Among these methods SMC is one of the most effective approaches due to its 
robustness to matched perturbations, model uncertainties, and it demands a low com-
putational cost. On the other hand, the Integral Sliding Mode Control (ISMC) [7] can 
guarantee the robustness of the closed-loop system throughout the entire response 
starting from the initial time instance, and permits to reduce the controller gains in 
comparison with standard SMC. However, due to a finite sampling rate, continuous-
time sliding mode control could be inappropriate for a discrete-time system. Hence, a 
re-work in the sliding-mode control (SMC) strategy for sampled-data systems was 
necessary [9]. The equivalent control is used in this work to design a chattering-free 
discrete ISM controller (DISMC) for a SVS, and a performance of this controller is 
demonstrated. 

2   Problem Formulation 

A general scheme for a SVS is presented  in Figure 1, where pT  is the target’s point, A  is 

the orientation vector for the SVS, bO  is the origin of the base frame and cO  is the origin 

of the camera frame conveniently attached to the last link of the kinematical device.  

 

Fig. 1. Stereo Vision System and target 

The kinematical model of this structure can be defined as [8]  

( )A f θ=
                                                       

(1) 

where [ ]1,...,
T

nθ θ θ=  is the angles vector of the system, n is the number of joints in 

the kinematical structure and the vector ( )f θ  is defined by the direct kinematics of 

the system. 

2.1   Kinematical Model with GA 

The kinematical model for a serial manipulator can be obtained using a Geometric 
Algebra approach [10], which has the advantage of being a simple procedure. In this 
work geometric algebra 3,0,0G  with the orthonormal base { }1 2 3, ,e e e is used.  
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First we need to define the rotor (geometric entity that defines rotations) for each 
joint of the system as 

1

2 i iL

iR e
θ−

=                                                            (2) 

where iL  is the axis of rotation for the thi  joint given by 

1 1,0L L=  and 1 1 ,0 1 1... ... for =2,..., .i i i iL R R L R R i n− −=  

Then, the actual orientation of the last link A  is obtained of the form  

1 0 1... ...n nA R R A R R= % %                                                      (3) 

where n  is the number of joints (degrees of freedom) of the system, 0A  the initial 

orientation ( 1 ... 0nθ θ= = = ) and iR%  is the reverse vector for thi  joint given by 
1

2 i iL

iR e
θ

=% . Differentiation of equation (2) yields 

AA J θ=& &                                                           (4) 

where AJ  is the Jacobian matrix. This equation defines the Differential Kinematics of 

the system. 

2.2   Discrete State-Space Model 

Defining the reference orientation dA  as the vector conformed by the target’s point 

and the origin of the camera frame, a control error variable can be obtained as fol-
lows: 

A de A A= −                                                       (5) 

Then, using (4) and (5), and adding a disturbance term ( )tγ , due to uncertainties in 

the model, we obtain: 

( )A A de J A tθ γ= − +& && .                                              (6) 

Assuming the terms dA&  and ( )tγ  are unknown, representing them in a perturbation 

vector ( , )d tθ  and considering θ&  as the control vector U , the equation (6) can be 

reformulated as 

( ),A Ae J U d tθ= −& .                                               (7) 

We assume that function ( ),d tθ  is smooth and bounded by known positive scalar 

function 

2( , ) ( , )d t tθ β θ< .                                               (8) 

Using Euler’s discretization, and defining the state-space variables as follows  

1,

2,

k k

k k

x

x A

θ=

=
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we can obtain the discrete state-space model for the system as 

1, 1 1,

2, 1 2, ,

k k k

k k A k k

x x Tu

x x TJ u
+

+

= +

= +
                                                  (9) 

where , ( )i k ix x kT=  for { }1,2i = , and T  is the sample time. Defining the output of 

the system as 2,k ky x=  and the discrete error variable for the system (9) as 

, ,A k k d ke y A= −                                                     (10) 

where ,d kA  is the discrete version of the reference vector, then the dynamics for the 

error system can be obtained using (9) and (10) as 

, 1 2, ,A k k A k k ke x TJ u d+ = + −                                          (11) 

with kd  as the discretization of perturbation vector.  

Now, the problem considered here is to design a Discrete Integral Sliding Mode 
Controller (DISMC) that ensures visual object tracking in despite of external distur-
bance kd . 

3   DISM Controller Design 

Consider the sliding function ks  as 

,k A k ks e z= +                                                    (12) 

where kz  is the integral variable which is given by the following equation 

1 ,k k A kz z TGe+ = −                                               (13) 

electing 0 0z e= −  to ensure sliding mode occurrence on the sliding manifold 0ks =  

from initial instance and G  is a design parameter. 
From (11) and (12), the projection motion of the system on the subspace ks  can be 

obtained of the form 

1 2, , 1k k A k k k ks x TJ u d z+ += + − +                                    (14) 

We define the control as 

,
2,

ˆ( )A k
k k k k k k

J
u x d z TGe Ke

T

+

= − − + − +                            (15) 

where ,A kJ +  is the pseudo-inverse of ,A kJ , ˆ
kd  is the estimation of perturbation term 

and K  is a constant which will be defined later. From (6) and (7) we know that kd  is 

the derivative of reference vector dA , so we can choose its estimation as 

, , 1
ˆ

k d k d kd A A −= −                                                (16) 

Then, the closed loop system (11),(14) and (15) becomes 
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1

1 ,

( )k k k k

k k A k

e TG K e z

s Ke

ϕ
ϕ

+

+

= − − +
= −

                                       (17) 

where ˆ
k k kd dϕ = − , and we can formulate a theorem as follows: 

Theorem 1. If the assumption (8) holds, the control law 

,
2,

ˆ( )A k
k k k k k k

J
u x d z TGe Ke

T

+

= − − + − +                             (18) 

is constructed, the inequality  

2
0

2
G

T
< <

−
                                                    (19) 

holds and 

( 1)K T G= −                                                     (20) 

then a solution of the error dynamics (11) converges asymptotically to a vicinity of 
zero, and this vicinity is bounded by 1k kϕ ϕ −− . 

The proof of the Theorem 1 can, unfortunately, not be included due to its length. 
Thus, the control objective is fulfilled and the SVS with the proposed discrete con-

troller performs tracking of the target. 

4   Application for a Pan-Tilt Unit 

The simulations results of this work were obtained applying the designed controller to 
a Pant-Tilt Unit (PTU). The base frame is defined by the unit vectors { }1 2 3, ,e e e .The 

angles vector is defined as [ ]1 2,
Tθ θ θ= . For simplicity is assumed that the orienta-

tion of the second link A  is identical to the orientation of the principal axis of right 
camera, so there is no need of Hand-Eye calibration. The kinematical model for the 
PTU was obtained as follows. The axes of rotation of the PTU are given by 1,0 3L e=  

and 2,0 1L e= , the actual orientation A  and the Jacobian matrix AJ  are calculated as 

1 2 2 1 1 2

1 2 1 2 1 2

2 2

and

0
A

y y y c y c

A c y J y y c c

c y

⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥= − = −⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥−⎣ ⎦ ⎣ ⎦

. 

where ( )sini iy θ=  and ( )cosi ic θ= , 1, 2i = .  

In order to obtain a real reference vector ,d kA , a color segmentation of a moving 

target in a SVS was developed. The SVS is composed of two Flea® cameras from 
Point Grey Research Inc. mounted on a metal bar as depicted in Figure 1. The seg-
mentation was based on HSV color space (Hue-Saturation-Value). First, a calibration 
process for the SVS is realized. Then, the HSV parameters from the target are ob-
tained and compared with the HSV values from the images, resulting in the segmenta-
tion of the target in the images. 
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Fig. 2. Color Segmentation (Right Camera) 

From segmentation the target is located with 2D coordinates for each image; then 
the 3D vector sV , defined from the center of the right camera to the target pT , is 

obtained. Figure 3 shows samples of the segmentation process (right column) and the 
corresponding locations in the image (left column) for the right camera. In total, 45 
pairs of images were captured with a sample time of 220milisecondsT = . The con-

trol parameter for DISMC algorithm is 0.5G = − .A parallel discrete PID algorithm, 

defined by the following equation 

1 , 1 2 1[ ( 2 ) ( )]i
k k A k p s k k k k d k k

s

K
u u J K t e e e e K e e

t
+

− − − −= − + − + + −
 

was applied in simulation and the control gains used were 

15, 0.5, 1.p i dK K K= = =  

The disturbance term kγ  and initial conditions used in both simulations were 

( )
( )

0.5

0.2+0.3sin

-3+0.2cos
k kT

kT

πγ
⎡ ⎤
⎢ ⎥= ⎢ ⎥
⎢ ⎥⎣ ⎦

, 0

/ 2

/ 3

π
θ

π
⎡ ⎤= ⎢ ⎥
⎣ ⎦

, 

and the sample time 220 milliseconds.  

5   Simulation Results 

Figure 3 shows the three components of the orientation vector and their references for 
DISMC and PID algorithms, respectively. It can be appreciated that the goal of con-
trol is fulfilled in both controllers, since the objectives are accomplished. However, 
the convergence in DISCM is smoother than PID, and less oscillatory. The error vari-
ables converge to a vicinity of zero in less time (settling time) for DISMC than for  
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Fig. 3. Orientation Variables and References for DISMC (Left) and for PID controller (Right) 
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Fig. 4. Error variables in DISMC (Top Left). Error variables in PID controller (Top Right). 
Control signals in DISMC (Bottom Left). Control signals in PID controller (Bottom Right). 
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PID, this can be observed in Figure 4. Also, a lower overshoot and a better transient 
response are noted in DISMC simulation. The angular velocities (control signals) of 
the joints of the PTU are shown in Figure 4 as well. Note the lower magnitude of the 
control signals in DISMC and the absence of high frequency components due to the 
use of a continuous control instead sign function, in comparison with standard Sliding 
Mode Control. 

6   Conclusions 

A Discrete Integral Sliding Mode (DISM) controller was designed for Visual Object 
Tracking and a kinematic model for a PTU was obtained using rotors in Geometric 
Algebra 3,0,0G , which is a simpler method than using matrices. The proposed algo-

rithm demonstrates a satisfactory performance in output tracking problem, since it 
achieves a reduced steady state tracking error. A comparison with discrete PID con-
troller was made and DISMC showed a better performance in aspects like softness in 
control signals, lower magnitude in transient response, settling time and overshoot. 
The procedure for obtain the DISM controller is simple, and it can be applied to any 
kind of serial kinematical structure, moreover, the use of a continuous control law 
allows to ensure chattering-free SM motion. So, it can be concluded that ISMC is a 
good approach to solve the Visual Object Tracking problem. 
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