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Abstract. For many years the concept of using hexagonal pixels for image
capture has been investigated, and several advantages of such an approach
have been highlighted. Recently there has been a renewed interest in the use of
hexagonal images, representation of architectures for such images and general
hexagonal image processing. Therefore, we present multiscale hexagonal gra-
dient operators, developed within the finite element framework, for use di-
rectly on hexagonal pixel-based images. We demonstrate these operators using
two environments: a virtual hexagonal environment and the direct use of simu-
lated hexagonal pixel-based images. In both scenarios, we evaluate the pro-
posed operators and compare them with the use of standard image processing
operators on typical square pixel-based images, demonstrating improved re-
sults in the case of simulated hexagonal pixel-based images.
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1 Introduction

Image processing tasks have traditionally involved the use of square operators on
rectangular images lattices. A more recent concept that has been investigated is the
use of hexagonal pixels for image capture, introducing the area of hexagonal image
processing. Although hexagonal lattices have been explored for approximately 40
years [6, 12, 14], recent improvements in charged coupled device (CCD) technology
have made hexagonal sampling attractive for practical applications and a renewed
interest has been developed in this area [8, 9]. The hexagonal structure is considered
to be preferable to the standard rectangular structure typically used for images in
terms of the improved accuracy and efficiency that can be achieved for a number of
image processing tasks. There are a number of reasons why this is the case, and one
major advantage is the consistency available in terms of neighbouring pixel distances
when tiling an image plane, thus creating a condition that will facilitate the implemen-
tation of circular symmetric kernels that is associated with an increase in accuracy
when detecting edges, both straight and curved [1]. Additionally, sampling on a hex-
agonal grid has proven to achieve greater efficiency than on a square lattice. Vitulli
[13] concluded that the sampling efficiency of hexagonal sampling exceeds that of
square sampling, as approximately 13% fewer pixels are needed to obtain the same
performance as achieved using square sampling. With 13% fewer pixels needed to
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represent a hexagonal image with the same information, less storage in memory will
be needed for the image data, and hence potentially less computational time to proc-
ess the image. Although there are obvious benefits with hexagonal based images,
image representation in a hexagonal structure can currently be achieved only through
square to hexagonal image conversion [5, 12, 14, 16], though the emergence of genu-
ine hexagonal-based sensor systems and image capture devices is crucial for the bene-
fits of hexagonal structure to be fully appreciated and exploited.

Taking all this into consideration, few attempts have been made to process such
hexagonal images. Although many feature detection operators exist for square lat-
tices [2, 7], due to the structure of the hexagonal lattice these operators are not di-
rectly compatible with hexagonal pixel images. Only the simplest operators such as
Sobel and Prewitt have, to date, been extended for use on hexagonal images [9, 12,
15], and only one gradient operator has been explicitly designed for use on hexagon-
ally structured images [4]. However, more recently attempts have been renewed to
apply processing techniques directly to hexagonal images, for example bi-lateral fil-
tering based edge detection [15], introducing the possibility for significant develop-
ment in the area of feature detection on these lattices.

In recent work [11] the finite element framework has been used to design and im-
plement novel near-circular derivative operators that have been shown to improve
edge orientation angular error. This paper builds on the finite element framework used
in [11] to facilitate hexagonally structured images. We present an approach to the
development of multiscale gradient operators explicitly for use directly on hexagonal
grids. In order to obtain hexagonal pixel based images, regular rectangular images
must be resampled to a hexagonal lattice, and the procedure that we use to do so is
described in Section 2. Sections 3 and 4 discuss how hexagonal pixels are represented
in an image, giving a brief overview of how the gradient operators are implemented.
In Section 5 we apply our hexagonal gradient operators in the virtual hexagonal envi-
ronment for processing only, and then resample into a square pixel-based image for
display and evaluation. Section 6 summarises the benefits obtained in the processing
environment and discusses future work.

2 Creating a Hexagonal Pixel

To date, a hexagonal image can only be obtained by resampling a standard square
pixel-based image. We have chosen to use the approach of [16] whereby hexagonal
pixels are created through clusters of square sub-pixels. We have modified this tech-
nique slightly by representing each pixel by a nxn pixel block, as in [8], in order to
create a sub-pixel effect to enable the sub-pixel clustering; this modification limits the
loss of image resolution. Each pixel of the original image is represented by a 7x7
pixel block, Fig. 1(a), of equal intensity in the new image [8]. This creates a resized
image of the same resolution as the original image with the ability to display each
pixel as a group of nXxn sub-pixels. The motivation for image resizing is to enable
the display of sub pixels, which is not otherwise possible. With this structure now in
place, a cluster of sub-pixels in the new image, closely representing the shape of a
hexagon, can be created that represents a single hexagonal pixel in the resized image,
Fig.1(b).



922 S. Coleman, B. Scotney, and B. Gardiner

(b)

Fig. 1. Resizing of image to enable display of image at sub pixel level

3 Representing a Hexagonal Pixel-Based Image

It is possible to represent the hexagonal image by using an array of samples of a
continuous function u(x,y) of image intensity on a domain Q. Fig. 2 represents
hexagonal pixels with nodes placed in the centre of each pixel. These nodes are the

reference points for the computation of finite element based techniques throughout the
domain Q.
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Fig. 2. Representation of a hexagonal image

4 Multiscale Hexagonal Operator Design

We propose an operator for use on a hexagonal pixel based image as illustrated in
Fig. 2. The operator design procedure is based on the use of a "virtual mesh" illus-
trated in Fig. 3, consisting of equilateral triangular elements, which overlays the pixel
array shown in Fig. 2.
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Fig. 3. Virtual mesh of equilateral triangular elements

With any node in the virtual mesh, say node i, with co-ordinates (x,,y;) we asso-
ciate a piecewise linear basis function ¢, (x, y) which has the properties @,(x;,y;) =1
if i=j and ¢,(x;,y;)=0 if i# j where (x;,y;) are the co-ordinates of the nodal
point j. @;(x,y)is thus a "tent-shaped" function with support restricted to a small

neighbourhood centred on node i consisting of only those triangular elements that
have node i as a vertex. To construct an operator centred on node i, we define a

neighbourhood QY consisting of a compact subset of six elements. Denoting by D/

the set of nodes contained in or on the border of Q7 , we may approximately repre-

sent the image u over the neighbourhood Q7 by a function U X, y ZU 0,(x,y)

jeD?
in which the parameters {U ; } are mapped from the hexagonal image intensity values.
The approximate image representation is therefore a simple piecewise linear function
on each element in the neighbourhood QY and having intensity values {U jtat
nodes je D/ .
As in [11], we formulate operators that correspond to weak forms of operators in the

finite element method. Operators used for smoothing may be based simply on a weak
form of the image function. In this case it is assumed that the image function

u=u(x,y) belongs to the Hilbert space H° () ; that is, the integral qudQ over

is finite. Edge detection and enhancement operators are often based on first or second
derivative approximations, for which it is necessary that the image function

u=u(x,y) belongs to the Hilbert space H'(Q); i.e., the integral I(I Vu > +u®)dQ

over Q is finite, where Vu is the vector (du/dx,du/dy)" . We are currently con-

cerned only with first order derivative operators and, therefore, to obtain a weak form
of the first directional derivative du/db=b-Vu the derivative term is multiplied by

a test function ve H' and the result integrated over the image domain Q to give

= [b-VuvdQ (1)
Q
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where b = (cos@,sin@) is the unit direction vector. This enables us to design our

hexagonal operator using either a Cartesian coordinate system or the three axes of
symmetry of the hexagon. Our current operator design uses the Cartesian coordinate
system as the three axes of symmetry introduces redundancy [8]. However, the sym-
metric hexagonal coordinate system has advantages when applied to tasks such
as rotation that involve a large degree of symmetry [8] and so may be used in
future work.

In the finite element method a finite-dimensional subspace S" < H'is used for

function approximation; in our design procedure S"is defined by the virtual finite
element mesh in Fig. 3. Our general design procedure incorporates a finite-

dimensional test space 7! < H' that explicitly embodies a scale parameter ¢ and this
test space T;‘ comprises a set of Gaussian basis functions ¥/ (x,y), i=1,..., N. Each
test function 7 (x,y) is restricted to have support over the neighbourhood QY

centred on node i. In general the size of Q7 may be explicitly related to the scale

parameter ¢ [3], as illustrated by the six-element and 24-element hexagonal
neighbourhoods in Fig. 4.
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Fig. 4. Hexagonal operator structures: (a) six-element neighbourhood; (b) 24-element
neighbourhood

The sets of test functions ¥ (x,y), i=1, ..., N, are then used in the weak forms of
the first derivative in (2). In particular we note that the integrals need to be computed
only over the neighbourhood Y, rather than the entire image domain Q, since

! has support restricted to Q7 . Hence the approximate image representation over

Q7 may be used, providing the functional

EiJ(U) = ,[121 VU7 aQ, . 2
o
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To illustrate the implementation of the first order hexagonal operator on a virtual
mesh as shown in Fig. 3, a local co-ordinate reference system for a general equilateral
triangular element will be used. Here one of the nodes a, f, 4, is a central node i of a

neighbourhood QY . For example, the neighbourhood QY , in Fig. 4(a) covers a set of

six elements {e, }; a Gaussian basis function 7 is associated with the central node i

which shares common support with the surrounding seven basis functions ¢j. Hence

E?(U) needs to be computed over the six elements in the neighbourhood Q7 . Sub-

stituting the image representation into the functional E£°(U/) in (2) yields

N N
ES(U)=by, Y. KJU, +b, > LU, ©)
j=1 J=l

where K; = Zk{;’“’ and LZ = Zli'/.""’ and k’.;""’ and ll_j’,”*" are the element

mle,eS7 mle,eS7
. a¢ j o a¢/ o
integrals k"7 = Ia_fy/i" dxdy and I[" = Ia—wl dxdy. In order to calculate
X y

ki*?and [, we introduce co-ordinates & and 7 such that £>0, >0 and
1-&—n=0. Mapping these global co-ordinates to local co-ordinates can be obtained
by means of a co-ordinate transformation from e, to é defined by (4) and (5).

x=(xy —x")E+ (xy —xn+x", “4)

y=0y =y"E+(yy =y m+y. (5)

S Processing in a Virtual Hexagonal Environment

In this section we present the results obtained when we resample a standard square
pixel-based to a hexagonal pixel-based image, the virtual hexagonal environment,
solely for the purpose of image processing and then resample back to the original
square pixel-based image for display and evaluation as illustrated in Fig. 5. Within
the virtual hexagonal environment feature extraction is performed using the multis-
cale hexagonal operators presented in Section 3.

The purpose of this is to determine whether, in the current absence of hexagonal
image sensors, there is benefit to be gained by processing in a virtual hexagonal envi-
ronment. Initially we provide Figure of Merit results in Fig. 6 using a ramp edge

Process in Resample Display
S.tandard Rqsample to virtual hex to stan dpard and
iImage virtual hex environment image evaluate

environmen

Fig. 5.



926 S. Coleman, B. Scotney, and B. Gardiner

1 0— —
0.8 1
—~—H3
= H5
0.6 ——H7
= —< Prewitt
o
w ——Davies
0.4 / —o—Sobel
0.2 %/
0 T
1 5 10 20 50 100 No Noise
SNR
Fig. 6. Figure or merit results using a 60° oriented edge
1
/ — 83
0.6 -85
= -+ 87
8 ——VH3
0.4 - VH5
/ —— \/H7
0.2
0 T
1 5 10 20 50 100 No Noise
SNR

Fig. 7. Figure of merit results computed on a horizontal edge

oriented at 60°, comparing our proposed multiscale gradient operators (denoted H3,
HS5 and H7) with existing operators that can be directly used on hexagonal images,
namely Davies [4], Prewitt and Sobel. The results show that our proposed approach
provides improved edge localisation, over a range of signal-to-noise ratios, compared
with the existing hexagonal operators.
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In addition, we compute Figure of Merit results using the proposed hexagonal op-
erators in the virtual environment (denoted VH3, VHS and VH7) and the equivalent
use of finite element based standard square operators [10] on standard images (de-
noted S3, S5 and S7). The results presented in Fig. 7 demonstrate that processing in a
virtual environment provides results that are comparable to, and in some cases slightly
better than, the equivalent use of typical operators on standard square pixel based
images. We also illustrate real edge maps in Fig. 8, again illustrating that both ap-
proaches provide comparable results. These initial results are promising given that a
hexagonal pixel-based image contains 13% fewer pixels than a standard square pixel-
based image. Although computation is required to resample the original square pixel-
based image to a hexagonal pixel-based image, the hexagonal operators designed on a
Cartesian axis contain fewer operator values than the corresponding square operators,
thus generating a significant overall reduction in computation. For example, for a
given 256 %256 image, removing boundary pixels, 63504 pixels will be processed.
Using a 55 operator there will be 63504 x 25 multiplications totalling 1587600. If
the same image is re-sampled onto a hexagonal based image there will be 55566 pix-
els processed by an equivalent hexagonal gradient operator containing only 19 values.
Therefore there will be only 1055754 multiplications, corresponding to 66.5% of the
computation required to generate a similar feature map using an equivalent traditional
square pixel-based image. The increase in accuracy when using our proposed hexago-
nal operators combined with the increase in efficiency when directly applying these
operators will counteract the time taken to resample to a hexagonal grid.

(a) Original square pixel- (b) Edge map using 5X5 (c) Edge map using 19-point
based image hexagonal operator within the

standard square operator ; ¢
virtual hex-environment

Fig. 8. Edge maps obtained using Lena image

6 Conclusion

The use of hexagonal pixel-based images has received much attention in recent years
with respect to both image architecture and processing. We have presented a design
procedure for multi-scale gradient operators developed explicitly for use on hexago-
nal pixel-based images, created within the finite element framework. Using the Figure
of Merit evaluation technique, we have demonstrated that the proposed operators can
provide better feature localisation than currently existing operators for processing
hexagonal images. In addition, we have demonstrated the use of such operators in a
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virtual hexagonal environment, and the initial results obtained are promising. There-
fore, we conclude that given the potential computational gain of using hexagonal
images through both the fact that a hexagonal pixel-based image contains 13% fewer
pixels than the equivalent square pixel-based image and the fact that hexagonal opera-
tors contain fewer operator values than their square-lattice counterparts, the use of
hexagonal pixel-based images has potential be significantly beneficial to the computer
vision and image processing communities. Future work will encompass the use of the
spiral architecture in our operator implementation with the overall aim of providing
an overall design and implementation framework that can reduce further the computa-
tion complexity of the approach. Hence the hexagonal image framework should be-
come more appealing for use in real-time imaging applications.
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