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Abstract. In this paper, we consider the geodesic tube characterization using
a Galerkin-Level Set strategy. The first section is devoted to the analysis of a
geodesic tube construction between two sets through the definition of the shape
metric. In the second section, we define the Galerkin-Level Set strategy in shape
analysis. This new variational formulation associated to a Hilbert space metric
for shape identification problem consists in parameterizing the level set func-
tion in a finite dimensional subspace spanned by linear independent functions.
Consequently, this method is more focused on topological changes than on high
accuracy for the boundary evaluation as in a traditional level set formulation. In
the third section, we use the Galerkin-Level Set formulation applied to a geodesic
tube construction between two sets, through the calculus of the shape derivative
of the normal speed. Finally, this geodesic tube construction is validated by a
numerical experiment.

1 Tube Formulation Using Moving Domain

In this section, we briefly recall the concept of connecting tube, introduced in [6]. Let
us consider D as a bounded universe in R” and two open sets domains €2y, 21 C D.
We denote the initial domain by €2 and the final domain by €2, and consider the tube
connecting €29 with €2; defined by the n 4 1 dimensional graph of an n-dimensional
moving domain: see Fig. [l Consequently, considering the time interval I = [0,1], we
define the tube evolution Q by product space, using the cylinder / x Q as follows:

0= U > )
0<r<1

Moreover, we denote by X the lateral boundary of the tube, defined by the following
expression: ¥ = [Jy,<;{t} x I{, where I; denotes the boundary of €. The characteris-

tic function of the tube is defined by (z,x) el %0, (x) and verifies {? = ¢ . Following
[413]], the set of connecting tubes between £ and €2 is defined by:

T (Q0,0) = {CEL‘”(IX D) and piecewise Cl, [gg?; iig? } )
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Fig. 1. Continuous tube between € and €2

The outgoing unitary normal vector field on the lateral boundary of the tube X is
defined by

_ 1 —v(t,x)
V(Lx) = \/1+V(t7x)2 (n(t,x) > (3)

where n(z,x) is the normal field to I7 and v(z,x) is an intrinsic geometric entity called
the normal speed of the boundary I;.

Definition 1. In order to characterize the minimal tube path between Qo and 21, we
introduce the function:

1
d(Qo,Q)) = inf / / )| dr(x) d 4
(L0, €2) e o I v(r,x)| dT(x) dt )

Lemma 1. The function d(£2y,€2,) is a metric.
Proof. 'We have to prove that the function d(£2y, €2;) satisfies:

I. (Identity of indiscernibles) d(€2y,Q;)=0 < Qy= Q.
o If Q) = Q) then v=0and d(£,;) =0.
o If d(£, ;) = 0 that implies V¢ € [0, 1], v(¢,.) = 0 and the time space normal
@) is v(z,.) = (0,n(z,.)). Then the tube is a cylinder and the domain €2; does
not depend on time, consequently 2y = ;.
I. (Symmetry) d(£,2;)=d(Q,Q).
e If we consider the backward tube & (1) = {(1 —1) € 7 (21,€), that implies
¥(t,.) = —v(1 —1,.), and consequently d (L, Q2;) = d(£2;,€).
II. (Triangle inequality) d(€Q,£2;) <d(Q0,21)+d(£21,>).
e We consider three open sets domains in D: €; Vi € [0,2]. We denote by &) €
T (£29,€2)) the tube connecting ) to 21, and by & € T (£21,€,) the tube
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connecting £2; to £2,. Let us consider the piecewise C I tube defined, through
its characteristic function ¢ as follows:

5 B G(2t,x)  if 0<r<]

Cx) = { LRe—1,0) if L<i<d )
Consequently, the normal speed on the boundary I; is given by:

. _ 2vi(2t,x)  if 0<t<)

b(ex) = { 2n(2—1x) if l<i<l ©)

Now by construction { € .7 (Q9,£2,) is a tube connecting £ to €2, and we
get:

4(Q, D) S/Oé/nh?(t,xﬂdl"(x) dt+/;/n|1?(t,x)|d1"(x) di
S/Oé/E|2v1(2t,x)|d1"(x)dt+/;/rt2vz(2t—1,x)dF(x)dt

</01/E|v1(r7x)d1“(x) dr+/01/nvz(u7x)d1“(x) du
@)

and as vy (resp. vp) is the infimum in the definition of d(£2y,€;) (resp.
d(£21,£2,)) up to € > 0, then Ve € R’ we get:

d(Qo,Qz) Sd(ﬂo,gl)+d(ﬂl,gz)+28 (8)
O
1.1 Tube Formulation Using a Level Set Method

In this paper, we use a level set parameterization for the domain evolution. In this
method the moving domain €2, is defined by the set of points in D for which the level
set function @ is positive:

Q - {xeD|c1>(t,x)>0} )

We denote by @ the level set function of the domain €2, and by @; the level set
function of the domain €2;:

Qoz{xem|cb0(x)>0},.ol:{xeﬂ)\cpl(x)>o} (10)

Using the level set formulation, the set of connecting tubes between the initial domain
€ and the final domain £2; becomes:

%S(Q()ugl) = XQ; S CO(I_le(ID))

@(1,x) € L'(1,C°(D))
|
@ piecewise C? ®

)
(1,x) = @y (x) 1
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We consider a decomposition of the time interval / into a finite number of time intervals

in which the level set function @ is continuous. Therefore @ is piecewise C°, which

means that there exists an integer N and an increasing sequence: (fp =0 <1} < --- <

ty = 1) with a decomposition of the time interval as follows: [ = U I, where [, =
1<k<N

]l‘k7l‘k+1 [, such that:

e ) (12)

vk e [1N], (1,.)|
k

Definition 2. The metric d defined by the equation (@) can be expressed, in term of the
level set function @ as follows:

|0, D(1,x)]
d(Q0, Q) =  inf / / AT (x) dt 13
(€20, €21) DET5(Q0.Q1) L=o-1(0) [[VO(t,%)]| ) 4
Indeed, using the level set formulation we have the relations:
—Vo(1,x) Vo(t,x)
n(t,x) = , V(t,x) = =9, ®(t,x) (14)
[Vo(r,x) t IVo(r,x)|
Then the normal speed of the boundary I} turns into:
(9,<D(t7x)
v(t,x) = (V(t,x),n(t,x) )gn = (15)
IVo(r,x)|

where (.,.)gn denotes the inner product in R".

Assumption 1. The function d(€2y, Q1) expressed in term of the level set function @,
is also a metric.

1.2 Tube Formulation Using the Federer Theorem

In this section, we consider the tube formulation through the level set method described
previously, and we consider an approximation of the metric d using the Federer measure
decomposition theorem.

Theorem 1 (Federer measure decomposition). Let us consider a functional F€ L' (D),
and Yh > 0 the domain

U() = {xeD @) <k | (16)
Then we have:
+h F(x)
F(x)dx:/ (/ dF(x))dz (17)
/Uh(r) —n \Joi() [[Vx@ ()|
Corollary 1. Assuming the mapping:
F(x)
Z€ [=h, +h —>/ dr (18)
A o V00
to be continuous, we obtain:
F(x) 1
dr’(x) = F(x)dx+o(l),h— 0 (19)
/F [V ®(x)]| 2h Juy(r)
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Definition 3. Using the Federer measure decomposition theorem and according to the
previous corollary, we consider an approximation of the metric d denoted by d; and
defined as follows:

d,(€0,€21) = / / |0, @(t,x)| dx dt (20)
(D€7LS Q() Ql

Lemma 2. The approximation of the metric d(£2,82;), denoted d,(£20,821) is also a
metric.

Proof. We have to prove that the function d, (£, ) satisfies:

I. (Identity of indiscernibles) d,(£20,€21) =0 < £y = Q.

o If Q) = Q then ,® = 0 and d,, (2, 2;) = 0.

o If d,(£0,€;) = 0 that implies Vr € [0,1], d,@(¢,.) =0 in
D =Uo<i<1{t} x Up(I7) and that implies @ = ®(x) € Z,. Consequently, the
boundary I; e { xeD|d(x) =0 } does not depend on time, and €2y = €.

II. (Symmetry) d,(£20,Q1) =d,(£21,£).

e If we consider the backward tube ®(z,.) = ®(1 —1,.) € 7 (£,,y), that im-

plies 9, ®(t,.) = —3, ®(1 —1,.), and d;,(Q0,21) = d), (21, ).
I (Triangle inequality) d,(£20,2>) < d,(£20,921)+d,(21,£2).

e We assume three open sets domains in D : ; Vi € [0,2]. We denote by @, €
T15(€0,€21) the tube connecting ) to 21, and by @, € T} 5(21,£2,) the tube
connecting Q; to £2,. Let us consider the piecewise C' tube defined, through
its level set function @ as follows:

o @) i 0
®1,x) = { D2 —1,x) if

Consequently, the time derivative of level set function @ on the domain Uy, (I7)
is given by:

1
i 21

. - 20,01 (2t,x) if 0<r<)
AP(1,x)(1,%) = { 20,0,(2 — 1,x) if <1 22)
Now by construction @ € T1.5(£20,£2,) is a tube connecting £y to £, and we
get:

) 1

_ 11 _
dh(Qo,Qz)g/z \8,d§(t,x)\dxdt+/ / 10,B(1,%)| dx dt
0o 2 V' 2h Juy(n)

h Ju,(n) !

! 1
<! /2/ \2a,q>1(2r,x)|dxdr+/ / 120,®5 (21 — 1,x)|dx di
2h Uh ! h l

§/ / \8,¢1(rx)\dxdr+/ Zh/ |0; D2 (u,x) | dx du
h t
(23)
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and as @ (resp. @) is the infimum in the definition of d,(£,£2;) (resp.
d,(£21,£»)) up to € > 0. Then Ve € R, we get
dh(.Q(),.Qz) < dh(.Q(),.Ql) + dh(.Qh.Qz) +2¢& (24)
|

2 Shape Identification Problem

We address the question concerning the shape identification of a given smooth domain.
A commonly used approach in shape analysis consists in choosing a level set formula-
tion for the evolution of moving domain. The main advantage of a level set formulation
concerns the easy generation of topological changes during the evolution process.

2.1 Shape Identification Using a Level Set Method

Let us denote by Q. € D a smooth domain to identify and by )., its characteristic
function satisfying: yo, € H'(D), 0 < s < ; Following [[]], the evaluation of the dis-
tance between the given domain €2, and the moving domain £2; is made by the use of a
metric associated to the Hilbert space H*® denoted &5(€Q, £, ) and defined by:

1
Vs €]0, 2[7 8,(£2,0.) = [ 22 — xa. ”H‘Y(D)
I xe = xa. o) + lxe — 2e.

(25)

A

where
Ixal? = [ [ 1xa() - xa)P Glx.y) dxdy 26)
DJD

and where the kernel function defined by: G(x,y) = |x — y|~(*+2%)

diagonal A = { (x,x) CDxD,xe€D}.

is singular on the

2.1.1 Shape Analysis via the Speed Method

Finally, we use the concept of speed method from shape analysis to compute the
shape derivative of the metric &5(€2, £2.) which corresponds to a gradient direction for
the underling shape optimization problem:

min 05(Q2,0.) (27)

Definition 4. Let us consider an open set domain Q where I’ = 9 is of class C'.
We define the eulerian derivative of the functional J in the direction of a perturbation
vector field W € C} (D; D) by

AI(I(t+¢))
de

Lemma 3. The funtional 8,(Q2,€.) is shape derivative for perturbation vector fields
V € C}(D, D), and expressed as follows:

dJ(I;,W) = (28)

e=0



Galerkin Strategy for Level Set Shape Analysis 175
d6,((2.Q.):V) = /F F(x) (V(0,x),n(x))sn dT"(x) 29)
where dI is the arclength measure on I and where:

oo 1l [ [1-220.0) +2[20.0) - 20.0] | Gr.y) dy

- 2|lxa — 2. lxm) 12 — xa.lls
(30)

Proof. See [1]. O

2.2 Shape Identification Using a Galerkin-Level Set Strategy

Generally, the parameterization of the level set function @ is done by the oriented dis-
tance function denoted b, , see for references:

D(t,x) = —bg,(x) (31)
where b (x) is also called signed distance function and is defined as follows:

bo(x) =dg(x) —dpo(x) with da(x) = ylg/l; ly — x| (32)

The choice of the oriented distance function for the parameterization of the level set
function can be necessary for having a high accuracy of the boundary approximation.
However, the choice of the oriented distance function implies an expansive compu-
tational cost owing to the complexity of its evaluation and imposes a reinitialization
during the evolution process. Consequently, according to the fact that in this paper we
focus on topological changes without considering the approximation of the boundary
as an essential point, we use a new approach called Galerkin-Level Set method.

2.2.1 Galerkin-Level Set Strategy
The Galerkin-Level Set strategy consists in parameterizing the level set function in a
finite dimensional subspace &, spanned by linear independent functions defined over D

: & ={Ej,...,En}. We denote by A(r) = (ll ®),... 7)um(t)> the parameter vector of
the Galerkin decomposition of @ in the basis &

O(x) = 3 W) E) (33)
k=1

Consequently, using the Galerkin decomposition of the level set function, the parame-
terization of the moving domain  (¢) is defined as follows:

M=

Q) = {xeD | ®(t,x) = M(t) Ex(x) >0} (34)

k=1
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2.2.2 Level Set Equation

In alevel set formulation, the moving domain evolves by advecting the level set function
@ following the flow of the shape gradient. Then, in a traditional level set formulation,
the transport equation is a Partial Differential Equation (PDE) of Hamilton-Jacobi type:

{a, O(t,x)+pF)|VOEx)| =0, p>0 35)

@(0,x) = @y(x), (t,x) €[0,7] x £

Remark 1. The main advantage of the Galerkin-Level Set method compared to the tra-
ditional level set formulation concerns the level set equation that turns, in the Galerkin-
Level Set method, into a system of ordinary differential equations.

Lemma 4. Using the Galerkin-Level Set strategy (34)), the level set equation turns into
a system of m ordinary differential equations:

GA({t)+p F(t,x) =0, p>0 (36)
A(O) = Ao, (l‘p{)E[O,T]XQ,

where

Flr o) — F(x) F(x)
F(1,x) = (/E||V®<t7x)||E1(x)dF(x)7...,/E ||V®<t7x)||Em(x)dF(x)> (37)

Proof. According to the Galerkin-Level Set strategy, consisting in the decomposition
of function @ (33), the shape derivative of the functional & (€2, £2,) with respect to the
vector of parameters A (¢) turns into:

d&((2,2,):V) = ; ) A1) /F ”V(p )”dr(x) (38)

where only the vector of parameters A(7) depends on time. A sufficient condition to
decrease the shape gradient is to choose:

ke [,m], Vo eR:, ak(r) p/ Flx arx) (39
o | Vd’ ) |
Finally, considering the level set equation we obtain a system of m ordinary differential

equations (36). O

Corollary 2. Substituting the approximation of the boundary integral calculus from the
equation ([[9), into the system of m ordinary differential equations (372), we obtain an
approximation of the vector .7 defined as follows:

= (1 1
Ft,x) = <2h /Uh(mF(x)El(x)dx,...,Zh . F(x)Em(x)dx> (40)

Note that in this new formulation the main advantage is that the denominator term
IV®@(x)|| has been eliminated.
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From now, we use the previous corollary for the level set equation and we consider the
following algorithm.

Algorithm 1

I. Initialization: Choose an initial vector of parameters Ag = (A7,...,A0). Initialize
the level set function @ (x) = ¥7° | A Ej(x). Set k = 0.

II. Shape gradient direction: Find the tubular neighborhood Uy(I, ) of the zero level

set I;, of the actual level set function @(#,x). Compute .7 (fx, x) from the equation

L. Update: Perform a time step in the level set equation (36) to update A(z). Let
A(fx41) denote this update: A (tx41) = A(tx) —p % (t,x) , p > 0. Update the func-
tion (D(tk—H 7)() = z’ln:] Al(lk_;,_l)El(X). Set k =k+ 1 and go to 2.

2.3 Numerical Experiment

We present a numerical experiment based on the algorithm 1 for a 3D shape identifi-
cation problem using the Galerkin-Level Set method described in the previous section.
In this numerical experiment, the given domain €2, to identify is the gray matter of a
human brain. We consider a Galerkin-Level Set expansion of the level set function @ in
Fourier series of dimension m = 253; note that in this 3D case the level set function @ is
in R*. We start with a smooth initial domain £, corresponding to the lower frequency
of the Fourier series: see left-hand picture in Fig.[2l The algorithm detects the contour
of the human brain after only 8 iterations.

3 Geodesic Tube Formulation Using Moving Domain

3.1 Tube Formulation Using a Galerkin Strategy

The tube path between €2y and €2; is made by a Galerkin-Level Set approach. The
moving domain £, of the tube evolution defined by the equation (I)) is parameterized
by the Galerkin-Level Set formulation and defined as follows:

M=

Q) = {xeD | &(r,x) = M(r) Ex(x) >0} (41)

k=1

where A (1) = (A1(1),..., An(t) ) € R™ is the vector of parameters in the Galerkin expan-
sion of the level set function. The first step consists in identifying the initial domain €2
and the final domain €; through the research of the parameters Ag = (A?,...,10) e R
and A; = (4},...,4)) € R™ which satisfy the equations:

=Y MEx), 2 A Ep(x (42)

Thus, the feasible set of connecting tubes between €2y and £2; through the Galerkin-
Level Set formulation turns into:

o= fanewar, (UTRY
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Fig. 2. Shape identification of gray matter of human brain using a Galerkin-Level Set method

Remark 2. The feasible set of connecting tubes between €y and €| is not empty. In-
deed, if we consider the vector of parameters A(t) as a convex combination of Ay and
Ay A(t) = At + Ao (1 —1), we have A(t) € Ty (£20,821). Moreover, the parameters
A(1) defined as a convex combination of Ay and A, generate an admissible tube that
we use for the initialization during the tube optimization process.

3.2 Geodesic Tube Construction between Two Domains

We focus on the construction of an optimal tube connecting the initial domain €2 to
the final domain €21, this optimal tube is also called a geodesic tube. The question is to
determine, through the use of shape metrics d (€, Q) and d;,(£y,£2;), which tube is
an optimal tube among all those tubes in the admissible set (see Fig.[3).

Let us consider the metrics d and d;, defined by @) and 20) that we can rewrite as
follows:

1
d(Qy, Q) = inf / J(I7) dt
(£, ) (156%151(190,91) 0 (t) (44)

1
dp(Q0,2)) = inf / J,(I7) dt
w0, ) (156%151(190,91) 0 h( t)
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Fig. 3. Different continuous tubes between €2 and

where the functionals J ( ) and Jh( ) are defined by:

_ [ [0 ®(,x)]
/1? [v(t,x)| dI(x) = [V, dr(x)

1
WE) =, /Uh(m 19, B(1,%)] dx

~
—
=
~
I

(45)

Then, in order to solve the problem concerning the geodesic tube, that is to say to
compute the metrics d or d;, defined by (@4), we use a gradient method based on the
computation of the shape derivative.

Lemma 5. According to (28), the eulerian derivative of the functional J in the direction
of a perturbation vector field W € C} (D; D) is:

dJ(I;, W) :/ 2l +en)|  dr()

I; —
(46)
+/E {alvg’;x)l +H(t,x)|v(t,x)|]<W(t’x)’n(t7x)>Rn ()

where H is the mean curvature. Using the level set formulation the eulerian derivative
of the functional J turns into:

sign (o, @) 1
dJ(ILW):/E Vo 2%(a®)|  ~1a9 AR ACTI
Vo V(9,®) Vo [ D& Vo
+ | —sign(d,@ . + 2|0, @
( 109 9y el * 2% vey | vl ve) |-
10,0 e ®
— AD dI'(x
vol2 ) ve |1

(47)

Proof. According to the equation ([@8)), the eulerian derivative of the functional J;, in
the direction of a perturbation vector field W turns into:
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a0
delvit+enl| = ag(”Vq)”) .
_ sign(d, D) 1
= el ag(a,q>)]£=0+ag(”vq)”)\ 10, @|
_ sign(d, @) B 1
= v ag(a,q>)]£:0 5] g VOV
(48)
and
v(t, )| Vo /o9 VO [0, D|
o THME = 00 V(190)) + V- (va)) jve) @2
Vo _ /|0, 1 AD 719, D|
o val) ¥ L (va)) Y2 vay | [ve|
_ —Vo V(|g ) Vo 1 |0, D|
“ et vl 22 ey (ver) - wept®
— sign(,®) Vo V(9,®)
TR ve | ve
Vo D’® Vo |0, @
+2020 10| vale - jval ] ~ jvoyr A2
O

Lemma 6. According to (28), the eulerian derivative of the functional Jy, in the direc-
tion of a perturbation vector field W € C}(D; D) is:
Ay (I, W) = 2 o [ [2(800+e0)]|_ proba )] ax
(51)
o [ [0 @013 (proba,(0)] ]
»+1 ifxe[—h,0]
where the function py, is defined by: p,(x) = ¢ * + 1 ifx € [0,h]
0 ifx € R\ [—h,h

Proof. Due to the fact that pj o b, (x) ‘F = 1, and using the fact that supp(ppobgq,) C

U,(I;) we can rewrite the functional J;, as follows

1
I = Zh/D\a,@(z,x)\p,,obg,(x) dx (52)

Consequently, the eulerian derivative of the functional J, turns into the equation (3I))
where:

2 (10, (1§(t—|—8,x)|)’ — sign(d, ) 9 (3, D(t,x)) (53)

e=0
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Using ¢ (bg,(x)) + Vbg,(x).Wop =0 and Vbg, (x) =n(t,x), we get

%(Proba, ()| _ = Phoba () % (ba ()

= —ppobg,(x) (W, n)gn (54)

a;.:@
= —pjobg,(x
hobal) yg)

The derivative of the function py,(x) is defined by:

/ —J 1
pj(x) = , ifx€[0,h] 0 if x € R\ [—h,h]

b ifx€[=h,0 :{;,(1—2xg,<x)) ifxe Uy(Iy)
0 ifxeR\[~h,A

Finally, we get for the eulerian derivative of the functional Jj in the direction of a
perturbation vector field W € C} (D; D):

Al W) = 21;1/]@ [5ign(3,®) (9 @(1.0)) | proba, ()] dx

O D

(55)
1 I
_ 2h/D[|afq><ux>\phobg,<x) ”V(p”}dx

3.2.1 Polynomial Decomposition of the Parameter A (¢)

We continue the study of a geodesic tube through a tube formulation using a Galerkin-
Level set strategy. Consequently, A (1) € 4 (£29,£2;) represents the parameters of the
optimization process. For complexity reason, we consider a polynomial decomposition
of the parameter A (r) as follows:

M=

A1) = Pa(t) A1 + (1= Po(t)) Ao, Palt) = 3 oieift) (56)
where oo = (0y,...,0n) are the coefficients of the decomposition of the polynomial
Py (t) in the basis {e;(¢),...,em(t)}. Consequently, the feasible set of connecting tubes
defined by @3) with initial and final conditions on A(¢) turns into a feasible set with
initial and final conditions on the polynomial P, defined as follows:

_ m | Pa(0)=0
ya(gmgl)—{aER 9 |:PO((1):1 (57)
Let us consider the metrics d and dj, defined by (@) and 20) that we can rewrite as
follows:

1
d(y,) = inf J(L) dt
(0. 2) = _int /0 (1) -

1
dp(£2,€21) = inf Jn(I7) dt
h(€0,€21) ae%l?ﬂo,ﬂl)/o h( t)
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where the functionals J(I7) and J, (I7) are defined by:

@1 (x) — Do ()|
= |Pa(t) / HV@H dr(x)

" (59)
() - 'Pgﬁl)‘ [ o) = o

Then, in order to solve the problem concerning the geodesic tube, that is to say to
compute the metrics d or d;, defined by (38), we use a gradient method based on the
computation of the shape derivative.

Assumption 2. The shape derivative of the functional J defined by ([8) can be rewrit-
ten as follows:

dJ (ot + €h)

arnw) = 1%

o = (h, VJ(I;) )gm (60)

where Yi € [1,M] :

(VI(T)), = éi(t) sign(Pa(t / |1 (x ||V@(|I|)O(X)| dr(x) o
vamlral. [ 0T K are
and
K(rx) = V@.(leJ']é);))”—zV(Dg(x))
2@ (x) — Do) |I§ZII ]| Hg;qiz . Hzgll] 62)

AD
- ((pl (X) - (DU(X)) ||V§D||2

Assumption 3. The shape derivative of the functional Jy, defined by (31)) can be rewrit-
ten as follows:

dJy (ot + €h)

dIy(I;,W) = P

o (h, VIu(I7) Ypm (63)

where Vi € [1,M] :

(), = senltal0) [ 10n0) - @uto] ax

h t

= o] [ (1200 01 - (64)

(@1 (x) — Do (x ))

dx
Vo

Dy (x)|
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Algorithm 2

I. Imitialization: Choose an initial vector of parameters A (¢) defined by (36) which
generate an admissible connecting tube between €2y and €2; through the choice of
the parameter «. Initialize the level set function
D(t,x) = Py (1) D1 (x) + (1 — Py(t)) Do (x). Set k=0.

II. Shape gradient direction: For every 7 € I, find the tubular neighborhood U, (I7)
of the zero level set I; of the actual level set function @(¢,x). Compute VJ,(I;)
from the equation (64)).

III. Update:
e Perform a time step to update c.
e Let ™ denote this update: ot = ot — p fol VJ,(I})dt , p > 0.
e Update the function @ (,x) = P+ (1) @y (x) + (1 — Py (1)) Do(x).
e Setk=k+1and go to (2).

iterntion 0 :J = 157.9299 iteration 1 :J = 148.3238 Hermtion 2 ©J « 1406641 iteration 7 :J = 129.2464

Fig. 5. Distribution of the functional values Jj,(I7) for tube obtained during the optimization pro-
cess of Fig. [
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3.3 Numerical Experiment of a Geodesic Tube Construction

We present a numerical experiment based on the algorithm 2 for a 3D tube optimiza-
tion. Fig. @ shows tubes obtained during the optimization process for different iterations.
From Fig. [3f we can see that the tube obtained after seven iterations has a more homo-
geneous distribution of the functional values Jj,(I7) compared to the initial tube. The
result of this optimization process is the construction of a smoother tube than the initial
tube.
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