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Abstract. In this paper, we consider the geodesic tube characterization using
a Galerkin-Level Set strategy. The first section is devoted to the analysis of a
geodesic tube construction between two sets through the definition of the shape
metric. In the second section, we define the Galerkin-Level Set strategy in shape
analysis. This new variational formulation associated to a Hilbert space metric
for shape identification problem consists in parameterizing the level set func-
tion in a finite dimensional subspace spanned by linear independent functions.
Consequently, this method is more focused on topological changes than on high
accuracy for the boundary evaluation as in a traditional level set formulation. In
the third section, we use the Galerkin-Level Set formulation applied to a geodesic
tube construction between two sets, through the calculus of the shape derivative
of the normal speed. Finally, this geodesic tube construction is validated by a
numerical experiment.

1 Tube Formulation Using Moving Domain

In this section, we briefly recall the concept of connecting tube, introduced in [6]. Let
us consider D as a bounded universe in R

n and two open sets domains Ω0, Ω1 ⊂ D.
We denote the initial domain by Ω0 and the final domain by Ω1, and consider the tube
connecting Ω0 with Ω1 defined by the n + 1 dimensional graph of an n-dimensional
moving domain: see Fig. 1. Consequently, considering the time interval I = [0,1], we
define the tube evolution Q by product space, using the cylinder I ×Ω as follows:

Q =
⋃

0≤t≤1

{t}×Ωt (1)

Moreover, we denote by Σ the lateral boundary of the tube, defined by the following
expression: Σ =

⋃
0≤t≤1{t}×Γt, where Γt denotes the boundary of Ωt . The characteris-

tic function of the tube is defined by ζ (t,x)
de f
= χΩt (x) and verifies ζ 2 = ζ . Following

[4,5], the set of connecting tubes between Ω0 and Ω1 is defined by:

T (Ω0,Ω1) =
{

ζ ∈ L∞(I×D) and piecewise C1 ,

[
ζ (0) = χΩ0

ζ (1) = χΩ1

}
(2)

A. Korytowski et al. (Eds.): System Modeling and Optimization, IFIP AICT 312, pp. 169–184, 2009.
© IFIP International Federation for Information Processing 2009



170 L. Blanchard and J.-P. Zolésio

Fig. 1. Continuous tube between Ω0 and Ω1

The outgoing unitary normal vector field on the lateral boundary of the tube Σ is
defined by

ν(t,x) =
1√

1 + v(t,x)2

(−v(t,x)
n(t,x)

)
(3)

where n(t,x) is the normal field to Γt and v(t,x) is an intrinsic geometric entity called
the normal speed of the boundary Γt .

Definition 1. In order to characterize the minimal tube path between Ω0 and Ω1, we
introduce the function:

d(Ω0,Ω1) = inf
ζ∈T (Ω0,Ω1)

∫ 1

0

∫

Γt

|v(t,x)| dΓ (x) dt (4)

Lemma 1. The function d(Ω0,Ω1) is a metric.

Proof. We have to prove that the function d(Ω0,Ω1) satisfies:

I. (Identity of indiscernibles) d(Ω0,Ω1) = 0 ⇔ Ω0 = Ω1.

• If Ω0 = Ω1 then v = 0 and d(Ω0,Ω1) = 0.
• If d(Ω0,Ω1) = 0 that implies ∀t ∈ [0,1] , v(t, .) = 0 and the time space normal

(3) is ν(t, .) = (0,n(t, .)). Then the tube is a cylinder and the domain Ωt does
not depend on time, consequently Ω0 = Ω1.

II. (Symmetry) d(Ω0,Ω1) = d(Ω1,Ω0).
• If we consider the backward tube ζ̂ (t) = ζ (1− t) ∈ T (Ω1,Ω0), that implies

v̂(t, .) = −v(1− t, .), and consequently d(Ω0,Ω1) = d(Ω1,Ω0).
III. (Triangle inequality) d(Ω0,Ω2) ≤ d(Ω0,Ω1)+ d(Ω1,Ω2).

• We consider three open sets domains in D: Ωi ∀i ∈ [0,2]. We denote by ζ1 ∈
T (Ω0,Ω1) the tube connecting Ω0 to Ω1, and by ζ2 ∈ T (Ω1,Ω2) the tube
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connecting Ω1 to Ω2. Let us consider the piecewise C1 tube defined, through
its characteristic function ζ̂ as follows:

ζ̂ (t,x) =
{

ζ1(2t,x) if 0 ≤ t ≤ 1
2

ζ2(2t −1,x) if 1
2 ≤ t ≤ 1

(5)

Consequently, the normal speed on the boundary Γt is given by:

v̂(t,x) =
{

2v1(2t,x) if 0 ≤ t ≤ 1
2

2v2(2t −1,x) if 1
2 ≤ t ≤ 1

(6)

Now by construction ζ̂ ∈ T (Ω0,Ω2) is a tube connecting Ω0 to Ω2 and we
get:

d(Ω0,Ω2) ≤
∫ 1

2

0

∫

Γt

|v̂(t,x)|dΓ (x) dt +
∫ 1

1
2

∫

Γt

|v̂(t,x)|dΓ (x) dt

≤
∫ 1

2

0

∫

Γt

|2v1(2t,x)|dΓ (x) dt +
∫ 1

1
2

∫

Γt

|2v2(2t −1,x)|dΓ (x) dt

≤
∫ 1

0

∫

Γt

|v1(r,x)|dΓ (x) dr +
∫ 1

0

∫

Γt

|v2(u,x)|dΓ (x) du

(7)

and as v1 (resp. v2) is the infimum in the definition of d(Ω0,Ω1) (resp.
d(Ω1,Ω2)) up to ε > 0, then ∀ε ∈ R

∗
+ we get:

d(Ω0,Ω2) ≤ d(Ω0,Ω1) + d(Ω1,Ω2) + 2ε (8)
�	

1.1 Tube Formulation Using a Level Set Method

In this paper, we use a level set parameterization for the domain evolution. In this
method the moving domain Ωt is defined by the set of points in D for which the level
set function Φ is positive:

Ωt =
{

x ∈ D | Φ(t,x) > 0
}

(9)

We denote by Φ0 the level set function of the domain Ω0, and by Φ1 the level set
function of the domain Ω1:

Ω0 =
{

x ∈ D | Φ0(x) > 0
}

, Ω1 =
{

x ∈ D | Φ1(x) > 0
}

(10)

Using the level set formulation, the set of connecting tubes between the initial domain
Ω0 and the final domain Ω1 becomes:

TLS(Ω0,Ω1) =

⎧
⎨

⎩

Φ(t,x) ∈ L1(I,C0(D̄))
χΩt ∈ C0(Ī,L1(D))
Φ piecewise C0

,

[
Φ(0,x) = Φ0(x)
Φ(1,x) = Φ1(x)

⎫
⎬

⎭ (11)
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We consider a decomposition of the time interval I into a finite number of time intervals
in which the level set function Φ is continuous. Therefore Φ is piecewise C0, which
means that there exists an integer N and an increasing sequence: (t0 = 0 < t1 < · · · <
tN = 1) with a decomposition of the time interval as follows: I =

⋃

1≤k≤N

Īk where Ik =

]tk,tk+1[, such that:

∀k ∈ [1,N] , Φ(t, .)
∣∣∣
Ik
∈ C0(Ik) (12)

Definition 2. The metric d defined by the equation (4) can be expressed, in term of the
level set function Φ as follows:

d(Ω0,Ω1) = inf
Φ∈TLS(Ω0,Ω1)

∫ 1

0

∫

Γt=Φ−1(0)

|∂t Φ(t,x)|
‖∇Φ(t,x)‖ dΓ (x) dt (13)

Indeed, using the level set formulation we have the relations:

n(t,x) =
−∇Φ(t,x)
‖∇Φ(t,x)‖ , V(t,x) = −∂tΦ(t,x)

∇Φ(t,x)
‖∇Φ(t,x)‖ (14)

Then the normal speed of the boundary Γt turns into:

v(t,x) = 〈V(t,x) , n(t,x)〉Rn =
∂tΦ(t,x)
‖∇Φ(t,x)‖ (15)

where 〈., .〉Rn denotes the inner product in R
n.

Assumption 1. The function d(Ω0,Ω1) expressed in term of the level set function Φ ,
is also a metric.

1.2 Tube Formulation Using the Federer Theorem

In this section, we consider the tube formulation through the level set method described
previously, and we consider an approximation of the metric d using the Federer measure
decomposition theorem.

Theorem 1 (Federer measure decomposition). Let us consider a functional F∈L1(D),
and ∀h > 0 the domain

Uh(Γt) =
{

x ∈ D | ‖Φ(t,x)‖ < h
}

(16)

Then we have:
∫

Uh(Γ )
F(x)dx =

∫ +h

−h

(∫

Φ−1(z)

F(x)
||∇xΦ(x)|| dΓ (x)

)
dz (17)

Corollary 1. Assuming the mapping:

z ∈ [−h, +h] →
∫

Φ−1(z)

F(x)
||∇xΦ(x)|| dΓ (18)

to be continuous, we obtain:
∫

Γ

F(x)
||∇xΦ(x)|| dΓ (x) =

1
2h

∫

Uh(Γ )
F(x)dx + o(1), h → 0 (19)



Galerkin Strategy for Level Set Shape Analysis 173

Definition 3. Using the Federer measure decomposition theorem and according to the
previous corollary, we consider an approximation of the metric d denoted by dh and
defined as follows:

dh(Ω0,Ω1) = inf
Φ∈TLS(Ω0,Ω1)

∫ 1

0

1
2h

∫

Uh(Γt )
|∂t Φ(t,x)| dx dt (20)

Lemma 2. The approximation of the metric d(Ω0,Ω1), denoted dh(Ω0,Ω1) is also a
metric.

Proof. We have to prove that the function dh(Ω0,Ω1) satisfies:

I. (Identity of indiscernibles) dh(Ω0,Ω1) = 0 ⇔ Ω0 = Ω1.
• If Ω0 = Ω1 then ∂tΦ = 0 and dh(Ω0,Ω1) = 0.
• If dh(Ω0,Ω1) = 0 that implies ∀t ∈ [0,1] , ∂tΦ(t, .) = 0 in

Dh =
⋃

0≤t≤1{t}×Uh(Γt) and that implies Φ = Φ(x) ∈Dh. Consequently, the

boundary Γt
de f
=
{

x ∈D | Φ(x) = 0
}

does not depend on time, and Ω0 = Ω1.

II. (Symmetry) dh(Ω0,Ω1) = dh(Ω1,Ω0).
• If we consider the backward tube Φ̂(t, .) = Φ(1− t, .) ∈ T (Ω1,Ω0), that im-

plies ∂tΦ̂(t, .) = −∂tΦ(1− t, .), and dh(Ω0,Ω1) = dh(Ω1,Ω0).
III. (Triangle inequality) dh(Ω0,Ω2) ≤ dh(Ω0,Ω1)+ dh(Ω1,Ω2).

• We assume three open sets domains in D : Ωi ∀i ∈ [0,2]. We denote by Φ1 ∈
TLS(Ω0,Ω1) the tube connecting Ω0 to Ω1, and by Φ2 ∈TLS(Ω1,Ω2) the tube
connecting Ω1 to Ω2. Let us consider the piecewise C1 tube defined, through
its level set function Φ as follows:

Φ̄(t,x) =
{

Φ1(2t,x) if 0 ≤ t ≤ 1
2

Φ2(2t −1,x) if 1
2 ≤ t ≤ 1

(21)

Consequently, the time derivative of level set function Φ on the domain Uh(Γt)
is given by:

∂tΦ̄(t,x)(t,x) =
{

2∂tΦ1(2t,x) if 0 ≤ t ≤ 1
2

2∂tΦ2(2t −1,x) if 1
2 ≤ t ≤ 1

(22)

Now by construction Φ̄ ∈ TLS(Ω0,Ω2) is a tube connecting Ω0 to Ω2 and we
get:

dh(Ω0,Ω2)≤
∫ 1

2

0

1
2h

∫

Uh(Γt )
|∂tΦ̄(t,x)|dx dt +

∫ 1

1
2

1
2h

∫

Uh(Γt )
|∂tΦ̄(t,x)|dx dt

≤ 1
2h

[∫ 1
2

0

∫

Uh(Γt )
|2∂tΦ1(2t,x)|dx dt +

∫ 1

1
2

∫

Uh(Γt )
|2∂tΦ2(2t −1,x)|dx dt

]

≤
∫ 1

0

1
2h

∫

Uh(Γt)
|∂tΦ1(r,x)|dx dr +

∫ 1

0

1
2h

∫

Uh(Γt )
|∂tΦ2(u,x)|dx du

(23)
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and as Φ1 (resp. Φ2) is the infimum in the definition of dh(Ω0,Ω1) (resp.
dh(Ω1,Ω2)) up to ε > 0. Then ∀ε ∈ R

∗
+, we get

dh(Ω0,Ω2) ≤ dh(Ω0,Ω1) + dh(Ω1,Ω2) + 2ε (24)

�

2 Shape Identification Problem

We address the question concerning the shape identification of a given smooth domain.
A commonly used approach in shape analysis consists in choosing a level set formula-
tion for the evolution of moving domain. The main advantage of a level set formulation
concerns the easy generation of topological changes during the evolution process.

2.1 Shape Identification Using a Level Set Method

Let us denote by Ω∗ ∈ D a smooth domain to identify and by χΩ∗ , its characteristic
function satisfying: χΩ∗ ∈ Hs(D) , 0 < s < 1

2 . Following [1], the evaluation of the dis-
tance between the given domain Ω∗ and the moving domain Ωt is made by the use of a
metric associated to the Hilbert space Hs denoted δs(Ω ,Ω∗) and defined by:

∀s ∈]0,
1
2
[ , δs(Ω ,Ω∗) = ‖χΩ − χΩ∗ ‖Hs(D)

= ‖χΩ − χΩ∗ ‖L2(D) + ‖χΩ − χΩ∗ ‖s

(25)

where
‖χΩ‖2

s =
∫

D

∫

D

|χΩ (x)− χΩ (y)|2 G(x,y) dxdy (26)

and where the kernel function defined by: G(x,y) = |x− y|−(n+2s) is singular on the
diagonal Δ = {(x,x) ⊂ D×D, x ∈ D}.

2.1.1 Shape Analysis via the Speed Method
Finally, we use the concept of speed method from shape analysis [3] to compute the
shape derivative of the metric δs(Ω ,Ω∗) which corresponds to a gradient direction for
the underling shape optimization problem:

min
Ω∈D

δs(Ω ,Ω∗) (27)

Definition 4. Let us consider an open set domain Ω where Γ = ∂Ω is of class C1.
We define the eulerian derivative of the functional J in the direction of a perturbation
vector field W ∈C1

0(D;D) by

dJ(Γt ,W) =
∂J
(
Γ (t + ε)

)

∂ε

∣∣∣
ε=0

(28)

Lemma 3. The funtional δs(Ω ,Ω∗) is shape derivative for perturbation vector fields
V ∈C1

0(D,D), and expressed as follows:
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d δs
(
(Ω ,Ω∗);V

)
=
∫

Γ
F(x)〈V(0,x),n(x)〉Rn dΓ (x) (29)

where dΓ is the arclength measure on Γ and where:

F(x) =
1−2χΩ∗(x)

2‖χΩ − χΩ∗ ‖L2(D)
+

∫

D

[
1−2χΩt(y) + 2

[
χΩ∗(y)− χΩ∗(x)

]]
G(x,y)dy

‖χΩ − χΩ∗ ‖s

(30)

Proof. See [1]. �	

2.2 Shape Identification Using a Galerkin-Level Set Strategy

Generally, the parameterization of the level set function Φ is done by the oriented dis-
tance function denoted bΩt , see [2,3] for references:

Φ(t,x) = −bΩt (x) (31)

where bΩ (x) is also called signed distance function and is defined as follows:

bΩ (x) = dΩ (x) − d�Ω (x) with dA(x) = inf
y∈A

|y− x| (32)

The choice of the oriented distance function for the parameterization of the level set
function can be necessary for having a high accuracy of the boundary approximation.
However, the choice of the oriented distance function implies an expansive compu-
tational cost owing to the complexity of its evaluation and imposes a reinitialization
during the evolution process. Consequently, according to the fact that in this paper we
focus on topological changes without considering the approximation of the boundary
as an essential point, we use a new approach called Galerkin-Level Set method.

2.2.1 Galerkin-Level Set Strategy
The Galerkin-Level Set strategy consists in parameterizing the level set function in a
finite dimensional subspace E , spanned by linear independent functions defined over D

: E = {E1, . . . ,Em}. We denote by Λ(t) =
(

λ1(t), . . . ,λm(t)
)

the parameter vector of

the Galerkin decomposition of Φ in the basis E :

Φ(t,x) =
m

∑
k=1

λk(t)Ek(x) (33)

Consequently, using the Galerkin decomposition of the level set function, the parame-
terization of the moving domain Ω(t) is defined as follows:

Ω(t) =
{

x ∈ D | Φ(t,x) =
m

∑
k=1

λk(t) Ek(x) > 0
}

(34)
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2.2.2 Level Set Equation
In a level set formulation, the moving domain evolves by advecting the level set function
Φ following the flow of the shape gradient. Then, in a traditional level set formulation,
the transport equation is a Partial Differential Equation (PDE) of Hamilton-Jacobi type:

{
∂t Φ(t,x)+ ρ F(x)‖∇Φ(t,x)‖ = 0 , ρ > 0

Φ(0,x) = Φ0(x) , (t,x) ∈ [0,τ]×Ωt
(35)

Remark 1. The main advantage of the Galerkin-Level Set method compared to the tra-
ditional level set formulation concerns the level set equation that turns, in the Galerkin-
Level Set method, into a system of ordinary differential equations.

Lemma 4. Using the Galerkin-Level Set strategy (34), the level set equation turns into
a system of m ordinary differential equations:

{
∂t Λ(t) + ρ F (t,x) = 0 , ρ > 0

Λ(0) = Λ0 , (t,x) ∈ [0,τ]×Ωt
(36)

where

F (t,x) =

( ∫

Γt

F(x)
‖∇Φ(t,x)‖E1(x)dΓ (x), . . . ,

∫

Γt

F(x)
‖∇Φ(t,x)‖Em(x)dΓ (x)

)
(37)

Proof. According to the Galerkin-Level Set strategy, consisting in the decomposition
of function Φ (33), the shape derivative of the functional δs(Ω ,Ω∗) with respect to the
vector of parameters Λ(t) turns into:

d δs
(
(Ω ,Ω∗) ; V

)
=

m

∑
k=1

∂tλk(t)
∫

Γt

F(x)
Ek(x)

‖ ∇Φ(t,x) ‖ dΓ (x) (38)

where only the vector of parameters Λ(t) depends on time. A sufficient condition to
decrease the shape gradient is to choose:

∀k ∈ [1,m], ∀ρ ∈ R
∗
+ , ∂tλk(t) = −ρ

∫

Γt

F(x)
Ek(x)

‖ ∇Φ(t,x) ‖ dΓ (x) (39)

Finally, considering the level set equation we obtain a system of m ordinary differential
equations (36). �	
Corollary 2. Substituting the approximation of the boundary integral calculus from the
equation (19), into the system of m ordinary differential equations (37), we obtain an
approximation of the vector F defined as follows:

F̃ (t,x) =

(
1
2h

∫

Uh(Γt )
F(x)E1(x)dx, . . . ,

1
2h

∫

Uh(Γt)
F(x)Em(x)dx

)
(40)

Note that in this new formulation the main advantage is that the denominator term
‖∇Φ(x)‖ has been eliminated.
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From now, we use the previous corollary for the level set equation and we consider the
following algorithm.

Algorithm 1

I. Initialization: Choose an initial vector of parameters Λ0 = (λ 0
1 , . . . ,λ 0

m). Initialize
the level set function Φ0(x) = ∑m

l=1 λ 0
l El(x). Set k = 0.

II. Shape gradient direction: Find the tubular neighborhoodUh(Γtk) of the zero level
set Γtk of the actual level set function Φ(tk,x). Compute F̃ (tk,x) from the equation
(40).

III. Update: Perform a time step in the level set equation (36) to update Λ(tk). Let
Λ(tk+1) denote this update: Λ(tk+1)= Λ(tk)−ρ F̃ (tk,x) , ρ > 0. Update the func-
tion Φ(tk+1,x) = ∑m

l=1 λl(tk+1)El(x). Set k = k + 1 and go to 2.

2.3 Numerical Experiment

We present a numerical experiment based on the algorithm 1 for a 3D shape identifi-
cation problem using the Galerkin-Level Set method described in the previous section.
In this numerical experiment, the given domain Ω∗ to identify is the gray matter of a
human brain. We consider a Galerkin-Level Set expansion of the level set function Φ in
Fourier series of dimension m = 253; note that in this 3D case the level set function Φ is
in R

4. We start with a smooth initial domain Ωt=0 corresponding to the lower frequency
of the Fourier series: see left-hand picture in Fig. 2. The algorithm detects the contour
of the human brain after only 8 iterations.

3 Geodesic Tube Formulation Using Moving Domain

3.1 Tube Formulation Using a Galerkin Strategy

The tube path between Ω0 and Ω1 is made by a Galerkin-Level Set approach. The
moving domain Ωt of the tube evolution defined by the equation (1) is parameterized
by the Galerkin-Level Set formulation and defined as follows:

Ω(t) =
{

x ∈ D | Φ(t,x) =
m

∑
k=1

λk(t) Ek(x) > 0
}

(41)

where Λ(t)= (λ1(t), . . . ,λm(t))∈R
m is the vector of parameters in the Galerkin expan-

sion of the level set function. The first step consists in identifying the initial domain Ω0

and the final domain Ω1 through the research of the parameters Λ0 = (λ 0
1 , . . . ,λ 0

m )∈R
m

and Λ1 = (λ 1
1 , . . . ,λ 1

m ) ∈ R
m which satisfy the equations:

Φ0(x) =
m

∑
k=1

λ 0
k Ek(x) , Φ1(x) =

m

∑
k=1

λ 1
k Ek(x) (42)

Thus, the feasible set of connecting tubes between Ω0 and Ω1 through the Galerkin-
Level Set formulation turns into:

TΛ (Ω0,Ω1) =
{

Λ(t) ∈ (L2(I)
)m

,

[
Λ(0) = Λ0

Λ(1) = Λ1

}
(43)
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Fig. 2. Shape identification of gray matter of human brain using a Galerkin-Level Set method

Remark 2. The feasible set of connecting tubes between Ω0 and Ω1 is not empty. In-
deed, if we consider the vector of parameters Λ(t) as a convex combination of Λ0 and
Λ1: Λ(t) = Λ1 t + Λ0 (1− t), we have Λ(t) ∈ TΛ (Ω0,Ω1). Moreover, the parameters
Λ(t) defined as a convex combination of Λ0 and Λ1 generate an admissible tube that
we use for the initialization during the tube optimization process.

3.2 Geodesic Tube Construction between Two Domains

We focus on the construction of an optimal tube connecting the initial domain Ω0 to
the final domain Ω1, this optimal tube is also called a geodesic tube. The question is to
determine, through the use of shape metrics d(Ω0,Ω1) and dh(Ω0,Ω1), which tube is
an optimal tube among all those tubes in the admissible set (see Fig. 3).

Let us consider the metrics d and dh defined by (4) and (20) that we can rewrite as
follows:

d(Ω0,Ω1) = inf
Φ∈TLS(Ω0,Ω1)

∫ 1

0
J
(
Γt
)

dt

dh(Ω0,Ω1) = inf
Φ∈TLS(Ω0,Ω1)

∫ 1

0
Jh
(
Γt
)

dt

(44)
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Fig. 3. Different continuous tubes between Ω0 and Ω1

where the functionals J
(
Γt
)

and Jh
(
Γt
)

are defined by:

J
(
Γt
)

=
∫

Γt

|v(t,x)| dΓ (x) =
∫

Γt

|∂t Φ(t,x)|
‖∇Φ(t,x)‖ dΓ (x)

Jh
(
Γt
)

=
1
2h

∫

Uh(Γt )
|∂t Φ(t,x)| dx

(45)

Then, in order to solve the problem concerning the geodesic tube, that is to say to
compute the metrics d or dh defined by (44), we use a gradient method based on the
computation of the shape derivative.

Lemma 5. According to (28), the eulerian derivative of the functional J in the direction
of a perturbation vector field W ∈C1

0(D;D) is:

dJ(Γt ,W) =
∫

Γt

∂ε |v(t + ε,x)|
∣∣∣
ε=0

dΓ (x)

+
∫

Γt

[ ∂ |v(t,x)|
∂n

+ H(t,x) |v(t,x)|
]
〈W(t,x) , n(t,x)〉Rn dΓ (x)

(46)

where H is the mean curvature. Using the level set formulation the eulerian derivative
of the functional J turns into:

dJ(Γt ,W) =
∫

Γt

[
sign(∂t Φ)
‖∇Φ‖ ∂ε

(
∂t Φ

)∣∣∣
ε=0

− |∂t Φ| 1
‖∇Φ‖3 ∇Φ .∇

(
∂ε Φ

)∣∣∣
ε=0

+

(
− sign(∂tΦ)

∇Φ
‖∇Φ‖ .

∇
(
∂tΦ

)

‖∇Φ‖ + 2|∂tΦ| ∇Φ
‖∇Φ‖ .

[ D2Φ
‖∇Φ‖2 .

∇Φ
‖∇Φ‖

]
−

− |∂tΦ|
‖∇Φ‖2 ΔΦ

)
∂ε Φ
‖∇Φ‖

]
dΓ (x)

(47)

Proof. According to the equation (46), the eulerian derivative of the functional Jls in
the direction of a perturbation vector field W turns into:
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∂ε |v(t + ε,x)|
∣∣∣
ε=0

= ∂ε

( |∂t Φ|
‖∇Φ‖

)∣∣∣
ε=0

=
sign(∂t Φ)
‖∇Φ‖ ∂ε

(
∂t Φ

)∣∣∣
ε=0

+ ∂ε

( 1
‖∇Φ‖

)∣∣∣
ε=0

|∂t Φ|

=
sign(∂t Φ)
‖∇Φ‖ ∂ε

(
∂t Φ

)∣∣∣
ε=0

− |∂t Φ| 1
‖∇Φ‖3 ∇Φ .∇

(
∂ε Φ

)∣∣∣
ε=0

(48)

and
∂ |v(t,x)|

∂n
+ H |v(t,x)| =

−∇Φ
‖∇Φ‖ .∇

( |∂t Φ|
‖∇Φ‖

)
+ ∇.

( −∇Φ
‖∇Φ‖

) |∂t Φ|
‖∇Φ‖ (49)

−∇Φ
‖∇Φ‖ .∇

( |∂t Φ|
‖∇Φ‖

)
+
[
−∇

( 1
‖∇Φ‖

)
.∇Φ − ΔΦ

‖∇Φ‖
] |∂t Φ|
‖∇Φ‖

=
−∇Φ
‖∇Φ‖ .

∇
(|∂t Φ|)

‖∇Φ‖ − 2 |∂tΦ| ∇Φ
‖∇Φ‖ .∇

( 1
‖∇Φ‖

)
− |∂tΦ|

‖∇Φ‖2 ΔΦ

= −sign(∂tΦ)
∇Φ
‖∇Φ‖ .

∇
(
∂tΦ

)

‖∇Φ‖ +

+ 2 |∂tΦ| ∇Φ
‖∇Φ‖ .

[ D2Φ
‖∇Φ‖2 .

∇Φ
‖∇Φ‖

]
− |∂tΦ|

‖∇Φ‖2 ΔΦ

(50)

�	
Lemma 6. According to (28), the eulerian derivative of the functional Jh in the direc-
tion of a perturbation vector field W ∈C1

0(D;D) is:

dJh(Γt ,W) =
1

2h

∫

D

[
∂ε
( |∂t Φ(t + ε,x)|)

∣∣∣
ε=0

ρh ◦ bΩt(x)
]

dx

+
1

2h

∫

D

[
|∂t Φ(t,x)|∂ε

(
ρh ◦ bΩt+ε (x)

)∣∣∣
ε=0

]
dx

(51)

where the function ρh is defined by: ρh(x) =

⎧
⎨

⎩

x
h + 1 if x ∈ [−h,0]
−x
h + 1 if x ∈ [0,h]

0 if x ∈ R\ [−h,h]
.

Proof. Due to the fact that ρh ◦ bΩt (x)
∣∣∣
Γt

= 1, and using the fact that supp(ρh ◦ bΩt) ⊆
Uh(Γt) we can rewrite the functional Jh as follows

Jh(Γt) =
1
2h

∫

D

|∂t Φ(t,x)| ρh ◦ bΩt(x) dx (52)

Consequently, the eulerian derivative of the functional Jh turns into the equation (51)
where:

∂ε
( |∂t Φ(t + ε,x)|)

∣∣∣
ε=0

= sign(∂t Φ) ∂ε
(

∂t Φ(t,x)
)∣∣∣

ε=0
. (53)
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Using ∂ε
(
bΩt (x)

)
+ ∇bΩt (x) .W ◦ p = 0 and ∇bΩt (x) = n(t,x) , we get

∂ε
(

ρh ◦ bΩt(x)
)∣∣∣

ε=0
= ρ ′

h ◦ bΩt (x) ∂ε
(
bΩt (x)

)

= −ρ ′
h ◦ bΩt(x) 〈W , n 〉Rn

= −ρ ′
h ◦ bΩt(x)

∂ε Φ
‖∇Φ‖

(54)

The derivative of the function ρh(x) is defined by:

ρ ′
h(x) =

⎧
⎨

⎩

1
h if x ∈ [−h,0]
−1
h if x ∈ [0,h]

0 if x ∈ R\ [−h,h]
=
{

1
h

(
1−2χΩt(x)

)
if x ∈Uh(Γt)

0 if x ∈ R\ [−h,h]

Finally, we get for the eulerian derivative of the functional Jh in the direction of a
perturbation vector field W ∈C1

0(D;D):

dJh(Γt ,W) =
1

2h

∫

D

[
sign(∂t Φ) ∂ε

(
∂t Φ(t,x)

)∣∣∣
ε=0

ρh ◦ bΩt (x)
]

dx

− 1
2h

∫

D

[
|∂t Φ(t,x)|ρ ′

h ◦ bΩt(x)
∂ε Φ
‖∇Φ‖

]
dx

(55)

�	

3.2.1 Polynomial Decomposition of the Parameter Λ(t)
We continue the study of a geodesic tube through a tube formulation using a Galerkin-
Level set strategy. Consequently, Λ(t) ∈ TΛ (Ω0,Ω1) represents the parameters of the
optimization process. For complexity reason, we consider a polynomial decomposition
of the parameter Λ(t) as follows:

Λ(t) = Pα(t)Λ1 +
(
1−Pα(t)

)
Λ0 , Pα(t) =

M

∑
i=1

αi ei(t) (56)

where α = (α1, . . . ,αM) are the coefficients of the decomposition of the polynomial
Pα(t) in the basis {e1(t), . . . ,eM(t)}. Consequently, the feasible set of connecting tubes
defined by (43) with initial and final conditions on Λ(t) turns into a feasible set with
initial and final conditions on the polynomial Pα defined as follows:

Tα(Ω0,Ω1) =
{

α ∈ R
M ,

[
Pα(0) = 0
Pα(1) = 1

}
(57)

Let us consider the metrics d and dh defined by (4) and (20) that we can rewrite as
follows:

d(Ω0,Ω1) = inf
α∈Tα (Ω0,Ω1)

∫ 1

0
J̃
(
Γt
)

dt

dh(Ω0,Ω1) = inf
α∈Tα (Ω0,Ω1)

∫ 1

0
J̃h
(
Γt
)

dt

(58)
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where the functionals J̃
(
Γt
)

and J̃h
(
Γt
)

are defined by:

J̃
(
Γt
)

= |Ṗα(t)|
∫

Γt

|Φ1(x) −Φ0(x)|
‖∇Φ ‖ dΓ (x)

J̃h
(
Γt
)

=
|Ṗα(t)|

2h

∫

Uh(Γt )
|Φ1(x) −Φ0(x)|dx

(59)

Then, in order to solve the problem concerning the geodesic tube, that is to say to
compute the metrics d or dh defined by (58), we use a gradient method based on the
computation of the shape derivative.

Assumption 2. The shape derivative of the functional J defined by (46) can be rewrit-
ten as follows:

dJ(Γt ,W) =
∂J
(
α + εh

)

∂ε

∣∣∣
ε=0

= 〈h , ∇J(Γt)〉RM (60)

where ∀i ∈ [1,M] :

(
∇J(Γt)

)
i = ėi(t)sign

(
Ṗα(t)

) ∫

Γt

|Φ1(x)−Φ0(x)|
‖∇Φ‖ dΓ (x)

+ ei(t) |Ṗα(t)| ,
∫

Γt

|Φ1(x)−Φ0(x)|
‖∇Φ‖ K(t,x) dΓ (x)

(61)

and

K(t,x) =

[
−2

∇Φ .
(
∇Φ1(x)−∇Φ0(x)

)

‖∇Φ‖2 +

+ 2
(
Φ1(x)−Φ0(x)

) ∇Φ
‖∇Φ‖ .

[ D2Φ
‖∇Φ‖2 .

∇Φ
‖∇Φ‖

]

− (Φ1(x)−Φ0(x)
) Δ Φ
‖∇Φ‖2

]
(62)

Assumption 3. The shape derivative of the functional Jh defined by (51) can be rewrit-
ten as follows:

dJh(Γt ,W) =
∂Jh
(
α + εh

)

∂ε

∣∣∣
ε=0

= 〈h , ∇Jh(Γt)〉RM (63)

where ∀i ∈ [1,M] :

(
∇Jh(Γt)

)
i =

ėi(t)
2h

sign
(
Ṗα(t)

) ∫

Uh(Γt )
|Φ1(x)−Φ0(x)| dx

− ei(t)
2h2 |Ṗα(t)|

∫

Uh(Γt )

(
1−2χΩt(x)

) |Φ1(x)−

Φ0(x)|
(
Φ1(x)−Φ0(x)

)

‖∇Φ‖ dx

(64)
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Algorithm 2

I. Initialization: Choose an initial vector of parameters Λ(t) defined by (56) which
generate an admissible connecting tube between Ω0 and Ω1 through the choice of
the parameter α . Initialize the level set function
Φ(t,x) = Pα(t)Φ1(x) + (1−Pα(t))Φ0(x). Set k = 0.

II. Shape gradient direction: For every t ∈ I, find the tubular neighborhood Uh(Γt)
of the zero level set Γt of the actual level set function Φ(t,x). Compute ∇Jh(Γt)
from the equation (64).

III. Update:
• Perform a time step to update α .
• Let α+ denote this update: α+ = α −ρ

∫ 1
0 ∇Jh(Γt)dt , ρ > 0.

• Update the function Φ+(t,x) = Pα+(t)Φ1(x) + (1−Pα+(t))Φ0(x).
• Set k = k + 1 and go to (2).

Fig. 4. Tube optimization using the metric dh(Ω0,Ω1)

Fig. 5. Distribution of the functional values Jh(Γt) for tube obtained during the optimization pro-
cess of Fig. 4
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3.3 Numerical Experiment of a Geodesic Tube Construction

We present a numerical experiment based on the algorithm 2 for a 3D tube optimiza-
tion. Fig. 4 shows tubes obtained during the optimization process for different iterations.
From Fig. 5 we can see that the tube obtained after seven iterations has a more homo-
geneous distribution of the functional values Jh(Γt) compared to the initial tube. The
result of this optimization process is the construction of a smoother tube than the initial
tube.

References

1. Blanchard, L., Zolésio, J.-P.: Morphing by moving. Shape modeling with Galerkin approxima-
tion. In: Sivasundaram, S. (ed.) International Conference on Nonlinear Problems in Aviation
and Aerospace (to appear)

2. Delfour, M.C., Zolésio, J.-P.: Oriented distance functions in shape analysis and optimization.
In: Control and Optimal Design of Distributed Parameter Systems. Mathematics and its Ap-
plications, pp. 39–72. Springer, Heidelberg (1995)

3. Delfour, M.C., Zolésio, J.P.: Shapes and Geometries. Analysis, Differential Calculus, and Op-
timization. Advances in Design and Control. SIAM, Philadelphia (2001)

4. Zolésio, J.-P.: Set Weak Evolution and Transverse Field, Variational Application and Shape
Differential Equation. INRIA report RR-4649 (2002),
http://www.inria.fr/rrrt/rr-4649.html

5. Zolésio, J.-P.: Shape Topology by Tube Geodesic. In: Information Processing: Recent Mathe-
matical Advances in Optimization and Control, pp. 185–204. Presse de l’Ecole des Mines de
Paris (2004)

6. Zolésio, J.-P.: Optimal tubes: geodesic metric, Euler flow, moving domain. In: Free and Mov-
ing Boundaries: Analysis, Simulation and Control, vol. 252, pp. 203–213. Taylor & Francis,
CRC Press (2005)

http://www.inria.fr/rrrt/rr-4649.html

	Galerkin Strategy for Level Set Shape Analysis: Application to Geodesic Tube
	Tube Formulation Using Moving Domain
	Tube Formulation Using a Level Set Method
	Tube Formulation Using the Federer Theorem

	Shape Identification Problem
	Shape Identification Using a Level Set Method
	Shape Identification Using a Galerkin-Level Set Strategy 
	Numerical Experiment

	Geodesic Tube Formulation Using Moving Domain
	Tube Formulation Using a Galerkin Strategy 
	Geodesic Tube Construction between Two Domains
	Numerical Experiment of a Geodesic Tube Construction

	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice




