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Abstract. This work is motivated by and arose from the parametric
verification of communication protocols over unbounded channels, where
the channel capacity is the parameter. Verification required the use of
finite state automata (FSA) reduction, including e-removal, for a specific
infinite family of FSA. This paper generalises this work by introducing
Recursive Parametric FSA (RP-FSA), an infinite family of FSA that
can be represented recursively in a single parameter. Further, the pa-
per states and proves a necessary and sufficient condition regarding the
transformation of a RP-FSA to its language equivalent e-removed family
of FSA that is also a RP-FSA in the same parameter. This condition
also guarantees a further structural property regarding the RP-FSA and
its e-removed family.

Keywords: Parametric Automata, Protocol Verification, Automata
Reduction, Language Equivalence.

1 Introduction

The Capability Exchange Signalling (CES) protocol [9] is a multimedia control
protocol that allows a communication party to inform its peer of its multimedia
(e.g. audio and/or video) transmission and reception capabilities. To verify the
CES protocol against its service specification, we need to obtain the CES service
language: the set of allowable sequences of CES service primitives (i.e. user
observable events). Our approach [4] is to extract service languages from state
spaces of Coloured Petri Net (CPN) [I0] models of service specifications by using
automata reduction [2]. The CES service CPN has transitions that model CES
service primitives and a transition that models message loss, an internal event
that is not to be included in the CES service language (but is needed to capture
sequences of primitives). We derive a Finite State Automaton (FSA) from the
state space [4] by designating initial and final states and mapping the CPN
transition modelling message loss to an e-transition. Then we use FSA reduction
to remove e-transitions and non-determinism as steps towards proving language
equivalence or inclusion (with respect to the protocol).

Our CPN model [I1] of the CES service is parameterised by a positive integer
(channel capacity), so it has an infinite family of state spaces. To verify the
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CES protocol against its service for any value of the parameter, we firstly obtain
symbolic representations for the state spaces and the associated FSAs. In [I1]
we exploit regularities in the state spaces to obtain a recursive representation.
We then derive an infinite family of FSAs from the state spaces. In [12IT4] we
proved that the language equivalent e-removed (LE-ER) family of automata can
also be represented recursively. Furthermore, after removing non-determinism,
we obtain a language equivalent recursively represented family of automata that
represents the CES service language for arbitrary capacity [I3]. These results
lead us to the following generalisation: if a parametric FSA can be represented
recursively, under what conditions can its LE-ER (or determinised) family also
be represented recursively? In this paper, we determine a sufficient condition for
a recursively represented parametric FSA to retain its recursive representation
under e-removal. We also determine a necessary condition to satisfy another
structural property regarding these families of automata.

We firstly define a (first order) Recursive Parametric FSA (RP-FSA) in terms
of a system parameter [ € N'* (the positive integers). Intuitively, F'SA; com-
prises a base component, F'SA;_1, plus another component, ADD;. We then
consider the LE-ER family derived from a RP-FSA, which we denote F'SAF".
We identify and prove the necessary and sufficient condition for a) F'SAP" to be
a RP-FSA in [ and b) the base component of F.ISA]" to be identical to F'SAP",.
The result contributes to the development of automata theory which we believe
will be applicable to the verification of a class of parametric systems, as already
demonstrated for the CES service [12JI3/T4].

There has been work on Recursive State Machines [I] and Unrestricted Hierar-
chical State Machines [3] where nodes correspond to ordinary states or to recursive
invocations of other state machines. In contrast, we develop recursive representa-
tions of an infinite family of FSAs in an integer parameter and examine its related
LE-ER family. We are not aware of any other work in this area.

The rest of the paper is organised as follows. Section @] defines a RP-FSA.
A theorem regarding transforming a RP-FSA to its LE-ER family is given in
Section B with its proof in Sectiondl SectionBlsummarises the paper and suggests
future work.

2 Definition of a Recursive Parametric FSA

Our work on the CES service has motivated us to define an infinite family of
FSAs over a parameter [ € N". Members of the family are related in that the
FSA for [ includes the FSA for (I —1), and the alphabet and initial state are the
same for all members of the family.

Definition 1. A Recursive Parametric FSA is an infinite family of FSAs in a
system parameter | € Nt where its I'" member, FSA; = (V}, X, A, v, F}), is
given by

— Vi is a finite set of states or nodes that depends on l,
— XY is a finite set, known as the alphabet,
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— A CVix(XU{e})xV,, is the transition relation, where € is the empty string,
— wvg € V) is the initial state, and every state in V; is accessible from vy,
— Fj is the set of final states.
Given FSA, = (W1, X, A1, v, F1), the family, FSA; (for I > 2) is obtained
recursively as follows.

Vi=Vio oyl (1)
Ap = A U AP (2)
F1CH (3)
where
Viop N Vgdd =g (4)
AP C (Vi x (SU{)) x VP U (54 5 (SU{eh) x ) (5)

An example of a RP-FSA is the parametric FSA, FSAcgs,, derived from the state
space of our parameterised CES service CPN [12/14]. Fig.Mshows F'SAcgs,. The
subgraph that ignores the shaded nodes (13 to 20) and their associated arcs is
FSAcgs,. It has 12 nodes and 33 arcs, including 4 dashed arcs (e-transitions).
The initial state and the only final state of F'SAcgs, are both node 1. The al-
phabet, X' = {Treq, Tind, Tres, Tenf, Rreq, Rind, RindU, RindP}, is the set of
(abbreviated) names of the CES service primitives. From Fig. [[] by ignoring the
darkly shaded nodes (17 to 20) and their associated arcs, we obtain a subgraph
that is FSAcgs,. We see that F'SAcgs, can be constructed from F'SAcks
adding the 4 grey nodes (13 to 16) and the 16 grey arcs. By denotmg vy dl
13, v3%2 — 14, 989% = 15 and v3% = 16, and v = 2, {2 = 10, “fds _y
and v“dd4 =12, the 16 additional arcs are given in Table [Tl for l=2. When look-
ing at the Whole graph in Fig. [l F'SAcgs, can be constructed from FSAcgs,
by adding 4 nodes (17 to 20) and 16 arcs (Table [l for I = 3), when denoting
p3dh = 17, 3l =18, 3% =19 and v§™ = 20.

It has been shown in [12 14] that, for | > 2, FSAcgs, can be recursively

constructed in the following way:

‘/l — ‘/l—l U ‘/ladd

A=A U A?dd

Fy=F_1={vw}={1}
where

add __ add;
Vi ={y

LA, Vi nvedd =g

and A4 is given in Table [ where v“ddl =2, o] = 10, v89s = 4 y§dds = 12
(Fig. ). From Definition [ the famlly FSACESL (le N*t)is a RP- FSA

3 RP-FSA and e-Removal

In this section, we propose the necessary and sufficient condition for the LE-ER
automata family derived from FSA; (I € N1) to be a RP-FSA in [, where its
base component is the LE-ER automaton of F.SA;_;. We firstly provide some
definitions related to F'SA;, where [ > 2.
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Fig.1. FSAcEs,
Definition 2. A nodev € Vi_; is an entry node to FSA;_1, iff 3 (v/,t,v) € 4
where v’ € Vladd. The set of entry nodes of FSA;_y is denoted by V,7Y.

Definition 3. A node v € V1 is an exit node from FSA;_1, iff 3 (v,t,v') €
A; where v' € V}add. The set of exit nodes of F'SA;_1 is denoted by V;"Y.
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Table 1. A2 (1 > 2)

Name Arc Name Arc Name Arc

a?ddl (vlaf‘li3,Treq,vladdl) afddQ (vlaflil“,Treq,vladdQ) afdd3 (vladdl,RindP,vfdd3)
a?dd“ (vladdl,de,vlaf‘fQ) afdd"’ (vladdl,e,vlaffl) adds (vladdQ,RindP,vladdﬂ
a?dd7 (vfddZ,e,vff‘liz) aj (v;lddz,Tres,v;lddl) aj (vfddZ,Rreq,vfddl)
a?ddw (v?ddZ,Rind, U;lddl) q2ddn (U;ldda,Tind, Uadd4) q2dd12 (vfdd3,e,vff‘1i3)
( ( (
(

dd dd dd dds dd
v %%, Tres, v/ ") a1 v, Rind, v} ***)

1-1
adds
. 5 v, Rreq,v]*") q,
aady aadg
v 6 v )

Fig. 2. An illustration of the definitions related to a RP-FSA

Definition 4. The base component of FSA; is FSA;_1, and the added
component of F'SA; is a labelled directed graph, ADD; = (V294 U V=¥ U
ViEx, A,

Definition 5. A node of FSA, is a candidate node (denoted v®), iff
3 (v, t,v%) € A and t € X. We denote the set of candidate nodes of FSA;,
V,©, which comprises VI, = {v¢ | (v,t,0%) € Aj_1,t € X} and V,2%C =
VO\VE, = {09 | (v,t,0%) € A% and (v, t',v%) & A_y1,t,t' € X}.

Definition 6. A finite sequence of transitions of F.SA; that starts at node vs
and ends at node ve is a candidate sequence (denoted Sg)s,ve,t))’ iff forn>1

€ €
S(usve,t) = VS — V1 — ... = Uy — Ve (6)

where t € X. The set of candidate sequences of FSA, is denoted by SF .

Definition 7. A finite sequence of transitions of F'SA; that starts at node vs
and ends at node ve is a return sequence (denoted sg)s’ve’t)), iff form > 1,

szs.ue y € SE, vs,ve € Vi_1 and 3 v; € {v1,...,v,} such that v; € V294, The
set of return sequences of FSA; is denoted by Sft.
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Definition 8. An empty cycle of a FSA is a sequence of e-transitions that
starts and ends in the same state.

Fig. Pl illustrates the definitions, where dashed arcs show e-transitions. The base
component and added components of F'SA; are the parts above and under the
curly grey line respectively. vy and v1; are entry nodes, vo and vy are exit nodes,
and they are drawn at the boundary of the base and added components. vy, vs,
vy and v are candidate nodes. 1 =v; — vy — V5 — vy 2N Vs, So =1 S0y 2N Vs,
S3= Vg — U7 — g B Vg, S4 =010 S ts, v19, are candidate sequences, and s1 is a
return sequence while the other three are not.

Another example is FSAcgs,. In Table [I] vffiﬁ and vl“ff“ are exit nodes

because, from each of them, there is a transition to a node in Vl“dd, ie. a?ddl and

addz add1 addz adda add4
1

a7 v, 0007, v 7® and v;°7* are entry nodes because there are transitions

that start at nodes of V}“dd and end at each of them (i.e. transitions aladd“, aladd"’,

a?dd7, a?dd“, a?dd”, and a?ddlﬁ). FSAcgs, contains candidate sequences, but
it does not have return sequences because a return sequence requires at least
one e-transition that starts at a node in V;_; and ends at a node in Vl“dd. From
Table[land Fig. 0 (FSAcEgs, only), FSAcgs, does not have such e-transitions.

Now we formalise the necessary and sufficient condition in the theorem below.

Theorem 1. For le NT, let FSA; = (V,, X, Aj,v0, F}) be a RP-FSA without
empty cycles, and FSAP® = (VPR X, APR, vy, FP®) its family of LE-ER au-
tomata. FSAP® is a RP-FSA inl, where, for [>2, its base component is FSAPY
iff for vs,ve € V,¢,, s ) € SE = (s¢ ) € SE | or (vs,t,ve) € Aj_1).

(vs,ve,t (vs,ve,t

The theorem states that when the presence of a return sequence (sg) sve, t)) be-
tween two candidate nodes in F'SA;, implies the presence of either a corre-
sponding candidate sequence (Sg)s,ve,t)) between the same candidate nodes in
the base component of F\SA; (i.e. F.SA;_1) or a direct transition between them
((vs,t,ve) € Aj_1), then the LE-ER automaton of F'SA; is also a RP-FSA in [,
with its base component being the LE-ER automaton of F'SA;_;. The converse
also holds.

Referring to Fig.2land assuming that s; is the only return sequence, this RP-
FSA satisfies the condition as a candidate sequence so that belongs to F'SA;
is between v; and vs and the last transitions of s; and s; are both ;. If so did
not exist (assuming no other candidate sequences from v; to vs with ¢; as their
last transition and that (v1,t1,v5) does not exist), the FSA would not satisfy
the condition. As mentioned earlier, F'SAcgs, does not have return sequences,
so the condition is satisfied, and its LE-ER FSA can be represented recursively
based on the LE-ER FSA of FSAcgs,_,, a result that we proved in [12/14].

4 Proving the Necessary and Sufficient Condition

4.1 Preliminaries

We can remove e-transitions by constructing e-closures [15]. The e-closure of
a state or a set of states is the set of all states that are accessible by only
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Fig. 3. Removing an e-transition using Algorithm [I]

e-transitions from that state or set of states. Our goal is to determine the condi-
tion under which the LE-ER automaton of F'SA; is also a RP-FSA, where the
base component of the LE-ER automaton is the LE-ER automaton of the base
component of F'SA;. To derive the condition we remove e-transitions in the base
component (F'SA;_1) and the added component (ADD;) separately, so that it is
easier to identify if the LE-ER automaton of F'SA;_; is included in the LE-ER
automaton of F'SA;. When an e-closure includes e-transitions of F'SA;_; and
ADD;, the above approach removes all the e-transitions in an e-closure at one
time, and is thus not appropriate for our procedure.

Barrett et al [2] present an incremental approach. To transform a FSA to its
LE-ER automaton, we firstly remove empty cycles (Definition[8]), then remove all
the remaining e-transitions one by one. The algorithm for removing e-transitions
from a FSA without empty cycles is formalised as follows, based on [2].

Algorithm 1. For FSA = (V, X, A v, F) without empty cycles, its LE-ER
automaton, FSAFPE = (VER 32  APR o, FER) is created as follows:

1. Initially, let VER =V, APR = A FPR = F.
2. While AEE = {(v,e,v) | (v,e,v") € AFE} £ 0, do:
(a) choose any (v,e,v") € AER
(b) update AFR to (APRN\ {(v,e,v")}) U {(v,t,0") | (v t,0") € APR t €
(ZU{eh)}
(c) if v' € FER wupdate FEE to FEE U {v}.
3. Update VEE to VEE\ {v | As = v Lo, ...vnt—">v,n207ti eX,0<i<n}
4. Update APE to AFR\ {(v,t,0') |v ¢ VER or o/ ¢ VER}

As shown in Fig.[Bl when using the algorithm to remove (v, €,v"), if (v/,¢,0") €
APER (v, t,0") is included in A" (step 2(b)). Furthermore, if v’ is a final state
of F'SA, v is included in F® (step 2(c)). After all the e-transitions are removed
by following step 2, some nodes of V"% may become inaccessible from the initial
state vg, so in steps 3 and 4, we exclude inaccessible states and their associated
transitions from V*% and A®" respectively.

We now state three lemmas to be used in the proof of the theorem. Lemma
[ gives the result of removing a sequence of e-transitions. Lemma [ states the
necessary and sufficient condition for adding a non-e-transition when removing
e-transitions from F.S A;. Lemma[3l presents the necessary and sufficient condition
for a node of F'SA; to remain accessible after all e-transitions are removed.

Lemma 1. Let FSA = (V, X, A, vy, F) be an FSA that includes e-transitions.

. . € € € t
Consider a transition sequence s = vs — v; — ... — v, — ve where n > 1 and
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O
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Fig. 4. Removing e-transitions from the transition sequence in Lemma [Tl

t € X. After the n e-transitions are removed from this sequence using steps 1
and 2 of Algorithm [, transitions {(v,t,ve) | v € {vs,v1,...,vn}} are in AP".

Proof. Referring to Fig. @ we firstly remove the second last transition in s,
(Un—1,€,vy), then the preceding e-transition, and keep moving backwards until
the first e-transition, (vs, €,v1) is removed.

On removing (v,—1,€,v,), arc (v,—1,t,ve) is added according to Algorithm
[ When the third last transition (v,—_2,€,v,—1) (if n > 3) is removed, because
(vn—1,t,ve) has just been added, (v,—2,t,ve) has to be added. In general, when
removing any e-transition (v;,€,v;41) (1 < 4 < n — 1) in this way, because
(vig1,t,ve) exists, (vi,t,ve) has to be added. This process is continued until
(vs, €,v1) is removed while (vs, t,ve) is added because (v1,t,ve) has been added
previously or was the last in the sequence if n = 1.

So after the n e-transitions are removed, the set of arcs {(v,t,ve) | v €
{vs,v1,...,0,}}, n > 1 are added to A”". Hence, Lemma [I] is proved. |

Lemma 2. Fort € X and (vs,t,ve) & A;, when applying Algorithm[d to FSA,,
after steps 1 and 2 are completed, a non-e-transition (vs,t,ve) is in A" iff
c e
S(vs,'ue,t) € Sl :

Proof. The sufficient condition follows immediately from Lemma [ as
(vs, t,ve) is one of the arcs added when removing e-transitions from Sf’;s vert)”
The necessary condition states that if transition (vs, ¢, ve) is added then there

must be a candidate sequence sf ) (and (vs, t,ve) ¢ A;). To show this holds,

vs,ve,t
we prove its contrapositive, i.e. if there does not exist s&sme’t) € Slc, (vs, t,ve)
can not be added when removing e-transitions from F'SA;.
From Algorithm[Ilif there does not exist a transition sequence from vs to ve at
all, no new arc (vs, t,ve) can be added. So we only need to show that, (vs,t,ve)

still can not be added when none of sequences from wvs to ve are candidate

. . / t1 tz th—1
sequences, i.e. any sequence from vs to ve is of the form ' =vs vy = ... =

v, 5 ve, where n > 1, ¢ € ¥, and 3t € {t1,...,tn—1} such that ¢’ # ¢, a
sequence that can only be made up of a chain of non-e-transitions, or of both
e-transitions and non-e-transitions.

In the first case, s’ contains only non-e-transitions, no e-transitions to be
removed from s’, hence no arcs can be added. For the second case, assume that
(vs,t',v1) is a non-e-transition. According to Algorithm [I when removing any
of the e-transitions between v, and v,, it is not possible to add an arc that starts
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from vs because vs is not the source node of an e-transition. Now assume that
(Vi 'y Vmt1) (1 < m < n—1) is the first non-e-transition we encounter in the
chain (i.e. all preceding transitions are e-transitions), then from Lemma [Tl arcs
{(v,t',vm41) | v € {vs,v1,...,0m_1}} will be added when all the e-transitions
from vs to v,, are removed. However, these added arcs are not e-transitions
because t’ # e¢. When removing any e-transitions between v,,+1 and v,, again
according to Algorithm [I it is not possible to add an arc starting from wvs.
Therefore, for the transition sequence s’ described above, arc (vs,t,ve) cannot
be added.

Since we have used s’ to represent any of the possible transition sequences
existing from ws to ve, we have proved that if all of the transition sequences
from vs to ve are not candidate sequences, then (vs,t,ve) can not be added. So
the necessary condition is proved as well.

Therefore Lemma 2] holds. O

Lemma 3. When applying Algorithm [l to FSA,, after steps 1 and 2 are com-
pleted, a state v (v # vo) remains accessible iff v € V. (a candidate node).

Proof. Because all the states of F'SA; are accessible, there must exist at least
one transition sequence from vy to a state v. It can be seen that a transition
sequence from vy to a predecessor of v, v’, may be of one of the 3 types: Type 1:
a sequence that comprises e-transitions only; Type 2: a sequence that comprises
non-e-transitions only; Type 3: a sequence that comprises both ¢ and non-e-
transitions.

Fig. 5. Example transition sequences from vy to a predecessor (v') of node v

Fig. Bl shows an example for each of the 3 types of transition sequences from
vg to v’. In this figure, an e-transition is drawn as a dashed arc and a non-e-
transition is shown as a solid arc. The sequence on the top that comprises dashed
arcs only is a type 1 sequence. The sequence in the middle that has solid arcs
only is a type 2 sequence, and the sequence at the bottom that has two solid
arcs and some dashed arcs is of type 3.

In the following we prove the sufficient condition first, i.e. if there exists
(v',t,v) and t € X, v is still accessible after e-removal.

With a type 1 sequence, from Lemma [I], on the removal of e-transitions the
transition (v, t,v) is added, making v directly accessible.

For a type 2 sequence no e-transitions are removed and the sequence remains
ensuring v is accessible.
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For a type 3 sequence, consider the example sequence shown at the bottom
of Fig. [fl It has two non-e-transitions (v;,t;, vi41) and (vj,t;,v,41), and t; # ¢,
t; # €. When removing all the e-transitions before v; in the sequence, according
to Lemmal/[I] from each node in the sequence before v;, an arc labelled with ¢; and
pointing to v;+1 is added. So we have (vo,t;, viy1) in AP®. When e-transitions
between v;y1 and v; are removed, similarly from each node in the sequence
from v;11 to v;_1 an arc labelled with t; and pointing to v;11 is added. So we
have (viy1,t;,v41) in AP". Finally when the e-transitions between v;41 and v’
are removed, from each node of this part of the sequence (including v;1; but
excluding v’), a non-e-transition that points to v and is labelled with ¢ is added,
including (vjy1,t,v). Therefore, from vy, via three non-e-transitions (vo, t;, vi41),
(vig1,t5,v41) and (vj1,t,v), we can reach v. So v must be accessible after all
of the e-transitions of F'SA; are removed.

The necessary condition states if v remains accessible after e-removal, then
there must exist (v',¢,v) € 4; and t € X. To show that this statement is correct,
we prove its contrapositive, that is, if there does not exist (v/,t,v) € A; where
t € X, v is inaccessible after e-removal.

As v is accessible before removing e-removal, there must be a set of arcs
A?Y C A; such that A?Y = {a | a = (v/,t,v) € A;}. Because B(v',t,v) € A; and
t € X, all the arcs in AIQU are e-transitions. Furthermore, as no empty cycles
are allowed in F'SA;, so we have A?Y = {a | a = (v',¢,v) € Aj,v' # v}. Then if
applying Algorithm[lto F.SA;, transitions {(v/, ¢/, v") | I(v,t',v") € A;,v" # v}
are added, and none of the added arcs pointing to v. Meanwhile, all the arcs of
A?Y are removed. So no arcs will point to v after e-removal, i.e. v has become
inaccessible. The necessary condition has been proved.

Therefore Lemma [3 holds. 0

From Lemma [2] when removing e-transitions, transitions are added only be-
tween starting and ending nodes of candidate sequences (Definition [6]). So such
sequences are candidates for adding new transitions, that is why we call them
candidate sequences. From Lemma [3] the destination node of a non-e-transition is
a candidate to be kept in the LE-ER automaton of F'SA; as it remains accessible
after e-removal, so we call such a node a candidate node (Definition [Hl).

4.2 Proving the Sufficient Condition

Lemma 4. For | € N, let FSA, = (V;, X, Aj,vo,, F1) be a RP-FSA without
empty cycles, and FSAP® = (VPR X, APR, v, F°7) its LE-ER automata family.
If for vs,ve € V,%,, sﬁsme’t) e S = (sg)s,ve,t) € SY, or (vs,t,ve) € Aj_1),
then for 1 > 2,

VR = ViEE U (V) (7)
AP = AFR U (AFR)od ®)
FER C FPT (9)

where

VoL 0 (Ve = 0 (10)



100 L. Liu and J. Billington

(AF™) e C (V2R % 3 x (VER)™4) U (VER)® 2 VER) (1)

Proof. The proof is structured into 3 lemmas concerning the states of F\SAS"
(Lemma b)), its arcs (Lemma [B]) and its final states (Lemma [7]).

Lemma 5. Let F'SA; and FSA]" be the automata referred to in Lemmal[j), then
for 1 > 2, the set of states of FSAP" is given by Equations (1) and (I0).

Proof. From step 3 of Algorithm [ V;”" comprises states of F'SA; that remain
accessible after e-removal. Based on Lemma [3] a state of F'S A; is accessible after
e-removal iff it is a candidate node, i.e. V"% = V¢, for | € N*. Thus we have
Veh :ijl. From Definition [, Vlc = V£1 U V}“ddc and V}gl N Vl“ddc = (). Let
(‘/'lER)add — VladdC’ then VZER — V[EJ} U (‘/'lER)add and ‘/ZET e (VZER)add — @ So
Equations ([l and ([I0) always hold, thus Lemma [ is proved. O

Lemma 6. Let F'SA; and FSA]" be the automata referred to in Lemmal[j) If
for vs,ve € V€, sg)s ve,t) € SE = (s(c;S ve,t) € SE | or (vs,t,ve) € Aj_1), then

for 1> 2, the set of arcs of FSAP" is given by (§) and (I1)).

Proof. As A7*® is obtained from A; by removing and adding transitions, we have

AP = (AU AR\ AP (12)

where Af1 represents the set of non-e-transitions added and AP the set of tran-
sitions that are removed. From Algorithm [I] the set of transitions removed from
A; comprises e-transitions of F'SA; and the transitions whose source and/or des-
tination nodes become inaccessible. From Lemma [3] the set of inaccessible states
is (Vi \ V,Y). Therefore we have,

AP = {(v,e,v") € A}
(v, t,) e A [te X, ve (V\VY) orv € (V\VY))  (13)

Note that if the source and/or destination nodes of a transition added in step
2 become inaccessible, this transition is removed in step 4. However, we do
not include these transitions in AP as we use Af* to only represent the non-
e-transitions that are added between candidate nodes (which remain accessible
after e-removal).

Because A; = A;_1 U A%4? (Equation (@), AP can be represented as AP =
AP U (AgA)D | where

AlD—l = {(vaevv/) € Alfl}
U(v,t,0) e Ay [te X, ve (il \V9)) or v/ € (Vi \V9))}
(AP = {(v,e0)) € A7)
Uf(v,t,0") € Aj¥ [t e X, ve (V\VT) or ' € M\ VO)}  (14)

From Definition [B], Vl€1 comprises all the states in V;_; that remain accessible
via states in V1, i.e. (Vj_1 \Vﬁl) is the set of states of V;_; that are inaccessible
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when only considering V;_;. So Aﬁ , comprises all the transitions removed from
A;—1 when transforming F'SA;_; to FISAP", by itself. So we can revise Equation

@2 to:
APT = (A VA2 ) U (AP (AF9)P) u A (15)

We now look at the details of A7*. From Lemma[2] a non-e-transition is added
between vs and ve iff there is s{,_ . € S{’. So we have:

AP = {(vs,t,ve) | vs,ve € VC t € X and Sg)s,ve,t) € SF} (16)

As V¢ =V, U V24C there are four cases for the location of the starting
and ending nodes of S(C;S ve,t)’ They are case 1: vs,ve € Vf_jl; case 2: vs € V}gl,

ve € V2490, case 3: vs € V29C ye € V|7 ; and case 4: vs,ve € V,244C,
We use Afu to represent all the transitions in Af‘ that are added based on

case 1 candidate sequences, and Af'?3* for all the transitions that are added
based on cases 2, 3 and 4. So A* = AT U A#1234 where

AP = {(vs,t,ve) € A | vs,ve € VC,} (17)
AZA234 = {(vs, t,ve) € AZA | vs € Vfddc or ve € Vl“ddc} (18)

We have proved V,?F=V,PRU(V,FR)add with V,EE=V,C  (V;PR)edd=)eddC G
AP (V% 2 (VP ) U () 5 V) (19)

That is, a transition in 47234 is in (AP#)244 (see (IT)).

The candidate sequence, based on which a transition in AZA1 is added, can
belong to FSA;_1, denoted case 1a (see the example sequence from vy to vs in
Fig.[B(a)), or be a return sequence. When it is a return sequence, sgs)ve)t), there
are two cases. In the first case (case 1b) there is also either a direct transition

(vs,t,ve) € A;_7 or a candidate sequence, s(c;s ve.t) that belongs to F'SA;_1.

Fig. [Bl(b) provides an example where s; =v; S0 = v S v =g izN v4 1s a return
sequence, and o =v1 Sy S0 2>v4 belongs to F'SA;_1. s1 and s have the same
starting and ending nodes and their last transitions are both labelled by ¢;. In
the second case (case 1c), there is neither a direct transition (vs,t,ve) € A;_1

nor a candidate sequence, s that belongs to F'SA;_1 (S(C;s,ue,t) ¢ S ).

. . € € € € t
Fig. Bl(c) illustrates case lc, where sy = vy — vy — v3 — vy — v5 — vg and

c
(vs,ve,t)

So = U] — Vg — U3 — g s, vg are return sequences. From v; to vg there is no
direct transition nor a candidate sequence of F'SA;_ ;1. From v; to vg, there is
no direct transition and only one candidate sequence in F.SA;_; but its last
transition is labelled by t¢s, rather than t3, so it is not a corresponding candidate
sequence.

In case la, (vs,t,ve) is added and must be in A%, because when using
Algorithm [l to transform F'SA;_q to F'SAP" (by itself), (vs,t,ve) is included
in AFR, from Lemma[ll For case 1b, if (vs,t,ve) € A;_1, then Algorithm [] will
not remove it (ast € X and from Lemmal3) so it must be in A" . Alternatively, if
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(a) Case 1a (b) Case 1b (c) Case 1c
Fig. 6. An illustration of Case 1 sequences

Sg)s,ve,t) € SF |, then by Lemmal[ (vs,ve,t) € APF . Hence the return sequences
from vs and ve only add transitions that are already in A% and therefore have
no effect. So far the transitions added in cases 1la and 1b are all in A% and the
transitions added in cases 2 to 4 are in (AP?)edd,

For case 1c, since (vs, t,ve) ¢ A;—; it will only be included in A" if Sg)s,ve,t) €
Sﬁl from Lemmal[2l Since there is no such candidate sequence, (vs,t,ve) is not
in A%, . For example, referring to Fig.[6l(c), (v1,t3,vg) is added when using Algo-
rithm[lon F'SA;, but it is not in A" because, when removing e-transitions from

FSA_,, sgl)vg’ta) is not in S | (Lemmal[2). Similarly, (v1,t1,v6) is added when
transforming F'SA; based on Lemma [2 but it is also not in A% as sf’; .
1,6,t1)

is not in S ;. The added transition (vs,t,ve) is not in (AF?)44 either be-
cause a transition of (AF%)?4? must have its source and/or destination node
in (V;7R)add (see (). Thus if we exclude case lc, so that for vs,ve € V¢,
S(osvery € S = (8(0ey) € 1 or (vs,t,ve) € A1), then the base compo-
nent of the LE-ER FSA; will be FSAPY because its set of transitions will be

% (rather than a superset). This is the condition stated in Lemma [ (and
Theorem [I]). Thus we have shown that under this condition, all the added arcs
during e-removal for FSA; are in AP® or (AP?)%4 and we can revise the rep-
resentation of A" from Equation (I5]) to:

AF™ = (Apy \ AP ) U (A0 (A4g0)P) U Aptet | 42t
= (A1 \ AP U AR U (A9 (AP )P) U AR (20)

where
AP = L(vs,t,ve) | vs,ve € V,C,,t € X and (21)
sgs)ve)t) € SlR = (S(C;s,ve,t) € Slcll or (vs,t,ve) € Aj_1)}

comprises all the transitions added when transforming FSA4;_; to FSAP®. AP |
comprises all transitions removed in the same context, so under this condition,
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(Aj—1\ AP ) UA1% consists of all the transitions of FSAPT | i.e.
2= (A \ A2 U A (22)

Now consider (A4 \ (Agdd)P) U AA%34 ] the second half of Equation (20).
Transitions in A?%? have source and/or destination nodes in V244, (A¢44)P com-
prises all the e-transitions of A;‘dd and all the transitions that are removed from
Agdd hecause their source and/or destination nodes are not in (V;7%)244. So all
the transitions in (A¢44\ (A?94)D)) have source and/or destination nodes in
(V,pR)add - JA234 gatisfies (D)), thus

(A9 (A94)P) U AP © (V25 x 3 x (VER)0) U (VF7) 4 x 5 x Vo)

If we let (APR)dd = (Agdd\ (Agdd)DY)y AAZ4 ) then ([T is satisfied. From this
and Equations @0) and 22), AP® = APR U (APR)24d 50 Equation (8) holds.
Therefore Lemma, [(] is proved. a

Lemma 7. Let FSA; and FSAP" be the automata referred to in Lemmal[j), then
for 1> 2, the set of final states of FSAP" is given by (9).

Proof. From Algorithm [], the final states of F'.SA" are obtained by adding
new final states and keeping accessible states in F;. That is F}"% = FIAUFIK,
where FA = {v € VI | (v,¢,v") € A where v' € Fi}, and FK = F;NV,C. As
A= A1 U AP and V€ =V, U V294C  we have

A={veVY | (v,ev) € A_1 wherev' € F_;} (23)
Uf{v € V2UC | (v, €e,v") € AP where v' € Fi}
FS = (Fia nVEL) U (R 0 V) e

Using the same argument for F.ISA; 1, we get
FPR={ve VY | (vev) e A1 where v € F_1}U(F_1NVC))

so that F}”5 C F/"" i.e. ([@) holds, and Lemma [7] is proved. O

Thus (@) to (1) hold under the condition of the lemma and hence Lemma H is
proved. a

4.3 Proving the Necessary Condition

Lemma 8. For | € N7, if FSAF® is a RP FSA as specified in (1) to
(1), then FSA; satisfies for vs,ve € V,%,, s(vs vet) € SE = (S(C;s,ue,t) €
S, or (vs,t,ve) € Aj_y).

Proof. To prove the lemma, we prove its contrapositive, i.e. for vs,ve € Vl(_j1
when sg)s’ve’t) e Sft 4 (S(C;s,ue,t) € SE, or (vs,t,ve) € Aj_1) then FSAF® is
not a RP-FSA as specified in (@) to ().
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From the proof of Lemma [6] if case 1c is not excluded, i.e. for vs,ve € V,%,
) € SE 4 (Sg)s,ve,t) € SC, or (vs,t,ve) € Ai_1), then (vs,t,ve) is
added where vs,ve € V"%, However, this transition is not in A% or (AF®)edd
as explained in the proof of Lemma [Bl This means AP? #£ APE U (APF)add g0
Equation (8) does not hold. Hence F'SA" is not a RP-FSA as specified in (7))
to ([, and the contrapositive is true. Hence Lemma [§ is proved. a

Therefore, based on Lemma @] and Lemma [ Theorem [ holds.

R
when S (vs,vet

5 Conclusion and Future Work

In this paper we have defined an infinite family of FSA related by an integer
parameter, called Recursive Parametric FSA (RP-FSA). We considered the re-
moval of e-transitions from this family and identified (and proved) the necessary
and sufficient condition for which this transformation results in another family
which is RP-FSA in the same parameter, where the transformed family’s base
component is the e-removed base component of the original RP-FSA. This is of
theoretical interest and may provide the basis for an algebra of RP-FSA where
e-removal and graph addition are operators. However, this work was motivated
by the verification of a multimedia protocol. We have developed a more general
theory that we believe can be applied to other practical systems. In [5], a struc-
tural regularity has been discovered in the data transfer service of the Internet’s
Transmission Control Protocol (TCP) operating over unbounded channels. This
can lead to a recursive (or closed form) expression for the state space in terms
of the channel capacity. We have also observed similar regular behaviour in the
state space of a simulator model [8]. The symbolic FSAs derived from the state
spaces of these systems are RP-FSA. When the RP-FSA contains e-transitions
we can use the condition identified in this paper to check if the corresponding
LE-ER RP-FSA can be obtained. If this is the case and this e-removed RP-FSA
is (or can be transformed to) a deterministic RP-FSA, then we have a recursive
representation of a specification against which the system can be verified.

Future work will include developing the theory on the condition under which
an RP-FSA is closed under FSA determinisation, i.e. the determinised family of
FSA can also be represented in the same recursive style, and applying it and the
result presented in this paper to the verification of industrial systems. We will
also consider extending the theory to two integer parameters for protocols with
two parameters, as illustrated in the verification of the Stop and Wait Protocol
class [6/7].
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