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Abstract. Image denoising is probably one of the most studied problems in the
image processing community. Recently a new paradigm on non local denoising
was introduced. The Non Local Means method proposed by Buades, Morel and
Coll attracted the attention of other researches who proposed improvements and
modifications to their proposal. In this work we analyze those methods trying
to understand their properties while connecting them to segmentation based on
spectral graph properties. We also propose some improvements to automatically
estimate the parameters used on these methods.

1 Introduction

Image deonising is probably one of the most studied problems in image processing.
The main goal of denoising is to remove undesired components from the image. These
undesired components, usually defined as noise, can be of different nature: random
noise introduced at acquisition time, noise introduced during transmission, noise due
to degradation such in films, etc. In this work we assume that the observed image, =,
is the result of adding a random noise component n to the original noiseless image z.
Therefore, the relationship between those images at pixel ¢ becomes: x; = z; + n;.

The problem of image denoising then is to estimate z while preserving its features
such as edges and texture. There is usually a tradeoff between noise reduction and
feature preservation. Since image features usually involve high frequencies linear low
pass filters usually produce poor results regarding feature preservation. For this reason
several non linear or locally adapted methods have been developed. As examples we
mention median filters, anisotropic diffusion and wavelet thresholding. More recently
non local methods attracted the attention of the image processing community. Starting
from the pioneering work of Efros and Leung [7] several non local methods have been
introduced for image denoising. In [3]] Buades, Morel and Coll presented the Non Local
Means (NLM) denoising method. The underlying idea of this method is to estimate, z;,
using a weighted average of all pixels in the image. Given the pixel to be denoised, ¢,
the weights w;; measure the similarity between neighborhoods centered at 7 and j. The
trick is that corresponding neighborhoods are found all along the image imposing a non
local nature to the method. Similar methods can be found in [TI3I§]]. A review of several
denoising strategies and its comparison against non local means can be found in [6]
and [4].

In this work we study the behavior of non local denoising methods. First we show
the connection of non local means to graph clustering algorithms and use it to study the
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denoising performance. Using synthetic images we will show the limitations of standard
non local means and propose an improvement to automatically estimate the parameters
of NLM based on noise variance estimation.

2 Non Local Means Denoising

The NLM algorithm [3]] estimates the denoised value at pixel 7 using a weighted average
of all pixels in the image:
T; = Z Wi T
J

The weights w;; reflect the similarity between pixels 7 and j based on the distance
between neighborhoods around them (see equations () and (2)).

Ideally, due to the non local nature of the algorithm, similar neighbors are found
across the whole image. This has two drawbacks. The first one is the computational
complexity of searching similar neighborhoods across the whole image. The second
one is related with the fact that taking weighted averages for all pixels in the image
does not achieve the best MSE score for this algorithm. This issue was addressed in
and [6] noted the problems with edge pixels. The problem is that in some cases
the weights w;; are not able to discriminate between different neighborhoods classes.
This is especially the case along edges since pixels along them have less corresponding
neighborhoods in the image. Other authors that addressed the computational complexity
of NLM encountered this trade off, for instance see [8]]. Based on these considerations
we can see that a better solution is obtained via averaging only pixels within the same
class of neighborhoods. Therefore, the denoising performance depends in a good neigh-
borhood classification. In what follows we will review NLM and show its connection
with segmentation based on spectral clustering.

To conclude this discussion we point out that the performance of NLM depends on
the selection of the parameter o. Although in [6] the authors provide some guidance on
how to select its value, we will show that the selection of ¢ has a great impact on the
results.

2.1 Graph Formulation of NLM

Let z; be the original noisy image value at pixel . Its denoised version using NLM can
be obtained as [3]]:
L2 Wi
& = ey
2 Wi

where the weights wijﬂ are computed using a gaussian kernel,
wij = exp(—||N; — Nj||*/o?) 2)

and V;, N; are image patches of size (2K + 1) x (2K + 1) centered at pixels ¢ and j.

1 wij

Wiy = .
YT wa
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The equation (I)) can be rewritten in matrix notation as follows. Let the matrix W
be the one with entries w;;, and D the diagonal matrix with entries d;; = ; Wi If
we consider x as the vectorial version of the image, scanned in lexicographic order,
equation (I) can be rewritten as:

x=D"'Wx (3)

The matrix L. = D~'W defines an operator which filters the image, x, to obtain a
denoised version x. This denoising filter is an image adapted lowpass filter since the
operator depends on the image itself. Therefore, the properties of the matrix L deter-
mine the denoising result. If we are interested in the properties of a denoising algorithm
it is of common use to study the properties of the residual after denoising, r = x — X.
If we write the residual using equation (@) we obtain:r = x — % = x — D™ 'Wx =
(Id — D='W)x. The matrix H = (Id — D~*W) is the highpass operator associated
with the lowpass operator defined by matrix L.

If we view pixels ; as nodes of a graph connected with weights w;; the matrix H
is the normalized Laplacian of the graph which is used in Normalized Cuts (NC). In
Malik and Shi presented a relaxed version of the normalized cut which solution is
the second eigenvector of H. In this way we show the connection between NLM and
segmentation based on NC.

Matrices L and H share the same eigenvectors; if ¢ is an eigenvector of L with
eigenvalue )\; then ¢y is an eigenvector of H with eigenvalue 1 — Ag. From these
considerations we conclude that the eigenvectors and eigenvalues of L and H play an
important role in the denoising process.

It can be shown that the multiplicity of the eigenvalue with value one of L corre-
sponds to the number of connected components in the graph [11]. These connected
components correspond in our case to the neighborhood classes. So, since an ideal de-
noising method should average only points in the same classes, the spectrum of the
graph related to L is important to measure the performance of the algorithm. We will
use the multiplicity of the eigenvalue one to judge the performance of our proposal and
compare it with traditional NLM.

3 Experiments with Synthetic Images

To study the denoising performance of NLM we will use a synthetic image with three
regions with values 1, 3 and 1 plus Gaussian noise with variance 0.3 (see Figure ).
We consider patches of size 3 x 3 which gives us six different noiseless neighborhood
configurations as show in Figure 2

Following the same idea proposed in [2] we applied NLM together with a restriction
on the number of neighboring patches used for the denoising process. That is, for each
pixel to be denoised we considered only pixels with neighborhood similarity greater
than ¢, that is exp(—||N; — N;||*/0?) > e, and computed the error for different values
of €. For this experiment we set o = 120, as suggested in [6]. We also computed the
error over each region of the image. That is, based on the local configurations show in
Figure 2] we segmented the image in six regions and computed the denoising error for
each one of them. The results of these simulations are show in Figure[Il As we can see
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Table 1. Minimum errors for regions from image in Figure 2]

Region ¢ Error NLM Type
1 0.60 0.0011 non-boundary
2 0.80 0.0036 boundary
3 0.80 0.0099 boundary
4 0.60 0.0005 non-boundary
5 075 0.0187 boundary
6 0.75 0.0069 boundary

Fig. 2. Left: Noisy image. Right: Neighborhood configurations.

the global error has a U shaped curve. The error decreases as € increases which means
that the error improves while we restrict the set of neighborhoods used. Also as € goes
to one the error increases as the number of points used for the estimation decreases. In
the middle we obtain the minimum global error which is quite stable. This means that
considering all neighborhoods for the denoising process is clearly not the best option.
To understand the reasons of this behavior we computed the errors per region shown in
Figure[Il It is clear that boundary regions (neighborhoods with pixels of two regions)
perform differently than non boundary regions (neighborhoods with pixels of the same
region). Non boundary regions have an almost constant error while boundary regions
show a stronger dependence on e. This explains the obtained global error. In Table [Tl
we show the minimum errors per regions and the values of € where these minima are
achieved. In next section we will use these results to design an improved NLM.



Analysis of Non Local Image Denoising Methods 107

4 Modified NLM

In this section we address the automatic estimation of the parameters o of NLM and e
as discussed earlier and present a modified NLM (MNLM).

4.1 Parameter Estimation

Noise variance estimation The estimation of o will be based on the noise variance.
For Gaussian noise the estimation of its variance can be done applying methods as the
ones proposed in [9].

Estimation of o. Following [6] we set o proportional to the noise variance: o = ho,.
We propose to choose the value of h looking at the expected distances for neighbor-
hoods inside the same class. The expected squared distance for two identical neighbor-
hoods corrupted by Gaussian noise with zero mean and variance o,, is:

(2K +1)?
@ =E{IN; = N;|P} = ES Y (af —af)? )
k=1
(2K+1)?
= Y E{(nf-nk)’} =202K +1)%7. (5)
k=1

We set the value of h in order to obtain weights greater than  for similar neighbor-
hoods. In this way the value of h is defined as the one that satisfies the following equa-
tion:

—d?

If we substitute d? in previous equation we obtain:
2(2K +1)2
h =
&/ log(1/7)
Finally we have to select the value for €. As we said before better results are obtained
when only neighborhoods with similarities greater than ¢ are considered. Therefore,
we let v = €. So, instead of parameter ¢ we have a new parameter ¢ which controls
the neighborhoods considered in the estimation and the value of ¢. Also this parameter
does not depend on the input image but only on the noise level estimation. In order
to consider only neighborhoods of the same class € must take values close to one. In
following sections we will analyze this proposal at the light of the relationship between

NLM and segmentation and show that taking ¢ = 0.8 gives excellent results for a set of
real images.
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Table 2. Global MSE scores

NLM Best NLM Modified NLM
MSE 0.2046  0.0012 0.0006

120 ) 1 2 3 [

(a) (b)
Fig. 3. (a) Fron left to right: noiseless image, noisy image, result of NLM, result of best NLM
and result of modified NLM. (b) Eigenvalues.
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Fig.4. NLM against MNLM: Errors per region
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4.2 Modified NLM and Graph Cuts

In this section we will compare the performance of MNLM against the original NLM
using the results from section[3land the image showed in Figure[2l The image in Figure
was filtered with three algorithms: the original NLM with ¢ = 120,,, MNLM with
€ = 0.8 and the best NLM in which case we selected the parameter ¢ = 50, that
gives the smallest global MSE. The obtained MSE errors are presented in Table
In Figure Bla) we show the original noiseless image, the noisy image and the images
corresponding to the methods in evaluation. As we can see the original NLM gives the
worst result in terms of MSE and visual quality while the modified NLM obtains the
best overall performance (see MSE scores in Table 2)). If we look at MSE per region
we can see in Figure [d] that MNLM performs better than NLM in four out of six of the
regions.



Analysis of Non Local Image Denoising Methods 109

Finally we present the eigenvalues of the corresponding matrices L for each method.
In Figure[3l(b) we show the first ten eigenvalues for each method. It is clear that MNLM
has better performance since it has six eigenvalues of value one corresponding to the
six regions present in the image. We recall that the multiplicity of the eigenvalue one
corresponds to the number of connected components in the graph, i.e. the number of
neighborhood classes which in this case is six.

4.3 Results for Real Images

Here we compare the best performances of NLM and our modified NLM (MNLM).
Each of the images in Table 3] was contaminated with independent and additive Gaus-
sian noise with o, = 10. We used neighborhoods were of 3 x 3 and to reduce the
computational complexity we used a search window of 21 x 21. For the evaluation
of the results we use Mean Square Error (MSE) and the Structural Similarity Index
(SSIM) proposed in [12] which compares the similarity between images using
perceptual factors.

With this results we confirm that NLM attains the best result at » = 3 in all cases.
This contrast with the values of h selected by Buades, Morel and Coll in [3l6] where
they suggest i € [10, 15]. Clearly with their selection for h the results are not the best
possible. We confirm this based on MSE and SSIM. We must stress that in all cases the
optimum is achieved with the same value of h. On the other hand, the results obtained
with our modified NLM method present similar results as the ones given by NLM.
Therefore based only on MSE and SSIM we cannot say which method is better. As for
MNLM the best score values are obtained with e = 0.8 in all case but one.

Result Analysis. To conclude the evaluation we give an explanation on why the best
results of NLM are similar to the ones of MNLM. In previous experiments the parameter
h which gives the best results for NLM is in all cases 3. The difference between both

methods is the width of the Gaussian kernel. For modified NLM the widthis 03, ;7 1 =

2122;((;;}2)2 and for NLM the width which produces the best results is 0%, ,;, = 3%02.

The other difference is that for MNLM we consider only weights above ¢ = ~y and
for NLM we consider all weights. The distances for which MNLM gives weights ~
are d2 = 2(2K + 1)%07. If we substitute this distance in the NLM kernel we get:
exp(—2(2K + 1)?/3%) ~ 0.13. Therefore the corresponding weights for NLM are
small and explain the similarity between results of NLM and MNLM. We confirmed
the same results using neighborhoods of size 5 x 5 but due to the lack of space we can
not report them here.

Table 3. Minimum errors for regions from image in Figure 2]

NLM MNLM
Image h* MSE* SSIM* e* MSE* SSIM*
Barbara 3 30.11 0.913 0.75 28.93 0.922
3 6345 0.895 0.80 70.67 0.890
Couple 3 35.13 0.883 0.80 35.97 0.884
3 35.03 0.859 0.80 36.01 0.858
3 3378 0.868 0.80 34.61 0.869
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5 Conclusions

In this work we study the relationship between non local denoising methods and spectral
graph properties. Based on these results we proposed a modification of NLM which
automatically estimates the parameter o. We justified the proposed algorithm using
the connection between NLM and graph clustering. Based on simulations we showed
that this approach outperforms the NLM with the parameters suggested by Buades and
colleagues in [3]]. Furthermore we showed that this parameter setting is the best one for
all images tested when comparing the MSE scores.
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