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Abstract. Cluster ensemble is a good alternative to face the problem of data 
clustering. Some studies based on mathematical models have shown that cluster 
ensemble methods lead to an effective improvement of the results of the 
standard clustering algorithms. In this paper, we focus on this problem, 
proposing a new approach to solve it, by adding a new step into the usual 
cluster ensemble methodology. Representing partitions by graphs and a new 
kernel function to measure the similarity between partitions are other proposals 
for this work. Experiments with synthetic and real databases show the 
suitability and effectiveness of our method. 
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1   Introduction 

Data clustering is an essential technique on any field of investigation which involves 
analysis or processing of multivariate data, such as, data mining, document retrieval, 
image segmentation, pattern classification, etc. Its goal is to find underlying 
structuring of a data set [1]. A large variety of clustering algorithms that have been 
proposed; the c-Means algorithm, EM, those based on graphs theory and Mean Shift 
are some examples (see a summary in [2]). However, as is known, there is no 
clustering method capable of working correctly for all data structure. These methods 
impose an organization to the data, but in some occasions this structure can be far 
from the best one, due to the different cluster sizes, densities and shapes that can be 
present in a set of patterns. With the goal of improving the clustering results, and 
based on the successes of the combination of supervised classifiers, the idea of 
clustering ensemble [3] emerges, which is the combination of the results of the 
clustering algorithms. This approach combines the information of a partition set 
through a consensus function, to obtain a more representative partition. 

A common difficulty present in the clustering ensemble process is that some 
partitions are very different from the rest of partitions and they represent noise in the 
consensus step. For this reason we propose in the section 4.2 a heuristic to estimate 
the importance of each partition, which allows a better use of information in the 
clustering ensemble. Also in section 4.3 is introduced a new consensus function based 
on the definition of a new similarity measure for partitions using a kernel function. 
Finally, in section 4.4 is given a brief overview of our method. 
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2   Related Works 

Different clustering ensemble methods have been proposed in the literature [1]. The 
consensus by co-association [3], is based on the computation of the co-association 
matrix ܥ, where ܥ௜௝ represents how many times the objects ݔ௜ and ݔ௝ are in the same 
cluster in the cluster ensemble, the final partition is obtained by the single-link 
algorithm using ܥ as a new similarity measure of the data set. 

When solving the cluster ensemble problem as an optimization problem, some 
heuristics have been proposed in the literature: CSPA, HGPA and MCLA based on 
graph partitioning [4]. These methods represent the cluster ensemble by a hyper-
graph, where each cluster of each partition is represented by a hyper-edge.  

Another method is to find the partition ࣪כ which maximizes ∑ ܷሺ࣪כ, ௞࣪ሻ ௦௞ୀଵ⁄ݏ  [5], 
where ܷሺ࣪כ, ௞࣪ሻ is a function based on mutual information [6], maximizing the 
quadratic mutual information (QMI) between the partitions on the clustering 
ensemble and the consensus partition. Also [5] proposes a probabilistic model of 
consensus using a finite mixture of multinomial distributions in a space of clustering 
and the consensus partition is found using the EM algorithm.  

In order to make a rigorous analysis of the cluster ensemble methods, several 
theoretical results based on a probabilistic model have been introduced in [7]. 
Recently, some comparative studies about different methods of clustering ensemble 
have been realized. A study of 24 algorithms, combining the generation and the 
consensus process, over 24 data bases was realized [8]. The implementation of some 
heuristics to solve this problem and the comparison of the performance taking into 
account efficiency and accuracy was presented on [9]. 

3   Our Problem Formulation 

So far, the cluster ensemble methods are based on two main steps: ensemble 
generation and consensus function [3]. During the ensemble generation process, noisy 
partitions may appear, and they will be treated as the others by the consensus process. 
For this reason, the consensus partition may not be as good as possible, and it can 
even be worst than some partitions in the cluster ensemble. Therefore, we consider 
that an intermediate step should exist between the generation and consensus process, 
which estimates the importance of every partition in the ensemble and assigns a 
proportional weight to each one. We consider three fundamental steps in our method: 
ensemble generation, qualitative analysis of the cluster ensemble and the consensus 
process. 

4   Proposed Method 

4.1   Generation of the Clustering Ensemble 

Given a set of objects ߯ ൌ ሼईଵ, ईଶ, … , ई௡ሽ, a clustering ensemble is a set  Զ ൌሼ ଵ࣪, ଶ࣪, … , ௠࣪ሽ , where ௜࣪  is a partition of ߯, for ݅ ൌ 1, 2, … , ݉. The partitions of Զ 
can be obtained using different representations of the elements of  ߯, different 
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clustering algorithms or the same algorithm with different initialization values for its 
parameters. The number of clusters in each partition ௜࣪  does not have to be 
necessarily the same.  

4.2   Qualitative Analysis of the Clustering Ensemble 

It is the evaluation of the partitions of  Զ, taking into account a set of relevant 
properties and the way that these properties are satisfied by each partition. The 
properties selection can be conditioned by the problem. Some of them could be 
compactness, separability, shape of clusters, etc.  

Properties Validation Indexes 
In order to measure the selected properties, we propose to use a set of indexes  ॴ ൌ ሼ߇ଵ, ,ଶ߇ … ,  ௞ሽ, where each index represents a different property. Formally we can߇
define an index as a function ߇ ׷  Զࣲ ՜ ሾ0,1ሿ where Զࣲ  is the set of all possible 
partitions with the elements of ߯. For each  ࣪ א Զࣲ  ሺ࣪ሻ is defined as the degree of߇ ,
accomplishment of the property represented by ߇ evaluated on  ࣪ and for all ࣪, ࣪Ԣ Զࣲא , if ߇ሺ࣪ሻ ൐  .ሺ࣪Ԣሻ implies that the partition ࣪ satisfies the property more than ࣪Ԣ߇ 
Using this set of indexes, we can create the set  Λ ൌ ሼߣଵ, ,ଶߣ … ,  ௜ is theߣ ௠ሽ, whereߣ
weight associated to ௜࣪ . 
Determining the Set of Weights 
For each index  ߇௝ א ॴ, we compute  ௝ܵ ൌ ∑ ௝ሺ߇ ௜࣪ሻ௠௜ୀଵ , and we define the function  ߮௝: Զࣲ ՜ ሾ0,1ሿ such that  ߮௝ሺ࣪ሻ ൌ ௶ೕௌೕ so   ∑ ߮௝ሺ ௜࣪ሻ௠௜ୀଵ ൌ 1, ݆׊ ൌ 1, … , ݇. Therefore, 

each ߮௝ can be related to the distribution function of certain discrete random 
variable ௝ܻ. Then we define:  ܪ൫߇௝൯ ൌ ൫ܪ ௝ܻ൯ ൌ െ ෍ ߮௝ሺ ௜࣪ሻ݈݃݋ ቀ߮௝ሺ ௜࣪ሻቁ , 
where ܪ൫ ௝ܻ൯ is the entropy of ௝ܻ [6]. Using the entropy properties, we have  ܪ൫߇௝൯ ൒0, ܪ൫߇௝൯ ൑ ௝൯ reaches the maximum value when ߮௝ሺ߇൫ܪ Զ| and|݃݋݈ ଵ࣪ሻ ൌ ߮௝ሺ ଶ࣪ሻ ൌ … ൌ ߮௝ሺ ௠࣪ሻ. Using the continuity property of ܪ൫ ௝ܻ൯, we can conclude that the higher 
values of ܪ൫ ௝ܻ൯ the stronger likeness between the ߇௝ሺ ௜࣪ሻ values. Therefore, ܪ൫߇௝൯ is a 
good measure of the representativeness of the property related to the index ߇௝. 

Finally, to each partition ௜࣪  we assign the weight  ߣ௜, which is given by: 

௜ߣ ൌ ෍ ௝൯߇൫ܪ ൬1 െ ฬ߇௝ሺ ௜࣪ሻ െ 1݉ ௝ܵฬ൰௞
௝ୀଵ  . 

The second factor of this expression is an evaluation of  ߇௝ሺ ௜࣪ሻ, based on the distance 

of this value to the mean value   ଵ௠ ௝ܵ . 
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4.3   Consensus Function 

It is a function, which maps the given set of partitions  Զ to a single consensus 
partition  ࣪כ. In the consensus process we are looking for a partition, which 
consolidates the partitions in the clustering ensemble. Using the weight ߣ௜ associated 
to each partition   ௜࣪ , we define ࣪כ as: ࣪כ ൌ ݃ݎܽ max࣪אԶೣ ෍ ,ሺ࣪߁௜ߣ ௜࣪ሻ௠

௜ୀଵ  , 
where ࣪ goes through all possible partitions of the data  ߯, ߁ሺ ௜࣪, ࣪ሻ is a similarity 
measure between two partitions. Our consensus function is based on the definition of 
a new kernel between partitions, representing each partition by a graph with a specific 
structure. 

Representing Partitions by Graphs 
For each partition  ࣪, we define a graph  ࣪ܩ ൌ ሺܸ, ܸ  ሻ , whereܧ ൌ ൛ݒईభ, ,ईమݒ … ,  ई೙ൟݒ
and ݒ௫೔  is the node associated to  ݔ௜. On this kind of graphs there is an edge between 
the nodes  ݒ௫೔  .࣪  ௝ are in the same cluster onݔ ௜ andݔ ௫ೕ if and only if the objectsݒ ,

This way, all graphs obtained from partitions of  Զࣲ  are graphs in which each 
connected component is a complete graph. 

Let ࣡: Զࣲ ՜ ॳࣲ be a map from Զࣲ  into the space ॳࣲ  (the space of all graphs 
obtained by a partition of the objects of  ߯ሻ, where to each partition corresponds its 
graph representation. It is not difficult to prove that ࣡ is a bijective function. For this 
reason, to work with graphs in ॳࣲ  is equivalent to work with partitions in  Զࣲ . 

Similarity Measure 
In this section we propose a new similarity measure between partitions by the 
introduction of a new kernel for graphs. Our kernel is based in the comparison of all 
path existent on the graphs (path kernel). Due to the structure of our graphs, it is 
possible to compute very fast all paths in a graph (a not computable in polynomial 
time problem for the general case).  

Let Σሺܩሻ denotes the set of all possible paths  on a graph  ܩ ൌ ሺܸ, ݄ ,ሻܧ א ܸ௟ is a 
sequence of nodes  ݄ଵ݄ଶ … ݄௟, where there is an edge between every consecutive pair 
of nodes ሺ݄௜, ݄௜ାଵሻ and  ݅׊ ് ݆, ݄௜ ് ௝݄;  ݈ is the path length.  

Based on the Marginalized Kernel [10] we define ݇ as: ݇ሺܩ, Ԣሻܩ ൌ ෍ ෍ ݇ఋሺ݄ ൌ ݄Ԣሻ݌ሺ݄/ܩሻ݌ሺ݄ᇱ/ܩԢሻ௛ᇱאஊሺீᇱሻ௛אஊሺீሻ  , 
where ݇ఋሺ݄ ൌ ݄Ԣሻ is the matching kernel, taking value 1 if ݄ ൌ ݄Ԣ and 0 otherwise and ݌ሺ݄/ܩሻ is given by: 

ሻܩ/ሺ݄݌ ൌ ௦ሺ݄ଵሻ݌ ෑ ௘ሺ݄௟ሻ௟݌௧ሺ݄௜/݄௜ିଵሻ݌
௜ୀଶ  , 
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being ݌௦ሺ݄ଵሻ the probability to start at the vertex ݄ଵ as well as the probability of 
moving to ݄௜ being on ݄௜ିଵ is ݌௧ሺ݄௜/݄௜ିଵሻ and ݌௘ሺ݄௟ሻ is the probability of ending on ݄௟. In our case ݌ሺ݄/ܩሻ ൌ ଵ௡|஼೓|೗షభ, where ܥ௛ is the connected component, which 

contains  ݄, ݌௦ሺ݄ଵሻ ൌ ଵ௡,  ݌௧ሺ݄௜/݄௜ିଵሻ ൌ ଵ|஼೓|, and  ݌௘ሺ݄௟ሻ ൌ ଵ|஼೓|. 
 
Proposition 1: The function k is a positive semi-definite kernel. 
 
Proof: Let Ωሺॳࣲሻ be the set of all possible paths that can exist in the graphs 
of ॳࣲ. Let us assign to each graph ܩ א ॳࣲ  the vector  ܺீ א Թ|Ωሺ ॳࣲ ሻ|, whose 
coordinates are ߜሺ݄/ܩሻ݌ሺ݄/ܩሻ for each  ݄ א Ωሺ ॳࣲ ሻ, where ߜሺ݄/ܩሻ is 1 if  ݄ ,ܩԢ, ݇ሺܩ  and ܩ ሻ, and 0 otherwise. It is not difficult to verify that, for two graphsܩΣሺא ᇱሻܩ ൌ ,ீܺ ۃ  ܺீᇱۄ and therefore the quadratic form ∑ ,௜ܩ௝݇൫ߙ௜ߙ ௝൯௜,௝ܩ  in ߙଵ, ,ଶߙ … , ௦ߙ א Թ is positive semi-definite for all  ܩଵ, ,ଶܩ … , ௦ܩ א  ॳࣲ  and every 
positive integer number ݏ. 

This kernel is expressive enough as a similarity measure between partitions 
because it takes into account the subsets belonging to the same cluster in both 
partitions, and measures the relationship between these subsets and the cluster to 
which it belongs in each partition respectively. We can implement this kernel function 
very efficiently, because we do not need to search every path in the graph, since all 
paths with the same length in the same connected component have equal values of  ݌ሺ݄/ܩሻ, and the number of paths with length ݈ in the connected component ܥ௛ is the 
variations of |ܥ௛| in ݈.  
Determining the Consensus Partition 
For the kernel ݇ defined in the previous section exists a Hilbert space  and a 
function ߶:  ॳࣲ ՜ ࣢ such that ܩ ׊, ᇱܩ א  ॳࣲ, ݇ሺܩ, Ԣሻܩ ൌ ,ሻܩሺ߶ۃ ߶ሺܩԢሻ࣢ۄ. Here we 
can consider  as the Reproducing Kernel Hilbert Space associated with ݇. 

We are looking for the partition  ࣪כ, represented by the graph כܩ such that: 

כܩ ൌ ݃ݎܽ maxீ ෍ ,௜ܩ௜݇ሺݓ ሻ௠ܩ
௜ୀଵ . (1) 

Theorem 1: The optimization problem (1) in the Reproducing Kernel Hilbert Space 
associated with ݇, has a unique solution ߰, which admits a representation of the 

form: ߰ ൌ ∑ ௜ሻ௠௜ୀଵܩ௜߶ሺߚ ௜ߚ ݄ݐ݅ݓ  ൌ ఒ೔∑ ఒೕ೘ೕసభ . 

 
The previous theorem assures that  כܩ ൌ ߶ିଵሺ߰ሻ, which implies to solve the pre-
image problem. This problem consists in finding the graph in the input space given 
the solution in the feature space. To get an exact solution for this problem is a very 
difficult task. That is why we choose as an approximate solution: כܩ ൌ ݃ݎܽ  minீא ॳࣲԡ߰ െ ߶ሺܩሻԡଶ , 
with ԡ߰ െ ߶ሺܩሻԡଶ ൌ ݇ሺܩ, ሻܩ െ 2 ∑ ,ܩ௜݇ሺߚ ௜ሻ௠௜ୀଵܩ ൅ ∑ ,௜ܩ௝݇൫ߚ௜ߚ ௝൯௠௜,௝ୀଵܩ . 
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To solve this problem we follow the efficient sample strategy introduced in [11], 
which in our case is simplified due to the structure of our graphs. This strategy is 
based on a stochastic search approach to determine the adjacency matrix of the 
solution graph, which represents the consensus partition. 

4.4   Steps of the Proposed Method 

 Apply different clustering algorithms (or the same with different parameters 
initializations) on a given set of objects and generate the ensemble with their 
outcomes. 

 Define a set of properties indexes to evaluate the way that these properties are 
satisfied by each partition in the cluster ensemble. 

 Compute an associated weight to each partition using the indexes defined 
previously. 

 Represent each partition by a graph using the proposed graph kernel as a 
similarity measure. 

 Obtain the representation of the consensus partition on the feature space. 
 Solve the pre-image problem to find the consensus partition. 

5   Experimental Results 

The experiments were performed using several databases. First we apply our 
algorithm over a synthetic data base: Half-Rings conformed by two classes, each one 
with 150 elements Fig 1 (a). We also use four real databases: Iris Data (three clusters) 
available at the UCI Machine Learning Repository, and three WEKA’s ARFF 
databases: Drug1n (five clusters), Weather (two clusters) and Labor (two clusters). In 
all experiments T represents the number of partition on the clustering ensemble and c 
is the number of classes used for the clustering algorithms to generate the ensemble. 

For the experiments we define four simple property indexes that measure the 
properties: Inter-cluster distance, Intra-cluster distance, mean size of clusters, 
difference between the clusters size. We use only these four indexes, but in a general 
way, this set of indexes could be defined using any type of indexes, which evaluate 
some properties over the dataset. 

Some results of the experiment are showed in Fig 1. The first image is the original 
data set and the remainders are 5 different partitions of this data set. In Table 1, ߣ is 
the weight associated with each partition and the value ԡ߶ െ ߰ԡଶ is the distance 
between each partition to the solution of the problem in the feature space. This 
experiment shows the good performance and the robustness of the algorithm, because 
partitions like (f), which represents noise in comparison with the rest of cluster 
ensemble partitions, take lower values of ߣ and higher values of ԡ߶ െ ߰ԡଶ. It implies 
that this partition will have the minimum influence over the result. 

Table 2 is a comparison of our method with other methods of cluster ensemble 
EMC, QMI [5] and CSPA, HGPA, MCLA [4]; our method is denoted by WKF. On 
this experiment we use c-Means with random centroids initialization to generate the 
cluster ensemble. In [3] was realized a similar experiment using ܶ ൌ 50 and the  
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(a) (b) (c) 

(d) (e) (f) 

Fig. 1. (a) Original Database, (b)(d) c-Means with ܿ ൌ 2, (c)(e) c-Means with ܿ ൌ 3, (f) 
partition obtained by random distribution of the elements in 3 clusters 

Table 1. Results of the experiment showed in Fig 1 

 1(a) 1(b) 1(c) 1(d) 1(e) 0.7886 0.9737 1.0 0.9469 1.0 ࣅ ԡࣘ െ ࣒ԡ૛ 0.1579 0.4031 0.1579 0.3227 0.7181 

Table 2. Clustering error rate (%) for the Iris dataset. The last column shows the distance from 
the best partition obtained by our method to the solution in the feature space. ࢉ ࢀ EMC QMI CSPA HGPA MCLA WKF ԡࣘ െ ࣒ԡ૛ 

5 3 11.0 14.7 11.2 41.4 10.9 10.6 0.04172 
10 3 10.8 10.8 11.3 38.2 10.9 10.0 0.03980 
20 3 10.9 14.5 9.8 39.1 10.9 10.0 0.03980 

Table 3. Clustering error rate (%) of c-Means, EM and our algorithm (WKF) 

Dataset Attributes Instances T c-Means EM WKF  
Drug1n 7 200 10 64.25 64.14 51.5 

Iris 4 150 10 25.66 18.19 10.0 
Weather 4 14 10 45.99 49.55 35.71 
Labor 17 57 10 38.94 29.81 21.05 
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obtained error rate was 11.1%. Table 3 is a comparison of our method with standards 
clustering algorithms (c-Means and EM with different parameters initialization).  

6   Conclusions 

This paper extends previous works on clustering ensembles in several aspects. First, 
we propose the weighted cluster ensemble approach, which allows obtaining a better 
consensus partition by estimating the relevance of each partition. Second, we define a 
new consensus function based on the definition of a new similarity measure between 
partitions using a graph kernel function. Experimental results show the good 
performance of our method for several databases and favorable comparison with other 
consensus function methods. 
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